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HARMONIC ANALYSIS AND SPHERICAL FUNCTIONS FOR
MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF FINITE
GROUPS

TULLIO CECCHERINI-SILBERSTEIN, FABIO SCARABOTTI, AND FILIPPO TOLLI

ABSTRACT. In this work, we study multiplicity-free induced representations of finite
groups. We analyze in great detail the structure of the Hecke algebra corresponding
to the commutant of an induced representation and then specialize to the multiplicity-
free case. We then develop a suitable theory of spherical functions that, in the case of
induction of the trivial representation of the subgroup, reduces to the classical theory of
spherical functions for finite Gelfand pairs.

We also examine in detail the case when we induce from a normal subgroup, showing
that the corresponding harmonic analysis can be reduced to that on a suitable Abelian

group.

The second part of the work is devoted to a comprehensive study of two examples
constructed by means of the general linear group GL(2,F,), where F, is the finite field
on g elements. In the first example we induce an indecomposable character of the Cartan
subgroup. In the second example we induce to GL(2,F,2) a cuspidal representation of
GL(2,F,).
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1. INTRODUCTION
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Finite Gelfand pairs play an important role in mathematics and have been studied
from several points of view: in algebra (we refer, for instance, to the work of Bump and
Ginzburg [7, 8] and Saxl [52]; see also [16]), in representation theory (as witnessed by
the new approach to the representation theory of the symmetric groups by Okounkov and
Vershik [49], see also [14]), in analysis (with relevant contributions to the theory of special
functions by Dunkl [29] and Stanton [61]), in number theory (we refer to the book by Terras
[63] for a comprehensive introduction; see also [I1, [I8]), in combinatorics (in the language
of association schemes as developed by Bannai and Ito [I]), and in probability theory (with
the remarkable applications to the study of diffusion processes by Diaconis [23]; see also
[10,11]). Indeed, Gelfand pairs arise in the study of algebraic, geometrical, or combinatorial
structures with a large group of symmetries such that the corresponding permutation
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representations decompose without multiplicities: it is then possible to develop a useful
theory of spherical functions with an associated spherical Fourier transform.

In our preceding work, we have shown that the theory of spherical functions may be
studied in a more general setting, namely, for permutation representations that decompose
with multiplicities [15, 53], for subgroup conjugacy invariant functions [17, 54], and for
general induced representations [56]. Indeed, a finite Gelfand pair may be considered as
the simplest example of a multiplicity-free induced representation (the induction of the
trivial representation of the subgroup), and this is the motivation of the present paper.

The most famous of these multiplicity-free representations is the Gelfand-Graev repre-
sentation of a reductive group over a finite field [32] (see also Bump [7]). In this direction,
we have started our investigations in Part IV of our monograph [I8], where we have de-
veloped a theory of spherical functions and spherical representations for multiplicity-free
induced representations of the form Indgx, where x is a one-dimensional representation
of subgroup K. This case was previously investigated by Stembridge [62], Macdonald
[42, Exercise 10, Chapter VII], and Mizukawa [44, 45]. We have applied this theory to
the Gelfand-Graev representation of GL(2,F,), following the beautiful expository paper of
Piatetski-Shapiro [48], where the author did not use the terminology /theory of spherical
functions but, actually, computed them. In such a way, we have shed light on the results
and the calculations in [4§] by framing them in a more comprehensive theory.

In the present paper, we face the more general case: we study multiplicity-free induced
representations of the form Ind%#, where 6 is an irreducible K-representation, not neces-
sarily one-dimensional. In this case, borrowing a terminology used by Bump in [7, Section
47], we call (G, K, 0) a multiplicity-free triple.

Our first target (cf. Section B.I]) is a deep analysis of Mackey’s formula for invariants.
We show that the commutant Endg(Ind$6) of an arbitrary induced representation Ind$6),
with 6 an irreducible K-representation, is isomorphic to both a suitable convolution algebra
of operator-valued functions defined on GG and to a subalgebra of the group algebra of G.
We call it the Hecke algebra of the triple (G, K, 0) (cf. Bump [7, Section 47], Curtis and
Reiner [22] Section 11D], and Stembridge [62]; see also [18, Chapter 13] and [55]). Note
that this study does not assume multiplicity-freeness. In fact, we shall see (cf. Theorem
[41]) that the triple (G, K, 0) is multiplicity-free exactly when the associated Hecke algebra
is commutative.

We then focus on our main subject of study, namely, multiplicity-free induced represen-
tations (cf. Section 4); we extend to higher dimensions a criterion of Bump and Ginzburg
from [§]: this constitutes an analogue of the so-called weakly-symmetric Gelfand pairs (cf.
[11, Example 4.3.2 and Exercise 4.3.3]); we develop the theory of spherical functions in
an intrinsic way, that is, by regarding them as eigenfunctions of convolution operators
(without using the decomposition of Ind%.6 into irreducible representations) and obtain a
characterization of spherical functions by means of a functional equation. This approach
is suitable to more general settings, such as compact or locally compact groups: here we
limit ourselves to the finite case since the main examples that we have discovered (and that
we have fully analyzed) fall into this setting. Later (cf. Section 3)), we express spherical
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functions as matrix coefficients of irreducible (spherical) representations. In Section 1.6 we
prove a Frobenius-Schur type theorem for multiplicity-free triples (it provides a criterion
for determining the type of a given irreducible spherical representation, namely, being real,
quaternionic, or complex).

As mentioned before, the case when 6 is a one-dimensional representation and the ex-
ample of the Gelfand-Graev representation of GL(2,F,) were developed, in full details, in
[18, Chapters 13 and 14] (the last chapter is based on [48]; see also the pioneering work
by Green [34]). Here (cf. Section [£.4]) we recover the analysis of the one-dimensional case
from the general theory we have developed so far and we briefly sketch the Gelfand-Graev
example (cf. Section [L1]) in order to provide some of the necessary tools for our main new
examples of multiplicity-free triples to which the second part of the paper (Sections [@ and
[M) is entirely devoted.

A particular case of interest is when the subgroup K = N < G is normal (cf. Section [).
In the classical framework, (G, N) is a Gelfand pair if and only if the quotient group G/N is
Abelian and, in this case, the spherical Fourier analysis simply reduces to the commutative
harmonic analysis on G/N. In Section [§l we face the corresponding analysis for multiplicity-
free triples of the form (G, N, 6), where 6 is an irreducible N-representation. Now, G acts
by conjugation on the dual of N and we denote by I5(6) the stabilizer of 6 (this is the
inertia group in Clifford theory; cf. the monographs by Berkovich and Zhmud [5], Huppert
[39], and Isaacs [40]; see also [I3, [15]). First of all, we study the commutant of Ind$6
— we show that it is isomorphic to a modified convolution algebra on the quotient group
I6(0)/N — and we describe the associated Hecke algebra: all of this theory is developed
without assuming multiplicity-freeness. We then prove that (G, N, 0) is a multiplicity-
free triple if and only if I5(0)/N is Abelian and the multiplicity of 6 in each irreducible
representation of I5(f) is at most one. Moreover, if this is the case, the associated Hecke
algebra is isomorphic to L(I5(0)/N), the (commutative) group algebra of I5(0)/N with
its ordinary convolution product. Thus, as for Gelfand pairs, normality of the subgroup
somehow trivializes the analysis of multiplicity-free triples.

As mentioned above, the last two sections of the paper are devoted to two examples
of multiplicity-free triples constructed by means of the group GL(2,F,). Section [@l is de-
voted to the multiplicity-free triple (GL(2,F,), C, 1), where C is the Cartan subgroup of
GL(2,F,), which is isomorphic to the quadratic extension Fp of F,, and 1y is an inde-
composable multiplicative character of Fp (that is, vy is a character of the multiplicative
group F7, such that vy(2) is not of the form ¢(2%), 2 € Fz, where 1) is a multiplicative
character of IF, and Z is the conjugate of z). Actually, C'is a multiplicity-free subgroup, that
is, (GL(2,F,), C, 1) is multiplicity-free for every multiplicative character 5. We remark
that the case vy = tc (the trivial character of C') has been extensively studied by Terras
under the name of finite upper half plane [63, Chapters 19, 20] and corresponds to the
Gelfand pair (GL(2,F,), C'). We have chosen to study, in full details, the indecomposable
case because it is quite different from the Gelfand pair case analyzed by Terras, and con-
stitutes a new example, though much more difficult. We begin with a brief description of
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the representation theory of GL(2,F,), including the Kloosterman sums used for the cusp-
idal representations. We then compute the decomposition of IndgL(Q’F“)uo into irreducible
representations (cf. Section [6.4) and the corresponding spherical functions (cf. Sections
and [6:6). We have developed new methods: in particular, in the study of the cuspidal
representations, in order to circumvent some technical difficulties, we use, in a smart way,
a projection formula onto a one-dimensional subspace.

In Section [l we face the most important multiplicity-free triple of this paper, namely,
(GL(2,F,2),GL(2,FF,), p,), where p, is a cuspidal representation. Now the representation
that is induced is no more one-dimensional nor is itself an induced representation (as in
the parabolic case). We have found an intriguing phenomenon: in the computations of the
spherical functions associated with the corresponding parabolic spherical representations,
we must use the results of Section [0l in particular the decomposition of an induced repre-
sentation of the form IndgL(Z’F‘I)g , with £ a character of C'. In other words, the methods
developed in Section [ (for the triple (GL(2,F,, C, 1)) turned out to be essential in the
much more involved analysis of the second triple (GL(2,F;), GL(2,F,), p,).

We finally remark that it is not so difficult to find other examples of multiplcity-free
induced representations within the framework of finite classical groups: for instance, as a
consequence of the branching rule in the representation theory of the symmetric groups
(see, e.g., [14]), S, is a multiplicity-free subgroup of S, 41 for all n > 1. So, although
the two examples that we have presented and fully analyzed here are new and highly
nontrivial, we believe that we have only scraped the surface and that the subject deserves
a wider investigation. For instance, in [3, 4] several Gelfand pairs constructed by means of
GL(n,F,) and other finite linear groups are described. It would be interesting to analyze
if some of these pairs gives rise to multiplicity free-triples by induction of a nontrivial
representation.

We also mention that, very recently, a similar theory for locally compact groups has been
developed by Ricci and Samanta in [51]. In particular, their condition (0.1) corresponds
exactly to our condition ([B.]). In Section 8.1l we show that the Gelfand-Graev representa-
tion yields a solution to a problem raised in the Introduction of their paper.

Acknowledgments. We express our deep gratitude to Charles F. Dunkl, David Ginzburg,
Pierre de la Harpe, Hiroshi Mizukawa, Akihiro Munemasa, Jean-Pierre Serre, Hajime
Tanaka, and Alain Valette, for useful remarks and suggestions.

2. PRELIMINARIES

In this section, we fix notation and recall some basic facts on linear algebra and represen-
tation theory of finite groups that will be used in the proofs of several results in subsequent
sections.

2.1. Representations of finite groups. All vector spaces considered here are complex.
Moreover, we shall equip every finite dimensional vector space V' with a scalar product
denoted by (-,-)y and associated norm |-||y;; we usually omit the subscript if the vector
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space we are referring to is clear from the context. Given two finite dimensional vector
spaces W and U, we denote by Hom(W, U) the vector space of all linear maps from W to
U. When U = W we write End(W) = Hom(W, W) and denote by GL(WW) C End(W) the
general linear group of W consisting of all all bijective linear self-maps of W. Also, for
T € Hom(W,U) we denote by T* € Hom(U, W) the adjoint of T

We define a (normalized Hilbert-Schmidt) scalar product on Hom (W, U) by setting

1
dim W
for all 71, T> € Hom(W, U), where tr(-) denotes the trace of linear operators; note that this
scalar product (as well as all other scalar products which we shall introduce thereafter)

is conjugate-linear in the second argument. Moreover, by centrality of the trace (so that
tr(T51y) = tr(ThT5)), we have

(2.1) (T, T2) Hom(wv) = tr(1371)

dimU , . ..
(2.2) (T, o) Hom(w,u) = W<TQ’T1 ) Hom(U,W)-

In particular, the map 7" — \/ dimU/dim WT* is an isometry from Hom(W,U) onto
Hom(U, W). Finally, note that denoting by Iy : W — W the identity operator, we have
1w llnagwy = L.

We now recall some basic facts on the representation theory of finite groups. For more
details we refer to our monographs [11, 14, [I8]. Let G be a finite group. A wunitary
representation of G is a pair (o, W) where W is a finite dimensional vector space and
o: G — GL(WW) is a group homomorphism such that o(g) is unitary (that is, o(g)*c(g) =
Iy) for all ¢ € G. In the sequel, the term “unitary” will be omitted. We denote by
d, = dim(W) the dimension of the representation (o, W'). We denote by (g, C) the trivial
representation of G, that is, the one-dimensional G-representation defined by tg(g) = Idc
for all g € G.

Let (o, W) be a G-representation. A subspace V' < W is said to be G-invariant provided
o(g)V CV forall g € G. Writing o|y(g) = o(g)|v for all g € G, we have that (a|y,V) is a
G-representation, called a subrepresentation of 0. We then write o|y < 0. One says that
o is irreducible provided the only G-invariant subspaces are trivial (equivalently, o admits
no proper subrepresentations).

Let (o, W) and (p,U) be two G-representations. We denote by

Homg(W,U) ={T € Hom(W,U) : To(g) = p(g)T, for all g € G},

the space of all intertwining operators. When U = W we write Endg(W) = Homg (W, W).
We equip Homg (W, U) with a scalar product by restricting the Hilbert-Schmidt scalar

product (2.T]).
Observe that if ' € Homg (W, U) then T € Homg (U, W). Indeed, for all g € G,

(2:3) Tp(9) =T"p(g7")" = (p(g)T)" = (To(g™")) = olg” )T = 0(g9)T".

One says that (o, W) and (p,U) are equivalent, and we shall write (o, W) ~ (p,U) (or
simply o ~ p), if there exists a bijective intertwining operator T' € Homg (W, U).
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The vector space Endg(W) of all intertwining operators of (o, W) with itself, when
equipped with the multiplication given by the composition of maps and the adjoint opera-
tion is a *-algebra (see [14], Chapter 7], [I8, Sections 10.3 and 10.6]), called the commutant
of (6,W). We can thus express the well known Schur’s lemma as follows: (o, W) is ir-
reducible if and only if its commutant is one-dimensional (as a vector space), that is, it
reduces to the scalars (the scalar multiples of the identity Iy ).

We denote by G a (fixed, once and for all) complete set of pairwise-inequivalent irre-
ducible representations of G. It is well known (cf. [I1, Theorem 3.9.10] or [I8, Theorem
10.3.13.(ii)]) that the cardinality of G equals the number of conjugacy classes in G so that,
in particular, G is finite. Moreover, if o,p € G we set dop = 1 (resp. = 0) if o = p (resp.
otherwise).

Let (o, W) and (p,U) be two G-representations.

The direct sum of o and p is the representation (o @ p, W @ U) defined by [(¢ @
p)(9)](w,u) = (o(g)w, p(g)u) for all g € G, w € W and u € U.

Moreover, if o is a subrepresentation of p, then denoting by W+ = {u € U : {(u,w)y =
0 for all w € W} the orthogonal complement of W in U, we have that W+ is a G-invariant
subspace and p = 0 @ p|y1. From this, one deduces that every representation p decom-
poses as a (finite) direct sum of irreducible subrepresentations. More generally, when o is
equivalent to a subrepresentation of p, we say that o is contained in p and we write 0 < p
(clearly, if o < p then o < p).

Suppose that (o, W) is irreducible. Then the number m = dim Homg(W, U) denotes the
multiplicity of o in p. This means that one may decompose U = U, U; B -- B U,,, B U,p1q
with (ply,,U;) ~ (o,W) for all ¢ = 1,2,...,m and o is not contained in p|y,, ,. The
G-invariant subspace Uy @ Uy & --- @ U, < U is called the W-isotypic component of U and
is denoted by mW. One also says that p (or, equivalently, U) contains m copies of o (resp.
of W). If this is the case, we say that T1,T5,...,T,, € Homg(W,U) yield an isometric
orthogonal decomposition of mW if T; € Homg (W, U), T;W < U © U,,11, and, in addition,

(2.4) (Tywy, Tjwe)y = (W, wo)w; j

for all wy,wy € W and 4,5 = 1,2,...,m. This implies that the subrepresentation mW =
Uy®U;®---® U, is equal to the orthogonal direct sum T'W & ToW & --- @ T,,IW, and
each operator 7} is a isometry from W onto U; = T'W;. For a quite detailed analysis of
this decomposition, we refer to [18, Section 10.6].

Finally, a representation (p,U) is multiplicity-free if every (o, W) € G has multiplicity
at most one in p, that is, dim Homg(W, U) < 1. In other words, given a decomposition of
p=p1Bp2®---Bp, into irreducible subrepresentations, the p;’s are pairwise inequivalent.
Alternatively, as suggested by de la Harpe [36], one has that (p,U) is multiplicity-free if
for any nontrivial decomposition p = p; @ py (with (p1,U;) and (po, Us) not necessarily
irreducible) there is no (o, W) € @ such that ¢ < p; (i.e., dim Homg(W,U;) > 1) for
1 = 1,2. The equivalence between the two definitions is an immediate consequence of the
isomorphism Homg (W, U; @ Us) = Homg (W, Uy) & Homg (W, Uy).
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2.2. The group algebra, the left-regular and the permutation representations,
and Gelfand pairs. We denote by L(G) the group algebra of G. This is the vector space
of all functions f: G — C equipped with the convolution product % defined by setting

[f1# f2)(9) = Do [r(R) fo(h7hg) = D peq filgh) fo(h ), for all fy, fo € L(G) and g € G.
We shall endow L(G) with the scalar product (-, ) (@) defined by setting

(2.5) (fv. ey = filg) f2(9)

geG
for all f1, fo € L(G). The Dirac functions o4, defined by d,(g) = 1 and d,(h) = 0 if h # g,
for all g, h € G, constitute a natural orthonormal basis for L(G). We shall also equip L(G)
with the involution f — f*, where f*(g) = f(g~1), for all f € L(G) and g € G. It is
straightforward to check that (f; x fo)* = f3 * f5, for all fi, fo € L(G). We shall thus
regard L(G) as a x-algebra.

The left-regular representation of G is the G-representation (Ag, L(G)) defined by setting
Aa(h)fl(g) = f(h7tg), for all f € L(G) and h,g € G. Similarly, the right-reqular repre-
sentation of G is the G-representation (pg, L(G)) defined by setting [pg(h)f](g) = f(gh),
for all f € L(G) and h, g € G. Note that the left-regular and right-regular representations
commute, that is,

(2.6) Ac(91)pc(92) = palg2)Aa(g1)

for all g1, 90 € G.
Given a subgroup K < GG we denote by

LGS ={f € L(G) : f(gk) = f(g), forall g € G,k € K}
and
KL(GYK ={f € L(G) : f(kigks) = f(g), for all g € G, k1, k, € K}
the L(G)-subalgebra of K-right-invariant and bi- K-invariant functions on G, respectively.
Note that the subspace L(G)X < L(G) is G-invariant with respect to the left-regular
representation. The G-representation (A, L(G)%X), where A(g)f = A\g(g)f for all g € G and
f € L(G)¥ (equivalently, \ = Ac|r(yx) is called the permutation representation of G with
respect to the subgroup K.
More generally, given a representation (o, W) we denote by

={weW:okh)w=w, forall ke K} <W
the subspace of K-invariant vectors of W. This way, if (o, W) = (pg, L(G)) we have
(L(G))X = L(G)® while, if (o, W) = (\, L(G)*) we have (L(G)K)K = KL(G)E.
For the following result we refer to [10] and/or to the monographs [I1, Chapter 4] and
[23].
Theorem 2.1. The following conditions are equivalent:
(a) The algebra KL(G)E is commutative;

(b) the permutation representation (X, L(G)X) is multiplicity-free;
(c) the algebra Endg(L(G)X) is commutative;
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(d) for every (o, W) € G one has dim(WX) < 1;
(e) for every (o,W) € G one has dim Homg (W, L(G)¥) < 1.
Note that the equivalence (a) < (c) follows from the anti-isomorphism (2.11]) below.

Definition 2.2. If one of the equivalent conditions in Theorem 2.1l is satisfied, one says

that (G, K) is a Gelfand pair.

2.3. The commutant of the left-regular and permutation representations. Given
f € L(G), the (right) convolution operator with kernel f is the linear map Ty: L(G) —
L(G) defined by

(2.7) Tyf' =f'xf
for all f" € L(G). We have

(2.8) Trep, = Tp T
and

(2.9) Ty = (Ty)",

for all fi, fo and f in L(G). Moreover, Ty € Endg(L(G)) (this is a consequence of (2.0)))
and the map

L(G) — Endg(L(Q))

(2.10) PR T,

is a *-anti-isomorphism of x-algebras (see [14], Proposition 1.5.2] or [I8, Proposition 10.3.5]).
Note that the restriction of the map (ZI0) to the subalgebra XL(G)¥ of bi-K-invariant
functions on G yields a x-anti-isomorphism

(2.11) KL(G)X — Endg(L(G)Y).

It is easy to check that 770, = Aa(g)f and tr(7y) = |G|f(1e). We deduce that

1 . 1 *

(2.12) (T, T, ) enaricy) = G [(T5)"Th] = ek [Thass] = L= £21(16) = (f1. f)rco)
for all f, fo € L(G). This shows that the map (2.I0) is an isometry.

Let (o, W) be a representation of G and let {wy,ws, ..., wy, } be an orthonormal basis
of W. The corresponding matriz coefficients uf; € L(G) are defined by setting
(2.13) u7i(9) = {o(g)wi, w;)

foralli,7=1,2,...,d, and g € G.

Proposition 2.3. Let 0,p € G. Then

G
(2.14) (g up ) = %5(,,,,52<,;15J-7,1C (orthogonality relations),

G
(2.15) ug; xup = %50@5]’,}1“;19 (convolution properties),

o
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and

(2.16) i(9192) Zuzz g1)ug ;(g2)

foralli,j=1,2,...,d,, h,k:1,2,...,dp, andg1,92 eq.

Proof. See [11], Lemma 3.6.3 and Lemma 3.9.14] or [I8, Lemma 10.2.10, Lemma 10.2.13,
and Proposition 10.3.6]. O

The sum x° = 3% u? '+ € L(G) of the diagonal entries of the matrix coefficients is called

the character of o. Note that X?(g) = tr(o(g)) for all g € G. The following elementary
formula is a generalization of [I1], Exercise 9.5.8.(2)] (see also [18, Proposition 10.2.26)]).

Proposition 2.4. Suppose (o, W) is irreducible and let w € W be a vector of norm 1. Con-
sider the associated diagonal matriz coefficient ¢, € L(G) defined by ¢,(g9) = (o(g)w,w)
for all g € G. Then

(2.17) quw h™'gh)
hEG’
forall g € G.
Proof. Let {wy,wa, ..., wq,} be an orthonormal basis of W with w; = w and let u; as in
(2I3). Then, for all g € G and i = 1,2,...,d,, we have
do

Jw; = E ug;(9)w;
j=1
so that

> bulh ™ gh) =Y (a(g)o(h)wr, o(h)wr)

hed heG

= Z ZU]1 Jug 1 (h){o(g)w;, we)

jé 1 heG

= E u; 1“@1 (9)wj, we)

3,4=1

by @) = %x%g),

and (2.17) follows. O

From [14], Corollary 1.3.15] we recall the following fact. Let (o, W) and (p, V) be two
G-representations and suppose that p is irreducible and contained in . Then

(2.18) E,= |G| 2> " xe(g)

geG
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is the orthogonal projection onto the p-isotypic component of W.

2.4. Induced representations. Let now K < G be a subgroup. We denote by (Res%o, W)
the restriction of the G-representation (o, W) to K, that is, the K-representation defined
by [Res%o](k) = (k) for all k € K.

Given a K-representation (6,V") of K, denote by A = Indf(ﬁ the induced representation
(see, for instance, 7, 12, 14, 15], 18, B0, 47 59, 60, [63]). We recall that the representation
space of \ is given by

(2.19) Ind%V = {f: G — V such that f(gk) = 0(k~')f(g), for all g € G,k € K}
and that

(2.20) M) f1g") = Flg7'9),

for all f € Ind%V and g,¢' € G.

As an example, one checks that if (1x,C) is the trivial representation of K, then
(Ind% ., Ind$.C) equals the permutation representation (A, L(G)*) of G with respect to
the subgroup K (see [15, Proposition 1.1.7] or [I8, Example 11.1.6]).

Let 7 C G be a left-transversal for K, that is, a complete set of representatives for the
left-cosets g K of K in GG. Then we have the decomposition

(2.21) G=| |,
teT

where, from now on, | | denotes a disjoint union. For v € V we define f, € Ind©V by
setting

(g ifge K
2.22 (g) =
( ) Jul9) {O otherwise.
Then, for every f € IndIG(V, we have
(2.23) F=Y_At)f.,
teT

where v, = f(t) for all ¢ € 7. The induced representation Ind%@ is unitary with respect
to the scalar product (-, ), ¢, defined by
K

(2.24) (o Fo)imagy = % S U (9) By = SR, B0y

geG teT

for all fy, fo € Ind%V. Moreover, if {v; : j = 1,2,...,dy} is an orthonormal basis in V/
then the set

(2.25) MO fo, it eT,j=1,2,...,dg}
is an orthonormal basis in Ind%V (see [12, Theorem 2.1] and [I8, Theorem 11.1.11]).
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A well known relation between the induction of a K-representation (0,V) and a G-
representation (o, W) is expressed by the so called Frobenius reciprocity (cf. [14, Theorem
1.6.11], [15, Theorem 1.1.19], or [18, Theorem 11.2.1]):

(2.26) Homg (W, Ind%.V) = Homg (Ress W, V).

Let J ={o € G:o =< IndIG(G} denote a complete set of pairwise inequivalent irreducible
G-representations contained in Indf(ﬁ. For o € J we denote by W, its representation space
and by m, = dim Homg (o, Ind$0) > 1 its multiplicity in Ind%6. Then

(2.27) IndV = m, W,

oceJ

is the decomposition of Ind$V into irreducible G-representations and we have the *-
isomorphism of x-algebras

(2.28) Ende(IndfV) = €9 M, (C),

oceJ

where M,,(C) denotes the x-algebra of all m x m complex matrices (cf. [I8, Theorem
10.6.3]). In particular:

Proposition 2.5. The following conditions are equivalent:

(a) Ind$6 is multiplicity-free (that is, my = 1 for all o € J);

(b) the algebra Endg(Ind%V) (i.e. the commutant of Ind5V ) is commutative;

(¢) Endg(Ind$ V) is isomorphic to the x-algebra C7 = {f: J — C} equipped with pointwise
multiplication and complex conjugation.

Remark 2.6. In (2.27) and (2Z:28) we have used the symbol = to denote an isomorphism
(with respect to the corresponding algebraic structure). We will use the equality symbol
= to denote an explicit decomposition. For instance, in the multiplicity-free case this
corresponds to a choice of an isometric immersion of W, into IndIG(V, that is, toamap T, €
Homg (W, Ind$V) which is also an isometry. Clearly, in this case, Homg(W,, Ind%V) =
CT, and

(2.29) IndV = T, W,
oeJ

is the explicit decomposition. If multiplicities arise, then we decompose explicitly each
isotypic component as in Section 2] (cf. ([2.4])).

3. HECKE ALGEBRAS

Let G be a finite group and K < G a subgroup. Recalling the equality between the
induced representation (Ind% ¢, Ind%C) and the permutation representation (\, L(G)%),
(2I0) yields a *-algebra isomorphism between the algebra of bi-K-invariant functions
on G and the commutant of the representation obtained by inducing to G the trivial
representation of K.
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In Section B.1], expanding the ideas in [7, Theorem 34.1] and in [48] Section 3|, we gener-
alize this fact by showing that for a generic representation (6,V) of K, the commutant of
Ind5V, that is, Endg(Ind$.V), is isomorphic to a suitable convolution algebra of operator-
valued maps on GG. This may be considered as a detailed formulation of Mackey’s formula
for invariants (see |12, Section 6] or [I8, Corollary 11.4.4]).

Later, in Section [3.2] we show that, when @ is irreducible, the algebra Endg(Indf(V) is
isomorphic to a suitable subalgebra of the group algebra L(G) of G.

3.1. Mackey’s formula for invariants revisited. In this section, we study isomor-
phisms (or antiisomorphisms) between three x-algebras. We explicitly use the terminology
of a Hecke algebra only for the first one (cf. Definition 3.1]), although one may carry it also
for the other two. _

Let (6,V) be a K-representation. We denote by H(G, K, 6) the set of all maps F': G —
End(V) such that

(3.1) F(kigks) = 0(k; M) F(9)0(k"), for all g € G and ky, ks € K.
Given Fy, Fy € H(G, K,0) we define their convolution product Fy * Fy: G — End(V) by
setting

(3.2) [Fy# By)(9) = Y Fi(h™'g)Fa(h)
hedG

for all g € G, and their scalar product as

(3.3) (Fi ) uancoy = O (F1(9), Fa(9))Enav)-

geG
Finally, for F € (G, K, §) we define the adjoint F*: G — End(V) by setting
(34) F*(g) = [F(g "))

for all g € G, where [F(g~1)]* is the adjoint of the operator F((¢~!) € End(V).
It is easy to check that H(G, K, 0) is an associative unital algebra with respect to this
convolution. The identity is the function Fy defined by setting Fy(k) = ﬁ (k=) for all

k € K and Fy(g) = 0 for g € G not in K; see also (3.9) below. Moreover, F* still belongs to

H(G, K, 0), the map F' — F* is an involution, that is, (F*)* = F', and (Fy* Fy)* = Fy % F},
for all F, Fy, Fy € H(G, K, 0).

Definition 3.1. The unital *-algebra ﬁ(G, K,0) is called the Hecke algebra associated
with the group G and the K-representation (6, V).

Let S C G be a complete set of representatives for the double K-cosets in GG so that
(3.5) G = |_| KsK.

seS

We assume that 15 € S, that is, 14 is the representative of K. For s € § we set
(3.6) K,=KnsKs*
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and observe that given g € KsK we have |[{(ky,ks) € K? : kisky = g}| = |K,|. Indeed,
suppose that kisky = g = hishy, where ki, ko, hi,ho € K. Then we have hy Yk, =
shoks 's™! which gives, in particular, hy 'k € K,. Thus there are | K| = |k1 K| different
choices for hy, and since hy = s 'hy 'g is determined by hq, the observation follows.

As a consequence, given an Abelian group A (e.g. C, a vector space, etc.), for any map
®: G— A and s €S we have

1
gEKsK 51 k1 k€K
For s € § we denote by (6%, V;) the K -representation defined by setting V; =V and
(3.8) 0%(z) = O(s 'xs)

for all x € K.
For T € Homg, (Res} 0, 6°) define L7: G — End(V) by setting

O(k; )TO(kY)  if g = kysky for some kp, ky € K

(3.9) Lrlg) = {0 if g ¢ KsK.

Let us show that (8.9]) is well defined and that L € ﬁ(G, K.,0). Let ky, ko, h1,hs € K.
Suppose again that kisky = g = hyshe, so that, as before, we can find k, € K, such that
ki = h1k, and therefore

We then have

»

hy ts T kes)TO(ks  hy ™)
)0(s ks TO(ky 1 )0(Ry ™)
)0° (k) TO(k,™)0(hy ™)
(since T € Homy, (Resk 0,0°)) = 0(hy™")TO(ks)0(ks )0(hi™")
)T0(

It follows that (B.9]) is well defined.
Suppose now that g = kysky so that hyghs = hikiskshs. Then, by ([B39), we have

Lr(highs) = Lr(hikiskahs)
= 0((kah2) ™) TO((lnkr) ™)
= 0(ha™") (0(ky )TO(k; ")) O(ha ™)
= 0(hy )L (9)0(hy ).

This shows that L7 € H(G, K, 6).
We set

(3.10) So = {s € S : Hom, (Resk_0,6°) is nontrivial}.
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Lemma 3.2. (1) If F € H(G, K, 0) then
(3.11) F(s) e HomKs(Resgsﬁ, 0%) for all s € S.
(2) If F € H(G, K,0) then
(3.12) F=Y Lpy

s€Sy

and the nontrivial elements in this sum are linearly independent.
(3) If F1, F» € H(G, K, 0) then

<F1’F2> (G,K,0) ‘K‘ Z |K| ( )>End(V)'

s€So

Proof. (1) Let s € S. For all x € K, by ([8.1]), we have
F(s)0(x) = F(x's)
= F(s-s 'z 's)
= 0(s'ws)F(s)
= 0°(2)F(s),
that is, F(s) € Homy, (Res 6, 6°). In particular, F(s) =0 if s ¢ S,.

(2) From @) we deduce F(kisks) = 0(ky')F(s)0(ki') = Lp(s)(kisks) for all s € S
and kq, ko € K. As a consequence, F' is determined by its values on Sy. Moreover, for
distinct s,s" € Sy the maps Lp() and Lp(s) have disjoint supports (namely the double
cosets KsK and Ks' K, respectively). From (3.5) we then deduce (B.12) and that the

nontrivial elements in the sum are linearly independent.

(3) We have
(F B o = diévgtwgrﬂ(gn
(by B5) and B7)) dlmV Z K | klgg(tr[g(kls@)* Fy(kysky))]
dlmV Z K k;}( r[0(ky) Fa(s)"0(k2)0 (k) Fi(s)0 (k1 )]
= |K[* ; |K| d1 7 trlEa(s)" Fis)]
Fy(8))End(v)-
|

15
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Proposition 3.3. For each s € Sy, select an orthonormal basis {Ts1,Tso, ..., Tsm,} in
Homp, (Resj 0,0%). Then the set {Lr,, : s € Sp,1 < i < my} is an orthogonal basis of

ﬁ(G, K,0) and, for s,t € Sy, 1 <i <mg, 1 <j <my, we have:

K

<£T Z"CTtJ)H(GK@ - 531551] |K |

Proof. From Lemma [B3.21(2) it follows that {L7,, : s € Sy, 1 < i < my} is a basis of
H(G, K, 0). The orthogonality relations follow easily from Lemma B.21(3). O

We now define a map

(3.13) ¢ H(G, K, 0) — End(Ind$ V),

by setting

(3.14) E(F)fl(g) =D F(h™'g)f(h)
heG

for all F € H(G, K,0), f € Ind$V and g € G. Note that F(h'g)f(h) indicates the action
of the operator F'(h~'g) on the vector f(h).

Lemma 3.4. If F € H(G, K, 0) then

tr[§(F)] = |G| - tr[F(1)].

Proof. Suppose that f, is as in ([2.22]) and t € T (see (2.2I])). We then have:

EEADLI(9) =D F(h™"g)fult™"h)

heG
(3.15) (setting t'h = k) Z FE ™% g)0(k M
keK

(by @) = |K|F(t"g)v.



MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF FINITE GROUPS 17

Then, computing the trace of £(F') by means of the orthonormal basis (2.25) we get:

E(F)] =D ) (EEFINE) fo,, MO fo, ) imasv
teT j:1
(by @24)) = ZZ |K| D EEIND) £,](9). M) £, )(9))v
teT] 1 geG
bym ZZZ U]ufvj( g)>V
teT j=1 geG

(setting t~1g = k) Z Z Z k)vg, (k™ oj)v

teTj 1 keK

(by B.1) ZZIKI (La)vs, vs)v

teT j=1
= |Gltx[F(1c)]-
[

We are now in a position to state and prove the main result of this section.

Theorem 3.5. ((F) € Ende(Ind$V) for all F € H(G, K,0) and € is a x-isomorphism
between H(G, K, 0) and Endg(Ind$V). Moreover,

(3.16) (E(F), §<F2)>Endc(1nd6' = |K[(F3, F2> H(G,K,0)

for all Fy, F5 € ﬁ(G, K,0), that is, the normalized map F mg( ) is an isometry.

Proof. Let F € ﬁ(G, K,0), f € IndIG(V and g,h € G. Then, if A = IndIG(G as before, we

have

ABEF) flg) = [E(F) (" g)
(by BIZ) => F(r'h'g)f(r)

reG
(setting ¢ = hr) = F(g'g)f(h'q)

qeG

= [EEIAR)[1(9),

that is, A(h)¢(F) = &(F)A(h). This shows that £(F) € Endg(Ind$V). Moreover it is also
easy to check that

(3.17) E(F7 * Fy) = L(F1)E(F).
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and
(3.18) E(F)" = &(FT).

Just note that &(F)* is the adjoint of an operator in End(Ind% V) with respect to the scalar

product in (2.24). By (3I7) and (B.I8)) we have {(F3)*E(Fy) = £(Fy * Fy) and therefore

(€(F1), §(F2)) pnagmag vy = d1mV1|G/K| r[E(F5 = FY)]

(by Lemma [34) = dlz‘vtr[(F; * F1)(1¢)]

= S wim ) AW)

geG

= ——— Y tr[Fa(9)" Fil9)]

geG
(by (B.3)) ‘K‘<F17F2> H(G,K,0)

and (B.16)) follows. In particular, £ is injective. It only remains to prove that ¢ is surjective.
Let T € Endg(Ind$V) and define Z(T): G — End(V) by setting, for all v € V and
gedG,

1
(3.19) E(T)(g)v = ] [T f:](9),
where f, is as in (2.22). For ki, ky € K we then have
S(T) gk = T 1) k)

(since T'f, € Indf(V) = 0(k; Y= [T f,](k19)

— (k") {ﬁA(kﬁ)[va] <g>}
(since T € Endg(Ind$V)) = 0(ky') {ﬁ[T)\(kll)fv] (g)}
(since AGKT') fo = fyre) = Bk3") {ﬁ[ng(kl)UJ<g>}
— 00k E(T) )0k o

This shows that Z(T) € H(G, K, 6).
Let us show that the map Z: Endg(Ind$V) — H(G, K, 6) is a right-inverse of . First
observe that for all f € IndV

(3.20) & Z b frm)

heG
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which is an equivalent form of (223]). Indeed, for all g € G we have

|Z h) franl(g |foh) J(h'g)

hedG heG
_ 0(g'h)f(h) ifh'ge K
a W ,;G <{0 otherwise )
_ 1 0(k)f(gk) = f(g) ifhlg=k"eK
K] ,;( <{0 otherwise )
(by 19)) = f(9).

Let then T € Endg(Ind$V), f € Ind$ and g € G. We have

[(€o=(T)f](9) = D _[E(T)(h~"9)]f ()

heG
(by (3.19)) Z Tfm) (W)
e,
= % > AIT frm) (9)
e
(since T' € Endg(Ind%V) Z (9)
e,
Z Ah) fra )| (9)
K] heG
(by B.20)) = [T/] (g)-
This shows that {(Z(7")) = T, and surjectivity of £ follows. O

Recalling Proposition 8.3 we immediately get the following:
Corollary 3.6 (Mackey’s intertwining number theorem). Let (0, V') be a K -representation.
Then
dimEndg(Ind$V) = Z dimHomp, (Resj 6, 6°).

EIS)

Remark 3.7. Now we prove that Z(T) given by ([B.19) is the unique £ !-image of T €
End(Ind$.V) (note that this yields a second proof of injectivity of €). Since the functions
Ah)fy, h € G and v € V, span Ind$ V| for F € H(G, K, 6) we have that £(Fy) = T if and
only if

(3.21) E(F)AR) fo =TAh)f, forallhe GandveV.
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Let =(T") be given by (3.19). If (321I)) holds, then
[KIE(T)(g)v = [T f](9)

= Mg )T f)(1e)

(since T € Endg(Ind$V)) = [TA(g7 ) f](1e)

(by @2D)) = [¢(F)A(g™ ) f](le)

(by BIE) =) Fi(h™")fulgh)

hedG

(by @22)) with gh = k) = Fi(k'g)0(k")v

keK

(by B1) = [K[Fi(g)v.
This shows that F} = Z(T), that is, (3.19) defines the unique element in £~(T).

_ We end this section by giving an explicit formula for the {-image of the map Lr €
H(G, K, 0), where T € Homg, (Resf 6,6°) and s € S, defined in (3), and therefore, for

the elements in the orthogonal basis of (G, K, ) (cf. Proposition B:3).
Fix s € S and choose a transversal R, for the right-cosets of K1 = KNs ' Ks = s ' K,s
in K so that K = | |, .. Ks-17. Then, for all f € Ind%V and g € G, we have

(9)=>_ Lr(h'g)f(h)

hed
z—h 9) ZET
zEG
(by BT) and B.9)) Z O(k~)TO(k ) fgh™s™ ")
kkleK
\K\ 11
(by (ZI9)) | | > (kT f(gk™"s™)
keK
(k= Z Z@ N DT f(grta s

J:EK _1TERs

(by B8) and szs™! € K,) = Z Z O(r 10 (sxts T f(gr ta~ts™)

S {L'GK _17€ERs

(T € Homy, (Resy 0, 0%))

Z Z O(r HTO(sz™ s 1) f(gr s (sa™ts™h))

{L'GK _17€ERs

(by @ID) = [K| Y 6T f(gr™"s™).

TGRS

IKI
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3.2. The Hecke algebra revisited. Let (6, V) be a K-representation as in the previous
section, but we now assume that 6 is irreducible. We choose v € V' with |jv|]| = 1 and an
orthonormal basis {v; : j =1,2,...,dp} in V with v; = v. We begin with a technical but
quite useful lemma.

Lemma 3.8. For allw €V and 1 < 1,5 < dy, we have:

d
(3.22) 9| Z i, v;)0(k™Hw = (w, v;)v;.

Proof. Let w = fezl a,v,. Then, for all 1 < s < dy, we have

< d6| Z i, 0;)0(k™ w US> ZQT\K\ Z Jvi, vj) v, O(R)vs)

keK

(by @Id)) Zm B

- <U}, 'Uj>5i,s
so that the left hand side of (3:22) is equal to

dg

Z<w7 Uj>5i,svs = <w, Uj)Ui.

s=1

O

In the sequel, we shall use several times the following particular case (obtained from

[B:22)) after takig w = v;):

(3.23) v; = de Z i, v;)v (k™ v,
‘ keK
Define v € L(K) ={f: K — C} by setting
(3.24) (b = w0k}

for all £ € K. From now on, we identify L(K) as the subalgebra of L(G) consisting of all
functions supported on K. Thus, we regard 1 also as an element in L(G). We then define
the convolution operator P: L(G) — L(G) by setting

Pf=fxi
for all f € L(G) (in fact, P =Ty, cf. (27)). We also define the operator
T,: md$V — L(G)
by setting

(3.25) [T/ 1(9) = Vdo/|K[{f(9),v)v
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for all f € Indf(V and g € GG, and denote its range by
I(G, K, ¢) = T, (Ind}V) C L(G).
Finally, we define a map N
S,: H(G, K,0) — L(G)

by setting
[S.F)(g) = do(F (g)v, v)v

for all F' € 7—~[(G, K,0) and g € G. The first and the second statement in the following
theorem are taken from [56]. We reproduce here the proofs for the sake of completeness.

Theorem 3.9. (1) The operator T, belongs to Homg(Ind$V, L(G)) and it is an isometry;
in particular, Z(G, K,v) is a Ag-invariant subspace of L(G), which is G-isomorphic

to IndS V.
(2) The function ¢ satisfies the identities
(3.26) Yxp =1 and P* =1;
moreover, P is the orthogonal projection of L(G) onto Z(G, K, ). In other words,
(3.27) LG K ) ={f*v: fe L(G)} ={f € L(G): fx¢=[}.
(3) Define

H(G, K ) ={x frip: fe L(G)}={f e L(G): f=vxf*i}.
Then H(G, K, ) is an involutive subalgebra of (G, K, ) C L(G) and S, yields a *-
antiisomorphism from H(G, K, 0) onto H(G, K,v). Every f € H(G, K, ) is supported
in | s, KsK (cf. B.10)). Moreover, ﬁ&, is an isometry and we have
(3.28) T, [S(F)f] = (Tof) * (SuF)
for all f € nd$V and F € 7—~[(G K,0). The inverse S;' of S, is given by
(3.29) (S, 1(9vis o) = Tz > FOkT gka) (0(ka o, v3) (O (Ra)or, v;)
k‘l kocK

forall f € H(G,K,v), g € G, andi,j =1,2,...,dy.
(4) The map

H(G,K,vy) — Endg (Z(G, K,v))
f — Ttz xw)

is a x-antiisomorphism of algebras and ker Ty contains {Z(G, K,@/})}l for all f €
H(G, K, ). Moreover,

(331) Tf‘I(G,K,w) = Tv @) f (S;lf) @) Tv_l

and

(3.30)

G|
(3.32) (T, Tty Ende(1(GE ) = Tm (G, Kw)<flaf2>L(G)
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fOT all f7 f17 f2 S H(G7 K7’l/})

Before starting the proof, for the convenience of the reader, in diagrams
md$V 25 7(G, K, ¥)

and

H<G7 K7 w>] —— EndG<I(G7 K7 1/}))

<

H(G, K, 0) €08, !

T

Endg(Ind$V)

where — denotes the map defined in (330) and (3.31)), we summarize the various maps
involved in the theorem.

Proof. (1) It is immediate to check that

T 9)f = Aa(9)Tf

for all ¢ € G and f € Ind%V, showing that T, € Homg(Ind$V, L(G)). We now show
that T, is an isometry by using the basis in ([225]) (recall that 7 is a transversal for the
left-cosets of K in G). For t1,to € T and i,j = 1,2,...,dp, we have

<T )‘(tl)fv >T )‘(tQ)fUJ G) — |K| Z fvl tl g ij(tglg)’ U>
geG

Oy @) = b YO0 i, )

keK
(by (m)) = 5251,2525@'7]'
= <)‘(t1>fvi7 )\(t2>f’l)]’>L(G)'

(2) The first identity in (3.26]) follows from the convolution properties of matrix coeffi-
cients ((2I5) with o = p=0andi = j = h = k = 1) and ensures that P is an idempotent;
the second identity in (3.26]) follows from the fact that ¢ is (the conjugate of) a diagonal
matrix coefficient, and (2.9) ensures that P is self-adjoint. As a consequence, P = P? = P*
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is an orthogonal projection. Moreover, for all f € IndgV and g € G we have

L »
(@)l = () S0 o)

d@ 3/2keK
(by @I) = (W) S (0(k) £ (9). o) (v, B(k))
3/2
:(%) <f<g>,z<e<k>v,v>e<k-l>v>
(by BZ) = %mg),w
= (T,f)(9g),

that is, PT,f = T,f. We deduce that the range ranP of P contains T,(Ind$V) =
Z(G, K,1). Let now show that, in fact, the range of P is contained in (and therefore
equals) Z(G, K, ). Indeed, for all ¢ € L(G) and g € G we have

[Pol(g) = dlgh)p(k™)

keK

- |d7| <Z ¢<gk>9<k>v,v>

keK

= [T..f1(9)

where f: G — V is defined by f(g) = ,/% > kex ?(gk)0(k)v. Since f belongs to Ind%V,

as one immediately checks, we conclude that ranP = T, (Ind%.V).

(3) It is easy to check that H(G, K,v) C Z(G, K, 1) and that H(G, K, 1) is closed under
the convolution product and the involution f +— f*. As a consequence, H(G, K,v) is a
s-subalgebra of L(G) contained in Z(G, K, ).

Now we prove the statements for S,. Let F, Fy, 5 € '}Q(G, K,0), f € Indgv and g € G.
We then have

[ * (S, F) x](g) = |;?|2 Z (v1, (k1 )or) (F (ki gky vy, v1)(vr, 0(k2)vr)
k1,kee K
(by BI)) = |;?|2 <F(9) Z <9(k1_1)?}1701>9(k1)?}1, Z <0(k2)vlavl>0(k2_l)vl>
k1eK ko€ K

(by B23)) = (S.F)(9)
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and therefore S, ['ﬁ(G, K, 0)} C H(G, K, ). Moreover

(Sy(F1), Su(F2)) ey = d Y _(Fi(g)v, v)(Fa(g)v,v)

geG

(by B.23)) |K|2 Z Z > (Fu(@)0(ky i, 0(ky o) (0K vy, vi) X

g€G 1,j=1ky,kacK

<9(k2)v1, v;) (Fa(g)vi, v)

(h = kygky ") |2 Z Z (Fy(h)v, v;) %

heG i,5=1

><<F2(h) > {0k Yos, 00)0(ky)or, D <9(/{:21)vj,v1>«9(k2)v1>

k‘leK ko€ K

(by B.23)) = Z (Fr(R)vi, vj) (Ea(R)vi, v;)

heGi,j=1

= >~ > (Fa(h) Fih)vi,v)

i=1 heG

= dp(F, Fz)ﬁ(G,K,G)

and this proves that ﬁSv is an isometry and, in particular, that S, is injective.
Given f € L(G), we define F': G — End(V) by setting

(Flg)oivy) = g Y (R gka) (B(k1)ur, vi) (B(Rz)or, v;)

k‘l koK

forall g € G and i, = 1,2,...,dy. Then it is immediate to check that F' € ﬁ(G, K,0).
Moreover, if in addition f € H(G, K, ), we then have, for all g € G,

d

K2

d9<F(g)’U, U> =

> (0, 0(ka)v) £k gha) (v, 0(ky o) = (1 = f =) (g) = f(g),

ki,koeK

that is, S,F = f. This shows that S, is also surjective (in (@) another proof of surjectivity
is given). Incidentally, the above also provides the expression ([3.29) for S, .
It is easy to check that S, preserves the involutions: indeed,

(SoF*)(g) = do(F (g~ ") v, v) = do(F (g~ v, v) = (SuF)*(9),

where the first equality follows from (3.4]).
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We need a little more effort to prove that S, is an antiisomorphism:

[Sy(Fy % F2)](g) = do Y _(Fi(h™"g) Fa(h)v, v)

= d@ZZ (Fy(h)vy, vi)(FL(hg)v;, v1)
(by B.23)) |K| ZZZ (Fa(h)or, 0k~ o) (or, 0(k)oi) (Fy (P g)vi, vn)

heG 1=1 keK

(h =rk) |K| Z Z Fy(r)vg, vy) <F1(7“ '9) Z(Q(k—l)vl,vi>9(k¢)vi,v1>

reG =1 keK
(by 3.23)) = [Su(F2) + Su(F1)] (9).
This ends the proof that S, is a x-antiisomorphism.
The fact that every f € H(G, K,v) is supported in |_|86$0 KsK follows immediately
from the (anti-) isomorphsm between H(G, K, ) and H(G, K,v) and Proposition 33
We now prove (3.28):

IT.E(F)/) SO ) 0.0
hEG
i zz F(hg)us,v1)
dy 3/2 do
(by @23) =(ﬁ) >3 3 . 00 e e, OR) ) g )
dy 3/2 do
w=rt) = () LT <F<r1g> Z<9<k1>v1,v@->e<k>v@-,vl>
i=1 reG keK

(by B.23)) = (1) * (SuF)(9)-

(4) Let f € H(G,K,®) and f; € L(G). Then, if fi; = Pfy, that is fi = f; x 1,
we have P(Tyrf1) = P(fixf) = (fi*x¢)*x f)*Y = fi* f = Trfi. In other words
PTyP =Ty P, equivalently PTy|z kv) = TrP|zc,kw)- On the other hand, if f; € ker P
we have Tsfi = fix f = fix (U f*) = (fix) x fxp = (Pf) * f*lp—O that is,
Trker P C ker P.

This shows that the convolution operator Ty intertwines Z(G, K, 1) with itself and anni-
hilates the orthogonal complement of Z(G, K,1)). This can be used to give a second proof
of the surjectivity of S,. Indeed, the fundamental relation (3.28]) and the injectivity of S,
ensure that the antiisomorphism S, identifies the commutant of Z(G, K, 1) with the convo-

lution algebra H (G, K, 1), so that dim H(G, K, ) = dlmEndg(Indf(V) = dim H(G, K, 0).
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Moreover, keeping in mind (ZI0), if f € Ind$V we have
[Too & (SN () =T (€(S.7) /)
(by B28) =T.f*f
= [Ty o T.) (f)
which gives (3:31]).
Finally, (3:32) follows from (2Z.12]). O

We end this section with a useful computational rule.
Lemma 3.10. Let f; € H(G, K,v) and fo € L(G). Then
(3.33) [fix = fax¥)(1e) = [f1 = fo](1c).
Proof. We have

[t foxd)(1a) = Y [frx b= fol (W) (h™)

heG

=Y (W )[fr % x fa(h)

heG
= [ fix b fo](1c)
= [f1* f2](1c).

O

Remark 3.11. In the terminology of [20, 22 53], the function v is a primitive idempotent
in L(K) and Z(G, K,¢) N L(K) = {f € L(K) : f*v¢ = f} is the minimal left ideal in
L(K) generated by v (for, Z(G, K, 1) is generated by v as a left ideal in L(G)). Moreover,
H(G, K, 1) is the Hecke algebra associated with G, K and the primitive idempotent ).

Remark 3.12. For an element L7 of H(G, K, 0) as in (33) we have:

o d@(Tﬁ(k};U’U, 9<]€2)U> if g = k18l€2 € KsK
(SuLr)(g) = { 0 otherwise.

4. MULTIPLICITY-FREE TRIPLES

This section is devoted to the study of multiplicity-free triples and their associated spher-
ical functions. After the characterization of multiplicity-freens in terms of commutativity
of the associated Hecke algebra (Theorem E.T), in Section 1] we present a generalization
of a criterion due to Bump and Ginzburg [§]. In the subsequent section, we develop the
intrinsic part of the theory of spherical functions, that is, we determine all their properties
(e.g. the Functional Equation in Theorem [.9]) that may be deduced without their explicit
form as matrix coefficients, as examined in Section [£3l In Section [£.4] we consider the
case when the K-representation (V,#) is one-dimensional. This case is treated in full de-
tails in Chapter 13 of our monograph [I8]. The results presented here will provide some
of the necessary tools to present our main new examples of multiplicity-free triples (see
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Section [ and Section [7]). Finally, in Section we present a Frobenius-Schur type theo-
rem for multiplicity-free triples: it provides a criterion for determining the type of a given
irreducible spherical representation, namely, bei\ng real, quaternionic, or complex.

Let G and K < G be finite groups. Let 6 € K.

Theorem 4.1. The following conditions are equivalent:

(a) The induced representation Ind%.0 is multiplicity-free;
(b) the Hecke algebra H(G, K, 1) is commutative.

Moreover, suppose that one of the above condition is satisfied and that (2.29) is an ex-
plicit multiplicity-free decomposition of Ind%V into irreducibles. For every f € H(G, K,v)
consider the restriction Tt = T¢|z(c r ) to the invariant subspace (G, K, ). Then

(4.1) I(G, K, ) = D T, [T,W,]

oeJ
is the decomposition of Z(G, K, 1) into T-eigenspaces (cf. () in Theorem[39). Also, if
Ao, 15 the eigenvalue of T} associated with the subspace T, [T,W,]|, then the map

(4.2) f = (Aofoes

is an algebra isomorphism from H(G, K, ) onto C’.
Finally, with the notation of Corollary (34, we have

(4.3) dim H(G, K, ¢) = |J| = > _ dim Homy, (Resy 6, 6%).

seS

Proof. The Hecke algebra H(G, K, 1) is antiisomorphic to Endg (Ind$ V) via the map oS!
by virtue of Theorem and Theorem [B.91(3). Then the equivalence (a) < (b) follows
from the isomorphism (228)).

By Theorem B9 ({4)), T} intertwines each irreducible representation 7, [T, W] with itself
and therefore, by Schur’s lemma, T¥|r,ir,w,) = T}|7,1,w,) is a multiple of the identity on
this space.

Suppose that fi € Z(G, K,v) and fi = > ., fo with f, € T, [T,W,]. Then Ty(f;) =
Y wes Ao,rfo proving the required properties for the map ([£2) (cf. ([2.8)). In particu-
lar, dim H(G, K,v¢) = dimC’ = |J| (see also Proposition 2.5). Since dim H(G, K, ) =
dim 7—~[(G, K, 1), the second equality in (3] follows from Corollary B.6l O

Definition 4.2. If one of the equivalent conditions (a) and (b) in Theorem A.]is satisfied,
we say that (G, K, 0) is a multiplicity-free triple.

Observe that if 6 = 1 is the trivial K-representation, then (G, K, 1) is a multiplicity-
free triple if and only if (G, K) is a Gelfand pair (cf. Definition 2.2 and Theorem 2.1]). More
generally, for dim6 = 1 we also refer to [42], [62], and [44] [45].

The following proposition provides a useful tool for proving multiplicity-freeness for
certain triples. The map T ~ T% therein is a fixed antiautomorphism of the algebra
End(V) (for instance, adjunction, or transposition).
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Proposition 4.3. Suppose there exists an antiautomorphism 7 of G such that f(7(g)) =
f(g) for all f € H(G,K,v¥) and g € G. Then H(G, K, ) is commutative. Similarly, if

F(r(g)) = F(9)! for all F € H(G,K,0) and g € G, then H(G, K,0) is commutative,
Proof. Let fi, fo € H(G, K,v) and g € G. We have

f1*f2 Zfl gh f2

heG

(for=1) =D flr(gh)falr(h™")

heG

= Z fi(r(h)71(9)) f2 (T<h71>>

heG

=>_ f(r(h™) fi(r(h)7(g))

heG

(setting t = 7(h)) Z ot f1(tr(g))

teG

= [fox fil(7(9)) = [f2 * f1l(9),

showing that H(G, K1) is commutative. Similarly, for Fi, F, € 'ﬁ(G, K,0) and g € G,
we have

Fl*FQ ZFlh gFZ
heG

(For=F% = F(r(g)r(h)" ) Fa(r(h))’

(setting 7(g)T(h)"t=1t) =

showing that ﬁ(G, K, 0) is commutative as well. O

If the first condition in the above proposition is satisfied, we say that the multiplicity-free
triple (G, K, 0) is weakly symmetric. When 7(g) = g~ we say that (G, K, 0) is symmetric.

Example 4.4 (Weakly symmetric Gelfand pairs). Suppose that 6 = tx is the trivial
representation of K. Then H(G, K,v) = EL(G)X and condition f(g7') = f(g) (resp.
f(t(9)) = f(g)), for all f € H(G, K,v) and g € G, is equivalent to g~! € KgK (resp.
7(9) € KgK), for all g € G. If this holds, one says that (G, K) is a symmetric (resp.
weakly symmetric) Gelfand pair (cf. [11, Example 4.3.2 and Exercise 4.3.3]).



30 TULLIO CECCHERINI-SILBERSTEIN, FABIO SCARABOTTI, AND FILIPPO TOLLI

4.1. A generalized Bump-Ginzburg criterion. We now present a generalization of a
criterion due to Bump and Ginzburg [§] (see also [18, Corollary 13.3.6.(a)]). We use the
notation in ([3.9) and we assume that T+ T? is a fixed antiautomorphism of the algebra
End(V).

Theorem 4.5 (A generalized Bump-Ginzburg criterion). Let G be a finite group, K < G

a subgroup, and (0,V) € K. Suppose that there exists an antiautomorphism 7: G — G
such that:

o K is T-invariant: 7(K) = K,
o 0(7(k)) = 0(k)* for all k € K,
e for every s € Sy (cf. BI0)) there exist ki, ko € K such that
(44) T(S) = k18l€2
and
for all T € Homp, (Res 0, 6°),
o (TH* = (T*)* for all T € End(V) (i.e., § and * commute).
Then the triple (G, K, 0) is multiplicity-free.
Proof. Let s € Sy. We show that L7(7(g)) = Lr(g)* forallg € G and T € Homp, (Resj 0, 6°)

(cf. (39)), so that we may apply the second condition in Proposition 43l First of all, we
have

(4.6) Lr(7(5)) = Lp(kisksy) = 0(ky)*TO(ky)* = T* = Lp(s)*
Let g € G and suppose that g = hyshy with s € Sy and hy, hs € K. Then
Lr(7(g)) = Lr(7(h2)7(s)7(h1))
= 0(7(h1))" L (7(5))0(7(h2))"

(by @8)) = (0(h1)")"T*(0(ha)?)"
= (0(h1)" ) T*(0(h2)")?
= [0(h2)

)

(ha)* Ly (s)0(h1)*]*

Lr(g)".

OJ

Remark 4.6. The Bump-Ginzburg criterion, that concerns the case dim# = 1 so that
End(Vjy) = C is commutative, may be obtained by taking the operator f as the identity.
As in the following we shall only make use of this version, rather than its generalization
(Theorem [.H]), for the convenience of the reader we state it as in its original form.

Theorem 4.7 (Bump-Ginzburg criterion). Let G be a finite group, K < G a subgroup,

and x a one-dimensional K -representation. Suppose that there exists an antiautomorphism
7: G — G such that:
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o K is T-invariant: 7(K) = K,
o X(7(k)) = x(k) forallk € K,
o for every s € S (cf. (BI0)) there exist ki, ko € K such that

(4.7) 7(s) = kysks
and

(4.8) x(k1)x(k2) = 1.
Then the triple (G, K, x) is multiplicity-free.

Open problem. In [I6, Section 4], there is a quite deep analysis of the Mackey-Gelfand
criterion for finite Gelfand pairs. It should be interesting to extend that analysis in the
present setting. Also, the twisted Frobenius-Schur theorem (cf. [16], Section 9]) deserves to
be analyzed in the present setting (cf. Section [A.Gl).

4.2. Spherical functions: intrinsic theory. In this section we develop the intrinsic part
of the theory of spherical functions, that is, we determine all their properties that may be
deduced without their explicit form as matrix coefficients.

Suppose now that (G, K, 0) is a multiplicity-free triple.

Definition 4.8. A function ¢ € H(G, K, 1) is spherical provided it satisfies the following
conditions:

(4.9) ¢(lg) =1
and, for all f € H(G, K, ), there exists Ay s € C such that
(4.10) ¢ * f =59

We denote by S(G, K,v) C H(G, K, ) the set of all spherical functions associated with
the multiplicity-free triple (G, K, 0).

Condition (AI0) may be reformulated by saying that ¢ is an eigenvector for the convo-
lution operator T for every f € H(G, K, ). Moreover, combining (£.10) and (£.9), we get
Ao.f = [¢ * fl(1¢), and, taking into account the commutativity of H(G, K, 1), we deduce
the following equivalent reformulation of (Z10):

(4.11) ¢ f=[fxo={([¢xfl(1c)) ¢

We now give a basic characterization of the spherical functions that makes use of the

function ¢ € L(G) defined in (3.24)).

Theorem 4.9 (Functional Equation). A non-trivial function ¢ € L(G) is spherical if and
only if

(4.12) > dlgkh)i(k) = ¢(g)b(h),  for all g,h € G.

keK
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Proof. Suppose that 0 # ¢ € L(G) satlsﬁes ({.12). Choose h € G such that ¢(h) # 0.
Then writing (4.12)) in the form ¢(g) = h) Shex S(gkh)(k) we get

0xul(9) = —— 5 Slgkakh)BRB(KY)

(b(h)kleK
1
(k1k:k2 :gb(h k;{ﬁb ng @Z) @Z)](l@)
(by B2) = S 3 olakeh)
k eK
— 4(9)

for all g € G, that is, ¢ x 1) = ¢. Similarly one proves that 1) x ¢ = ¢. Combining these
two facts together we get 1) % ¢ x b = ¢ yielding ¢ € H(G, K, ). Then setting h = 14 in
(E12) we get

= dlgh)(k) = [¢ ¥](g) = ¢(9)

keK

for all ¢ € G, and therefore (£9) is satisfied. Finally, for f € H(G, K,¢) and g € G we
have

[0+ f1(g) =[x [+ ¥](9)

=3 blgkh) f(h)i(k)

heG keK

(by @ID) = ¢lg) Y _o(h)f

heG
= [0 fl(1c)o(9)

and also (4.IT]) is satisfied. This shows that ¢ is spherical.
Conversely, suppose that ¢ is spherical and set

h) = élgkh)b(k),
keK
forall h,g € G. If f € H(G, K,) and g, g, € G, then we have
[Fy* fl(g) =) lgkgih) f(h (k)

keK heG

(4.13) (by @ID) = [+ fl(1a) Y ¢lgkg)d (k)

keK
= [0 [1(1a) Fy(g1).
Let now show that the function J, € L(G), defined by

h) =Y f(hkg)(k)

keK
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for all h € G, is in H(G, K, 1) for every g € G. Indeed, for all h € G,
[xJyxgl(h) = Y (ko) f (ki iy kg)o (k) (F)

kvkl 7k2 eK

(ks = ky'k) = > [t * fl(hksg)v (ks (k™)

=Y flhksg)[W =) (ks ")
(by B20)) = ) f(hksg)v(ks)
kseK
= J,(h).
Moreover,
(@ Jy(1e) = > o(h™") Y f(hkg)(k)
heG keK
(414) (hk =t) Zg;(;@/} )f(tg)
=) ot
teG
= [¢* f1(g)-

It follows that, for g, ¢ € G,

[Fy fl(g1) = D > dlgkgih)b(k) f(h)

heG keK
(kgih Z P(gt) Z (k) f(t " kg)
teq K
(4.15) =dxJy, (g)k
(by @10) = [¢* Jul(1c)o(9)
(by @14)) = [¢=* fl(g1)¢(9)
(again by [@I1l)) = [¢* f](1c)9(g1)d(9)-

From @.I3) and @.I5) we get [¢ * f](1a)Fy(g1) = [¢ * fl(1c)d(g1)¢(9) and taking f €
H(G, K,v) such that [¢ * f](1g) # 0 (take, for instance, f = v * §;, * 1) this yields

Fy(g1) = ¢(91)¢(g) which is nothing but (£I12]). O
A linear functional ®: H(G, K1) — C is said to be multiplicative provided that

(I)<f1 * f2) = (D(fl)q)(fz)
for all fi, fo € H(G, K,v).
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Theorem 4.10. Let ¢ be a spherical function and set

(4.16) (f) = [f *¢](1c)
forall f € H(G, K,v). Then ® is a linear multiplicative functional on H(G, K,v). Con-
versely, any non-trivial multiplicative linear functional on H(G, K,1) is of this form.

Proof. Let fi, fo € H(G, K, ). Then, we get:

O(f1* f2) = [(f1 x fo) * 8] (1c)
= [fi* (f2x9)](1c)
(by @I) = [f1 = ([f2 % ¢)(1c)9)] (1c)
= [f1 = ¢l(1c)[f2 x ¢](1c)
= O(f1)®(f2).

Conversely, suppose that ® is a non-trivial multiplicative linear functional on H(G, K, ).
We can extend ® to a linear functional ® on L(G) by setting ®(f) = (¢ * f * 1) for all
f € L(G). By Riesz’ theorem, we can find ¢ € L(G) such that

=Y f9)elg™) = [f * ¢l(1a),

for all f € L(G). From (33) we deduce that if f; € H(G, K, ) then

(1) = [fixel(la) = [fr x ¢ x 0 x¥](1c)
and therefore the function ¢ € L(G) may be replaced by the function ¢ = 1 x @ x ¢ €
H(G, K,v). With this position, (3.33]) also yields
(4.17) O(tp# fx1p) = [pxtp* fx1](le) = [¢* fl(1c)
for all f € L(G).
We are only left to show that ¢ € S(G, K,1). Let then f; € H(G, K, ) and f, € L(G).
Since ¢ is multiplicative, the quantity
Dfrx s fox ) = 6% fr x40 % fo 9] (1)
(by @) = [6% /i * L(16)
=Y [¢= Al fo(h™)
hedG
must be equal to
O(f1) (% * fox ) = B(fi)d * fol(1e) = > ®(f1)¢ ),
heG

where the first equality follows from (AIT). Since fo € L(G) was arbitrary, we get the
]

equality [¢  fi](h) = ®(fi)o(h) = [fi * ¢](1a)¢(h) = [6 * fi](1e)d(h). Thus ¢ satisfies
condition (4.IT]). Moreover, taking h = 14, one also obtains ¢(1g) = 1, and (9] is also

satisfied. In conclusion, ¢ is a spherical function. O
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Corollary 4.11. The number |S(G, K, )| of spherical functions in H(G, K, 1) equals the
number |J| of pairwise inequivalent irreducible G-representations contained in Ind%@.

Proof. We have H(G, K,v) = C’ (see Theorem 1)) and every linear multiplicative func-

tional on C7 is of the form A = (\,),cs — Ag, for a fixed T € J. O
Proposition 4.12. Let ¢ and p be two distinct spherical functions. Then

(i) ¢* = ¢;

(ii) ¢ * p=0;

(iii) (Aa(g1)@, Aa(g2)i) ) = 0 for all g1, g2 € G; in particular (¢, 1) L) = 0.

Proof. (i) By definition of a spherical function, we have

9" x ¢ =[9"* ¢|(lg)p = (Z cb(g‘l)cb(g_l)) ¢ = [lg]I*¢.

geG
On the other hand, since (¢* * ¢)* = ¢* * ¢, we have

[0 % ¢](9) = [¢" * ¢l(g7") = [¢" * ¢ (Lc) - (g7") = [|0]*(97")
and therefore we must have ¢ = ¢*.
(ii) By commutativity of H(G, K, 1), we have that

6+ ul(g) = ([0 % ul(16)) #(9)
(4.18) must be equal to
[ ¢)(g9) = ([u = ¢l(1c)) ulg) = ([¢ * n](1a)) u(g)
for all g € G. Therefore, if ¢ # p, [@EIF) implies [¢ * p](1g) = [u * ¢](1g) = 0. But then,
again, (AI])) yields ¢ * p = 0.
(iii) Let g1, g2 € G. Applying (i) and (ii) we have
(916, Aalg2)m) ey = (6 Aalgr g2 rie) = 16+ 171(91 " g2) = [& * (91" g2) = 0.
U

Corollary 4.13. The spherical functions form an orthogonal basis for H(G, K, ).
Proof. This is an immediate consequence of the first equality in (.3]). O

In Theorem [£.18 we shall copute the orthogonality relations for the spherical functions.

Recall (cf. Theorem B9 (a)) that Z(G, K, 1) is a subrepresentation of the left-regular
representation of G. For ¢ € S(G, K,1) we denote by U, = span{A¢(g)¢ : g € G} the
subspace of L(G) generated by all G-translates of ¢. Then the following holds.

Theorem 4.14. For every ¢ € S(G, K, ) the space Uy, is an irreducible G-representation
and

(1.19) HaKw= D Ue
PES(G,K 1)
is the decomposition of Z(G, K, 1) into irreducibles.
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Proof. Let ¢, u € S(G, K, ). Then Uy is G-invariant and contained in Z(G, K, ¢). More-
over, by Proposition L121(iii), if ¢ # p, then the spaces Uy and U, are orthogonal. Finally,
we can invoke Corollary 1T and the fact that Z(G, K, 1) is multiplicity-free (cf. Theorem
39 (1) and Theorem [1]), to conclude that the direct sum in the Right Hand Side of (4.19])
exhausts the whole of Z(G, K, 1) and that the Uys are irreducible. O

The space U, is called the spherical representation associated with ¢ € S(G, K, ). In
the next section different realizations of the spherical functions and of the representations
are discussed.

4.3. Spherical functions as matrix coefficients. Let (G, K,0) be a multiplicity-free
triple. Let also (0,W) € G be a spherical representation (i.e. ¢ € J, where J is as in

Theorem [4.7]).

By Frobenius reciprocity (cf. (Z26)), o is contained in Ind%6 if and only if Res%o
contains 6. Moreover, if this is the case, since (G, K,#) is multiplicity-free, then the
multiplicity of € in Resga must be exactly one.

This implies that there exists an isometric map Ly : V — W such that Homg (V, Res%W) =
CL,. Now we show that, by means of Frobenius reciprocity, the operator T, in (2.29) may
be expressed in terms of L,; see [56] for more general results.

Proposition 4.15. The map T,: W — {f: G — V'} defined by setting

(4.20) Tule) = [T Laota™

for all g € G and w € W, is an isometric immersion of W into IndG.V .

Proof. We first note that, by @3), L € Homg(Res%W, V), that is Lio(k) = 0(k)L: for
all k € K. This implies that T,w € Ind%V since

[Tuligh) = | F1 Lot~ = [0 Loty o = 600~ Tl

for all g € G and k € K. It is also easy to check that T,0(g) = A(g)T, for all g € G, in
other words T, € Homg (W, Ind% V).

It remains to show that T, is an isometric embedding. First of all, it is straightforward
to check that the operator

> olg)LeLio(g™")

geG
belongs to Endg (W) and therefore, by Schur’s lemma, it is a multiple of the identity: there
exists a € C such that 3 _,0(9)LoL;0(9") = alw. Since L,: V — W is an isometric
embedding, we have that L} L, = I, yielding tr(L* L,) = dy, so that

tr <Z o(g)LaLZa(g_1)> = |Gltr (L, L)) = |Gl|tr (L} L,) = |G|dp.

geG
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Since tr(alw) = ad,, we get av =

Gld
S ola)LoLiols™) = 1C1% .

geG

Gld .
Id‘a@, that is,

We deduce that

<Tow17Taw2>Inle<V dy \G| Z <L* Ywy, Lyo (971)w2>v

geG
dU * -1
= 77 | Wi ZU(Q)LJLJU(Q Jws
do|G|

geG w

= <w1, w2>w
for all wy,ws € W, thus showing that T, is isometric. O

From now on, in order to emphasize the dependence of the representation space W on
o € J, we denote the former by W,. Moreover, with the notation in Section B.2] (cf. (3:24)),
so that v = vy), for each o € J we set

(4.21) w® = Lyv € W,.
Lemma 4.16. Let o € J. Consider the map S,: W, — L(G) defined by setting

(4.22) S,ul(0) =\ gt o).

for allw € W, and g € G. Then S, =T, T, that is, the following diagram

W, Ind$V

k |

(G, K, )

is commutative. As a consequence, S, is an isometric immersion of W, into Z(G, K, ).
Moreover, (A1) may be written in the form

(4.23) I(G, K, ) = ) S.W,.

oceJ

Proof. For all w € W, and g € G, we have
(T, Tow)(g) = V/do/ | K|{[Tow](g), v)v (by (3.25))
= Vdo /|G Lyo (g Yw,v)y  (by [E20))
= Vdo/|Gl(w,o(g) Lov)w,
= [Sow](g) (by (@.22)).
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Remark 4.17. Clearly, 1) and Z(G, K, 1) depend on the choice of v € V. From ([@.22]) and
the orthogonality relations (2.I4)) it follows that the replacement of v with an orthogonal
vector u leads to an isomorphic orthogonal realization of Z(G, K, ).

Equations ([@I9) and ([@23]) provide two different decompositions of Z(G, K, 1)) inirre-
ducible representations: in the first one these are constructed in terms of spherical func-
tions, in the second one they come from a decomposition of IndIG(V. The connection be-
tween these two decompositions requires an explicit expression for the spherical functions.
To this end, given o € J, we define ¢” € L(G) by setting

(4.24) ¢7(9) = (W, o(g)w”)w,,
for all g € G, where w? is as in (£.21)).

Our next task is to show that the above defined functions ¢, ¢ € J, are spherical and
that, in fact, any spherical function is one of these. In other words, S(G, K,v¢) = {¢“ :
ogeJ}.

We need to prove a preliminary identity. We choose an orthonormal basis {u; : i =
1,2,...,d,} for W, in the following way. Let Res%W, = L,V @ (®,m,U,) an explicit
(cf. Remark 26) decomposition of Res% W, into irreducible K-representations (the U,’s
are pairwise distinct and each of them is non-equivalent to V'; m, is the multiplicity of
U,). We set u; = w? = Lyv, and let {u; : 1 < ¢ < dy} form an orthonormal basis for
L,V. Finally, the remaining u;’s are only subject to the condition of belonging to some
irreducible U, of the explicit decomposition. Then, by (2.14]), we have

= Bl s
> (ur, o (k)ur) (o (k)us, ;) = ——01;01;.

d
keK 4

Since ¢(k) = % (uy, o(k)uy)w,, the above may be written in the form

|K]
<Z (kYo (k)u;, uj> = 0101
yielding
(4.25) > (k) (k)u; = 5w’

Theorem 4.18. ¢° € L(G) is the spherical function associated with W, that is, in the
notation of Theorem [{.1]] and Lemma[{.16, Usy = S,W,. Moreover, the following orthg-

onality relations hold:

(1.26) (67, )10 = s

07
dy, 7"

forallo,p e J.

Proof. By ([@22]) we have ¢7 = / Ll—CjSaw” and therefore, by Lemma [16] ¢” belongs to the
subspace of Z(G, K, 1) isomorphic to W,, namely to S,W,. Now we check the functional
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identity (£12) to show that ¢ is a spherical function: for all g, h € G,

Y67 (gkh)(k) =Y (w”, o (gkh)w? )i (k)

ds

= (olg Y w) Y (o(kh)w, u)p(k)
i=1 keK
do

= o(g DY, w){ o(h)we, Zw(kl)a(kl)ul>
i=1 keK

(by @23)) = ¢7(9)¢"(h).
Finally, (4.20) is a particular case of (2.14]). O

The spherical Fourier transform is the map
F H(G, K, ) — L(J)=C’
defined by setting
Ffllo) = (£.6%) = D F(9)9°(9)

geG

for all f € H(G, K,v¢) and o € J. Note that
(4.27) = f@e(g) =D flo)e7(g7") = [f * ¢°](1c).
geG geqG

From Corollary .13 and the orthogonality relations (£.26) we immediately deduce the
wnversion formula:

(4.28) =3l Zd [F f1(o)¢°

oceJ

and the Plancherel formula:

(f1. f2)L ‘Ed [F £)(0)[F f] (o),

oeJ

for all f, f1, fo € H(G, K, ). Moreover, the convolution formula

F(fr* fo) = (Ff)(F f2)
follows from the inversion formula and (2.15]).
Proposition 4.19. Let f € H(G, K,v). Then the eigenvalue of Ty € Endg(Z(G, K, ¢))

(see Theorem[3.9.(A)) associated with the eigenspace S, W, (see [£23)) is equal to [F f](o),
forall o € J.
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Proof. This is a simple calculation:
[Tr¢°1(g) = [f = ¢°](9)
(by @II) = [f *¢°](1c)9" (9)
(by @27)) = [Ff1(9)¢7(9)-

Proposition 4.20. The operator E, : Z(G, K, 1) — L(G), defined by setting
dy
[f * 7]
|G|
for all f € Z(G, K, ), is the orthogonal projection from (G, K,v) onto S,W,.
Proof. First of all note that, for ¢ € G and f € I(G, K, ), we have:
2 |Zf )¢ (h™'g) |Zf )67 (g~ h) = |G|<fAG<> 7).

heG heG
Therefore, for n # o and h € G,

E,f =—:

EAa(me")(9) = 1 A" Acle)o7) =0

by Proposition 121 (), that is, € S,W, C ker E,. Similarly,

neJn#o

[EsAc(h)0°](9) =

‘ Q.

|< a(h)e?, Aa(g9)97)

&Q&B

= |<¢” Aa(h™9)e7)

e
Oy @ID) = Gl N16) ()
(since [6” « °)(16) = 971 = 1C1/ds) = Aa(h)o(9)

07 % ¢7](h 1 g)

0

We now prove the relations between the spherical function ¢ and the character x of
.

Proposition 4.21. For all g € G we have:
(4.29) X7 (9) |G‘ =N ¢ (h1gh)

heG
and

(4.30) ¢7(9) = [x7 = ¥](g)-
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Proof. Clearly, (4.29) is just a particular case of (217, keeping into account the definition
of ¢7 (see (L.24))). Using the bases in ([£.25]) we have

X *w ZZ “Dug, ug)(k)

keK =1

do
=SS WHE (ks o(g )

keK i=1

(by (4.25)) = ¢7(9).

0

4.4. The case dim# = 1. In this section we consider the case when the K-representation
(V, 0) is one-dimensional (this case is also treated, in a more detailed way, in [18, Chapter
13]). We then denote by y = x? its character. Let Sy C S C G and K,, s € S, be as in
Section B.1] and let ¢ € L(G) and H(G, K, ) be as in Section B2

Note that, in our setting, we have (cf. (3.24))) ¥ (k) = ﬁ x(k) for all k € K.
Theorem 4.22. (1) H(G,K,v¥) ={f € L(G) : f(kigks) = x(k1)x(k2)f(g) for all ky,ky €

K and g € G};

(2) So={s€S:x(s'as) = x(x), forallz € K,};
(3) every function f € H(G, K,v) only depends on its values on Sy, namely

flg) =

otherwise.

{X(kl)f(s)x(kg) if g = k1sky with s € Sy
0

Proof. (1) Let f € H(G, K,¢). Then by Theorem B.9/(3) we can find a unique function
F € H(G, K, 0) such that f = S,(F). Since V is one-dimensional, we have F' € L(G) and
0 = x so that (3.1) yields

F(kigks) = x(k2) F(9)X(k1) = x (k1) x(k2) F (g),

which, by linearity of S,, yields
f(kigk2) = x(k1)x(k2) f(9)

for all k1, ky € K and g € G. This shows the inclusion C. Since S, is bijective, (1) follows.
(2) We first observe that since 6 is one-dimensional, so are Resj 0 and 6° for all s € S.
As a consequence, for s € S we have that Homy, (Resy 6, 6°) is non-trivial if and only if

Resy 0 equals 6° and this is in turn equivalent to x(z) = x(s~'xs) for all z € K.
(3) This follows immediately from (1), (2), and the fact that any f € H(G, K,v) is
supported in Uses, K sK (cf. Theorem [3.91(3)). O
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4.5. An example: the Gelfand-Graev representation of GL(2,F,). We now illus-
trate a fundamental example, which is completely examined in [I8, Chapter 14]. This gives
us the opportunity to introduce some notation and basic notions that shall be widely used
in Sections [ and [7.

Let p be a prime number, n a positive integer, and denote by F, the field with ¢ := p"
elements. Let G = GL(2,F,) denote the group of invertible 2 x 2 matrices with coefficients
in IF, and consider the following subgroups:

B = { (8 Z) ra,deF,be Fq} (the Borel subgroup)

C= {(Z Zb) ra,beFy, (a,b) # (0, O)} (the Cartan subgroup)
D= { (g 2) ca,d € IF;} (the subgroup of diagonal matrices)
1 b . .
U= { (O 1) (b€ Fq} (the subgroup of unipotent matrices)
Z2=3(% N .aer !l (the center)
=1l o) @€ e center

where [ denotes the multiplicative subgroup of F; consisting of all non-zero elements, and
n is a generator of the multiplicative group F;. As for subgroup C', we suppose that ¢ is
odd (for ¢ even we refer to [I8, Section 6.8]): then we have the isomorphism

C H FZQ

(4.31) (a nb) o atib,
b «a

where F 2 is the quadratic extension of F, and =i are the square roots (in F2) of 7.
An irreducible GL(2, F,)-representation (p, V) such that the subspace V¥ of U-invariant
vectors is trivial is called a cuspidal representation.

Theorem 4.23. Let x be a non-trivial character of the (Abelian) group K = U. Then
Indgx 18 multiplicity-free.

In order to prove the above theorem we shall make use of the so-called Bruhat decom-
position of G:

(4.32) G=B| |UwB

where w = (1 0

0 1) (this follows from elementary calculations, cf. [I8, Lemma 14.2.4.(iv)]).



MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF FINITE GROUPS 43

Proof of Theorem[4.23. We first observe that U is a normal subgroup of B and that one
has B = | |,cp AU = | ]yep UdU. From (E32) we then get

G = <|_| dU) | ] <|_| deU) = (|_| UdU) | ] <|_| deU) .
deD deD deD deD
As a consequence, we can take S := D| |wD as a complete set of representatives for
the double K-cosets in GG. Moreover, it is easy to check that dUd™' N U = U and that
wdUd'wNU = {1g} for all d € D. As a consequence, cf. Theorem E22(2), we have
that So = Z| JwD =S\ (D \ Z). From Theorem €.221(3) we deduce that every function
f € H(G, K, ) vanishes on | |;cp, , dU.
Consider the map 7: G — G defined by setting

| ()=

for all <i d) € G. Tt is easy to check that 7(g192) = 7(92)7(g1) and 72(g) = g for all

g1, 92,9 € G. Thus, 7 is an involutive antiautomorphism of G.
Let f € H(G, K,v¢). We claim that

(4.33) f(r(g9)) = f(g) forall g eG.

In order to show (EL33), we recall that f is supported in | |, |, p UsU and observe that
7 fixes all the elements of the subgroup U. As a consequence, it suffices to show that 7
also fixes all elements in Z| |wD. This is a simple calculation:

wn==(( )6 )=+ (C )= )

for all d = (g 2) € D. On the other hand, it is obvious that 7(z) = z for all z € Z.
This proves the claim. As a consequence, by virtue of Proposition [4.3] we have that the
Hecke algebra H(G, K, 1)) is commutative. From Theorem L1l we deduce that the induced

representation Indf(x is multiplicity-free. O

Remark 4.24. The conditions in the Bump-Ginzburg criterion are trivially satisfied, be-
cause 7(k) =k for all k € K and 7(s) = s for all s € S.

4.6. A Frobenius-Schur theorem for multiplicity-free triples. Let G be a finite
group. Recall that the conjugate of a G-representation (o, W) is the G-representation
(0!, W') where W' is the dual of W and [0”(g)w'](w) = w'[o(g~Hw] for all g € G, w € W,
and w’ € W’. The matrix ceofficients of the conjugate representation are the conjugate of
the matrix coefficients, in formulae:

(4.34) ul o =ug.

7/7] /[/7]

for alli,j =1,2,...,d, (cf. [I1, Equation (9.14)]).
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One then says that o is self-conjugate provided o ~ ¢’; this is in turn equivalent to the
associated character x? being real-valued. When o is not self-conjugate, one says that it is
complex. The class of self-conjugate G-representations splits into two subclasses according
to the associated matrix coefficients of the representation o being real-valued or not: in
the first case, one says that o is real, in the second case o is termed quaternionic.

A fundamental theorem of Frobenius and Schur provides a criterion for determining the
type of a given irreducible G-representation o, namely

1 if o is real
(4.35) € Z X ( —1 if 0 is quaternionic
9e@ 0 if o is complex

see, for instance, [I1, Theorem 9.7.7].

Let now K < G be a subgroup, (6,V) be an irreducible K-representation, and suppose
that (G, K, 0) is a multiplicity-free triple. In the following we prove a generalization of the
Frobenius-Schur theorem for spherical representations.

Theorem 4.25. Let (G, K,0) be a multiplicity-free triple and suppose that (o, W) is a
spherical representation (i.e., o € G and o < Ind$ w0). Then we have

1 if o 1s real
(4.36) Z (g —1 if o is quaternionic
QGG 0 if o 1s complez.

Proof. We first fix an orthonormal basis {u; : ¢ = 1,2,...,d,} for W as in the paragraph
preceding Theorem EI8 so that ¢7 = uf,. We then have

o L S~y
|G|Z¢ @Z%J(g )

geG geqG
(4.37)
(by @16)) = Zzum 9)uq(g
gGG h=1

If o is real, then u‘l’h(g) =uf,(g) forall h=1,2,...,d, and g € G, so that, by [2.14),

1, ., & 1
|G\ Z Um = @(ul,hath)L(G) = d—051,h

geG

and (£37) yields & & 2 gec 979 2) =
If 0 is complex then, by @34,

1 o’ o
Z = @(ul,hath)L(G) =0,

gEG

since o ¢ ¢’ and (2.14]) applies. Thus in this case (4.37) yields % S yec ¢ g?) =0.
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Suppose, finally, that ¢ is quaternionic. Then, see [11, Lemma 9.7.6], we can find a
d, x d, complex matrix W such that WW = WW = —I and U(g) = WU(g)W*, where
Ul(g) = (uq»(g))jj,zl, for all ¢ € G. Then, for every h = 1,2, ...,d, we have

Z7j
|G\ Z% h “h 1 Z Z wr,euy (9 wh,J“h 1(9)

geCG geG’] /=1

Z Wy, th,]‘G| Uz]auh 1>L(G)
7 l=1

(by @14) = wipWh1
and (4.37) yields

do
|G| Z¢O ;wl,hm: _]-7

geG

since WW = —1I. ]

Remark 4.26. As mentioned at the end of Section [4.1] the twisted Frobenius-Schur the-
orem (cf. [16], Section 9]) deserves to be analyzed in the present setting.

5. THE CASE OF A NORMAL SUBGROUP

In this section we consider triples of the form (G, N, ) in the particular case when the
subgroup N < G is normal.

It is straightforward to check that Ind§ ~NUN, the induced representation of the trivial rep-
resentation of N, is equivalent to the regular representation of the quotient group G/N.
Therefore, if (G, N) is a Gelfand pair, its analysis is equivalent to the study of the repre-
sentation theory of the quotient group G /N (which is necessarily Abehan)

In this section we treat the general case, namely, Ind N9 where 6 € N is arbitrary. Now,

G acts by conjugation on N and we denote by I5(0) the stabilizer of 0, called the inertia
group (cf. Section 5.3). We then study the commutant Endg(Ind$6) of Ind%@.

From Clifford theory (cf. [I3l Theorem 2.1(2)] and [I5, Theorem 1.3.2(ii)]) it is known
that dim Endg(Ind$0) = |I5(#)/N|. In Theorem FE9we will show that, indeed, Endg(Ind$6)
is isomorphic to the algebra L(I¢(6)/N) equipped with a modified convolution product.
Moreover, in Section we shall study in detail this Hecke algebra and its associated
spherical functions. Most of this section is indeed devoted to the general case, where we do
not assume that Ind%@ is multiplicity-free. This is quite natural and has some interest on
its own. In the last section we finally examine the multiplicity-free case and we prove that
if Endg(Ind$6) is commutative, then I (#)/N is Abelian and Endg(Ind$60) = L(15(6)/N)
(where the latter is the usual group algebra); therefore, also for general representations
induced from normal subgroups, the multiplicity-free case reduces to the analysis on an
Abelian group. For more precise statements, see Theorem and Theorem B.I8.



46 TULLIO CECCHERINI-SILBERSTEIN, FABIO SCARABOTTI, AND FILIPPO TOLLI

5.1. Unitary cocycles. Let H be a finite group.
Definition 5.1. A unitary cocycle on H is a map 7: H x H — T such that

(5.1) T(1g,h) =71(h,1g) = 11 (normalization)
and
(5.2) T(hihg, h3)T(h1, he) = 7(hy, hahs)T(ha, hs) (cocycle identity)

for all h, hl, hg, h3 € H.
We denote by C(T, H) the set of all unitary cocycles.

It is easy to prove that C(T, H) is an Abelian group under pointwise multiplication.
Moreover, if a function p: H — T satisfies the condition p(1y) =1, then 7,: H x H — T,
defined by setting

(5.3) 7p(h1, ha) = p(hiha) [p(ha)p(h2)] ™",

for all hy, hy € H, is a unitary cocycle, called a coboundary. We denote by B(T, H) the
set of all coboundaries: it is a subgroup of C(T, H). The corresponding quotient group
H*(T,H) = C(T,H)/B(T, H) is called the second cohomology group of H with values in
T. The elements of H?(T, H) are called cocycle classes and two cocycles belonging to the
same class are said to be cohomologous.

Note that if 7 € C(T, H), then, setting h; = hy = h and hy = h™! in (52)) and using
(51), we get that 7(h,h™') = 7(h=%, h), for all h € H. In particular, a unitary cocycle
is said to be equalized (cf. [43]) if 7(h,h™') = 1 for all h € H. Every unitary cocycle T
is cohomologous to an equalized cocycle 7. Indeed, if p: H — T is defined by setting
p(1) =1 and p(h) = p(h™') = a, where a € T satisfies o = 7(h,h™1)~! forall h € H,
then one immediately checks that the function 7": H x H — T, defined by setting

(5.4) 7'/<h17 hy) = P(hl)/)(hz)p(hlhz)flT(hh hs),

for all hy, hy € H, is an equalized unitary cocycle cohomologous to 7.

Lemma 5.2. If 7 € C(T, H) is equalized, then for all g,h € H we have:

(5.5) (g, )t =7(g7" gh) =7(h™' g7 ).
Moreover, for all k,r,s € H we have
(5.6) (k7 ts,s7 i)kl s) = 7(K7 L r)T(r Tt ),

Proof. Let g,h,k,r,s € H. Setting hy = g7, hy = g and hy = h in (5.2)), we get

(g~ gh)(g.h) = 7(Lu, W)7(97", 9) = 1,
and this proves the first equality in (5.5]). Similarly,

(g, h)r(h™', g7 = 7(g. W) (gh, kg )T (K" g7")
(i =g.hg=h, and hy=h""g" " in B2)  =7(9.9 )7r(h,h g )r(h~", g7
(hi =h,hy =h~", and hy = ¢~ ' in (52)) =7(1,g H7(h,h7h)

I
— 3

)
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yields the second equality in (5.5).
Finally, we have

(ks s i)kl s) = (k7 r)r(s, 87 ) = (kT r)T(r Y 8),

where the first equality may be obtained by setting by = k™', hy = s, and hs = s~ r in

(5.2)), and the second equality follows from the second equality in (5.5, by setting g = s*
and h =r. OJ

5.2. Cocycle convolution. In this section we introduce a convolution product on L(H)
modified by means of an equalized unitary cocycle in C(T, H) (see also [3], 40] where, for a
similar algebra, the authors use the term twisted convolution).

Let n € C(T, H) be an equalized unitary cocycle. Given fi, fo € L(H) we define their
n-cocycle convolution by setting

[f1 %y Pl (B) = fi(h7E) fa(R)n(k™", h),
heH

for all k € H. Also, as usual, we let f +— f* denote the involution on L(H) defined by
setting f*(h) = f(h=!) for all h € H.

Proposition 5.3. The space L(H) with the n-cocycle convolution and the involution de-
fined above is an involutive, unital, associative algebra, which we denote by L(H),.

Proof. We first prove that the n-cocycle convolution is associative.
Let f1, fo, f3 € L(H) and k € H. Then we have

[(f1 %y f2) * =D > AMT TR falh) fa(s)n (kT s (k! s)

(h=s7'r) =D > AR (s ) fals)n(k s, s (k™" )
by BB) =D > A0 k) falsr) fs(smE rn(r, s)

= [f1xg (f2 %y f3)] (K).

This proves associativity of the convolution product *,. Moreover,

g £31(R) = > fuk"h) fo(h )n(k™" h)

heH

(setting s = k~'h and by (7)) = Z fi(s) fo(s7tk=1)n(k, s)

seH

= [f? *17 fl]*<k)

This shows that L(H), is involutive.
We leave it to the reader to check that the identity element is d;,,. H
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5.3. The inertia group and unitary cocycle representations. We recall some basic
facts on Clifford theory; we refer to [I3] [15] for more details and further results.

Let G be a finite group and suppose that N < G is a normal subgroup. Also let (6,V) be
an irreducible N-representation. Given g € GG, we denote by (9,V’) the N-representation
defined by setting

(5.7) B(n) =0(g "ng)
for all n € N (cf. (8.8)). This is called the g-conjugate representation of 6.

Observe that (5.7) defines a left action of G on N, i.e., 160 = 0 and 91920 = 91(926) for
all g1, g2 € G. The stabilizer of this action is the subgroup

(5.8) I(0) = {heG: "~ 0,

which is called the inertia group of 6. Note that N < I5(#). Finally, we fix Q C N a
complete set of representatives for the cosets of N in I5(6) such that 1 € @, so that we
have

(5.9) Io(0) = | |aN =] | Nq.
q€Q q€Q

From now on, our exposition is based on [30, Section XII.1]; see also [19]. The same
material is treated in [21, 39, [40] (where unitarity is not assumed) under the name of
projective representations. Actually, we only need some specific portions of the theory but
expressed in our language, so that we include complete proofs.

Since 90 ~ 0 for all ¢ € @, there exists a unitary operator ©(q) € End(V') such that

(5.10) 0(n) = 0(q 'ng) = ©(q)"'0(n)O(q),

foralln € N. By Schur’s lemma ©(q) is determined up to a unitary multiplicative constant;
we fix an arbitrary such a choice but we assume that ©(1g) = Iy (see also Remark [(.8)).
Then, on the whole of I5(0) (cf. (59])) we set

(5.11) O(ng) = 6(n)O(q)
n € N and q € Q). Therefore, for all h = ng € I5(f) and m € N, we have:
(5.12)  O(h~'mh) = 0(¢"'n"'mng) = ©(q)~'0(n"")0(m)0(n)O(q) = O(h)~'0(m)O(h),
and
(5.13) ©(mh) = ©(mng) = 0(mn)O(q) = 0(m)f(n)O(q) = 6(m)O(h).
It follows that, for all h, k € I5(f) and n € N,
O(h) 'O (k)" 0(n)O(k)O(h) = O(h™ "k~ 'nkh) = ©(kh)~'0(n)O(kh),
that is, ©(kh)O(h)"'O(k)~'0(n) = 0(n)O(kh)O(h)~'O(k)~!, so that, by Schur’s lemma,
there exists a constant 7(k,h) € T such that:
(5.14) O(kh) = 7(k, h)O(k)O(h).
A map I5(0) 5 h— ©(h) (where each ©(h) is unitary and 7 is a unitary cocycle) satisfying
(5.14) is called a unitary T-representation (or a cocycle representation). We shall prove that
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7 is a unitary cocycle in Proposition [B.5l The notions of invariant subspaces, (unitary)
equivalence, and irreducibility may be easily introduced for cocycle representations and we
leave the corresponding details to the reader.

Lemma 5.4. The maps7: Ig(0)x1g(0) — T and ©: I5(0) — End(V) satisfy the following
identities:

(5.15) Ok =0k) " =7k EHO(k™)

and

(5.16) O(h)d(m)O(h) ™t = O(hmh™'),

for all k,h € I5(0),m € N. Moreover, for k =ngi,h =mqs € I(0),q1,q2 € Q,n,m € N,
(5.17) 7k, )Ty = ©(g2) " O(a1) " O(a1as).

Proof. Since ©(1¢) = Iy, from (5.I4) with 2 = k~! we deduce that Iy = 7(k, k=)0 (k)O(k™1),
and the first identity follows. We now prove the second identity:

O(h)0(m)O(h)™ = O(h™")"'0(m)e(h™) (by (.15))
= 0(hmh™") (by (B12)).
Finally,
(5.18) O(kh) = O(ngimgs) = O(ngima; ' - 1)
(by GID) and @I6)) = 0(n)O(q1)0(m)O(q1) ™' O (q142)
so that
{0k BTy = ©(h) (k) - O(kh) (by (GI)
= 0(g2)~'0(m)~'O(q1)'0(n) 7 (by (G.110)
-0(n)0(q1)0(m)O(q1) "' O(q192) (by (B.I8))
= O(q2) 'O(q1) 'O(q14a).

In Remark (5.8 we will give a simplified version of (5.15]).

Proposition 5.5. (1) The function T defined by (514) is a 2-cocycle on I(0).
(2) The cocycle T is bi-N-invariant: 7(nhn',mkm’) = 7(h, k), for all h,k € 1(0) and
n,n',m,m" € N.

Proof. (1) From the condition ©(1s) = Iy and (5.14) it follows that 7(k,1¢) = 7(1g, h) =
1, for k, h € I5(0). Moreover, from (5.14) it also follows that, for all hy, he, hs € 15(0),
T(hlhg, hg)T(hl, hg)[\/ == @(hlhghg)(“)(hg)il@(hlhg)il . @(hth)C"‘)(hQ)il@(hl)il
== @<h1h2h3)@<h2h3>717—<h2, hg)@(hq)il
= T(hl, thg)T(hQ, hg)[v.
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(2) Let h,k € I(0). Given n,m € N, from

7(nh, k)O(nh)O(k) = ©(nhk) (by (514))
= 7(h, k)0(n)O(h)O(k) (by (E.13) and (B5.14))
= 7(h, k)©(nh)O(k) (by E.13))

it follows that 7(nh, k) = 7(h, k), while from
T

7(h, k)O(hmk) = 7(h, k)T(h, mk)©O(h)O(mk) (by (514)
— 7(h, k)7 (h, mk)© (h)8(m)O (k) (by (EI3)
— 7(h, k)7 (h, mk)8(hmh " )O(h)O (k) (by (5I0)
— 7(h, mk)§(hmh~")O(hk) (by (512)
— 7(h, mk)© (hmk), (by (BI)

~

we deduce that 7(h, mk) = 7(h, k). This shows left- N-invariance of 7. Given n’;m’ € N
we can find n,m € N such that hn’ = nh and km’ = mk. Using left- N-invariance we have

7(hn', km') = 7(nh,mk) = 7(h, k)

and right- N-invariance follows as well. 0
Corollary 5.6. For all h € I5(0) andn € N

(5.19) ©(hn) = O(h)0(n).

Proof. We have ©(hn) = 7(h,n)O(h)0(n) and 7(h,n) = 7(h,1g) = 1. O

As a consequence of Proposition [5.51(2), we define a unitary cocycle n € C(T, Iz(6)/N)
by setting

(5.20) n(hN,kN) = 7(h, k),

for all h, k € I5(0).

For the following proposition we keep the notation above, referring to a fixed Q C I¢(6)
complete set of representatives of the N-cosets in I5(f). We want to show that 7 is
indipendent of the choices of () and ©.

Proposition 5.7. Let Q' C 1(0) be another complete set of representatives of the N -
cosets in Ig(0) (possibly, Q' = @), and denote by ©'(¢),q € Q', a family of unitary
operators on V' satisfying

(5.21) Y(n) = ©'(¢)6(m)E' ()
for alln € N (cf. (BI0)). Also set
(5.22) ©'(nq') = 0(n)0'(q)

for alln € N and ¢ € Q' (c¢f. (&I0)). Then the corresponding unitary cocycle n' is
cohomologous to .
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Proof. For each ¢’ € )/ there exist unique ny € N and ¢ € () such that

(523) q/ = nq/q.

By (5:11) we then have

(5.24) O() = Onyq) = 6(ny)O(0).
Moreover,

qlﬁ(n) = G(q_ln;,lnnq/q)
= @(q)’lﬁ(n;,lnnq/)@(q)
= 0(q)"'0(ny)'0(n)0(ny)O(q)
(by B24)) =06(¢)'0(n)O(q).

Comparing (5.2]]) and (5.25), from Schur’s lemma we deduce that there exists ¢: Ig(0) — T
such that

(5.25)

©'(h) = 1(h)O(h)
for all h € I5(0). Note that 1) is bi- N-invariant: ¥(nq’) = ¥(¢') = ¥(¢'n) for all n € N and
q € @, where the second equality follows from Corollary In particular, ¢¥(1g) = 1.
Then for k, h € 15(6)
(k)T = O (1) 1/ (K) 6/ (kh) = ©(h)O(K) Ok (h) (k) (k)
= 7(k, W) (h) ™ (k) (kh) Iy,
that is, 7 and 7’ are cohomologous. Finally, setting p(hN) = ¢(h), for all h € N (cf.

Equation (5.20)) we deduce that n and 7" are cohomologous: (5.28) becomes 1/ (kN, hN) =
n(kN,hN)p(hN) ' p(kN) =" p(khN). O

Remark 5.8. Let ©: I;(0) — End(V) be as in (5.10) and denote by 7: I5(0) x [¢(6) — T
the corresponding unitary cocycle as in (5.14]). For each k € I(0) let 7/(k) = 7/(k™1) be
a square root of 7(k, k1) = 7(k™1 k) and set

o'(k) = 7'(k)O(k).

(5.26)

Then, from (5.15) we deduce
O'(k)™ = (F(k)Ok)) " =7 (k) r(k kO =T (kO = 0 (k).

Note that © and ©' give rise to cohomologous cocycles n and n’, by Proposition [5.7, but
7' is equalized; see also (5.4]).

5.4. A description of the Hecke algebra 7:[(G, N, 0). In the present setting, the Hecke
algebra in Section B1]is made up of all functions F': G — End(V') such that

(5.27) F(ngm) = 60(m )F(9)0(n™"), forall g¢ge G,n,me N.

We also suppose that the unitary cocycle 7 is equalized; see Remark [5.8
In the following theorem we prove the normal subgroup version of Mackey’s formula for
invariants.
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Theorem 5.9. For each F € H(G, N, 9) there exists f € L(15(0)/N) such that:

(5.28) F(h) = =70(h)"f(AN),

|N|
for all h € 15(0), while F(g) =0 for g ¢ 15(8). Moreover, the map

®: L(g(0)/N), — H(G,N,0)

(5.29) f e

where F is as in (B.29), is a *~isomorphism of algebras such that \/|N|® is isometric.

Proof. From (513) and (B.19) it follows that the function I5(0) > h — ©(h)* € End(V)
belongs to H(G, N, §). Moreover, from (5.12) it follows that for each i € I5(6) the operator
O(h)* belongs to Homy (" 0,0) and in fact spans it: this follows from the fact that this
space is one-dimensional (by Schur’s lemma). Recall also that by (5.15) and by Remark
we may suppose that

(5.30) O(h) =0(h) ' =06(h™")
for all h € I(6). Similarly, from (5.27) it follows that if F € #(G, N, 6) then

0(n)Flg) = Flgn™") = Flgn™'g ™"+ g) = F(g) [ 6] (n),

that is, F(g) € Homy(? 0,0). In particular, F(g) = 0 if g ¢ I5(0 f) and there exists
f € L(I(0)/N) such that F' is of the form (5.28). Indeed, F'(h) = F(R)O(R)* for some
constant f(h) € C and from

0(n") f()O(h)* = 0(n~")F(h) = F(hn) = f(hn)O(hn)* = 0(n"") f(hn)O (k)"

we get that f in N-invariant; we then set f(hN) = |N|f(h) (where |N| is a normalization
constant). Conversely, any function of the form (5.28) clearly belongs to H(G, N, 6).

Let fi, fo € L(Ig(0)/N) and k € I5(f). Let us show that the map ® preserves the
convolution. Taking into account (3.2)) and (5.14)), we have:

[D(f1) * D(f2)]( Z FA(BTEN) fo(hN)O (K R)O (™)

he[

Z AN fo(hN)O(E )7 (k™Y h)O(R)O(h ™)

hGIG

— —6k) S AN -EN) LN (k' N, AN)
RN€EIG(0)/N
1

= W@(k)* [f1 %y fo] (kIN)
=®(fy *n f2)(k),
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where =, follows from (5.30) and (5.20)). Similarly,

@)D g = Do oy B @) (B) (by B3)

helg(0)

~ Y N ERR e ke
hels(0)

. |—}V|f1<hN>W
hN€elg(0)/N

1
= WU’E, f2) Liaa@)/v),

so that the map /| N|® is an isometry.
We are only left to show that ® preserves the involutions. Let f € L(Ig(f)/N) and
k € I5(0). Keeping in mind (34) and (530) we have

(1) (k) = [®(f) ()" = ﬁ@(klmklm - |—§,|@<k>*f*<kzv> — B(f*) ().

Corollary 5.10. dim Endg(Ind$8) = |I(8)/N].
Moreover, from Theorem B.5 we can also deduce the following

Corollary 5.11. The composition £ o ®: L(Ig(6)/N), — Endg(Ind§ V) is indeed an iso-
metric *-isomorphism of algebras.

5.5. The Hecke algebra ﬁ(G, N, ). In order to describe, in the present framework, the
Hecke algebra H(G, N, ) (cf. Section B.2), we introduce the function ¥: I;(0) — C by
setting

(5.31) U(h) = (v,0(h)v)

for all h € I5(0), where v € V' is a fixed vector with ||v]| =1, and ©: I(0) — End(V) is
as in Section 5.3 Clearly, in the notation of (3.:24)), we have, keeping in mind (5.17]),

(5.32) w(n) = )

forallm e N.

Theorem 5.12. We have

(5.33) U=Uxtp=0pxW¥ =1)*WV=x
and, for all k,h € 15(0),

(5.34) > W(knh)p(n) = r(k, h)T(k)(h).

neN
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Proof. Let k € I5(6). Then
(@ x (k) =Y W(kn ')

= v nt da v
—%( ,O(kn”")v) N {0, 0(n)v)
(by (5I9) and (530) = <e<k-1>v, ﬁﬁ Z<0<n>v,v>e<n-1>v>
(by @23)) = (6(k™")v,v)
= U(k).

This shows the first equality in (5.33)), the other ones follow after similar computations.
In order to show (5.34), let k,h € I5(0) and n € N. We first note that

O(knh) = O(knk™" - kh)
(by BI3)) = O(knk™")O(kh)
(by BI6)) = O(k)0(n)O(k)~'O(kh)
(by BI4)) = 7(k, h)O(k)0(n)O(h).

(5.35)

We deduce that

> W(knh)p(n) =Y (v, @(knh)v>|%9|<9(n)v,v>
(by B.35)) =7(k,h) <@(k‘1)v, % Z<0(n‘1)v,v>0(n)@(h)v>
(by 3.22)) ) (k™ )v, (B(h)v,v)v)

OJ

For every ¢ € Ig( )/N denote by ¢ its inflation to I5(6). This is defined by setting
d(h) = ¢(hN) for all h € I5(0) (i.e. we compose the projection map I (6) — I(6)/N
with ¢: Ig(6)/N — End(V,)).

Proposition 5.13. We have
H(G,N,¥) = {0 : ¢ € L(I6(0)/N)}

where
[¢V](h) = ¢(hN) ¥ (h)
for all h € H. In particular, every f € H(G, N,v) vanishes outside I5(0).
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Proof. From Theorem B.91(3) we deduce that H(G, N, ) is made up of all S, F, where F
is as in (5.28) with f replaced by ¢, that is, for all h € I5(0),

[SUFKh) = d€<F<h)va>

do
= o @(WN) (v, O (h)v)
[V
dy ~
= —o(h)¥(h).
[V
For the last statement, recall that a function F € #(G, N, ) vanishes outside I5(6), by
Theorem [5.9 O

5.6. The multiplicity-free case and the spherical functions. In this section we study
the multiplicity-free case of a triple (G, N, #) and determine the associated spherical func-
tions.

We first introduce another notation from Clifford theory (see [13] and [15]):

1(0) = {¢ € I(0) : € < nd'¢@g).

Remark 5.14. Note that if (G, N, 0) is a multiplicity-free triple, then also (I5(0), N, )
is multiplicity-free. Indeed the commutant of Ind$# coincides, by virtue of Theorem

and Theorem 5.9, with L(I5(6)/N),. Since I, 9)(8) = I5(8), the previous argument shows

that the latter is also the commutant of Indf\?w)e. In other words, the commutant depends

only on I5(6). Alternatively, this also follows from transitivity of induction.

Theorem 5.15. Ind%@ decomposes without multiplicities if and only if the following con-
ditions are satisfied:

(i) Ig(0)/N is Abelian
(i) Resi¢We =0 for all € € 1(0).

Proof. 1f Ind$/ is multiplicity-free then also Indf\?((’)e is multiplicity-free (see Remark [5.14)).
Then

(5.36) nd¢ 0 ~ €P .

£el(0)

By Frobenius reciprocity

Homy,, (9, Resf\?w)lndf\?w)ﬁ) = Endy 9 (Indf\?(e)e).
By taking dimensions, the multiplicity of 8 in ResIG(G)Indf\?(Q)H equals
(5.37) dim End;,, (g, (Ind:¢”0) = |15(6)/N|

by Corollary .10l Again by computing dimension, since dim Indf\?w)ﬁ = |[I5(0)/N|-dim6,
we deduce that indeed

(5.38) Res' @ mae®e ~ |15(6)/N|6.
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-~

But (530) and (537) force |1(0)| = |Ig(0)/N| (cf. (220) and Z2]) for m, = 1) and
therefore, by (5.38]), necessarily Resf\?((’) =0 for all £ € I(#), and (ii) is proved.

~

Then, for all £ € 1(), we have
Ind’ 9 ~ md’¢ (6 @ 1y)
(by (if)) ~ Ind}¥[(Resi¢ ") @ u]
(by [I8, Theorem 11.1.16]) ~ & @ Ind§ .y
~ER N

From the decomposition of the regular representation of I (6)/N

A~ @ dyo

$E€1G(0)/N
we deduce that
(5.39) mdy "9~ @ det®o
¢€Ic(0)/N

so that (5.30]) forces dy = 1 for all ¢ € I5(6)/N and therefore I;(0)/N is Abelian (see [I8|
Exercise 10.3.16]). So that also (i) is proved.
We now assume (i) and (ii). Then in (5.I0) we can take

(5.40) O=¢

choosing any £ € I(f). Therefore in (5.14) we have 7 = 1 so that also n = 1 in Theorem
(.9 Then (cf. Corollary [B.1T])

End o) (Ind¢”0) = L(14(6)/N)

with the usual convolution structure, so that it is commutative and Indf\?(g)ﬁ is multiplicity-
free (cf. Proposition 23] and therefore (see Remark[5.14)) also Ind$ 6 is multiplicity-free. [

Remark 5.16. The proof of Theorem is based on Theorem and its corollaries,
that is, on the normal subgroup version of Mackey’s formula for invariants. Another proof,
based on Clifford Theory, which is a normal subgroup version of Mackey’s lemma, is in
[19]. In that paper we plan to develop a Fourier analysis of the algebra L(H), (see Section
[.2) in the noncommutative case and therefore also of Endg(Ind$6) when Ind$# is not
multiplicity-free (cf. [56] for a different approach to the analysis of Indi@, where K < G'is
not necessarily a normal subgroup and the representation decomposes with multiplicities).

In what follows, x € I5(0)/N denotes a character of the Abelian group I(0)/N and
X its inflation to I5(#), that is, x(h) = x(hN) for all h € I5(0), while X is the complex
conjugate, that is, X(hN) = x(hN) (as a complex number).

Recall (cf. Definition [1.8) that S(G, N,v) C H(G, N, 1) denotes the set of all spherical
functions associated with the multiplicity-free triple (G, N, 0).
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Proposition 5.17. Let (G, N, 0) be a multiplicity-free triple. Then

S(G.N, %) = {X¥ : x € I6(0)/N}.

Proof. Recall that a function ¢ € L(G) is spherical if and only if it satisfies (£12)) and,
moreover, if this is the case, ¢ must be of the form gV for some ¢ € L(I5(0)/N), by
Proposition

We then show that, given ¢: Ig(0)/N — T, then ¢ = @V satisfies (£.12) if and only if
@ is a character. This follows immediately after comparing

> d(knh)(n) =Y @(knhN)¥(knh)i(n) = @(khN)U(k)¥(h)

(where the last equality follows from (5.34]) with 7 = 1) and the last expression is equal to
W(EN)U(k)p(hN)W(h) if and only if ¢ is a character belonging to I5(0)/N. O

Theorem 5.18. Suppose that (G, N, 0) is a multiplicity-free triple. Fiz& € f(@) andv €'V

with ||v]| = 1, and set V(h) = (v,&{(h)v) for all h € I5(0) (¢f. (B3I) and (540)). Then
the following hold.

(1) The map
L(Ig(0)/N) — H(G,N,v)
f V7= (6\f‘1’

s an isomorphism of commutative algebras.

(2)
(5.41) mdi~ P Indf,(E@X)

XEIG/(GyN
1s the decomposition of Ind%@ into irreducibles (that is, into the spherical representa-
tions of the multiplicity-free triple (G, N, @) ).
(3) The spherical function associated with IndIGG(g) (£ ®X) is given by

Proof. (1) This follows from Proposition [5.13] by taking into account that now n =1 (see
the proof of Theorem [B.15]), that I5(0)/N is commutative, and that ¥ % U = uc;—ff”\ll (cf.
(Z13)). Note also that, in order to compute the convolution in H(G, N, 1), we may use
the expression for the spherical functions in Proposition (.17, (2.15]), and (5.40]) applied to
the I5(0)-representations & ® x, with x € I@N . Alternatively, this isomorphism is the
composition of the map (5.29) with the map S,: H(G, K,0) — L(G) in Theorem [33.(3)
(cf. the proof of Proposition [5.17]).

(2) The decomposition (5.41]) follows from transitivity of induction and (5.39), taking
into account that ds = 1 and using x to denote a generic character of I(6)/N. Moreover,

dim Endg(Ind$6) = |I¢(6)/N| = dim End s (Ind¢9)
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(see Corollary .10, Corollary G110l and Remark [5.14]) forces each representation in the
right hand side of (5.41]) be irreducible.

(3) From Proposition 5.7 applied to (I5(#), N, 0) and (531)) (with © replaced by &; see
(540)) we deduce that the function

H > h = X(h)¥(h) = X(h){v, £(R)v) = (v, X()E(h)v)
is the spherical functions of (I5(0), N, 6) associated with £ ® x (cf. (£24)); now L, is triv-

ial because Resf\?(e)f ~ 6 act on the same space Vp). From Proposition B.I7 it follows
that S(G,N,v) = S(Ig(0), N,v) (recall also that each element of H(G, N,) vanishes
outside I¢(6); cf. Proposition [B.I3]). Moreover, from the characterization of the spherical
representations in Theorem [£.14] and the characterization (or definition) of induced repre-
sentations in [I8, Proposition 11.1.2] it follows that the spherical function associated with
IndIGG(g) (€ ® X) coincides with that associated with £ ® . O

6. HARMONIC ANALYSIS OF THE MULTIPLICITY-FREE TRIPLE (GL(2,F,),C,v)

In this section we study a family of multiplicity-free triples on GL(2,F,) that generalize
the well known Gelfand pair associated with the finite hyperbolic plane (see [63, Chapters
19, 20, 21, and 23]). We suppose that ¢ is an odd prime power (cf. Section 5] and we

denote by Fy (respectively F7,) the multiplicative characters of F, (respectively Fg2). If

v e IE/“q‘\g, we may think of v as a one-dimensional representation of the Abelian group C' by
setting (cf. (£37))
a np\ _ :
(3 ) =torin

7; (0,0), n is a generator of the multiplicative group F}, and 4 are
0

where o, 8 € F,, (o, 5)
g2) of 1.

the square roots (in F 2

6.1. The multiplicity-free triple (GL(2,F,), C,v). We begin with an elementary, but
quite useful lemma.

J

matriz in Aff(F,) and a matriz in C, namely

a B\ _(z y\[a nb
~ 6) \0 1 b a)’
where a =6, b=, x = ;5 n[i;é, Yy = ﬁiiﬁ?.

Lemma 6.1. (1) Every (: B) € GL(2,F,) may be written uniquely as the product of a

(2) Every Z) € GL(2,F,) may be written uniquely as the product of a matriz in C by

a matriz in Aff(F,), namely

E-G"6EY
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(3) For all z,y,a, p € F, with x # 0 and («, 5) # (0,0) we have

6.1) DG Y)-C0E )

where
- o? — 7
u= e ) A —
v=af o — nﬁQ
(6.2) (za +yB)? —nB?
_ (za4yp)? —np?
(e —np?)
, — watyB)(ya +nbx) —na
z(a? —npB?) '

Proof. The proof consists just of elementary but tedious computations.

(1) Since
x y\ (a nb\ [(za+yb nbr+ya
0 1)J\b a) b a ’

we immediately get b = v and a = §. Moreover, the linear system

ro+yy =«
xny+yo =p

may be solved by Cramer’s rule, yielding the expression for z and y in the statement (just
note that 7 is not a square, because ¢ is odd, and therefore 6% — ny* # 0).

(2) This follows from (1), simply by taking inverses.

(3) We just sketch the calculations. (6.1]) is equivalent to the system

ua =za +ypf
ub+vn = xfn+ ya
va =0
vo+u =a.

For the moment, assume [ # 0. Then from the third and the fourth equation, we find
a=v'8 b=via—vtu
and, from the first equation, we deduce that
u= (zaf ' +y).

A substitution of these expressions in the second equation leads to the explicit formula for
v. Then one can derive the expressions for u and a, and finally the expression for b. The
final formulas also include the case 5 = 0. O

Proposition 6.2. (GL(2,F,),C,v) is a multiplicity-free triple for all v € I@;\Q.



60 TULLIO CECCHERINI-SILBERSTEIN, FABIO SCARABOTTI, AND FILIPPO TOLLI

Proof. We use the Bump-Ginzburg criterion (Theorem [.7) with 7: GL(2,F,) — GL(2,F,)

given by
a b\ [(d b
e da) " \¢ a
b

for all (Z 4] € GL(2,F,). It is easy to check that 7 is an involutive antiautomorphism

(cf. Theorem .23 and [I8, Theorem 14.6.3]). Moreover, 7(k) = k for all k£ € C and,
consequently, v(7(k)) = v(k) for all k € C and v € F}, (viewed, as remarked above, as

a one-dimensional representation of C'). It only remains to prove conditions (4.71) and
(A8). Actually, S is quite difficult to describe and we refer to [63, pp. 311-322], where
a complete geometric description is developed. From our point of view, however, it is
enough to know that S is a subset of Aff(F,): this follows from Lemma [6.11(1) and (2).
Therefore we prove conditions (A7) and (A.8]) for all s € Aff(F,;). We shall see that, given

s = (g ?1/), there exists k = k(z,y) = (g TZE) such that 7(s) = sk~ that is, &)

with k; = k and ko = k7! (then (£8) is trivially satisfied: in the present setting it becomes
v(k)v(k=) = v(1) = 1). First of all, we note that

x 1
7(s) (O %) (O g’)
so that ks = 7(s)k becomes

GRED-6906 %)

ar = o+ fy.
Thus, if z # 1 (respectively x = 1), k(z,y) is obtained by choosing f arbitrarily and then
setting a = (x — 1) 7! By (respectively by choosing « arbitrarily and setting 3 = 0). O

Another proof of Proposition is given in Remark

which is equivalent to

Remark 6.3. The above result may be expressed by saying, in the terminology of [14]
Section 2.1.2], that C' is a multiplicity-free subgroup of GL(2,F,). This is equivalent (cf.

[14, Theorem 2.1.10]) to (G x C, C) being a Gelfand pair, where C'= {(h,h) : H € C}. We

plan to study the Gelfand pair (G x C, C) in full details in a future paper. Other references
on this and similar related constructions include [I1], Section 9.8], [54], and [17].

6.2. Representation theory of GL(2,FF,): parabolic representations. We now recall
some basic facts on the representation theory of the group GL(2,F,). We refer to [I8]
Chapter 14] for complete proofs. For simplicity, we set G = GL(2,F,).

The (¢ — 1) one-dimensional representations are of the form

Xo(9) = v(det g)
for all g € G, where ¢ € E‘\j;.
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For 1,19 € E‘g consider the one-dimensional representation of the Borel subgroup B
given by

63) s () 7) = ()l

for all <g ?) € B. Then we set,

= G
Xop1,h2 = IndBX¢1,¢2'

If 1)y # 19 then Xy, 4, is irreducible and Xy, p, ~ X0, if and only if {1,192} = {13, ¥4}
If ’(/}1 = ’(/}2 = ’(/} then

X = Xop © X
where 5{2) is the one-dimensional representation defined above and 5@) is a g-dimensional
irreducible representation. The representations Xy, 4, and S&lp are called parabolic represen-

tations: these are (q—1)(¢—2)/2 representations of dimension g+1 and g— 1 representations
of dimension ¢, respectively.

6.3. Representation theory of GL(2,F,): cuspidal representations. We now intro-
duce the last class of irreducible representatlons of G. We need some more preliminary

results from [I8, Chapter 7]. Let v € IE“q‘Q and set v* = Resp v and, for a + i € Fy, (cf.

(@31)), set o + i = a —if8 (conjugation). Then, the map « +26 — a—if is prec1sely the
unique non-trivial authomorphism of F2 that fixes each element of F,. Clearly, v + v* is

*

f' = ¢ + 1 characters of F..

a group homomorphism and each i € E‘g is the image of “F*‘
q

For ¢ € @ we set
(6.4) V(w) = ¢(ww) for all w € F.

Then ¥ € Iﬁ(’;\g and we say that W is decomposable. If v € IE/‘Z: but cannot be written in
this form, it is called indecomposable. For v € IF/'Z\Q we set 7(w) = v(w) and we have that

v e ﬁ; Then, v is indecomposable if and only if v # 7 (warning: as usual, v(z) will
1ndlcate the conjugate of the complex number v(z2)).
Suppose now that v € F*2 is indecomposable and y € IF is a nontrivial additive character

of F,. Following the monograph by Piatetski-Shapiro [48] (but we refer to [I8, Chapter 7))
we introduce the generalized Kloosterman sum j = jy ,: Fy — C defined by setting

@) == 3 x(w+ B)v(w)

q wE]qug:

WW=x

for all z € IFZ.
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We will use repeatedly the following identities (cf. [18, Proposition 7.3.4 and Corollary
7.36] ):

(6.5) Y de2)ilyz)v(=") = Gpyv(—2)

z€F%

(6.6) > @2)i(y2)v(zx(z) = =x(—x — y)v(=1)j(xy)

z€Fy
for all z,y € Fy, and
(6.7) Z v(—a)x(a tz +2)j(a?22) = v(2) +v(7)
a€clFy

for all z € Fee. Actually, the last identity was obtained during the computation of the
characters of the cuspidal representations; cf. the end of the proof of the character table
in [18, Section 14.9] (where 6 = z +Z and 8 = —zZ). Finally (cf. [I8, Proposition 7.3.3]),

(6.8) i) = j(@)v(=x).
We now describe the cuspidal representation associated with an indecomposable char-
acter v € F,: the representation space is L(FF;) and the representation p, is defined by

setting, for all g € G, f € L(F}), and y € I},
(6.9) 00 (9) f1(y) = v(O)x (6~ By~") f(da™y)

if g = <8‘ ?) € B, and

(6.10) [l fl(y) = = Y _ v(=ya)x(ay 'y + 7027 )j(v 2y e det(g)) £(2)

erF;

if g = <?; ?) € G\ B = BwB (that is, if v # 0).

Actually, p, ~ p, if and only if v = p1 or v = T, so that we have g(¢ — 1)/2 cuspidal
representations.

6.4. The decomposition of Ind&v.

Theorem 6.4. For all indecomposable characters vy € I@ we have the decomposition

(6'11) IndgVON @Y}p @ @ 5&#1##2 @ @ Pv

we@: {1,492} CF2: VEIE{;; indecomposable:
P2=vf Y1#)a, St
Prepa=vd vt 0
0,0
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Proof. The fact that the above decomposition is multiplicity-free follows from Proposition
6.2 Actually, we use Frobenius reciprocity, so that we study the restrictions to C' of all
irreducible G-representations. From the proof of [I8, Theorem 14.3.2], it follows that, for

£ # 0, the matrices
a np 0 nf*—a
(B a) and (1 2

belong to the same conjugacy class of G. Moreover, if 2 = a + i then z + Z = 2« and
—27Z = —a? + np>. From the character table in [18, Table 14.2, Section 14.9] we have, for

U, 1,19 € IF* and v € F*2 indecomposable,

.%@ naﬁ)_{ (22) HEAO_ o,

(0?) ifB=0
. (a ?76) { ~(z7) if B0
B« q(a?) it B=0;
oxywl,wz { %fﬁ#o
(¢ + D (a)ihe(a) if B = 0;

.y (© 'rzﬁ NEZORE 1f67é0
! (6 a) {<q—1><> it § = 0.

Let now 1 be an indecomposable character of Fj2. We compute the multiplicity of 1y

in the restriction Resgﬁ, with 6 € @, by means of the scalar product of characters of C'
(see [I8, Proposition 10.2.18]). Note that |C| = ¢* — 1 and that the condition 8 # 0 is
equivalent to z € IF;Z \IFZ The multiplicity of v in Resgf(?p is equal to

(6.12)

1(2) = g = 0,

ZEIE‘

because 1 is indecomposable (V¥ is as in (6.4))).
The multiplicity of vy in Resgfdﬂ is equal to

1

q2 1 Z w<z2>V0
zGF;Q \F% aE]F*
1
(6.13) :q;_1§: —P(2Z)wo(2) q_1§:¢
ZEIFZQ acky
= —5\11,1/0 _'_ 5 271/3
- 51/,271,(%7

where the last equality follows, once more, from the fact that 14 is indecomposable.
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The multiplicity of v in Res&Xy, 4, is equal to

1
P —

(6.14) 1 Z (¢ + L) (O‘)w2<a>m = 511[)11/)27118'

acFy

Finally, the multiplicity of 1 in Resgpy is equal to

¢ 1— Z [—v(2) —v(@)]n(z) + 2 1_ 1 Z (¢ — Dv(a)w(a)
2€F%,\F; acFs
! _ 1
(6.15) T P21 z§2[_y(2)1/0(2) —v(2)w(z)] + P (;F; v(a)vo()

- _51/,110 - 5?,1/0 + 51,11,,/3
{1 if 8 =% and vy # v, 7

0 otherwise.

As we alluded to at the beginning of the proof, the decomposition in (6.11]) follows from

[©12), [©13), (6I14), and (6I5) by invoking Frobenius reciprocity. O

Remark 6.5. Note that in the above proof we have, incidentally, recovered the fact that
C'is a multiplicity-free subgroup of G (the case of a decomposable ¥ € IF/"q‘\Q may be handled
similarly). This second approach has the advantage of yielding also the decompositions
into irreducible representations both of restriction and induced representations; however,
it requires the knowledge of the representation theory of GL(2,F,).

6.5. Spherical functions for (GL(2,F,),C,1,): the parabolic case. In this section
we derive an explicit formula for the spherical functions associated with the parabolic
representations. We first find an explicit expression for the decomposition of the restriction
to C' of the parabolic representations. Note that the involved representations have already
been determined in the proof of Theorem

Theorem 6.6. (1) Let ¢y, € @, 1 # g, For every v € I@ such that v* = 1)y
define F,: G — C by setting

(6.16) (561 - ne

(c¢f. Lemma[61.(2)). Then F, belongs to Vs
Moreover,

O1bn? the representation space of 5@1,%.

(6.17) A (g ”f) F,=v(a+if)F,
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forall o+ 18 € Fy,, and

(6.18) Vi = €D CF,

VE]FZQZ
vi=tp1eha

1s an explicit form of the decomposition

(619) Resg)/(\d,thN @ V.

VE]FZQ:
yﬁ:d)l 74)2

Finally, ||F,|lv,

Xep1,99

= VgL

65

(2) Lety € ﬁg and, for every indecomposable v € I@ such that V¥ = ?, define F,: G — C

by setting

F{(g "’f) (g ?{)] — et D).

Then F,, belongs to V%, the representation space of S(\}p, and

A (g ”f) F,=v(a+iB)F,

for all a +if € Fy,. Moreover

~
= D con
velF*,:
v indecomposable
=2

1s an explicit form of the decomposition
Resg)?}p ~ @ V.
VE]FZQ:

v indecomposable

v =q)?
Finally, HF,,HV% =+/q—1.

Proof. We just prove (1), because the proof of (2) is essentially the same.
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We prove that F, belongs to the representation space of Xy, v, = Indgxlﬂl,w by verifying

directly definition (2.19)). For all (O Z) € B, we have
(e nB\ (z y\ (a b a fr;ﬁ xa :L’b—i-yd
"I\B « 0 1 0 d 0
_F {(ad 'r]ﬁd) (:L’ad U abd~ +y)}
gd ad 0

(6.20) (by (€16)) = v(ad+ ifd) ¥1(xad=1)

(
= vla+if) di(x) - v(d) Pr(ad™t)

v =v) =5 (5 ) (5 1)) wan.

Then (6.I7) is obvious and, from it, (6G.I8) and (6.I19) follow immediately. Finally, by
2.24),

IFIR, = 3 3 S vt B+ i) ()

a—l—zBeIE‘ z€Fy yelq

_ (@ —=Dglg—1)
q(q — 1)

=q-+ 1.
O

Remark 6.7. Recall that Mackey’s lemma (cf. [I4, Theorem 1.6.14], [I8, Theorem 11.5.1],
and [12]) states that if H, K < G and (0,V) is an irreducible K-representation, then
Res$IndSV = DB.cs InngVS, where S is a complete set of representatives of the set
H\G/K of all H-K double cosets in G, G, = HNsKs™!, and (o, V;) is defined by setting
V=V and o,(x) = o(s 'ws) for all s € S and x € G,.

Now, Theorem may be seen as a concrete realization of Mackey’s Lemma. Indeed,
by Lemma [6.1, we have the decomposition G = CB = C1gB and C N B = Z (ie., in
our previous notation: H = C, K = B, § = {lg}, and G;, = HN K = Z, so that
Vig,01,) = (V, ResZo) for all o € E) Therefore we have

Resg)?%’m = Resglndgxww2
(by Mackey’s lemma) = Ind§Res5 .y, 4,

F*,
(6.21) ~ Indg? ¢1¢,
D
I/E]fi;:
v =1p11ho

compare with ([6.19). Note also that ([6.2I]) or, equivalently, its concrete realization (6.I8])
in Theorem [6.6] yields another proof of (6.14]) (similarly, for (€I3)). This may be also
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interpreted as the first part of an alternative proof that C' is a multiplicity-free subgroup
of G; for the remaining part, involving cuspidal representations, see Theorem [6.10.

We now compute the parabolic spherical functions.

Theorem 6.8. (1) The spherical function associated with the parabolic representation Xy,
(where 1,1y € B satisfy that 1/8 = 1) is given by (cf. Lemmal6d.(1)):

G0 6 )
vo(a+ib)

L D SR T e T
Y€EFg

(@y+9)°—n\ , ==
)

(2) The spherical function associated with Xy, (where ¢ € @ satisfies that 1/8 = ?) is given
by (cf. Lemmal6 (1)):

166

_M U Dvalr i w D(x)
— 2£OW+>av+y+w( TS

Proof. Again, we just prove (1). By virtue of Theorem [6.6]and (£.24]) the spherical function
d¥1¥2 is given by

Y1, —
gb ' 2(9) - q + 1<FV07)\(g)FVO>V>?¢1,¢2
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for all g € GG. Thus, taking g = Ty (a b , by we have:
0 1)J\b a

(I B A
oy @z s @z =50 s wm (50 (5 )] m (5 )

aJrz'BE]FZQ

a+iﬁ€]F22:
B#0

A G IEE

(by ©I0) = % >. wlut )i @uatip)
W/f:oﬂ
+ Z vo (@)1 (z)v(a)
oy @2 with 7 = ™) = LB i+ 4
(=0 =) (v +y)*—n .
’ ((m+y)2 —n) . ( z(y* =) ) il >>
(VF = ithy) = % Z v (v + ivo(zy +y + i)
N ) it A Wrrom:
o () ).

0

6.6. Spherical functions for (GL(2,F,),C,1,): the cuspidal case. We now exam-
ine, more closely, the restriction from G = GL(2,F,) to C of a cuspidal representation.
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In comparison with the parabolic case examined above, we follow a slightly different ap-
proach, because cuspidal representations are quite intractable. We use the standard nota-
tion (x,J,...) as in Section

Lemma 6.9. Let v,y € I@ and suppose that V* = Vg. Then

> vy +idr(y+14) = (¢ + )6y — 1.
Proof.
> vy +im(y+i) = q— > wv(aB™ +ive(af T +1)

v€EF, aclfq

BEF;
W= = Ll S vla+iB)la+iB)
1= oiper
B#0
1 1
= F (w)vp(w) — F (@)vp(a)
weFk acF?

(V=) = (q+1)6uu —1

Theorem 6.10. Let v,y € I@ and suppose that v is indecomposable. Then the orthogonal

projection E,, onto the vy-isotypic component of Resgpy 1S given by:

[Ewf1(y) =) f(@)Fo(x,y)

z€FY

for ally € F; and f € L(F), where

(6.22)
51’37”“ T -1 ANl 12
Fo(:c,y)—qu—]L —v(=2) > vy +i)x(v@ +y iy (P = 0) + da(y)
~v€Fq
Moreover:

o if 1/8 # V¥ then Fy =0 and E,, = 0;

o if 1/8 =¥ but vy = v or vy = 7, then again E,, = 0;

o if I/g = ¥ and vy # v,V then E,, is a one-dimensional projection; in particular,
tr(E,,) =1, that is, > _r. Fo(x,z) = 1.

xeF;

Proof. Note that all itemized statements may be deduced from (6.I5) (clearly, not the
formula for Fy), but we prefer to give another proof of these basic facts in order to check
the validity of the formula for F,, (which is quite cumbersone). From the projection
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formula (2.I8)) (with G therein now equal to C') and the explicit expressions of p, (cf. (€.9)
and (6.I0)), we deduce that, for f € L(F}) and y € I},

(6.23)
Enfl) = = 0(@)lou(9)1(v)
0] 2
= |- > wlat i) 3 vi-Bo)x(as Ty + 8
a+l[§3§0q2. z€F}
(B2 e (0 = nB?) f(@) + > wo(a)v(e) f(y)
(r=af™) == T wl 0 |3 w@m)
v€F, BEIE‘;
D v(—e)x(a +y )iy 7 = ) f ()

8,8, = 1S ()}

where in the last identity we have written f(y) = > _p. 0.(y)f(z). This gives the expres-

z€F; ~

sion for . In particular, E,, = 0 if 1/8 # 1. We now compute the trace of E,, (assuming
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=)
tr(Ey) = > Fo(x,z)
= q% Y —vl=a) Yol Fix(2ya )i (7 = m) + (g = 1)
el DIRTCEDID DU N VE CE ) FAURRY
Oy @) = — |2 -G+ +0) + 70+ + (= 1)
(oy Lemmna B) = — [~(0+ Dy = 0+ Dy +2+ (g = 1)
_JO ify=rvory=v
)1 ifw £,

From now on,

we assume 15 = 4 and 1y # v, 7.

Remark 6.11. Since E,, is the projection onto a one-dimensional subspace, there exists
fo € L(IF}) satisfying [ fol| = 1 such that

that is,

(6.24)

for all z,y € Fy,
(6.25)

for all g € C.

Eyof = (f, fo) o,

Fo(w,y) = fo(z) fo(y)

and

pv(9)fo = 10(9) fo

Note that, by virtue of ([6.24), we have fo(y) = (fo(1)) ' Fo(1,y), where

Pb<17y)::

and, moreover,

[ fo(1)]”

1 [ S RO O+ 6 = ) + 8 |
= F(1,1) = — [~0(=1) 3wl + (@57 — )+ 1

~v€Fq
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We were unable to find a simple expression for fy satisfying (6.24) (resp. for the norm of
Fy(1,y) and for the value |fo(1)]). We leave it as an open problem to find such possible
simple expressions. Fortunately, this does not constitute an obstruction for our subsequent
computation of the spherical functions.

Finally, note that the computation Zx@F? Fy(z,z) = 1 in Theorem is equivalent to

S e [fol@)? = 1.

A group theoretical proof of ([6.25]) is trivial: from the identity in the first line of (6.23))
we get, for g € C'and f € L(IF}),

po(9)Evyf = ﬁ > wlg)eul9g) f

g'eC

(st h=gg) =z S wla ()
heC

= V0<g>El/of'

Then ([6.25) follows from (6.20]) after observing that fy = E,,fo. Note also that (6.20)
relies on the identity p,(9)p.(9') = p.(99’), a quite nontrivial fact that has been proved
analytically in [I8, Section 14.6].

In the following, we give a direct analytic proof of (6.25)), in order to also check the
validity of our formulas (and in view of the open problem in Remark and the in-
tractability of the expression for cuspidal representations). We use the notation in (6.24])
(but we always use Fy(z,y) in the computation).

We need a preliminary, quite useful and powerful lemma, which is the core of our ana-
lytical computations. For all z,y € F; it is convenient to set

627)  Folz.y)=—v(-2) Y wy+ix(y@ " +y )iy (2 =)

~v€Fq

(6.26)

so that

(6:28) Fo(w.9) = —Fala ) + 8. (o)

Lemma 6.12. With the notation and the assumptions in Theorem [6.10, we have
(629) Y Fo(w, 2)v(—2)x(0(y~ +27)jly =710 = n))

ze]F;

= —15(8 +0)[Fo(,y) + 6,(y)] — v(—2)x(6(z" +y ™))z y (6% — n))

and

(6.30) > Fo(, 2)Folz,y) = (¢ — D Ep(x,y) + 00.(y),

z€Fy

for all 6 € Fy and x,y € ;.
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Proof. The left hand side of ([6.29]) is equal to

S l—v(=2) Y wly +ix(v@ + 271 = (v = )
u(=2)x 6y~ + 27 )iy 27 (62 = )]
= —v(@)(0+1) Y w((y+ )0 +)x(ya~" + oy

v€F,

D x((r 02 w(2)i e (G = )iy (6 =)

z€lF

= —v(@)w(6 +1) Y vo((v0 +m) +i(y +0))x(ya™" + 6y - v(y +0)
ﬁqé

Zx (ty+0) e (v = )ity +6) 'y (6% =)

— v(z)vo(6 + 2’)1/0(—52 +n)x(6y~" — oz
> w(2)j(z e (07 = )iz y (8 =)

= V(@S +40) Y (v +m) +ily+0)) - v(y+68) - x(ya~ +dy™")
i

X(=(v+ )z P =) +y (6T =)
w(=1)j((y+6) 2z Yy (6 = n)(v* —n))
— v(@)vo(6 + D)vo(—02 + n)x(6y " — 0z~ )8, (y)v(—2 7' (6% — n)),

where =, follows after taking ¢t = (v + §)2z~! and =,, follows from (6.6) and (G.5). To
complete our calculations will use the following elementary algebraic identities. Let us
first set, for v # —4,

Y0+
R

Then, we have:

o (V6 +1) +i(y+0)) - v(y+0) = vole +14) (recall that vt = 1/f);
oy = ‘if%en so that >, 5 is equivalent to }_ s
¢y —( )P - =T =e=0-(7+8)' (0" —n)
(this is the coefficient of both 271 and y~! in the grouped argument of x);
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e in the argument of j:

+6) (v + ) (0 + i) (y —i)(6 —0)
+6)2[(v0 + 1) + (v + )]
(v 5+n) (v 4 0)1)]

76 + 2
= v +o —n=€ -1

o v(x)vy(— 52+77) (2716 =n)) = 1;
o x(oy™' =27 1)d.(y) = 0. (y).

Therefore, continuing the above calculations, the left hand side of (6.29) equals

(Y+0) (¥ = n)(6® —n) = (

3

v(—2)o(0+1) Y vole + i) x(ela™ +y )ity (e — 1) — wo(0 + i), (y)
ks

= —00(0+1) [Fol,y) + 8aly) + (=) (0 + x(0(z +y)jla"y™ (62 = )]

= —wo(3+9) [Fol@,y) + ba(y)| = v(=a)(8@™ + ™))y 02 = ).

This completes the proof of (6:29). Finally, (6.30) follows from

3" Fo(n, 2)Folz,y) = =Y 100 +0) Y Folz, 2)u(—=2)x(6(y~" + 27))j(y™ =7 (62 — 1))
z€Fy 6€lFy z€Fy

= (¢ — D Fo(z,y) + ¢6.(y),
where the last equality follows from (6.29) and (6.27). O

Analytic proof of (6.25). Let g = (g nj) € C and z,z € F}. First of all, note that if
[ = 0 there is nothing to prove: from (69) it follows that

o (5 0) 7 =] = nia)s

for all f € L(IF}), where the last equality follows from our assumption 1/8 =t
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Suppose now that 3 # 0. Since fo #Z 0, we can find x € F} such that fy(z) # 0. Taking
into account (G.I0), we then have

Jo@)pu(9) folly) = —folx) Y v(=Bz)x(ap™y ™ +ap™'27")

Gy 2 (@ = nB) fol2)
(by @20) =— > v(-B2)x(ef 'y +aB 'z

J(B7y a? — ) Fo(w, 2)
(oy B2 and 6 = ap™) =20 3y (0l + =il — ) a2
P DO I )
Oy ©29) = 20 w(as™ + ) {Fale ) +6.(0)
+ 2 oot +y )ity =)
— 2oy + i 6 = )

(by B28) and vf = v4) = vo(a+ i) Fy(x,y)
(by @.24)) = fo(x)vola +if)foly).

After simplifying (recall that fo(x) # 0), one immediately deduces (6.25). O

We now want to show how Lemma [6.12] can be used to derive by means of purely
analytical methods the other basic properties of the matrix Fy(z,y) (recall that we have
already proved, analytically, that its trace is equal to 1 (cf. in Theorem [(.10)).

Theorem 6.13. The function Fy(z,y) = fo(z)fo(y), v,y € F; (cf. 624)), satisfies the
following identities:

(6.31) Z Fo(z, 2)Fo(z,y) = Fo(x,y), (idempotence)

ZEIE‘(’;

(6.32) Fo(z,y) = Fo(y,x), (self-adjointness)

Jor all z,y,z € Fy.
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Proof. By (6.28]), we have
Z F0<.§L’, Z)FO(Zv y) =

z€FY%

(g+1)

(¢+1)

L S R 2) 0.2 [Falz.w) + 6.(0)

z€FY%

S Rl ) o) + 2ol y) + 0.(0)

ZEF;

Oy B30)) = 5 [(a+ DFl) + (a4 )6 0)

proving (6.31)).

From v(w) = v(w™), x(2)

= F()(l’,y)

x(—2), (6.8), and ([6.22) we deduce

Fo(z,y) = q% —v(—z") ; vo(y + i)x(—y(@  +y )iy (v =)
A Ty T2 = 1)) + by
=1t = qu1 ~v(~y) ;F vo(y + i)o(y + D)o (y — o (—D)x(—y(z™" +y ™)
' Gy (2 = ) + a ()]
(17 =) = g |0 WO ™)

(by ©22)) = Fo(y,x).

Gy Y =) + 6. (y)]

OJ

We end our analytic verifications by proving the orthogonality relations for different
projections (corresponding to different indecomposable characters of IFZQ). Thus let py €

IF/"q‘\Q and suppose that /,cg = V4, but uy # vy, v, 7. Define Gy(z,y) and E}’v(](:v,y) as Fo(x,y)
and Go(x,y) in Theorem [6.10 and (6.27]), respectively, but with g in place of vy, so that,

as in (6.28),

Colar,y) = — = [Gole.) +6.(0)]

qg+1

Proposition 6.14. With the above notation, we have

(6.33)

> Fo(x,2)Go(z,y) = 0

ze]F;
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for all x,y € F}.

Proof. Arguing as in the proof of the second identity in Lemma [6.12] we have

ZFO:L’zGOzy ZM05+Z ZFoxz

z€F S zelF}:
X+ =)y e (6% = )
(by 629) and B27) for Go) = Y (0 + i)po(0 + i) [Fo(,y) + 6a(y)] — Gol,v)

S€F,
(by Lemma B0) = —Fy(,y) — Go(x,y) — 0. (y).

Therefore,

>~ Fole,2)Go( 1) = gy 3 (IFo(e2) +8:(2)] - (Gl ) + 632

z€lFy z€lFy

1 — — — —
= (q + 1>2 Z F(](ZL’, Z)G0<Z7 y) + FO('ra y) + Go(ﬂf, y) + 5m(y>
z€Fy
(¢ +1)?

where the last but one equality follows from the previous computations. O

We can now state and prove the analogue of Theorem for cuspidal representations,
completing the computation of the corresponding spherical functions.

Theorem 6.15. Let 1y, v € IF/"q‘\Q indecomposable and suppose that v = 1/8, but v,V # 1.

Then the spherical function of the multiplicity-free triple (G,C,vy) associated with the
cuspidal representation p, is given by (cf. LemmalG 1. (1)):

G 6D R e e

ZEF;

ST w0+ Ox(vE @+ D)jaz 2 (4 - )

v€Fq
vo(a + ib)
_— —1).
g+ 1 0,1(q0y,0 )
Proof. For all g € G, taking into account (4.24]), we have
¢"(9) = {fo, (g Zfo ()

ZE]F*
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so that, writing g = (g ?1/) (Z Zb), we have

o0 =3 1o (5 Vo (§ ") 8]

z€lFy

oy 629) = a5 5 62)|o (5 1) 5]

(by @) = iala+ ) Y x(—y= ) fo(2) ol 12)
(oy @22 and @) = a1 ) 3 x(-v2 ) [-v(-2)
D w(y+Hix(vr A+ 2) - (@27 = n)) + Semna(2)]

Then we end the proof just by noticing that
Z X(_yz_l)axflz(z) = 596,1 X(_yz_l) = 9671((]52170 - 1)
z€F z€lF

O

7. HARMONIC ANALYSIS OF THE MULTIPLICITY-FREE TRIPLE (GL(2,F,2), GL(2,FF,), p,)

In this section we study an example of a multiplicity-free triple where the representation
that we induce has dimension greater than one.
Let ¢ = p* with p an odd prime and h > 1. Set

Gl = GL(Q,IFq) and G2 = GL(Z,JF(f)

Moreover (cf. Section L), we denote by B; (resp. U, resp. C;) the Borel (resp. the
unipotent, resp. the Cartan) subgroup of G, for j = 1,2. Throughout this section, with

the notation as in Section [6.3] we let v € Fzg be a fixed indecomposable character. We

*

F

assume that v# = Res]FZQV is not a square: this slightly simplifies the decomposition into
q

irreducibles. Finally, p, denotes the cuspidal representation of G associated with v.

Proposition 7.1. (Gy, Gy, p,) is a multiplicity-free triple and

(7.1) mdip, ~ (P Ree:) @ (Don)

where

e the first sum runs over all unordered pairs of distinct characters &1,&s € IF/'Z\Q such

F* F* —
that Resp? €160 = Resp” v but &6, # v, 7;
q q
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e the second sum runs over all characters p € ¥, indecomposable over ¥, such that
F*, F*,
Releg W= ResFZ V.

Proof. This is just an easy exercise. For instance, if xy”* and y”* are the characters of p,
and p,, (with p € IFes a generic indecomposable character), respectively, then by means of
the character table of Gy (cf. [I8, Table 14.2]), the character table of the restrictions from

Go to Gy (cf. [18] Table 14.3]), and the table of conjugacy classes of G (|18, Table 14.1}),
we find:

o Resi ey = ‘fgff‘” > R + i 2 i)

|G1| xelF*
WIS e
|G1 CF?

q
. . Flo
_ {1 if ResFZ = Rest v

0 otherwise,

where the last equality follows from the orthogonality relations of characters. This yields
the multiplicity of p, in Resg2 pu (by [18, Formula (10.17)]) and, in turn, the multiplicity

of p, in IndG pv, by Frobenius reciprocity. See [I8, Section 14.10] for more computations
of this kind. U

The result in the above proposition will complemented in Section where we shall
study the induction of the trivial and the parabolic representations.

7.1. Spherical functions for (GL(2,F,), GL(2,F,), p,): the parabolic case. We now
compute the spherical functions associated with the parabolic representations in (Z.I]). In

order to apply Mackey’s lemma (cf. Remark [6.7]), we need a preliminary result. Recall the
definition of 7 € F2 (cf. (431])).

Lemma 7.2. Let W = (1 (1)) Then

(7.2) Gy = G1By| |GiWB,

1s the decomposition of Gy into G1 — By double cosets. Moreover,

(7.3) GiW B, = {(Z Z) €Gy:c#0,act ¢ Fq} )

Proof. We prove the following facts for (CCL Z) € Gy

(i) (Z Z) €GBy c=0o0r (c#£0and ac! € F));
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(ii) (Z Z) €EGWBy< c#0and ac™! ¢ F,.

a [ Ty a B\ (z y\  (ozr ay+ Bz .
Let <7 5) € (G; and (O z) € By. Then (7 5) (0 Z) = (WU 7y+52> with

either vx = 0 or (yz # 0 and az(y =y ). Conversely, if ¢ # 0 and ac™! € F,,
a b ac”! 1 e
then (c d) = ( 1 O) ( b_ ad/c) G132 The case ¢ = 0 is trivial: indeed

By C G1Bs. This shows (i).
We now consider

a B\ (i 1\ (z y\ ((ai+pB)z (ai+p)y+ az
<7 5) (1 0) (O z) N ((72 +0)z (vi+d)y+ 72) €GB,
and (7,9) # (0,0),z # 0 imply (i + 6)x # 0, while det <3 ?) # 0 implies («i + B)(yi +

§)~' ¢ F,. Conversely, if ¢ # 0 and ac™* ¢ F,, then setting ac™! = «i + 3, with «, 8 € F,,
a # 0, we have

) -1 a\ [c o 1 c
(Z Z) - (acl 0) (O (be — acfl)/(ozc)) B (0 ?) (1 (1]) (0 (bc — acfl)/(ac)) '
Thus (ii) follows as well. O

Remark 7.3. Actually, we have a stronger result, which will be useful in the sequel,

namely: any (CCL Z) € Gy with ¢ # 0 and ac™! ¢ F, may be uniquely expressed as in

Lemma 7.4. In the decomposition (T.2) we have Gy N WB,W =t = C,. Moreover, for
x1,x2 € Fy, we have:

(7.5) woL (FronT2) g 2 (1 + 1T T
) To I1 0 Ty —ixe )’

Proof. Taking x = x1 +ixo, 2 = 21 + 125 in FZQ and y = y; + iy, € Fye, then

T y 1 _ 1 1 r1 41T Y1 + 1Yo 0 1
_ (g2t 2 i+ 22) nre — Ny — Nz +i(T — Ny — 21)
Y1+ iy x1 — Ny +i(x2 — Y1)
belongs to G if and only if
y1+z2:0 SL’l—’r]y2—z1:0
Y2 =0 g —y1 =10
equivalently,
Yo =0, 20 = —y1, y1 = T2, and z; = z7.
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This is clearly the same as

W (x y) W= (xl nxz) € Ch.
0 =z To X1
The proof of (73]) follows immediately from the above computations. O

In the following, as in Section [6.3] for £ € IE/‘Z\Q we set &F = Resgff.
Theorem 7.5. Let £,& € F, with & # &,&. Then

(7.6) Res¢2Xew e ~ Xt ¢ © Ind@l 6.
Proof. First of all, note that from (Z.H) we have

Xé1,&2 (W_l (ﬁ; n;?) W) = Xé1,6 ($1 +()sz X fQZ':EQ)
(by ©.3) = & (1 + ixa)&a(1 — izo)
= (&4&) (w1 + ix2).

In other words, Res 1o XEnLE ™ I3
By Mackey’s lemma and Lemma [74] (and G; N By = By), we then have

Ga> G G
ReSG’?XEh& ~ ReSG’?IndBEXEh&
~ Indg X ¢ @ Indg 6, &
~ Xet ¢ © IndGLEGs.
O

Remark 7.6. The above is a quite a surprisingly and unexpected fact: in the study of the
parabolic representation involved in the triple (Gs, Gy, p,) we must use Indgllflfg, that is,
the induced representation studied in the triple (G, Cy,v) (cf. Section [@]).

We now analyze, more closely, the Indgll&g-component in ((C.6). First of all, note that
the representation space of Ind% Xe1 ¢ 1s made up of all functions F': G5 — C such that

7) F(5 Y) —a@aer (g )
and, if w # 0,

79) F(p ) —awat s () 5).
(

where in the last identity we have used the Bruhat decomposition (cf. (£32])):

@ =6 ") 00y )
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On the other hand, the natural representation space of Indgl1 &€, is made up of all functions
f: G1 — C such that:

(7.9) f((j g) (ﬁ; ’7;”12)) — E(m +im) - Gl —m;?)-f(‘;‘ ?)

Proposition 7.7. The Indgiflg-component of ([T8)) is made up of all F' satisfying (L1
and (L8, supported in GiW By (cf. (T2)). Moreover, the map F — f given by

(7.10) i3 5) = (5 5)w)

for all (?; 6) € G1, with F satisfying (T.8)), is a linear bijection between the Indgllglg_z-

o

component of (L8) and the natural realization of Indgllglf_g (see ([9)). The inverse map
is given by: f— F, with [ satisfying ((9) and F, supported in GiW Bsy, is given by

() )

for all ((;é ?) € Gy, (f)j Z) € Bs.

Proof. From the proof of Theorem and Mackey’s lemma (see the formulation in [18]
Section 11.5]) it follows that the Indgllflﬁ—component of Resgff(&@ is made up of all
functions in the representation space of X, ¢, that are supported in G1W B,. If F' satisfies

(8) and f is given by ((Z.I0) then for all (?; ?) € Gy, (il 77;2) € C; we have:
2 T

GG ) =r (G 56 )
e = (55w (" L)

oy @) =&+ i) Gl -4 7))

so that f satisfies (Z.9). On the other hand, if f satisfies (T.9) and F' is given by (711,

then, for all o p € G and oY) Bs, we have:
O 0 =z

() - ()
=& (z) - &(2) - F((i ?) W)

so that F' satisfies (7.§)). Clearly, the map f + F is the inverse of the map F' > f. O




MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF FINITE GROUPS 83

Remark 7.8. Let us take stock of the situation: in order to study Indgf p, we first have to
describe the p,-component of Resgf Xere (cf. (ZI)). Then we use the machinery developed
in Section with vy = & &s: the p,-component of Resgffegl@ is clearly contained in the

Indgllglg—component in (Z6). As in the beginning of Section B.2] we fix, once and for all,
the vector 0, € V,, = L(IF}) satisfying that (cf. (6.9))

(7.12 w (o 1) = 1w

In other words, d; spans the y-component of Res[Gh1 pv- Note that vector §; is also used in the
computation of the spherical function of the Gelfand-Graev representation (see Section
and, for an explicit computation, [I8, Section 14.7]). Therefore, setting vy = £,&,, taking
fo € L(F}) as in Remark [€.1T] we denote by L: L(F;) — Indgl1 1V the associated intertwin-
ing operator (see [I8, Equation (13.31)] which is just the particular case of Proposition
corresponding to the case dy = 1 therein).

Lemma 7.9. With the above notation, the function
a Goo
Loy € Indgi vy € Resi?Xe, ¢,

is given by (modulo the identification Loy = fi — Fy as in Proposition[7.7])

) m((5 ) (G 0)w (5 Y)) - JaE s e m i)

a B\ [a nb x Yy
for all (O 1) (b a) € Gy (c¢f. Lemmal6dl) and (0 z) € Bs.
Proof. First of all, we compute Ld;: arguing as in the proof of Theorem [6.15], we have, for
_(x y\ (a nb a
9=\o 1)\p a)E"Y

[Ld1](g9) =

1

\/a
(7.14) - Y)e (G V) 6]

(01, pu(9) fo) L(Es)

where the first equality follows from [I8, Equation (13.31)] (here ,/% = %), and the

last equality follows from (69), since p, ((Z Zb) fo=wo(a+1ib)fo (cf. ([@25)).
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We now apply to the function L, € Indgl1 Vg the map f — F' in Proposition [.7], so that
Lo, — F| where

m (606 G ) -swam (G 7))
%w G(5) - Gla+b) - Gla—b) - x(—y) ol D).

where the first equality follows from (Z.I1]) and the second one follows from ([.14]). This
proves (7.13). O

Remark 7.10. With respect to the decomposition (.4]) we have

w5 1 )= (5 D0 ety

1 —1
= %él(c) <& ((be — ad) /(ac)) - x(—=d) fo(c™1),

where (ZJ Z) € Ga, ¢ #0, and ai + 8 = ac™! ¢ F, (note that here a = 1 and b = 0 in
[.13))-

Theorem 7.11. Let &1,& € IE/‘Z\Q and suppose that they satisfy the hypotheses in Proposition

[71. Then the spherical function of the triple (Ga, Gy, p,) associated with the parabolic
representation Xe, e, and with the choice of the vector 6, € L(F;) (cf. Remark[7.§) is given

by
o (Z Z) - Q(q1+ 1) 2, leutd)b (%)

u=ci+BeF 2\Fq:
cu~+d##0
ari+B1=(au+d)/(cu+d)¢F,
x(=0) - (=v(=(cu+d)7))-
D Gl +i) - &y —ix(vleu+d+1)) - j ((cu+ d)(v* = 1)) + Scuray-1 (1)]

€

Proof. We use ([4.24]), the decomposition for Gy (cf. (£32))), and the last expression in
[224) to compute, for g € G

¢ (g) = (F1, Ag) Fu)v,

X€1,€2

= <)‘(g71>F17 F1>V;(£17£2
(7.16) = Z Fi(guw) Fi(uw) + Fi(g)Fi(1e,)

uelUsz

= Z Fi(guw) Fy(uw),

uelUsz
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where the last equality follows from the fact that Fj is supported on GiW By # 1g,.

1 w

Similarly, we need to determine when uw and guw belong to GiW By. Now, if u = 0 1

with u € F2, by (Z3) we have that
(1 u 0 1y [(u 1
=Ko 1)\ o) 7 \1 o

belongs to G1W By if and only if u € Fp2 \ F,, and, if this is the case, its decomposition
(cf. ([Z4) is given by

u 1\ _ [fa B\ (i 1\ (1 O
1 (o)=( )0 0)6 o)
where u = ai + 3, with o, 8 € F, and o # 0.
a b
If g = (c d) € (G5, then

_fa b\ [u 1\ [fau+b a
g =1\c a)\1 0) ~ \cu+d ¢
so that it belongs to G1W By if an only if cu + d # 0 and (au + b)/(cu + d) ¢ F,, and, if
this is the case, its decomposition (cf. (T.4])) is given by

au+b a\ (a1 B cu+d c
(7.18) (cu+d c) N (0 1) W ( 0 (ad—bc)(al(qurd))l) ’
where ayi + 1 = (au+b)/(cu + d), with oy, 81 € F, and a; # 0.
Then, by virtue of (Z17), (CI8), (ZI13)), and (T.I3), formula (Z.I6) becomes

Pt (i Z) _1 Z & (cu+d) - &((ad — be)(aq(cu+d)) 1)

q uE]Fqg \]Fq:

cu+d#0
(au+d)/(cu+d)¢Fq

x(=0)fol(leu+d)=1) - &(a™) fo(1)
(by (6.24)) - >, &i(cu+d) - &(aad — be)(ar(cu+ d))~1)-

q UE]FqQ \Fg:
cu+d#0
(au+b)/(cutd)F,

x(=e)Fy((cu +d)~',1).
We then end the proof by invoking the explicit expression of Fy(z,y) given by (6.22). O

7.2. Spherical functions for (GL(2,F,2), GL(2,F,;),p,): the cuspidal case. We now
examine the cuspidal representations in (7). We fix an indecomposable character u € Frs

F* F*
such that pf = vf, where pf = Res]Fi4 p and V¢ = RGSFZ2I/, as in Section [6.3]
q q
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We also define y € IE/‘q\z by setting
(7.19) X(x +iy) = x(z) for all x 4+ iy € Fpe,

where x is the same nontrivial additive character of I, fixed in Section in order to
define the generalized Kloosterman sum j = j, ,. Then X is a nontrivial additive character
of F,2 and we can use it to define the corresponding Kloosterman sum J = Jg,, over Fre:

J@) =~ 3 T+ mp(w)
wE]FZ4:
for all z € F, (here, w indicates the conjugate of w € Fa: we regard F 4 as a quadratic
extension of F,2). The function J is then used in (EI0) in order to define the cuspidal
representation p, of Gy (whose representation space is now L(F},)).

Our main goal is to study the restriction Resgf pu- We take a preliminary step which
leads to some operators that simplify the calculations. More precisely, we start from the
following fundamental fact: Resgi py is an irreducible Bj-representation (see [18, Section
14.6, in particular Theorem 14.6.9] for a more precise description of this representation.
Observe that, in fact, it is given by (6.9])). Then we want to study the restriction Resgf P

Set I' = {z +iy € F,, : 2 =0} = {iy : y € F;} and, for 6 € F,, define 2y = {z +1iy €
Frix#0,y/x =0} ={z+i0z: x € Fj}. Clearly,

F;Q =I'u (uge]Fng) .
We also set W = L(I") and, for § € I, define Vy = L(y).
Lemma 7.12.
L -w (@
0cF,
15 the decomposition of L(IFSQ) into Resgfpu-mvam'ant subspaces. Moreover, each Vy, 6 €

v

Xy g 1S the sum

F,, is By-irreducible and isomorphic to Resgip,,, while W = @wl o
b q

P1epo=p?
of one-dimensional By-representations (cf. (6.3)). Finally, for each 6 € F,, the operator
Lo: L(Fy) — L(F},)
defined by setting

f((1=60%*n)x)  if v +iy € Qy
0 otherwise

(7.20) um&+m={

or all f € L(F}) and x + 1y € F*,, intertwines Res@p, with Res$? and, clearly, the
q q B P B Pu
image of Ly is precisely Vj).
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Proof. First of all, from (6.9]) we deduce that for (g ?) € By, fe€ L(IFZQ), and x+iy € Fr

(5 5) 1]t = wORG 800+ i) )60+ )
(since i = 1) = w(B)T(0Bx + iy) V) F(da~ (z + iy)).

Now, if we choose ¢ € F* and we define f € W by setting

fQiy) =(y) forally € Fy

(7.21)

then

(5 5) 1] @t i = w560+ i) (604 i)

. o 0 ifz#0
(since x(iy) =1) = {,M(CSW((SO‘I?/) othefwise
- {0 ifx#0
w(0) ()Y (a~t)(y) otherwise
0 ifx#0

. = — b)) —
(setting vy = o and ¢ = pfy) = {w1<a>w2<5>w<y> otherwise.

J
On the other hand, invariance of Vp, 8 € F,, follows from (Z.21)) since if f € Vj then the
function fi(z + iy) = f(da'(x + 1y)) still belongs to Vp. Indeed f; = 0 unless = # 0, and
y/r = (da"ly)/(6a" z) = 0.
It remains to show that Ly intertwines Resgi p, with the restriction of Resgf pu on Vp.
We shall use the elementary identity

(7.22) x+ifr = z(1 —i0) "' (1 — no?).

In other words, p, ((g 6) f=11(a)e(9)f, and this proves the statement relative to W.

For all (g g) € By, f € L(F;), z € F;, and § € F, we have, using (Z.21)),

{pu (‘8‘ f) Ly f] (@ + i82) = (&)X Bz + i02) ) [Lof)(Sa~ (x + i6x))

(by (Z20), [22), and ([TI9)) = v(d)x (6~ B~ (1 —nb*) ") f(6a™ z(1 — nb?)).
On the other hand,

{Lepy (g ?) f] (z +i0x) = {pu (g ?) f] (z(1 = n6?))
= v(O)x (0~ Bz (1 = n6*) 1) f(6a (1 — n6?)).
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That is, p, (g ?) Lof = Lgp, (g g) f, and this ends the proof. O

Corollary 7.13. The operators Ly, 0 € F,, form a basis for HomBl(Resgipy, Resgfpu). U

In the following lemma we collect three basic, elementary, but quite useful identities.

Lemma 7.14. For all (x z) € By, uel;, and 0 € F,, we have

0 £
(7.23) Lgou = Ou—ig)—
(7.24) P <:5 Z) 6w = v(2)x(yz 'u ) 0ypa
I Ty 5= ~1, 1§ A
(725) 6Py 0 =z u = V(Z)X(yz u ) uzrz—1(1-i6)~1
Proof. For instance, [Lyd,](x + i0z) = ,(z(1 — 6?n)) and x(1 — 6?n) = u yields
. u . S
U
We now introduce three operators. First of all, we define Q1: L(F}.) — L(F},) by setting
(7.26) O f= Z(f, L651>L(]F22)L051
0l

for all f € L(F},), where 6, € L(F), as in (ZI2). Clearly, @ is an orthogonal projection.
Then we set

(7.27) P= % > x(9)pul9),

geGy
where x* is the character of p,. By (Z.I8) this is the projection of L(IFZQ) onto its subspace,

in the restriction Resgf Py, isomorphic to p,.
Finally, we assume that L: L(F;) — L(F},) is an isometric immersion such that

(7.28) Lp,(g9) = pu(g)L  forall g € G

(note that L coincides with the operator L, used in Section [3]). Actually, we are only
able to find an explicit formula far an operator L which is not isometric (see Section [7.3)).
However, an explicit formula for L (isometric or not) is not necessary in order to compute
the spherical functions.

We just note two basic facts: on the one hand, since L spans HomGl(py,Resgfpu) it
also belongs to HomBl(Resgi p,,,Resgf p.) and therefore, by Corollary [13] there exist
coefficients p(0), 6 € F,, such that

(7.29) L= o(0)Ly.

0cF,
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On the other hand, {6, : + € F} is an orthonormal basis of L(F};) and therefore {Ld,

z € Fy} is an orthonormal basis for the subspace of L(F},) which is Resgf pu-isomorphic to
V,,, so that

(7.30) Pf=> (f, L8s) 157,) L0

z€F}
for all f € L(F},).
Theorem 7.15. The operators ()1 and P commute. Moreover, setting P, = PQ1, we have
(7.31) P f={f, L51>L(F22)L51

for all f € L(F).
Finally, setting

(7.32) Fi((1—140)"", (1 —io)™") = [PLeo1]((1 —io) ") = [PS_ie)-1]((1 — i) ™)
for all 8,0 € Fy, we have, for f € L(IF*Q):
(7.33) [P —io) ) = Fi((1—i0)", (1L —io) ") f((1—i6)")

for all o € F,, while [P, f](u+ iv) = 0 if u+ iv is not of the form (1 —io)~' for some
ocl,.

Proof. First of all, we prove that
(7.34) (Lo, Lo,) =0 if = # z.

Indeed, since Ly, 6 € F,, and L belong to HomBl(Resgi p,,,ResB pu) (cf. Corollary
and (IEZI)) and U; C By, we have, for all z € F;

(O 1) L¢95 L@pl/ (0 1) 5 - (l’ily)Leéz’

where the last equality follows from ((T.24]), and, similarly,

1 _
(0 ?) LS, = x(z7'y) Ld,.

In other words, setting x..(y) = x(xy) (cf. [I8, Proposition 7.1.1]), then Lyd, and Lo, belong
to the (x,-1)-isotypic component of Resgf pu- Then, (L34) just expresses the orthogonality
between distinct U;-isotypic components.

Note that we may also deduce that @)1, defined by (Z.26]), is just the orthogonal projection
onto the y-isotypic component of Resgf pu- In particular

(7.35) O\L6) = Ld,.
Alternatively, it is easy to deduce (T.30) directly from (7.29) and (7.20).
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Let f € L(F},). Then, from (Z.26) and (Z.30) we deduce that
Q1Pf = (f,Ld,) - (Ld,, Ly61) Lydy

0€F, zeFy

(by @33) = (f, L61) Y (Ldy, Led1) Lody

(by (C26)) = (f, Lo1)Q1 Lo
(by ([L33)) = (f, Ld1) Loy

Similarly,
PQif =Y > (f.Lodr) - (L, Loy) LS,
0cF, x€F?
(by (Z34)) = > (f, Ledr) - (Led1, Loy) Loy
0cF,
= (f, Z<L5l, Ly61)Lb1) Ly
0eF,

(by (Z20)) = (f, Q:Ld1) Loy
(by [35)) = (f, L) L.

In conclusion, we have proved the equlity PQ; = Q1P and (Z.31]).
Moreover, as Py = Q1 PQ1, for f € L(F},) we have

Pif =@ PQuLf

(by [C28)) = Y (PQ1f Ly61)L,6:

o€cF,
(again by (Z28)) = Y (f, Led1) - (PLeb1, Ly61) Ledy

0,0€lF,

(by [C23)) = Z F((1=140)7") - (Pda—ig)-1, 0(1—io)-1)0(1—i) 1
0,0€lF,

and (Z.33) follows as well. O

Corollary 7.16. For u,v € F, one has [Lé;](u + iv) = 0 if u+ v is not of the form
(1 —1i0)~t for some o € F,.

Proof. This follows from the fact that for all f € L(F},) one has [P f](u +iv) = 0 if u + v
is not of the form (1 —i0)~! for some o € F,, and that, after taking f = Ld;, one has

[L1)(u +iv) = [Py f)(u + dv), by (Z31). O
Corollary 7.17. For 0,0 € F, one has (cf. (T.32))
(L] ((1 —i0)1) - [Lo1]((1 —do) ™) = Fi((1 —i0) ™', (1 —io) ™).
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Proof. This is an immediate consequence of (T.31)) (with f = Ld;) and (7.33). O

Note that the expression in the above corollary is the analogue, in the present setting,

of ([6.24).

The following lemmas lead to a considerable simplification in the application of (T.27]).

Lemma 7.18. Let <Z b) € G with ¢ # 0. Then we have a unique factorization

PN

Proof. The equality is equivalent to the system

with v,y € ¥y and z, 2 € Fy.

VT =a

Yy +nz=">0

r=c

y+yz=d
which admits a unique solution, namely: x = ¢, v = az~ !, and y, z may be computed by
means of the Cramer rule, taking into account that det Y Z =2 —n # 0, since 7 is
not a square. 0
Lemma 7.19. Let (CCL Z) € G1 with ¢ # 0. Then we have
pry«a Z) (é %)) Py (é :%) 61 = —qu(c(ad—be) M x(—ac™t —dc 1) j(c 2 (ad—bc))é;.
yeF ¢

Proof. Using the orthonormal basis {d, : u € F;} in L(IF}) to compute the character x,
we find:

Se(E D6 Dealo o= 22 Conle o)y D))o 1

y€eF, yEFquelry
_ a b
oy @2) = 3 | St - w | (un (3 5) o)
u€lFy [ y€eFq
(orthogonality relations infer u = 1) = ¢ <51, Py (Z Z) 51> 01

(setting z =y = 1 in (6I0)) = —qv(—c )x(—ac' —dc ) j(c2(ad — be))d,

and, by means of the identity (6.8), one immediately obtains the desired expression in the
statement. U
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Remark 7.20. Note that the coefficient of §; in the formula of the above lemma is ¢g-times
the spherical function of the Gelfand-Graev representation (see Theorem [.23]) associated
with the cuspidal representation p,; see [I8, Proposition 14.7.9.(iii)].

We are now in a position to face up to the most difficult computation of this section.
Recall that j (resp. J) is the generalized Kloosterman sum over F; (resp. IFZQ).

Theorem 7.21. The function Fy in Theorem[7.15 has the following expression:

F1<<1—w>-1,<1—w>-1>:qj m—zn (1= 0) )i (0) T (H(1 — i) (1)),

forall 0,0 € F,.

Proof. We make use of the following facts that lead to a considerable simplification. First
of all, we have (cf. Corollary [7.13)

ry Ty
(736) Pu <O Z) Lg = L,gpl, (0 Z)

for all 0 € Fy, z,2 € F;, and y € F,.
Moreover, since Resgi py is irreducible (cf. [I8, Section 14.6]), then the orthogonal pro-
jection formula (Z.I8) gives:

q—1 (T Y A
(7.37) B > ox <0 Z)pu (0 Z)—IL(F;),

where I1,r:) is the identity operator on L(Fy).
Then, starting from (7.32)), we get
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Fi((1—i0)", (1 —io)™") = [PL5]((
(by (C27)

1

Zx

0)’1)

(by (E32), Lemma [L18) — —, 2
al¢*—1) 4
Oz)eBl

V€EFq z,2€F}

V€EFq z,2€F}

vvvvvvvv

93

p0)((1 —io) ™)

v€EFq z,2€F}

q+1
1

by L =
(by Lemma [7.19) |
1

b —
(oy [2) = —

v€EFq z,z€F}
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Actually, only the expression 2!z appears and therefore the sum over x may be omitted
and a factor ¢ — 1 must be added.

(by @EID) = — —ZZ (=)™

+ Fq 2€F;
X(=v(1+2))j(2(v* = 7)) Z (= (v + iw))-
X(v(1 —io) + (v +iw) )
S J((L—=io) (v +iw) ' (v* —n))
- 0-1(1-ig)-1 (v + 1w))]

cﬁ% —ZZ (7" =) x(=(1 + 2))-

jz(v* = n))[u(—Z’l(l —i0) " )x(y +72)-
J((1—io) (1 —i0)z(v* —n))],

where in the last equality we have used the fact that v+iw = 271(1—i6)~! and the equality
X(a+ i) = x(«) which follows from (ZI9). The two x factors simplify and, introducing
the new variable t = z(7? — n) in place of z, also the variable v disappears. Moreover,
the sum over 7 yields a factor ¢ and, recalling that uf = v, one gets the expression in the
statement. U

Arguing as in the proof of Theorem [6.T5, we use the projection formula (7Z.33]), with
the explicit expression of F; given in Theorem [Z.21] to compute the spherical function
associated with the cuspidal representation p,. We need an elementary, preliminary result.

Proposition 7.22. Each number a + i € Fp2 with § # 0 may be uniquely represented in
the form a+if = _;g, with 0,0 € F,. Moreover, 1 may be represented in q different ways
(namely, setting 0 =o € F,), while « € F, , a # 1, is not representable in this way.

Proof. The equation o + 5 = 1 29 leads to the system

a—LPon =1
b—oca =-—0

which, for § # 0, has the unique solution

a—1

Bn

0=oca—p.

Following the preceding proposition, we set &y = {a + i € F, : § # 0}.
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Theorem 7.23. The spherical function ¢** of the multiplicity-free triple (Go, G1, p,) as-
sociated with the cuspidal representation p,, (where p € IFZ4 15 1ndecomposable over Fr and

p* = v*) has the following expression: for (CCL Z) € G,

(7.38) o (g Z) =0 ifa#d and da' ¢ Gy;

130 o () = Wa R )R i) (- i)

ifa#d, da=' € &y, and da ' = =2

1—i0’

(7.40) Prr (8 2) = Z p(d DX (—a tb(1 — i) FL((1 —i0) ', (1 —if)~1)

ocFF
if d=a;
(7.41)
a b N N . . B .
P (c d) =— Z p(e(l —io)~ (ad — be)™))X(—ac™ (1 —io) —de™ (1 —if))-
- J(c(1 —io)(1 —i0)(ad — be))FL((1 —i0)~1, (1 —io) ™)
if c# 0.

Proof. From ([@24]), with Ld; in place of w?, we get the general expression for g € Gs:

(742) 07 (9) = (Lor, pul9) Lor) 1wy = D ILA1]((1 —6))pu(9)Lo]((1 —i0) D),

0cF,

where the last equality folows from Corollary [[.T6l For g = (8 Z) € By, applying (€.9)
to (C.42) we have

07 (9) = Y [La]((1 i)~ )u(d X (—d"'b(1 — if)).

0cF,

L] (da="(1 — i0)-1)
(by Corollary ZIT) = 3 p(d ")X(~d*b(1 — i0))Fy(da (1 — i) ", (1 — i0) ™).

0cF,

We now impose the condition in Corollary da='(1 — 40)~! must be of the form
(1 —i0)~! for some o € F,. If a = d then o = 6§ and we get (7.40).

By Proposition [.22], if a # d then da'(1 —if)~! = (1 —io)~! for some o € F, if and
only if da™! € &y and we deduce (.38) and (7.39).
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Finally we examine the case g = (Z Z) € Gy with ¢ # 0. Now by (6.10) applied to

([T42]) we get

¢p”(g)=—Z[L51 1—io)” Zu (1 —140)~1c)-

-X(ac™t(1 —io) + dc= (1 — i6))-
- J(c2(1 —io)(1 —if)(ad — bc))-
IO =)
(by (6.8) and Corollary [[.I7) = Z c(ad — be) (1 —io) ™).

o,0elF,

X(=ac'(1 —io) — de (1 —if))-
- J(c?(1 —io)(1 —i0)(ad — be))-
CF((1 =) (1 —do)™h).

O
Remark 7.24. By setting = 0 in F} (cf. Theorem [[.21]) we get the vector
1 ,
(7.43) o) = = 00+—Zu —t7)j()J(¢(1 — io))
teF:

which, by virtue of Corollary [[.I7, is a non-normalized multiple of Ld;. Actually, it is not
easy to compute the norm of f;: we discuss this problem in the next section.
7.3. A non-normalized L € HomGl(py,Resgfpu). In this section, we want to describe

an alternative approach to (.43]) by deriving a non-normalized multiple Lof Lin [23).
This is also a way to revisit the results and the calculations in the preceding section. The
idea is simple: we set

(7.44) Zpu )Lopu(97")

gEG
where Ly is as in (Z.20). Then, for all h € Gl,
9€Gy
(Setting r= hg = Z p,u Lopu )pu<h)
TEG
= Lp,,(h),

that is, Le Homg, (p,, Resgf pu)- The operator L may be replaced by any linear operator
T: L(F;) = L(F;,) (but checking that, eventually, L # 0), for instance by taking T' = Ly,
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with 6 € F,. The choice of L, greatly simplifies the calculation and the final formula. We
split the explicit computation of (Z44) in several preliminary results.

Lemma 7.25. Let T: L(F;) — L(F;;) be a linear operator with matriz representation

[Tf](z +iy) = ale +iy,v)f(v)

veFy
for all f € L(F;) and x + iy € Fi,. Then
(7.45)
1 u 1 —u . ]0 ifx =0
;quu (0 1) Tpy (o 1 ) Il (x+iy) = {qa(x by, E () i 4,
Proof. By (69)
> b (é ﬁb) Tpy (é _1“) fl (@ +iy) =Y X((x+iy) " u)[Tp, ((1) ‘1“) fl(x +iy)
u€lFy =
= Z Z X((z +iy) " w)a(z + iy, v)-
u€lq velFy
(5 1) 0
= > 3 Xl +iy)™ = v alw + iy, ) f(v).
u€lq veFy
But from
ey
vy x2—ny? 22— ny?

definition (ZI9)), and the orthogonal relations in Iﬁq it follows that, for = # 0,

S Rulle +i) =0 )= S (1)) =

2 _ 02

ueF, uek, vy
while this sum, for x = 0, is equal to >, cp x(—%) = 0. Then formula (Z45) follows
immediately. O

Recall that w = (? é) (see the Bruhat decomposition (£.32])).

Lemma 7.26. The matriz representating the operator p,(w)Lop,(w) is given by

alx + 1y, z) = Z v(sz)J(—s Hx +iy) H)j(—s 2.

ser
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Proof. By (6.10), for f € L(F}) we have that
[ou(w) Lopu(w) f)(z +iy) = = Y pl(=(s+ i) J(=(s +it) (@ +iy))-
s+itelf*,
“[Lopu(w) f](s + i)
(by (C20) and 6§ =0) = Z v(sz)J(—s Hx +iy) Hji(—s 2 f(2).

z,5€F}

Corollary 7.27.

Zpuquopywu —qz Z VJ(t(1 —10))j(t) | Le.

uel; 0cF, | teF;

Proof. By Lemma and with @ as in Lemma [[.26, we have, for f € L(F;) and x # 0,

S (p §) outwrto ntwin (5 5) sl i) = aate i E2 I

X
acly

=g Y v(sz (@ =) (—s H +iy) )

J(=sT (@ —ny?) T (2 = ny?)a)
(by (Z20) with 0 = y/z) =g¢q Z v(sz(1 —no?))J(—s o (1 +i0)™ 1)

= (s - ) LS+ iy)
—q§j§j )I((L — 9))5(0) | [Laf)(a + i),

where, in the last equality, we have set t = —s~ 1271 (1—-76%)"! so that —s~ 'z (1+i0)~! =
t(1 — i6) and we have used, once again, (Z.20). O

Theorem 7.28. The operator L in (TZ4) is equal to

S I SO =) - i6))i(0) | Lo.

¢+1 Q+196Fq teF;

Proof. Using the Bruhat decomposition (cf. ([I32)) G; = By | |(UywB;) and the fact that
(7.46) pu(b)Lo = Lop,(b) for all b € By
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(see Corollary [[.13]) we get

|G1| Z p,u Opu ) |G1| Z /)p LOpl/<b )"—

geG1 beB;
+ 3 puw)pu(w)pu(d) Lopy (b~ )pu (w)p(u)
uely beB,
|Bil \Bl 1
b w) Lop, (w)p, (u
(by (Z46)) = |G1 \Glg )Lopy(w)pu(u™")
1
so that the result follows immediately from Corollary [7.27] 0

Remark 7.29. First of all, from (7.23]) we deduce that

~ 1 q -1 NN
L6 = 01 + v(—t= ) J(t(1 —i0))j(t) [1—ig)—1
1= o q“%t;( JT(t(1—i8)) (1) | -i0
so that )
Lo((1 = i0)™) = o0 + g Do w(=47)I(H(0 ~ i0))j (1),

teF;
This coincides with (Z.43]) and yields a revisitation of the calculations in the preceding

section. However, we are not able to compute the norm of Lé, or, more generally, of Lf,
in order to normalize L and thus obtaining an isometry.

Problem 7.30. Compute the norm of L&, or, more generally, of Zf, for f € L(F}).

A solution to the above problem would lead to a different approach to the computations
in the preceding section. See also Remark [6.11] for a very similar problem.

8. FINAL REMARKS

8.1. On a question of Ricci and Samanta. Recently, Ricci and Samanta [51], Corollary
3.3] proved the following result: let G be a locally compact Lie group, let K be a compact
subgroup with G/K connected, and let 7 be an irreducible K-representation such that the
triple (G, K, 7) is multiplicity-free (commutative in their terminology); then (G, K) is a
Gelfand pair. Then the authors pose the following natural question: is the same statement
true outside of the realm of Lie groups? It turns out that, in the setting of finite groups,
we are able to answer their question in the following striking manner:

Theorem 8.1. (GL(2,F,), U, x) is a multiplicity-free triple for every non-trivial additive
character x of the subgroup U = F, of unipotent matrices but (GL(2,F,),U) is not a
Gelfand pair, that is, (GL(2,F,), U, xo) is not multiplicity-free if xo is the trivial character.

Proof. The first fact is proved in Theorem [4.23} the corresponding decomposition into
irreducibles and the computation of the spherical functions are in [I8, Sections 14.6 and
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14.7]. The second fact is in [I8, Exercise 14.5.10.(2)]. More precisely, we have (with
G = GL(2,F))):

(81) Ind[G]XO = @ 5(\?/1 @ @ 5&}[) @ 2 @ 551/11,7,1)2 )

veky YeF; {¢1,92}

where the last sum runs over all two-subsets of I/U’}. In order to prove the decomposition
(B, we do not follow the proof indicated in the exercise in our monograph, because it
is based on a detailed analysis of the induced representations involving also those of the
affine group, but we follow the lines of the proof of Theorem To this end, we compute
the restriction to U of the irreducible representations of GL(2,F,). First of all, note that

if b # 0 then
b=t 0\ (1 b\ (b 0 (1 1
0 1/\0 1/\0 1/ \0 1)°
that is, the unipotent elements
1 b 11
1) = ()

are conjugate, Therefore, from the the character table of GL(2,F,) (cf. [18, Table 14.2,
Section 4.9]) we get, for all b € F:

+® (o 1) =% (o 1) =v =t
-x%<1 b)z 0 ifb#0

01 q ifb=0;
) ?wl,wz (1 b) _ ¢1(1)¢2(1) =1 lfb 7& 0
0 1) T+ D) = (a4 1) ifb=0

cun (L0 _ () =1 if b £ 0
o)~ (g—1Dr(l)=(¢g—1) ifb=0.
By Frobenius reciprocity, the multiplicity of 5{% n InngO is equal to the multiplicity of
Yo in Resgfg\?p, that is to



MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF FINITE GROUPS 101

and this proves the second block. For Xy, 4, we get:

—1 1
a-lretl_

Y

é d1+(g+D) | =

beF; 7

so that the third block is proved, showing, in particular, that multiplicities occur. Finally,
for p, we get:

1 —(¢g—1 -1
q belFy q
showing that no cuspidal representations appear in the decomposition (8.1I). ([l

8.2. The Gelfand pair (GL(2,F,2), GL(2,F,)). Akihiro Munemasa [46], after reading a
preliminary version of the present paper, pointed out to us that (GL(2,F,2), GL(2,F,))
is a Gelfand pair. This is due to Gow [33, Theorem 3.6] who proved a more general
result, namely, that (GL(n,Fp2), GL(n,F,)) is a Gelfand pair, for any n > 1. Gow’s result
was generalized by Henderson [37] who, using Lusztig’s crucial work on character sheaves,
showed that (G(F,), G(F,)) is a Gelfand pair for any connected reductive algebraic group
(G, and found an effective algorithm for computing the corresponding spherical functions.
This shares a strong similarity with the results of Bannai, Kawanaka, and Song [2], where
the Gelfand pair (GLo,(F,), Sp,,, (F,)) is analyzed (here Sp stands for the symplectic group).

A proof of Gow’s theorem (for n = 2) can be directly deduced from our computa-
tions in our monograph [18, Section 14.11], where we studied induction from GL(2,F,) to
GL(2,F,m) for m > 2. Since the relative decompositions are left as a terrific set of exercises
and the case m = 2 it is not well specified, we now complement Proposition [T Tl by present-
ing the formulas for the induction of the other representations (the one-dimensional and
the parabolic representations). We set G = GL(2,F,) and G,, = GL(2,F;~). Moreover,

—_~ F*
from Section we use the notation (€.4) and for £ € F}, we set &= Rengg . Then the

first formula on page 537 of our monograph (namely, the decomposition of the induced

representation Indgmﬁ) for m = 2 becomes:

Indg%{%z @5(\2 @ @5{% @ @ Xe1 62 @ @ Xe1 6
gh=y gh=y gh=el=y §16=v

This is multiplicitiy free. To show this, it suffices to prove that the third and the fourth
block have no common summands. Otherwise, if X, ¢, were in both blocks, we would have

5152 =WV and fﬁ = 1. Then
(82 60 (2) = £(2)6(2) = £1(7) = 9(22) = B(2) = Gy (2)6al2)

for all z € [}, and therefore {; = &, a contradiction. In particular, if ¢ is the trivial
(multiplicative) character of F,, so that S(\?p equals i, the trivial representation of G, we
have that Indg2 X?p decomposes without multiplicities. We thus obtain
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Theorem 8.2 (Gow). (GL(2,F2),GL(2,F,)) is a Gelfand pair.

Returning back to our computations, the second formula on page 537 of our monograph
(namely, the decomposition of the induced representation Indgm )?}ﬂ) for m = 2 becomes:

mdZ=| D w|D| B e |D| D % |D|{Dn
(€9)2=y? (G162)P=y? i=h=y vi=y?
§16#Y
Now multiplicities do appear! Indeed, each representation in the third block is also in the
second block. For, if €8 = €& = 1 then also (£,&)! = ¢? (and £,& # U, as proved above,
cf. (82)).

Finally, Formula (14.64) in [I8] for m = 2 becomes:

Inde 5&01@2 = @ 5(\% @ @ 55&1752 @

(E8)2=1p11p2 (&162)t=vp1)2

D| D e |D| D o

fgzwl vE=1p11ba
Eh=yn

Once more, multiplicities do occur, since the third block is clearly contained in the second.
In conclusion, we have the following strengthening of Theorem

Theorem 8.3. The decomposition of the induced representation Indg20 18 multiplicity-free
if and only if 0 is cuspidal or one-dimensional. If 0 is parabolic, then some subrepresenta-
tions in Indgw appear with multiplicity 2.

8.3. On some questions of Charles F. Dunkl. Charles Dunkl [25], after reading a
preliminary version of the manuscript, pointed out to us interesting connections with other
similar constructions and asked a few questions in relation with these.

1. Algebras of conjugacy-invariant functions. The first one is related to the work
of L.I. Hirschman [38] which involves two subgroups K < H < G (with H contained in
the normalizer of K') of a finite group G, and yields a subalgebra L(G, H, K) of L(G).
We thus recall from [14, Chapter 2] a generalization of the theory of subgroup-conjugacy-
invariant algebras due to A. Greenhalgh [35] and that, following Diaconis [24], we called
Greenhalgebras. These were also considered by Brender [6] (but Greenhalgh considered a
more general case).

Let G be a finite group and suppose that K and H are two subgroups of G, with
K <9 H < G (thus, in particular, H is contained in the normalizer of K, as in [38]). Then,
the Greenhalgebra associated with G, H, and K is the subalgebra G(G, H, K) of L(G)
consisting of all functions that are both H-conjugacy invariant and bi- K-invariant (cf. [14]
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Section 2.1.3]):
G(G, H,K)={fcL(G) : f(h 'gh)=f(g) and f(kigks)=f(g9),Vg€G, h€ H, ki, k€ K}.
Set H={(h,h):he€ H} <G x G and
B= (K x{1g}))H = {(kh,h) : k€ K and h e H} < H x H.

Given an irreducible representation 6 € B we say that the quadruple (G, H, K;0) is
multiplicity-free provided the induced representation InngH 0 decomposes without mul-
tiplicities. Let us also set Hy = {p € H : Resilp = (dimp)ix} (where ¢ is the trivial
representation of K). We note (cf. [14, Lemma 2.1.15]) that G(G, H, K) is isomorphic to
the algebra

BL(GxH)? = {f € L(GxH) : f(bi(g,h)by) = f(g,h) for all b;,by € Band g € G,h € H}

of all bi- B-invariant functions on G x H.
When 0 = 1 is the trivial representation of B we have (cf. [14, Theorem 2.1.19]):

Theorem 8.4. With the above notation, the following conditions are equivalent:
(a) the quadruple (G, H, K;1g) is multiplicity-free;

(b) the Greenhalgebra G(G, H, K) is commutative,

(¢) (G x H,B) is a Gelfand pair;

(d) for every o € G and p € Hg, the multiplicity of o in Ind%p is < 1.

Note that when K = {lg}, then B = H and G(G, H, K) is simply the subalgebra
C(G,H) ={f € L(G) : f(h7'gh) = f(g) for all g € G and h € H} of all H-conjugacy
invariant functions on G (cf. [I4, Section 2.1.1]). Moreover, Theorem [8.4] yields (cf. [14]
Theorem 2.1.10]):

Theorem 8.5. The following conditions are equivalent:
(a) the quadruple (G, H,{1¢};t5) is multiplicity-free;
(b) the algebra C(G, H) is commutative;

(¢) (G x H,H) is a Gelfand pair;

(d) H is a multiplicity-free subgroup of G.

Returning back to a general irreducible representation 6 € E, motivated by Dunkl’s
question, we pose the following:

Problem 8.6. Given a quadruple (G, H, K; 0) as above, define a Hecke-type Greenahlgebra
HG(G, H, K;0) in a such a way that (i) HG(G, H, K;up) = G(G, H, K) (that is, when
6 = 1p is the trivial representation, then the Hecke-type Greenahlgebra coincides with the
Greenhalgebra of the triple (G, H, K)) and (ii) HG(G, H, K; 0) is commutative if and only
if the quadruple (G, H, K; ) is multiplicity-free.

We shall try to address this problem in a future paper.



104 TULLIO CECCHERINI-SILBERSTEIN, FABIO SCARABOTTI, AND FILIPPO TOLLI

2. Positive-definite functions. Let G be a finite group. A function ¢: G — C is said to
be positive-definite (or of positive type) if equivalently (see [31), Section 3.3], [50, Capitolo
VII, Sezione 7)):

() X, peq (W 1g)f(9)f(g) > 0 for all f € L(G);
(b) ZZ]‘:l Clagb(gj_lgl) Z 0 for all C1,C2,...,Cn € C) 91,92, ---3:0n € Ga and n Z ]-a
¢) there exists a (unitary) representation (o4, Vy) of G and a (cyclic) vector v, € V,, such
¢ Vo ¢ o
that ¢(g) = (04(g)vg, vg)v, for all g € G.

Suppose that (G, K) is a Gelfand pair. Let ¢ € L(G) be a function of positive type.
Then ¢ is bi-K-invariant if and only if o4(k)vy = v, for all k € K; additionally, ¢ is
spherical if and only if oy is irreducible. Moreover, the spherical functions of positive type
together with the zero function are exactly the extremal points of the (convex) set of all
functions of positive type.

In our setting, the spherical functions ¢?, ¢ € J as in (4.2.4) are positive-definite.

Recall that the Hecke algebra H(G, K,v) < L(G) is isomorphic, via the isomorphism

St (cf. Theorem 3.9) to the Hecke algebra H(G, K, #) which consists of Endg(Vp)-valued
functions on G. Then the matrix-valued functions S;'(¢°) € H(G, K,6) are positive-
definite in the sense of Dunkl (cf. [28, Definition 5.1]: with H = K).

A comment about positive-definite functions on finite groups: we thank Ch.F. Dunkl for
this interesting historical information. In the mid-Seventies, L.L. Scott, while involved in
the search for new simple finite groups, computed possible value tables for the spherical
functions of homogeneous spaces of rank 3. He showed his computations to his colleague
Ch.F. Dunkl at the University of Virginia who checked them and found that, as this pos-
itivity condition for the functions involved therein was missing (cf. [28, Section 5]), the
corresponding tables could not be valid (so that this possibility had to be eliminated).
Scott wrote this up and dubbed it the Krein condition (this positivity condition in finite
permutation groups is perfectly analogous to a condition obtained in harmonic analysis by
the Soviet mathematician M.G. Krein) [57, [58].

3. Finite hypergroups. A finite (algebraic) hypergroup (see, e.g., [9]) is a pair (X, %),
where X is a nonempty finite set equipped with a multi-valued map, called hyperoperation
and denoted *, from X x X to P*(X), the set of all nonempty subsets of X, satisfying the
following properties:

(i) (x*xy)*xz=xx (y*2) for all z,y,z € X (associative property);
(ii)) % X = X xax = X for all z € X (reproduction property),

where for subsets Y, Z C X one defines Y « Z ={yxz:yeY ze€ Z} C X.
If, in addition one has

(i) zxy =y *x for all z,y € X (commutative property)
one says that (X, *) is commutative. Also, an element e € X is called a unit provided

(iv) z € (exx)N(x*e) for all x € X.
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Given a finite set X, we denote by L*(X) (resp. L} (X)) the space of all function f €
L(X) such that 3}~ . f(z) =1 (resp. f € L'(X) such that f > 0).

A finite functional hypergroup (cf. [26], 27, [41]) is a pair (X, ) where X is a nonempty
finite set and A\: X x X — L% (X) satisfies the following properties:

(1) (uxav) xx &= pxy (v, &) for all p,v, & € L1 (X) (associative property),

(ii") Uyeysupp(A(z,y)) = Uyeysupp(A(y, z)) = X for all x € X (reproduction property),
where, d, € L!(X) is the Dirac delta at € X, supp(f) = {z € X : f(z) # 0} is the
support of f € L*(X), and ,: L} (X) x L (X) — L (X) is the (bilinear) product defined
by

(8.3) pav =Y pa)py)A(z,y)

z,yeX
for all =37,y pu(x)d, and v =3\ v(y)d, in L} (X). Note that (83) is equivalent to

for all z,y € X.
If, in addition, one has

(iii") Mz,y) = My, x) for all z,y € X (commutative property)
one says that (X, \) is commutative. Finally, an element e € X such that
(iv’) Mz, e) = Ae,z) =9,
for all x € X, is called a unit of the functional hypergroup X.
A (finite) weak functional hypergroup is defined verbatim except that one replaces L} (X)

by L'(X), that is, one drops the condition A(z,y) > 0 for all z,y € X. Clearly, every
functional hypergroup is a weak functional hypergroup.

Example 8.7. (1) Every finite algebraic hypergroup is a finite functional hypergroup.
Indeed, given a finite algebraic hypergroup (X, *) one may set A(z,y) = ‘x—iy‘ > cany 0
for all z,y € X. Clearly, an algebraic hypergroup is commutative (resp. has a unit)
if and only if the associated functional hypergroup is (resp. has). Vice versa, with any
functional hypergroup (X, A) one may associate an algebraic hypergroup by setting x*xy =
supp(A(z,y)) for all z,y € X (cf. [26, Proposition 1.4]).

(2) Every finite group (resp. abelian group) (G, -) is an algebraic hypergroup (resp. an
abelian hypergroup). This follows immediately after defining x *xy = {x - y}. Indeed, (i)
follows from associativity of the group operation, while (ii) is a consequence of the fact
that left and right multiplication by a fixed group element constitutes a permutation of
the group. Moreover the identity element of G serves as a unit for the hypergoup.

(3) Let G be a finite group. Then X = G is an algebraic hypergroup after setting zxy =
{ze€ X :2=<2z®y} forall z,y € X. Equivalently, X is a functional hypergroup by setting

Az, y)(z) = 7dimd\i/ind‘i/rznvy dim Homg(z, 2 ® y) (in other words, A(z,y)(z) = 7dimd\i/ind‘i/rznvy Hayzs

where 2@y = >y fay=2) for all z,y, z € X. Moreover, the trivial representation 1 € X
serves as a unit for the hypergoup.
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(4) Let G be a finite group and let X denote the set of all conjugacy classes of G. Given
x € X we denote by f, = ﬁ > gexdg € LL(X) the normalized characteristic function
of x C G. Tt is well known that {f, : = € X} constitutes a base for the subspace
C(G) ={f € L(G) : f(h~tgh) = f(g) for all g,h € G} of conjugacy-invariant functions
on G and that, indeed, C(G) is a subalgebra of L(G). We may thus define a functional
hypergroup (X, \) by setting A(z,y) = f, * f, € LL(G) (where x* is the usual convolution)
for all x,y € X. Moreover, the conjugacy class of the identity element of G serves as a
unit for the hypergoup.

(5) Let G be a finite group and let K < G be a subgroup. Denote by X = K\G/K =
{KgK : g € G} the set of all double K-cosets of G. For z € X denote by f, = ‘?1‘ Egex oy €

L% (X) the normalized characteristic function of x € X. It is well known that {f, : 2 € X'}
constitutes a basis for the subspace XL(G)X = {f € L(G) : f(k;'gks) = f(g) for all
g € G and ki, ky € K} of bi-K-invariant functlons on G and that, indeed, *L(G)* is
a subalgebra of L(G). We may thus define a functional hypergroup (X, \) by setting
Mz,y) = fo* f, € L1 (G) (where * is the usual convolution) for all z,y € X. The double
coset K = K{lg}K serves as a unit for the hypergoup. Finally, (X, \) is commutative if
and only if XL(G)¥ is commutative, equivalenlty, if and only if (G, K) is a Gelfand pair.
(6) In the setting of the present paper (see also [I8, Section 13.2]), let G be a finite

group, K < G a subgroup, and suppose that xy € K is one-dimensional. Consider the
Hecke algebra

H(G, K, X):{feL(G)  F(kughs) = x(kika) f(g), for all g€ G, k:l,k:geK}

(when y = tx, the trivial representation of K, this is nothing but XL(G)¥, the algebra
of bi-K-invariant, discussed in (4) above). Let & be a set of representatives for the set
K\G/K of double K-cosets and set

X=8={s€8:x(x)=x(s"as) forallz € KNsKs '}
Then the functions a, € L(G) defined by
() ﬁx(lﬁ)x(kg) if g = kyxky for some ki, ky € K
az(g) =
Y730 it g ¢ KoK

for all ¢ € G and x € X, constitute a basis (called the Curtis and Fossum basis) for
H(G, K, x) and the numbers fi,,, such that

(8.5) ag * a, = Z [T
zeX

for all x,y,2z € X, are called the structure constants of H(G, K, x). Denoting by f, =
a, € L'(G) the corresponding normalization, we have, for all z,y € X,

*fy = Zﬂ;yzfza

zeX

|K:1:K|



where i}, =

MULTIPLICITY-FREE INDUCED REPRESENTATIONS OF FINITE GROUPS 107

|KzK|

TR RyR Hay: € C. We may thus define a weak-hypergroup (X, \) by

setting A(w,y) = Y. cx fh,. [ for all w,y € X.
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