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part of the cardiac muscle.
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1. INTRODUCTION

In the last years, the mathematical modeling of the electrical activity of the heart
was a topic of major interest in biomedical research. A better understanding of the
complex bioelectrical processes involved in the activity of the heart is a key issue in
order to find new drugs and diagnostic techniques, being well-known that a huge part
of the heart diseases is produced by some disorders of its electrical activity.

One of the most well-known mathematical models in cardiac electrophysiology is the
so-called bidomain model (see, e.g., [24, 37, 38| and the references therein; see, also,
the references quoted in [25, Introduction]). In this model, at a macroscopic scale,
the electric activity of the heart is governed by a system of two degenerate reaction-
diffusion partial differential equations for the averaged intra-cellular and, respectively,
extra-cellular electric potentials, along with the transmembrane potential, coupled in

a nonlinear manner to ordinary differential equations describing the dynamics of the
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ion channels. In such a model, the cardiac tissue is represented, at a macroscopic
scale, despite its discrete cellular structure, as the superposition of two continuous
media, called the intra-cellular and, respectively, the extra-cellular domain, coexisting
at each point of the heart tissue and connected through a distributed continuous
cellular membrane.

Several ionic models are considered in the literature for describing the cellular mem-
brane dynamics, starting with the famous Hodgkin-Huxley formalism and continu-
ing with more and more complex models (see, for instance, [25, 28, 30, 37]). The
well-posedness of the bidomain model has been studied, for different nonlinear ionic
models and by using different techniques, by several authors (see, for instance,
[13, 18, 41, 42, 45]).

The bidomain model can be obtained from a corresponding appropriate microscopic
one by homogenization techniques (see, among others, [7, 8, 11, 18, 25, 32, 38, 41, 44]).
Such a model is widely recognized as being the standard model used in cardiac
electrophysiology for describing the propagation of the action potential in a perfectly
healthy cardiac tissue, but it is no longer valid in pathological situations, in which the
heart contains electrically passive zones of fibrotic tissue, collagen or fat, as observed
for instance in scars, inflammations, ischemic or rheumatic heart diseases, etc. Thus,
it is important to find a suitable mathematical model that accounts for the presence
of pathological zones in the heart. Such a model was proposed in [14, 16, 26, 27, 46];
it takes into account the presence in the cardiac tissue of damaged zones, called
diffusive inclusions and assumed to be passive electrical conductors.

In the above mentioned papers, at the mesoscopic scale, the heart tissue is considered
to be a periodic structure obtained by inserting in a healthy tissue a set of periodically
distributed diffusive inclusions. From the mathematical point of view, we have a bido-
main system coupled with a diffusion equation. More precisely, the model consists of
a degenerate reaction-diffusion system of partial differential equations modeling the
intra-cellular and, respectively, the extra-cellular electric potentials of the healthy
cardiac tissue, coupled with an elliptic equation for the passive regions and with an
ordinary differential equation describing the cellular membrane dynamics. A similar
model arises also in coupling the torso to the heart (see, e.g., [14, 17, 45]). The above
model is, indeed, a mesoscopic one, the diffusive inclusions being considered at an
intermediate scale in between the cardiac cell scale and the heart tissue scale.

The mentioned modifications assume a perfect electrical coupling between the healthy
part of the heart and the damaged tissue. More general coupling conditions were pro-
posed in [17] and investigated only through numerical simulations in [15, 46], in order
to take into account the possible capacitive and resistive effects of the surface of the
diffusive inclusions. Up to our knowledge, the well-posedness of such a problem was
addressed for the first time in [10]. Here, we rigorously investigate, in more general
geometries than the ones considered in [27], the homogenization of the problem with
non-standard interface conditions, this being, in fact, the main novelty of our paper.
To achieve our goal, we use the periodic homogenization unfolding technique. The
limit problems highly depend on the scaling of the imperfect transmission across the
membrane and on the geometry of the domain. The influence of the diffusive zone is
captured in the limit in several different ways. In particular, for some special scalings
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and geometries, we obtain a bidomain system with memory effects (see Theorem 4.6
and Remark 4.7) or a kind of tridomain model (see Theorem 4.16 and Remark 4.18).
We point out again that our model generalizes the modified bidomain one with diffu-
sive inclusions and perfect transmission conditions considered in [27, 28], the original
model being recovered by suitably rearranging the parameters appearing in equation
(2.20).

The paper is organized as follows: Section 2 is devoted to the geometrical and func-
tional setting and to the introduction of the microscopic problem. In Section 3, we
introduce and recall the main properties of the time-depending unfolding operator.
In Section 4, we state and prove our main homogenization results.

2. THE MICROSCOPIC PROBLEM

2.1. Geometrical setting. The typical periodic geometrical setting is displayed in
Figure 1 and Figure 2. Here we give, for the sake of clarity, its detailed formal
definition. Let N > 3. Let 2 C R" be an open connected bounded subset of RY
and introduce a periodic open subset E of RY, such that £ + z = E for all z € Z".
We assume that (2 and E are of class C*°, though this assumption can be weakened.
We employ the notation Y = (0,1)Y and EP = ENY, EB =Y\ E, ' =90ENY.
We assume that EP is connected, while EP may be connected or not. Moreover, we
stipulate that |[I'NJY |y_1 = 0.
Let ¢ € (0,1) be a small positive parameter, related to the characteristic dimension of
the microstructure and which takes values in a sequence of strictly positive numbers
tending to zero. We define 2P¢ = QNeE, 28° = Q\cE, so that 2 = 2PUNBUT™,
where 27¢ and 25 are two disjoint open subsets of 2 and I'* = 92PN N =
002 N 2. From the biological point of view, (2 represents the region occupied
by the cardiac tissue, 25 [respectively, 2P¢] corresponds to the bidomain phase
[respectively, the damaged part], while I'* is the interface between these two regions;
in fact, these definitions are slightly modified below. We assume also that 27° is
connected at each step € > 0, while 27 will be connected or disconnected. Indeed,
we will consider two different cases: in the first one (to which we will refer as the
connected/disconnected case, see Figure 1), we will assume that I"'N9Y = (). We also
stipulate that all the cells which intersect {2 do not contain any inclusion, so that,
for all € > 0, 02N ONP< +# () and, moreover, dist(1°, D§2) > ce, where c is a suitable
strictly positive constant.
In the second case (to which we will refer as the connected/connected case, see Figure
2) we will assume that EP, EB, 27¢ and 2P¢ are connected and, without loss of
generality, that they have Lipschitz continuous boundary. In this last case, we have
that, for all € > 0, both 002 N 002P< #£ () and 92 N NP # (). Moreover, we assume
that our geometry satisfies all the assumptions stated in [33, Section 3.2.1].
Finally, let v denote the normal unit vector to I" pointing into E®, extended by
periodicity to the whole of RY, so that v.(z) = v(x/e) denotes the normal unit
vector to I'® pointing into 27+,
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FIGURE 1. Left: the periodic cell Y. E® is the shaded region and E®
is the white region. Right: the region (2.

FIGURE 2. The periodic cell Y. EP is the shaded region and E® is
the white region.

In the following, by v we shall denote a strictly positive constant, which may depend
on the geometry and on the other parameters of the problem; v may vary from line
to line. Moreover, if G C RY is an open set and T' > 0, we set Gr = G x (0,T).

2.2. Functional spaces. Following [10], we consider the functional spaces
H! (0289) .= {w e HY(2PF) :w =0 on 0025 N 012, in the sense of traces};

null
H! (02P) = {w e H(2PF) : w=0on 027 NS, in the sense of traces}.
(2.1)

Notice that in the connected/disconnected case H! ,(27) = H'(02P*).
We also define the space

XL(2)={w: 2 =R : W) . € H}

null

4

(QB’E), W) p. e H!

null

(2%}, (22



endowed with the norm
||w||g(016(9) = ||Vw||%2(93,5) + ||w||?{1(_QD’E)' (2.3)

By our assumptions, we have that 925° N 0f2 is always non-empty, while 9£2P*
can intersect or not the boundary of {2, depending on the geometry. We recall that,
for w € XL (), the following Poincaré inequality holds (see [5, Proposition 7.1 and
Remark 7.1]):

s <7 (IV0lsgne) + V0 lsgnn +elllwlliar)  24)

where [w] = wy_, . —w_,. and the constant v is independent of . We point out
that the last term is not necessary in the connected/connected case. Therefore, an
equivalent norm on X, ({2) is given by

Il ) ~ IVwliZae) + w7z (2.5)
again, the last term can be dropped in the connected/connected case.

2.3. Position of the problem. Let «, 3 be strictly positive constants and o, o o

be Y-periodic bounded and symmetric matrices such that there exist vy, 7y > 0 with

WP < oPW)C-C<AICP,  for every ( € RY and ae. y € Y

YlC)? < oP ()¢ - ¢ < FolCP for every ¢ € RY and a.e. y € Y; (2.6)
Y0l¢|? < aP(y)¢ - ¢ < Fol¢P, for every ¢ € RY and a.e. y €Y.
Moreover, set o °(z) = oP (e 'z), 08 (z) = of (e x), oP%(x) = oP(c ') for a.e.

x e (2.

As in [10], let us consider a locally Lipschitz continuous function g : R? — R, such
that g(p,1) > 0 and g(p,0) < 0. The example we have in mind here is a function of
the form

9(p,q) = alp)(g — 1) + b(p)g, (2.7)

where a,b : R — R are positive, bounded and Lipschitz functions. Notice that the
form of g in (2.7) is classical in this framework (see, for instance, [45]) and that g is
Lipschitz continuous with respect to p and affine with respect to g. Let [;on : R? = R
be given by

Iion(p7 q) = hl(p) + h2(p)Q7 (28)
where hq, hy are Lipschitz continuous functions and hy is bounded. Let w, € L*>({2),
with 0 < W,(z) < 1 a.e. in 2 and p° € L*(27°). Consider the gating equation

Qs + g(p°, W5:) =0,  in 275 (2.9)
e (2,0) = Wo(x), in £27=. (2.10)
Notice that, by classical results, the previous problem admits a unique solution w; €

H'(0,T; L*(£27¢)) and, from our assumptions, 0 < wS.(z,t) < 1 a.e. in QPF since
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0 < W,(z) <1 ae. in 28¢ (see [34]). Moreover, we can write
¢

We (2, 1) = Wo(x) + /g(pa,ﬁ?;s) dr, for a.e. x € £2. (2.11)
0

From the previous assumptions, we can prove that [, is a uniformly globally Lips-
chitz continuous function, i.e. there exists a strictly positive constant v, independent
of €, such that

H[ion<p§7 {l}v;i) - [ion(p; ,&7;5)

|og@rey S = B3l pgmeys  (212)
due to the uniform Lipschitz dependence of @g. on p° and to the bound 0 < Wi (2, 1) <
1 a.e. in Qf’e.

Remark 2.1. Different examples of functions /., and g are considered in the literature.
We consider here a Hodgkin-Huxley type model (see (2.7)—(2.8)), as in [25, 45].
However, we point out that the results obtained in this paper are also valid for a
regularized version of the Mitchell-Schaeffer model proposed in [27] (see, also, [26,
28]). For this last model, the ionic current [, satisfies (2.12) and

Lion (0, wo(x,t)) =0, a.e. in 20° (2.13)

the function g is supposed to be an affine function with respect to ¢ and smooth with
respect to p. More precisely, assuming p given, the ionic current [y, (p, q) is defined
as being

1 1
Ton(ps @) = —qp*(p — Ve~ @07 — (1 4 1o 00/’

in Tout

and the function ¢ is given by

9(p,q) = (i + qu(p)) (¢ — 40 (p)),

Tel TelTop
with

Gos(p) =1 — e~ (Pgate/P)?
Here, all the model parameters are supposed to be positive constants (see, for the
interpretation of these constants, [27, 28, 36]). Further, it is assumed that

0< Top <Ta DPth > DPgate and Tmaz -2 L.

Under the same assumptions we made for the initial data, one can prove that, also for
the Mitchell-Schaeffer model, the ionic function verifies condition (2.12); moreover,
w(t,-), Ow(t,-) € L>®(QF) and 0 < w(t,x) < 1 (see [28, Lemma 6 and Proposition
17] or [27, Proposition 1]). O

We give here a complete formulation of the problem we shall address in this paper
(the operators div and V act only with respect to the space variable z).

Let £ > —1. Assume that f, fo € L*(0,T; H}(£2)), Do € L*(2) and, for every € > 0,
let so. € L*(I°) be such that
1
3/835 do <, (2.14)
FE
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for a suitable v > 0, independent of .

Let us consider the problem for ul*, uf* € L2(0,T; H! ,,(27°)),uP* € L*(0,T; H' ,,(27%))

and w® € H*(0,T; L>=(025*)) given by

a Bie

g — (uPf—ul®) — div(eP VUl e + Lo (uPf— ulF @) = f, in 22° (2.15)
aat(u? ul®) + div(oD e Vub ) + Lo (ulF— ul® 0% = fo, in 22° (2.16)
— div(e?eVuP*) =0, in 2°°: (2.17)
olevulc . u. =0, on I7; (2.18)
oy Vuy© v — oPEVuPE . = 0, on I7; (2.19)
%%(uf’e—ul)’e)—%fg(ufe—ul)’s)—02 “Vuy* - on I7; (2.20)
ul e (x,t), ud® (1), uP= (z, 1) = 0, on 002 x (0,7); (2.21)
ul®(z,0) — ub®(x,0) = To(z), in 25, (2.22)
ub®(x,0) — uP*(z,0) = so. (), on I'®, (2.23)

where @¢ is the solution of the gating problem (2.9)-(2.10), with p° = u?* — ul*.

Remark 2.2 (Biological interpretation). The previous system of equations represents
the coupling of a standard bidomain model in 25, for the intra and the extra-cellular
potentials u? < and uf “ of the healthy zone, with a Poisson equation in the diffusive
part 27 for the electrical potential u”¢ of the damaged zone. The function uf’s —
119’6 is the so-called transmembrane potential. The sources f; and fy are the internal
and the external current stimulus, respectively. The coefficients o2, o2 and P are the
conductivities of the two healthy phases and of the damaged one, respectively, while
«a and [ are given parameters related to the capacitive and the resistive behaviour
of the interface I'*. We point out that for the intra-cellular potential u?’e we assume
no flux condition on I'* (see (2.18)), while the extra-cellular potential uj ™ is coupled
with the electrical potential u”¢ of the damaged zone through non-standard imperfect
transmission conditions (see (2.19) and (2.20)). Our system is completed with suitable
initial and boundary conditions. The variable w®, called the gating variable, describes
the ionic transport through the cell membrane. The terms g and I;,, are nonlinear
functions, modeling the membrane ionic currents.
For simplicity, we consider only one gating variable, but our results hold true also for

the case in which the gating variable is vector valued. O
Notice that, by setting v° = p* = ul® —ud®, u® = us© a.e. in 2, u® = uP* a.e. in

(2? . and denoting by [-] the jump across I'® of the quantity in the square brackets,
ie., [uf] = ud® —uPe and [0°Vue - 1] = (65°Vus© — oP=VuP*) - 1., the previous
7



system can be written in the more convenient form

aal; —~ div(aB’EVve) + Lign (vF, @0°) = fy + div(oy*Vue), in 27 (2.24)
— div((e?* + o) Vu — fo 4 div(o]FVF), in 22° (2.25)
— dlv(aD Vu©) =0, in 20°  (2.26)
V(v +uf) v, =0, on I';;  (2.27)
[ 5Vu v = O, on I7;  (2.28)
a a 15 /6 g 15 15
ga[ ] ?[u]:o§Vu on I7;  (2.29)
ve,ut =0, on 02 x (0,7);  (2.30)
v (2,0) = 7o(x), on 25 (2.31)
[u](x,0) = spe(x) on ¢, (2.32)
complemented with the gating problem (2.9)(2.10), where again ur® — ub* is re-

placed by v¢. Clearly, v® € L*(

0,T; H}:

(28#)) and u® € L*(0,T; X(}E(Q)) We stress

null

again that, by (2.12), the composed function [, (v, w®) is a Lipschitz function with

respect to v°.

The weak formulation of the previous problem is given by

— /veﬁtwgdxdt+/

B,e B,e
QT “QT

07 Ve - Vg dodt + / ol Vs - Vg dz dt

B,e
QT

+ / Lion (v, w®)p dz dt + /( S 4 o)Vl - Vb da dt

B,e
QT

B,e
QT

+ / 07 V" - Vo dr dt + / oPEVuE - Vi, dz dt

B,e
QT

Iy

D,e
QT

]on] do dt + g / w]op] do dt

- /flsoBdwdH /(fl—fQ)so})dl“dt

Q25

for every pp € L2(0, T Hy\y(27°))NH'(0, T; L*(277)),

pe
«
+ / voﬁp3<0)dl’+?/Sog[ﬁpp]((])d(f, (2.33)
B, e

¢p € L*(0,T; H) ,;y(£27%)),

0% € L*0,T; H. ,,(2P#)), and [pp] € H0,T;L*(I?)), with p(T) = 0 and
lop)(T) = 0. Here, [pp] = ¢}, — ¢4 on I'° and (2.33) shall be complemented

with the gating problem.
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For any ¢ > 0 fixed, by [10, Theorem 3.6], it follows that the system (2.24)—(2.30),
complemented with the gating problem (2.9)—(2.10), admits a unique solution v* €
L*(0,T; HE ,,(0289)), v € L*(0,T; XL(£2)) and w® € H(0,T; L>(25¢)), such that
ve € CO[0, T; LA(02P*)), [uf] € C°([0,T); L2(I")), at least when 0%, 02, 0P are
scalar coefficients or special matrices as in [18, Lemma 1] and [35, Formula (1)] (see,
also, [14] and [28]).

Moreover, by a standard regularization procedure, multiplying (2.24) by v, (2.25)
and (2.26) by u°, adding the three equations, integrating by parts, using (2.27)-
(2.32), moving the integral containing [, to the right-hand side, using (2.7)-(2.12)
and Holder and Gronwall inequalities, as in [10, inequality (2.38)], we get the following
energy estimate:

sup /(ve)Q(x,t) dz + / |Vof + Vus > do dt + / |Vue|? dr dt
te(0,T)

)B.c B,e B,e
‘QT ‘QT

1 1
+ / Ve dedt + sup = [ [w]*(x,t)do + = [ [u]>dodt
te(0,1) € €
ke re Iz

_ 1
<7 (il + el + ol + sl +1) o 238

where ~y is independent of . Notice that, by (2.34), it follows also that

_ 1
/ Vo dzdt < (”fl”%sz) + 12l 2200y + [0l 720y + QHSOeH%%I’E) + 1) :

obe
(2.35)
Finally, taking into account condition (2.14), it follows that the right-hand side in
(2.34) and (2.35) is uniformly bounded with respect to . Therefore, recalling that,
both in the connected/connected case and in the connected/disconnected one, the
trace of v° and u® on (92 N AN5<) x (0,T) is null and using the Poincaré inequality

(2.4), we get
”UEHL%Q?E) + HVUEHLQ(Q;?vE) <
HuaHLQ(QTB’E) + ||Vu6||L2(Q$,E) <

||u€||L2(Q?’E) + ||Vu5||L2(Q$’E) < (2.36)
1
sup — [uf)*do < .
te(0,T) €

£
T

3. TIME-DEPENDING UNFOLDING OPERATOR

A space-time version of the unfolding operator in a more general framework, in which
also a time-microscale is actually present, has been introduced in [3] and [4], to which
we also refer for a survey on this topic. However, in the present case, the time variable

does not play any special role and can be treated essentially as a parameter; hence,
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most of the properties of this operator can be proven as in [19, 21, 22] and are
therefore omitted.
For ¢ € =, we define

E.={¢ezV: e¢+Y)C}
and set
(). = interior { U 363 —i—?)} : A5 = 0. x (0,7).
§€E.

Denoting by [r] the integer part and by {r} the fractional part of r € R, we define
for z € RY

(2] (2D,
o e=e([2],+{2),)

Then, we introduce the space cell containing x as Y.(x) = e( [E] + Y).
ely

Definition 3.1. For w Lebesgue-measurable on (27, the (time-depending) periodic
unfolding operator 7; is defined as

w(e[f] +5y,t>, (x,t,y) € AT XY,
ely

0, otherwise.

T-(w) (2, t,y) =

For w Lebesgue-measurable on I'%, the (time-depending) boundary unfolding opera-
tor 72 is defined as

w(g[f] +ey,t), (x,t,y) € A7 x I,
ely

0, otherwise.

T2 (w)(w,t,y) =

O
Clearly, for wq, ws, as in Definition 3.1,
Te(wiwz) = Te(w:)Te(w2) (3.1)

and the same property holds for the boundary unfolding operator. Note that 72 (w)
is the trace of the unfolding operator on A% x I, when both the operators are defined.

We need also an average operator in space.

Definition 3.2. Let w be integrable in 27. The local (time-depending) space average
operator is defined by

S [ wende it e s,
Ma(w)(x,t) = Ye(z) (32)
0, otherwise.

u
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Remark 3.3. From the above definitions, it follows that

M (w)(z,t) = /72(%0)(%7t,y) dy = My (T:(w))(x, 1), (3-3)

where My (7:(w)) denotes the mean average of T.(w) over Y.
More in general, given an open set G C RY | we denote by Mg(w) the mean average
of w over G. O

We collect here some properties of the operators defined above.

Proposition 3.4. The operator T; : L*(£2r) — L*(2r xY), given by Definition 3.1,
1s linear and continuous and satisfies the following estimates:

[T(w)ll2(2r vy < llwlz2r) (3.4)
and
/wdxdt—//ﬁ(w)dydxdt < / |w|dz dt, (3.5)
T n2ry Q7\A%

for every w € L*(027).

Proposition 3.5. Let {w.} be a sequence of functions in L*(7).
If w, — w strongly in L*(27) as e — 0, then

T-(w.) = w, strongly inL*(2r x Y. (3.6)
If {w.} is a bounded sequence of functions in L*(§27), then, up to a subsequence,
T-(w.) = @, weakly inL* (27 xY) (3.7)
and
w, — My (D), weakly inL*(£2r) . (3.8)

Remark 3.6. In particular, if w € L?(27), we get that 7.(w) — w, for e — 0, strongly
in L*(2r x Y'). Moreover, M®(w) — w strongly in L*(£27). O

Remark 3.7. Actually, the only classes for which the strong convergence of the un-
folding 7:(w.) is known to hold, even without strong convergence of w,, are sums

of the following cases: w.(z,t) = fi(z,t)fo(e 7 2), wo(z,t) = w(z,e 'z, t) with
w € L2(Y;C(027)) or w € L*(27;C(Y)). In all such cases, 7-(w.) — w strongly
in L?(2r x Y) (see [2, 20, 21] and [4, Remark 2.9]). O

Proposition 3.8. The operator T2 : L*(I's) — L*(Q2y x I') is linear and continuous.
In addition, we have

172 (w) | 220 <1y < VEllwll 2rs) (3.9)
and
1
/wdadt—g/ T2 (w) do dz dt| < / |w|do dr . (3.10)
T Qp TE\AS,
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Notice that, in the connected/disconnected case, the last integral in (3.10) is identi-
cally null, since by the assumptions made in Subsection 2.1 we have that Iz \ A5 = ().
On the contrary, in the connected/connected case, it remains bounded, but not in-
finitesimal. Indeed,

2\ A
|77\ AL | ~ 12\ Azl \ i eN-1 and |2\ AZ| =~ |002e .

However, in the homogenlzatlon process, the function w in (3.10) will be replaced
with [uf]p, where u® is the function appearing in problem (2.24)-(2.32) and ¢ €
Cl([0,T);CA(£2)), so that

/[ua]godadt / T2 ([u p)dodxdt + O(e) for e — 0. (3.11)
Is QrT
By [12, Propositions 4.10 and 4.11 and Corollary 4.12], we get the following result.
Proposition 3.9. Assume that w. — w weakly in L*(0,T; H}(£2)). Then,

T2 (w.) — w, weakly in L*(Q2p x IT).
Let w be a function belonging to C(27). Then, as e — 0,

T2(w) — w, strongly in L* (2p x I') . (3.12)
Let w be a function belonging to L? (O,T; Hl(Q)). Then, as € — 0,

TP(w) — w, strongly in L* (Q2p x T') . (3.13)

Proposition 3.10. Let ¢ : Y — R be a function extended by Y -periodicity to the
whole of RN and define the sequence

)= o (L N
Qﬁ(a:)—(b(E) : x € RY. (3.14)
If ¢ is measurable on'Y, then

oy), (w,y) e xY,

0, otherwise.

Te(¢%) (2, y) = { (3.15)

Moreover, if ¢ € L*(Y), as e — 0,
To(¢°) — @, strongly in L*(2 x Y) ; (3.16)
if € HY(Y), as e — 0,
(T2(¢°)) = V¢, strongly inL*(2 xY). (3.17)
We note that

Vy [T:(w) = Mf(w)] =V, To(w) = T (Vw) . (3.18)
Proposition 3.11. Let w € L*(27). Then,
é [To(w) — M (w)] = y°- Vw, strongly in L*(2p x Y), (3.19)

12



where

. 1 1 1
Yy =\n 27192 27 y YN 9 .

Let {w.} be a sequence converging weakly to w in L? (O,T; H&(Q)) Then, up to a
subsequence, there exists W = w(x,t,y) € L? (QT;H;%(Y)), with My (@) = 0, such
that, as € — 0,

T-(Vw,) =~ Vw+ V,w, weakly in L*(Q2p xY), (3.20)

1 ~ )
. [To(w.) — ME(w.)] — y°-Vw+ @, weakly in L*(r; H;%(Y)) ) (3.21)

For later use, we set
XL(Y) = { = (", &) : 0 =i € H'(EP),
0P = wypo € H'(EP), W is Y-periodic}. (3.22)

Proposition 3.12. Let {w.} C L*(0,T;X.(£2)) and assume that we are in the
connected/connected geometry. Assume that there exists v > 0 (independent of €)
such that

/ lw,|? da dt + / |Vw.?dzdt <7, Ve > 0. (3.23)
Q7 Q7

Then, there exists w € L*({r; X#(Y)), whose restrictions to EP and E® satisfy
w),,(z,t,y) = w?(z,t) € L*(0,T; H'(£2)),  for a.e. y € E®,
w) (7, t,y) =: wP(x,t) € L*(0,T; HY(R2)),  for a.e. y € EP,

and there exists w € L*(§2; X#(Y)/R) such that, up to subsequence, as ¢ — 0, we
have

T-(xopewe) = xpow? To(xgeew.) = xpew? weakly in L*(2r x Y);  (3.24)
To(xop.- Vw:) — xgp (VwD + Vwa) , weakly in L*(2p xY);  (3.25)
T-(xop:Vw.) = xge (Vo + V,07) | weakly in L*(02p xY),  (3.26)

where, for O CRY, xo denotes the characteristic function of O. Moreover, we have
also

e/[we]zdadt < 25/ (JwP? +wPP) dodt < v,  Ve>0, (3.27)

Iy Iy

with v independent of €, and
T2 ([we]) — [w], weakly in L*(2p x I'), (3.28)
where [w.] = w8 — wP and [w] = w? — w” and we have denoted by w” wP the
trace on I'® of w. from 2P and 27¢, respectively. Moreover, on I, we have also

identified wP, w® with their traces.
13



Proof. The convergences (3.24)—(3.26) follow by [19, Theorem 2.13] applied in 27
and 2P, separately. Inequality (3.27) is a consequence of the standard trace in-
equality together with a rescaling argument. Finally, (3.28) follows from the fact
that

TP(wP) = w?, TP(wB) —w?, weakly in L*(02p x I). (3.29)
Indeed, by (3.27), we obtain that there exists W € L?(£2r x I') such that, up to

a subsequence, T2(w?) — W weakly in L?(Q2r x I'). Moreover, by Gauss-Green
Theorem and (3.24)—(3.26), recalling that V,7:(w.) = eT:(Vw.), we get

// W -vdodedt « //zb(wf)wdadxdt: //8%(7;(%)@ dy dx dt

QTF QTFE QTED
:5//7;(8iw5)<pdydxdt+//ﬁ(wa)g—(p dy dx dt
27 EDP 27 EDP v
p Oy 9 p D
— w a—dydxdt: 5 (w”p)dydzdt = w” ¢ - v;dodzdt,
N7 ED v QT ED v Qrr
for any ¢ € CY(2r x Y) with supp(p) CC 2p x Y and for i = 1,..., N, where
v = (v1,...,vy) is the unit normal vector pointing into E®. This implies that
W = wP” on I'. Clearly, the same procedure can be applied to w? and w?. O

Remark 3.13. Notice that in the connected/disconnected geometry, the result stated
in Proposition 3.12 is still true, up to the fact that, now, w” belongs only to the
space L?({27) and, consequently, (3.25) is replaced by

T-(xapeVw.) = xpo (Vw’ + V0", weakly in L*(02p x Y). (3.30)
Indeed, by [29, Theorem 4.3], we obtain
To(xopeVw.) = xpoV, 77, weakly in L*(02p x Y),

for a suitable ¥° € L*(£2p; H'(EP)), and, by [29, Remark 4.4], we can identify
Vy\?D = VwP+V,wP. Moreover, it is worthwhile to remark that, in the connected/dis-
conneted geometry, the space H'(EP) coincides with H}(EP). O

4. HOMOGENIZATION

In what follows, we extend v° to the whole of {2 (still denoting the extension by v°),
maintaining its L?(0, T; H'(£2))-norm uniformly bounded, as it can be done following
23, 43], in the connected /disconnected case, and [1, Theorem 2.1] and [40, Lemma 1],
in the connected/connected case. We also extend w® to the whole of {2 (still keeping
the notation @w®), simply by taking w® = 0 in 27,

Our goal in this section is to describe the asymptotic behavior, as e — 0, of the triplet
(v¢, u®, w®) given by the system (2.24)—(2.32). To this aim, we state the following

compactness result.
14



Lemma 4.1. Suppose that «, 3,00, 02 0P f1, fa,To, Wy So- satisfy the assump-

tions stated in Subsection 2.3. For every € > 0, let (v°,u®,w®) be the unique solu-
tion of the system (2.24)—(2.32), complemented with the gating problem (2.9)—(2.10).
Then, up to a subsequence, still denoted by e, there exist v € L*(0,T; H;(£2)),
b€ L*(02p; Hy(EP)) with Mgs(0) =0, w € L*(Q2r), and w € L*(27) such that

v¢ = weakly in L*(0,T; H'(2)); (4.1)
To(v®) — weakly in L*(Q27 x Y); (4.2)
7;(XQBEVU ) = Vu+V,0 weakly in L*(2p x EP).
Moreover,
v = strongly in L*(02r); (4.4)
ut —u weakly in L*(2r); (4.5)
w" — w weakly in L*(927). (4.6)

Proof. Assertions (4.1) and (4.5) are direct consequence of the estimate (2.36), while
assertion (4.2) follows by [9, Theorem 2.11]. On the other hand, assertion (4.3)
follows from Proposition 3.11, while (4.6) is a consequence of the fact that 0 <
we(x,t) < 1 a.e. in 27, uniformly with respect to e. Finally, (4.4) follows from the
next Proposition 4.2.

To achieve the thesis, it remains to prove that the trace of v on 0f2 is null. In the
connected /disconnected case, this is a direct consequence of the extension technique,
while in the connected/connected one, it is due to [33, Theorems 3.5 and 3.6], thanks
to our geometrical assumptions. U

Proposition 4.2. Under the assumptions of Lemma 4.1, we have that v — v
strongly in L*(07).

Proof. Following the ideas in [32, Lemma 3.10], let us consider the temporal trans-
lation v3,(t) = v°(t + At) and ui,(t) = u°(t + At) of v° and u®, respectively.
Clearly, vi, and uj, satisfy the system (2. 24) (2.30) in (0,7 — At), with initial
conditions v3,(0) = v*(At) and u%,(0) = u(At). We subtract the original equations
from the corresponding ones satisfied by the temporal translated functions and set
05(t) = ve(t + At) — v°(t) and 4°(¢t) = u®(t + At) — v°(t) (the same notation will be
adopted for all the other quantities). Thus, taking into account only equations (2.24)

and (2.27) and using as test function pp(t) = — ttJrAt ve(s) ds, we obtain
T—At
/ / (0°)? da dt =
0 OB
T—A t+AL T-A t+At
/ / SAVARE / Voe(s)ds | dedt + / / VAR / Vos(
0 0

15



T

4 / (v(T) — v*(T — A)) /UE(S)dS dz

B¢ —At
At
- / (v°(At) —Dp) /ve(s)ds dz
0B, 0
T—At t+At
+/ /([i(m(vzt,wzt)—Iion(ve,ﬁe)) /ve(s)ds da dt
0 0Be ¢
T—At t+AL

6
—/ /fl /va(s)ds d:pdt:ZIk.
0 OB f k=1

Clearly, (4.7) shall be complemented with the gating problems for w®(t) and w®(t +
At).

Taking into account (2.36) and using Hélder inequality, we get

T—-At t+At

I = / / oV - / Vve(s)ds | dedt
0 B¢ t
T-At V21 e

<y / /|Vv5|2dxdt /Vva(s)ds .

0 0Be L2(02B:ex(0,T—At))

<AV e VAL < 1AL
L2(02777)

Similar computations lead to

I, < VHVUEHLQ(QTB,E)HW&HLQ(QTB,E)\/N < AWAL,

I3 < VAt sup / (v°)*(z, ) dz < 4V AL,

te(0,7)
0B,
1/2
BB | [ @R 0d+ [l | [ 0P@0d) | <V
te(0,T)
)B.c B,e

[6 S fYHVfAIHLQ(Qf,E) HVUEHLQ(Q?E)\/At S 08 /At .

Finally,

I < 7||Iion(vztaﬁ72t) - Iion(vea I’EE)HL?(QX(TfAt))||'U€||L2(QT) VAt

< AN 2 2x (=2 107 | 22y VAL < 0% |72,y VAL,
16



where, in the second inequality, we used (2.12). Collecting all the previous estimates,
from (4.7) we obtain

T—At

/ / |0° (2, t + At) — v (z, ) > doe dt < yVAL. (4.9)

0 B
Therefore, taking into account the energy estimate (2.36), by (4.9) we can infer that
v® — v strongly in L?*(£27). O
Lemma 4.3. Under the assumptions of Lemma 4.1, we have that, up to a sub-

sequence, still denoted by e, there exist uP? € L*(0,T; H}(2)), uP € L*(2r) and
u = (4P, u") € L*(02p; XL(Y)) with My (@) = 0, such that

T-(x o Vus) = Vu? + Vv, weakly in L*(27 x EB). (4.10)
Moreover,

e in the connected/connected case, uP? € L*(0,T; H}(2)) and

Tz (xap.-Vus) = VuP + vV, a7, weakly in L*(02p x EP); (4.11)
e in the connected/disconnected case,

T-(xopVu®) = Vu? + v, i, weakly in L*(27 x EP); (4.12)
e for { > —1 and in both geometries, we have

T2([uf]) — 0 weakly in L*(27 x I), (4.13)

so that uP = uP =:u € L*(0,T; H}(2)).

Proof. By (2.36), it follows that Proposition 3.12 and Remark 3.13 hold. Therefore,
assertions (4.10), (4.11) and (4.12) are direct consequence of (3.25), (3.26) and (3.30).
Moreover, in the connected/connected case, the traces of u” and u®” are zero on
92 x (0,T). Indeed, we can identify u® |ps-= us*° and u° |pp-= uP* (as already
done for v* and w®) with their extensions and then apply [33, Theorems 3.5 and 3.6].
In the connected/disconnected case, we have only to identify u® |os.-= ub® with its
extension from outside, so that ul® € L2(0,T; HL(£2)). Moreover, by the energy
estimate (2.36) and the properties of the extension, we obtain also that ub™ — u”
weakly in L2(0,T; H}(£2)).
Finally, in order to prove (4.13), recalling that ¢ > —1 and taking into account (2.36),
we obtain that

5 [P <y,

Iy

with v independent of €. Therefore, (3.9) implies that

T2 ([w]?)dodt < ye'** = 0.
.QTXF

Hence, T2([uf]) — 0 strongly in L?(£27 x I'). Taking into account that, by (3.28),
T2 ([uf]) — [u] weakly in L2(Q2p x I'), we get [u] =0, i.e. u € L*(0,T; H}(£2)). O
17



We now have to distinguish the different scalings.

4.1. The scaling ¢ = 1. In addition to what stated in Lemmas 4.1 and 4.3, we can
also state the following result.

Lemma 4.4. Under the assumptions of Lemma 4.1, we have that, up to a subse-
quence, still denoted by ¢,

T2 (e Huf]) — [4] weakly in L*(27 x T). (4.14)

Proof. Assertion (4.14) is a consequence of the result in [39, Theorem 3] and [29,
Theorem 4.3 and Remark 4.4], once we redefine, according to the notation in that
paper,

P =a'+ & —m, P =4t —m,
where 4' € L*(Qp; Hy(E®)), 0* € L*(2p; Hy(EP)), &r,m € L*(£2r), with @', 4%, &
given in [39, Theorem 3] and m = Mgs(a') + |E®|&r + Mg (42). O

Theorem 4.5. Let a, 8,00°,02° 0P f1, fo,T0, W, and so- be as in Subsection
2.8. Assume also that T2(e71so.) — s weakly in L*(2 x I'). For every e > 0,
let (v, u®,w®) be the unique solution of the system (2.24)—(2.32), complemented
with the gating problem (2.9)-(2.10). Then, there exist v,u € L*(0,T;Hi($2)),
v € L*(0p; Hy(EP)) with Mgs(0) = 0, @ € L*(2r; X5(Y)) with My (i) = 0,
and w € L*(£2r), such that v° — v, u® — u, W° — w in the sense of Lemmas 4.1, 4.3
and 4.4. Moreover, v,v,u,u,w are the unique solutions of the two-scale homogenized
system given by

|EB|v, — div /O'F(V(U +u) + V, (6 + a7)) dy

+ |EB|[Z‘O”(’U,U}> = |EB|f1, m QT; (415)

— div (E/ {(o7 4+ ) (Vu+V,a”) + o (Vo+V,0)} dy

—div (E/ P (Vu+ViP)dy | = |E®|(fi — fo), in Qp;  (4.16)

— div, (67 V(v +u) + 0PV, (0 + a”)) = 0, in Op x EB;  (4.17)
— div, (09 (Vu + V, i) = 0, in Qp x E%; (4.18)
— div,(¢”(Vu + V,a")) = 0, in Qp x E°;  (4.19)
oPV(v+u)+ ol V, (0 +a7) v =0, on Qr x I';  (4.20)



o(Vu+ V,u) - v] =0, on 27 x I'; (4.21)
ala); + Bla) = o8 (Vu+ V,a”) - v, on Qp x T, (4.22)
v(x,0) = Do, in (2; (4.23)
[4](x,y,0) = sy, in 2x1I; (4.24)
v,u =0, on 012, (4.25)
and
Ow + g(v,w) =0, in (p; (4.26)
w(z,0) = wy(x), in £2. (4.27)

Here, o is the matriz which coincides with of in E® and with o® in EP.

Proof. In the weak formulation (2.33), let us take, as test functions,
o = ¢p(z,t) +evp(z,t,z/c)  and  @p=¢p(z,t)+edp(z,t,z/c),

where ¢, ¢p € CH(£27), with compact support in (2, for every ¢ € [0,T], and such
that ¢p(z,T) = ¢p(x,T) =0, for every & € 2, Vg € Cl(ﬁT;C#(ﬁ)), with compact
support in (2, for every (¢,y) € [0,T] x Y, and such that ¢g(z,T,y) = 0, for every
(z,y) € 2 x Y, p € C(2r; X#(Y)), with compact support in (2, for every (t,y) €
[0,T] x Y, and such that [¢p(x, T, y)] = 0, for every (z,y) € 2 xY. Then, we obtain

— / v (OB + edppp) de dt + / af’EVvs (Vop+eVupp + Vyp)dedt

obe obe
+ / af’€Vu5 (Vop + Vg + Vy@/)B) dx dt + / Lion(V°, 0) (¢ + epp) de dt
pe ke
+ / (00 + 0y ° )V - (Vp + eVauibh, + Vyabh) da dt
obe
+ / oV (Vop+eV b +V b)) dz dt+ / o VU (Vop+eV,hh+V,00%) do dt
pe ore
—as/ [Z]at[@z)p] dadt+5e/ [Z][QpD] do dt
rs rs
= [ fnrevmdndts [ (7 )0+ evh) dode
b= b
B, Ie
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Unfolding and passing to the limit, we arrive at

- |EB|/v@t¢3dxdt+//of(Vv+Vy@)-(V¢B+Vy@/)g)dydxdt

QT QT EB
+//af(vu+vya3) (Vg + V,bp) dydr dt + |EB|/IiOn(v,w)¢dedt
Qr EB Q7

+ / /(olB + o) (Vu+V,a?) - (Vop + V,op) dy de dt

Q7 EB

+ / / ol (Vv + V,0) - (Vop + Vyop) dy dr dt

Q7 EB

+ / / o (Vu+ Vi) - (Vop + V7)) dy dr dt

Qr ED

—a//[ﬂ]@t[@bp]dadxdtJrB//[a][wD]dadxdt

—|E®| | fippdzdt+ |E®| [ (fi — fo)ép dzdt
/ /

+|EB|/50¢B(0) dx+a//sl[¢p](0) dodz, (4.29)

where we have used Lemmas 4.1, 4.3 and 4.4. In order to get the strong formulation
(4.15)—(4.25), we localize (4.29), taking first ¥p = ¢p = ¥}, = ¥% = 0 and then
¢p = g = ¥} =% = 0, so that we arrive at (4.15), (4.16) and (4.23). Moreover,
we take ¢p = ¢p = ¥} = % = 0, which gives (4.17) and (4.20). In the next step,
we take first ¢p = ¢p = ¥ = ¢? = 0 and 1}, with compact support in E® and then
dp = dp = vy =¥} =0 and % with compact support in EP| in order to obtain

—div,((of + 0P)(Vu + V,0P)) —div, (o (Vv + V1)) =0,  in 2p x EP; (4.30)

and (4.19), respectively. Clearly, subtracting (4.17) from (4.30), we get also (4.18).

In the last step, we let ¢ = ¢p = g = 0 and we take advantage of the equations
20



previously found, obtaining

a//sl[@/)p](O)dad:p:—//(O{B+UZB)(Vu+VnyB)-V@/}bdadxdt

//o (Vo +V,0)- V@/}Ddadxdt+// (Vu + V,aP) - vp3 do dz dt
Qr I

—a// 10,[¥p)] dadxdt+6// [Wp] do dzdt =

//02 (Vu+ V,a?) - l/waadxdt+// (Vu+ V,a”) - vip? do dz dt

Qr T
—a// [4]0:[vp] dcrdxdt+6// [Yp]dodrdt =

—//[ (Vu+ V,a) - vy} do de dt — //02 (Vu+ V,0?) - v[vp] do dz dt

Qr T
—a// 10:[¥p] dcrdxdtJrB// [¢Yp]dodzdt,

where, in the second equality, we have taken into account (4.20). Therefore, if we take
[¢] =0, it follows (4.21), while, when [¢)] # 0, we get (4.22) and (4.24). The boundary
condition (4.25) is a direct consequence of the fact that v,u € L*(0,T; H}($2)).
Finally, the limit gating problem (4.26)—(4.27) follows from (4.4), (4.6) and (2.7),
once we pass to the limit in (2.11), written for p° = ul° — u2°, similarly as done in
[25, Proposition 4.7] and [27, Section 5.3] (see, also, [31, Lemma 2.5]).

In order to conclude the proof, it remains to guarantee that the two-scale homogenized
system (4.15)—(4.25) admits a unique solution, but this is a direct consequence of the
linearity of the system jointly with the Lipschitz continuity of I,,. Therefore, the
whole sequence, and not only a subsequence, converges. O

Theorem 4.6. The two-scale system (4.15)—(4.25) can be rewritten as the single-
scale degenerate parabolic system given by
O — div (A*V (v +u)) + Ligp(v,w) = f1, in (p;
t
—div (A*V (v +u)) — div | A""Vu + /Av(t — 7)Vu(r)dr (4.31)
0
=F+(fi—f2), in {7,
complemented with the initial and the boundary conditions (4.23), (4.25) and the

gating problem (4.26)—(4.27). Here, the matrices A*, A"™ A are defined in (4.39)
and F is defined in (4.40). Moreover, the matrices A* and A™™ are symmetric and

positive definite and A is symmetric.
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Proof. Taking into account (4.17) and (4.20), we can factorize
(0+a")(2,y,t) = =C(y) - V(v +u)(z,t), (4.32)

where the cell functions ¢ = (¢!, ..., ("), with ¢/ € Hj(E®P) and Mgs(¢?) = 0, are
the solutions of the cell problem

—div,(oPV, (¥ — 7)) =0, in EB;
oPV, (Y —¢7) - v=0, on I

Moreover, following [5, Section 3] and taking into account (4.18)—(4.19), (4.21)—(4.22)
and (4.24), we can factorize

(4.33)

t

w(z,t,y) = —xo(y) - Vu(z,t) —/X1<y,t—7') NVu(x,7)dr + T (s1(x,-))(t,y), (4.34)

where we need two families of cell functions xo = (X3, . .., x%), with x}, € H 4(Y) and
My (x}) =0, and (x1,...,xY), with ] € XL(Y) and My (x]) = 0. More precisely,
forj=1,...,N, Xé satisfies the cell problem

—div, (08 V, (¥ —x})) =0, in EP
—div, (e?V, (¢ = x})) =0,  in EP; (4.35)
oVy(y’ —x)-v] =0, onl,
which can be simply rewritten as
—div,(6V, (¢’ —x))) =0, inY. (4.36)
In turn, for j =1,..., N, X{ satisfies the cell problem
—div,(6?V,xl) =0, in BB x (0,7);
—div,(6e”V,x}) =0, in EP x (0,7T);
[0V, X} -v]=0, onl x(0,T); (4.37)
add] + B0 = oFVyd v, on I'x (0,T);
alxil(0) = o V,(xp—y') v, onT.

Finally, T(s1) € L*(£27; X, (Y)), for ae. = € £, is defined as the solution of the
problem

—div,(05V,T(s1)) =0, in BB x (0,7T);
—div, (6”V,T(s1)) =0, in EP x (0,7);
oV, T(s1)-v] =0, on I x (0,7T); (4.38)

0
ady[T (s1)] + BT (s1)] = 03V, T (s1) - v, on I" x (0,
a[T(Sl)](O) = S1, on Fa
with the additional condition My (7 (s1)) =0, a.e. in 2.

Notice that well-posedness for (4.33) and (4.36) is a classical problem, while systems

(4.37) and (4.38) admit a unique solution by [6, Theorem 6 and Remark 7].
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Inserting (4.32) and (4.34) in (4.15) and (4.16), we get the single-scale homogenized

degenerate parabolic system (4.31), where the matrices A*, A"™ and A are defined
as

_ T _
uw/ PV~ ) dy = ww/ 5~ VOBV, — Oy,

1
Al — oy Vyly — xo)dy + [ 0"V, (y — xo0) dy
|EP
B ED

(4.39)
1
- /avy(y )4 = T /(vy@ — xo) TV, (5 — x0) dy.
Y Y
~ 1
A(t) = —@/vaxl(y,t) dy,
Y
and
F= | EB| div /vaT<51)dy : (4.40)

Y

Clearly, A* and Ahim are symmetric and their positive definiteness is a standard
matter. Regarding A, we notice that, in the case of ¢ constant in EP and E® (with
possibly two different constants), using Gauss-Green formula, it can be written as

A(t) =

1
|EB| /[0X1(y7t)] ®Vd07
r

whose symmetry has been proved in [5, Corollary 4.1|. However, still using the ideas
in [5, Section 4], we can prove that Ais symmetric also for a non piecewise constant
matrix o, satisfying (2. 6) Indeed, by [5, Lemma 4.1] (applied to s; = 0V, (xj—y?)-v
and sy = oV, (xh — y") - v), it follows

/ DAl®11(0) do = / (XA(0)[xi] (1) do. (4.41)
r r
Moreover, recalling the initial condition in (4.37), we also have

a/mwmmmwz/mwwﬁm%—wwMa (4.42)

r r
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Now, let us take x as test function for the cell equation (4.36) (written for %) and
X& as test function for the cell problem (4.37). We get

/OVy(xé‘ —y"V, x| dy = _/UQBVy(Xg —y") - v[x]]do,
I

oV, xXiVyxady =0,

<— <

which implies

- 1 , A
Ap;(t) = —@/Uehvyx{(y,t) dy = T /UQBVy(Xg_yh>'V[X]1]<t> do
Y I

where, in the last equality, we have used (4.42). Reasoning as above, we arrive also
to

~ 1 o

An(0) = 7 [ ¢Vl dy =~ [0l 0) do

Finally, the symmetry is proven taken into account (4.41). O

Remark 4.7. Notice that the limit problem (4.31) leads to a bidomain model with
memory effects. Indeed, let us denote by u” and u”, respectively, the limits of

the functions u} and <, appearing in the system (2.15)-(2.23). Recalling that
vf = upt — oy, uf | ppe=uy® and uf |, 0= uP*?, and taking into account (4.13),
T T

we can replace v = u? —u” and w = «” in (4.31), thus obtaining

O (uf —uP) — div (A*VuP) + Lo, (u” —u” w) = f1, in 7;
t
—div (A*VuP) —div | A"Vl + / A(t — 1)Vl (1) dr (4.43)
0
=F+(fi—f), in £27.
U

Remark 4.8. In the case ¢ > 1, by unfolding the last inequality in the energy estimate
(2.36), we obtain

T2(e M uf]) — 0 strongly in L?(27 x I').
In particular, this implies that there is no jump in the corrector %, and thus one can

check that the limit problem is standard. O
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4.2. The scaling ¢ € (—1,1). We recall that Lemmas 4.1 and 4.3 are still in force.

Theorem 4.9. Assume that o, 3,00, 02, 0P f1, f2,T0, W, and so. are as in Sub-
section 2.3. For every € > 0, let (v°,u®,w®) be the unique solution of the system
(2.24)-(2.32), complemented with the gating problem (2.9)—(2.10). Then, there exist
v,u € L*0,T; Hy(£2)), 0 € L*(2p; HL(EP)) with Mgs(0) =0, @ € L*(27; XL(Y))
with Mgs(iP) = 0 = Mpo(dP), and w € L*(Qr), such that v° — v, u° — wu,
w® — w in the sense of Lemmas 4.1 and 4.3. Moreover, v,v,u,u,w are the unique
solutions of two-scale homogenized system given by (4.15)—(4.20), with (4.21) and
(4.22) replaced with

o (Vu+V,a%) - v =0, on Q2p x I'; (4.44)
oP(Vu+V,aP)-v=0, on Qr x I, (4.45)
complemented with the intial-boundary conditions (4.23), (4.25) and the gating prob-
lem (4.26)—-(4.27).
Proof. The proof can be carried out as in the case of Theorem 4.5. The main difference
is that, now, the last integral in (4.28) is replaced by

«a

y&‘/SOE[wD](O) dO’
FE

and the fifth line of (4.28) is replaced by

Gz [t do s Ge [ do. (4.46)

Ie Ie

However, taking into account that (2.14) can be rewritten in the form

2 2
So So « 2
a/ (ﬁ(—[fl)) da:ae/(—lfl) do=— [ s5. <7,
€2 e € 2 € 4

02xI
it follows
S [ando?0do = % [ T () ThO) o <08 0, (1)
€2
re 02xI

and, thanks to (2.36), similar computations lead to the result that also the integrals
in (4.46) tend to zero, for ¢ — 0. Hence, passing to the limit in (4.28), taking into
account the previous facts and, finally, localizing, we get the thesis. O

Theorem 4.10. The two-scale system (4.15)—(4.20), (4.44) and (4.45) can be rewrit-
ten as the single-scale degenerate parabolic system given by
O —div (A*V(v+u)) + Lign(v,w) = f1, in Qr;

— div (A*V (v + u)) — div (Ehomvu) = fi— o, in O,

complemented with the initial and the boundary conditions (4.23), (4.25) and the
gating problem (4.26)—(4.27), where the matriz A* is given in (4.39) and Ah™ =
Alom - Ahom s defined in (4.51) and (4.52).
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Proof. As in the case ¢ = 1, taking into account (4.17) and (4.20), we can factorize
0+ 4" as in (4.32), where the cell functions ¢ = (¢',...,¢"), with ¢/ € HL(EP)
and M gs(¢7) = 0, are the solutions of the cell problem (4.33). Moreover, taking into
account (4.18), (4.19), (4.44) and (4.45), we can factorize

ﬂ(l‘, t, y) = _5(\0(?/) ’ Vu(x, t) ) (449)
where the cell functions Yo = (X5 - X)), with ¥ = (X67.x07) € XL(Y) and
Mps(Xe7) =0 = Mpo(Xe7), for j =1,..., N, satisfy the cell problem

—divy (0B, (y — RE) =0, i B,

o3 Vy(y =Xo?) v=0, onl}

—divy (0P, (5~ RP9) =0, in BV,

PV, —x07) - v=0, on I,
which are two independent Neuman problems. Inserting these factorizations in (4.15)
and (4.16), we get the single-scale homogenized degenerate parabolic system (4.48),
where the matrix A* coincides with the one defined in (4.39), while Aho™ = Alom
Ahom i oiven by

1 ~
EB

(4.50)

1

Atom_ 7 [V =V~ 5 d. (@5)
EB

om 1 T 1 v %
A= g [V = Sy = [V, = D)V = )y (452
ED ED

Clearly, A%™ and A"™ are symmetric and their positive definiteness is a standard
Y, Ap D y p
matter. U

Remark 4.11. Asin Remark 4.7, let us denote by u” and u”, respectively, the limits of
the functions u"* and uP, appearing in the system (2.15)-(2.23), so that, replacing
v=uP —uP and u = u” in (4.48), we obtain

O (uP —uP) — div (A*VuP) + Lo, (u” — u”,w) = f1, in (27;

~ 4.53
— div (A*Vu?) — div (A’wmqu) —fi—fo, inOQp (4.53)

0

Remark 4.12. In the connected/disconnected case, Xéj’j(y) = 4/, up to an additive
constant, so that A%™ = 0. Therefore, A"*™ = A™ and the limit problem is affected
only by the physical properties of the phase EB. 0

4.3. The scaling ¢ = —1. In addition to what stated in Lemmas 4.1 and 4.3, we
can also state the following result.

Lemma 4.13. Under the assumptions of Lemma 4.1, we have that, up to a subse-

quence, still denoted by ¢,
T2 ([wf]) — [u] weakly in L*(27 x T). (4.54)
Here, with a little abuse of notation, [u] = u?® — uP.
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Proof. Assertion (4.54) is a consequence of (2.36) and (3.28) in Proposition 3.12. [

Theorem 4.14. Assume to be in the connected/connected geometry. Let o, 3, O{B’E,
05’5, aPe. fi, f2,00, W, and sg. be as in Subsection 2.3 and assume that 7?’(505) — 5
weakly in L*(2 x I'). For every e > 0, let (v¥,u®,w®) be the unique solution of
the system (2.24)—(2.32), complemented with the gating problem (2.9)~(2.10). Then,
there exist v,u”,uP € L*(0,T;Hy(£2)), © € L*(Q2p; Hy(EP)) with Mgs(0) = 0,
u € L*(2p; X4(Y)) with Mgs(t®) = 0 = Mgo(aP), and w € L*(Q2r), such that
v& — 0, uexgg,s — b, uEXQTD,E —uP, w* — w in the sense of Lemmas 4.1, 4.3 and
4.4. Moreover, v,?,uB, uP, 4, w are the unique solutions of two-scale homogenized
system given by

|EB|v, — div (;/ ol (V(v+u) + V, (0 +07)) dy
B
+ | EB| Lipn (v, w) = |E®| f1, in Op; (4.55)

al|T|0y[u] + B||[u] — div /(o—f‘ + o) (VuP +V,47) dy
— div (E/ ol (VP +v,08) dy | = |E®|(f1 — fa), in r; (4.56)

| |0 [u] + B|T|[u] + div o?(VuP+V,aP)dy | =0, in Qp; (4.57)

U\

— div, (67 V(v +uP) + 0PV, (0 + 7)) = 0, in Op x EB; (4.58)
— div, (05 (Vu? + V,aP)) = 0, in Qp x EB; (4.59)
—div, (e?(Vu® + V, i) = 0, in Q2 x E°; (4.60)
o’V(v+uP) + oV, (0 +0") v =0, on Qp x T'; (4.61)
oy (VuP? + v, 0%) - v =0, on Op x T'; (4.62)
o?(VuP + v, aP) - v =0, on Qp x I'; (4.63)
v(z,0) = T, in §2; (4.64)
(i, 0) = ﬁ / 5 do, in 2 (465)
r
v,uf, uP =0, on 052, (4.66)

complemented with the gating problem (4.26)-(4.27).

Remark 4.15. In the connected /disconnected case, u” € L?({2r) and equations (4.55),

(4.56), (4.58), (4.59), (4.61), (4.62), (4.64), (4.65) are still in force, with v, u® having
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null trace on 92 x (0,7). However, as we will see in Remark 4.17 below, we will find
that equation (4.57) becomes

adu] + Blu] =0, in (2, (4.67)

(4.60) and (4.63) disappear, and equation (4.56) simplifies to

— div /(crf + o) (VuP+V,a7) dy

— div (E/ ol (VoP +V,02)dy | = |E®|(fi — f2),  in 2p. (4.68)

D

Therefore, the function u” can be explicitly determined in terms of v”? and 5, i.e.

uP (z,t) = uP(z,t) — |?1| /31(;1:, y)do(y) | e P/,

r

In particular, the damaged zone affects the macroscopic model only through the
physical properties (o, 3) of the boundary of such a zone, while o has no influence
in the homogenized limit. U

Proof of Theorem 4.14. In the weak formulation (2.33), let us take, as test functions,
@B:¢B($>t)+5¢3($atax/5) and ¢D:¢§)($>t)+5%)($atw/5)a i:1727

where ¢p, ¢, ¢% € CH(f27), with compact support in 2, for every t € [0,7], and
such that ¢p(x,T) = ¢p(z,T) = 0, for every x € 2, ¢ € C'(27;CL(EP)), with
compact support in {2, for every (¢,y) € [0,T] x Y, and such that ¢p(z, T, y) = 0, for
every (z,y) € 2 x Y, ¢p = (Vp, ) € C(02p; X4(Y)), with compact support in {2,

for every (t,y) € [0,7] x Y, and such that [¢p(z, T, y)] = 0, for every (z,y) € 2xY.
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Then, we obtain

— / v (O + e0pp) dx dt + / O{B’EVva (Vop +eVupp + Vyp)dedt

2be 2be
+ / a{%Vu6 (Vop+eVup + Vybp)dedt + / Lion (v°,w%) (B + epp) da dt
b b=

+ / (07 4 03°)Vu - (Vop, +eVao), + V) da dt
2be

+/ oD Vo (Voh+eV, b+ V, 00k da dt+/ oV (Vs +eV 0 h+V, %) do dt

B,e D.,e
25 Qr

~ac / WO [6° + ep] do dt + Be / (67 + ewp] do dt

Iy Iy

- / f1(¢p +evp) drdt + /(fl—fz)(¢}7+€1/)fl:>)d$dt

) B,e
Qr 27

+ / To(65(0) + ctbp(0)) da + ac / %[%](0) do, (4.69)

B Ie

where, with a little abuse of notation, we denote by [¢”] = ¢}, — ¢%. Unfolding and
passing to the limit, we arrive at

|EB|/vat<;53d:cdt+//<71 (Vo+V,0) - (Vop + Vyp)dydedt

Q1 EB

//01 (Vu? +v,a") - (V¢B+Vy1p3)dydxdt+\EB\/ ion (U, w)pp da dt

Q7 EB

+ / /(0{3 + o) (Vu® + Vv, aP) - (Vép + V,iop) dy da dt

Q1 EB

+ / / ol (Vv + V,0) - (Vép + V,op) dy dz dt

Q7 EB

// (VuP + Vv, aP) - (Vo + V,003) dy da dt

Q7 ED



—oz//[u]@t[gb[)] dcrdxdtJrﬁ//[u][ng] do dar dt

Qr T

= |EB|/f1¢>dedt+lEBI/(f1—fz)gb})dxdt

Q7

+|EB|Q/50¢B(0) dx+aQ/F/§1[¢D](O) dodz, (4.70)

where we have used Lemmas 4.1, 4.3 and 4.13. In order to get the strong formulation
(4.55)-(4.66), we localize (4.70), taking first vp = ¢}, = ¢%, = ¥}, = % = 0, then
op = ¢% = g = Y, = Y% = 0 and finally ¢p = ¢}, = vp = ¥}, = ¥4 = 0, so
that we arrive at (4.55)—(4.57) and (4.64), (4.65). Moreover, we take ¢p = ¢h =
% = ¥} = ¢} = 0, which gives (4.58) and (4.61). In the next step, we take first
¢ = ¢p = ¢h = Y = ¥} = 0 and then ¢ = ¢}, = ¢}, = P = ¢ = 0, in order
to obtain (4.59), (4.60) and (4.62), (4.63). The boundary condition (4.66) is a direct
consequence of the fact that v, ul,, u% € L*(0,T; H}($2)).

Finally, the limit gating problem (4.26)—(4.27) and the uniqueness for the two-scale
homogenized system are obtained as in the proof of Theorem 4.5. U

Theorem 4.16. Assume to be in the connected/connected geometry. Then, the two-

scale system (4.55)—(4.66) can be rewritten as the single-scale degenerate parabolic
system given by

o — div (A*V(v + uB)) + Lion(v,w) = f1, in Op;

—div (A*'V(u” +v)) — div (AF"VuP + AmVuP) = fi = fo,  in Or;

all I

| EP| | EP|

complemented with the initial and the boundary conditions (4.64)—(4.66) and the gat-

ing problem (4.26)—(4.27), where the matriz A* is defined in (4.39) and Alym, Ahom
are defined in (4.51) and (4.52), respectively.

Proof. As in Subsection 4.1, thanks to (4.58) and (4.61), we can factorize
(0 +a") (2, y,t) = —C(y) - V(v +u?) (1), (4.72)
where the cell functions ¢ = (¢t,...,¢%), with ¢ € H#(EB) and Mpgs(¢?) =0, are

the solutions of the cell problem (4.33). Moreover, taking into account (4.59), (4.62)
and (4.60), (4.63), we can factorize

WP(x,ty) = =Xo (y) - Vu'(w,0),  aP(z,t,y) = —Xg'(y) - Vul(z,8),  (4.73)
where, for j = 1,...,N, Xo” € HL(E®), g7 € HL(EP), Mgs(x5”) = 0 =
M (Xe7) are the solutions of (4.50). Inserting (4.72) and (4.73) in (4.55)(4.57),

we get the single-scale homogenized degenerate parabolic system (4.71), where the
matrices A*, AK™ AR™ are defined in (4.39), (4.51) and (4.52), respectively. O

Remark 4.17. In the connected/disconnected geometry, the system (4.55)—(4.65),

with u? (which now is only an L?(£27)-function) replaced by u? in (4.57), (4.60)
30

(4.71)

O[u] +

[u] + div (A} Vu”) =0, in Qr,



and (4.63), and v, u® having null trace on the boundary 92 x (0,T), is still in force.
Then, in (4.73), the factorization of 4 is replaced by 4P = —x - VuB, with X7 as
above. However, as in Subsection 4.2, we obtain that 55(? I(y) =47, up to an additive
constant. This implies Vu? + V,4” = 0 and, hence, (4.57) is replaced by (4.67) and
equations (4.60) and (4.63), actually, disappear. Moreover, equation (4.56) simplifies
in equation (4.68) and, finally, the matrix A"™ = 0. Therefore, the single-scale
degenerate parabolic system (4.71) becomes

Oy — div (A*V(v + uB)) + Lin(v,w) = f1, in £27;

—div (A*V(u” 4+ v)) — div (AF"VuP) = f1 — f, in Or; (4.74)
adu] + Blu] =0, in Op.

]

Remark 4.18. Notice that the limit problem (4.71), in the connected/connected case,

and the limit problem (4.74), in the connected/disconnected case, both lead to a

kind of tridomain model. Indeed, similarly as in Remark 4.7, let us denote by u?, u?

and uP, respectively, the limits of the functions u? <, uzB © and uP*¢, appearing in the
system (2.15)-(2.23). Recalling that v° = u}® — uy®, u® | o= uy” and u® | ,p-=
T T

uP¢, we can replace v = uf — uf and P = uf in (4.71), thus obtaining

O(uf —u) — div (A*V(up)) + Lign(uf —ud,w) = fi,  in O
—div (A*Vuy) — div (A"Vud + A"VuP) = fi — fo,  in O
all'l pIL|
| EP| | EP|

Oy (uf —uP) + (uf —uP) +div (A" VuP) =0, in 2.

Analogously, (4.74) becomes
O(uf —ub’) — div (A*V(up)) + Lign(uf —ub,w) = fi,  in O

—div (A*Vul ) —div (A%OMVUQ) =fi—fa, in 2r;
all'l B BITT, s D :

— = Qr.

|E |8t<u2 )+ \EB|(U2 u ) 07 m J7
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