
Applications in Engineering Science 3 (2020) 100011 

Contents lists available at ScienceDirect 

Applications in Engineering Science 

journal homepage: www.elsevier.com/locate/apples 

A model for optimizing hooked end steel fibre reinforcements in cracked 

cement composites 

C.A. Nonato Da Silva 

a , J. Ciambella 

a , ∗ , J.A.O. Barros b , I.G. Costa 

c 

a Department of Structural and Geotechnical Engineering, Sapienza University of Rome, Italy 
b Departamento de Engenharia Civil, University of Minho, ISISE, IB-S, Portugal 
c Civitest - Pesquisa de Novos Materiais para a Engenharia Civil, Portugal 

a r t i c l e i n f o 

Keywords: 

Hooked end steel fibres 

SFRC 

Cohesive interface 

Multiscale modelling 

a b s t r a c t 

The addition of metallic fibres in concrete is a widely used technique to increase its resistance to crack opening, 

energy absorption capacity, and durability. The properties of the resulting composite strongly depend on the 

geometry of the fibres, which usually dispose of an hooked end, as well as on the mechanical properties of both 

the fibre and the concrete. The optimization of the fibre reinforcement mechanisms can only be achieved by an 

approach that takes into account adequately these aspects. Therefore, in this work, a computational model incor- 

porating the key features of a hooked end fibre embedded in a cement matrix is proposed. The fibre is modelled 

as a Timoshenko beam, whereas a cohesive interface is used to model the interaction with the surrounding con- 

crete. Different failure mechanisms are defined including fibre debonding or fibre tensile rupture and concrete 

spalling at fibre exit point. The model is calibrated by using the results of an experimental campaign conducted 

by authors. A multi-step optimization algorithm is used to find the optimal geometry and model’s constitutive 

parameters that maximize the peak pull-out force and the energy absorption capacity in a fibre pull-out test. The 

analysis suggests that the use of concrete with high strength has the potential to increase both peak force and 

energy absorption capacity by designing the proper geometry of the fibre. 
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. Introduction 

A large number of research studies on Fibre Reinforced Concrete

FRC) has been devoted to assess the reinforcement potentialities of dis-

rete fibres ( Alwan et al., 1999; Robins et al., 2002; Song, 2012; Z ī le and

 ī le, 2013 ). One of the reasons is their ability to control the crack open-

ng and propagation by bridging the crack faces and providing resistance

o crack opening whichever directions the cracks form ( Cunha et al.,

010 ). This mechanism starts at microlevel, since the addition of fi-

res offers resistance to micro-cracks to degenerate in meso- and macro-

racks delaying their propagation and favour the development of mul-

iple smaller cracks ( Isla et al., 2015; Lancioni and Alessi, 2020 ). These

haracteristics become particularly attractive in demanding environ-

ents, such as tunnel linings and maritime applications, where hybrid

einforcements (fibres and conventional steel bars or grids) can provide

 significant increase in the system performance. If resisting mechanisms

f fibres crossing the cracks are capable of supporting the applied exter-

al forces, fibres can replace or eliminate the use of conventional rein-

orcements with significant economic benefits ( Khabaz, 2016 ). Among

he different type of fibres available in the market, hooked end steel fi-

res are the most used for structural applications because their anchor-
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ge mechanisms, together with their length and tensile strength, offers

dditional additional pull-out resistance and may further improve the

erformance of the structural element, compared to smooth fibre. In

ny case, the rheology of the steel fibre reinforced concrete (SFRC), the

asting conditions and the geometry of the structural member to be pro-

uced must be also considered in the modelling due to their significant

mpact on the fibre distribution and orientation profile ( Abrishambaf

t al., 2015 ). The peak pull-out resisting force of hooked end type fibres

an be attained for a crack width do not exceeding the limits imposed by

he serviceability limit state design conditions, as long as the geometry

nd properties of the materials are properly evaluated, which can have

ignificant technical and economics benefits in the civil construction in-

ustry ( Laranjeira et al., 2010 ). 

The hooked end contribution to the pull-out mechanism depends

ainly on the fibre tensile strength, fibre orientation, the hook geometry

nd the strength of the surrounding cement-based matrix ( Cunha et al.,

010 ). The accurate description of the reinforcement mechanisms pro-

ided by the hook is crucial for designing the fibre and optimising the

ffectiveness of the reinforcement system. To better understating these

einforcement mechanisms, many researchers have performed pull-out

ests of a single hooked end fibre ( Isla et al., 2015; Khabaz, 2016 ) and
t 2020 
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Fig. 1. (a) Picture of the real specimen used in Tarifa et al. (2020) . (b) Schematic 

representation of the specimen with the different fibre segments used for mod- 

elling. 
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ave proposed analytical formulations for modelling the bond behaviour

 Alessi et al., 2017; Cunha et al., 2010; Fantilli and Vallini, 2007; Laran-

eira et al., 2010; Mazaheripour et al., 2016; Soetens et al., 2013; Zhan

nd Meschke, 2014 ). In all these contributions, the pull-out on hooked

nd fibres was modelled with a certain inclination of the fibre towards

he applied load for capturing the relative orientation between the crack

lane and the fibre. In Cunha et al. (2010) for instance, the contribution

f the hooked end was modelled by adding an elastic spring at the end of

 smooth fibre, where the stiffness of the spring was calibrated with the

vailable experimental. The authors of Zhan and Meschke (2014) and

aranjeira et al. (2010) used a similar approach to incorporate the ef-

ects of the hook in their model. They considered a series of key states

uring the pull-out of the fibre and, for every key state, the additional

ull-out force provided by the hook was calculated and added as an ex-

ernal force into a model of a straight fibre. Their formulation took into

ccount several aspects of the response: the transverse force at the fibre

xit point, the plasticity of the fibre, the concrete deformabilty and the

atrix damage. In Z ī le and Z ī le (2013) , a model was developed to sim-

late the hooked end by adding the friction between the fibre and the

atrix during the pull-out and the plastic work required to straighten

he fibre. The latter was found to be a function of geometric parameters

nd of the yield stress of the fibre. 

In these previous works, the different mechanisms affecting the peak

ull-out force and failure modes of aligned and inclined fibres were pre-

ented. The additional effects caused by the shear force and the bending

oment on the fibre’s cross section, mainly at its exit point (at crack

ection) have a significant impact on the peak force and they are deter-

inant to lead the system to fail, which can either be by the complete

ebonding of the fibre, matrix spalling or the tensile rupture of the fibre.

he spalling mechanism of the matrix at the fibre exit point, which was

bserved for a hook end fibre with a certain orientation, was taken into

ccount in a model recently proposed in Nonato Da Silva et al. (2019) for

mooth fibres. Indeed, the orientation is one of the mainly parameters

o achieve the full potential of the pull-out system and the experiments

arried out in Cunha et al. (2010) confirm that the force necessary to

ompletely pull-out the fibre from the matrix increases with the incli-

ation angle, if the fibre rupture does not occur. In addition, Nonato Da

ilva et al. (2019) reported that up to a certain inclination, the work

equired to completely remove the inclined fibre from a cement ma-

rix is higher than the one of an aligned fibre. Several investigations

evealed similar tendencies and certified the existence of an optimal

onfiguration in the terms of peak force and energy absorption capac-

ty ( Cunha et al., 2010; Laranjeira et al., 2010; Nonato Da Silva et al.,

019 ). 

In this paper, the existence of optimal configurations of a fibre-

atrix system tested in Tarifa et al. (2020) is thoroughly investigated.

he analysis is carried out by adapting a microstructural model recently

roposed by the authors ( Nonato Da Silva et al., 2019 ) for smooth fibres.

his model can account for an arbitrary orientation of the fibre toward

he crack plane, for multiple branches of the fibre to simulate the hooked

nd or more complex geometric configurations. In addition, the model

imultaneously accounts for all the relevant effects registered in the pull-

ut response, which are mostly neglected in the available literature con-

ributions, including: fibre bending, matrix damage and matrix spalling.

he fibre reinforcement is described through a one-dimensional model,

hich is used to solve the set of differential equations that governs the

ull-out behaviour by considering the variation of the axial and trans-

erse displacements, the axial and shear forces, and the bending moment

long the fibre length. The fibre-matrix interaction is simulated through

 cohesive-like interface, which allows the main experimental failure

odes to be recovered, including fibre debonding and rupture, and ma-

rix spalling. Experimental tests carried out in Tarifa et al. (2020) are

sed to assess the predicting capabilities of the model. Finally, a para-

etric analysis is conducted to find the optimal geometries that can

aximise both the peak pull-out force and the energy absorption

apacity. 
. Model description 

In this section, the model initially proposed for smooth fibres in

onato Da Silva et al. (2019) is adapted for being possible the develop-

ent of hooked end steel fibres of optimum reinforcement performance.

he geometry of the system along with a picture of the real specimen

re displayed in Fig. 1 . The fibre consists of four segments, each one

ith a relative inclination with respect to the other. The segment 0, of

xed length 𝐿 0 = 1 mm, is used to model the real experimental setup in

hich the fibre is vertically pulled out by the testing machine. The angle

hat the fibre forms with the crack plane is indicated with 𝜃1 , whilst the

otal length of the fibre is 𝐿 𝑏 = 𝐿 0 + 𝐿 1 + 𝐿 2 + 𝐿 3 . Each segment of the

bre is modelled as a Timoshenko beam, thus the balance of axial N and

hear T forces and bending moment M at each material point x gives 

 

′( 𝑥 ) − 𝑝 𝜏( 𝑥 ) = 0 , 𝑀 

′( 𝑥 ) − 𝑇 ( 𝑥 ) = 0 , 𝑇 ′( 𝑥 ) − 𝑞( 𝑥 ) = 0 . (1)

Here 𝜏 is the shear force transferred to the fibre by the cohesive

nterface and p is the perimeter of the fibre, whereas q is used to account

or the reaction force of the cement matrix surrounding the fibre. In

riting down Eq. (1) , it is implicitly assumed that the interface has a

anishing thickness and can only transfer shear forces. 

For each of the components of this FRC composite, the constitutive

aws depicted in Fig. 2 are assumed: the metallic fibre has an elastic-

rittle behaviour, typical of steel with high carbon content as the one

sed in the experiments; the interface has the cohesive-like response

iven by 

𝜏( 𝑢 ) = 

⎧ ⎪ ⎨ ⎪ ⎩ 

𝜏𝑚 
𝑢 

𝑢 𝐼 
, 𝑢 ≤ 𝑢 𝐼 

𝜏𝑚 , 𝑢 𝐼 < 𝑢 ≤ 𝑢 𝐼𝐼 

𝜏𝑟 + ( 𝜏𝑚 − 𝜏𝑟 ) 
𝑢 𝐼𝐼 

𝑢 
, 𝑢 > 𝑢 𝐼𝐼 

(2) 

n which 𝜏m 

and 𝜏m 

/ u I are the bond strength and the elastic modulus

f the interface, respectively, u I is the sliding at the attainment of the

ond strength and u II is the sliding at which the bond stress capacity

nters in a softening stage with an asymptotic evolution up to a resid-

al value of 𝜏r . The 𝜏r is used to account for the friction force exerted

hen the fibre is completely debonded and can slide into the concrete

hannel. In Tarifa et al. (2020) , it was observed that the peak pull-out

orce decreases with the increase of the fibre inclination angle; this be-

aviour is the manifestation of the complex micro-cracking mechanisms

hat happen in proximity of the fibre exit point and are the main respon-

ible for a portion of the matrix being expunged, a phenomenon often

eferred to as matrix spalling ( Zhan and Meschke, 2014 ). To account for

his important effect, it was proposed in Nonato Da Silva et al. (2019) to

ake the parameter u I of the bond-stress constitutive law dependent on

he angle 𝜃1 ( Fig. 1 ) by the relationships 𝑢 𝐼 = 𝑢 0 
𝐼 
exp ( 𝛿 𝜃1 ) , where 𝛿 is

sed to adjust the dependence of the sliding u I with the fibre angle 𝜃1 ,

nd 𝑢 0 
𝐼 

is the displacement for 𝜃1 = 0 ◦. As a consequence, the stiffness

f the first branch of the bond interface law decreases with the increase

f 𝜃1 ; this simple strategy allows these complex micro-mechanisms to

e simulated. For what concerns the concrete, the following nonlinear
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Fig. 2. Constitutive laws for the three components of the fibre reinforced concrete, where just half of the system is shown due to the symmetry with respect to the 

dot-dashed line. 
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Fig. 3. The failure-mode prediction algorithm implemented in Matlab to solve 

Eq. (4) . 
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oundation model with a cohesive-like behaviour is assumed: 

𝑞( 𝑣 ) = 

⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

𝐾𝑣 , 0 < 𝑣 ≤ 𝑣 𝐼 

𝐾𝑣 𝐼 , 𝑣 𝐼 < 𝑣 ≤ 𝑣 𝐼𝐼 

𝐾𝑣 𝐼 
𝑣 𝐼𝐼 

𝑣 
𝑣 > 𝑣 𝐼𝐼 

(3) 

where K is the elastic stiffness of the concrete, 𝑣 is the transverse dis-

lacement of the fibre, 𝑣 𝐼 represents the displacement at the attainment

f the contact compressive strength and, finally, 𝑣 𝐼𝐼 is the displacement

t which crushing starts being so significant that the fibre’s supporting

apacity decreases with the increase of the transverse deformation. Dif-

erently from the constitutive law of the interface, the concrete has a

on-symmetric transverse deformation constitutive response, not being

ble to transfer tractions. 

By using the compatibility equations for the Timoshenko beam (see

renk and Høgsberg, 2013 ) together with the constitutive equations,

ne arrives at the following set of differential equation governing the

lastic equilibrium: 

⎧ ⎪ ⎨ ⎪ ⎩ 

𝐸𝐼𝜗 ′′
𝑖 
( 𝑥 ) − 𝜅 𝜗 𝑖 ( 𝑥 ) + 𝜅 𝑣 ′

𝑖 
( 𝑥 ) = 0 

𝜅 𝑣 ′′
𝑖 
( 𝑥 ) + 𝑞( 𝑣 𝑖 ( 𝑥 )) − 𝜅 𝜗 ′

𝑖 
( 𝑥 ) = 0 

𝐸𝐴 𝑢 ′′
𝑖 
( 𝑥 ) − 𝑝 𝜏( 𝑢 𝑖 ( 𝑥 )) = 0 

(4) 

in which ϑi ( x ) is the rotation of the cross-section at position x and the

ubscript 𝑖 = 1 , 2 , 3 indicates the fibre segments represented in Fig. 2 . E

s the elastic modulus of the fibre, A its cross-section area, and 𝜅 = 𝜂𝐴𝐺,

 = 𝐸∕(2 + 2 𝜈) is the transverse modulus of elasticity of the material

 𝜈 = 0 . 3 for the considered materials), in which 𝜂 is the so-called Timo-

henko shear coefficient (6/7 for fibres of circular cross section). 

The use of the Timoshenko beam model to describe behaviour of a fi-

re resting on a pseudo-soil (concrete matrix) was proven to be effective

n Nonato Da Silva et al. (2019) , particularly for those FRC composites in

hich the diameter of the fibre is comparable with the length of a fibre

egment. The solution of the system (4) has to be carried out numerically

nce the proper boundary conditions are enforced; for the fibre repre-

ented in Fig. 1 , continuity of horizontal and vertical displacements,

s well as equilibrium of forces and bending moment are imposed at

he points where consecutive segments are connected. At the fibre exit

oint, displacement with null rotations is imposed, whereas null hori-

ontal force and null bending moment are prescribed at the fibre end. 

.1. Model implementation 

The system of nonlinear differential Eq. (4) was implemented in Mat-

ab and solved through the built-in ode45 function. The solution algo-

ithm is schematically depicted in Fig. 3 . A sensitivity analysis in terms

f the parameters of the model and the geometry of the fibre was car-

ied out in Nonato Da Silva et al. (2019) to assess the convergence of the
olution for different discretization meshes. The main failure conditions

bserved in the experiments are accounted for by the model, namely

bre rupture, matrix spalling and fibre debonding. The spalling of the

atrix is always coupled with debonding or rupture of the fibre and

akes place before the total fibre debonding or reinforcement rupture

ccur, as experimentally observed in Cunha et al. (2010) ; Robins et al.

2002) . Therefore, four failure modes are contemplated: fibre rupture

ith or without matrix spalling and debonding with or without matrix

palling. The fibre rupture is verified when 𝑁 ∕ 𝑁 𝑢 + 𝑀 ∕ 𝑀 𝑢 + 𝑇 ∕ 𝑇 𝑢 = 1 ,
hich represents the failure condition of a fibre subjected to normal and

hear forces and bending moment. For a fibre with circular cross-section

s given by, 𝑁 𝑢 = 𝜎𝑢 𝐴, 𝑇 𝑢 = 𝜎𝑢 𝐴 ∕ 
√
3 , and 𝑀 𝑢 = 4 𝜎𝑢 𝑟 

3 ∕3 , where 𝜎u is the

ltimate strength of the fibre material and r is the fibre radius. This fail-

re criterion was successfully applied in the model developed by the

uthors in Zhan and Meschke (2014) , and is indicated to fibres with a

imited plastic plateau, such as the metallic fibre with high carbon con-

ent used in the experiments considered in this work. In addition, matrix

palling was set to occur when the transverse force acting on the matrix

ear the fibre exit point T exit is higher than a threshold value R sp , which

epends on the fracture toughness of the concrete and on the geometry

f the fibre and was calculated in Nonato Da Silva et al. (2019) according

o fracture mechanics criteria. In the region, where the spalling occur,

he fibre is let unbounded and its actual length reduced in the numerical

ode. Finally, the complete debonding of the fibre was achieved when

he entire interface was in its softening or plastic stage. 

The initial calibration of the model was carried out by fitting the ex-

erimental results shown in Fig. 4 . The hooked-end fibre had a diameter

.75 mm and was embedded into a self-compacting concrete of 86 MPa

ompressive strength. The embedment length of 𝐿 𝑏 = 22 mm and three

nclination values of the angle 𝜃 , 0, 30 and 60 degrees, were tested; for
1 
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Fig. 4. Force vs displacement obtained by fitting the analytical model to the 

experimental data from ( Tarifa et al., 2020 ) with 𝐿 𝑏 = 22 mm (A. = Analytical; 

E. = Experimental). 
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Fig. 5. Optimization strategy used to get the optimal values of the geometric 

and material parameters of the FRC composite. 
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ll fibre the internal angle 𝜑 was 41 degrees. The constitutive param-

ters of the fibre 𝐸 = 200 GPa and 𝜎𝑢 = 1 . 225 GPa were obtained from

he fibre datasheet provided by the manufacturer. The other parameters

f the model 𝔭 = { 𝜏𝑚 , 𝑢 𝐼 , 𝑢 𝐼𝐼 , 𝛿, 𝐾, 𝑣 𝐼 , 𝑣 𝐼𝐼 } were obtained by simultane-

usly fitting the data for the three angles in Fig. 4 through a nonlinear

ptimization algorithm in Matlab. The objective function was defined to

inimize for all angles the difference between the numerical values of

he force at the loaded end slip f and the corresponding values obtained

rom the experiments, 𝐟 , that is 

in 
𝔭 

∑
𝜃1 ={0 ◦ , 30 ◦ , 60 ◦} 

|𝐟 − ̂𝐟 |2 
𝜃1 

. (5)

ue to the nonlinear nature of the governing equations, special proce-

ure was adopted in solving (5) in order to avoid becoming trapped in

ocal minima. In this procedure, the elastic modulus and tensile strength

f fibre were kept fixed and the stability of the optimal solution was

ssessed by running the optimization algorithm multiple times with dif-

erent values of the initial parameters and verifying after each iteration

hat the algorithm had converged to the same solution. For the data

hown in Fig. 4 , the optimal values of the constitutive parameters are: 

𝜏𝑚 = 2 . 10 MPa , 𝜏𝑟 = 1 . 05 MPa , 𝑢 0 
𝐼 
= 0 . 25 mm , 𝛿 = 1 . 5 

𝑢 𝐼𝐼 = 1 . 3 𝑢 𝐼 , 𝐾 = 20 GPa , 𝑣 𝐼 = 0 . 20 mm , 𝑣 𝐼𝐼 = 0 . 22 mm (6) 

he results in Fig. 4 show the high accuracy in the fitting of both peak

orce and loaded-end slip for all fibre orientations and fibre embedment

engths. The pull-out response is made up of three parts, a feature com-

on to all the experimental data considered. The fibres with 0 ∘ and 30 ∘

nclination shown similar pre-peak behaviour, however the nonlinear

art is more pronounced in the 30 ∘, due to the cracking and spalling of

he matrix at the fibre bending point, as a consequence of the additional

tress concentration in this zone. However, for the fibre oriented at the

ighest inclination (60 ∘), the decay in the force for low end slip repre-

ents the pressure introduced by the fibre in the matrix at the exit point

egion which leads to matrix spalling, and consequently, a decrease in

tiffness is observed. During this spalling process, the fibre in this re-

ion has moved in order to be aligned with the loading direction, and

s a consequence a higher shear force and the bending moment is ob-

erved when compared with lower angles (see Fig. 8 ); this in turn leads

o the tensile rupture of the fibre at lower loaded end slip compared to

he other fibre orientations. For both 30 ∘ and 60 ∘ specimen, the post-

eak behaviour shows a similar trend where the decrease of pull-out

ith the increase of loaded end slip is mainly governed by the frictional

esistance of the surrounding matrix. This softening stage is also well

aptured by the model. 
. Optimization of the hooked end fibre/matrix system 

The analytical model detailed in previous section is here applied to

he optimisation of the geometry and material properties of the matrix

bre system. The material properties extracted by fitting the experimen-

al data in Fig. 4 are listed in Eq. (6) ; among the geometric parameters,

 b , 𝜃1 , 𝜃2 , 𝜑 , L 1 / L 2 and L 3 / L 2 were selected to evaluate their influence

n peak force, energy absorption capacity and failure mode. Afterwards,

he influence of concrete compressive strength and fibre tensile strength

 f cm 

, 𝜎u ) is assessed, since preliminary studies have shown that these pa-

ameters greatly affect the fibre pull-out response. In particular, due to

he highly nonlinear character of the proposed model, a multi-step opti-

ization procedure was followed. First, the influence on the peak force

nd energy absorption capacity of the fibre embedment length and in-

lination angle were investigated; thereafter, starting from the optimal

onfiguration achieved, the effects of the internal lengths and, succes-

ively, of the internal angles were appraised. The schematic description

f this algorithm is shown in Fig. 5 . To obtain conclusions as a broad

pplication as possible, the results at each step are presented in terms of

eak force and energy dissipation capacity normalised with respect to

he optimal configuration achieved at the previous step; in such a way,

irect indication of the enhancement provided by the parameter being

ptimised is obtained. In all plots, the energy was obtained by calculat-

ng the area under the pull-out force versus load end slip relationship. 

.1. Effect of embedment length ( L b ) and fibre inclination ( 𝜃1 ) 

First, the influence of the fibre embedment length L b in its pull-out

orce, energy absorption and failure mode is evaluated. The analysis was

arried out by fixing the geometry of the hook, according to the values

rovided in Eq. (6) . 

Fig. 6 a shows that by increasing the fibre inclination its tensile

upture occurs for smaller normalized peak force. Above an angle 𝜃1 

f about 40 degrees, fibre tensile rupture is the failure mode even for

mbedment length of 10 mm. Fig. 6 b shows that energy absorption is

lways higher if fibre debonding is the failure mode rather than fibre

ensile rupture. The maximum energy absorption occurs in the intervals

5 to 25 degrees for 𝜃1 and 20 to 35 mm for L b . By increasing the fi-

re inclination towards the fracture surface ( 𝜃1 ), the shear stresses and

ending moments in the fibre exit point region increases by affecting

etrimentally the fibre tensile strength, causing the premature tensile

upture of the fibre, as demonstrated in Robins et al. (2002) , Cunha

t al. (2010) and Laranjeira et al. (2010) . Inclined fibre mobilizes extra

esisting mechanisms compared to aligned fibre, and as long as the fibre

oes not fail by tensile rupture, the maximum pull-out force increases

ith the fibre inclination. 

The failure mode map for the hooked end fibre-matrix system is

hown in Fig. 7 . This plot gives an overview of the different failure mech-

nisms that occur for different geometric configurations of the fibre, as

ell as of the changes of the peak force value. When the inclination

ngle increases, the peak force has a maximum at relatively low em-

edment lengths and then it remains constant, meaning that in SFRC

here fibres have a tendency to cross the cracks with a relatively high

ngle, and consequently to develop concrete spalling at the exit point

f the fibre, no benefits in terms of fibre reinforcement are obtained by
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Fig. 6. Contour plot of the peak pull-out force (a) and energy 

absorption capacity (b) for 𝜃1 ∈ [0, 60] and L b ∈ [10, 40] mm. 

The thick dashed lines show the transition between two failure 

modes given by Eq. (8) : complete debonding of the fibre from 

the matrix or fibre rupture. The blue star indicates the optimal 

configuration chosen to carry out the sensitivity analysis in 

Section 3.2 . 

Fig. 7. Failure mode map in the 𝜃1 and L b space for the SFC from Tarifa et al. 

(2020) . The black and grey circles shows the data from Cunha et al. (2010) and 

Robins et al. (2002) where similar configurations were tested. 
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sing longer fibres. Using smaller fibres (and consequently with smaller

mbedment length) but with the same volume fraction has more prob-

bility of providing higher reinforcement efficiency (higher number of

bres bridging the crack if the diameter is the same or even smaller), and

his can also be seen by the size of the dots in Fig. 7 , indicating the peak

orce value remains almost constant for angles between 25 ∘ and 40 c irc ;

bove 40 ∘ fibres fail by tension. The transition between debonding and

bre rupture can be approximated by the following dimensionless sec-

nd order equation: 

𝐿 𝑏 

𝐿 𝑓 

= 0 . 61 𝜃2 1 − 1 . 44 𝜃1 + 0 . 89 , (7)

epresented in Fig. 6 by dashed lines. Due to the high R-square value

 𝑅 

2 = 0 . 985 ) of a linear equation, the term 𝜃2 1 can be neglected for design

implifications leading to 

𝐿 𝑏 

𝐿 𝑓 

= −1 . 02 𝜃1 + 0 . 85 , (8)

here 𝜃1 is expressed in radians. Fig. 6 b evidences that the normalised

nergy has an abrupt decay in the region just right of the limit defined

y Eq. (7) . Given that fibre rupture is an undesirable failure mode, due

o the loss of fibre reinforcement mechanisms, pull-out model can then

e used to provide some valuable insights and optimise the design of

oncrete reinforced with hooked end steel fibres, as will be presented in

he following pages. 

The pull-out resistance provided by the hook is evidenced in Fig. 8

here the internal actions (normal and shear forces, and bending mo-

ent) are compared for two inclination angles, 𝜃1 = 15 ◦ and 𝜃1 = 60 ◦,
ith fixed embedment length 𝐿 𝑏 = 30 mm. At the lower angle, the an-

horage effect is provided mainly by the hook and in fact the internal

tresses are higher in the hook region, corresponding to the curvilinear

bscissa 𝜉 and 𝜉 in the figure. On the other hand, when the inclina-
2 3 
ion towards the crack plane increases, there is a stress accumulation

etween segment 0 and 1, that in turn may lead to matrix spalling and

ventually to fibre rupture. 

One of the main reasons to add discrete fibres into concrete is to pre-

ent crack propagation and limit the crack opening in-service lifetime.

he maximum admissible crack width in normal operative condition is

etween 0.1 to 0.3 mm ( Soudki and Alkhrdaji, 2004 ). In reinforced con-

rete structures, crack width at the level of a certain reinforcement is

etween one to two times the sliding ( ̄𝑢 ) of this reinforcement. There-

ore, the optimisation of the hooked end fibres should assure the maxi-

um pull-out force for a loaded end slip varying between 0.05 mm and

.15 mm. Analysing the results from Fig. 6 , it is seen that at angles of

1 = 15 𝑜 − 25 𝑜 and bond length of 𝐿 𝑏 = 20 − 30 mm, both peak force and

nergy absorption are maximised without rupture of the fibre. 

It is further pointed out that the maximum embedment length L b 
as restricted to 30 mm, because the hooked ends fibres available in

he market have a total length L f that varies between 30 and 60 mm

nd considering the fact that L b in SFRC can be statistically estimated

s L f /4 (see Wang, 1989 ) with a maximum of L f /2 (symmetry). There-

ore, in the rest of this section, a configuration with 𝜃1 = 15 𝑜 and

 𝑏 = 30 mm was chosen to be optimized as as it has the potentiality to

chieve high performance in term of peak force and energy absorption

apacity. 

.2. Effect of the fibre embedment parts ( L 1 , L 2 and L 3 ) 

To find the optimal relationship between the lengths ( L 1 , L 2 and L 3 ),

he embedment length ( 𝐿 𝑏 = 30 mm) and the angles ( 𝜃2 = 𝜑 = 45 ◦ and

1 = 15 ◦) were kept fixed for the analysis in this section. 

Fig. 9 shows the normalised peak pull-out and the normalised energy

bsorption capacity for different values of the ratios L 1 / L 2 and L 3 / L 2 .

he normalisation was carried out with respect to the optimal configura-

ion in Fig. 6 , indicated with a star, which corresponded to 𝐿 1 ∕ 𝐿 2 = 9 . 8
nd 𝐿 3 ∕ 𝐿 2 = 0 . 88 . By varying the L 1 / L 2 ratio, the peak pull-out force can

e increased by 10% if L 1 / L 2 is set between 1 and 3, which corresponds

o a significant reduction compared to the initial ratio 𝐿 1 ∕ 𝐿 2 = 9 . 88 . For

atios L / L 2 higher than 3, the effect on the peak force is indeed detrimen-

al. In terms of L 3 / L 2 , the maximum force is achieved when 𝐿 3 ∕ 2 = 1 . 2 ,
hich is close to the initial values of 0.88. 

Regarding the energy absorption capacity ( Fig. 9 b), it is seen that

he energy had a behaviour similar to the peak force, since for all the

onfigurations analysed the composite failed by fibre debonding. The

esults show that the higher performance of the hooked end fibres is

ainly due to the mobilisation of the hook and its straightening. In fact

or the interval considered for L 1 / L 2 , the normalized force has varied

etween 0.85 (minimum value) and 1.07 (maximum value). In terms of

ormalized energy this interval was a little bit higher (0.65 to 1.15), so

he effect of the hook end seems to have a higher impact on the peak

ull-out force than in the energy absorption capacity. 
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Fig. 8. Normalised axial and shear forces and bending 

moment along the fibre length for a fibre with 𝜃1 = 15 𝑜 

(a,c,e) and 𝜃1 = 60 ◦ (b,d,f), where LES is the load end 

slip. 𝜉i represents the curvilinear abscissa along each 

fibre segment. 

Fig. 9. Peak pull-out force (a) and energy ab- 

sorption capacity (b) in terms of L 1 / L 2 ∈ [0.1, 

10] and L 3 / L 2 ∈ [0.1, 6.66]. The peak force 

and the energy are normalised with respect to 

the optimal configuration in Fig. 6 , which was 

achieved for 𝐿 1 ∕ 𝐿 2 = 9 . 8 and 𝐿 3 ∕ 𝐿 2 = 0 . 88 . 
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.3. Effect of internal angles ( 𝜃2 and 𝜑 ) 

The influence of the internal angles ( 𝜃2 and 𝜑 ) on the peak force

nd energy absorption capacity, is evaluated for a configuration with

1 = 15 𝑜 and 𝐿 𝑏 = 30 mm, for which the highest performance in terms

f peak force and energy absorption capacity was obtained (see Fig. 6 b).

he optimal configuration of these internal angles was found to be

 = 45 𝑜 with 𝜃2 = 55 𝑜 , as Fig. 10 a shows. The results demonstrated that

nternal angles in the range of 40 o to 55 o , increase the resistance to

traighten and pull-out the fibre, and, consequently, the peak pull-out
oad increases. For higher angles ( > 55 o ), the stress concentration in

he curvature regions decreases the local tensile strength of the steel.

his was assessed experimentally and considered in some models from

he literature, such is the case described by Barros and Foster (2018) ,

here the tensile strength (designated as effective tensile strength by the

uthors) decreases with the inclination of the fibre. Despite the present

odel does not capture this effect directly, it is indirectly considered

hrough stopping condition for the fibre rupture since the higher gen-

ralized forces in the transition zones can anticipate the tensile rupture

f the fibre. Regarding the optimal values of both peak force and en-
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Fig. 10. Peak pull-out force (left) and energy 

absorption capacity (right) for 𝜑 ∈ [15 ∘, 75 ∘] 

and 𝜃2 ∈ [15 ∘, 75 ∘]. The peak force and the en- 

ergy were normalised with respect to the opti- 

mal configuration in Fig. 6 that corresponded 

to 𝜑 = 42 ◦ and 𝜃2 = 41 ◦. 

Fig. 11. Contour plot of the normalised peak force for 

fibre oriented at 15 o (a) and 60 o (b), for a concrete 

strength in the range [25,200] MPa and fibre tensile 

strength in [0.5,2.5] GPa. The normalisation is carried 

out for a fibre with 𝑃 𝑓𝑢 = 𝜎𝑢 𝐴 equal to 530 N. 

Fig. 12. Contour plot of the normalised energy for fi- 

bres oriented at 15 o (a) and 60 o (b) fibres for a con- 

crete strength in the range [25,200] MPa and fibre ten- 

sile strength in [0.5,2.5] GPa. The thick dashed lines 

show the transition between two failure modes: com- 

plete debonding of the fibre from the matrix or fibre 

tensile rupture. 
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rgy, the interval was found to be 35 < 𝜑 < 50 and 45 < 𝜃2 < 65, which

oughly corresponded to an increase of 10% in the peak force and 5%

f the energy absorption capacity. In addition, debonding was the ob-

erved failure mode independently of the angles 𝜃2 and 𝜑 . These fi-

re’s end regions, in fact, are far from the fibre exit point where the

orce is applied, so they are submitted to relatively low axial force,

s can be seen by a small reacting force of the hooked part on the

bre ( Fig. 8 ). As such, the energy absorption capacity in Fig. 10 b

howed a similar tendency of peak force. Moreover, lower internal an-

les ( 𝜃2 = 𝜑 = 15 𝑜 ) lead to lower peak forces, due to the decreased re-

isting anchorage mechanisms necessary to extract the fibre from the

hannel. 

.4. Effect of strength parameters ( 𝜎u and f cm 

) 

Finally, the effects of fibre tensile strength 𝜎u and concrete com-

ressive strength f cm 

are investigated in Figs. 11 and 12 . The analy-

is is carried out for fibres at 15 o and 60 o degrees, with a bond length
 𝑏 = 30 mm. All the other constitutive parameters are fixed according

o the values in Eq. (6) . The parameter K was obtained by using the

mpirical relationship 𝐾 = 𝑎 
√

𝑓 𝑐𝑚 , which was used to derive the pseudo

fibre’s concrete foundation ” from the concrete compressive strength.

he coefficient a was determined by fitting the experimental data in

unha et al. (2010) , for which 𝐾 = 20 GPa and the mean compressive

trength of the concrete was 83.4 MPa. 

The range of parameters 𝜎u and f cm 

were chosen according to the

trength of the steel fibres available in the market (500 MPa ≤ 𝜎u ≤

500 GPa), and considering that, in the technology of FRC, f cm 

ranges

rom 25 MPa up to 200 MPa. The results in Figs. 11 and 12 show that

he concrete strength and the fibre tensile strength have both a signifi-

ant influence on peak force and energy absorption capacity. In particu-

ar, both these indicators of the fibre reinforcement performance signif-

cantly increase with the concrete compressive strength. On the other

and, when fibre debonding is the main failure mode, an increase in

he fibre tensile strength does not have any significant influence on the

esponse, since the full fibre capacity is not reached. 
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. Conclusions and future works 

The pull-out behaviour of various configurations of a fibre rein-

orcement embedded in a concrete matrix was investigated by adapting

he computational model recently proposed in Nonato Da Silva et al.

2019) to extend it for fibres with hooked end geometries. The fibre is

odelled as a one-dimensional continuum for which axial, shear and

ending internal work are accounted for. The interaction of the fibre

ith the concrete matrix is simulated by considering the fibre sup-

orted on a pseudo-foundation system, whose behaviour is modelled by

ohesive-like constitutive laws for the orthogonal compressive pressure

nd for the sliding. The proposed approach is based on the solution of the

ystem of differential equations that considers the equilibrium of forces,

inematics and constitutive laws of the intervenient materials. The addi-

ional complexities induced by the fibre misalignment were considered,

ncluding the transverse loading on the interface, bending of the fibre

nd the damage of the concrete matrix due to spalling. 

A dimensional analysis gave physical insights into the model param-

ters that have the most influence on the pull-out response of the com-

osite. Accordingly, a parametric analysis was carried out in terms of fi-

re embedment length, internal angles of the hook, and strengths of the

bre and of the concrete matrix. The results showed, and experimental

esults confirmed, that the pull-out response at a given fibre orienta-

ion is predominantly influenced by the mobilisation and straightening

f the hook. Moreover, concrete compressive strength and fibre tensile

trength predominantly affect the peak force, energy absorption capac-

ty and failure mode. 

With reference to the type of fibre used in Tarifa et al. (2020) , two

ptimal configurations are found. One with 𝜃1 = 30 𝑜 and 𝐿 𝑏 = 30 mm,

hich maximises the peak force, and another with 𝜃1 = 15 𝑜 and 𝐿 𝑏 =
0 mm for which both peak force and energy absorption capacity are

aximised. With respect to the 0 ∘ configuration tested by Tarifa et al.

2020) , the analysis showed that a proper choice of the geometric pa-

ameters could lead to an increase of 34% in the peak force and 50%

n energy absorption capacity. However, when the composite fails by

bre debonding, any increase in fibre strength does not contribute to

meliorate the composite response. 

Future developments of this research include the optimization of the

exural response of an entire FRC beam failing in bending, by incorpo-

ating the proposed model in a numerical multiscale procedure such the

ne used in Nonato Da Silva et al. (2020) . More complex geometries of

he fibres can also be considered as the so-called 4D and 5D fibres, as

ell as the incorporation of viscous effects to account for the strain rate

ependence observed during pull-out at different velocities. 
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