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dUniversità degli Studi di Roma la Sapienza,
Piazzale Aldo Moro 5, 00185, Roma, Italy
eINFN – Sezione di Roma,
Piazzale Aldo Moro 5, 00185, Roma, Italy

E-mail: aleksandr.azatov@sissa.it, daniele.barducci@roma1.infn.it,
francesco.sgarlata@sissa.it

Received October 11, 2019
Revised April 20, 2020
Accepted June 12, 2020
Published July 13, 2020

Abstract. We investigate first-order phase transitions arising from hidden sectors, which
are in thermal equilibrium with the Standard Model bath in the Early Universe. Focusing
on two simplified scenarios, a higgsed U(1) and a two scalar singlet model, we show the
impact of friction effects acting on the bubble walls on the gravitational wave spectra and
the consequences for present and future interferometer experiments. We further comment
on the possibility of disentangling the properties of the underlying theory featuring the first-
order phase transition should a stochastic gravitational-wave signal be discovered.

Keywords: cosmological phase transitions, particle physics - cosmology connection, physics
of the early universe

ArXiv ePrint: 1910.01124

c© 2020 IOP Publishing Ltd and Sissa Medialab https://doi.org/10.1088/1475-7516/2020/07/027

mailto:aleksandr.azatov@sissa.it
mailto:daniele.barducci@roma1.infn.it
mailto:francesco.sgarlata@sissa.it
https://arxiv.org/abs/1910.01124
https://doi.org/10.1088/1475-7516/2020/07/027


J
C
A
P
0
7
(
2
0
2
0
)
0
2
7

Contents

1 Introduction 1

2 The simplest toy model 3

2.1 Transition rates and percolation 5

3 Bubble dynamics and GW 7

3.1 The effect of friction forces on the bubbles expansion 8

3.2 Energy distribution 11

3.3 GW from various contributions 11

3.3.1 Scalar field contribution 12

3.3.2 Sound wave contribution 12

3.3.3 Magneto- and hydrodynamic-turbulence contribution 13

3.4 Experimental reach on the model parameter space 14

4 Two scalars model 15

5 Summary and discussion 20

A GW sensitivity curves 21

B Time dependent solution 22

1 Introduction

The recent detection of gravitational waves (GW) signals originating from the merging of
black holes [1] and neutron stars binaries1 [2] have provided a remarkable test for Einstein’s
theory of gravity, so far in excellent agreement with experimental data.

Remarkably, the enormous progress that has been made in GW observational cosmology
also provides a new array of experimental tests in the search for new physics beyond the
Standard Model (SM). The prince example is one of models featuring a first-order phase
transition (FOPT). In the SM, neither the QCD [3–5] nor the electroweak (EW) phase
transitions are first-order [6–8]. Yet, the presence of a FOPT is one of the possibilities
to achieve a departure from thermal equilibrium during the cosmological evolution of the
Universe, thus satisfying one of the three Sakharov conditions [9] necessary to create a baryon
asymmetry in the present Universe. It is well known that a FOPT leads to a stochastic GW
background signal [10]. Interestingly, current and future GW interferometer experiments are
(and will be) sensitive to a vast range for the scale of the FT, ranging from ∼ 1 GeV to
O(1010) GeV, thus making this direction of experimental searches complementary to others
in the experimental particle physics program.

1A candidate event arising from the merging of a black hole and a neutron star have recently been observed
as reported in the Gravitational Wave Candidate Event Database, see
https://gracedb.ligo.org/superevents/S190814bv/.
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Figure 1. Typical GW signal expected from a FOPT without (solid) and with (dashed) the inclusion
of the NLO effect of [23] reviewed in section 3. We fix α = 10, α∞ = 1, HrehR∗ = 10, Treh = 105 GeV.

These experimental advances in turn call for analogous progresses in the theory com-
munity. It is necessary to have precise calculations of the GW spectrum sourced by a FOPT
in order to fully exploit the potential of the various ongoing and planned experiments. On
the general ground, the stochastic GW signal arising from a FOPT gets contributions from
three different sources: a) collision of true vacuum bubbles expanding in the false vacuum
background [11–15] b) sound waves of the plasma [15–17] and c) turbulent motion of the
plasma itself [18–21]. Accurate theory predictions are necessary in order to explore the in-
verse problem, i.e. the extraction of the properties of the underlying new physics theory
should a GW signal associated with a FOPT be discovered.

Of course, the precise solution to the problem is still far from being achieved. Currently,
the shape and the amplitude of the GW signals are known only in some limited ranges of the
parameters controlling a FOPT, and various effect can modify the predictions for the GW
spectrum. In the case of relativistic moving bubble walls, an important factor that affects the
relative importance of the various contributions to the stochastic GW background is whether
they reach a terminal velocity or not before they collide. Expanding bubbles experience, in
fact, a friction force due to the surrounding plasma and early studies showed that these forces
were independent of the Lorentz factor γ of the bubble wall. Thus, whenever the driving
force is exceeding the inward pressure, relativistic bubbles will keep accelerating until they
collide [22]. However, a more recent calculation [23] took into account higher-order friction
effects on the bubble wall, hereafter next to leading order (NLO) friction. The authors of [23]
showed indeed that in the presence of particles with phase-dependent masses, the friction force
is proportional to the γ factor itself, thus causing the bubble wall to approach a terminal
velocity. If this terminal velocity is reached before the bubbles collision, the contribution to
the GW spectrum arising from this source turns out to be almost completely irrelevant. In
this case, the signal is dominated by sound waves and turbulence contributions. Since these
sources have different peak frequencies and power-law scalings, the resulting total spectrum
turns out to be drastically different. In the presentation of our numerical results, we will,
however, neglect the turbulence contribution, as recommended by the latest update from the
LISA cosmology working group [24], due to the uncertainties associated with the calculation of
this effects. We will nevertheless qualitatively comment on how our results are modified when
this contribution is added to the total GW spectrum. The results of this effect is anticipated
in figure 1, where we show the expected total power spectrum from the FOPT with and
without the inclusion of NLO friction effect overlaid with the expected sensitivity of various
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GW experiments. The two curves are obtained by tuning all of the parameters controlling
the FOPT (except the amount of NLO friction effect) to be the same (the definitions of these
parameters can be found in eqs. (3.10), (3.15) and (3.18)). Interestingly, we can observe that
different models with similar potentials at the time of the FOPT can have a very distinct
GW signal if only one of the two is subject to the NLO friction effect above described.

In this paper, we discuss two simplified scenarios that can present a FOPT leading to a
stochastic GW signal: a classical scale-invariant model with a higgsed U(1) symmetry and a
model with two singlet scalar fields. We compute in detail the FOPT parameters affecting the
GW spectrum for the two cases and show how the presence of the NLO friction force affects
the reach of current and future experiments. We further show that in certain regions of the
parameter spaces, the two models can exhibit a similar effective potential, producing however
different features in the GW spectrum due to the different impact of the NLO friction force.
This allows for a partial determination of the underlying theory particle content in case of a
stochastic GW background signal discovery.2

Before our analysis, there were various studies looking at similar simplified scenarios
featuring a FOPT as the ones subject of our study. For example, [27] analyzed the same
simplified models, focusing however to regions of the parameter space where the NLO fric-
tion effect of [23] was indeed negligible, while [28] and [29] analyzed a classically conformal
U(1)B−L model and a higgsed U(1) extension of the SM respectively, without discussing
the friction effects. Ref. [30] included instead the friction effects. That work analyzed a
model similar to the one we study in section 2, based however on an underlying SU(2) gauge
symmetry.3 All together, our work is complementary to existing analyses since we aim at
investigating toy models with very similar potential at the moment of the FOPT leading
however, to different experimental signatures. While we refrain from performing a statistical
analysis aimed at determining to which extent two theories can be disentangled, our study
aims at pointing out that the spectral shape of a detected signal can, in principle, be used
to infer some properties of the underlying theory featuring a FOPT.

The paper is organized as follows. In section 2 we introduce the higgsed U(1) model and
describe the general conditions for a successful phase transition. In section 3 we review the
dynamics of bubble expansions, discuss the friction effects that can affect the GW spectrum,
and illustrate the present and future experimental coverage on the higgsed U(1) model. Then
in section 4 we discuss the comparison between the higgsed U(1) model and the one with
two scalar fields. We then conclude in section 5.

2 The simplest toy model

We now focus on a simple perturbative toy model with a massless complex scalar field and
a gauged U(1) symmetry which exhibits a FOPT induced by quantum corrections. This is a
classically scale-invariant theory described by

L = −1

4
F 2
µν +Dµφ

†Dµφ− V1(φ, T ) (2.1)

where Dµφ = ∂µφ − igAµφ and the potential V1(φ, T ) is generated at one-loop level (for
simplicity we have set the tree level potential to be equal to zero). In the real scalar fields

2The feasibility of discriminating an underlying model or part of its properties from the properties of the
GW spectra is subjects of various articles, see e.g. [25, 26].

3GW signals from the FOPT within a similar class of models have also been recently considered in [31, 32].

– 3 –



J
C
A
P
0
7
(
2
0
2
0
)
0
2
7

basis we choose φ = 1√
2

(φ1 + iφ2), where φ1 parametrises the direction along which the field

takes its vacuum expectation value (VEV).
At zero temperature, the one-loop contribution is the Coleman-Weinberg effective po-

tential [33]

VCW =
∑
i

gi
m4
i

64π2

[
log

(
m2
i

µ2
R

)
− ci

]
(2.2)

where the sum runs over the different degrees of freedom of the model. In the case at hand,
the latter are the longitudinal and transverse components of Aµ as well as two scalar degrees
of freedom from φ. The coefficients gi count the degrees of freedom for each species and
ci = 3/2, 5/2 for scalars and vectors respectively. The scale µR is a renormalization scale, in
terms of which the physical parameters of the model are matched and we are free to choose
the parametrization µR = gw, where w has dimension of a VEV. In this model, where the
classical potential is tuned to zero, at T = 0 only a field-dependent mass for the gauge field
is generated

m2
A(φ1) = g2φ2

1 , (2.3)

and V1(φ, T ) develops two symmetric global minima at |φ1| ∼ 2.7w while the point φ1 = 0
becomes a local maximum.

When the system interacts with a thermal bath, thermal corrections to the one-loop
effective potential become important and at high temperatures the local maximum at φ1 = 0
may turn into a local minimum (false vacuum). A potential barrier is thus generated between
φ1 = 0 and the global minimum φ1 ∼ 2.7w. This leads to the possibility of a FOPT. Thermal
corrections can be taken into account by adding the following terms to the Coleman-Weinberg
effective potential

VT (φ) =
∑
i

gi
2π2

T 4J

(
m2
i (φ)

T 2

)
, J(y2) =

∫ +∞

0
dxx2 log

[
1− exp

(
−
√
x2 + y2

)]
(2.4)

where J(y2) enjoys the asymptotic expansions [34]

J(y2 � 1) = −π
4

45
+
π2

12
y2 − π

6
y3 + · · · , J(y2 � 1) = −

m>3∑
n=1

1

n2
y2K2(y · n) (2.5)

and in the last equation we have introduced the second-kind Bessel functions K2(z). On top
of this correction, in order to have a reliable prediction for the total potential, it is necessary
to include higher order effects described by the contributions of the so called daisy diagrams.
This can be easily done using the Truncated Full Dressing procedure [34], where the one-loop
effective potential is modified to be

Veff(φ, T ) = VCW

(
m2
i + Π2

i

)
+ VT

(
m2
i + Π2

i

)
Π2
φ1,2 =

g2T 2

4
, Π2

Transv(A) = 0 , Π2
Long(A) =

g2T 2

3
. (2.6)

We note that the size of the n + 1 over n thermal loop corrections to the potential scales
as the coupling ∼ g [35, 36]. For this reason we will restrict our analysis only to the region
where g . 1.

In order to complete the discussion of the thermal correction to the potential we need
to know the relation between the temperature of the dark sector described by eq. (2.1) and
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that of the SM. Throughout our analysis we will implicitly assume that the two sectors are
in thermal equilibrium. This can be easily achieved by assuming, e.g., an Higgs portal like
interaction between the two sectors

λmix.|H2||φ|2. (2.7)

Interactions of these type are subject to various kind of constraints and have been widely
studied in the literature. The main bounds on this portal like interaction come from the
existence of stable relics in the dark sector and the presence of additional relativistic degrees
of freedom in the Early Universe [27, 30]. These bound can however be easily avoided by
introducing a kinetic mixing between the hypercharge U(1)Y and the dark U(1) groups and
by assuming that the hidden sector lies at a scale which is at least one order of magnitude
higher than the EW one, which we will always assume to be the case. On the other side if
the hidden sector is light, the mixing parameter should be necessarily small, which means
that the hidden sector and SM might not be in thermal equilibrium leading to interesting
signals. We refer to [27, 30] for a more detailed study of the interaction of eq. (2.7) and
assume throughout the paper that the SM and the dark sector are in thermal equilibrium
and that relevant constraints can be easily satisfied.

2.1 Transition rates and percolation

In field theory, phase transitions are driven by bubbles nucleation [37] and subsequent per-
colation around all the available volume. In the Euclidean space, the bubbles correspond to
stationary minimum-energy solutions interpolating the false and true vacuum. The decay
rate into the true vacuum gets leading contributions from O(3) and O(4) symmetric bounce
solutions [37–39]

Γ(T ) ' Γ3(T ) + Γ4(T ) = T 4

(
S3

2πT

)3/2

e−S3/T +
1

R4
0

(
S4

2π

)2

e−S4 , (2.8)

where Sn is the Euclidean actions for the O(n) case, R0 is the bubble radius and the
first addend corresponds to thermal transition whereas the latter to quantum tunnelling.
For our study we have calculated the bounce solutions numerically implementing an over-
shoot/undershoot method in Mathematica, eventually crosschecking our results with the ones
obtained with the Cosmotransition package [40]. We have found that for the model un-
der consideration the phase transition is always dominated by thermal fluctuations and that
quantum tunneling effects are largely negligible, as shown in the left panel of figure 2. In the
right panel we show instead how the vacuum decay rate evolves with the temperature during
the Early Universe evolution due to the modification of the temperature dependent part of
the effective potential.

Various temperatures are defined in order to characterize the phase transi-
tion [18, 41, 42]. We start with the nucleation temperature Tn, defined by the condition
of one bubble nucleation per Hubble volume

1 =

∫ tn

tc

dt
Γ(t)

H(t)3
=

∫ Tc

Tn

dT

T

Γ(T )

H(T )4
, (2.9)

where H(T ) is the Hubble constant and Tc is the critical temperature, i.e. the temperature
at which the two minima are degenerate. For this toy model, the critical temperature scales
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Figure 2. Left: ratio between the O(3) and O(4) decays rates, as defined in eq. (2.8). The O(3)
decay rate generically dominates for non-vanishing temperatures. Right: O(3) decay rate as function
of the temperature. In both panels we plot the values for g = 0.8 (blue) and g = 1 (black).

roughly with the gauge coupling Tc/w ∼ 0.85g. The Hubble constant instead takes the
usual form

H(T )2 =
1

3Mpl2
(ρR + ∆V (T ) · Pfalse(T )) , ρR =

π2g∗
30

T 4 (2.10)

where ∆V (T ) is the potential difference between the false and the true vacuum and Pfalse(T )
is the ratio of volume trapped in the false vacuum. Note that the difference of potential i.e.
the latent heat will be related to the effective potential defined in eq. (2.6) as

∆V (T ) = ∆Veff −
T

4

∂∆Veff

∂T
. (2.11)

However, numerically the part containing the derivative turns out to be completely irrelevant
numerically. When the potential barrier persists at T = 0, the vacuum energy density dom-
inates the Hubble constants and drives an exponential expansion, therefore its contribution
to the nucleation condition eq. (2.9) becomes relevant and cannot be neglected. Since the
integral in eq. (2.9) gets dominant contributions only around T = Tn we can estimate the
nucleation condition as

Γ(Tn) ∼ H(Tn)4 (2.12)

which serves as definition for the nucleation temperature. For fast PTs, the temperature
at which bubbles percolate and fill the Universe (i.e. the percolation temperature Tp) is
commonly taken equal to the nucleation temperature Tn ∼ Tp. However, for PTs with strong
supercooling (i.e. slow phase transitions), the vacuum energy drives an exponential expansion
and therefore the transition could not be efficient, as nucleated bubbles may never meet [41].
In this case, efficient transitions will be completed at temperatures substantially lower than
the nucleation temperature and a more precise condition can be imposed by requiring that
the space volume of points still trapped in the false vacuum definitely decreases with time.
Recently all of this issues have been carefully discussed in [41] and here for the clarity we
briefly review all of the necessary conditions. The probability to find a point in the false
vacuum (which is exactly the ratio between the false and true vacuum appearing in the
eq. (2.10)) is given by [43, 44]:

Pfalse(T ) = e−I(T ), I(t) =
4π

3

∫ t

tc

dt′ Γ(t′)a(t′)3r(t, t′)3 (2.13)

– 6 –
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where a(t) is the Friedmann-Robertson-Walker scale factor and r(t, t′) =
∫ t′
t dt̃ vw/a(t̃)dt̃ is

the comoving radius at the time t of a bubble nucleated at time t′ propagating with speed vw.
Assuming adiabatic expansion, we can convert eq. (2.13) into an integral over temperatures by
means of the adiabatic time-temperature relation dt/dT = − (TH(T ))−1; the final expression
is [41]

I(T ) =
4π

3

∫ Tc

T

dT ′ Γ(T ′)

HV T ′4χ(T ′)

(∫ T ′

T

dT̃

HV χ(T̃ )

)3

(2.14)

where χ(T ) =
√

1 + ρR/∆V (T ) and H2
V = ∆V/(3M2

pl). In radiation-domination scenario, it
is considered to have a successful percolation when I(Tp) ≥ 0.34 [45]. This condition serves
then as definition of the percolation temperature. However, in inflationary scenario, it is pos-
sibile that the false vacuum volume inflates and bubbles never meet. For example, assuming
a constant Γ(T ) and vacuum-dominated expansion, the expression eq. (2.13) evaluated at
infinite time t� tc becomes

I(t) =
4π

3
Γ

∫ t

tc

dt′ v3
w

(∫ t

t′

dt̃

a(t̃)

)3

=
4π

3
Γ

∫ t

tc

dt′ v3
w

(∫ t

t′

dt̃

eHV t̃

)3

∼ 4π

3

(
vw
HV

)3

Γt . (2.15)

This quantity grows arbitrarily with time, though the total volume occupied by the false
vacuum Vfalse ∝ a(t)3Pfalse is not decreasing, since it is inflating as well. A stronger condition,
particularly useful in these scenarios, is obtained by requiring that Vfalse decreases with time,
that is [41]

1

Vfalse

d

dt
Vfalse = H(T )

(
3 + T

dI(T )

dT

)
< 0 . (2.16)

This condition puts strong constraints at lower temperatures, where vacuum energy dom-
inates the expansion and the naive condition I(Tp) = 0.34 is no longer enough to ensure
percolation, see figure 3. In this paper, for any given value of w, we will take Tp as the mini-
mum temperature for which all the three conditions are satisfied.4 In practice we find that for
the U(1) model under consideration the condition I(Tp) = 0.34 guarantees the fulfilment of
all the necessary conditions for the successful percolation for values of w . 1015 GeV, which
are the values of w which can be realistically probed by present and future experiments. At
last, we would like to notice that for U(1) model, the percolation and the phase transition
can only occur for the values of couplings g & 0.5. For the lower values of couplings, the
percolation temperature drops infinitely close to zero and we have checked numerically that
there will be no phase transition for the temperatures down to ∼ 10−15w. At this point, we
do not expect our toy model to be valid anyway in such enormous energy range so we will
consider this region of parameter space (g < 0.5) to be without phase transition.

3 Bubble dynamics and GW

Now that we have determined the conditions for a successful phase transition, we briefly
discuss the dynamics of the bubbles expansion. If the Universe undergoes a very strong
phase transition, the bubbles expand at supersonic speed and may reach relativistic velocities
according to the strength of the phase transition [42]. Hereafter, we will assume that the
bubbles are free to expand in the surrounding plasma and that they can reach relativistic

4If for a given value of w more than a solutions is present, we take the one at the higher temperature, since
it will be reached earlier during the Universe evolution.
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Figure 3. Nucleation (black) and percolation conditions for relativistic bubbles with vw = 1. The
red line corresponds to I(Tp/w) = 0.34w4 while the blue dashed line to the more accurate condition
of decreasing false vacuum volume in eq. (2.16). We anticipate here that non-relativistic bubbles
expansion gives relevant phenomenological contributions for small values of w, see figure 5. In this
region however the function I(Tp/w) weakly depends on vw and thus, for non-relativistic bubbles, the
percolation temperature does not significantly change.

velocities. In this regime the computation of the forces acting on the bubble wall are simpler
and we review them in the next section, while in section 3.4 we will present the resulting
sensitivity of the various gravitational wave interferometer experiment for the case of the
higgsed U(1) model.

3.1 The effect of friction forces on the bubbles expansion

Relativistic expanding bubbles of true vacuum experience a friction force on their wall acting
as an inward pressure. This happens when there are particles with a phase dependent mass
term, i.e. particles that change their mass during the crossing of the wall between the
unbroken and broken symmetry phase [22, 23, 42]. Working in the plasma reference frame,
the leading order (LO) term of the friction force PLO turns out to be independent on the
Lorentz parameter γ associated with the bubble wall expansion. This means that relativistic
bubbles can successfully expand and keep accelerating if the driving force due to the vacuum
energy released during the PT overwhelms the friction force, that is ∆V > PLO. In this case,
most of the released energy is converted to accelerate the bubble wall and bubble collisions
will dominate the GW signal. By explicit computation (see [42]), the necessary condition of
successful accelerated expansion becomes

∆V > PLO =
T 2

24

∑
light→heavy

ciNim
2
i , (3.1)

where ci = 1 (1/2) for bosons (fermions) and Ni is the number of degrees of freedom with a
phase dependent mass term.5 However it was recently found that this condition of accelerated
expansion is no longer true if NLO effects are considered. In particular, in the presence of
massless vector bosons gaining a mass in the true vacuum phase, NLO effects due to the

5Similar effect due to the change of the mass of the scalar field (Higgs component) is loop suppressed and
we ignore it.
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additional light field emissions turn out to be γ-dependent. In particular, ref. [23] find this
extra contribution to the inward pressure acting on the bubble wall to be equal to

PNLO '
1

16π2
T 3γg3∆φ, (3.2)

where the additional 16π2 factors comes from the phase space integration. Consequently,
there is a maximum value for the γ parameter which is given by the equilibrium conditions
between the vacuum energy and the friction forces given by [41]

γeq =
∆V − PLO

T 3g3∆φ/(16π2)
. (3.3)

The NLO friction effect will become important only for bubbles that can reach a Lorentz
factor larger than γeq in absence of NLO friction. It then becomes necessary to find whether
bubbles can reach such velocities at the moment of collision. This can be done by calculating
the quantity γ∗, that is the Lorentz factor at the collision point without considering the NLO
friction [41]. Then obviously NLO friction becomes important only γ∗ > γeq. The Lorentz
factor γ∗ can be calculated by equating the surface energy of the bubble to the gain in the
potential energy:

4πR2
∗γ∗σ =

4

3
πR3
∗(∆V − PLO) , (3.4)

which implies

γ∗ =
R∗(∆V − PLO)

3σ
(3.5)

where σ is the surface energy density of the bubble. For O(3) symmetric thin-wall bubbles
with surface energy density σthin the action takes the form [39]

S3(R) = 4πR2σthin −
4

3
πR3∆V, (3.6)

which can be used to estimate the surface energy density appearing in eq. (3.4). Extremizing
the action, we find the critical value of the radius

Rthin =
2σthin

∆V
=

(
3

2π

S3

∆V

)1/3

, (3.7)

so that the γ∗ depends on the radius of bubble as

γ∗ =
2

3

R∗
Rthin

(
1− PLO

∆V

)
(3.8)

At the time of nucleation for the models under considerations bubbles are generically thick-
wall, so our approximation would look too naive. We however anticipate here that for the
specific case of the higgsed U(1) model we have analyzed numerically the time evolution of
the bubble solutions φ(r, t) and we typically find the following behaviour: immediately after
the nucleation, the bubble radius R0 does not change significantly while φ(r = 0, t) reaches
the true minimum; then the bubble starts expanding (see appendix B for details). This allows
us to estimate γ∗ using the eq. (3.8) with a substitution

γ∗ '
2

3

R∗
R0

(
1− PLO

∆V

)
, (3.9)

where, again, we stress that this approximated equality is valid in the higgsed U(1) model.
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Figure 4. Ratio γ∗/γeq for different values of the U(1) gauge coupling g in function of the w scale
of the model. The shaded area represent the region where NLO friction effects are important.

We can see that the value of the Lorentz factor γ∗ depends on the bubble radius R at
the moment of collision which can be estimated as [11, 16]

R∗ = (nB)−1/3 , (3.10)

where nB is a number density of the bubbles at the moment of collision. In turn the bubble
number density at the moment of percolation can be find as

nB =
NB

a(Tp)3V
=

1

a(Tp)3

∫ tp

tc

dt′ Γ(t′)a(t′)3Pfalse(t
′) , (3.11)

where V is a comoving volume. Since Pfalse(t
′) changes only between [0.7, 1], see eq. (2.14), we

can safely ignore it inside the integral. Then, using the time-temperature relation dt/dT =
− (TH(T ))−1 and a(T )T = const, we get

nB =

∫ Tc

T

dT

T

Γ(T )

H(T )

(
Tp
T

)3

(3.12)

where nB is the number density of the bubbles at the percolation temperature. Using
eq. (3.12) and eq. (3.10) we can therefore directly compute R∗ once we know Γ(T ) (note
that this is exactly the quantity reported in the simulations [11, 16]). In a non-expanding
Universe case this quantity can be related to the β parameter of the phase transition [46]

β =
(8π)1/3vw

R∗
. (3.13)

Combining all together we can estimate the Lorentz factors γ∗ and γeq. Again, for the case
of the higgsed U(1) model, we then show in figure 4 the ratio γ∗/γeq for different values of
the U(1) gauge coupling strength g. In particular we see that NLO friction term effects are
more important for smaller values of the w scale of the model for a fixed value of the gauge
coupling g.
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3.2 Energy distribution

In order to compute the stochastic GW spectrum arising from the FOPT we need to know
how the available total energy gets distributed between the bubble wall, i.e. the scalar field
contribution, and the surrounding plasma, i.e. the sound waves and plasma turbulence con-
tributions. The various contributions can be estimated as follows [30, 41, 47].

If the bubble has reached the equilibrium value γeq, then the wall will keep expanding at
constant velocity. Consequently, while the energy stored in the wall will keep growing as R2,
the total available energy will grow as R3, i.e. the volume of the expanding bubble, making
the scalar field contribution to the GW spectrum completely negligible if the expansions still
lasts for a sufficient amount of time. In the opposite regime the wall is still accelerating at
the time of collision and the contribution from the scalar field contribution can be important.
More concretely there are two scenarios:

• γeq > γ∗: the equilibrium value for γ is never reached:

In this case the NLO friction term is not sufficient to prevent a runaway. The bubbles
never reach a terminal velocity and they accelerate until collision. The energy fraction
that goes into the wall and fluid motions can be estimated from the energy conservation
condition and they are given by

kwall = 1− α∞
α
, kfluid =

α∞
α

(3.14)

where

α =
∆V (Tp)

ρR
, α∞ =

PLO

ρR
(3.15)

and where ∆V is defined in eq. (2.11). Note that only a part of kfluid will contribute
to the GW spectrum from sound waves, see eq. (3.26).

• γeq < γ∗: the equilibrium value for γ is reached before collision:

In this case the bubbles reach a terminal velocity. The energy fraction that goes into
the wall motion can again be estimated by the energy conservation condition

kwall =
Ewall

max

Etotal
=

4πR2γeqσ

4/3πR3∆V
=
γeq

γ∗

∆V − PLO

∆V
=
γeq

γ∗

(
1− α∞

α

)
(3.16)

while the fraction that goes into the fluid motion is

kfluid = 1− kwall. (3.17)

We then notice that if γeq � γ∗ the contribution from the walls collision to the GW spectrum
is effectively turned off.

3.3 GW from various contributions

We can now review the expressions for the various contributions to the stochastic GW back-
ground signal, that we recall is given by three different contributions: a scalar field contri-
bution arising from the collision of expanding bubbles, a contribution from sound waves in
the plasma and a contribution from the turbulent motion of the plasma itself. These con-
tributions all depend from the temperature after the phase transition. This is in generally
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different from the temperature Tp at which the phase transition happens and is generally
higher due to some amount of reheating (only a fraction of the total energy goes into the
GW signal). This temperature can be estimated from the energy conservation condition

(1− ΩGW)
(
∆V + ρR|T=Tp

)
= ρrad|T=Treh (3.18)

hence we have
Treh = Tp [(1 + α)(1− ΩGW)]1/4 ' Tp [(1 + α)]1/4 (3.19)

where we have assumed the same number of degrees of freedom in the plasma at the reheating
and percolation temperatures Treh and Tp and in the last step we have further assumed
ΩGW � 1, which is always the case since the GW emission is a Planck mass suppressed
process.

3.3.1 Scalar field contribution

The fit to the latest lattice simulations predict the following signal for the contribution
directly arising from the bubble wall collisions [11]

dΩφh
2

d ln k
= 4.7× 10−8

(
100

g∗

) 1
3

(HrehR∗)
2

(
kwallα

1 + α

)2

Swall(f, f̃φ) (3.20)

where g∗ indicates the number of relativistic degrees of freedom, Hreh and R∗ the Hubble
parameter and the bubble radius, see eq. (3.10), evaluated at the reheating temperature,
kwall is energy fraction defined in eqs. (3.14) and (3.16) and S(f, f̃) is a frequency broken
power law

Swall(f, f̃) =
(a+ b)cf̃ bfa

(bf̃ (a+b)/c + af (a+b)/c)c
with a = 3, b = 1.51, c = 2.18 (3.21)

with peak frequency

f̃φ = 16.5× 10−6

(
Treh

100

)( g∗
100

) 1
6

(
3.2

2πR∗

1

Hreh

)
Hz. (3.22)

In particular we can see that at low frequencies large wavelength of the signal obeys a scaling
∝ f3, as expected by the causality considerations [48].

3.3.2 Sound wave contribution

We use the results of ref. [16] which have been obtained using a mixture of lattice and
hydrodynamic simulation that predict

dΩswh
2

d ln f
= 7.28× 10−5

(
100

g∗

) 1
3
(
kswα

1 + α

)2

(HrehR∗) min

[
1,
HrehR∗
Uf

]
Ω̃GWSSW(f, f̃sw)

(3.23)
with power law

C(s) =

(
f

f̃

)3( 7

4 + 3(f/f̃)2

) 7
2

(3.24)

and peak frequency

f̃sw ' 26× 10−6

(
1

HrehR∗

)( zp
10

)( Treh

100 GeV

)( g∗
100

) 1
6

Hz (3.25)
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evaluated with zp = 6.7 and Ω̃GW = 0.12 and where Uf is a root mean square velocity
of the plasma motion. The calculation performed in ref. [16] has been done only in the
regime HrehR∗/Uf > 1 and the authors have found that the duration of the GW source is
roughly ∼ 1/Hreh. However in the opposite case, where HrehR∗/Uf < 1, we can expect that
the duration of the source scales roughly as ∼ R∗/Uf , so that a factor min[1, HrehR∗/Uf ]
appears in eq. (3.23), see also [41]. On top of this we know that the turbulent motion will
develop in a timescale ∼ R∗/Uf which again motivates the factor min[1, HrehR∗/Uf ]. Finally,
the efficiency factor ksw was calculated for various bubble wall velocities in [42] and for the
case of relativistic walls it was found to be

ksw =

{
γ∗ > γeq,

[
1− γeq

γ∗

(
1− α∞

α

)]
f(α) ' f(α)

γ∗ < γeq,
α∞
α f(α∞)

(3.26)

with

f(α) ∼ α

0.73 + 0.083
√
α+ α

and U2
f =

3

4

kswα

1 + α)
(3.27)

where the factor [1− γeq
γ∗

(
1− α∞

α

)
] comes from eq. (3.16). In the case of non-relativistic bubble

expansions, it becomes necessary to calculate the velocity of the bubble wall. This requires
to solve complicated transport equations (see e.g. [49–53]), which is however a task beyond
the scope of this paper. By using the results of [51] we note however that for the typical
strength of the FOPT obtained in this model, (〈φ〉/T )|T=Tc ∼ 3− 10, we have vw & 0.1. We
thus take in the following vw = 0.1 as a conservative estimate for the bubble wall velocity.
In this case the efficiency factor becomes [42]

ksw ∼
v

6/5
w 6.9α

1.36− 0.037α1/2 + α
, for vw < 0.1. (3.28)

3.3.3 Magneto- and hydrodynamic-turbulence contribution

As mentioned in the Introduction we will neglect in the presentation of our results the
contribution from the magneto and hydrodynamic turbulence effects, in view of the latest
recommendation of the LISA Cosmology Working Group [24], due to the uncertainties asso-
ciated with their calculation. However, since we will at least qualitatively comment on how
the inclusion of this contribution might affect our results, we here report the parametrization
of this source of GW background [18].

The contribution from the magneto and hydrodynamic turbulence can be parametrized
as follows

Ωturbh
2 = 1.14× 10−4(HrehR∗)

(
kturbα

1 + α

) 3
2
(

100

g∗

)
Sturb(f, f̃turb) (3.29)

with power law

Sturb =
(f/f̃)3(

1 + f/f̃
) 11

3
(1 + 8πf/h∗)

(3.30)

peak frequency

f̃turb = 7.9× 10−5

(
1

HrehR∗

)(
Treh

100 GeV

)( g∗
100

) 1
6

Hz (3.31)

– 13 –



J
C
A
P
0
7
(
2
0
2
0
)
0
2
7

and

h∗ = 16.5× 10−6

(
Treh

100 GeV

)( g∗
100

)1/6
Hz. (3.32)

where we have expressed the relations of [18] in function of R∗ by using β = (8π)1/3vw/R∗.

3.4 Experimental reach on the model parameter space

The sensitivity of the various gravitational wave interferometer experiments in detecting the
stochastic GW signal is controlled by the time integrated signal-to-noise ratio6

ρ2 = 2tobs

∫ fmax

fmin

df

(
h2ΩGW(f)

h2Ωnoise(f)

)2

, (3.33)

where Ωnoise(f) is the instrumental noise of a give experiment, sensitive to the frequency range
(fmin, fmax), and tobs is the observational time of the experiment. The signal is assumed to
be observable if ρ is greater than some threshold value ρ & ρthresh, generically taken to to
be ρthresh = 10. We refer to appendix A for the details on derivation of the experimental
sensitivity curves and the references to the various experiments.

For the case of the higgsed U(1) model the expression for the LO pressure of eq. (3.1)
reads now

PLO = 3
T 2

24
g2∆φ2 , (3.34)

and we present our results in figure 5 in function of the model scale w and U(1) gauge
coupling g.

The left and right panels correspond to the sensitivity of different present and future
experiments, reported separately for clarity. In both panels above the black dashed line the
NLO friction effect is relevant, a region of parameter space not discussed in [27] where the
same models is studied, while [28], where a classically conformal U(1)B−L model is analyzed,
without however discussing the friction effects. We also indicate the region where the PT
cannot occur, where the success of the PT is guaranteed by the conditions explained in
section 2.1, while above the black dotted line, where g > 1, perturbative calculations cannot
be safely trusted as mentioned in section 2. Another source of uncertainty is that for the
model under consideration we are never in the condition where HrehR∗/Uf < 1, i.e. where
the calculation of [16] is completely reliable, which forces us to extrapolate the signal outside
the simulation range of validity.

All together we see that the current phase of LIGO is currently sensitive to scales
between w = 107−109 GeV for couplings values between g = 0.7−1 while its future upgrade
could test up to w = 1010 GeV. On the other side LISA will complement these results by
testing lower scales in the same coupling value range while other future planned experiment
such as BBO, DECIGO, MAGIS and ET will greatly enlarge the reach onto the model
parameter space and will be able to test models with a dark phase transition up to an
energy scale of ∼ 1012 GeV. Interestingly, in the low w side of the bounds, we can see a
characteristic change of exclusion lines. This is evident for example for the case of the ET
experiment with w = 5 × 105 GeV around g ∼ 0.6, which is the region where the BM effect
becomes important. This effect is related to the fact that below the dashed line the GW signal
is effectively dominated by bubble collision. At high frequency this contribution is decaying

6For single-detector experiments such as LISA, the definition of SNR is reduced by a factor of 2, see [27]
for details.
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Figure 5. Reach of the various experiments in the parameter space of the U(1) model. In the region
below the lower black solid curve there is no phase transition. Between the lower black curve and
the dashed black curve the NLO friction effects are irrelevant. Above the black dotted line, where
g > 1, perturbative calculations cannot be safely trusted as mentioned in section 2. Colored contours
indicate the reach of the various experiments.

more slowly than the contribution arising from sound waves, ∼ f−3/2 against ∼ f−4, thus
increasing the sensitivity of the experiments.

4 Two scalars model

In the previous section we have shown that the NLO friction effect has a relevant impact
in the higgsed U(1) model parameter space available at present and future interferometer
experiments, see figure 5. As reviewed, this effect strongly reduces the efficiency factor
relative to the GW spectrum produced by the collision of the true vacuum bubbles. In view
of this, it is then interesting to study whether there are different models that have a scalar
potential with the same shape as the one of the higgsed U(1) one, where however the NLO
friction effect is absent, thus producing a very different GW signal. As shown in section 3.3,
the amplitudes and peak frequencies of the various sources of the GW spectra are controlled
by the following parameters

α/(1 + α), Treh ∼ Tp(1 + α)1/4, HrehR∗. (4.1)

If these quantities do match for different models around the percolation temperature Tp, the
various contributions to the total GW signal will have the same peak frequencies and shapes.
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However the efficiencies factors for the different contributions can vary, since they depend
on the importance of the friction effect in the different models, thus determining different
relative amplitude and therefore a different spectrum for the total signal. In particular the
peak frequencies are roughly in the following proportion, see eqs. (3.22), (3.25) and (3.31),

fφ : fsw : fturb ' 1 : 2 : 9, (4.2)

while the high-frequency behavior of the spectra scales approximately as

Ωφ ∼ f−3/2, Ωsw ∼ f−4, Ωturb ∼ f−5/3, (4.3)

so that looking at the peak dependence of the total signal could provide information relatively
to the different contributions to the GW spectra in various models.

Since the friction effect is relevant for theories where gauge bosons acquire a mass after
the spontaneous breaking of a symmetry,7 we can consider as the most minimal scenario a
theory with just a single scalar field φ with a tree-level barrier induced by a cubic term ∼ kφ3.
In this case however the field never undergoes a true transition form the false to the true
vacuum and no first oder phase transition can occur, see e.g. [27]. The situation is however
different if one adds a second auxiliary scalar singlet, whose role is to mimic the effect of the
vector boson of the Higgsed U(1) case in order to radiatively induce a barrier between the
false a true vacuum and produce a FOPT.

As a toy example, lets consider a model with two scalar fields, φ and η, which are
even and odd under a Z2 symmetry respectively. The general Lagrangian for this theory is
given by

L =
1

2
(∂µφ)2+

1

2
(∂µη)2+

k

3
φ3+ kφηφη

2+
λφ
4
φ4+

λη
4
η4+

λφη
2
φ2η2+

µ2
φ

2
φ2+

µ2
η

2
η2. (4.4)

The Z2 symmetry forces the tunnelling to happen along the φ direction, reducing the problem
of finding the two dimensional bounce solution to an effective one dimensional problem.

We can further simplify the study by considering only the necessary ingredients to pro-
duce a one-loop effective potential with a similar shape of the higgsed U(1) case. Practically,
one only needs to introduce a mass term for the φ field, a quartic interaction for η, to guar-
antee the stability of the potential, and a quartic mixing between φ and η. All together we
will study the following theory

L =
1

2
(∂µφ)2 −

µ2
φ

2
φ2 +

1

2
(∂µη)2 +

λη
4
η4 +

λφη
2
φ2η2. (4.5)

In this case the field dependent mass plus thermal dressing read

m2
φ + Π2

φ = µ2
φ + λφηη

2 +
λφηT

2

12

m2
η + Π2

η = λφηφ
2 + 3ληη

2 + T 2

(
λη
4

+
λφη
12

) (4.6)

7So far γ dependent friction effects have been found only due to the soft particle production [23] and in
this case only in the theories where the vector boson get masses during the phase transition. Of course this
does not guarantee that some other higher order effect can lead to another contribution to the friction force
proportional to γ.
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and we again use the truncated full dressing procedure [34] to compute the potential:

V (φ, η, T ) = VCW(m2
i + Π2

i ) + VT (m2
i + Π2

i ). (4.7)

In this model the LO friction term is different with respect to the Higgsed U(1) case and
reads

PLO =
T 2

24
λφηS

2. (4.8)

From the plots of figure 3 we observe that percolation in the first model occurs for
relatively small values of T/w for g ∼ 1. In this case it is possible to perform an approximate
mapping between the two models, where the mapping is imposed by requiring approximately

〈φ〉model1
true ' 〈φ〉model2

true

∆Vmodel1 ' ∆Vmodel2 .
(4.9)

This works because at low T the temperature dependence on the pure CW part is mild
(not true for VT ) and we can reabsorb the differences of the two models through the two
renormalization scales. Also, λφη should scale as ∼ g2. Numerically, by imposing

V model1(x, T = 0)|µR=gw = V model2(x, 0, T = 0)
µR=a

√
λφηw

(4.10)

and solving for a and λφη we find

a ∼ 1.65,
λφη
g2
∼ 1.73. (4.11)

An approximate mapping is then obtained by imposing

µmodel1
R = gw, µmodel2

R = 1.65
√
λSηw, λφη ∼ 1.73g2. (4.12)

Practically, it is however necessary to also tune the φ field bare mass, in oder to adjust
the potential at low field values. All together we find that it is possible to find benchmark
points where the potential, percolation temperature and bubble radii at collision are the
almost same.8 We report in table 1 the mapping parameters for three benchmark point
which are relevant for present and future GW experiments, see figure 5, where the various
quantities affecting the form of the GW spectrum are also reported. For the specific case of
the benchmark point 3, we show in figure 6 the shape of the effective potential for the field φ
in the two different models, evaluated at T = Tp, where the right panel show a zoomed version
of the effective potential at small field values to illustrate the potential barrier separating the
true from the false vacua.

We then show in figure 7 and figure 8 the different contributions to the GW spectra for
the two models, together with the total expected signal. We can see that in the higgsed U(1)
case the contribution from the bubble collisions to the total spectra is completely irrelevant,
and the total shape exhibits a peak at a frequency f ' 10−3 Hz, fully determined by the
sound wave contribution. On top of it at higher frequencies there is a shoulder caused by the
bubble collision effects which we recall switches off slower than the sound wave contribution
at high f , see eq. (4.3). This features are completely lost in the two scalar case model, where

8By turning on other interactions in the model of eq. (4.5) one can obtain an even more precise matching.
However the reference points mentioned in the text are sufficient to illustrate our point.
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Figure 6. Shape of the potential for the Higgsed U(1) (blue) and two singlet (red) models evaluated
at T ∼ Tp. In the right plot a zoom into the small field value is shown in order to the potential barrier
between the true and false vacua.

Point 1 Point 2

Model 1

g 0.6 0.8

µR gw gw

κφ 0.03 0.04

κsw 0.97 0.96

Model 2

µ2
φ 6× 2× 10−8w2 0.00002w2

λφη 1.6g2 1.67g2

λη 0.01 0.01

µR 1.71
√
ληφw 1.65

√
ληφw

κφ ∼ 1 ∼0.98

κsw ∼ 2× 10−4 ∼ 0.02

w 104 GeV 109 GeV

α/(1 + α) 1 ∼ 1

〈φ〉/w ∼ 2.7 ∼ 2.7

∆V/w4 ∼ 0.017 ∼ 0.05

Treh/w ∼ 0.15 ∼ 0.2

1/(HrehR∗) ∼ (3.1, 3.5) ∼ (3.9, 3.6)

α∞ (1.2× 104, 280) ∼ (48, 3.2)

Tp/w (0.0009,0.0045) ∼ (0.02, 0.06)

α (7.5× 108, 1.2× 106) ∼ (1.2× 103, 150)

Table 1. Input parameters for the two considered models providing an approximate mapping, see
main text for details. Also reported are the quantities affecting the various contribution to the GW
spectrum.
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Figure 7. GW signal for the Higgsed U(1) (blue) and the two singlet (red) models for benchmark
point 1. The dashed and dotted lines correspond to the bubble collision and sound waves contribution
to the GW spectra respectively. The solid lines represent the total signal. Also indicated are the reach
of future gravitational waves experiments, see figure 1 or appendix A.
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Figure 8. Same as figure 7 before for the reference point 2.

the bubble collision dominated the spectrum. The comparison between the two different
total shapes can be seen in figure 7 and figure 8 by comparing the solid lines. We can see
that for the models with the gauged symmetries the signal is dominated by the sound wave
contributions and for the scalar models we have only the bubble collision. The signal from the
bubble collisions drops slower at high frequencies, which offers a possibility in distinguishing
two types of models. The same effect leads to the appearance of a shoulder in the gauged
models at the frequencies when the bubble collision start to dominate over the sound wave
effects. Note however that in order to make any precise statement, it is crucial to exactly
know the signal prediction. As we have shown in section 3.3, we are however often in the
region where the calculation of the signal is not completely reliable. We then do not make
any quantitative statement regarding the model differentiation and simply comment that is
in principle possible to discriminate among different underlying theories where friction effects
are or are not relevant, by focusing on the spectral shape of the GW signal.

Finally, we would like to comment on the possibile impact of the inclusion of the tur-
bulence effects in the total GW signal. As reported in eq. (3.31) the peak frequency of the
turbulent contribution is higher than the one of the bubble collision and sound wave contri-
butions. Moreover, the turbulent contributions switches of at higher frequencies slower than
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the sound waves one, see eq. (4.3). Thus, there could be an additional shoulder effect at
higher frequencies associated with this source. However, in view of the uncertainties asso-
ciated with the calculation of the GW spectra from magneto and hydrodynamic turbulence
mentioned in section 3.3.3, we once again do not make any quantitative statement on the
possibility of exploiting this feature to discriminate among various theories.

5 Summary and discussion

Gravitational wave astronomy is experiencing an enormous rise due to the recent discoveries
of GW transients arising from black holes and neutron stars mergers. On the particle physics
side gravitational wave detectors can provide a unique possibility in testing FOPT in the
Early Universe, which are ubiquitous in many theories beyond the SM and possibly relevant to
electroweak bariogenesis. In particular, the LIGO experiment currently operating is sensitive
to frequencies around 10 − 100 Hz, which correspond to scales of the FOPT in the range
107−1010 GeV for the models that we have investigated. Future proposed experiments would
extend its reach both towards lower and higher frequencies. Interestingly, interferometers
such as ET would be able to test FOPT scales of ∼ 1012 GeV, which are well beyond the
reach of any imaginable future collider, thus providing an extremely important probe of
phenomena that might have occurred in early phases of the Universe.

At the same time in the case of discovery of a stochastic GW signal the discussion of
the inverse problem, that is determining from the GW spectrum (part of) the properties of
an underlying theories, is still in its infancy. One of the main obstacles is that the precise
prediction of the various contribution to the GW signal are known only in limited ranges for
the parameter determining the properties of the FOPT. Beyond these validity ranges, various
extrapolations are used. For example there is no numerical calculation of the turbulence
contribution to the GW spectrum while the sound wave contribution is known only for phase
transitions lasting longer than an Hubble time.

Despite these uncertainties there have been great progresses in the calculation of the
bubble walls velocity at the time of collision. In particular it has been recently shown that
for relativistic expanding bubble walls a γ dependent friction effect is present whenever the
underlying theory present a spontaneously broken symmetry through which gauge bosons
acquire a phase dependent mass. This effect might prevent the bubbles to reach a runaway
conditions, strongly reducing the contribution to the stochastic GW background arising from
the collision of the walls themselves.

In view of this effect, we have studied in this paper the expected signal arising from two
two models, representative of two classes that can feature a FOPT. A classically scale invari-
ant higgsed U(1) model and a two singlet scenario. The former experiences a γ dependent
friction effect, while the latter does not. In turn, while very similar potentials at the time
of the phase transition can ben obtained in both models, the predicted GW signal strongly
differs between the two cases. In particular, for the higgsed U(1) model the spectra exhibit
a shoulder at a frequency higher than the peak one. This feature is due to the fact that the
bubble collision contribution, which is strongly suppressed in regions of the parameter space
where the friction effect is relevant, switches off slower that the sound waves one at high
frequency. This feature is almost absent for the two scalar case since no γ dependent fric-
tion effect is preventing a runaway condition and thus the contribution from bubble collision
dominates the GW spectrum. Interestingly, these effect are well within present and future
detectors sensitivity ranges for large parts of the models parameter space. While no quantita-

– 20 –



J
C
A
P
0
7
(
2
0
2
0
)
0
2
7

tive statement can be rigorously yet made, the study of this feature is of extreme importance
while investigating the inverse problem of determining the underlying theory particle content
and properties in the event of the discovery of a stochastic GW background. Since FOPT in
the Early Universe might arise from physics lying at an energy scale well beyond the reach
of any future collider experiment, this turns out to be a crucial tasks for which much more
progress is required.
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A GW sensitivity curves

According to the parameter space where FOPT can occur, the crucial question is whether
the GW signal generated by the PT is detectable within the sensitivity of present and future
experiments. A stochastic gravitational wave background is detectable from an experiment
running for a time tobs if the signal-to-noise ratio [54] (see also [27, 55] ) is greater then a
threshold value

ρ2 = 2tobs

∫ fmax

fmin

df

(
h2ΩGW(f)

h2Ωnoise(f)

)2

≥ ρ2
thr (A.1)

where h2ΩGW(f) and h2Ωnoise(f) are the dimensionless spectral GW and noise energy density
respectively. The first takes into account various contributions form different sources such
as bubble collision, sound waves or plasma turbulences, and it is generically a broken power
law in the spectrum of frequencies. In the simple assumption that the GW signal follows a

single power law ΩGW(f) = Ωb(f̄)
(
f/f̄

)b
over all the frequency spectrum, the detectability

condition eq. (A.1) becomes

h2Ωb(f̄) > h2Ωthr
b (f̄) ≡ ρthr√

2tobs

[∫ fmax

fmin

df

(
(f/f̄)b

h2Ωnoise(f)

)2
]−1/2

. (A.2)

The choice of the reference frequency f̄ is arbitrary and it does not affect our conclusions.
For each frequency f̄ , we can define the Power-Law Integrated (PLI) sensitivity curve by
maximizing over the spectral index b, that is

h2ΩPLI(f̄) ≡ h2 max
b

[
Ωthr
b (f̄)

]
, (A.3)

which gives the threshold value for the signal h2ΩGW(f̄) in order to be detectable.

Since real signals are broken power laws, we expect this interpretation to hold generi-
cally. We report in the table 2 the values of tobs for different experiments, together with the
references from which we extracted the strain noise. We plot in figure 9 the PLI curves we
have derived through eq. (A.3).
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Figure 9. PLI curves for the various present and future experiments.

LIGO O2 LIGO O5 LISA MAGIS BBO DECIGO ET

tobs (months) 6 20 48 60 48 48 60

h2Ωnoise [57] [58] [59] [60] [61] [62] [63]

Table 2. We take the threshold value for the signal-to-noise ratio to be ρthr = 10 for all the
experiments. For BBO and DECIGO, we convert the noise to sky-averaged strain noise, see [55, 56]
and references in the table.

B Time dependent solution

In this appendix, we discuss the numerical solutions of propagating bubbles in vacuum.
We show that once the bubbles nucleate, their profile quickly becomes a step function like
interpolating between the true and false vacuum. This behaviour justifies our estimate of the
bubble Lorentz factor γ∗ in eq. (3.6) evaluated at the time of percolation.

The equations of motions for O(3) symmetric bubbles are given by(
−∂

2

∂t
+
∂2

∂r
+

2

r

∂

∂r

)
φ(t, r) =

∂V (φ)

∂φ
φ(t, r). (B.1)

The static solutions φstat(r) considered so far (see figure 2 and main text) are computed by
solving the boundary-value problem

lim
r→+∞

φstat(r) = 0 ,
∂

∂r
φstat(r)

∣∣∣
r=0

= 0 (B.2)

by means of overshooting/undershooting methods. These methods allow to determine the
initial condition φstat(0) for which the solution reaches the correct asymptotic behavior with
enough precision. At high temperatures T . Tc, the energy difference between the two vacua
is small with respect to the energy barrier and in this case9 φstat(0) ∼ φ1 = e. For lower
temperatures, one can solve the initial value problem φstat(0) = φ1 + δ for different values of
δ, until limr→R∞ φstat(r) ∼ 0 for some R∞ � 1.

The static solution can be treated as initial condition at t = 0 for the time evolution
described by eq. (B.1). We can consider a bubble moving uniformly after its nucleation

9We work in units of w = 1.

– 22 –



J
C
A
P
0
7
(
2
0
2
0
)
0
2
7

0 50 100 150 200

0.0

0.5

1.0

1.5

2.0

2.5

0 50 100 150 200 250 300

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Figure 10. Time evolution of bubble profiles for different values of temperature and coupling
g = 0.8. We plot the solution for t = 0 (black dashed), t = 50 (red), t = 80 (blue). The dotted gray
line is the true vacuum value, around which φ(t, 0) oscillates and eventually relaxes at late times.
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Figure 11. Time evolution of the wavefront point rfront(t) (dotted red) as function of time. We
define the rfront(t) as the radius coordinate of the last (or only) peak of the bubble oscillations (see
black dots in figure 10) from left to right. The continuous black line is the value of the field at the
origin φ(t, r = 0) which oscillates around the true vacuum. The bubble starts expanding at the time
value corresponding to the red cusp.

by perturbing the static solution through a small time-independent velocity ε and solving
eq. (B.1) with initial conditions

φ(t = 0, r) = φstat(r) ,
∂

∂t
φ(t, r)

∣∣∣
t=0

= ε ,
∂

∂r
φ(t, r)

∣∣∣
r=0

= 0. (B.3)

We plot in figure 10 the time-evolution of the bounce solutions, that start oscillating around
the true vacuum very quickly. As shown in figure 11, the wave starts propagating when φ(t, 0)
reaches the true vacuum value. At this time, corresponding to the red cups in figure 11, the
radius R(t) differs by the initial radius R(t = 0) by only O(1) coefficients and R0 = R(t = 0)
can be used as a good estimate in the right-hand side of eq. (3.9).
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