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Abstract We consider the two-dimensional random matching problem in R?. In a
challenging paper, Caracciolo et al. [11], on the basis of a subtle linearization of the
Monge-Ampere equation, conjectured that the expected value of the square of the
Wasserstein distance, with exponent 2, between two samples of N uniformly dis-
tributed points in the unit square is logN/2xN plus corrections, while the expected
value of the square of the Wasserstein distance between one sample of N uniformly
distributed points and the uniform measure on the square is logN/4nN. These con-
jectures have been proved by Ambrosio et al. [3].

Here we consider the case in which the points are sampled from a non-uniform
density. For first we give formal arguments leading to the conjecture that if the density
is regular and positive in a regular, bounded and connected domain A in the plane,
then the leading term of the expected values of the Wasserstein distances are exactly
the same as in the case of uniform density, but for the multiplicative factor equal to
the measure of A.

We do not prove these results but, in the case in which the domain is a square, we
prove estimates from above that coincides with the conjectured result.
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1 Introduction

Let u be a probability distribution defined on the unit square Q = [0,1]?. Let us
consider two sets x¥ = {x;}? | and yV = {y;}¥., of N points independently sampled
from the distribution p. The Euclidean Matching problem with exponent 2 consists
in finding the matching i — m;, i.e. the permutation 7 of {1,...N} which minimizes
the sum of the squares of the distances between x; and Vs that is

N
Cn (YY) :mgn2|x,'fym|2. (1.1)
i=1

The cost defined above can be seen, but for a constant factor N, as the square of the
2-Wasserstein distance between two probability measures. In fact, the p—Wasserstein
distance W), (v, v2), with exponent p > 1, between two probability measures v; and
Vo, is defined by

WP (vi,va) = inf [ Jy, v, (dx,dy)|x—y|,
Visv2
where the infimum is taken on all the joint probability distributions Jy, v, (dx,dy)
with marginals with respect to dx and dy given by v;(dx) and v,(dy), respectively.
Defining the empirical measures

Z 8, (x)dx, YN(dx) = N
it is possible to show that

v ) = NwE (XN YN,

(see for instance [8]). In the sequel we will shorten Cy = Cy (EN , yN ).

In the challenging paper [11], at first for particles in the torus of measure one,
then also in the case of the square, see [14], Caracciolo et al. conjectured that when
x; and y; are sampled independently with uniform density on Q, then

logN
2’

Es[Cn] ~ (1.2)
where with [E; we denoted the expected value with respect to the uniform distri-
bution 6(dx) = dx of the points {x;} and {y;}, and where we say that f ~ g if
limy_, 1w f(N)/g(N) = 1. In terms of W7 the conjecture is equivalent to

logN

Eo W3 (X", ¥)] ~ .

(1.3)

Moreover, in [11] it is conjectured that asymptotic of the expected value of W22 xV,

between the empirical density X" and the uniform probability measure ¢ (dx) on Q
is given by
logN

EU[sz(XNa O')] ~ AN :

(1.4)

o)
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A first general results showing that in the case of the unit square Eq[WZ (X", YV)]
logN

behaves as has been obtained in [4]. The conjectures above has been proved by
Ambrosio et al. [3]. In [1] finer estimates are given and it is proved that the result can
be extended to the case when the particles are sampled from the volume measure on a
two-dimensional Riemannian compact manifold. In [2] it is shown that the properties
of the optimal transport map for W (X", &) are in agreement with the result in [11].

We notice that if we consider square (or manifold) of measure |Q| # 1, the cost
has to be multiplied by |Q|. Namely, if we extract {x;} uniformly in Q, then the points
{yx;}, with y > 0, are uniformly distributed in yQ, and Cy (x",y") = y2Cn (7N, pyV).
By imposing that |yQ| = 1, i.e. =2 = |Q|, we obtain that the expectation of the cost
Cn(yxN, yyN) verifies the asymptotic estimate (1.2).

In this paper we consider the case of non-uniform measure t(dx) = p(x)dx with
p strictly positive and regular.

In particular in Section 2 we study the asymptotic behavior of the expected value
of the cost when p is a density on Q, piecewise constant on a grid of sub-squares.
On the basis of the analysis of this case, in Conjecture 1 we guess that, in the case
of regular and strictly positive density, the asymptotic behavior is still described by
the right-hand-sides of eq.s (1.3) and (1.4). In the case of a density defined on a
regular connected bounded set A in the plane, we expect that the asymptotic behavior
changes only for the multiplicative factor |A| (see Conjecture 2).

In Section 3 we face the random Euclidean matching problem with the strategy
presented in [11,14], showing that the results conjectured in 2 can be formally justi-
fied on the basis of that approach.

We do not fully prove the conjectures, but in section 4 we prove that (1.3) and
(1.4) give exact estimates from above of the cost, in the case of strictly positive and
Lipschitz continuous density on Q.

Although this work concerns the two-dimensional case for cost and Wasserstein
distance with exponent 2, we briefly review here what is known in the other cases, up
to our knowledge.

In dimension 2, for p > 1, p # 2, in [4] it has been proved that the expected cost
per particle E[Cy]/N is O(N~7/?) as N — co. The value of the limit as N — oo of
NP/2E[Cy]/N is not known.

In dimension 1 the random Euclidean matching problem in a segment is almost
completely characterized, for any p > 1. This is due to the fact that the best matching
between two set of points on a line is monotone. When the density is uniform on the
segment [0,1] and p = 2, one gets E[Cy] — 1/3 as N — oo. In this case, it is well
known that it is possibile to compute explicitly E[Cy] for any N, in fact E[Cy] =
N/3(N + 1). Moreover, for any p > 1, E[Cy]/N ~ c,N~P/2, where c,, is known, see
[13]. Very recently, an expression for Cy, for any N and for any value of p > 1, has
been determined, see [12]. The different behavior in the case in which the density
vanishes in some point or in a segment has been analyzed in [9] (see the Remark 3 at
the end of Section 2). A general discussion on the one-dimensional, also for the case
of non-constant densities and of densities defined on all the line, can be found in [7].
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In dimension d > 3, it has been proved that E[Cy]/N ~ c¢N —p/d_for any p > 1
(see [19], [15] for p =1, and [16] for p > 1).

2 Some conjectures for non-constant densities

Let us consider the case t(dx) = p(x) dx with p(x) is piecewise constant with respect
to a regular grid of sub-squares of Q. For sake of simplicity we consider the case in
which the grid is made by four sub-squares: [0,1/2)2, [0,1/2) x [1/2,1], [1/2,1] x
[0,1/2), [1/2,1]? (see fig. ).

01,p1 02,02

03,p3 Q4,p4

Fig. 1 Grid of 2 x 2 squares.

Let us denote by Oy : i = 1,...4, the four squares and by py > 0, k =1,...4 the
corresponding constant densities. Now, let {x;}¥, and {y;}%, be two samples of
N independent points from the distribution 1, and let us denote with R; and Sy the
number of points x; and y; in O, respectively. Then, both R; and S; will be equal to
Ni = PN /4 plus terms of the order of v/N.

Now we make two ansatzes.

1. Up to a correction o(logN), we can calculate E, [Cy] by restricting ourselves to
the case in which both Ry and Sy are equal to Ny = pyN/4 (rounded to integer
numbers in such a way that the sum of the Ny is N).

2. Given the samples with R; = S; = Ny, the optimal cost, with the constraint that x;
and y,. are in the same square, is Cy plus an error o(logN).

Under these assumptions we get that, but for terms of order 1, the expected value of
the cost of the optimal matching will be given by the sum of the expected value of
the cost of the optimal couplings in the four squares.

Now let us notice that, by eq. (1.3), if we sample N, particles uniformly and

independently in a square of size |Qy|, then the expected value of the cost is simply

given by | Qx| lozgnN , as follows by the scaling argument shown in the previous section.
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Therefore,

log(pkN /4)

logN
L+ ollogN)

EulCn] = Z|Q |

4
4 logN

Z|Qk\

logN logN
o <Z |Qk|> +o(logN) oy +o(logN),

4 1 4
+ Y 1002 o 0gw)
k=1

=~

where we used that Y |Qx| = 1. We can notice that the dependence of £, [Cy] on the
values of the densities p; does not affect the leading term, that only depends on the
measure of the set.

This analysis can be extended when we consider a regular grid of m?> squares.
Therefore, by noticing that it is possible to approximate a continuous density p as
well as we want in L., with a piecewise constant density, we are led to the following
conjectures.

Conjecture 1 Ler u(dx) = p(x)dx a probability measure defined on Q where p is
a smooth positive density on Q. Let {x;}Y_| and {y;}_; be two samples of points
independently distributed with [. Then

logN
EulCy] ~ =~
Reasoning in the same way, we can conjecture that the asymptotic behavior of the
2—Wasserstein distance between the empirical measure X~ and the measure L itself
verifies

2.1)

logN
AN

Let us notice that the two ansatzes above are far from been obvious. Nevertheless,
in the next section we will prove that the right-hand-sides of eq.s (2.1) and (2.2) give
exact estimates from above of the expected values.

Eu W7 (XY, )] ~

2.2)

Let us now consider a bounded connected set A in R?> with regular boundary,
and consider a partition of A with squares of sides 1/m, as in fig. 2. Let us suppose
that the probability measure y has a smooth and positive density in A, and define
A = Ok NA.

Then with the same reasoning made for the case of the square Q, formally we get

Ey[Cn] ~
k:0rCA
logN logN
=22 Y lad+o) ~ A2
T korca

where py is the average of p on Ag. In fact, we expect that any of the square O in A

contributes to E[Cy] with a term ~ %

of the squares close to the boundary.
Therefore, we are led to the following conjecture.

log N. We have also neglected the contribution
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N
r
~~ccco

Fig. 2 Set A covered with squares.

Conjecture 2 Let u(dx) = p(x)dx, a probability measure defined on A where p is
a smooth positive density. Let {x;}Y_, and {y;}Y_, two samples of N points indepen-
dently distributed with L.

logN
21

logN
4nN

Ey[Cy]~ A and Eu[W3 (XY, )] ~ [A|
Remark 1 1f the measure of the support of u is infinite (for instance if the support is
all R?), we expect that
E,|C

lim 7“[ J =

N—eo logN
This is in agreement with the fact, proved by Talagrand in [20], that when the density
is the Gaussian, i.e. p = ﬁe"x‘z/z, the average of the cost satisfies for large N

(logN)* < E [Cx] < C(logN)*.

Notice that an estimate from above proportional to (log N)? was previously proved by
Ledoux in [16]. Moreover, in [20] the author says that a similar estimate can be ob-
tained for densities p o< e H® obtaining a bound form below for the cost proportional
to (logN)'*2/® and therefore much larger than logN.

Remark 2 In the above conjectures we require that p is positive, but we can reformu-
late the conjectures using the measure of the support of p instead of the measure of
A. The condition which really can change the asymptotic behavior of the cost is the
connection of the support of p. Namely, if this condition is not satisfied, the result
may be false. In particular if p is constant in two squares whose distance is positive,
we get that the expected value of cost is O(v/N) > O(logN). To get an idea of what
happens, consider

() = 5 (8, () + 8, () v
Then
R N—-R
X4(@) = (43,0 + 8w ) an
S N-S
YN(dx) = (Nézl (x)+ TSZZ (x)> dx,
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where R and S are independent binomial variables of mean N /2 and variance N /4. Tt
is easy to show that

Cy=L*R-S|

where L = |z; — 23| Then, by noticing that R — S has variance N/2, by the Cen-
tral Limit Theorem we get that the leading term of the expected value of the cost
is L2\/N/x. This behavior is independent of the dimension. The reader can find in
the paper [9] the exact asymptotic value in the one-dimensional case of two disjoint
intervals of the same length and with constant density.

Remark 3 Non-constant densities have been previously addressed in [14], in which
the authors present a general expression which also allows the explicit calculation
of the asymptotic value of the cost in the one dimensional case. Again on the one-
dimensional case, in [9] the authors consider also a matching problem as in eq. (1.1)
but where the distance appears with the power p > 1, not necessarily 2. The expected
value of the cost per particle E[Cy]/N goes as cN~7/2, but interestingly ¢ can diverge
if the density approaches zero at some point.

3 A formal proof

It is possible to extend the method by Caracciolo et al. [11] to a generic (positive)
density. In particular in [14] a formula for E, [Cy] and for its fluctuations is presented,
in the general case. The formula for E, [Cy] is computed in the case of the uniform
density o in the square, recovering the results in [11]. Here we follow the approach
presented in the papers above, considering the general case of a smooth and positive
density and deriving formally eq. (2.1) of Conjecture 1 (eq. (2.2) can be derived
essentially in the same way).

In the framework of this approach, the main argument we use to derive eq. (2.1)
consists in noticing that the singular part of the Green function of the linearized
Monge-Ampere equation, that in the case of a generic density is an elliptic opera-
tor in divergence form, has a very simple expression.

3.1 Constant density

The strategy proposed in [11] to compute the expected value of Cy consists in lin-
earizing the Monge-Ampere equation (which is the Euler Lagrange equation for the
Monge-Kantorovich problem) and then to put a suitable cut-off on the expression
founded. For first, we here report the argument in [11] for the case of constant den-
sity, and we refer to [11, 14] for the justification of the approach and further details.
By linearizing the Monge-Ampere equation around the uniform probability mea-
sure ¢ (dx) = dx, the Wasserstein distance between two regular measures is approxi-

mated by
[vwP=- [ yay G.1)
Q Q
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where Y solves
Ay =-ép, (3.2

whit Neumann boundary conditions, and where 8p is the difference of the densities of
the two measures. We use formally (3.1) in the case of singular measures, introducing
later a suitable cut-off that make finite the cost. In the bipartite case

8p(x)dx = XV (dx) — YN (dx) (3.3)

and the cost is N times the Wasserstein distance, that is
Cy ~N/ |Vyl|? :N/ vp.
0] o

It is convenient to introduce the Green function ¢, for the Laplace problem on Q,
which is the solution, with zero average, of

A¢(x) = —8:(x) + 1,

with Neumann boundary conditions. Since y solves eq. (3.2) with §p given in eq.
(3.3), from the definition of ¢.(x) we get

N
v(x)=Aa""6p(x) <Z P, (x Zl Py, (x)>
j=
and then

o~y (z% m,) (mza)

Taking the expectation in the location of the delta functions, and using that the Green
function has zero average, we get

N N N
Es [CN]NfEG/ KZ% Z]q)y_,.) <X}5xi—2‘15,j>]
1
= NEG;/Q (¢xi5xi+¢y,‘5yz') :Z/QdZ/de|V¢z(x) ?

_ Z/de|V¢0(x)|2,

(the integral in x does not depend on the position of z, then we can fix it in z = 0). By
Parseval’s Lemma, the right-hand-side can be written in Fourier series, with respect

to the base of cosines, as
2 1

eN?\{0}
This series is not summable but a natural cut-off can be imposed by summing up to k
as large as % where A = \LW is the characteristic length of the system, i.e. the typical
distance between a point x and its closest point y. In this way one gets Eq[Cy] ~
ﬁ log N +0O(1). It is important to notice that if the cut-off is chosen to be 4 = o//N
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then the leading term of does not depend on the constant ¢, which only affects the
O(1) term.

In order to face the case of a non-constant density, it is convenient to make the
previous computation in the position space, in which the cut-off can be obtained by
smoothing the delta-function evolving it, with the heat semigroup, for a time r = 1/N.
We recall that the Green function can be written as

1
0:2) = —5_loglx —2| +¥(x.2),
where 7 is a regular function. We indicate whit f’ the evolution of a function f with

the heat semigroup until the time 7, and with G;(x) the heat kernel in the whole space
R?. We get again

Eo[Cx] ~2 /Q 94 (x) 85 () dx = 2 /Q 9o (x) 83 (x) dx
2—2%'410g|x|G21(x)dx+0(1):—%log\ﬁ—&-O(]) (3.4)

1
— —JogN+0(1).
5 108N + (1)

3.2 Non-constant density

Now let us consider the case of a probability measure p of positive and regular den-
sity p. The main difference from the case of a constant density is that the linearized
Monge-Ampere equation reads as

V- (pVy)=-68p. (3.5)

(see for instance [18] and references therein). Also in this case
CN~N/ pIVw|2=N/ wép
JQ 0

where y satisfies (3.5). We then introduce the Green function ¢,(x) which is the
solution of

V-(pV0) = (8 ~p) with [ 6.(9p(x)dx =0, (3.6)

getting
1 ¥ 1Y
V= N;(PX[—N]_;%,

and
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Taking the expectation in the location of the delta functions, that are distributed with
density p, we get

N N
Ey[Cy] N*Eu/ <Z¢x, Z¢y,> <Z5x,«z5y,~>
i=1 j=1
= NEM/Q; (¢Xi6Xi+¢)7i5yi) :z/QdZP(Z)/deq)Z(x)aZ(x)

The key observation we make here consists in noticing that in the equation (3.6), that
we rewrite as

pA¢z+Vp'V¢z = _5z+pv

the term Vp - V¢, is less singular than the § function, therefore

0. (x) = log|x—z| 4+ O(1) (3.7)

1
21p(2)

as x — z (see the Remark 4 at the end of this section). Finally, we apply the cut-off
by evolving &, until the time t = 1 /N with the heat semigroup. Proceeding as in eq.
3.4)

By[Col ~ — e | dxﬁloghfdGzz(x*Z)JrO(l)

1 1
— —logN|( [ dz)+0(1) = —logN +0O(1
57 108 (/QZ)+() 2n0g+()7

that is in agreement with our conjecture.

The argument can be generalized to any regular bounded domain A in the plane
and to the case of the torus. In the latter case, the operator A requires periodic bound-
ary conditions.

Indeed, changing the domain or the boundary condition only affects the regular
part of the Green function in (3.7).

Remark 4 Denoting with A~! the inverse of the Laplacian, we have

¢ :—A_l (5Z_p> _A—leV¢Z
) P P

This expression suggests that divergent part of ¢, is

N log |x — 7|
2ap(z)

and then that |Vp - V¢, /p| is bounded by ‘ . Tt is easy to show that applying A~!
to this term we obtain a bounded continuous functlon. A rigorous proof of (3.7) when

the domain is all R? can be found, for instance, in [5], and can be extended to the
case of the square with minor modifications.
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4 Estimate from above

In this section we prove that

Theorem 1 Let i (dx) = p(x)dx be a probability measure defined on Q, where p is
a Lipschitz continuous strictly positive density.

1. Let {x;} | and {y;}Y_, be two samples of N points chosen independently with
distribution l. Then

27
li ——E,[Cy] <1 4.1
msup N u[Cn] < 4.1
that is equivalent to
. 2nN 2(yN yN
1 —E, Wy (XY, YY) <1 4.2
msup I oN w[Wy (XV,YT)] < (4.2)
2. Moreover AN

. T 2 /N
limsup ——E, (W5 (X", <1 4.3)
N%wplogN w[Ws (XY, )] (

We first prove the second part of the theorem, and then we show that (4.3) implies
4.2).

The idea of the proof is to divide the square Q into small squares where the density
can be considered constant in order to apply the result in eq. (1.4). More precisely,
we state the following Lemma.

Lemma 1 Let p(x) be a strictly positive and Lipschitz continuous function defined
in Q' = [0,4)%, let v(dx) = r(x)dx be the probability measure of density r(x) =
p(x)/ Jot P, and let o' (dx) = £~ 2 dx be the uniform probability measure on Q'. Let us
denote with {x,-}lR= 1 a sample of R points independently distributed with v, and with
{zi}fe:l a sample of N points independently distributed with the uniform probability
measure 6', and let us indicate with X®(dx) and Z® (dx) the corresponding empirical
measures.
Then there exists a constant ¢ > 0 such that for sufficiently small ¢

E W3 (XR,v) < (1+cO)EL W3 (2R, o").

Proof Let us denote with L the Lipschitz constant of p, and with a a constant such
that p(x) > a > 0. The measure V is approximated by o' in the sense that

el L [o|<t
T AN ML ET

r(x)*[z

Moreover,

Let us define
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and note that
1
ra(x) — 7 <

|~

We consider the map

1 X1
Gi(x1,x) =/ )/0 r(x),x2) dx)

r(xp
*2 / /
Ga(x1,x2) :K/o r2(x3) dxs.
The map x = (x1,x2) = G = (G1,G>) is continuously differentiable, its Jacobian is
r(x), and it is bijective from Qé in Q[ . Then, if x is uniformly distributed on QZ,

G(x) is distributed with density r. The inverse map I" of G transports the uniform
distribution ¢*(dx) in the probability measure v(dx) of density r. By definition of I"

WF(xK,v) =inf [ J(dx.dy)|F) - T )P,

where the infimum in taken on the joint probability measures of Z"(dx) and o' (dy),
with z; = G(x;). Now we show that

I'(x)—Ty)?
IF(x) T )P < r—yfsup MO =LOIE
x#y ‘x yl
)
—e—yPsup 22 el yp

x#£y ‘G(x) - G(y)|2 N
from which the proof follows immediately. Let us define

g / / /
o= ra(x5)dxs,
X2 = Y2 Jxa.y] (12)dzz

8= e
X1 = Y1 Jx11] rz(xz)

. / /)’1 (r(x/l,xz) B V(X/p)’Z)> dx,.
x-wnl \nkx  nO)

Using the estimate on r — 1/ 2o —1 /¢ and on the Lipschitz constant of r, we have

la—1]<ct, |[B-1]<ct, |y <cl.
Then

G(x) =G = (& +7*)(x2 = 32)* + B (x1 = y1)* +2BY(x1 = y1) (x2 — y2)
> (1=ct)lx—yP,
for a suitable constant ¢ and ¢ sufficiently small.
We will also need to bound the 2—Wasserstein distance between two slightly dif-

ferent and positive densities on the square. We can do this with the following Lemma,
which is a corollary of Benamou-Brenier formula [6].
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Lemma 2 [f v| and v, are two probability measures on a convex domain A, abso-
lutely continuous with respect to the Lebesgue measure, with densities bounded from
below and from above by finite non-zero constants, then

W3 (vi,v2) < c|lvi — val 3.

Proof The Benamou-Brenier formula allows to estimate the 2—Wasserstein distance
between two measures in terms of the HI~! norm of their difference. More precisely,
Theorem 5.34 in [18] says: if v; and v, are two absolutely continuous measures
defined on a convex domain A, with densities bounded from below and from above
by the constants a and b respectively, 0 < a < b, then

1 1
ﬁllvl —Wallg1a) S Walvi,v2) < ﬁllvl —Vallg-1a),

where the H~! norm of a 0—average charge distribution v is defined by

CvA-ly2
[Vl = [ 19471V,

where the inverse of Laplacian is defined with Neumann homogeneous boundary
conditions on dA. Therefore, by noticing that the H~! norm is bounded from above
by a positive constant depending only on |A| times the L, norm, we get the result.

We remark that more general results, including the case of non-convex domains, can
be found in [17] and references therein. We also remark that this Lemma fails if the
supports of the measures are not connected, according to remark 2 at the end of the
previous section.

Now we can start to prove Theorem 1. Let m a positive integer and let us cover
Q = [0,1]? with the m? squares {Qk};:‘il, of sides 1/m and of measure 1/m?, given
by [i/m,(i+1)/m] x [j/m,(j+1)/m], with i, j =0,...m— 1. as in fig. 3.

Fig. 3 Regular grid of squares.
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We define:
oy (dx) = m? dx the uniform probability measure on Qy 4.4)

Dk = / p (x) dx the probability that x, extracted with u, belongs to Qx ~ (4.5)
Ok
1
Uy (dx) = —p(x) dx the distribution of x, conditioned to x € Q. (4.6)
Dk

Let {xi}ﬁ\’: | be a sample of N independent points distributed with y, and let us denote
with R the number of points x; in the square Q. Let Ji(dx,dy) a joint probability
distribution on Oy x Qy with marginals given by

Qka(dx ) =X (dx ZX{"/ € O}y, (x) dx

/M@FW@)
Ok

Then

m2

R
J(dv,dy) = Y S i(dr,dy)
k=1

is a joint distribution in Q x Q with marginals given by
1 N
Ammzﬂwbﬁz%mm

Ri R
/ J(-,dy) = Z, TH ) =Y pk—fvp(y)x{y € Qc}dy.

k=1

[S]

We will estimate E[W} (X", u)] by the triangular inequality, trough the estimates of

(x",
E[WZ (XNaIJ )] and E[sz( nu)}
Estimate of E[W (XY, u™)].
By definition
lnz R
k
WE N, ) < Y WE O ).
i=1

We first take the expected value conditioned to the variables Ry, which is equivalent to
fix {Ry} and to extract a sample of Ry particle in Oy with distribution 1", as defined
in (4.6). Then we will take the expectation in {Ry } with respect to i, which means to
extract the multinomial variables {R; } with probability py, as defined in (4.5):

'"Wz Xk )

By W20 ) (R ] < i@
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We estimate Eyn Wy (XY, ") using Lemma 1, identifying £ = 1/m, Q' with Qy, and
using the results in Eq. (1.4):

E;L]’g’ [sz(Xlﬁv,H}c")] < (1 +C/m)E0'k [WZZ(ZRkvck)]

4.7)
= (L4 c/m)— <

log Ry
47'[Rk

+()(10ng/Rk)) .

Then, multiplying for R /N and summing on k

11 1
E 2XN'"Rmz]<1 — " _logRi+ —o(logR .
o [BORRIE] < keim) T (G gy oafe - potioghi/

The expected value of Ry is Ny, = piN, where py is of order 1/ m?. Then we need that

N/ m? diverges with N. For N large, R differs from N, of a term of order VN /m,
then

=0(logN/N) +o(logm/N) = o(logN/N).

E l Z %o(long/N)
k:Re>0 M
Moreover
log Rk = 1og(Re/Ni) +log py +1log N < log(Rx/Ni) +logN,
and since py < 1 and since log is a convex function
Ey[logRy] < Ey[log(Ri/Ni)] +1ogN < logN.

Therefore, we conclude that

B WE O, 07 < (1-+c/m) (5] +ollog /) )

Estimate of E[W7 (1™, u)].

Here we use Lemma 2:

2 2
< R
W3 (u™ u) < cllp™ — 2——02 (k —1> x)%dx
o (W) < cl|u™ =z &\ N QkP()

2
n 1

=Y s (Re— V) [ p(Pa
;P%Nz Ok

Taking the expectation

m v 1
BAWE () < ¢ Y s Noe(1 =) /Q P

2 m?
— x)dx<c¢ o—.
Nkzlpk/Qk”“ < cllpll
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Proof (Proof of Theorem 1.) Using that (a+b)? < (14 8)a* + (14 1/8)b?* for any
0 > 0, from the triangular inequality for W, we have

o B VR O ) <(148) By WX, 07)]
+(1+ 1/5)%& W3 (u", )]
1 m
<(148)(14c¢/m) (M +o(1)) +c(l+ 1/6)]0gN.

We achieve the proof of eq. (4.3) taking the limsup in N and then passing to the limit
m— 4coand 6 — 0.

To prove estimate (4.1) we use a nice argument introduced in [3, Prop. 2.1]. For
first, let us remind that the best coupling between an absolute continue measure (¢ and
XN can be represented with a measurable map T~ : Q — Q such that T,y transport
(dx) in XV (dx), and

Jr(dx,dy) = 8(y —Tyn (x))p(x)dx dy

is the joint distribution which realize the infimum in the definition of the 2-Wasserstein
distance:

WX = [Ir(@dy)le =P = [ [T () () dr
Let YV another empirical measure obtained extracting N particles with distribution

u, and let 7'\~ be the corresponding map which gives the best coupling. Then, since
T~ and T,y transport g in XV and Y" respectively,

WEOC ) < [T @) = Tyv(0)Pp (o) s
= [ 1T () == (T () =) Pp ()
— [ 1T () = aPp() dx [ 1Ty (x) —aPp(x)
2 / (T (x) —x) - (T (x) — x)p () d.
Considering that, since X" and Y" are independent and identically distributed, also

Ty~ (x) and T~ (x) are independent and identically distributed. Then, taking the ex-
pectation,

E,[W2(xV,YV)] < 2E, / IT v (x) — 22p (x) dx — 2 / B [T v (x) — )P (x) dx
<2E, / IT 0 (x) — 2% (x) dy = B, W2(XY ).

Therefore, by (4.3) we get (4.1).
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