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Abstract. Inverse Compton scattering of the anisotropic CMB fluctuations off cosmic electron plas-
mas generates a polarization of the associated Sunyaev-Zel’dovich (SZ) effect. The polarized SZ effect
has important applications in cosmology and in astrophysics of galaxy clusters. However, this sig-
nal has been studied so far mostly in the non-relativistic regime which is valid only in the very low
electron temperature limit for a thermal electron population and, as such, has limited astrophysical
applications. Partial attempts to extend this calculation to the IC scattering of a thermal electron
plasma in the relativistic regime have been done but these cannot be applied to a general relativistic
or mildly relativistic electron distribution. In this paper we derive a general form of the SZ effect
polarization that is valid in the full relativistic approach for both thermal and non-thermal electron
plasmas, as well as for a generic combination of various electron population which can be co-spatially
distributed in the environments of galaxy clusters or radiogalaxy lobes. We derive the spectral shape
of the Stokes parameters induced by the IC scattering of every CMB multipole for both thermal and
non-thermal electron populations, focussing in particular on the CMB quadrupole and octupole that
provide the largest detectable signals in cosmic structures (like galaxy clusters). We found that the
CMB quadrupole induced Stoke parameter Q is always positive with a maximum amplitude at a fre-
quency of ≈ 216 GHz which increases slightly with increasing cluster temperature. On the contrary,
the CMB octupole induced Q spectrum shows a cross-over frequency which depends on the cluster
electron temperature in a linear way, while it shows a non-linear dependence on the minimum momen-
tum p1 of a non-thermal power-law spectrum as well as a linear dependence on the power-law spectral
index of the non-thermal electron population. We discuss some of the possibilities to disentangle the
quadrupole-induced Q spectrum from the octupole-induced one which will allow to measure these
important cosmological quantities through the SZ effect polarization at different cluster locations in
the universe. We finally apply our model to the realistic case of the Bullet cluster and derive the
visibility windows of the total, quandrupole-induced and octupole-induced Stoke parameter Q in the
frequency ranges accessible to SKA, ALMA, MILLIMETRON and CORE++ experiments.
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1 Introduction

When photons of the Cosmic Microwave Background (CMB) radiation pass through the atmosphere
of a cosmic structure such as a galaxy cluster or a radio-galaxy, they are Comptonized by the electrons
present. This causes a unique imprint on the intensity spectrum of the CMB which is usually referred
to as the Sunyaev Zel’dovich (SZ) effect [5, 56, 59, 60]. The main component of this effect arises
because of the scattering of the photons off a distribution of electrons which can be of thermal
or non-thermal origin [11, 25]. Another component that gives rise to an SZ effect is the peculiar
motion of the cosmic structure with respect to the CMB frame and this causes a kinematic spectral
distortion (kSZ). The SZ/kSZ effect has been realized be a powerful probe in astrophysics since it can
constrain the pressure, energetics and spatial distributions of relativistic electrons in galaxy clusters
and radio-galaxies [14, 15, 25, 40], test the acceleration history of cosmic rays during mergers [23]
and determine the nature of electron distributions [49, 50, 51]. In addition to that, the SZ/kSZ effect
also has cosmological relevances for, e.g., independent determination of the Hubble constant [4, 8, 55],
revealing the nature of dark matter [12, 13], constraining the equation of dark energy [57], probing the
epoch of reionization (EOR) and the dark ages (DA) [17, 20]. New physics can also be explored with
the SZ effect such as the existence of massive photons [16] and non-Planckian effects in cosmological
radio backgrounds [18] due to the existence of a plasma frequency around the recombination epoch.

In addition to an intensity spectral distortion, the SZ effect also induces linear polarization in
the CMB [39, 54]. The main source of polarization originates from the intrinsic multipoles of the
CMB [19], which exist due to the temperature variation of the CMB at the surface of last scattering
created by spatial fluctuations in energy, bulk velocity and gravitational potential. Because of this
variation in the CMB temperature, an anisotropic radiation field is seen by the electrons [36] residing
in cosmic structures and upon inverse Compton (IC) scattering a SZ effect polarization is produced.
Using a non-relativistic approach, it has been shown that the SZ effect polarization depends only on
the quadrupole of the CMB at the cluster’s redshift [39, 54] and is of the order of a2,2τ , where a2,2

is the temperature quadrupole of the CMB and τ is the optical depth of the electrons residing in the
cosmic structure.

The quadrupole of the CMB is subjected to cosmic variance when measured from only our
location since we observe only one sphere of the last scattering surface. The SZ effect polarization
gives us, on the contrary, access to other spheres of the last scattering since it allows one to measure
the quadrupole as seen from other locations in the Universe where cosmic structures are located. It
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has been discussed in [38, 48] that this measurement has the potential of reducing the cosmic variance
on the CMB quadrupole by measuring the latter at several galaxy cluster locations. Furthermore, it
has been also pointed out that the SZ effect polarization has the power to test the homogeneity of
the universe [42]. By determining the quadrupole of the CMB at other places in the Universe, it also
tells us about the isotropy of the CMB at these places [42]. Since homogeneity cannot be measured
directly, one can link it to isotropy via the Copernican principle (CP), i.e. that there is no special
position in the Universe, and hence test for its validity. Also using polarization data from a sample
of clusters over a wide range in redshift, the presence of the Integrated Sachs-Wolfe (ISW) [53] effect
can be statistically established and its redshift dependence contribution to the rms quadrupole can
be determined. Given the strong dependence of the ISW effect on the background cosmology, the
cluster polarization can eventually be used as a probe of the dark energy [19].

The non-relativistic SZ effect polarization signal for a cosmic structure with optical depth τ ≈
0.02 is expected to be ∼ 0.1µK in the Rayleigh-Jeans frequencies [39, 54], which is still below the
detection limit of current instruments. One way to overcome this limitation has been commented in
[39, 54], that an r.m.s value of the quadrupole-induced SZ polarization can be established if the signal
is measured for a large number of clusters.

Furthermore better experimental opportunities are foreseen with upcoming instruments such as
the SKA [7, 22], which will operate in the frequency range 0.03 GHz up to 40 GHz and whose sensitiv-
ities are around µJy level, the ground-based ALMA experiment [7], the space-borne MILLIMETRON
experiment [52], operating in the millimeter frequency range of 84-720 GHz and 100-1900 GHz respec-
tively and the CORE++ space-borne survey experiment [62]; the combination of these experiments
will provide a multifrequency spectral approach for detecting the SZ polarization signal. Given the
coming experimental opportunities, it has become relevant to study the SZ effect polarization in
depth, analyzing the possible astrophysical and cosmological aspects and their exploitation in the
light of the achievable experimental sensitivities,

From a theoretical perspective, most of the previous works on SZ effect polarization have been
performed in the non-relativistic regime which is valid only in the very low electron temperature
limit for a thermal electron distribution [39, 54]. However, recent observations of galaxy clusters
have revealed that the temperature of the intracluster medium (ICM) hosted by some of these cosmic
structures can reach up to 14 keV on average [58] and even up to 20 keV in some cluster regions [29].
At these temperatures, relativistic effects become important and if one wants to use the cluster SZ
effect polarization for cosmological purposes, these relativistic effects have to be necessarily considered
appropriately.

A previous work on SZ effect polarization [9] in the relativistic regime suggested that higher
multipoles of the CMB can contribute to the polarization caused by the IC scattering process. This
would allow to probe not only the CMB quadrupole, but also the CMB octupole at remote locations
in the universe, allowing hence to reduce the cosmic variance on this higher multipole as well. The
CMB octupole is important in probing homogeneity. Actually, it has been shown in [24, 42] that the
vanishing of the CMB dipole, quadrupole and the octupole is a sufficient condition for a region to
follow a Friedmann-Lemaitre-Robertson-Walker (FLRW) geometry.

Furthermore, the detection of non-thermal emission (like, e.g., radio-halos) from galaxy clusters
[27, 28] and lobes of radio-galaxies also motivates for a full relativistic study of polarization in IC
scattering processes. It is widely accepted that this non-thermal emission originates from a relativistic
population of electrons spiraling around magnetic field lines. These non-thermal electrons [21, 35]
also contribute in the Comptonization of the CMB [11, 25] and hence an SZ effect polarization is also
expected from them. It is therefore of interest to know whether the SZ effect polarization is coming
from the thermal or the non-thermal electrons and evaluate the non-thermal effect in comparison with
the thermal one. The SZ effect in intensity coming from the non-thermal electrons has been shown to
extend from low to high frequencies, ≈ 1000 GHz. Based on this evidence, it can be anticipated that
the SZ effect polarization spectrum will also span over a wide range of frequencies. This gives rise to
an opportunity for searching the SZ effect polarization at frequencies around 100 GHz to 1000 GHz.

Matters are more complicated if the non-thermal emission regions co-spatially exist with the
thermal X-ray emitting regions in galaxy clusters [11, 15]. In addition, it is also possible to have
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two or more thermal electron distributions, with different optical depth and temperature, co-existing
together. It has been shown in [11] how to compute the SZ effect intensity spectrum for a general
combination of various electron populations. By applying this technique to the SZ data observed for
the Bullet cluster [15, 40], it has been found that the fit to the data is improved by using a combination
of electron populations. Therefore it is important to extend this technique and compute the SZ effect
polarization for a combination of electron populations.

We note that the relativistic derivation of the SZ effect polarization by [9, 34] has been done
only in the case of a thermal electron distribution by expanding the relativistic Boltzmann equation
in terms of the electron temperature parameter θe = kTe/mec

2. The approach used by these authors
does not apply to a general electron distribution and the restriction to thermal electrons is somehow
incomplete; therefore a more complete solution is needed for general electron distributions found in
various astrophysical plasma, and in particular for power-law electron distributions which are present
in cluster containing radio-halos and in the lobes/jets of radio galaxies.

We also note that the spectral features of the CMB octupole-induced SZ effect polarization
have not been calculated so far, while this is an important task if one wants to disentangle the
CMB octupole from the quadrupole term. Also the formalism that has been previously presented
is somehow cumbersome, and this comparison is discussed in [46]. Finally, no extended comparison
with sensitivities of current or future instruments has been discussed so far, while this is a relevant
issue for the observability of this effect.

In this work we compute the SZ effect polarization by solving the polarized relativistic Boltz-
mann equation given in [46]. We extract the Stokes parameters and compute their spectrum for the
quadrupole and the octupole of the CMB in the case of both thermal and non-thermal population
of electrons. This approach also allows us to compute the polarization signal arising from a general
combination of various electron populations. In order to assess the detectability of the signal, we also
compute the expected signals for a real cluster like the Bullet cluster and we compare it with the
sensitivity of various instruments operating in different frequency bands.

We mention here that there are secondary sources of SZ effect polarization [39, 54] other than
those generated by the intrinsic multipoles of the CMB. The first one to mention is the polarization
induced by the transverse motion of the cosmic structure with respect to the CMB frame. The
amplitude of this effect is of the order of (VT /c)

2τ , where c is the speed of light and VT is the
component of the peculiar velocity perpendicular to the line of sight.

Another source of polarization is that induced by multiple scattering, which is therefore of the
order of τ2. The relativistic effects to the SZ effect polarizations induced via kinematic and multiple
scattering can have important astrophysical relevance and will be considered in details in a forthcoming
paper.

The structure of the paper is the following: in Sect. 2 we start our analysis from the known
derivation of the SZ effect polarization in the non-relativistic case in order to show the links with the
full relativistic derivation that will be discussed in Sect.3. The redistribution functions of polarized
photons will be computed for thermal and non-thermal electron distributions, and the full relativistic
Stokes parameters will be derived. We will then apply in Sect.4 our predictions to the realistic case
of the Bullet cluster which hosts a superposition of thermal and non-thermal plasma. We will finally
discuss our results and present our conclusions in the final Sect.5.

Throughout the paper, we use a flat, vacuum–dominated cosmological model with Ωm = 0.308,
ΩΛ = 0.692 and H0 = 67.8 km s−1 Mpc−1 [2].

2 SZ effect polarization: non-relativistic regime

For the sake of clarity, before computing the SZ effect polarization in a full relativistic approach, we
first derive the SZ effect polarization in the non-relativistic case and then, in the next section, we
describe the extension of this derivation to the relativistic domain.

A first approach in the study of the SZ effect polarization is based on the assumptions that
the speed, ve, of the electrons which scatter the CMB photons is small, i.e. βe = ve/c << 1, and
that the Thomson limit is valid, that is hν << mec

2. Under the second assumption, the process
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can be described using Thomson scattering. Assuming that the incident radiation is not polarized
but anisotropic, the outgoing radiation will have a degree of linear polarization proportional to the
CMB quadrupole moment in the angular distribution of the incident radiation. Choosing a frame of
reference in such a way that the Z-axis coincides with the line of sight of the scattered radiation at
first scattering, the Stokes parameters Q and U are given by the following integral [10]:

∂Q

∂τ
(x) =

3

16π

∫
sin2(θ) cos(2φ)I(x, θ, φ)dΩ (2.1)

∂U

∂τ
(x) =

3

16π

∫
sin2(θ) sin(2φ)I(x, θ, φ)dΩ , (2.2)

where x = hν/kT0 and T0 = 2.725 K is the average temperature of the CMB. The angle θ is the polar
angle measured with respect to the Z-axis whereas φ is the azimuth angle. The intrinsic anisotropy
of the incoming radiation in the case of the CMB is given by the primordial fluctuations of the
temperature dependent unit vector n̂(θ, φ). Thus I(x, θ, φ) is written as:

I(x, θ, φ) = 2

(
kT0

)3(
hc
)2 x3

exp
[

hν
kT (θ,φ)

]
− 1

=

∞∑
l,m

Il,m(x)Yl,m(θ, φ) , (2.3)

where T (n̂) is given by
T (n̂) = T0[1 + δ(θ, φ)] (2.4)

and

δ(θ, φ) =

∞∑
l,m

al,mYl,m(θ, φ) . (2.5)

By inserting eq. 2.5 into eq. 2.4 and then substituting into eq. 2.3, we can write the intensity of the
incident radiation as an expansion in terms of the spherical harmonics, given that the variations in
the temperature of the CMB are generally very small:

I(x, θ, φ) =
2(kT0)3

(hc)2

[
x3

ex − 1
+

exx4

(ex − 1)2

∞∑
l,m

al,mYl,m(θ, φ)

]
+O(δ2) =

∞∑
l,m

Il,m(x)Yl,m(θ, φ) . (2.6)

After inserting this into eq. 2.1 and eq. 2.2 and integrating over the solid angle, we are left with only
two terms, namely l = 2,m = ±2. The solution can be written as

∂Q

∂τ
(x) =

√
3

10π

I2,2 + I2,−2

4
=

1

2

√
3

10π
Re[I2,2(x)] , (2.7)

and
∂U

∂τ
(x) =

√
3

10π

I2,−2 + I2,−2

4i
= −1

2

√
3

10π
Im[I2,2(x)] . (2.8)

The multipoles of the intensity can be obtained directly from eq. 2.6 and the relevant ones up to the
octupole are

I0,0(x) =
√

4π 2
(kT0)3

(hc)2

x3

ex − 1
=
√

4π 2
(kT0)3

(hc)2
F0(x)

I2,2(x) = a2,2 2
(kT0)3

(hc)2

exx4

(ex − 1)2
= a2,2 2

(kT0)3

(hc)2
F1(x)

I3,2(x) = a3,2 2
(kT0)3

(hc)2

exx4

(ex − 1)2
= a3,2 2

(kT0)3

(hc)2
F1(x) , (2.9)
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where we have defined the functions F0(x) = x3/(ex− 1) and F1(x) = (exx4)/(ex− 1)2. We have also
used here the fact that I∗l,m = (−1)mIl,−m. Then we obtain the Stokes parameter Q and U as follows:

∂Q

∂τ
(x) =

1

2

√
3

10π
2

(kT0)3

(hc)2
Re[a2,2]F1(x) , (2.10)

and
∂U

∂τ
(x) = −1

2

√
3

10π
2

(kT0)3

(hc)2
Im[a2,2]F1(x) . (2.11)

The Stokes parameters can be obtained in terms of the optical depth of the electron distribution in
the single scattering approximation by just multiplying by τ as follows

Q(x) =
τ

2

√
3

10π
2

(kT0)3

(hc)2
Re[a2,2]F1(x) , (2.12)

and

U(x) = −τ
2

√
3

10π
2

(kT0)3

(hc)2
Im[a2,2]F1(x) . (2.13)

The basis used to describe the Stokes parameters can always be rotated in such a way that Re[a2,2] =
|a2,2| and Re[a3,2] = |a3,2|. Hence we speak only of Q as U will be zero using such a basis. The values
of al,m are related to the coefficients Cl of the angular power spectrum of the CMB temperature
anisotropy [1]. One can write

|a2,2| ≈
√
C2 (2.14)

|a3,2| ≈
√
C3 . (2.15)

We obtained values of |a2,2| = 1.3 × 10−5 and |a3,2| = 8.7 × 10−6. We show in Fig. 1 the spectrum
of the Stokes parameter Q for the CMB quadrupole computed using eq. 2.12. We finally define the
degree of polarization as

Π =
√
Q2 + U2/I . (2.16)

3 The polarized Boltzmann equation

From now onwards we use the unit convention c = 1 and h = 1 except where otherwise specified.
The covariant Boltzmann equation describes the Compton scattering of photons and electrons γ(~p1)+
e−(~q1) −→ γ(~p2) + e−(~q2). In a lab-frame V µL = [1, 0, 0, 0], the non-polarized equation is written as
[34, 43]:

df(~p1)

dt
= 2

∫
d3q1d

3q2d
3p2W

[
f(~p2)ge(~q2)− f(~p1)ge(~q1)

]
, (3.1)

where the functions f and ge are general functions describing the momentum distribution of the
photons and electrons respectively, and W is written as

W =
3σT
32π

m2
e

X

E1E2p1p2
δ4
(
pµ1 + qµ1 − p

µ
2 − q

µ
2

)
(3.2)

X = m2
e

(
1

k2
− 1

k1

)2

+ 2me

(
1

k1
− 1

k2

)
+

1

2

(
k1

k2
+
k2

k1

)
, (3.3)

and k1 and k2 are defined as follows:

k1 = −pµ1V2µ (3.4)

k2 = −pµ2V2µ . (3.5)
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Figure 1. The Stokes parameter Q computed in the non-relativistic approach for a value |a2,2| = 1.3× 10−5

and τ = 0.01.

The quantity V2µ is the four-velocity of the electron after collision. In the rest-frame VL, ~p1 and
~p2 represent the momentum of the photon before and after collision and ~q1 and ~q2 represent the
momentum of the electron before and after collision, respectively. The 4-vectors in the delta function
are represented as pµ1 =

(
p1, ~p1

)
, qµ1 =

(
E1, ~q1

)
, pµ2 =

(
p2, ~p2

)
and qµ2 =

(
E2, ~q2

)
. The quantity ki

represents the magnitude of the momentum of the photon with 4-momentum pµi in the rest frame of
V2 where i = 1, 2. The time derivative d/dt is

d

dt
=

1

p1
pα1 ∂α . (3.6)

It is convenient to split the Boltzmann equation into two terms, i.e. ”scattering in” and ”scattering
out”, of the momentum element d3p1 which can be written as follows:

df

dt
=
df

dt in
− df

dt out
. (3.7)

The first term in this equation is the rate of scattering of photons with momentum ~p2 off electrons
with momentum ~q2 into d3p1 around ~p1, while the second term represents the rate of scattering of
photons with momentum ~p1 off electrons ~q1 into d3p2 around ~p2. We should also point out that this
equation neglects stimulated emission as well as Pauli blocking but is still valid outside Thomson’s
regime where quantum effects are not negligible.

We note that the Boltzmann equation for polarization exhibits the same features as the non-
polarized equation except that the cross-section and the distribution functions become tensor quan-
tities which in turn requires the use of projection tensors [46]. The equation is written as follows:

p1
df

dt

µν

(pm1 , V
m
L ) = m2

eσT

∫
d3q1

E1

d3q2

E2

d3p2

p2
δ4
(
pµ1 + qµ1 − p

µ
2 − q

µ
2

)
×Pµναβ (pm1 , V

m
L )

[
Φαβρσ (pm1 , p

m
2 , V

m
2 )fρσ(pm2 , V

m
L )ge(~q2)

−φαβ(pm1 , V
m
L )gγδΦ

γδ
ρ,σ(pm2 , p

m
1 , V

m
1 )fρσ(pm1 , V

m
L )ge(~q1)

]
,

(3.8)
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where gγδ = (−1, 1, 1, 1) is the metric tensor. Eq. 3.8 is the relativistic polarized Boltzmann equation.
We note that in the laboratory frame an observer is seeing the velocity of the electrons to be V m1
(before collision) and V m2 (after collision). The polarization tensor for photons with momentum pµ1
for this observer is denoted by fµν(pm1 , V

m
L ). The quantities V m1 and V m2 denote the 4-velocity of the

electron before and after collision whose momentum is qm1 and qm2 , respectively, whereas pm1 and pm2
represent that of the photon before and after the interaction.

We clarify that writing the distribution function fµν(pm, V m) does not mean that f is a function
of V m, but is only a notation used to denote that f is the distribution function of the observer traveling
with velocity V m; it also does not mean that we are evaluating fµν in his rest-frame. If one wants to
obtain the distribution function in the rest-frame of the observer, one has to Lorentz-transform to the
V frame in order to do so. So the function fµν(pm, V m) −→ fµν(p0, ~p, V m) −→ fµν(~p, V m) can be
also written as fµν(~p, V m). Also for the scalar function the following relationship f(pµ) −→ f(p0, ~p)
−→ f(~p) holds. The reason why we can write it in terms of only 3-vectors is because p0 = |p| for the

photon but it is also true for massive particles because p0 =
√
p2 +m2. We also mention here that

eq. 3.8 can also be used to calculate the SZ effect polarization resulting from kinematic effects as
well as from multiple scatterings effects. These two cases will be treated specifically in a forthcoming
paper.

The cross-section here becomes a tensor, as we mentioned previously, and is written as follows

Φµνmn
[
pm1 , p

m
2 , V

m
2

]
−→ is the scattering cross-section for (pm2 , V

m
2 ) → pm1

Φµνmn
[
pm2 , p

m
1 , V

m
1

]
−→ is the scattering cross-section for (pm1 , V

m
1 ) → pm2 .

(3.9)

The term Φµνmn is an analogue of X for the polarized case and is constructed out of projection tensors
[46] . The tensor φµν represents the normalized polarization tensor written as fµν/f . Finally we have
Pµναβ which is constructed out of the projection tensors as follows:

Pµναβ (pm, V m) = Pµα (pm, V m)P νβ (pm, V m) . (3.10)

This projection tensor Pµναβ (pm1 , V
m
L ) actually projects the terms in the right hand side of the polarized

Boltzmann equation into the plane perpendicular to the photon with momentum pm1 and 4-velocity
of the observer V mL . In the rest frame of the observer V mL the projection tensor has only spatial
components [46]. The cross-section term is written in terms of the projection tensors in the Thomson
approximation as

Φµνγδ (pm2 , p
m
1 , V

m
1 ) =

3

8π
Pµναβ (pm2 , V

m
1 )Pαβγδ (pm1 , V

m
1 ) . (3.11)

The δ4(pµ1 + qµ1 − p
µ
2 − q

µ
2 ) can be integrated out by using the following relation:

d3q1

E1
= d4qµ1 δ

[1
2

(qµ1 q1µ +m2
e)
]
. (3.12)

We also write the electron distribution function as ge(~q) = nefe(~q) where ne is the electron number
density. We can also use the definition of optical depth, dτe = neσT dt, to get rid of the Thomson
total cross-section.

The conservation of four-momentum equation is written as

qm1 = qm2 + pm2 − pm1 . (3.13)

This acts as a constraint on qm1 , and the delta function in eq. 3.12 can be simplified to

δ
[1
2

(qm1 q1m +m2
e)
]

= δ
[
me

(
k1 − (k2 +R12)

)]
. (3.14)

We have also introduced a new variable, R12 = pµ1p2µ/me, which will be very useful for our following
calculations.
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Using all these simplifications we can now cast the Boltzmann polarized equation as follows

p1
∂

∂τ
fµν(pm1 , V

m
L ) = m2

e

∫
d3q2

E2

d3p2

p2
δ
[
me

(
k1 − (k2 +R12)

)]
×Pµναβ (pm1 , V

m
L )

[
Φαβρσ (pm1 , p

m
2 , V

m
2 )fρσ(pm2 , V

m
L )fe(~q2)

−φαβ(pm1 , V
m
L )gγδΦ

γδ
ρσ(pm2 , p

m
1 , V

m
1 )fρσ(pm1 , V

m
L )fe(~q1)

]
.

(3.15)

3.1 The distribution function in the Thomson approximation

Now we use this formalism to derive the Stokes parameters of the scattered CMB radiation by an
electron gas. To do this we will make three important assumptions which actually not only simplify
the calculation but also allow our results to be cross-checked with those obtained in previous works
[11, 25]. The three assumptions are:

1) Single Scattering approximation: this means that we assume that each photon is scattered
once by the electrons. This is valid in the mild optical depth regime for the study of galaxy clusters
(e.g τ ≈ 0.01) and radio-galaxies (e.g τ ≈ 1× 10−4).

2) Thomson’s cross-section: this means that we are neglecting quantum effects and in this way
the scattering in the electron rest-frame can easily be described by Thomson’s scattering, which in
turn simplifies the cross-section term. This is valid because the CMB photons are mostly found in
the low frequency range of the electromagnetic spectrum, meaning that they are less energetic than
the electrons residing in the cosmic structures we are interested in. We note that this approximation
is valid for electrons with Lorentz factor less than γ ∼ 107 (see, e.g.,[26]).

3) Unpolarized incident CMB: what we mean by this assumption is that before scattering the
CMB is completely unpolarized; even though this is not completely true, for most of our calculations
it is a quite reasonable simplification because the degree of polarization of the CMB before collision
is very small [33, 37, 44].

With these assumptions in hand the polarized Boltzman equation can be simplified extensively.
In addition to these assumptions we also make a small change in our notation, mainly q2 −→ qe and
also V2 −→ Ve. For single scattering between CMB photons and electrons, the equation writes as

p1
∂

∂τ
fµν(pm1 , V

m
L ) = me

∫
d3qe
γe

d3p2

p2
δ
[
me

(
k1 − (k2 +R12)

)]
×Pµναβ (pm1 , V

m
L )

[
Φαβρσ (pm1 , p

m
2 , V

m
e )fρσ(pm2 , V

m
L )fe(~qe)

−φαβ(pm1 , V
m
L )gγδΦ

γδ
ρσ(pm2 , p

m
1 , V

m
1 )fρσ(pm1 , V

m
L )fe(~q1)

]
.

(3.16)

Now we make use of our second assumption, i.e the Thomson limit, which writes as

γeα2 << 1

α2 =
p2

me
. (3.17)

We also use the cross-section that we introduced in the previous section written as

Φµνγδ (pmk , p
m
i , V

m
i ) =

3

8π
Pµναβ (pmk , V

m
i )Pαβγδ (pmi , V

m
i ) . (3.18)

One point to be noted here is that the projection tensors which project the distribution function
perpendicular to V mi and pmi (where k, i = 1, 2) are included in this cross-section term. Then we
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define the following useful variables

n12 =
k1

p1
= γe

(
1− ~βe · n̂1

)
n22 =

k2

p2
= γe

(
1− ~βe · n̂2

)
r12 =

pµ1p1µ

p1p2
= meR12 = n̂1 · n̂2 − 1

αj =
pj
me

(3.19)

where n̂1 and n̂2 are unit vectors in the direction of ~p1 and ~p2 and ~βe is the electron velocity. The
delta function δ

[
me

(
k1− (k2 +R12)

)]
can be further simplified by using the Thomson limit as follows:

me

[
k1 − (k2 +R12)

]
= −m2

en22

[
α2 − α1

n12

n22
(1− α2

r12

n12
)
]

= −m2
en22

[
α2 − α1

n12

n22
(1−O(α2γe)]

= −m2
en22

[
α2 − α1

n12

n22

]
. (3.20)

In order to arrive at the previous approximation we made use of the following inequality:

α2|
r12

n12
| ≤ 2α2

γe(1− βe)
= 2α2(1 + βe)γe ≤ 4γeα2 = O(γeα2) . (3.21)

In the Thomson limit, and in the rest frame of the electrons the magnitude of the momentum of
the photon before and after collision is the same, hence k1 ≈ k2, and therefore the variable p2 is
constrained by the following condition:

p2 =
n12

n22
p1 . (3.22)

Another simplification can be made by noticing that

γ1 = γe
[
1 +O(α2γe)

]
. (3.23)

This can be achieved by putting m = 0 in the equation qm1 = qm2 +pm2 −pm1 . Using α1 =
(
n22/n12

)
α2

we obtain

γ1 = γe + α2

[
1− n22

n12

]
. (3.24)

Then one can show that:

γ1 = γe

(
1 +

α2

γe

(
1− n22

n12

))
≤

≤ γe
(

1 +
α2

γe

∣∣∣∣1− n22

n12

∣∣∣∣) =

= γe

[
1 + 2βeα2

(
1 + βe

)
γe

]
≤

≤ γe
[
1 + 4α2γe

]
=

= γe

[
1 +O(α2γe)

]
. (3.25)
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To arrive at the result we use the following inequalities:

∣∣∣∣α2

(
1− n22

n12

)∣∣∣∣ ≤ ∣∣∣∣α2

[
1− 1 + βe

1− βe

]∣∣∣∣ =

= α2

∣∣∣∣ −2βe
1− βe

∣∣∣∣ =

= 2βeα2

(
1 + βe

)
γ2
e ≤

≤ 4α2γ
2
e . (3.26)

From eq. 3.25, it can be noticed that the energy of the electrons is unaltered during the Thomson
scattering, hence also the distribution function

fe(~q1) ≈ fe(~qe) . (3.27)

Using these simplifications we arrive at the following expression:

∂

∂τ
fµν(pm1 , V

m
L ) =

3

8π

∫
d3qe
γe

∫
dΩ2

n12

n2
22

fe(~qe)

×
[
Jµα(pm1 , V

m
e , V mL )Jνβ (pm1 , V

m
e , V mL )fαβ(pm2 , V

m
e )

−φµν(pm1 , V
m
L )Pαβ(pm2 , V

m
1 )fαβ(pm1 , V

m
1 )

]
, (3.28)

with
Jµα(pm1 , V

m
e , V mL ) = Pµβ (pm1 , V

m
L )P βα (pm1 , V

m
e ) . (3.29)

Now we make use of the third assumption which is that the CMB is unpolarized prior to the scattering
by the electrons. With this assumption one can make the following replacements

fµν(pm, V m) =
1

2
f(pm)Pµν(pm, V m) (3.30)

φµν(pm, V m) =
1

2
Pµν(pm, V m) . (3.31)

Finally eq. 3.28 can be written as follows:

∂

∂τ
fµν(pm1 , V

m
L ) =

3

16π

∫
d3qe
γe

∫
dΩ2

n12

n2
22

fe(~qe)

×

[[
Pµν(pm1 , V

m
L )− LµLν(pm1 , p

m
2 , V

m
e )

]
f(pm2 )

−Pµν(pm1 , V
m
L )

[
1 + η12

(
1 +

1

2
η12

)]
f(pm1 )

]
, (3.32)

where we define

Lµ(pm1 , p
m
2 , V

m
e ) =

1

n22

[
pµ2
p2
−
(

1 + γe
r12

n12

)
pµ1
p1

+
r12

n12
V µe

]
η12 =

r12

n12n22

LµLµ = −2η12

(
1 +

1

2
η12

)
. (3.33)
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In these last equations we recall that pµ1 or pµ2 is the momentum in the frame V µL =
[
1, 0, 0, 0

]
and

from this position we can write that pk = −pµkVLµ. Since we are using c = 1 and h = 1, then p1 and
ν1 can be interchanged at will.

3.2 Stokes parameters

We show here how the Stokes parameters are derived from the tensor fµν(pm1 , V
m
L ). We first derive

the first Stokes parameter I which is given by:

∂

∂τ
I(~p1) = p3

1

d

dτ
fµµ (~p1) =

3p3
1

8π

∫
d3qe
γe

∫
dΩ2

n12

n2
22

fe(~qe)

×
[
1 + η12

(
1 +

η12

2

)][
f(~p2)− f(~p1)

]
,

(3.34)

where we have used the notation f(pµ) = f(~p) that we already discussed before, and the fact that
I = p3f which is the relation between the distribution function of photons to the intensity. In order
to determine the other Stokes parameters, namely Q and U , the choice of basis matters here and,
depending on how the basis are chosen, will determine the simplicity of the calculation [46]. In our
case we choose a system of basis perpendicular to the observed radiation, that is in usual term we
choose our Z-axis to be along the direction of the observed radiation. In this way the tensor fµν(~p1)
can be written as follows:

fµν(~p1) =
1

2p3
1


0 0 0 0
0 I(~p1) +Q(~p1) U(~p1) + iV (~p1) 0
0 U(~p1)− iV (~p1) I(~p1)−Q(~p1) 0
0 0 0 0

 . (3.35)

We then extract the Stokes parameters from this matrix as follows:

d

dτ
Q(ν1) = ν3

1

d

dτ

[
f11(ν1)− f22(ν1)

]
(3.36)

d

dτ
U(ν1) = ν3

1

d

dτ

[
f12(ν1) + f21(ν1)

]
. (3.37)

In this coordinate system the following variables take the form:

pµ1 = p1

(
1, 0, 0, 1

)
(3.38)

r12 = cos θ2 − 1 (3.39)

n12 = γe
[
1− βe cos θe

]
(3.40)

n22 = γe

[
1− βe

[
cos θ2 cos θe + sin θ2 sin θe cos(φ2 − φe)

]]
, (3.41)

and also

V µe = γe

[
1, βe cosφe sin θe, βe sinφe sin θe, βe cos θe

]
(3.42)

pµ2 = p2

[
1, cosφ2 sin θ2, sinφ2 sin θ2, cos θ2

]
. (3.43)
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The Stokes parameters Q and U are then written as follows:

∂Q

∂τ
(ν1) = − 3

16π

∫
d3qe
γe

∫
dΩ2

I(ν2, n̂2)

n4
12n22

fe(~qe)

×
[

cos 2φ2 sin2 θ2n
2
12 + 2 cos(φ2 + φe) sin θ2 sin θen12r12γeβe

+ cos 2φe sin2 θer
2
12β

2
eγ

2
e

]
(3.44)

∂U

∂τ
(ν1) = − 3

16π

∫
d3qe
γe

∫
dΩ2

I(ν2, n̂2)

n4
12n22

fe(~qe)

×
[

sin 2φ2 sin2 θ2n
2
12 + 2 sin(φ2 + φe) sin θ2 sin θen12r12γeβe

+ sin 2φe sin2 θer
2
12β

2
eγ

2
e

]
. (3.45)

These 5-dimensional integrals can be evaluated by breaking them into five 1-dimensional integrals. We
will compute them first for the intensity, and this will allow us to show that our result are consistent
with the usual approach of computing the unpolarized SZ effect spectrum.

3.3 The Stokes parameter I

We compute here the integrals for the Stokes parameter I first for an isotropic incident radiation
and later we will introduce an anisotropy via a spherical harmonic expansion. We start by defining
µe = cos θe, µ2 = cos θ2 and φ0 = φ2 − φe. With these new variables eq. 3.34 takes the following
form:

∂f

∂τ
(ν1) =

3

32π2

∫ 1

0

dβe

∫ 1

−1

dµe

∫ 2π

0

dφe

∫ 1

−1

dµ2

∫ 2π

0

dφ0
n12 fe(βe)

γen2
22

×
[
1 + η12

(
1 +

η12

2

)][
f(ν2)− f(ν1)

]
. (3.46)

In order to evaluate the integrals above, we assume that in the laboratory-frame the electron plasma
appears isotropic and hence the distribution function of the electrons becomes independent of direc-
tions and can be written in terms of βe as follows

1

4π
fe(βe)dβe = fe(~qe)q

2
edqe , (3.47)

and use the fact that for a generic function Ψ(φe, φ2 − φe),∫ 2π

0

∫ 2π

0

Ψ(φe, φ2 − φe) dφ2 dφe =

∫ 2π

0

∫ 2π

0

Ψ(φe, φ0) dφ0 dφe . (3.48)

In order to further simplify eq. 3.46 we also introduce another variable:

χ0 = cosφ0 , (3.49)

and if we consider a general function F (cosφ0, sinφ0) which has trigonometric functions as its argu-
ment, then we can write∫ 2π

0

F (cosφ0, sinφ0)dφ0 =

∫ 1

−1

[
F (cosφ0 → χ0, sinφ0 →

√
1− χ2

0)

+F (cosφ0 → χ0, sinφ0 → −
√

1− χ2
0)

]
dχ0√
1− χ2

0

.

(3.50)
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By using the simplifications of eq. 3.48 and 3.50 and integrating eq 3.46 over φe we obtain:

∂f

∂τ
(ν1) =

3

16π

∫ 1

0

dβe

∫ 1

−1

dµe

∫ 1

−1

dµ2

∫ 1

−1

dχ0 fe(βe)

×2n2
12n

2
22 + 2n12n22(µ2 − 1) + (µ2 − 1)

2

n12n4
22γe

√
1− χ2

0

[
f(ν2)− f(ν1)

]
.

(3.51)

At this stage we can perform a check that the polarized covariant Boltzmannn equation gives the
same result as the Wright’s method for the Stokes parameter I by making a transformation into the
electron frame [43] using the following variables:

µ0 =
µ2 − 1

n12n22
+ 1

µ =
γen12 − 1

n12γeβe
(3.52)

µ′ =
γen22 − 1

n22γeβe
.

By doing that, we obtain an equation in terms of the new variables of the following form:

∂f

∂τ
(ν1) =

3

16π

∫
dβe

∫
dµ

∫
dµ′
∫
dµ0

[
f
(
ν2

)
− f

(
ν1

)]
fe(βe)

× 1 + µ2
0

γ4
e (1− βeµ)3

√
1− µ2

0 − µ2 − µ′ 2 + 2µ0µµ′
, (3.53)

with

µ0,min = µµ′ −
√

(1− µ2)(1− µ′ 2) (3.54)

µ0,max = µµ′ +
√

(1− µ2)(1− µ′ 2).

The integration over µ0 can be done easily and then introducing a last variable, which is related to
the frequency shift

es =
1− βeµ′

1− βeµ
(3.55)

s = ln(ν2/ν1).

The eq. 3.53 can be cast into the usual form [5, 11, 25] as follows

∂f

∂τ
(ν1) =

∫ ∞
−∞

P1(s)
[
f(esν1)− f(ν1)

]
ds , (3.56)

where

P1(s) =

∫ 1

sinh
|s|
2

fe(pe) P (s, pe) dpe (3.57)

P (s, βe) =
3 es

32

∫ µmax

µmin

(3− µ2)β2
e − (1− 3µ2)

[
1− es(1− µβe)

]
β3
eγ

4
e (1− βeµ)2

dµ .

The electron distribution function has been written in terms of the electron momentum pe and the
function P (s, pe) is just the function P (s, βe) with the βe and γe substituted in terms of pe. This is
given by

γe =
√

1 + p2
e

βe =
pe√

1 + p2
e

. (3.58)
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The function P1(s) is same function used in [5, 11, 25] and is normalized to one. This shows,
comfortably, that our formalism is consistent with previous works. We are now in a position to
include the distribution of CMB anisotropy in our treatment.

3.4 Anisotropic incident CMB radiation

The rate of change of the distribution function can be broken down into two terms

∂f

∂τ
(ν1, ẑ) =

∂f

∂τ

∣∣∣∣
in

(ν1, ẑ)−
∂f

∂τ

∣∣∣∣
out

(ν1, ẑ) . (3.59)

The rate of ”scattering out” can easily be integrated (right-hand side of eq. 3.51 given the fact that
P1(s) is normalized to one) and the result is:

∂f

∂τ
(ν1, ẑ) =

3

16π

∫ 1

0

dβe

∫ 1

−1

dµe

∫ 1

−1

dµ2

∫ 1

−1

dχ0 fe(βe)

×2n2
12n

2
22 + 2n12n22(µ2 − 1) + (µ2 − 1)

2

n12n4
22γe

√
1− χ2

0

f(ν1, ẑ)

=

∫ ∞
−∞

P1(s)f(ν1, ẑ) ds = 1 (3.60)

To determine the ”scattering in” we expand the distribution function in a spherical harmonic series
as follows:

f(ν1, n̂) =

∞∑
l=0

l∑
m=−l

fl,m(ν)Yl,m(cos θ, φ) (3.61)

Yl,m(cos θ, φ) =

√
2l + 1

4π

(l − 1)!

(l +m)!
Pml (cos θ)eimφ . (3.62)

Inserting the expanded distribution function into eq. 3.51 and for the ”scattering in” term we obtain:

∂f

∂τ
(ν1, ẑ)

∣∣∣∣
in

=
3

32π2

∞∑
l=0

l∑
m=−l

∫
dβedµedφe

∫
dµ2dφ0

n12fe(βe)

n2
22γe

×
[
1 + η12

(
1 +

η12

2

)]
fl,m(ν2)

√
2l + 1

4π

× (l −m)!

(l +m)!
Pml (µ2)eim(φ0+φe)

=
3

16π

∞∑
l=0

√
2l + 1

4π

∫
dβedµe

∫
dµ2dχ0fe(βe)

×2n2
12n

2
22 + 2n12n22(µ2 + 1) + (µ2 + 1)

2

n12n4
22γe

√
1− χ2

0

fl,0(ν2)P 0
l (µ2) .

(3.63)

The integration over φe eliminates all the terms in m 6= 0. One can adopt an approach similar to the
previous one by using the variables introduced in eq. 3.53, but we will use another set of variables
introduced as follows:

s = ln

(
n12

n22

)
t = ln

(
n12n22

)
(3.64)

µ0 =
µ2 − 1

n12n22
+ 1 .
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Substituting these variables into eq. 3.63 and subtracting the ”scattering out” term (see eq. 3.60),
we obtain a set of equations similar to eq. 3.56

∂f

∂τ
(ν1, ẑ) =

l=∞∑
l=0

∫ ∞
−∞

Pl,0(s)fl,0(esν1) ds− f(ν1, ẑ)

Pl,0(s) =

∫ 1

sinh
|s|
2

fe(pe) Pl,0(s, pe) dpe (3.65)

Pl,0(s, βe) = − 3

64π

√
2l + 1

π

e
3s
2

γ3
eβ

2
e

∫ t0

−t0
e

t
2 dt

∫ A+B

A−B

1 + µ2
0√

B2 −
(
A− µ0

)2
×P 0

l

(
et(µ0 − 1) + 1

)
dµ0 ,

where

t0 = |s| − ln

(
1 + βe
1− βe

)
A =

e−t

γ2
eβ

2
e

[
1 + γ2

ee
t − 2γee

t
2 cosh

s

2

]
(3.66)

B = 2
e

t
2

γ2
eβ

2
e

√[
cosh

(
s− t

2

)
− γe

][
cosh

(
s+ t

2

)
− γe

]
.

The function Pl,0(s, pe) is just the function Pl,0(s, βe) with the βe substituted in terms of pe as well as
γe. One can see here that to each value of l one can associate a scattering kernel or a redistribution
function Pl,0(s). The scattering kernel associated with the monopole term is actually related to the
scattering kernel for the isotropic case as follows:

P0,0(s) =
1√
4π
P1(s) . (3.67)

The scattering kernels for each l value conserve the property written as follows:

Pl,0(−s) = e−3sPl,0(s) . (3.68)

The change in the intensity for each value of l can then be computed as follows:

∂I

∂τ
(x, ẑ) =

∞∑
l=0

∫ ∞
−∞

Pl,0(s)Il,0(e−sx)ds− I(x, ẑ)

=

∞∑
l=0

[ ∫ ∞
−∞

Pl,0(s)Il,0(e−sx)ds−
√

2l + 1

4π
Il,0(x)

]
, (3.69)

where

I(x, θ, φ) =

∞∑
l=0

l∑
m=−l

Il,m(x)Yl,m(θ, φ)

= 2(kT0)3

[
x3

ex − 1
+

exx4

(ex − 1)2

∞∑
l=2

l∑
m=−l

al,mYl,m(θ, φ)

]
. (3.70)

In eq. 3.69 we have used the relation
P 0
l (1) = 1. (3.71)

We show in Fig. 2 the scattering kernel Pl,m for a thermal electron distribution for different tem-
peratures and in Fig. 3 for a non-thermal electron distribution for different minimum momentum p1

following a power law with index α = 2.5.
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Figure 2. The redistribution function Pl,m(s), for l = 0, 1, 2, 3 and m = 0, 2, for thermal electrons at different
temperatures as indicated.

3.5 CMB multipoles and polarization of the SZ effect

Now we proceed to derive the Stokes parameters Q and U for an anisotropic incident radiation. The
Stokes parameter Q can be written as follows:

1

ν3
1

∂Q

∂τ
(ν1) = − 3

64π2

∞∑
l=0

l∑
m=−l

∫
dβedµedφe

fe(βe)

γe

∫
dµ2dφ0

n12n4
22

×
[

cos(2φ0 + 2φe) sin2(θ2)n2
12 + 2 cos(φ0 + 2φe)

× sin(θ2) sin(θe)n12r12γeβe + cos(2φe) sin2(θe)r
2
12β

2
eγ

2
e

]
×

√
2l + 1

4π

(l −m)!

(l +m)!
eim(φ0+φe)Pml (µ2)fl,m

(
n12

n22
ν1

)
. (3.72)
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Figure 3. The redistribution function Pl,m(s), for l = 0, 1, 2, 3 andm = 0, 2, for a single power law distribution
of electrons with spectral index α = 2.5 for different minimum momenta p1.

Upon integration with respect to φe, only the terms with m = ±2 survive and we make use of the
following property of the associated Legendre Polynomials

P−ml (µ) = (−1)m
(l −m)!

(l +m)!
Pml (µ) , (3.73)

and we also impose the following condition on the photon redistribution function

f∗l,m(ν) = (−1)mfl,−m(ν) . (3.74)

The Stokes parameter Q then is written as follows:
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Figure 4. The spectrum of the Stokes parameter Q for different temperatures of a thermal electron distribu-
tion arising from the quadrupole (left) and octupole (right) of the CMB, assumed here to be a2,2 = 1.3×10−5

and a3,2 = 8.7× 10−6, respectively. The red curve represents the non-relativistic Q. The optical depth value
is τ = 0.001.

Figure 5. The spectrum of the Stokes parameter Q for the quadrupole (left) and octupole (right) in the
case of a single power law distribution of electrons of spectral index α = 2.5. The quadrupole of the CMB is
assumed here to be a2,2 = 1.3 × 10−5 and that of the octupole to be a3,2 = 8.7 × 10−6. The optical depth
value is τ = 1× 10−5.
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Figure 6. The spectrum of the Stokes parameter Q for the superposition of the CMB quadrupole and octupole
(blue curve) for a thermal electron distribution (left panel) and for a non-thermal electron distribution (right
panel). Optical depth values of 10−3 and 10−5 have been used for the thermal and non-thermal distributions,
respectively. The spectral index of the power-law distribution is α = 2.5. The red curves represent the
spectrum of Q where the contribution from the quadrupole only is considered.

Similarly the Stokes parameter U can be written like the previous one
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These expressions can actually be simplified further into the following equations similar to those used
to compute the intensity I
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where
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The variables A,B and t are given in eq.3.66. The redistribution kernel Pl,2(s) follows a similar kind
of relationship as that of Pl,0(s) written as follows

Pl,2(−s) = e−3sPl,2(s) . (3.79)

This allows us to cast the Stokes parameters Q and U in terms of the incident radiation intensity and
for completeness we also include the intensity Stokes parameter I
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In addition to that, one can also extend eq. 3.80 to compute the spectrum for a combination of
electron populations. We show the derivation in the Appendix and we just present the result here,
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(3.81)

where τA and τB are the optical depths of electron population A and B, respectively.
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Figure 7. The spectrum of the Stokes parameter Q for the CMB quadrupole and octupole computed for dif-
ferent spectral index α of a single power-law distribution of electrons. The values of the minimum momentum
and optical depth here are p1 = 1 and 1× 10−5, respectively.

Figure 8. The spectrum of the Stokes parameter Q for the quadrupole (left panel) and the octupole (right
panel) computed for a combination of two thermal electron populations (blue curves): a thermal electron
population with kT = 10 keV and τ = 0.001 (red curves) and another thermal electron population with
kT = 20 keV and τ = 0.002 (green curves).

4 Polarization spectra

Eq. 3.80 in the previous Sect. 3.5 allow us to compute the Stokes parameters Q and U for any value of
l. In this work we computed Q and U only up to l = 3. We show in Fig. 4 the spectrum of the Stokes
parameter Q arising from the quadrupole and the octupole of the CMB for different temperatures of
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Figure 9. The spectrum of the Stokes parameter Q for the CMB quadrupole (left panel) and octupole (right
panel) for a thermal electron distribution with kT = 10 keV and τ = 10−3 (red curves) combined with a
power-law electron distribution, spectral index α = 2.5 and τ = 10−4, for different minimum momentum p1.
The blue curves represent the resulting spectrum for different values of p1.

a thermal plasma residing in galaxy clusters. The first thing that one notices is that in the relativistic
case, higher multipoles of the CMB contribute to polarization contrary to the non-relativistic case
where only the CMB quadrupole contributes. The CMB quadrupole and the octupole show also
distinct and different spectral features. Relativistic effects become more pronounced for hot clusters
while for low electron temperatures, kT < 1 keV, the relativistic spectrum and the non-relativistic
one become nearly identical in the case of the CMB quadrupole.

The peak of the Q spectrum for the CMB quadrupole still peaks roughly around same frequency,
≈ 216 GHz, but with a slight deviation towards higher frequencies, reaching 230 GHz for 20 keV,
and the peak intensity value is lowered with increasing electron temperature. Between a cluster at 20
keV and a cluster at 1 keV, the difference is ≈ 0.05 µJy/arcmin2 at 216 GHz for an optical depth of
τ = 0.001.

In the case of the CMB octupole, the amplitude of the spectrum is smaller and increases with the
electron temperature. The Q spectrum for the CMB octupole shows a cross-over frequency which takes
the value ≈ 340 GHz in the thermal case for kT = 1 keV and it increases with electron temperature;
for a temperature of 20 keV it is found at ≈ 396 GHz. This cross-over frequency means a change in
the polarization state, e.g. changing it from vertically polarized to horizontally polarized. We show
in Fig 10 (top panel) the variation of the cross-over frequency ν0 as a function of the temperature of a
thermal gas. The cross-over frequency varies with the temperature as ν0 = [335+2.84(kT/keV )] GHz.
This relationship can be used, in principle, to measure the electron plasma temperature provided that
the crossover frequency is measured with sufficient frequency accuracy.

We note that the CMB octupole term contributes to the total polarization spectrum like a
perturbation of the main contribution that is given by the CMB quadrupole term. To illustrate
this fact, we show in Fig. 6 (left panel) the spectrum of the total Stokes parameter Q from the
superposition of the CMB quadrupole and octupole for a thermal electron distribution. The presence
of the CMB octupole-induced contribution makes the peak of the total Q spectrum higher at the
frequency of the maximum of the CMB quadrupole-induced spectrum, reaching values of 0.182 µJy
instead of 0.172 µJy for kT = 20 keV. At frequency higher than ≈ 371 GHz, the total Q spectrum
becomes lower in amplitude w.r.t. the case of the CMB quadrupole-induced contribution due to
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the negative amplitude of the CMB octupole-induced term in this frequency range. Therefore, the
contribution of the CMB octupole term is small but not negligible, and one could consider to use the
cross-over frequency of the CMB octupole term to measure the cluster electron temperature.

To separate the contribution from the CMB quadrupole and octupole, one can use the cluster
(electron plasma) temperature derived from X-ray spectral observations to fit the CMB octupole-
induced SZ effect polarization and therefore disentangle its contribution from the CMB quadrupole-
induced SZ effect polarization in the total Q Stoke parameter spectrum: the prior knowledge of the
cluster temperature allows to measure the cross-over frequency ν0 and then estimate at that frequency
the intrinsic CMB quadrupole-induced contribution to the SZ effect polarization which coincides with
the total Q. Once the CMB quadrupole-induced term is derived, it can be subtracted from the total
Q spectrum thus disentangling the CMB octupole-induced term.

In addition to the thermal Q spectrum, we compute also the spectrum of the polarized SZ effect
for non-thermal electrons which has been done here for the first time. We show in Fig 5 the spectrum
of the Stokes parameter Q for different values of the minimum momentum p1 and for a single power-
law electron distribution with spectral index α = 2.5 which is representative of the observed spectra in
radio-halos and radio-galaxies. In the non-thermal case, the amplitude of the spectrum is lower than
in the thermal case because of the lower optical depth of this non-thermal plasma and the amplitude
changes with the minimum momentum p1. The spectrum in this case extends however to much higher
frequencies depending on the values of p1.

The CMB octupole-induced term to Q has been also derived here for the first time and, similarly
to the thermal case, it shows the presence of a cross-over frequency determining a change in polar-
ization. We show in Fig 10 the variation of the cross over frequency with respect to p1 (mid panel)
for p1 > 2.5. Interestingly, two values of the cross-over frequency are seen for p1 greater than ≈ 2:
in fact, for p1 = 3, the cross-over frequencies are found at 389 GHz and 4000 GHz. We find that the
relationship between the cross-over frequency ν0 and p1 is not linear but quadratic in p1 and it can be
described by a polynomium ν0 = (−284.3 + 93.4p1 + 43.4p2

1) GHz in the range p1 ≈ 2.5− 5.0. As in
the thermal plasma case, this relation can be used to derive the value of p1 given a sufficient frequency
resolution of the CMB octupole-induced spectrum. We also show in Fig. 6 (right panel) the spectrum
of the total non-thermal Stokes parameter Q from the superposition of the CMB quadrupole and the
octupole contributions to the total Q.

Furthermore, in Fig 7 we show how the spectrum changes with different electron spectral index
α. We find that softer spectral index leads to higher amplitude of the Q spectrum. For a given value
of the momentum p1, the cross-over frequency of the CMB octupole-induced spectrum depends on the
spectral index α, with a softer spectral index leading to lower values of the cross-over frequency. We
show in Fig 10 (bottom panel) the relationship between the cross-over frequency ν0 and the spectral
index α. A linear relationship is found which can be reproduced by the relation ν0 = (1644− 170.3α)
GHz. This can be used to measure α if the value of p1 is known. The combination of the dependence
of the cross-over frequency on p1 and α can be used to set constraints on these spectral parameters
of the non-thermal electron distribution.

Using eq. 3.81, we also compute the spectra for different combinations of electron populations.
In Fig. 8, we show the resulting spectrum (blue curve) for a combination of two thermal electron
distributions. The overall spectrum is the superposition of the individual spectra. Another scenario
which is interesting to look at is the combination of a thermal electron population with a non-thermal
one. We show in Fig. 9 the resulting spectrum (blue curve) at high frequencies for a thermal electron
distribution combined with a non-thermal electron population, for different values of the miminum
momentum p1. We obtain that in this case, because of the low number density of non-thermal
electrons, the non-thermal spectrum does not affect the thermal spectrum at low frequencies except
for low values of the momentum p1(< 1). Therefore at low frequencies, the resulting spectrum is
dominated by the thermal spectrum. However, at high frequencies (>1000 GHz), the non-thermal
spectrum dominates and therefore the resulting spectrum is entirely non-thermal. Interestingly, the
existence of a non-thermal distribution superposed to a thermal distribution has an impact on the
value of the cross-over frequency, ν0 of the CMB octupole-induced spectrum. Without a non-thermal
distribution of electrons, we obtain ν0 = 361 GHz for kT = 10 keV, while in the presence of a
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Figure 10. The variation of the cross-over frequency ν0 as a function of the electron temperature (top panel)
for the case of a thermal distribution of electrons, of the minimum normalized momentum p1 for a non-thermal
electron distribution (mid panel) for a fixed α = 2.5, and of the spectral index α (bottom panel) in the case
of a power-law electron distribution for a fixed p1 = 1.

non-thermal electron distribution with p1 = 1, ν0 = 389 GHz, ν0 = 366 GHz with p1 = 2, and
ν0 = 361 GHz with p1 = 3. The presence of a non-thermal distribution of electrons with p1 > 1
produces an additional cross-over frequency ν0, e.g. at ≈ 1000 GHz for p1 = 2 and ≈ 1191 GHz for
p1 = 3. It is also noticed that the cross-over frequency depends on the minimum momentum p1 of the
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Figure 11. The polarization spectrum (dashed-red) of the Bullet cluster calculated over 5 arcmin2. The
dashed- blue curve is the quadrupole spectrum whereas the dotted-blue is that of the octupole. The brown,
purple and the black curves represent the sensitivy of SKA, ALMA and Millimetron for 260 and 1000 hrs of
integration. The yellow curve represents the sensitivity of CORE++.

non-thermal distribution, lower values of p1 lead to higher cross-over frequencies. As in the case of a
thermal electron distributions, it is possible to measure p1 from the CMB octupole-induced spectrum
at high-frequencies and then disentangle the two electron populations in a galaxy cluster involving
non-thermal activities.

4.1 Application to the Bullet cluster

In order to assess the detectability of the SZ effect polarization arising from the multipoles of the CMB
radiation, we compute the spectrum of the Stokes parameter Q for the case of the Bullet cluster. SZ
effect measurements in intensity have been done for this cluster over a wide frequency range: with
ACBAR at 150 and 275 GHz [29], with the SEST telescope at 150 GHz [3], with APEX at 150 GHz
[32], with the SPT at 150 GHz [45], with ATCA [41] at 18 GHz and with Herschel-SPIRE at 600,
850 and 1200 GHz [61]. The availability of multifrequency data allowed the determination of multiple
components arising in the SZ effect signal [15, 40]. These last authors found that the signal of the
main sub-cluster is better explained using two electron components, a thermal electron distribution
having optical depth τ = 1.1×10−2 and kT = 14.2 keV that is co-spatial with a non-thermal electron
distribution with optical depth 3× 10−4, p1 = 1 and spectral index α = 3.7 [40]. In the following, we
compute the SZ effect polarization using these parameters and we calculate the flux integrated over
a region of radius 5 arcmin from the center of this cluster.
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We show in Fig .11, the polarization spectrum (red curve) up to 104 GHz computed for the Bullet
cluster from the superposition of the CMB quadrupole (dashed-blue) and the octupole (dotted-blue)
signals. The polarization signal (red) reaches a maximum of 160 µJy at 215 GHz. At 383 GHz, the
signal is not contaminated by the CMB octupole contribution as this is the cross-over frequency of the
CMB octupole-induced spectrum, and for frequencies > 383 GHz, the signal goes below that of the
CMB quadrupole-induced one. This shows how the CMB octupole contributes constructively with
the CMB quadrupole before the cross-over frequency (≈ 383 GHz) and destructively for frequencies
above that. Using eq. 2.16 we estimate the degree of polarization at some specific frequencies and we
obtained for 10 GHz Π = 1.65×10−6, for 200 GHz Π = 3×10−6 and for 1000 GHz Π = 3×7.7×10−4.

In order to highlight the impact of the non-thermal component, we show in Fig. 11 the spectrum
of the CMB quadrupole-induced (dashed-green) and the CMB octupole-induced (dotted-green) terms
arising from the non-thermal plasma component. The low value of p1 in this particular case of the
Bullet cluster makes the non-thermal component not completely negligible over the entire spectrum.
At frequencies < 2000 GHz, the thermal component dominates whereas at frequencies > 2000 GHz,
the spectrum is entirely non-thermal. We also show in Fig. 11 the sensitivities of SKA (brown)
[7, 22], ALMA (purple) [7] and Millimetron (black) [52] for 260 and 1000 hrs of integration. The
sensitivities of SKA and ALMA are at 1σ while that of Millimetron is at 5σ. It is important to stress
that these polarization sensitivities are estimated by assuming that the Stokes Q sensitivity is a factor
of
√

2 higher than the Stokes I sensitivity. We have also shown the CORE++ sensitivity (yellow) as
reported in [62].

5 Discussion and conclusions

In this paper we derived the polarization of the SZ effect in a relativistic approach by solving the
relativistic polarized Boltzmann equation in the case of the CMB photons and of electrons that reside
in galaxy clusters and radio galaxy lobes. Under the Thomson limit assumption, the Stokes parameters
Q and U have been derived. We found that when relativistic effects are taken into account, all the
CMB multipoles are implicated in the production of polarization, at variance with the non-relativistic
case where only the CMB quadrupole is involved. Contrary to previous works on the SZ effect [9], we
have calculated explicitly the spectrum of the Stokes parameter induced by the CMB octupole. The
spectrum of this last term shows distinct spectral features compared to the one induced by the CMB
quadrupole, in particular the existence of a cross-over frequency ν0. Contribution from multipoles
higher than the CMB octupole are expected in our general approach but they haven’t been considered
in our work since their amplitudes would be quite small and the resulting signal would be well below
the detection limit of any current and future instruments.

We also found that the spectral feature of the SZ effect polarization spectrum depends on the
electron distribution causing the IC scattering. The spectral feature of the SZ effect polarization is
completely different between thermal and non-thermal electrons. In the case of thermal electrons,
the spectral features of the Q spectrum (quadrupole/octupole) depend on the electron temperature
whereas in the case of the non-thermal electrons with a power-law distribution, the spectral features
depend on p1 and α. In the particular case of the CMB octupole-induced term, the cross-over frequency
depends on the temperature (e.g. 340 GHz for 1 keV, 365 GHz for 10 keV, 396 GHz for 20 keV) for
a thermal electron distribution and on p1 as well as α for that of a power-law electron distribution.
We have briefly discussed the source of biases in the determination of the cluster temperature and of
the electron minimum momentum from the measurements of the cross-over frequency ν0, as well as
the possibility to disentangle the CMB quadrupole and octupole terms from a prior measurement of
the cluster temperature (or the minimum momentum of a non-thermal electron distribution).

In addition to that, we have computed the polarization spectrum arising from a combination of
electron populations which has not been done before in previous works [9]. The resulting spectrum
is the superposition of individual spectra, e.g. in the case of two thermal electron distribution that
exist co-spatially, the polarization spectrum is amplified by the distribution with higher temperature.
In the particular case of the CMB octupole-induced spectrum, the cross-over frequency is moved
towards higher frequency. For the case of a thermal electron distribution co-spatially existing with a
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non-thermal electron distribution, the latter only causes an impact on the polarization spectrum of
both the CMB quadrupole and octupole-induced terms at higher frequencies. However for low values
of p1 (< 1), the non-thermal electron distribution impact can also be seen at lower frequencies. Again
in the case of the CMB octupole-induced term, the cross-over frequency is shifted depending on the
value of the momentum p1 and the spectral index α.

The ability to compute the SZ effect polarization using two electron distributions allowed us to
compute the total SZ effect polarization spectrum of the Bullet cluster using the parameters derived
from multifrequency SZ effect observations in intensity. The spectrum of the Bullet cluster shows
interesting frequency ranges over which polarization arising from the CMB multipoles can be explored.
In the frequency range 30 GHz to 700 GHz, the SZ effect polarization spectrum can be measured with
a sensitivity to the Stokes parameter Q of ≈ 10 µJy. This frequency range is suitable since it can be
considered clean from the foreground polarized synchrotron emission. This falls into the frequency
coverage of ALMA and Millimetron, which cover approximately the ranges 86 GHz up to 750 GHz
and 100 GHz to 1800 GHz, respectively. Observing at ≈ 88 GHz where the sensitivity of ALMA is
maximum, i.e. ≈ 0.3 µJy, would render the SZ effect polarization signal measurable. The detection
limit of ALMA goes below both the predicted CMB quadrupole and the octupole-induced signals,
which would render both signals observable. The distinct spectral features of the CMB quadrupole
and the octupole-induced spectrum would also allow them to be disentangled using multifrequency
observations. For clusters with electron temperature measurements available through X-ray or SZ
effect intensity measurements, a strategy that can be employed in achieving this is by observing
at the cross-over frequency of the CMB octupole-induced term, e.g. around 390 GHs for Bullet
cluster. At this frequency the polarization spectrum consist of only the CMB quadrupole-induced
term without any contribution from the CMB octupole-induced term (being zero at its cross-over
frequency). Then in order to recover the latter, one can measure the SZ effect polarization spectrum
at another frequency where the CMB quadrupole-induced term spectrum can be subtracted to retain
the CMB octupole-induced one. However high spectral resolution would be required in order to
observe the signal with sufficient precision around the cross-over frequency.

Promising experimental possibilities to measure the SZ polarization are offered by future experi-
ments: the SKA can reach a sensitivity of 0.01 µJy at 5 GHz and down to 0.1 µJy at 45 GHz for 1000
hrs of integration time. This would allow SZ effect polarization spectrum to be measured with high
accuracy at low frequencies. Unfortunately low frequency measurements can suffer from the polar-
ized synchrotron emissions coming from the radio halos or other sources. Nevertheless the distinctive
spectral feature of the latter would allow it to be removed through multifrequency measurements [30].
In addition, if an r.m.s. value of the CMB quadrupole or the CMB octupole is what we are inter-
ested in, then the polarized synchrotron emissions would cancel upon averaging over several clusters
[30].This is so because the synchrotron polarization angle will not correlate from cluster to cluster.
Hence combining ALMA and the SKA, the CMB quadrupole and the octupole-induced terms can be
determined. The averaging process will also reduce the kinematic SZ effect polarization assuming the
peculiar velocities of cosmic structures are uncorrelated [30].

The SZ effect polarization coming from non-thermal electrons reveals that polarization can also
be searched in the extended lobes of radio galaxies where IC emission have been observed. However
high sensitivities (≈ 0.01 µJy at 20 GHz, ≈ 0.33 µJy at 243 GHz ) would be needed to at least measure
the CMB quadrupole-induced spectrum. This would require at least 5000 hrs of integration time for
SKA and ALMA.

Another nuisance for both low and high frequency observations of SZ effect polarization from
cosmic structures would be the background E-mode polarization of the CMB itself. In order to
estimate the contribution of the E-mode to the SZ effect polarization, we assume that the CMB
quadrupole/octupole is same at every location in the universe. For angular scale of typical cluster, ≈
5 arcmin that corresponds to ≈ l ≈ 2000, we compare the value of the amplitude of the E-mode to
the CMB temperature quadrupole/octupole. We found in this way that the CMB E-mode contribute
only to ≈ 0.3 % to the SZ effect polarization.

We finally discuss in the following the comparison between the results obtained in our work
and previous ones [9, 34]. The first difference between our work and previous ones is that we used a
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general formalism which allowed us to compute the SZ effect polarization for any electron distribution,
whereas in previous works a series expansion in terms of a thermal electron distribution temperature
has been used to study the thermal SZ effect polarization only.

We stress also that we have been able to compute the SZ effect polarization spectra for both
thermal and non-thermal electron distributions in a complete relativistic approach without relying
on any approximation (apart from the Thomson scattering approximation which is justified in this
study). In particular, the non-thermal SZ effect polarization has been presented here for the first time
because of its relevance in search of SZ effect polarization in the radio haloes of galaxy clusters and
lobes of radio-galaxies.

Furthermore we have also been able to compute the SZ effect polarization for a general com-
bination of electron populations with different nature, which is a relevant case for galaxy clusters
containing non-thermal plasma either in the form of radio halos/relics and extended jets of radio
galaxies.

We also stress here that we have computed for the first time the spectrum of the CMB octupole-
induced polarization which was not considered in previous works on SZ effect polarization. We have
shown that the CMB octupole-induced contribution is not negligible in the case of high temperature
clusters as well as in lobes of radio-galaxies where relativistic electrons are present. We have shown also
that the spectrum of the CMB octupole-induced polarization shows an interesting spectral feature,
i.e. a cross-over frequency, which can be used to estimate the electron temperature (for a thermal
electron population), or the minimum momentum p1 and the spectral index α of non-thermal electron
distributions. We also discussed how multifrequency observations, by taking advantage of the CMB
octupole’s cross-over frequency, would allow one to disentangle the CMB quadrupole and octupole-
induced spectrum.

Finally, we have also computed the complete polarization spectrum expected from the Bullet
cluster using parameters derived from multifrequency observations of the SZ effect intensity. In the
context of expectations from observed clusters, we have shown that telescopes like the SKA, ALMA,
Millimetron and CORE++ have the sensitivity to measure the polarization spectrum from a typical
Bullet-like cluster. A statistical study of the SZ effect polarization signals from a sample of high-T
clusters will be presented elsewhere and will point to cosmological applications of this technique in
large-scale observations of the polarized cosmic microwave background.
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A Appendix. SZ polarization spectrum for combination of electron pop-
ulations

Using the formalism presented in this paper one can also compute the SZ effect polarization due to
two electron populations residing in the same ICM. This was done by [11] for the case of intensity
only while here we will do it for the Stokes parameter Q and U in the case of the quadrupole and
octopole. We write the distribution function of the electron fe(p) as follows:

fe(p) = CAfe,A(p) + CBfe,B(p), (A.1)

where fe,A(p) corresponds to the distribution function of electron population A and fe,B(p) corre-
sponds to the distribution function of electron population B. CA and CB are normalization constants
with CA + CB = 1 [11] and

CA =
τA
τ

CA =
τB
τ
, (A.2)

with τ = τA + τB . The total scattering kernel for any value of m and l due to the combination of
population A and B is written as follows:

Pl,m(s) =

∫
fe(p) Pl,m(s, p) dp

=

∫
CAfe,A(p)Pl,m(s, p) + CBfe,B(p)Pl,m(s, p) dp

= CAPl,m,A(s) + CBPl,m,B(s). (A.3)

The Stokes parameters I can be written as:

∂I

∂τ
(x, ẑ) =

τA
τ

∞∑
l=0

∫ ∞
−∞

Pl,0,A(s)Il,0(e−sx)ds+

+
τB
τ

∞∑
l=0

∫ ∞
−∞

Pl,0,B(s)Il,0(e−sx)ds−
√

2l + 1

4π
I(x, ẑ),

(A.4)
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and the Stokes parameters Q and U are written as:

∂Q

∂τ
(x, ẑ) =

τA
τ

∞∑
l=0

∫ ∞
−∞

Pl,2,A(s)Re[Il,2(e−sx)]ds+

+
τB
τ

∞∑
l=0

∫ ∞
−∞

Pl,2,B(s)Re[Il,2(e−sx)]ds

∂U

∂τ
(x, ẑ) = −τA

τ

∞∑
l=0

∫ ∞
−∞

Pl,2,A(s)Im[Il,2(e−sx)]ds+

−τB
τ

∞∑
l=0

∫ ∞
−∞

Pl,2,B(s)Im[Il,2(e−sx)]ds.

(A.5)

The resulting spectrum of the Stokes parameters for a combination of electron populations is the
superposition of their individual spectrum.
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