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Abstract

We prove the existence of solutions concentrating on spheres for the nonlinear
Schrédinger-Poisson system with an external potential and with a non-constant
density charge.

In particular we show that the necessary conditions obtained in the Part I are
also sufficient under the assumption of suitable non-degeneracy conditions.
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1 Introduction
We consider the nonlinear Schrodinger equation with the electromagnetic field

{ 762A’U+V(|:E|)v;r K(|z])¢(z)v = vP, z € R? (1.1)

—A¢ = LK (Jaf)?, v ERS

where |z| denotes the Euclidean norm of z € R?, € > 0 is a parameter, p € (1,5)
and V, K : RT — R are, respectively, an external potential and a density charge
(possibly changing pointwise). We make the following assumptions on V and K:

(V1) V € C2(R*,R).
V2) V is bounded and A2 := inf{V(r) : r € R*} > 0.
0

(K1) K € C2(R*,R).
(K2) K is bounded and K > 0.

*The author acknowledge the support of M. U. R. S. T. within the PRIN 2004 “ Variational
methods and nonlinear differential equations”



In the previous work [7] necessary conditions for the existence of solutions for
system (1.1) concentrating on spheres has been obtained.

The goal of this paper is to show that these necessary conditions are also
sufficient provided we assume suitable non degeneracy conditions.

Results in this direction have been already obtained in [2], where solutions
concentrating on spheres are studied in the case K = 0, namely when system
(1.1) reduces to a single NLS equation with an external potential V. Indeed
in this case it was proved that the radius of the sphere on which concentra-

tion occurs must be a critical point of a certain auxiliary weighted potential
+3
Mi(r) = 72V (r) -1 , and if this point is also non-degenerate, then a solution

concentrating on the sphere exists.

Moreover for V = K = 1 results dealing with the existence of solutions of
(1.1) concentrating on spheres can be found in [3],[4] and [8].

In this work we are concerned with the NLS equation in presence of both the
external potential and the electromagnetic field, with the external potential V'
and the density charge K radial, positive and possibly non constant, improving
the preceding results.

Actually if K = 0 we obtain exactly the concentration result proved in [2],
while, if K =V =1 we re-obtain the same concentration result given in [8] or
in [4].

In addition in our work the presence of K and V allows us to do also some
new considerations.

Firstly (see Theorem 3.1), if 7 is a non-degenerate critical point for the
same auxiliary potential M introduced in [2] and moreover the density charge
vanishes on such a radius, then system (1.1) behaves like the NLS equation
without electromagnetic field at all (i.e. K = 0). We recall that also the
converse is true: if concentration on a sphere of radius 7 occurs and K (7) = 0,
then the radius is a critical point for M; (see [7]).

Secondly, we can deal also with p > 1—71 We remember that if V' = K = 1 then
the value 1—71 is an optimal upper bound for the exponent p of the nonlinearity
([4],18]). Now in the presence of V' and K non constant we can prove existence
even if p > 1—71, under suitable assumptions on V' and K (see both Theorem 3.1
and 3.2), according with the necessary condition obtained in [7].

The proofs of our results make use of the perturbative technique in the spirit
of [2] also followed in [8]. Basically, we define a manifold Z. of ”approximate
solutions” and try to find a solution of (1.1) close to it. Such a manifold will be
defined taking into account the necessary conditions we have found previously
in [7]. In order to find such a solution, a Lyapunov-Schmidt procedure is used.
The infinite-dimensional equation is solved near any z € Z, as in [2],[8] using
the Banach Contraction Theorem, and then the remaining finite dimensional
problem is solved by evaluating the functional on the previous solutions and
finding its critical points.

A central point of the proof relies on the invertibility of the second derivative
of the energy functional i n a suitable space as we will see in section 4.2.1 and
in the appendix.

The main difference between our proof and those in [2] and [8] relies on
the definition of the manifold Z. which is made through an auxiliary function
defined implicitly (see section 4.1).
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Preliminaries

Let us fix some notation:

H} denotes the subspace of the functions u € H*(R3) which are radially
symmetric and will be endowed with the norm

+oo
Hu||2 = /0 r? Uu’(r)|2 + V(er)uz(r)] dr.

D12 is the subspace of the functions ¢ € D%?(R3) which are radially
symmetric.

We will often write C to denote a positive constant, independent of e.
The value of C is allowed to vary from line to line (and also in the same
formula).

We will use the symbol ~ to denote two expressions of the same order (as
e — 0), namely a(e) ~ b(e) if and only if
a(e) a(e)

g U6 ale) .
0< hrEnJ(?f be) = hrenjélp b(e) < +oo

We omit the coefficient wy = 47 when we write integrals in polar coordi-
nates.

We also introduce a family of functions which will be very important in rest of
the paper: for each A € R define Uy as the only positive even solution in R,
decaying at zero, of the ODE:

—U{ + NU, =UY. (2.2)

A simple computation gives that

Ux(r) = Ae1 U (M)

where Uj is the solution of (2.2) with A = 1:

- (23" pa ()]

Moreover, using the Pohozaev identity, one easily finds

)\2/RU2 = (; +pi1) /RUf\’“, (2.3)
Jwr=(5- ) Lo (2.9

In the sequel we will need often to translate the functions Uy so we denote

Unp(r) =Ux(r—p),  peR,

obviously the (2.3) and the (2.4) hold also for U, ,.
We give some useful definitions:



e We say that a radial solution v, of (1.1) concentrates around a sphere of
radius 7 for € — 0, if

V>0, Je>0, R>0: |v(r)<d Ve<ey, |r—7|>Re.

e In this case we say that the limit profile of v is given by the function
Uy (=£) if, defining & > 0 so that v(r) attains its maximum at & (be-

cause of the above condition, & — 7), p. = % and uc(r) = v(er) then,

e—0

Ue(r) = Ux(r — pe) — 0 in H}
ue(r + pe) — Ux(r) 0 in C7 .(R).

We define also

o the auziliary weighted potential (the same in [2])

+3
M,y (r) =2V (r)%, g, = LT°
[(r) = 2V (r) =y
e the auxiliary weighted density charge
4(p+3)
— 2 62 —
Ms(r) =r°K(r)", 0o 11

For completeness we recall also the necessary condition for which a solution v,
of the problem (1.1) concentrates around a sphere (see [7] for more details),
since it will be the starting point to prove our existence results.

Theorem 2.1 (Necessary condition). Let p > 1. Suppose that there exists
en — 0 and a sequence of positive functions v, € H} uniformly bounded in L>
so that

—e2 Avy, + V(|z|)vn + K(|2])p(z)v, = 0P, r€eR3
—A¢ = éK(|x|)v%, reR3

(2.5)
and suppose that they concentrate around a sphere of radius ¥ > 0.
1. If K(F) = 0 then,

(1)1 M{(F) =0,

(#i)1 the limit profile of v, (r) is given by the function

Uy, (T — r) . 2=V,

€n
2. IfK(F)#0 and also K'(F) #0, if p=1, M}(F) #£0, if p# 1L then, setting
PV (F) + 221y (7)

RCE =70

a(r) =

(i)2 a(F) = FK(7) [V(7) + K (F)a(f)] 7m0 Cy,  Cy = [, U2(r)dr



(ii)a the limit profile of v, (r) is given by the function

Uy, (’“ - f) L N = V() + K(Pa).

€n

(i4i)e M{(T) # 0 and

M (r)K'(F) <0, ifp="+
M (r)My(r) <0, ifp> 3
My (r)My(7) >0, ifp <

Remark 2.1. We underline that in [7] a necessary condition was given also in
the case in which K(F) #0 but K'(7) =0, if p= 3, Mj(F) =0, if p# 1L but
without any information about the limit profile of the concentrating solutions.
For this reason we do not deal with this case.

3 Statements of the main results

In this section we state sufficient conditions for the concentration phenomena on
spheres. We distinguish two cases: the one in which the density charge vanishes
on the sphere on which solutions concentrate and the one in which it does not.

Theorem 3.1. Let (V1), (V2), (K1) and (K2) hold and p € (1,5).

Let 7 > 0 be a non-degenerate local minimum or mazimum for My. If K(7) =0
then for ¢ > 0 small enough there exists a radial solution v. of (1.1) concen-
trating around the sphere {|z| = 7,2 € R®} in the sense that the limit profile is
given by Uy (=), X2 = V(7).

€

Remark 3.1. If K = 0 Theorem 3.1 gives the result already obtained in [2].
My(r) = r2V(r)?% is the same auziliary weighted potential introduced in [2]
whose role was to balance the volume energy and the potential energy due to the
potential V.So, more in general Theorem 3.1 says that the presence of an elec-
tromagnetic field with density charge vanishing on the concentration sphere does
not modify the behavior of the solutions of the nonlinear Schrédinger equation.

Remark 3.2. The assumption K(7) = 0 implies that also K'(F) = 0 since
K > 0 implies that 7 is a minimum for K and K is assumed to be reqular. This
fact will be strongly used in the proof.

Before stating the next existence result we need some notations.
We define the set

D:{TERJrs.t.K(r);éO and  Mj(r) # 0, ifp;él—;, K'(r) #0, ifpzl;}.

Obviously for every r € D the following quantity is well defined

V! (r) + 221y (r)

B rK'(r) + 27(1;;131)1((7‘)

a(r) =




Theorem 3.2. Let (V1), (V2), (K1) and (K2) hold and p € (1,5).
Let ¥ > 0, ¥ € D such that

a(F) = O K (7) [V (F) + K (F)a(7)]) 7D C, = /R UZ(r)dr.  (3.6)

Assume also that

(i) a(F) # 252 23, ifp < 3

2
sy C4 5— a(7) K (7) _ _\2F K'(7) 5—p V'(7)+a(F)K'(7)
(i) 2, [1 ~ -0 viramkm | 2 (D)+a(r)?*3 [% + %o 2o v(f)ﬁ(;)K(;)} a
0

where H(s) = s [V (s) + a(F)K(s)]""

M{RK/(7) <0, ifp=Y
(i) { M{(PM(r) <0, ifp> L
M{(PMy(r) >0, ifp<

then for € > 0 small enough there exists a radial solution v. of (1.1) concen-
trating around the sphere {|z| = 7,z € R®} in the sense that the limit profile is
given by Ux (=), A2 = V(7) + K(F)a(F).

€

Remark 3.3. Observe that the quantity a(7) # 0 because 7 must verify (3.6).
Moreover a simple computation shows that

N M| (F) o,
alr) = 91?2‘/(?)191—1[(/(,’:)’ if p= 7 JK'(T)#0

_ 9K792—1M/7 , 11 o
= 621V((;))611M§1((1:)>’ ifp# 77M2(7“) #0

so it follows that M1 () # 0.
Finally the assumption (iii) implies that a(7) > 0.

Remark 3.4. We make a brief explanation of the assumptions made in Theo-
rem 3.2. Equation (3.6) and condition (iii) are the ones found in the necessary
condition for a solution concentrating on a sphere of radius ¥, with 7 € D (see
Section 2, Theorem 2.1- 2.). Condition (i) will allows us to apply the Implicit
Function Theorem (see section 4.1) to define the manifold of approzimate solu-
tions. The same condition guarantees also the invertibility of the second deriva-
tive of the energy functional in an opportune space as we will see in section
4.2.1. Condition (i) implies that 7 is a non-degenerate minimum or mazimum
for a suitable auziliary potential M appearing in the the first term of the expan-
sion of the reduced functional (see section 4.3 and the Appendix).

These assumptions may appear somewhat difficult to be verified, however they
are just pointwise conditions. Moreover they simplify considerably in some cases
(see next corollary).

An interesting case is when 7 is also a degenerate critical point both for V'
and K (which includes the case V' = cost, K = cost # 0). If so, the assumption

(i) is always verified, (ii) is equivalent to require K2(7) # 21(%@ if p# L and
(iil) says that necessarily p < 1—71 Precisely:



Corollary 3.1. Letp € (1,11/7). Let 7 > 0 such that

8(p—1) ., T p+s .
MV(T) = CO17K (7)? {11 - 7pV(T)] , C= /RU12(T)dT- (3.7)
If
V(7)) = V() = K'(r) = K"(7) =0
K2 £ 30D
K(r) #0

then there exists a radial solution ve of (1.1) concentrating (as € — 0) around the
sphere of radius 7. Moreover the limit profile is given by the function U (T_T),

3 B €
A2 = 1§’j7PV(r),

If, in particular, V = const, K = const # 0, then (3.7) gives explicitly the
radius 7, obtaining the result proved in [8]:

Corollary 3.2. Let V=K =1.
For any p € (1,11/7) there exists a radial solution v. of (1.1) concentrating
(as € — 0) around a sphere of radius T, where
_ 1 a
=SS
C1 (1+a)2e-D
8(p—1)
T1—7p " )
Moreover the limit profile is given by the function Uy (%), A2 =1+a.

where a =

Remark 3.5. Once more we underline that Theorem 3.2 gives an existence
result also in case p > % On the contrary in [8] this value is the optimal upper
bound for the exponent of the nonlinearity. The reason of this difference is that
the range of p depends on the values assumed by the first and second derivatives
of V and K in the point 7; in [8] and in our Corollary 3.1 such derivatives are
in fact all vanishing and we get existence only for p < % More in general such
derivatives must verify the assumptions (iii) and so we get different ranges of
p.

Just to fix the ideas, if for example p ~ 5 and K =1 then, if there exists T such
that

v(r)

>
r

V() ~ —%01 i (3.9)

then (3.6) is verified (namely a(7) ~ 7C1). Moreover with this choice it is easy
to see that also (i) is automatically verified. Finally if

viie) 4 30 VO

— )
72

then also (i) is satisfied, and so Theorem 3.2 holds for such an 7. We recall
that condition (3.8) is necessary in the case p =5 as already shown in [7].



4 Proofs

Throughout this section we will prove theorem 3.1 and Theorem 3.2. First
observe that problem (1.1) is equivalent to

-2 Av + V(|z|)v + K(|z)¢(z)v = 0P, v >0, ve HY(R?)  (4.9)
where v has the following integral expression:
L[ K(yD) o
Y(x) = f/ —=2v*(y)dy.
@ =2/, w—y’ ¢ )

By making the change of variable  — ex and setting u.(x) = v(ex), we find
the following equation

—Au + V(e|lz))ue + K (e|lz|)(ex)ue = ul, ue > 0, u. € H'(R?)
moreover a simple computation shows

Y(ex) = deu, (2)

where
K(elyl) -

Peu () = G/R3 Hue (y)dy

so we are led with the problem:

—Aue + V(e|lz|))ue + K(€|z|)de . (2)ue = ub, ue > 0, u. € H(R?)
(4.10)
If u. is a radial function, then ¢ ,_ is also radial and has the expression
e [T
Geu. () = - K (es)u*(s)s min{r, s}ds (4.11)
0

If uc is a solution of (4.10) then v(z) = u.(%) is a solution of (1.1).
Note that u. is positive. Actually, replacing u? with (u™)? one finds that ue > 0
and hence, by the maximum principle (remind that ¢. ,, is positive), ue > 0.

In the sequel we will work in the space H}.
We recall that we are assuming p € (1, 5], so that all the functionals involved are
well defined. The general case p > 5 will be handled by a truncation procedure
at the end of section 4.4

The radial solutions of (4.10) correspond to positive critical points of the C?
functional I, : H} — R,

L = 5 [ 9P v do - g [ urtde s g [ K(eahooaitds
R3 p+1 Jgs 4 Jrs
= 1/+00 r? [(W)? + V(er)u?] dr — b o r2|u|P T dr +
2 Jo p+1Jo
1 +oo —+o0
+1/ K (er)K (es)rsmin{r, s}u?(r)u®(s)drds. (4.12)
0 0

Let us compute the derivatives of I.:



Il (u)[v] = /R3 [VuVv + V(e|lz))uv — [ulP~'uw + K (€|z])pequv] dz,  (4.13)

I’ (u)[v,w] = / [VoVw + V(e|z|)vw — plu[P ™ ow] da (4.14)
R3
+ / K (e|z]) [peuvw + 2¢tuv] dz,
R3

where ¢! solves —Ag¢! = eK (e|x|)uw.
Equations (4.13) and (4.14) are well defined since, more in general, the following
estimate is true. Let ¢ € DY?(R?) the solution of

—A¢ = eK (€|z])uw.

Then a simple computation shows that there exists C' > 0 such that
/}Rs K (e|lz|)pvzdr < eCllo][ - [[2]] - [[ul] - [|w]]. (4.15)

4.1 Approximate solutions

As we said in the introduction the main difference between our proofs and those
in [2] and [8] relies on the definition of the manifold of the approximate solutions.

Basically we define it through an implicit auxiliary function A(r) oppor-
tunely chosen.

Let 1 and 79 such that 0 < r; < 7 < ry (11, ro are two fixed positive numbers
to be determined).
Define the manifold of approximate solutions:

Ze = {Ze,pap S Te}

where

and
ze,p(r) = &(r)Un(r — p)

& is a C* function defined as

& = {

N =V(ep) + K(ep) Alep)

4e

ifr>12t

0, ifr <2t
1 2e

)

and
A:fry,re) — R

is the C? function defined implicitly as

5—

A(r) = CrrE(r) [V(r) + K (r) A(r)] 7o
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4.1.1 Existence of 1,72 and of the function A : [r,73] — R
We will apply the implicit function theorem to the C? function F : Rx R — R
F(A,1) = A— CirK(r) [V (r) + AK ()] 70D

e Under the assumptions of Theorem 3.1, being K () =

(A,r) = (0,7) is a zero for F and oF

(0.7 =10

e In the case of Theorem 3.2, being 7 € D :
a(7) is well defined and so from the assumption (3.6) it follows that

(A,r) = (a(F), ) is a zero for F
moreover an easy computation shows that

oF, . _ 5—p 9 _ _ S=sn
aalam),r) = 1- SR (7) V() + K(T)a(r)]*7=
a(F)K (7

_,__5—p
DV +amE® 7

(in fact if p > > does not exists a zero of B—F(~ 7), while, if p < g, the only
) V(7)

zero is A = 7 3p 4G

# a(T) by assumption (i)

So in both cases from the implicit function theorem it follows that Jry,rs :
r1 < T < rq and a neighborhood, Ny, of A = 0 (in the first case), a neighborhood,
Ny, of A = a(F) (in the second case), and there exists a C? function A :
[r1,72] — N, (with @ = 0 in the first case and o = a(F) in the second case)
such that

F(A,r)=01in Ny X [r1,r2] <= A = A(r)

Moreover we know the derivatives of A in the point 7, precisely:

e in the case of Theorem 3.1

A(F) =0 (4.16)
A'(F) = 7K' (F)V(F) o0 0y = 0 (4.17)

e In the case of Theorem 3.2
A(F) = a(F) (4.18)

7)1 -\ K'(7) =\ _5—p V'(F)+a(r)K'(7)
A(F) = a(T); + a(7) iNG) +a(F )2(p DY GETIGIAG) (4.19)
1 5-p a(7) K (7) )
2(p—1) V(7)+a(7) K (7)

#F, F, . PF G [oF, 7!
o Ol7) + 25l DA ) + S W) [ ).

(4.20)
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Observe that we can shrink enough the interval [r1, 73], so that we have 1 > 0
(because 7 > 0 by assumption).

Moreover, shrinking enough the interval we have that, in the case K(7) =0
the function A is small enough (because A(7) = 0 and A is continuous), while,
in the case K (7) # 0 the function A is positive (because A(7) = a(F) > 0 and A
is continuous). So in both cases, V (ep) + K (ep) A(ep) > 0 and A? is well defined.

In addition A2 is bounded because A is continuous in a compact interval.

Remark 4.1. We underline that shrinking enough the interval [r1,12] we have,
under the assumptions of both theorems, that

_ 5-p K (ep)Alep)
T 20— 1) Viep) + Klep) Alep) 7

More precisely, under the assumption of Theorem 3.1 one has

_ 5-p K(ep)A(ep)
2(p — 1) V(ep) + K(ep) Alep)

Under the assumptions of Theorem 8.2 one instead has

5-p  K(p)Alep) | citherp=g
_ _ 2(p— V(7
2(p— 1) V(ep) + K (ep)Alep) orp < anda(r) < 3250 50

and

5-p K (ep)A(ep)
2(p—1) V(ep) + K(ep)Alep)

(it is easy to verify when ep =T and so the result follows by continuity for ep in
a neighborhood sufficiently small of T).
These inequalities will be relevant in section 4.2.1 to prove the invertibility of
I”(z) and solve the auziliary equation.

2p—1) V(7)

1—
7—3p K(r)

7
<0 & p<§anda(F)>

We want to find a solution near any z., € Z., precisely, following [8], we
define the convex set

Ce={we H :||v|| <Cy,|w(z)| < Coe ae. R}

(C1 and Cy are two fixed positive constants to be defined later)

and we want to find solutions of kind z., + w, with z. , € Z. and w € W NC,,
where W = (T%_ , Zc)™*.

In order to do so, we decompose the equation I(z. , +w) =0 in

PI(zep+w) =0 (auxiliary equation) (4.21)
QI(zep+w)=0 (bifurcation equation) '
where P, @ denote the orthogonal projections onto the spaces W and 7.,  Z,

respectively.

4.2 The auxiliary equation

First we focus on solving the auxiliary equation on w for any z., € Z.. In order
to do so we need some preliminary estimates:
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Lemma 4.1. The following estimates hold:
E0) [|ze,pll ~ €7t

E1) [[I(ze p)ll < C;

(E0)
(E1)
(B2) |1 (zep +w)l| < C;
(E3) [[I{(ze,p + w)l| < C;
(E4)

Ed) [|I/ (2cp + w) — I (2¢,)|| < CeNPD)
for any zc, € Ze and w € Ce.

Following closely the arguments of [8] one can prove the previous lemma, so we
omit the proof.

Another useful result is the following lemma. Also for this lemma we omit the
proof because it is quite similar to that of Lemma 4.2 of [8].

Lemma 4.2. Define ¢, the solution of the problem —A¢. = eK (e|x|)zZ2 ,. Take

v =~(€) > 0 a function, possibly diverging at zero, but such that v(e)e 9.
Then,

e—0

pe — Alep) uniformly in (p —,p+ ).

We are in position to solve the auxiliary equation.
As in [2] and in [8] we have that

~e L,

el = |52
dp
Recall that W = (T, Zo)* = (3)*.

Ze,p

4.2.1 Invertibility of I”(z) on W

First observe that

Lemma 4.3.
" 2 1 1\°
I (2)[v,v] = Cllollgr sy, Yo €W, supp(v) C (p——F=,p+ —=
Proof.
“+o0o +oo “+o0
I (2)[v,v] = / r2\0’|2dr+/ TQV(GT)’UQCZ?"—])/ r?|z[P~ % dr
0 0 0
+oo
—|—/ P2 K (er) e, (r)v? (r)dr
0
+oo
—|—2/ 2K (er)o! (r)v(r)z(r)dr
0

Observe that all the terms are positive except for the third integral. In partic-
ular:

+oo +oo
/ r2 v |dr +/ r2V (er)v?dr = HU||%11(R3).
0 0
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The fourth integral is positive because ¢ , is positive

+oo
/ T2K(er)¢€7z(r)v2(r)dr >0
0
For the last integral observe that

1 _2 L) (— At :2 12
2 [ Kielaol@p@porde =2 [ ol (~a0t) =2 [ [velp =0

Moreover the unique negative term (the third integral) is small for e small, in
fact, z decays exponentially, so

z(r) ~ Ux(r—p) < Ce_)‘Z(r_p), |r —p| > Ch

As a consequence

+o0 +o0 G
’—p/ P2z~ ldr| = p/ r2\z|p_1v2dr+p/ r2|z[Pto?dr
0 P 0

1
a

1
A2y [T X2y [PTE
< pCe V¢ / r2v?dr + pCe™ V7 / r2v?dr
1
P+? 0
_22p-1)

9 9 _2%2(p-1) 9
< pCe™ V7 revidr < pCe Vo [|v]| 1 (rsy
R

= oc(D|v[l7n s

and so the conclusion follows. O

Let p € (1,5) and fix g > 0. Let L,[-,-] : H'(R) x H'(R) — R to be the
following quadratic form:

(Je UA,pv)Z
f]R U)\z,p
where, as before, A =V (ep) + K (ep)A(ep) and U, ,(r) = Ux(r — p).

Next lemma says that we might approximate I(z) |, under suitable assump-
tions, with the quadratic form p®L,[-, ], for a certain p.

Lufoso) = [ (02 40202 = UL, 1) dr 4 o = DX
R

Lemma 4.4. Let

o 2 K (ep)Alep)
p—1V(ep) + K(ep)Alep)
One has
I/(2)[v,v] ~ p*Ly[v,v], Yo e W, supp(v) C (p - %,p—k 26> (4.22)
1!(2)[v, 0] ~ p*Lp[v, 0], (4.23)

Yo e W, v(r) < Cre” %07 /(r) < C3e 0= |r — p| > Cj

Proof.
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e First we show (4.22).

Let v such that supp(v) C (p — %,p + l) , then

/e
2
" _ LRGP 2 p—1,2
I’ (2)[v,v] = r? [V + V(er)v® — plz|P~ "] dr
P+ p+Z
+/ TQK(GT)(be’Z’UQdT—l—?/ r? K (er)pl zvdr
NG NG

where ¢! solves —A¢! = eK (e|z|)zv.
Recalling the definition of z, we can approximate the first integral by

€

r? [|0']2 4+ V(er)v® — p|Ux(r — p) [P~ v?] dr ~

s
LT
S

s

b

P+
ot [T IRV - plOAG - o) ar
P

Ve

~ / [0/ + Vi(ep)v® — plUA(r — p)P~0?] dr-

Moreover, using Lemma 4.2 with (e) = % (namely ¢. . — A(ep)) it follows
also that

S

2
7 R

s 2 2 2 T 2 2 2
/ T K (€r) e ,v°dr ~ p K(ep)A(ep)/ vidr = p K(ep)A(ep)/v dr.
= p

3

Finally for the last integral observe that

—2 Jy_ 2
G Ve
p+Z 2 ) 2
~ 2ep3 K (ep)? (/ 2\[ z(r)v(r)dr) ~ 2ep® K (ep)? (/R Ux(r — p)vdr)
=

So, putting together the three terms, and recalling that A = V (ep)+K (ep) A(ep)

and that A(ep) verifies the implicit equation A(ep) = CrepK (ep) [V (ep) + K (ep) A(ep)] 2D ,
we get

I@)oe] ~ P V (1012 + X202 = plUA(r — p)|P~10?] dr + 2¢pK (ep)? ( / mevdr)]

2 K (ep)A(ep)
p—1V(ep) + K(ep)Alep)

= p?L,[v,v], where =

e We now prove (4.23).
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Let v decays exponentially and centered in p: v(r) < Cre=C2=P) | —p| > Cs,
then

I! (2)[v, v] ~ I (U (r = p))[v, v]

2
— p+ﬁ 2 712 2 . p—1,2
= r [|v| + V(er)v® — plUr(r — p)|P~ v ]dr
p

+26/ 2K (er)p1Ux(r — p)vdr
p
—|—/ r? [|0']2 4+ V(er)v® — p|Ux(r — p)[P~'0?] dr
{rilp—r|> L}
—i—e/ r? K (er)pvidr
{rilp=rl>J=}
—|—26/ 12K (er)p1Ux(r — p)vdr
{rilp—r|>2=}

where —A¢(z) = K(ex)Ui(z — p), —A¢1(x) = K(ex)Uxr(z — p)v

For the first three integrals (the ones in (p — %,p + %)) we procede as in
the case supp(v) C (p — %, p+ %) and we obtain:

2

P e 2 \jp—1,2
r Uv | + V(er)v® — p|Ux(r — p)|P~ v ] dr
p

Sk

+

2

+e r? K (er)pvidr

T

2

e
p+

S

+2e 2K (er)p1Ux (1 — p)vdr

2

v
~ pQLM [v, v].

—

It remains to show that the last three integrals are small for € small, and this
follows by the exponential decay of v,v’, indeed, analyzing them separately:
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/ r? [[V']2 4+ V(er)v® — p|Ux(r — p)[P~'v?] dr
{rilp—rl>L}

—c
<G 2 [0 LV (er)em ) 4 plU(r — )P0 dr
{rilp—r|>2}
—c
= CeTeQ 1 (7“—|-p)2 [e—Czr + V(ET—I— ep)e—Cgr +p‘U,\(T)|p_1€_CZT} dr
{rilr|> %)

—Cy

=Ce V7 p? / [efczr + V(er +ep)e " + p|U>\(r)\p7167C2T] dr
{rilrl>2=}

+Ce Ve r? [em 9" + V(er + ep)e” " + plUA(r)[P e %" dr
frilrl> 2}

=S,
<e Ve (p 4 +CQ) = 05(1)
The last terms is more delicate. First observe that, since K, Uy and v are
bounded in L™, then e and ep; are bounded in L™ (we can argue like in [§],
proof of Theorem 3.1, step 1), as a consequence

e/ r? K (er)pvidr < C r2v?dr
{r:|p—r\>ﬁ} {r:\p—r|>\%}

in a similar way

26/ 2K (er)prvUx(r — p)dr < C r2oUx(r — p)dr
{rilp—rl>J=} {rilp—rl>J=}

and so in both cases we conclude arguing like in the previous integral, by using
the decay of v and Uy. O

We will use the previous lemmas in order to prove the invertibility of I/ (2) |w .
For this reason we need to study the quadratic form L,[-,].
For p = 0 it has been largely studied (see the Appendix Al for more details).
Hereafter we denote by

_ .4

=5y
For our purposes we need to analyze in detail L,[-, ], for u # fi.
We limit ourselves to give here just the statements of the results we have ob-
tained and we postpone the proofs to the appendix Al as well as the statements
of the results already known.

Lemma 4.5 (Case 0 < pu < [1).
Let 0 < pu < fi. Then there exists v € span{U/'Mp}J-, v(r) < Cre=C2(r=r) |r—
p| > Cs such that

Ly[v,v] < =Cllvll g

Lulh b 2 Cllkltn gy, Vh € span{U3 3 b Lo
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Lemma 4.6 (Case p > fi).
Let > [a.
LM[U’U} 2 CHUH%P(R)a Vo L U§\7p

Using Lemma 4.5 and 4.6 respectively, we are able to prove the following

two invertibility results:

Proposition 4.1. Suppose either the assumptions of Theorem 8.1 or the as-
sumptions of Theorem 3.2 hold. In the second case assume also that

either p > %
2(p—1)

orp < I anda(F) <= e (4.24)

<

(7
(7

=

Let p = %%, then 0 < p < i and, for e sufficiently small, one

has
I/ (2)[v,v] < =CllolFn gey (4.25)
I (2)[h, B] = C|h]l3 s, YheW, hlwv (4.26)
where v is the function of Lemma 4.5.
Proof of Proposition 4.1. From Remark 4.1 it follows that
W # fi-
In addition under the assumptions of Theorem 3.1

5-p K (ep)A(ep)
2(p—1) Viep) + K(ep)Alep)

and so
< p
moreover, also under the assumptions of Theorem 3.2:
5-p K (ep)A(ep)
2(p— 1) V(ep) + K(ep)Alep)

So in both cases Lemma 4.5 applies. Let v to be as in Lemma 4.5, since it
decays exponentially, from (4.23) of Lemma 4.4 it follows that

(424) = 1-

>0 = u<p

Ié/(z)[va ’U} ~ szM[Uv U]
moreover, from Lemma 4.5 it follows
Lyfv,v] < =Cllvllip @)
As a consequence we get the (4.25):
I/ (#)[v, 0] < =CP*|[vllFn @) ~ —Cllvlin @s)-
We now show the (4.26):
1'(2)[h,h] = C||hl 3 gsy, ¥ h Lo,heW
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o if supp(h) C (pf %,er %) , then, from (4.22) of Lemma 4.4 , for €

small enough
1()[h, ) ~ p*L, [, .

Applying once more Lemma 4.5 (W ~ span{U}}*) it follows that for €
small
Lyu[h,h) > C|lhl3n )

hence for € small

II(2)[h, h) > Cp? ||l my ~ ClIAIFH gsy

C
o if supp(h) C (p — ﬁ,p + ﬁ) , then Lemma 4.3 applies and so

I (2)[h, B = ClIh|I3; ey
e for a general h, let us write
h=hH+ h(1 — H)
where H : R+ — R is a ' cut-off function which satisfies

I 1
H(r) = 0 [0,p 1\[ m— 1]1U[p+\/g+m+1,+oo]

where m € N is such that
p+J=t+m+1 p——m
/ v ((W')*+ h?) dr+/ (W 2 dr

ptg=tm

Hh”?'i”(ﬂ@) 2 2
~ W ~ € \ﬁHhHHl(RS)
NG

p+f<p+\[+m<p+\[+m+l<p+\/
It is easy to see that such an m exists because it holds

2 N
2 P o ine L a2 Ve 22 (1 2
1Pl ey > r? ((W)? + k%) dr + ((R)? + h?) dr
p-‘r% P_W
int[2=]-1 I 1,
< Pt ti+l p—(\7+1+1)
> ) / 2 ((W)? + h?) dr—i—/ 2 ((h)? + h?) dr
=0 P+\%+]’ ﬁ—(ﬁ-"—j)
int[%[]fl 1,
c pt—zti+l +j+1
~ Y / R (SRR dr+/ Coy @) nt)dr
=0 Pt (e

I/ (2)[h, h) = I (2)[hH, hH] + I (2)[h(1 — H), h(1 — H)] + 2I{ (2)[hH, h(1 — H)]
from the previous proofs it follows that for € small enough

1!(z)[hH, hH] > C||hH |31 )
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I/ (2)[h(1 = H),h(1 = H)] > C||h(1 — H) |31 g
‘We show now that

I (2)[hH, h(1 = H)] = oc(1) | hll3p zs) (4.27)

I (2)[hH,h(1 — H)] = /+OC r2(WH + hH') (W (1 — H) 4+ h(1 — H)")dr
+oo ’
+/ r*V(er)h®H (1 — H)dr
0
—p /+OO 2P W2 H (1 — H)dr
0+oo +oo
—|—e/0 ; K(er)K (es)z?(r)h*(s)H (s)(1 — H(s))rs min{r, s }drds

“+o0 “+o0
—|—2€/ K(er)z(r)h(r)H (r)z(s)h(s)(1 — H(s))K (es)rsmin{r, s}drds
0 0

from the choice of m it follows that the first three integrals are ~ \/e||h||% (R3)-11L
fact, let’s analyze one of them, for example the second:

+oo
/ r2V(er)h®H(1 — H)dr =
0

p+ﬁ+m+l pfﬁfmfl
/ r2V(er)h®H(1 — H)dr + / r2V(er)h®H(1 — H)dr
ptg=tm p—z—m

pt = tmtl p—Jz—m—1
~p? / V(er)h?H(1 — H)dr + / V(er)h?H(1 — H)dr
ptJ=tm p ﬁ

~ Vel hllFn ey
For the fourth integral we apply Lemma 4.2 with v(¢) = % and use the
choice of m to get

+oo +oo
/0 / P2 (er) e (r)R2(r) B (r)(1 — H(r))dr

N /p+ﬁ+m+l 2K (er)ge,-(r)h*(r)H(r)(1 = H(r))dr
ptg=tm
p—%—m—l
+ / T PR ()RR H() (1 - H(r))dr
pP——m
ptJ=+m+1
~  Alep)p? (/ 1\[ 2K (er)h?(rYH (r)(1 — H(r))dr +
ptetm

IA

CA(ep) Vel g
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The last integral is more delicate

+oo +oo
/0 ; K(er)z(r)h(r)H (r)z(s)h(s)(1 — H(s)) K (es)rsmin{r, s}drds

dsK(er)z(r)h(r)H(r)z(s)h(s)(1 — H(s))K (es)rs min{r, s}
NG

The first two integrals in (4.28) are of the same kind, let us estimate one
of them, for example the first

p+ﬁ+m+1 p—%—m
2e dr
P 0

1
“Fﬁ“l’m

dsK (er)z(r)h(r)H(r)z(s)h(s)(1 — H(s))K (es)rsmin{r, s}

p+=t+m+1 — 2=
3 Ve
<2
v

K(er)z(r)h(r)H(r)dr) (/p v z(s)h(s)(1 — H(s))K(es)ds)
+oetm 0
(being K bounded and H, (1 — H) < 1)

5 ptJztm+l p=Je—m
< 2ep°C </p+\k+m z(r)h(r)dr) </0 z(s)h(s)ds)

(using Holder)

31402 pryEtml 2%
<2 elfne ey ([
P

+2+m
pt e tm+1 H
~ 2ep? ||l gy Il 2 o) (/ h2>
pt=tm
(from our choice of m)

< 26p% 2| gy IBlIZ oy ~ O/ IRl3 g
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and the same is obtained for the second integral.
For the third integral in (4.28):

p+—2=+m p——=-—m
2 / 1” dr / Y dsK (er)2(r)R(r)H(r)2(s)h(s)(1 — H(s))K (es)rsmin{r, s}
pfﬁfm 0

1

p+—=+tm pPeT™m
~ 2ep? ( / v K(er)z(r)h(r)H(r)dr) ( /0 v z(s)h(s)(l—H(s))K(es)sds)

1 _m

Ve

(being K bounded and H,(1 — H) < 1)

P+%+m p_%_
< 2ep*C (/_1f_ z(r)h(r)dr) </0 v z(s)h(s)sds)

NG

(using Holder)

P
< 265°Clllm s bl o ( /

(using and the exponential decay of z)

p=z—m

< 2epC||zl| 2wy 12l 12 (o) (/ e_/\Q(S_p)h(S)SdS>
0

(using once more Holder)

1
2

< 2¢pC h|)? T ey
< 2epC| 2| )l \|H1(R3) A € o

=

1
T e,
= 2€pC||ZHH1(R)”hH%(l(Ri“) (/ e 2! )ds> ~ C||h|\§{1(R3)oe(1)

—p

The last of the four integral in (4.28) can be estimated in a similar way:

p+—2=+m+1 +o0
26/ v dr/ dsK (er)z(r)h(r)H(r)z(s)h(s)(1 — H(s))K (es)rs min{r, s}

—ﬁ—m—l +ﬁ+m
pt+=+m+1 +00
~ 2¢p? / v K(er)z(r)h(r)H (r)dr / z(s)h(s)(1 — H(s))K (es)sds
p—ﬁ—'m—l p+ﬁ+m

(being K bounded and H, (1 — H) < 1))

pt+=+m+1 +oo
< 2ep’C < v z(r)h(r)dr) (/ z(s)h(s)sds)

p—ﬁ—m—l

(using Holder)

—+oo
< 26pC2 s oy 1l 1 oy ( | z(s)h(s)sds>
ptetm
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(using and the exponential decay of z)

+o0 2
< 26pC||2[| 2wy 12| 11 (re2) </ e (S_p)h(5)5d5>
pt=tm

(using once more Hoélder)

N

“+oo

< 2€PC||Z‘HH1(R)||h\|%{1(R3) (/ e 2N ”)ds> ~ C’||hH12ql(R3)oe(1)
p

+ﬁ+m

and so the conclusion follows.

O
Proposition 4.2. Under the assumptions of Theorem 3.2, if
7 Lo 2Ar—1) V()
z d 4.29
p<g an a(f) > 7—3p K(7) (4.29)
then (u = %% > @i and) for € sufficiently small, one has
) > Clolipnes),  Yvew (4.30)

Proof of Proposition 4.2. First recall that (see Remark 4.1 in Section 4.1)

5-p K(ep)Alep)
2(p — 1) V(ep) + K (ep)Alep)

So in both cases Lemma 4.6 applies.

(4.29) = 1- <0 = u>pn

o if supp(v) C (p — %, p+ %) , then from (4.22) of lemma 4.4, we obtain,

for € small enough
Ié,(z)[v7 1)] ~ pQLM[U7 U]'

By Lemma 4.6
Ly[v,0] > Cllv]|7n gy

hence
I (2)[v, 0] = Co?||v[|F1 @) ~ Cllvlli gs)-

c
e if supp(v) C (p — ﬁ,p + ﬁ) , then Lemma 4.3 applies and so
" 2
I, (Z)[U’ U] > CHU”H(Rs)

e for a general v, let us write
v=vH +v(l - H)

and procede like in the last step in the proof of Proposition 4.2.
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Propositions 4.1 and 4.2 yield

Proposition 4.3. For € sufficiently small and p € T, the operator PI!(z) is
invertible on W with uniformly bounded inverse. In other words, we have

[|Acl| < C; where A = —(PI”(2))"".

The existence of a solution of the auxiliary equation is contained in the
following proposition.

Proposition 4.4. The constants C; and Cs in the definition of C. can be chosen
such that for any € small enough and p € T¢, there exists w = w, € CcNW
such that PI.(z + w) = 0.

The proof is similar to that of Proposition 4.1 of [8] we sketch it for com-
pleteness.
We look for w € Cc N W verifying PI/(z + w) = 0, i.e. for a w fixed point in
Cc.N'W of the map

w=Se(w) = AP (I(z + w) — I”(2)[w]). (4.31)

It can be showed that S. maps C. N W into itself for suitable C; and C5 and
that it is also a contraction. The conclusion follows from the Banach contraction
principle.

4.3 The reduced functional

In order to solve the bifurcation equation, it suffices to study the critical points
of the finite-dimensional function p € T — I.(2c,, + we ) (see [1], [6]).

Lemma 4.7. For € > 0 small, we have

E1(2e p +we p) = M(ep) + 0c(1), (4.32)
M(r) = V() + K@) AE)|TD Gy — K )2V (1) + K(r)A@) 55 0
p—1_

I Ani-Yy
p+3 1

Proof. For brevity, we write z and w instead of z. , and w, ,. One has

1
02 03 = ZC%

1
I(z +w) = I.(2) + I(2)[w] + / I’ (z + sw)[w, w)ds.
0
Using the fact that |jw|| < C, (E1) and (E3) we infer
I(z4+w) =1I(z) + O(1).

1 1

L) = reE+ (3o ) [ o

€ +oo +oo . , .
_Z/O ; K(es)K (er)rsmin{r, s}z*(r)z*(s)drds
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ST = -

€

+ 0c(1), because of (E0)

1 1 tee ptl 1 1 ) o1
- e 1
(2 p+1>/0 Pl = (5= ) [0+ PO o)
pt3 1 1
— At (2 - ) / UPtldr + 0(1)
R
— AT O+ 0(1)

From Lemma 4.2 it follows
€ +o0o +o0
. / K (es)K (er)rsmin{r, s}2°(r)2*(s)drds
0 0
1 oo
= —ZepK(ep) / Uf(s)ds/ (r+ p)?K(er + ep)Uz (r)dr + o (1)
R 0

:_lngK(ep)Q/RUf(s)ds/RUf(r)dH0(1)+oe(1)p2

4
1 2(5-p
= —Zep?’K(ep)Q)\ = / Ui(s)ds | Ui (r)dr + O(1) 4 o.(1)p?
R R

2(5

= —ep’K(ep)?\ = C3+ O(1) + o, (1)p?

In conclusion

p+3 2(5—p)

1
I(z+w) ==+ PPA=1Cy — epP K (ep)? N 751 C3 + O(1) + 0 (1) p?

Multiplying by €2 we obtain

2(5—p)

El(z+w) = e+ (6p)2/\gﬁ Cy — (ep)> K (ep)?’ X771 C3 + O(€?) + o.(1)
pE3 2(5=p)
= ()X Cy — (ep)’ K (ep)?A 71 O3 + 0c(1)

The conclusion follows recalling that A2 = V(ep) + K (ep) A(ep). O

4.4 Proof of Theorem 3.1 and Theorem 3.2

Let 7 as in Theorem 3.1 and Theorem 3.2. Next lemma says that 7 is a non-
degenerate critical point for M.

Lemma 4.8.

M'(7F) =0 (4.33)
M"(F)#0 (4.34)
Proof. See the appendix A2. O

From Lemma 4.8 we know that 7 is a non-degenerate critical point for M. As
a consequence p ~ * is a critical point for the reduced functional and therefore

Ue = Zp. e T Wp e
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is a critical point of I.. Moreover
Ue(r) ~ 2p e (1) ~ Ux(T — pe)
where

V(7), under the assumptions of Theorem 3.1
A2 = V(epe)+K (epe) Alepe) ~ { VEF% "

+ K (7)a(7), under the assumptions of Theorem 3.2

As a consequence

=0 ()0 (5)

A2 — V(7), in case of Theorem 3.1
| V(7)) + K(7)a(F), in case of Theorem 3.2

is a radial solution of (1.1) which concentrates on the sphere {|z| = 7}.
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APPENDIX
Al: Study of L,[,-]: HY(R) x H'(R) - R

Our aim is to prove Lemma 4.5 and Lemma 4.6.

Hereafter we endow the Sobolev space H'(R) with the equivalent norm

Mﬁ=AwW+Vﬁ>

The symbols (-,-)x and L denote respectively the scalar product and the or-
thogonality with respect to it.

As before p € (1,5), fix u > 0 and define the quadratic form L,[-,-] : H*(R) x
H'(R) >R

— U, v)2
Lyfv,v] = 02+ N0 — pUP 1 0? ) dr + pu(p — 1 A2(IR7”’,
ool = [ (@) UL, dr iy — DY

moreover we set

and

2
Obviously p — Ly [v,v] is increasing.
For ;4 = 0 Lemma 4.5 is already known (see [10]) with the function v given by
Ua,p, namely:

. 1 1
I ZEUA,p+*(T—P)U§,p (f Ly U3 )

Lemma 4.9.
Lo[Un,p, Un,p) = —(p — 1)||U>\,p||§\
Lolh,h] > C||h|]3 YheW, h LyUy,

Our first result is related to the case p =i :
Lemma 4.10. Let

Lyuv] = —v" + Xv —pU% o+ u(p — 1)A2UA,pW7
RY\p
then
Lalf] =0 (4.35)
Lalv,v] > Clv|3 YveW, vlyfi (4.36)

Proof. Since Uy, verifies —UY 4+ AUy, = U}

\,p an easy computation gives
Lo[fA] = =A2U,,,, hence

4(p—1) 2 f]R Ux pf)\
Ly = L ——NUy ,——
alf] olfA] + 5_p Ap LUz,
2 4(p—1) 2 pil fR Uf,p + % fR(T - p)Uﬁ\’pU,\,p
= =AUy, + AUy, 5 .
5 -p fR U)\,p



27

Since, integrating by parts fR(r—p)Ung;\,p = [prUU = —% Jz Ui = —% Jz Uf,p,
then
LalfA]=0
To prove (4.36) we argue by contradiction.
Suppose that there exists v € W, ||v||x =1, v Ly fi, such that Lzv,v] < 0.

CLAIM: Lg[s,s] <0, for all s € span{v, fr}
Proof of the claim: let s = av + Gf)

Lys,s] = a2Lﬁ[U,U] + ﬁ2Lﬁ[f,\,f>\] + 2aB3Lg[v, fi]

So, from (4.35) we get
Lals,s] = &*Lafv,v] <0

and the claim follows from the monotonicity of i — L,][s, s].
Next, there holds

dim (span{v, fx}) = 2 and codim ([span{U)\_,p}]J‘*) =1
SO
spanf{v, fr} N [spczn~{UA7p}]LA #{0}.
Let ¢ € span{v, fa} N [spcm{U)\,p}}L* , i # 0, then by the claim
Lo[p, ] <0

while by Lemma 4.9
Lo[e,¢] = Cllel3 >0,

a contradiction. O
Remark 4.2. In particular one has
Lpv,v] >0 YveW (4.37)
In fact v=afx+ Bg, g Lx fa, so
Lﬁ[’U,’U} = OCQLﬁ[f)\a f)\] + 20‘61;@[.](‘)\79} + 62[/@[9’9] = /62Lﬂ[gag}

because of (4.85) and the conclusion follows from (4.36).

Once studied the case p = 1, Lemma 4.6 easily follows:

Proof of Lemma 4.6.
By monotonicity of y — L, [v,v] and from Remark 4.2 one has

L,v,v] > Lzv,v] >0, veW,

We now show that the inequality is strict for v # 0, ||v]|x = 1 arguing by
contradiction. Suppose that there exists v € W,v # 0, |jv|][x = 1 such that
L, v,v] = 0, then by monotonicity, Lz[v,v] < 0. Lemma 4.10 implies that there
exists & € R, o # 0 such that v = afy and L[v,v] = 0.
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Hence, using the definition of f)

2
)2 (fR U,\,,,v)

0 = Lﬂ[vvv]:Lﬁ[vvv]+[ﬁ"*ﬂ](p71) fUE
R P

2
A202 (f]R U>\;Pf/\)
f]R Uip

I 221_12/2
=[p—pl(p-1)Na [p_l 1 RUA,p
2
= [ — i) \2a? [5_1)] /U,%,p>07

4 R

a contradiction. O

=[p—nl-1)

In order to prove Lemma 4.5 we first prove the following results.

Lemma 4.11. Let

U
L] = —v" + Xv - pr;lv + u(p— 1)A2UA,,JL*;’”
' f]R U)\,p
and consider the eigenvalue problem
Lu[v] =n(=v" + M\v), (n,v) € R x H(R). (4.38)

Then there exists a sequence (1,,v,) € R x HY(R) such that (4.38) is verified

if and only if (n,v) = (M, cvy), c€R.
Moreover {v,} is an orthogonal basis of H'(R).

Proof. Problem (4.38) is equivalent to solve
K] =(n-1)v (4.39)
where K : H'(R) — H'(R) is the compact, self-adjoint operator defined as

f]R U)\yp’U

K[o] =T | —pUY, v+ plp — AU, U2
R Y A\p

and T : H'(R) — H'(R) is the inverse of —v"" + \%v.

Hence the result follows from the spectral decomposition theorem for (7, v,)
such that n, — 1 are the eigenvalues of K and v, are the corresponding eigen-
functions. O

Lemma 4.12. Let 0 < p < fi.

Then
m <0 and n, >0, for alln > 2. (4.40)
Moreover vy verifies
V1 J_)\ U;\’p
and
v1(r) < Cre=C2(r=r) |r —p| > Cs

Vi (r) < CaeCar=r), |r — p| > Cs.
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Proof. Observe that it is easy to see ([4],Lemma 2.4) that, since p # fi, then
Lv]=0&v=cUy, ceR.
Hence there exists 1 such that

(7, va) = (0,U5 ,)-

Assume by contradiction that all 1,,, n # 7 are positive, hence L, [v,v] > C|lv
for all v € W; so in particular L,[fx, fr] > C|/frl|* > 0 and this is in contrast
(because of the monotonicity of u — L, [v,v]) with Lg[fx, fa] = 0.

As a consequence there exists at least one negative 7,

We now show that at most one 7, is negative.

Assume by contradiction that there exist d > 1 such that 71,79, .., 74 are nega-
tive and let v, vs, ..,v4 be the corresponding eigenfunctions:

1%,

L,vi]=m (—vi’ + )\201)
L,[va] =g (—vé’ + )\Qvg)

L,[va] = na (—vg + )\2vd)

771,..17d<0, v Ly ve Ly .. Ly vg (J_A U;\’p)
and let S = span {v1, v, ..,v4}. Then dim(S) = d > 1, moreover Vw € S;w # 0
w = ai1v1 + asVs + ... + aqvg one has

Ly[w, w] = maillvi|X +n2a3[[v2]I} + ... + naaillvall3 <0

namely the quadratic form L,[-,-] is negative definite in S. From the mono-
tonicity of y — L,[v,v] it follows that also Lo[-, -] is negative definite in S and
this in an absurd, because

dim(S)=d>1 and Lo |s<0

codim(W) =1 and Lo |w>0
(8
SNW # 0.

Let 11 be the only negative one. Then obviously the corresponding v; is orthog-
onal to U} .

We now show that v; decays exponentially, for v} the proof is similar.
L,vil=m (—vi’ + /\2111) , m < 0 means

—v) + X2y = f(r,v1)

where

flryon(r) = +1|m|pU§’71(7’ — p)vi(r) + CUA(r — p) /R Ux(s = p)vi(s)ds,
plp — N

G- PP DX
(1 + ‘771|)IR Uf
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Now, CU(r — p) [ Ur(r — p)vr = Cy, Ur(r — p).
Moreover the results of [5] apply so we get that s — v1(s+ p) is radial, as a
consequence, using the Strauss inequality ([9]) we obtain

Fr01(r)) < Cp(r—p) " UL (r—p)|[o1 || g1 +CUA (r—p) < Cppe™ =P (2=DAY)

where the exponential decay of Uy is used.
So we have proved that f decays exponentially.

Moreover one has (see [2]) for the Green function of —% + A% with pole r
that
G(r,s) < Ce M=l for |r—s|>1. (4.41)

And the claim follows arguing like, for example, in [2]. O

Proof of Lemma 4.5.
Take v = vy, then

Lyu[vr,v1] =< Ly[v1],01 >1,@)=m < =0} + o1, 01 >1,@)= mllvi]3.
L
Let now h Ly vy, h € [span{U§\7p}} . We want to show that

Lyu[h,h] = C|A]3.

Assume |[|h||x = 1 and suppose by contradiction that L,[h,h] <0
We claim that for each g € span{h,v:} one has L,(g,9) <0.
In fact g = ah + PBv;

L.(g9.9) = o?Lu(h,h)+2aBL,(vi,h) + B*L,(vi,v1)

Lyu[h, h] = 20B|m| < —vf + Nv1,h >r2w) —|m|B% < —vf + A2v1,01 > 12w
= a?Lyu[h,h] = 2a8|m| < vr,h >x =[m|62[|vi ]I}

= 2L ulhs B] = m 1320 |} <0

By monotonicity it follows that
Lolg,g] <0 Vg € span{h, v}

but dim(span{h,v1}) > 1, a contradiction O
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A2: Proof of Lemma 4.8

We want to show that 7 is a non-degenerate critical point for M. The main
obstacle is that we do not know the explicit expression of M since we do not
know the explicit expression of the function A.

Nevertheless, the implicit function theorem gives the values of A and of its
derivative in the point 7 (see (4.16)-(4.17) and (4.18)-(4.19) ).

As a consequence we can compute the values of first and second derivative
of M in the point 7.

Proof of (4.33):

M'(r) = 2Cor [V(r)+ K(r)A(r)] =D

ﬁfgfw[<>+KMMMﬁ%rWMm+mem+KWMWH
— BCPE() V) + K AR)
— 20573 K(r)K'(r) [V (r) + K(T)A(T)]%

° :]1?037"31((7‘)2 V(r) + K(r)A@)] 7= [V (r) + K/ (1) A(r) + K (r)A'(r)].

In particular, under the assumptions of Theorem 3.1, being K (7) = 0, it becomes

p+3

W’QV( )25 V()

MF) = C|2rv(Em D +
—  CM(F)

which vanishes by the assumption made in Theorem 3.1.

In the assumptions of Theorem 3.2, since we supposed that 7 € D, then K (7) # 0
and K'(7) #0,if p = =, or M(F ) #0,if p# 4, then, using the value of A(F)
n (4.18), the assumption (3.6) in Theorem 3.2, and substituting A’(7) with the
value given in (4.19), we obtain

2(p—1) a(7)

W) = 2B V) + K@) - 5y
l—a(F) / / 3 —\2
370 V') + K'(P)a(r)] = Ja(r)
_5ep V) £ K ar)
-0 " Ve F K@)
L [a(®) | a@®K'(F) | 5—p alf) [V/(F) + @K' (F)
+2m(7“)[ F T KM 20 f1) V) + 7K (1) ]
=)V + K@) 1 V) + K @a)] 1]
= atn) |2 O O e =0
being a(7) = — V) e V() O

FK'(7)+ 27(pp+131) K(7)®
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Proof of (4.34):

M"(r)=2Cy [V(r) + K(T)A(T)]Q(’;if’l)

£ 205D o (v r) 4 (AR V) 4 K () AG) + K () A'(r)]

p+3 p+3 2 2’;%31—2 " "y r A (r 2
b5t (5 1) ot W) + KAGES 2 V/0) + K/ 0)A) + KA )]
g Car? V) + KO) AW V() + K7 (1) A(r) + 2K (1) A7) + K (1) A"(0)

1205 K (1)K (12 [V (r) + K(r)A®@r)] 7= — 6C5 K (r)2r [V(r) + K(r)A(r)] 71
6(5—p)
p—1
—2C5 K (r)*r3 [V (1) + K(r)A(r)] =1 — 205K (r) K" (r)r3 [V (r) + K (r)A(r)]»=1
_4(-p)
p—1

CsK(r)*r? [V (r) + K(T)A(T)]TSJ%I{*1 V'(r)+ K'(r)A(r) + K(r)A'(r)]

C5K (1)K (r)r® [V(r) + K(r) A(r)] 7= [V () + K (r) A(r) + K(r) A'(r)]
2R (B28 1) a0 V() + KA V0 + K (0A0) + K046

—LOsK (2P V() + K () A@)]E [V(r) + K (1) A(r) + 2K () A'(r) + K (r) A" (r)]

In particular, under the assumptions of Theorem 3.1, being K(7) = 0, using
also K'(7) = 0 (see Remark 3.2), it becomes

1 5—p
M"(r) = CoM{ (7) + 5(lef?’V(f)rﬁK’(f)z = CoM{(F) #0

by the assumption made in Theorem 3.1.
In the hypothesis of Theorem 3.2, since K(7) # 0 and K'(7) # 0, if p = L

M4(F) #£0,if p 171, and recalling that Cy = ;%C’l, C3 = iClz, A(F) = a(F) =
C1FK (7) [V(F) + K (F)a(7)] %D one has

+3 e V() + K (F)alr) + 2K (A7) ~ 3ar) e 3~ 320
SOy v Pa(m)] [V (F "(Fa(F A (7
LE'(r)? 1K"(7)

2 K(r)? ra(r)* - 3 K(r) ra(r)*
(5 —p) K'(7)
p—1 K(7)

ra(r)? [V(7) + K (Fa(m)] ' [V'(F) + K'(7)a(r) + K () A'(7)]
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_Szp (5_1’ _ 1) (P27 [V (F) + K (F)a(@)] "2 [V/(7) + K'(F)a(F) + K (F)A (7))

a(r)*r [V(F) + K (F)a(m)] " [V"(7) + K" (7)a(F) + 2K (r) A'(7))

C5op KMl
- 1) v<r>+K<r>a<r>] (4.42)

4(p—1)
Jr%?:a(F)A”(F) {1

For the last term, using (4.20) from a straight computation it follows

Lo 5o K@a®) ] K@) 1K)
A0 |1~ 5 e e~ R+ 2 e
L 5= p el [KG) + FK/ )] [V/F) + K (F)alr)

20— 1) K() V() + K (Da(n)

5-p ( 5-p 2 [VI0)? + K (0Pa(r)? + 200V ()K"
- (2@1) 1) et V() + K(a(r)P

5op (Sop o [2AOEOVE) ¢ ACPEE 2004 0K K )
+ag 7 (2= =) o V() + K@a(P ]

5—p 7a(F)?A (F)K'(F)
2(p—1) V(F) + K(7)a(T)

+

) o
" p—1la(r) V(r) 2(p—1) 3\ a(r)? NG
M(7) 2p+3 P K(r)+( p+3 2> = +2a(T)K(f)
5-p K(r)a(r) }

L 5w Fa(F) [V (7) + K'(F)a(F)]? L b-p K (7)a(F) ]
4(p—1) K(f) V(F)+ K(F)a(F) 2(p—1) V(F) + K(T)a(F)
5—p _ _ [K@FA(F) +2V'(F) + 2a(F)K'(F)] ,, 5—p K(7)a(7)
TR V(O + K(Pa(r 20 |1 3 v s K,
177@(7:) "= " alF ra(r)K'(r) P 5-p K(r)a(r)
5 VO R+ a1
5-p (7)? V() + K'(7)a(T) 177&(77)2[(’(7?)2 5—p m(f)QK’(f) V(7)) + K'(7)a(F)
p—1 V(7) + K(7)a(F) 2 K(m)?  2(p-1) K(7) V(F)+ K(7)a(T)
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Using (4.19) and after some calculations one can easily show that
—1la(r) V(r) + K(7)a(T "(7) + K'(F)a(F
L= Lal) V) 4 K0alr) | V) + K (ralr)
p+3 7 K(7) K(7)

5—p ra(r) [V/(r) + K'(P)a(r)]” L1 1fa( )
( )K(f) V(r) + K(
(

+

And so we can conclude that

Cy 0*H (w,r)

M"(F) = W o2 | (w,r)=(a(7),7)

. 5-p  K@am) ) a@), K@), 5-p V() +K(Da)]?
3 [1 2= 1) V() + K(P)a (ﬂ [ F T O% - 0" Ve T Ka ]
where H: R xR — R, H(w,r) = r2 [V (r) + K(r)w]” . O
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