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Abstract. We consider the semilinear elliptic problem

—Au = |ulP"u in B
{ u=0 on OB (&)

where B is the unit ball of R? centered at the origin and p € (1, +00).
We prove the existence of sign-changing solutions to (€,) having 2 nodal
domains, whose nodal line does not touch 0B and which are non-radial.
We call these solutions quasi-radial.

The result is obtained for any p sufficiently large, considering least en-
ergy nodal solutions in spaces of functions invariant under suitable di-
hedral groups of symmetry and proving that they fulfill the required
qualitative properties.

We also show that these symmetric least energy solutions are instead
radial for p close enough to 1, thus displaying a breaking of symmetry
phenomenon in dependence on the exponent p.

We then investigate the nonradial bifurcation at certain values of p from
the sign-changing radial least energy solution of (€,). The bifurcation
result gives again, with a different approach and for values of p close to
the ones at which the bifurcations appear, the existence of non-radial
but quasi-radial nodal solutions.
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1. Introduction

We consider the semilinear Lane-Emden problem

—Au = |ulP~lu in B

{ u=20 on 0B (1.1)
where B C R? is the unit ball centered at the origin and p > 1.
Tt is well known that (1.1) admits a unique positive solution which is radially
symmetric. Moreover, due to the oddness of the nonlinear term, standard
variational methods give the existence of infinitely many sign-changing so-
lutions and, since the domain B is radially symmetric, one can restrict the
variational methods to the Sobolev space of radial functions H&rad(B) and
prove the existence of infinitely many sign-changing radial solutions for (1.1).
More precisely it is well known that for every m € Ny := N\ {0} there exists
a unique (up to sign) radial solution u to (1.1) such that #(u) = m (see [NN],
[K1]), where f(u) is the number of nodal regions of u, i.e. of the connected
components of the set {z € B : u(z) # 0}. We denote by u* the unique (up
to sign) radial sign-changing solution to (1.1) which satisfies

fud) = 2. (1.2)

rad
P
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among all the radial sign-changing solutions to (1.1), hence we will refer to

u;ad as to the least energy radial sign-changing solution. In [AP] it has been

proved that

It is easy to show that u ¢ minimizes the energy funtional

m(ud) >4 (1.4)

where m(u) is the Morse index of a solution u (see also [DIP3] where m(u}*®)
has been explicitly computed for p large and also [DIP4] where an estimate
as in (1.4) has been obtained for any radial solution with lower bound given
by the number 3m — 2, where m is the number of nodal regions. For the
definition of the Morse index see Section 3.1).

One can also prove the existence of a sign-changing solution u, of (1.1) which
minimizes the energy E, among all the sign-changing solutions to (1.1) (it
can be obtained for instance via a constrained minimization of E, on the
nodal Nehari set in the Sobolev space H}(B), see [CCN] for details). u, is
usually called least energy sign-changing solution. In [BW] it has been shown
that

f(up) =2 and m(u,) = 2. (1.5)
Comparing the information on the Morse index of @, in (1.5) with the one
of u¥*d in (1.4) one gets that the radial solution u;,ad is not the least energy

P
sign-changing solution in the whole space H}(B), namely that

u;;ad 7 Up; (1.6)
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this was already observed in [AP]. Nevertheless w, partially inherits the sym-
metries of the domain, being foliated Schwarz symmetric, namely axially sym-
metric with respect to an axis passing through the origin and nonincreasing
in the polar angle from this axis (see [BWW, PW]). Moreover, since (1.6)
holds, then the monotonicity of u, with respect to the polar angle must be
strict at some region and in [PW] it is actually proved that, for p > 2, the
monotonicity is always strict.

In [AP] it has been proved also that the nodal set of u,

Z(up) ={x € B : uy(x) =0}
touches the boundary of B, namely
Z(up) NOB # 0. (1.7)

It is not clear whether nodal solutions to (1.1) which are not radial and
do not satisfy (1.7) exist. So far the existence of solutions with this kind of
shape is totally unknown and probably unexpected when the domain is a ball
B. One of the first difficulty when trying to prove such a result is how to
distinguish other sign-changing solutions from the radial ones, since Morse
index estimates are not an easy issue and so a direct Morse index comparison
argument may be hard to exploit.

In this paper we give a positive answer to the question of the existence of
non-radial solutions of (1.1) which do not satisfy (1.7).

We introduce the following definition:

Definition 1.1. We say that a solution u of (1.1) is quasi-radial if its nodal set
Z(u) is the union of a finite number of disjoint simple closed curves which are
the boundary of nested domains contained in B, where a family of domains
is nested when it is ordered with respect to the inclusion.

Observe that the nodal line of a quasi-radial solution doesn’t touch the
boundary of the ball B, namely (1.7) is not satisfied, anyway any radial
solution is obviously quasi-radial.

In this work we restrict to the Sobolev space HOIJC(B) of the functions in
H{(B) which are even and 2%-periodic in the angular variable, for a fixed k €
Ny and consider the sign-changing symmetric solution u’; which minimizes

the energy E, among all the H& «(B) sign-changing solutions to (1.1), we will

k
P

Observe that u, = @, (since @, is axially symmetric), while u’; # u, for
k > 2 (since if they coincide then u, would be 2%—periodic in the angular
variable and so necessarily radial by the foliated Schwarz symmetry, getting
a contradiction with (1.6)).

Using energy asymptotic estimates from [RW, GGP] one can easily derive

refer to u,> as to the least energy k-symmetric sign-changing solution.
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the following upper bound on the number ﬁ(ulg) of nodal regions of u’;:
ti(u];) <4 for p large (1.8)

(see Section 7 for details).

FiGURE 1. k = 3. Nodal set of a k-symmetric and not quasi-
radial function with 4 nodal regions

As a consequence in [DIP1] (where symmetric and simply connected domains,
more general than the ball B, have been considered), using some geometrical
arguments which exploit the k-symmetry invariance of u’;, it has been proved
that for certain integers k a least energy symmetric solution u’; is quasi-radial,
more precisely that:

Theorem 1.2 ([DIP1]). If k > 4 then there exists p > 1 such that

u]; is quasi-radial for p > p (1.9)
and moreover
ﬁ(u’;) =2 and m(ul;) >4 forp>p. (1.10)

Observe that a priori u’;, k > 2 could be radial, and indeed the properties
(1.9), (1.10) are satisfied also by uf?! (see (1.2), (1.4)). Hence the result in
[DIP1] does not answer the question of the existence of non-radial solutions

of (1.1) which are quasi-radial.

Our first result investigates whether the least energy k-symmetric solution

u® coincides with the radial least energy nodal solution u;ad or not, as p €

P
(1,4+00) and k > 2 vary:

Theorem 1.3. Let u]; be a least energy sign-changing solution of (1.1) in the
space H&,k(B), k€N, k> 2, then there exist § > 0 and p* > 1 such that:

i) for k=2: uF is non-radial both for p € (1,1+6) and p > p*;

P

ii) for k = 3,4,5: u’; is radial for p € (1,14 ¢6) and non-radial when
p=pr;

iii) for k > 6: u’; is radial for p € (1,1 +9).

Clearly when u’; is radial then it coincides with u;ad (up to the sign). Fur-
thermore u’; # up for any p > 1.
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Theorem 1.3-i7) combined with Theorem 1.2 provides an example, for any
p large enough, of non-radial (k-symmetric) sign-changing solution of (1.1)
which is quasi-radial:

Theorem 1.4. Let k = 4,5, then there exists p > 1 such that

u’; is not radial and quasi-radial for p > p.

; k rad
In particular u, # u),

satisfy condition (1.7).

and uf # @,, moreover (1.10) holds and uk does not

1 1+46 P* P
L 1 L >
-
k=1
k=2
k=3
-
k=4
- radial
E—5 - non-radial
quasi-radial
7 [

FIGURE 2. Symmetry of u’; from Theorem 1.3 and Theorem 1.2

Let us stress that the type of symmetries that solutions in Theorem 1.4 have
are so specific that it does not surprise that they have never been found
before not even by numerical simulation. From Theorem 1.3 we see that the
symmetry of the domain is not totally caught by the least energy solution

u’; at least for £ < 5 (this holds also in the case k = 1, since as already

observed u’; = u,, for any p € (1, +00), which is Schwarz symmetric but not
radial), this is reasonable since we are dealing with sign-changing solutions.
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Anyway the symmetry breaking phenomenon when k = 3,4,5 (case ii)) and
its dependence on the value of the exponent p were totally unexpected. It is
interesting that we can identify the symmetries of the solution at which this
phenomenon occurs. Moreover the symmetry breaking result suggests that
u’; , when k& = 3,4,5, may arise by a bifurcation phenomenon in p from the
radial sign-changing solution u;ad.
For this reason we conjecture that also for & = 3 the symmetric solution u” is
quasi-radial at least for a certain range of values of p, while differently from
the higher symmetry cases & = 4,5 considered in Theorem 1.4, we do not
expect it to keep the quasi-radial shape for large p.

For k = 2 we conjecture that u’; is not radial for any p > 1 and also not
quasi-radial (when p is close to 1 it can be proved rigorously, see Remark
7.8).

The case k > 6 and p large is not covered by Theorem 1.3, we believe that u’;
is radial for any p € (1, 0c0), observe that this is not in contrast with Theorem
1.2.

It would be useful to give a closer description of the solution u’;, for instance
studying its asymptotic behavior, as p — +o0, similarly as it has been done
in [GGP] for uf*; for non-radial solutions this may be very difficult (see for
instance Proposition 7.7 and the proof of Proposition 7.3 in Section 7, where
we have studied the asymptotic behavior of u’; as p — 1) and will be the
object of a subsequent study.

Our next result is about the analysis of the bifurcation phenomenon. We have
proven the existence of 3 distinct solutions to (1.1) which bifurcate from the
least energy radial nodal solution u;fd at certain values of p. The result is
the following, where X}, := H} ,(B) N CH%(B):

Theorem 1.5. For any k = 3,4,5 there exists at least one exponent p* €
(1, +00) such that (p*, u;id) is a nonradial bifurcation point for problem (1.1).
The bifurcating solutions are sign-changing, belong to X} and close to the
bifurcation point they have two nodal domains and are quasi-radial. Moreover
the bifurcation is global and, letting Cy, be the continuum that branches out
of (pk,u;id), then either Cy is unbounded in (1,400) X Xj or it intersects
{1} x Xy Finally at any point along each branch Cy, either the solution belongs
to X \ Xj, Vj > k or it is radial, in particular the continua bifurcating from
different values of k can intersect only at radial solutions.

The three bifurcating solutions in Theorem 1.5 belong to Hy ;. (B)\ H ,.4(B),
for k = 3,4,5 respectively. Moreover close to the bifurcation point they are
quasi-radial. Hence this results gives again, now with a different approach
and for certain values of p (values close to the ones at which the bifurcation
appears), the existence of non-radial but quasi-radial nodal solutions to (1.1).
We conjecture that these bifurcating solutions exist for any p > p* and that
coincide with the least energy k-symmetric solutions u’;, when k = 3,4, 5.
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Fi1GURE 3. Nodal sets of k-symmetric and quasi radial func-
tions with 2 nodal regions

Observe that the bifurcation is with respect to the exponent p of the nonlin-
earity, previous results in this direction can be found for instance in [GGPS]
and [G]. We recall that the bifurcation from the least energy nodal radial
solution u;ad can occur only at values p at which u;ad is degenerate and that
a sufficient condition to identify degeneracy points is to have a change in the
Morse index of u;ad.

The computation of the Morse index of sign-changing solutions is not an easy
issue, anyway for u;ad it has been computed recently in [DIP3], proving the
existence of an exponent p* > 1 such that:

m(uft) =12 Vp>p~ (1.11)

This result is only for large p and it strongly relies on the asymptotic be-
havior of ul?! as p — 400, which has been described in [GGP]. As we will

see, an asymptotic analysis of the behavior of the solution u;ad asp — 1

shows that a suitable re-normalization of u;,ad converges to the second radial
eigenfunction of the Laplace operator with Dirichlet boundary conditions (see
Lemma 5.4) and this allows to compute the Morse index of u;ad also for p
close to 1, showing that it has a different value in this range. More precisely

in Proposition 5.1 we get the existence of § > 0 such that

muPt) =6 Vpe(l,1+0). (1.12)
Hence (1.11) and (1.12) prove that along the branch of radial solutions

(p,u3¥) of (1.1) there should be points at which the Morse index increases

and this change of the Morse index of u;ad in the interval (1, +00) is behind
the bifurcation from u;ad.

We stress that in the convex domain B this phenomenon is specific of sign-
changing solutions, since the positive solution in B is unique and non-degenerate
(for uniqueness and non-degeneracy in more general convex planar domains
see the recent result in [DGIP]). Anyway this is the first time that a non-
radial bifurcation result from sign-changing solutions in convex domains is
observed and, as it will be clear from the proof, there was no chance to get
it before the study of the Morse index of uf*® done in [DIP3].

Next we explain the main ideas to get Theorem 1.3 and Theorem 1.5.
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Both the proof of the non-radial part of Theorem 1.3 and the proof of The-
orem 1.5 rely on the analysis of the linearized problem at the radial sign-
changing solution u;f*d. In particular we study the degeneracies of u;,ad (to
get the bifurcation result) and the Morse index of u;* (to get the non-radial
part of Theorem 1.3) in the spaces Hj ,(B) of symmetric functions. This is
the goal of Sections 3, 4, 5 and 6. The analysis is done first without symme-
tries and for any p in Section 3, then in Sections 4 and 5 we deduce results
for p large and p close to 1 respectively, and last in Sections 6 we restrict to
the symmetric spaces.

We briefly describe how we proceed. We first consider in Section 3.2 an aux-
iliary singular weighted eigenvalue problem

—AY = plup (@) PN = in B\ {0},
=0 on OB (1.13)
[ \VU? + 4 < +o0,

rad

which has the same kernel and the same number of negative eigenvalues of the
linearized operator at u;ad (see Lemma 3.5) and whose main advantage relies
on the fact that, in addition, a classical spectral decomposition into radial
and angular part may be applied to it (Lemma 3.7). The weighted eigenvalue
problem (1.13) belongs to the class of eigenvalue problems which has been
studied in [GGN], where the eigenvalues for (3.9) have been variationally
characterized in the case when they are negative, see also [AG2].

Since u;ad is the radial least energy nodal solution, then in the space of
radial functions its Morse index is 2, in Section 3.3, in view of the spectral
decomposition, we estimate the two negative radial eigenvalues of problem
(1.13) from above and from below by certain consecutive eigenvalues of —Ag:.
As a consequence of our estimates we get a general explicit dependence of the
Morse index of the solution u;“d on the first radial eigenvalue of the weighted
problem (Lemma 3.8) and also a general characterization of the degeneracy
of u;ad (Proposition 3.9), for any p > 1.

Finally, thanks to (1.11) and (1.12), we get more specific results both in the
case p large and p close to 1 (see Sections 4 and 5).

Observe that, due to the spectral decomposition, we can decompose any so-
lution of the linearized equation at u;ad (and more in general each solution
of the eigenvalue problem (1.13)) along spherical harmonics, which in R? are
the functions cos(j#), sin(j#) with j € N, getting in particular an explicit
representation of the solutions of the linearized equation when they are non-
trivial (and more in general of the eigenfunctions of (1.13) associated with

negative eigenvalues). As a consequence we can then identify the symmetries

of those functions which are responsible of the degeneracy of u;ad (or which
give rise to negative eigenvalues for the linearized operator at u;j‘d). This as-

pect has been investigated in Section 6, where the symmetric spaces H& «(B)
have been introduced and the degeneracy and Morse index of u;ad in these
spaces studied (see Propositions 6.7 and 6.5, 6.6 respectively). Observe that
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this is done only for p close to 1 and p large since it is deduced from (1.11)
and (1.12) and so, among other things, from the asymptotic analysis of u;ad
as p — 1 and as p — +oo respectively.

Once the symmetric Morse index for the radial solution u;ad is known (Propo-
sitions 6.5 and 6.6), the proof of the non-radial part of Theorem 1.3 immedi-
ately follows (see Section 7.1). Indeed in order to prove that u;ad and u’; do
not coincide one would like to compare their Morse indexes and show that
they are different. However the computation of m(u’;) may be very difficult,
but if we restrict to the symmetric spaces Hj ,(B) then the Morse index of

k

u, is always 2 (see Lemma 7.4) and so the proof is done by comparison with

the symmetric Morse index of u;ad previously computed.

The proof of Theorem 1.5 is contained in Section 8 and is a consequence
of the study of the degeneracy of u;j‘d in the symmetric spaces (Proposition
6.7). Observe that the restriction to the spaces X}, allow to isolate a unique
function in the kernel of the linearized operator selecting one suitable spher-
ical harmonic (between sin and cos) that produces degeneracy. Since we do
not know explicitly the solution u;ad, it is not clear whether the transver-
sality condition of the well-known Crandall-Rabinowitz Theorem (for one
dimensional kernel) is satisfied or not. Anyway the bifurcation result may be
obtained here using a degree argument. The separation of the branches is
obtained defining suitable cones K C X of monotone functions introduced
by Dancer in [D2] and using the degree in cones, see [A] (see Section 8 for the
definitions of the cones). The quasi-radiality is inherited from the radial least
energy solution u;ad, since near the bifurcation point the bifurcating solution
is a small perturbation of it (see Remark 8.7).

Along the branch instead the number of nodal regions and the shape of
the solutions may change, anyway the characterization of the behavior for
branches of non-radial solutions may be a very difficult task to investigate,
we also conjecture that the branches exist for every p > p”.

Last we describe the main ingredients of the proof of the radial part of The-
orem 1.3, which can be found in Section 7.3. It relies on a careful blow-up
procedure in the spirit of [GS] for showing L bounds for the solutions u’;
(see Proposition 7.7). Once an L* bound is available one can deduce the
result by studying the asymptotic behavior of the solutions u’; as p — 1 (see
the proof of Proposition 7.3). In particular a delicate expansion of [|uk || at
p =1 up to the second order is needed.

Getting a uniform L*° bound is somehow standard for solutions with uni-
formly bounded Morse index, since one shows that the bound on the Morse
index is preserved as p — 1, while the blow-up analysis of unbounded solu-
tions in L*°-norm leads to solutions to limit problems in unbounded domains,
whose Morse index is not finite, thus reaching a contradiction.

The main problem here is that for the least energy symmetric solutions u”

P
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we do not have a bound for the full Morse index, but only for the symmetric
Morse index (see Lemma 7.4), while in the rescaling procedure the symme-
tries are not preserved.

To overcome this technical difficulty we exploit the symmetry of u[’f and re-
duce problem (1.1) to the circular sector Sy of the ball of amplitude 7, for
k € Ny. In particular we are able to convert the bound on the k-Morse index
to a bound on the full Morse index of u’; in the sector Sy (Morse index for a
mixed Dirichlet-Neumann problem, see Lemma 7.5) and finally we perform
the blow-up argument in Sg.

Also the blow-up procedure in Sy requires special care, since we have to deal
with mixed boundary conditions and, above all, with the angular points of S}.
For these reasons the analysis of the rescaled solutions includes several differ-
ent cases, depending upon the location of the maximum points in the sector.
Anyway in all the cases we end-up with solutions to a limit linear problem
in unbounded domains with either Dirichlet or Neumann or mixed boundary
conditions, whose Morse index is finite. Finally studying the Morse index of
solutions for these limit problems (Proposition 7.6) we get a contradiction.

In this paper we have focused on the radial least energy sign-changing so-
lution u;ad of (1.1). A bifurcation result similar to Theorem 1.5 could be
obtained from any nodal radial solution of (1.1) with m > 2 nodal regions,
provided information about its Morse index when p is large is available. In this
case we expect that the symmetries which cause the degeneracy and hence
produce branches of bifurcating solutions, should be of the same type of the
one for functions in Xj (which derive by the symmetry groups of spherical

harmonics), but with different values of k, probably k > 6.

Moreover one could think to extend the bifurcation result in Theorem 1.5
also to higher dimension N > 3, when p € (1,£*2). Indeed the behavior
of all the radial sign-changing solutions of (1.1) has been studied in [DIP4]
and in particular their Morse index has been explicitly computed when p

is sufficiently close to %, giving for instance, for the radial least energy

rad.

sign-changing solution

m(u;ad) =2+ N, for p close to {2
Similarly as in the 2-dimensional case, we expect a change in the Morse index
of u*® as p varies from 1 to 2. Indeed u!*? should converge as p — 1 to the
radial Dirichlet eigenfunction with 2 nodal regions of the Laplace operator in

B and this would imply

(N+2)(N-1)
5
Again a change in the Morse index should give a nonradial bifurcation result.
An extra difficulty in dimension N > 3 would be to identify the symmetry
groups of the spherical harmonics, which are much more involved than those
of the 2-dimensional spherical harmonics, see for instance [AG].

m(ut) =24 N +

- for p close to 1.
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2. Preliminary results

Observe that for a radial solution u of (1.1) necessarily w(0) # 0, hence
w.l.o.g. we may assume that

u(0) >0 (2.1)
indeed, by the oddness of the nonlinearity in (1.1), u is a solution if and only
if —u is a solution.

In particular (1.1) admits a unique radial solution u;ad having 2 nodal regions
and satisfying (2.1). In [HRS, Lemma 5.2] the authors proved the following
estimate that can be useful in the sequel:

Lemma 2.1. For any p. € (1,4+00) there exist constants m, M such that, for
any p € (1, p.]

m<m< (Jud))’ " <M. (2.2)

Finally we state a Proposition which provides the behavior, at the singularity,
of solutions to a singular ordinary differential equation. This result is partially
contained in [GGN, Lemma 2.4], although one implication is new and proved
here.

Proposition 2.2. Let ¢ be a solution to
— =+ B =k, in (0,1)
$(1) =0, [ r(W)%dr < oo

with h € L*(0,1) and B > 0. Assume that ¥ satisfies one of the following
conditions:

(2.3)

a) v e C°0,1) and ¥(0)=0
b) fol w?zdr < 0.
Then ¢ € L>=(0,1) and
Y(r)=0(@") as r—0. (2.4)
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Proof. When 1 satisfies condition b) then the thesis follows from Lemma 2.4
in [GGN] (see estimate (2.28)). When 9 satisfies condition a) we can proceed
as in the proof of Lemma 2.4 in [GGN]. Then, multiplying by r, (2.3) and
integrating in (r,,1) we get

1 1
)~ v )+ 67 [ Y ar = [ ehr)ete) dr

Using the fact that along a sequence r,, — 0 it holds

1 62
2 [ Zuts) d| < Crtfiogral = o)

we get as n — 00
() = o(1).
Observe now that the function v(r) = r? satisfies
" 52
—v ;v + A= 0 in (0,1), v(0) =0 (2.5)

We multiply (2.3) by v, we multiply (2.5) by 4, we integrate on (r,, R), with
R € (0,1), we subtract the two equations and we get

R
/ PO (r) dr = (r) = Bri () — ROFW(R) + BRPY(R)

n

and, passing to the limit as n — oo

/R P h(r)y(r) dr = —RPTH(R) + BRPY(R)
0

which implies for any ¢ € (0,1)

1 R
% :/t R2}J’+1 (/0 55+1h(5)¢(5)d5> dR. (2.6)

The boundedness of h(s) and v(s) then gives

R
] / sBHh(s)z/J(s)ds‘ < CRP+? (2.7)
0
which, together with (2.6) gives
WOl _ fo - a4
T o -logt) iff=2

and this implies the thesis in case 8 < 2. When 8 > 2 instead we have
[¥(t)] < Ct? for B > 2 and |(t)| < CtP~¢ for B = 2 where 0 < £ << 1.
Inserting these estimates into (2.7) then we have

R B+4 :
‘/ Sﬁ+1h( ds‘ < CR lf,6>2
0 R2ﬂ+1 € if B —92
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which, together with (2.6) gives
ClL—t+8] ifB#4
TG R s
TR (1-logt) ifp=4
C(1l—tt=5) ifp=2

which implies the thesis when 8 < 4. We can repeat the procedure. At each
step the set of values of 8 at which (2.4) is satisfied increases by 2. Then for
every value of 8 the thesis follows after a finite number of steps. [l

rad

3. Morse index and degeneracy of u;

In this section we investigate the Morse index and the degeneracy of the least
energy radial sign-changing solution u;jld. In order to shorten the notation
we simply set u, := u;ad.

The section is organized as follows: we first define the linearized operator L,
at the solution u, and recall the definition of Morse index and radial Morse
index (Section 3.1). Then (Section 3.2) we consider an auzxiliary weighted
eigenvalue problem (problem (3.9) below), whose main advantage, as we will
see, relies on the fact that it shares with L, the same spectral properties (see
Lemma 3.5) and, in addition, a classical spectral decomposition into radial
and angular part may be applied to it (Lemma 3.7). Finally (Section 3.3) the
study of the auxiliary eigenvalue problem is carried out for any p > 1, getting
a general explicit dependence of the Morse index of the solution u,, on the first
radial eigenvalue of the weighted problem (Lemma 3.8) and also obtaining a
general characterization of the degeneracy of u, (Proposition 3.9).

3.1. Linearized operator at u,

Let L, : H*(B) N H}(B) — L*(B) be the linearized operator at u,, namely
Lyv = —Av — pluy, ()P~ o. (3.1)
It is well known that L, admits a sequence of eigenvalues which, counting
them according to their multiplicity, we denote by
p(p) < pa(p) <... < pilp) < ..., pi(p) = +00 as i — +oo,
where the first inequality is strict because it is known that pq(p) is simple.

We also recall their min-max characterization

i = min  max R,[v], i €N, 3.2
pi(p) woin max Byl 0 (3:2)
dimW=i v#0

where R,[v] is the Rayleigh quotient
@p(v)
R = 3.3
p[v} fB U(.Z')le' ( )
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and Q, : H}(B) — R denotes the quadratic form associated to L,, namely
Q)= [ [Vo@P = pluy)l ot de (3.

Since u,, is a radial solution to (1.1) we can also consider the subsequence of
(1i(p))ien, of the radial eigenvalues of L, (i.e. eigenvalues which are associ-
ated to a radial eigenfunction) that we denote by

ﬂi,rad(p% 1 €Ny
and which are all simple in the space of radial functions.
For the eigenvalues p; rad(p) an analogous characterization holds:

i ra = min max R,v 3.5

pralp) = | min xRyl (3.5)
dimW—=i V70

where R), is as in (3.3) and Hy ,4(B) is the subspace of the radial functions

of H}(B). Moreover it is known that 111 yaqa(p) = p1(p)-

The Morse index of u,, denoted by m(u,), is the maximal dimension of a
subspace X C H{(B) such that Q,(v) < 0, Vv € X \ {0}. Since B is a
bounded domain this is equivalent to say that m(u,) is the number of the
negative eigenvalues of L, counted with their multiplicity.

The radial Morse index of u,, denoted by myaa(up), is instead the number of
the negative radial eigenvalues p; vad(p) of Lp.

By the results in [AP] we have
Lemma 3.1. For anyp > 1
(400 >) m(up) > 4.
Moreover it is well known (see for instance [BW], see also [HRS]) the following

Lemma 3.2. For anyp > 1
Mrad (Up) = 2. (3.6)

The previous lemma means that for any p > 1

#1,rad (P) < p2,rad(P) < 0 < p3vad(p) < ...,
next we show that

HS,rad(p) > Oa
namely that the problem

v=>0 on 0B (3.7)

doesn’t admit nontrivial radial solutions, indeed the following result holds:

{vazo in B

Lemma 3.3. For any p > 1 u, is radially non-degenerate.
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Proof. Given a solution w,, for the problem

w4+ 2wl + [walP " we =0 in (0,7)

we(0) =a >0

w,(0) =0 (3.8)
we  has exactly 1 zero in (0,T)

wo(T) =0

where T' > 0, it is not difficult to see (see [SW]) that w, is differentiable
with respect to « and that it is radially non-degenerate in (0,7) if and only
if 8(‘;1:3:1 |T‘:T 7& 0.

Observe that u, solves (3.8) with v = u,(0) > 0 and T = 1.

Moreover for any o > 0 (3.8) has a unique solution w, which is obtained by
scaling u, as

2 T

walr) = Tle) 7Ty (s

[e3%

where T'=T(a) := (L(O)) %.

Hence it is immediate to check that ‘98“;“ lr=7(a) 7# 0, from which it then

follows that u, is radially non-degenerate. (I

3.2. An auxiliary weighted eigenvalue problem

We consider the auxiliary eigenvalue problem

— A — pluy ()P = v in B\ {0},
=0 on OB (3.9)
[ IV0P + iz < +oo,

where 8 € R and p > 1.

Observe that, since plu,|P~ € L>(B), (3.9) belongs to the class of eigenvalue
problems which has been studied in [GGN], where the eigenvalues for (3.9)
have been variationally characterized in the case when they are negative.

In the following we recall the variational characterization obtained in [GGN].
In particular they have observed that when the associated Rayleigh quotient
is greater or equal than zero there is a compactness problem, but as far as
the quotient is strictly negative, the eigenvalues and eigenfunctions maintain
the usual properties of the classical ones.

Let us denote by H the closure of C§°(B \ {0}) with respect to the norm

lvli3, =[5 (|Vv|2 + %) dz. Notice that H C H{(2) and the inclusion is

strict (consider for instance the function w(z) =1 — |z|?).
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For n, ¢ € H we write

nlyé & / Topdr = 0. (3.10)

Observe that if 1/1,{/; € H are weak solutions to (3.9) related respectively to
the eigenvalues 8 and (3, 8 # 3 then

¥ Ly ¥ (3.11)
(just multiply (3.9) by 1, the equation (3.9) for the eigenvalue 3 by v, inte-

grate and subtract).

We define

Bip) =t Rl (3.12)

where ]/%vp[v] is the Rayleigh quotient

S @p(v)

Ryfv] := —2 (3.13)
I |(ac\2

and Q) is as in (3.4).

From [GGN, Proposition 2.1] we know that when f;(p) < 0 then this infimum
is achieved at a radial function v; € H, ¥ > 0 in B\ {0}, which solves

/ Vih1 Vv — pluy|P~ v de = B1(p) Tplﬁ; dx, Yv € H. (3.14)
B
Moreover 51 (p) is simple (in #). In this case we can then define
Ba(p) = Ry[v] (3.15)
vlyyn

which again is achieved when it is negative (see [GGN, Proposition 2.3]) and
any function ¢9 € H at which S2(p) is achieved solves

/ VioVu — p\up|p*1¢2v dx = B2 (p) 1|Z)2|12) dx, Vv € H, (3.16)
B

and by definition 17 14, 19, then 19 must change sign.

More in general, by iterating, if 5;(p) < 0 and ¢; € H is a function where it

is achieved, for j = 1,...,7 — 1, we can define
Bi(p) = 1)6721,127&0 R, [v], ieN,i>2 (3.17)

vlyspan{¢,...,pi—1}
which (again [GGN, Proposition 2.3]) is achieved if it is negative and, in such
a case, any function ¢; € H at which $;(p) is achieved solves

Ty Ly dp — B Yiv
/vale p|up|1" z/;zvdx—ﬁl(p)/B‘xP

dz, Yo € H, (3.18)
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and changes sign.

Similarly, restricting to the subspace H,.q of the radial functions of H, we
can also define:

Sraaalp) = it Byl (= 6i(0) (319)
and, if 8 raa(p) <O0for j=1,...,1—1
. :: M oy . . > .
Birad(p) veyfﬁf, oto R,[v], 1eN, i >2 (3.20)

v Ly span{¢i,..., bi—1}

where ¢; € Hyaq is the function where §; ;aa(p) is achieved for j =1,...,i—1
(observe that ¢, = 1) and solve

/ V¢;Vu —p|up|p*1¢jv dx = ﬁjyrad(p)/ r;jr; dx, Vv € Hyaa- (3.21)
B B

Lemma 3.4 (Variational characterization [GGN]). The negative eigenvalues
(resp. negative radial eigenvalues) of problem (3.9) coincide with the negative
numbers B;(p)’s defined in (3.12)-(3.17) (resp. with the numbers B yaa(p)’s
defined in (3.19)-(3.20)). Moreover, by (3.11), the corresponding eigenfunc-
tions, which solve (3.9), are in H and can be chosen to be orthogonal in the
sense of (3.10).

The following relation holds between the Morse index of u, and the number
of negative eigenvalues of the weighted problem (3.9):

Lemma 3.5 ((GGN], Lemma 2.6). The Morse index (resp. radial Morse index)
of u, coincides with the number of negative eigenvalues (resp. negative radial
eigenvalues) of problem (3.9) counted according to their multiplicity.

As a consequence we have:
Lemma 3.6. For anyp > 1
Bl,rad(p) < /BQ,rad(p) <0.

Moreover 33 ada(p) = 0 and it is not an eigenvalue for (3.9).

Proof. The first statement is a consequence of Lemma 3.2 and Lemma 3.5.
Observe that the value 53 1aq(p) is well defined by (3.20), being both £1 ad(p)
and f2rad(p) negative, moreover B3 yaq(p) > 0 from Lemma 3.4 and Lemma
3.5, since Mmyad(up) = 2 by Lemma 3.2. In particular even if 83 ,aa(p) = 0
it cannot be an eigenvalue for (3.9) because H C H{(B) and u, is radially
nondegenerate by Lemma 3.3.

To show that 83 rad(p) = 0 we let ¢; € Hyaa be the function where 5 vad(p)
is achieved for j = 1,2, we choose the test functions

1— || ife<|z| <1
Ne(z) = @M—i—g—l if $ <l|z|<e
0 if 2] < 5
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defined for 0 < € < 1 and we let
ﬁs(x) = 776(55) — a1 — b

where ac, b, € R are given by

ot b_&%
g ¢2 ) g
s Tl fB Tel?

so that 7). is orthogonal in the sense of (3.10) to ¢;, j = 1,2 for any € € (0, 1).
Moreover observe that by our choice of the test functions 7. there exists
C = Cp > 0 such that

/B(IVne\ —plup[P~'nZ) < C, (3.22)

for any € € (0,1).
Since B raa(p) < 0 for j = 1,2, by Proposition 2.2 we have that

&, (r)=0 (7“ */Bj,md(P)> as r — 0. (3.23)

This last estimate together with the definition of 7. then implies that

/01 m:sj o 220 /% Vdr (e )/ @()d +/: (1—r3¢j(r)dr
(3<230+0(x/m>§0

so that a. and b. are uniformly bounded.
From (3.20) and the orthogonality between 7). and ¢;, j = 1,2 then 85 raq(p) <
R, (1] where

D Q;D (775) )

R [ﬁs] = = (3-24)
? [y oz

An easy computation shows that
Qp () = /B (IVnel?* = plup P~ nZ) + a2 /B (IVé1l* = plup[~'61)
+b§/B(|V¢2|2fplup|”*1¢§) fQGE/B(VnyV% = plupP" )
~2b. /B (Ve - Vo2 — plup|[" " 1e62)

—2a.b, /B (Vo1 - Voo — pluy | d162)

and, using that ¢;, j = 1,2 solves (3.21), that ¢1 Ly ¢2 and recalling the
definition of a., b., we then get

&

B lz[*

2
Qp(ﬁs) = /B (|V775|2 _p|up‘p_1ng)_a?61,rad(p) B%_bgﬁlrad(p)
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The last equality, together with (3.22) and the boundedness of a., b, implies
that

Qp(ne) < C
for any e € (0, 1). Finally, using again the definition of a.,b. we have
iz de _ 0z 2 ﬁ 72 ﬁ
B |zf? plel* CUplzP T Jp [xf?
Qe, be b>0unded / n2
B B lz[?

= 271-((1;28)2 /: (QTZE)QCZT—I—/: (I;T)zdr)—C

2 (—loge+¢elog2+ (1 —¢)(e —2)) - C
= —2mloge (1 +0(1)) ase—0.

The conclusion then follows using (3.24) and 0 < 53 154(p) < R:,[ﬁg] O

Here and in the following we denote by ay, k € N the spherical harmonics
in dimension 2, namely the homogeneous harmonic polynomials of degree k
considered on the unit sphere S' C R2. They can be written explicitly, using
the polar coordinates 2 = (r cos 6, rsin 0)

c k=0
ox(0) = { c1 cos(kf) + cosin(kf) k=1,2,3,... (3.25)

for c,c1,c0 € R.
Recall that the set (o )ren is a complete orthogonal system for L2(S!), hence
any function v € L?(B) can be written as

+oo
v(r,0) = hi(r)ax(9) (3.26)
k=0

where
hi(r) ::/0 ag(8)v(r, 0)do, re (0,1). (3.27)

Moreover if v(r,8) is continuous in the origin, then 2wcv(0) = ho(0) (where
¢ is the constant in (3.25)) and

hi(0) =0, Vk>1. (3.28)

Recall also that the eigenvalues of the Laplace-Beltrami operator —Ag: on
the unit sphere S' are the numbers k2, k € N, that they have multiplicity 1
if £ = 0 and multiplicity 2 if £ > 1, and that the spherical harmonics «y are
the eigenfunctions associated to the eigenvalue k2.

For the negative eigenvalues of (3.9) we then have the following spectral
decomposition into radial and angular part, where the angular part is given
by the eigenvalues of —Ag1:
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Lemma 3.7. Letp > 1. For anyi = 1,...,m(uy) there exists (j,k) € {1,2} xN
((4,k) depending also on p) such that
Bi(p) = Bjraa(p) + k*. (3.29)

Conversely for every (j,k) € {1,2} x N such that Bjraa(p) + k* < 0 there
exists i € {1,...,m(up)} (i depending also on p) for which (3.29) holds.

Moreover the eigenspace associated to each negative eigenvalue B(p) of (3.9)
s spanned by the functions

¢j(r) cos(k) and ¢;(r)sin(kf), ¥ (j,k) such that Bjraa(p) +k* = B(p),

(3.30)
where ¢; is the radial eigenfunction to (3.9) associated to the radial eigenvalue
Bjrad(p) (which is simple in the space of radial functions).

Proof. Step 1. We show the first statement.

By Lemma 3.4 and Lemma 3.5 the value §;(p), for any i = 1,...,m(u,), is a
(negative) eigenvalue for problem (3.9) and so there exists a function ¢ € H,
¥ # 0 which satisfies (3.9) with 8 = S;(p). Decomposing v along spherical
harmonics (see (3.26), (3.27)), we write

+oo
0) =Y hi(r)ax(9)
k=0
where
hi(r) = /0 an(O)(r,0)d0, e (0,1). (3.31)

Then, since 1 # 0 and (o) is a complete orthogonal system for L?(S1), it
follows that hy # 0 for some k € N, moreover it satisfies

1 2 1
7h;€/ - ;h;c = / (wrr - ’I"’l/)r> Oy do
0

27 1
_ / (A¢+ QASM/)) v df
0

s’ 1 27
6( ) k+ﬁ/() (Asli/))akde

= plupl’” i +

Integrating the last term by parts we get

{ h”—f — plup|P~thy = ’6(17) k* hi in (0,1)

hell) = 0’ (3.32)

where 8;(p) —k? < Bi(p) < 0. Next we show that it satisfies also the condition

1 h2
/ r(hy)? + 7’“ < +o0. (3.33)
0
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Indeed using (3.31) we get

1 2 1 2 2
/ hi(r) dr _ ( o (0)(r, 0) da) dr (3.34)
0 T o " \Jo
Jensen ineq. 1 1 2m
2 inea / E / 0 (0)v3(r, 0) df dr
o "Jo
aj are bounded 1 2T )2 2
Lol c V0 ag=c [ V0
o Jo r B |zl

where last estimate follows from (3.9). In the same way we obtain

/Olr(h;(r)fdr = /1r</2”ak() é )d9> 0 5.35)
0)

of L
showing (3.33).

By Lemma 3.4, Lemma 3.5 and Lemma 3.6 problem (3.32)-(3.33) admits only
two negative eigenvalues which coincide with Si vaa(p) and B2 rada(p). Then
(3.32)-(3.33) has a nontrivial solution hj, (related to a negative eigenvalue)
if and only if B rad(p) = Bi(p) — k? for some j = 1,2. This ends the proof of
the existence of (j,k) € {1,2} x N which satisfies (3.29).

IA

dd0<C/|Vw V2dx < oo,

Step 2. We show the converse statement.

Let (j, k) € {1,2} x N be such that 3;ada(p) +k* < 0, let ¢; be an eigenfunc-
tion associated to the radial eigenvalue §; vaq(p) (which is simple in the space
of the radial functions) and «j be an eigefunction of —Ag: associated to the
eigenvalue k% (see (3.25)). Then easy computation shows that the number
Bjrad(p) + k? is a negative eigenvalue for the weighted problem (3.9) with
eigenfunction given by

x
by k() = ¢j(|x|)0‘k(m)- (3.36)
As a consequence, by Lemma 3.4 and Lemma 3.5, there exists ¢ € {1,...,m(up)}

for which (3.29) holds.

Step 3. We prove that the eigenspace of a negative eigenvalue 3(p) of problem
(3.9) is spanned by the functions in (3.30).

Let m € Ny be the multiplicity of 3(p), so there exists an index £ € N, ¢ > 1
such that

B(p) = Be(p) = Bes1(p) = Berm—1(p) < Beym(p)
and if £ > 2 also
Be-1(p) < B(p)

(m is the number of subsequent indexes ¢ in our notation).
By Step 1. for every i = ¢, ..., {+m—1 there exists a couple (j, k) € {1,2} xN



22 F. Gladiali and I. Tanni

for which (3.29) holds (some of the couples may coincide).
Then considering the set

T:={(j,k) €{1,2} xN : Bi(p) = B(p) = Bjrad(p) + k>, i=1,...0+m},

as seen in Step 2. all the functions in (3.36) with (4, k) € Z are eigenfunctions
for (3.9). Observe that since §; vaqa(p) is simple in the space of radial functions
and oy, are the functions in (3.25) one obtains all the functions in (3.30), which
are linearly independent.

Last we prove by contradiction that the eigenspace of 3(p) consists only of the
functions in (3.30). So let us assume the existence of another eigenfunction

Y #0,
¢ Ly span{¢;(r) cos(k0), ¢;(r)sin(kd) : (j,k) € I}, (3.37)

then similarly as in Step 1. we can write

+oo
e(r,0) = hy(r)as(0) (3.38)
s=0

where

hs(r) ::/0 ' as(0)Y(r,0)do, r e (0,1).

Since 1) # 0 then there exists s € N such that hs # 0. Then, as in Step 1. we
can prove that for any s such that hs # 0 there exists t; € {1,2} such that

B(p) = Br.raa + s> and  hs = ¢y, (3.39)

As a consequence (3.38) becomes

+oo
W)=Y u(r)as®)

s=0, hs#0

and so the orthogonality condition (3.37) gives

> 1 b ¢ 27 +o00o
0= Z/ —dr / acapdd = Y 6 0k, V(i E)ET
s=0 "0 0 s=0, hs#0

As a consequence, for any (j, k) € Z either s # k or if s = k then necessarily
ts # j, namely the couple (¢, s) € Z. Since (3.39) holds this contradicts the
definition of the set Z. O

3.3. Morse index and characterization of the degeneracy of u,

In the next result we estimate the two negative radial eigenvalues of the
auxiliary weighted eigenvalue problem (3.9) from above and from below by
consecutive eigenvalues of —Agi. As a consequence of our estimates we also
get that the Morse index of u, is even for any p > 1 and uniformly bounded
in p. Moreover the estimate of the two negative radial eigenvalues of (3.9)
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is the starting point to characterize the degeneracy of w,, this last result is
contained in Proposition 3.9 at the end of the section.

Lemma 3.8.
—1< Boraa(p) <0 Vp>1 (3.40)
For any p > 1 there exists a unique j = j(p) € N, j > 2 such that
—J* < Braaa(p) < —(j — 1)° (3.41)
and
m(up) = 2j (3.42)

Moreover j(p) < C for any p > 1, where the constant C > 0 does not depend
on p.

Proof. By Lemma 3.6 we already know that
B1rad(p) < Ba,raa(p) <0

are the unique negative radial eigenvalues for (3.9). Next, using a result in
[AG2, Proposition 3.3], (with m =2, M = 2 and ; = §; 1aqa(p)) we also have

B1raa(p) < —1 < Baraa(p) <0 for every p > 1. (3.43)

Then, the decomposition of the negative eigenvalues 5;(p) in (3.29) and the
corresponding eigenfunctions which are given in (3.36), allows to say that the
modes k that contribute to the Morse index of u,, are those such that

Bi(p) = Bjraalp) +k* <0,  j=1,2. (3.44)

The case 7 = 2 in (3.44) is possible only when & = 0 by (3.43). Hence by
(3.36) and recalling that there is only 1 spherical harmonic for £ = 0 (see
(3.25)) we get only 1 contribution to the Morse index in this case.

The case j = 1 always gives instead 1 contribution (for ¥ = 0) and, by (3.43)
and recalling that there are two spherical harmonics for k = 1, 2 contributions
for k = 1, showing that

m(up) >4 for every p.

But, 7 = 1 must also give other contributions for & > 2. As a consequence
(3.41) holds. Hence by (3.36) and recalling that there are two spherical har-
monics for k > 2, (see (3.25)) we get in this case that the total contribution
of B1,rad(p) to the Morse index is then 2(j — 1) + 1.

Summing up all the contributions from both j =1 and j = 2 we get (3.42).
Last we show that there exists C' > 0 independent of p such that

—C < Birada(p) (<0) foranyp>1 (3.45)

from which the uniform bound on j(p) then follows and this concludes the
proof. Let ¢, € H be a function where 1 ,aq(p) is achieved, then by (3.21),
choosing v = ¢,, we have:

2 _ p—1 2 ¢p(y)2
0< /B V() 2y /B Plitp ()P~ 6 (9)2dy + B xaa (p) /B )y
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2
= / (plup @) P~ y* + B1,raa (p)) ¢p(yz> d
B ZU|
2
= [Ifeaé‘ (plup ()P~ yl?) +517rad(p)} %512) .
AS a consequence
Biraa(p) 2 — mas (plus ()P yl?) - (3.46)

We recall the following pointwise estimate for u, which has been proved in
[DIP2]:
pluy (@) P Hz|* < C, Vp>1, Vr € B, (3.47)

for a certain C' > 0 (see property (P¥) in [DIP2, Proposition 2.2], observing
that in the radial case the origin is the only absolute maximum point of |u,|
and that & = 1 by [DIP2, Proposition 3.6]). The conclusion follows combining
(3.47) with (3.46). O

Next we investigate the degeneracy of the solution u,, for any p > 1. This
result will be useful to characterize the degeneracy of u, in the case of large
p. Moreover we will need it to identify the possible bifurcation points and
select the eigenfunctions related to them.

Proposition 3.9 (Characterization of degeneracy). For any p € (1,+00) let
Jj=17jp) €N, j>2beasin Lemma 3.8. The solution u, is degenerate if
and only if

ﬂl,rad(p) = _.j2 (348)
Moreover the space of the solutions to the linearized problem (3.7) at a value
p that satisfies (3.48) is spanned by

v;(r,0) = ¢1(r) (Asin(j) + B cos(j6)) A,BeR (3.49)

where ¢1 is an eigenfunction associated to the first radial eigenvalue By yaa(D)-
Hence Ker(Ly) has dimension 0 when (3.48) is not satisfied, and dimension
2 when (3.48) holds.

Proof. u, is degenerate if and only if there exists v € H}(B), v # 0 such that

—Av — pluy[P7lo =0 in B,

v=0 on 0B.
Step 1. We show that if u, is degenerate then (3.48) holds.
If u, is degenerate, problem (3.50) admits a solution v which is continuous in

B by elliptic regularity. Then we can decompose v along spherical harmonics,
namely for k € N we consider the radial function

(3.50)

he(r) ::/O " @ 0)do, e 0,1) (3.51)

where aj, is an eigefunction of —Ag1 associated to the eigenvalue k? (see
(3.25)—(3.28)). Since (ay)x is a complete orthogonal system for L?(S') and
v # 0, then necessarily hy # 0 for some k € N. Moreover, similarly as in Step
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1 in the proof of Lemma 3.7, it is easy to show that hy, for these values of &,
is a nontrivial solution to the problem

{ —hiy = 3 b = plup P e = S by i (0,1) (3.52)

hyp(1) = 0 '

Observe that k& > 1, since u,, is radially nondegenerate by Lemma 3.3, so (see
(3.28)), one has also

hi(0) = 0. (3.53)

Next we show that hj satisfies also the condition
1 h2
/ r(h})* + 7k < +00. (3.54)
0
Indeed, since v € H}(B), we can argue as in the proof of (3.35) to get

/1 r(h},)? < 400 (3.55)
0

and moreover, using Proposition 2.2, we also have that hy(r) = O(r%), as
r — 0, which implies

1 h2
/ 7’“ < 4o0. (3.56)
0

By Lemma 3.4, Lemma 3.5 and Lemma 3.6 problem (3.52)-(3.55)-(3.56) ad-
mits only two negative eigenvalues which coincide with 81 yad(p) and 52 raa (p)-
Hence we conclude that hy is nontrivial if and only if 3; yaa(p) = —k? for some
i = 1,2 and k > 1. The equality (3.48) then follows remembering that, by
Lemma 3.8, —1 < B2,ad(p) < 0 and —52 < B14aa(p) < —(j — 1)? for some
j=ilp)EN, j=2.

Step 2. We show that if (3.48) holds then u, is degenerate.

Let
T

v (x) = ¢1(|93|)0ék(|?), (3.57)
where ¢; is an eigenfunction associated to the radial eigenvalue £1 124 (p) and
ay is an eigefunction of —Ag1 associated to the eigenvalue k? (see (3.25)).
Then easy computation shows that if (3.48) holds then vy with k = j solves
(3.50).

Step 3. We show that the space of solutions of (3.50) at a value p that satisfies
(3.48) is given by (3.49).

The functions in (3.49) clearly solve (3.50). This follows from Step 2, recalling
the explicit expression of oy, (see (3.25)).

To prove that the space of solutions to (3.50) is spanned by the functions in
(3.49), recall that ay is an orthogonal basis for L?(S'), hence any nontrivial
solution v to (3.50) may be written in L?(B) as

+o0
v(r,0) = Z hi(r)ax(6) (3.58)
k=0
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with hy defined as in (3.51). Then the same arguments used in Step 1 imply
that when (3.48) holds then hy = 0 for any k # j and so (3.58) reduces to

v(r,0) = hy(r)a;(6)

with h; eigenfunction associated to the radial eigenvalue (1 ,aq(p), namely
hj = ¢1. O

4. The case p large

In [DIP3], exploiting the asymptotic analysis of u, for p — +00, it has been
already proved that

Proposition 4.1. There exists p > 1 such that
m(u,) =12 V' p>p. (4.1)

Moreover, retracing the proof of [DIP3, Theorem 6.1] one can easily deduce
the following asymptotic result for the first eigenvalue 51(p) = B raa(p) in
the ball (for the detailed proof see [AG3, Proposition 3.3], where (;(p) is

called v (p) and k2 = g27+2)

Lemma 4.2.
0242

lim (p) = pggloo B raa(p) = ~ —26,9

p——+oo

where £ ~ 7.1979 is the constant introduced in [DIP3].

Using the general analysis previously done in Section 3 (Lemma 3.8 and
Proposition 3.9), combining it with Proposition 4.1 above and with the as-
ymptotic result in Lemma 4.2, we completely characterize the degeneracy of
the solution u, when p is large. Our result reads as follows:

Proposition 4.3. There exists p* > 1 such that for any p > p*
=36 < Biraa(p) < —25. (4.2)
Hence Ker(Ly) for p > p* has dimension 0 and u, is nondegenerate.

Proof. The proof follows from Lemma 3.8, Proposition 3.9, observing that by
Proposition 4.1 j(p) = 6 for p > p and that moreover by Lemma 4.2 there
exists p*(> p) such that the equality

Bl,rad(p) = 36

is never attained when p > p*. ([l
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5. The case p close to 1

Let us fix some notation. We denote by ();); the sequence of the Dirichlet
eigenvalues of —A in B, counted with their multiplicity. Moreover let (p;);
be a basis of eigenfunctions in L?(B) associated to \;.

We also denote by (A rad)i and (¢; rad): the subsequences of the radial eigen-
values and eigenfunctions respectively (it is well known that A; raq are simple
in the space of radial functions and that ¢; yaq has ¢ — 1 zeros).

The main result of this section is the following:

Proposition 5.1. There exists § > 0 such that
m(up) =6 Vpe (1,1490) (5.1)

and u, is nondegenerate for p € (1,14 6) (namely pz(p) > 0).
Moreover

ui(p) — A\ _AQ’rad <0, 1=1,...,5 (52)
p—1
NG(P) = M2,rad(p) ? )\6 - >\2,rad =0
p—1

and, up to a subsequence

p—>c in C(B), i=1,...,6 (5.3)

”‘Pl”oo
where C = £1 and p;(p), pirad(p) are the Dirichlet eigenvalues and radial
eigenvalues respectively of the linearized operator L, at u, (see (3.1), (3.2)
and (3.5)) and v;,, are the eigenfunctions of L, associated to the eigenvalues
pip and normalized in L>°(B) (||vipllec = 1).

We observe that, combining (5.1) with the general results about the Morse
index of w, and the characterization of its degeneracy given in Section 4
for any p > 1 (Proposition 3.9 and Lemma 3.8 respectively), we also have
the following estimate for the first negative radial eigenvalue of the auxiliary
problem (3.9), when p is close to 1:

Corollary 5.2. Let 6 > 0 be as in Proposition 5.1. Then for any p € (1,1+9)
—9 < Birada(p) < —4 (5.4)

Proof. From Lemma 3.8, observing that (5.1) implies j(p) =3 forp € (1,1+
0), we have that

-9 S ﬂl,rad(p) <-4
for p € (1,1 + ¢). The strict inequalities in the left hand sides follow from
the nondegeneracy of u, in (1,1 + J) (see Proposition 5.1) and from the
characterization of the degeneracy in Proposition 3.9. O

In order to obtain the previous result we need to analyze the behavior of the
solution u,, as p is close to 1. We will show that w, converges, as p — 1, to
the second radial Dirichlet eigenfunction of —A in the ball B (Lemma 5.4
below).

Hence let us recall some useful results for the Dirichlet eigenvalues and for
the second radial eigenfunction of —A in B.
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Lemma 5.3. One has
m (@Q,rad) =5

and in particular
A= )\l,rad <A =A3< =A< X = AQ)rad <M< (55)

Proof. This proof is classical, we write it for completeness. The eigenfunctions
of the Laplace operator —A with Dirichlet boundary conditions in B are
given, in radial coordinates, by

Gre(1,0) = T (Unger) x { 2?5{35)’ for n # 0 (56)

for n € N, k € Ny, where J,, are the Bessel functions of the first kind (see for
instance [W]) and v,y is the k-th positive root of J,, (for any fixed n there
are infinitely many roots). The corresponding eigenvalues are given by

An]g = V’r27,k:’ (57)

hence they are simple for n = 0 and have multiplicity 2 when n > 1.
From (5.6) it follows that the second radial eigenfunction is

P2,rad (1) = Jo(v027)
and so by (5.7) the second radial eigenvalue is
A27rad = 1/52. (58)

The Morse index of g 1aq is the number of eigenvalues (counted with mul-
tiplicity) of the Laplace operator —A with Dirichlet boundary conditions in
B which are strictly less than A raq. By (5.7) and (5.8) this is equivalent to
compute the number of the zeros v, of the Bessel functions .J, which are
strictly less than vz, recalling that when n > 1 each eigenvalue has multi-
plicity 2.

It is known (see [W, TABLE VII]) that

Vo1 < V11 < V21 < Vg2, (59)

while
V12, V22, Vp1 > Vo2, Vh >3 (5.10)

hence the Morse index of ¢3 1aq is 5.
By (5.7), (5.9) and (5.10) (recalling the multiplicities) it follows that

A= o,
Ae=X3 = A,
M= = o,

Ao = oz < Ar,

and that (5.5) holds. O
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5.1. Asymptotic behavior of u, as p — 1

We now analyze the asymptotic behavior of u,, as p — 1. In particular we
obtain an expansion of its L°°-norm up to the second order which will be
useful for the proof of Theorem 1.3 (see Proposition 7.3).

Lemma 5.4. Let p, be any sequence converging to 1. Then

Uu. i . —
Up 1= T p”| — Ya.rad = Jo(voz|z]) in C(B) (5.11)
P |00
(recall that, by the definition of Jo, we have that |02 adllcc = ¥2.raa(0) =

Jo(0) =1) and

|, 1227 = Ao rad (1 — &(pn — 1)) + 0(pn, — 1) as n — oo (5.12)
where > p
0 rad|dT
o= fB 2 rad 2g|¢2, d| (513)
fB s02,raddx
Proof. The function @, defined in (5.11) satisfies
— Ay, =P, [Prta, in B
Uy =0 on 0B (5.14)
,(0) =1
where v, := ||up, ||oo- From (2.2) it easily follows
Iy~ [P o < M,
from which
”Van”LQ(B) <M. (5.15)
Moreover we have the following estimate
| (Jan [P~ = 1) @y| < e(pn — 1) (5.16)

in B, with ¢ independent on n. Estimate (5.16) obviously holds, for any fixed
n, at the points at which @,, = 0. When @,, # 0 instead it comes as in [AGG,

(3.10)] from the identity e” — 1 =z fol e dt, from which

1
P71 — 1 = (pn — 1) log [fn] / (JanlP )" dt, (5.17)
0
so that
[0~ 1] < (p — 1) log [
which implies (5.16) by the boundedness of the function x — xlogx in (0, 1).
From (5.16) we get

(I2n
uniformly in ]? Then, by (5.15) and (5.18), @, converges, up to a subse-
quence, in C(B) to a solution to

Pret 1) G, +0  asn— +o0 (5.18)

U=y in B
u=0 on 0B
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where v = lim,, 4o 72! > 0 by (2.2). Moreover @ is radial and we will
prove that it has two nodal regions. This implies that & = 9 .4 showing
(5.11) and consequently v = Az raq. Since the convergence in (5.11) holds for
every subsequence, then it holds directly for the sequence ,,.

Next we show that u has 2 nodal regions. Observe that the number of nodal
regions of 4 cannot be grater then 2 since %, has 2 nodal regions and it
converges uniformly to @. Let r, be the unique zero of @, in (0,1), up to a
subsequence r,, — 7o, then @ has 2 nodal regions if we show that ro € (0,1).
The C° convergence of @, to % easily implies that 79 > 0 since @(0) = 1.
So by contradiction let us assume 7, — 1 as n — +o0o. By Rolle Theorem
there exists &, € (rp,1) such that @, (¢,) = 0 for any n. By assumption
&, — 1 as n — +o0o. Moreover observe that the convergence in (5.11) holds
also in C'(B), by standard regularity theory, so it follows that @' (&,) — 0
and this is not possible since the Hopf boundary Lemma implies @' (r) # 0 in
a neighborhood of r = 1.

‘We have shown so far that *yn"_l — A2,rad as n — 00. To conclude we have to
prove the expansion in (5.12). Let us multiply (5.14) by @2 raq and integrate
over B. We get

-1 — —1- — _
’ﬁ;n / |un|pn UnP2,rad = / Vunvwlrad = )\2,rad/ Un P2, rad
B B B

where last equality follows by the definition of ¢ ;4. This implies that

)\27rad/ (|'H/n|p72 1) U’n‘PZ rad — ()\2 rad — Pn / ‘u
B

Pn un ¥2,rad-

(5.19)
By using the identity (5.17), which holds a.e. in B, we also have

1
/ (lﬂnlpn_l - 1) an‘pQ,rad = (pn - 1)/ ﬁn‘pZ,rad lOg |ﬂn|/ |an|t(pn_1)dt d{,C
B B 0

and so from (5.19) we get

A2 rad — '75"71 fB Un$p2,rad 10g || fo |, ‘t(pnil dt dx
)\2 rad(pn - 1) fB |un
To conclude the proof we show that the right hand side of (5.20) converges

to the constant ¢ in (5.13). First we observe that the uniform convergence of
Uy, 0 2 raq in B implies

(5.20)

Pn— lun(PQ rad dx

/ |ﬁn|p”_1ﬂn<p2’rad — / gp%’rad #0 asn — oo (5.21)
B B

(recall that ¢grada(x) = Jo(voz|z|)). Moreover, since ||ty|lcc < 1, (4n #
0 q.0.) and the function z — zlogz is bounded in (0,1), then the term
Un 2 rad 10g |ty fol |t,, [*Pn=Vdt € L>°(B) and

1
2,00t 108 | / [P D ]| e ) < C,
0
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so by the convergence of @,, to ¢2 raq and the dominated convergence theorem
we also get

1
/ Un P2 rad l0g |ﬂn|/ |ﬂn|t(”"_1)dt dr — / ‘P%,rad log |¢2 rad|dz as n — oo.
B 0 B
(5.22)
1
Then, from (5.20), by (5.21) and (5.22), it follows that 324" 7"+ is bounded

2,rad (p
and, up to a subsequence,

n—1
>\2,rad - '75

)\2,rad(pn - 1)
Since this convergence holds for every subsequence, then it holds for the
sequence concluding the proof.

—C asn — oo.

O
5.2. Proof of Proposition 5.1

Using Lemma 5.4 and Lemma 5.3 we can finally prove Proposition 5.1.

Proof of Proposition 5.1. The proof of (5.1) consists in showing that for p
sufficiently close to 1

m(up) = m (¢2.rad) + 1, (5.23)
where m (¢2,aa) = 5 by Lemma 5.3. We divide it into three steps. First
observe that for @, defined from u, as in (5.11)

Jup| P~ = [lup |18 [ap [P (5.24)

Step 1. We show that m(up) > m (2raa) + 1, for p sufficiently close to 1.
Let @, : H}(B) — R be the quadratic form in (3.4) and let us consider the
first 5 Dirichlet eigenfunctions 1, ..., 95 of —A in B and the corresponding
eigenvalues A1, ..., As. Then by (5.24) we have that

Q) = /B (1V¢i]2 — pluy |12 dac

(5.24) T
2 /B [1Veil? = pllugll2 a7~ 2] de

.Y / 2 d — plluy |25 / P12 da
B B

@ AQ,rad)/ 02 dz + 0,(1) < 0
B

fori=1,...,5 and p sufficiently close to 1, since A; < A3 raq by Lemma 5.3,
where for the equality in (x) we have used (5.12) and the Lebesgue dominated
convergence theorem thanks to (5.11). Recalling that the eigenfunctions ¢;
are orthogonal in L?(B) and hence in Hg (B) this means that the Morse index
of uy, is at least 5 for p sufficiently close to 1. But from (3.42) in Lemma 3.8
we already know that m(u,) must be always even, then the Morse index of
u,, is at least 6 for p sufficiently close to 1.
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Step 2. Let p1;(p) < 0 be a non-positive Dirichlet eigenvalue of the operator L,
for p € (1,149) and let v, ;, be an associated eigenfunction with ||v; p|lcc = 1.
We prove that as p — 1

1i(p) = Aj — A2,rad (5.25)

vip — Cjp; in C(B) up to a subsequence, (5.26)
for a certain j = j(i) € {1,2,3,4,5,6}, where C; := %||p;| 5. Moreover we
also show that ifl € N, [ # ¢ and p(p) <0 for p € (1,1 +9), then

i) #30 (527

(we stress that under condition (5.27) it is nevertheless possible to have
Aj) = Aja))-
Observe that the non-positive eigenvalue p;(p) is bounded for p close to 1,
indeed by the standard variational characterization of uq(p)

1 2 1= _
o () Pl e?) dr
1m

1
VEH] oa(B) fo rov2dr
v#0

5.24
1 (p) > 11 (p) = pagaa(p) =

(5.12)
> —pllupllB' > —(Agiraa +€)

for p close to 1. Let p, be a sequence converging to 1, then the eigenfunction
Vi p = V; p, satisfies

)

(5.24)

vai,n - _Avi,n _anuI)n Hgg_lhj])n pn_lvi,n = ,ui(pn)vi,n in B
Hvi,nHoo =1
Vin =0 on 0B.
(5.28)
Moreover

|Pnltp,, |18~ i, [P~ i + pi(pn)vin| < C

and then, up to a subsequence, v; ,, — @; in C(B) where ||@;|l«c = 1 by the
uniform convergence and, using (5.12) and (5.11), it follows that ¢; solves

—A@; = (Ao rad + fli) Pi in B
[Gill2 =1 (5.29)
v =0 on 0B,

where fi; = limy,— 400 tti(pr) < 0. This means that ¢; is an eigenfunction of
the Laplace operator associated to the eigenvalue A3 raq + fis, namely there
exists j = 1,2, ... such that

fli = Aj — A2 rad
and

@i = Cjp;
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=l Since ji; < 0, by Lemma 5.3 we have necessarily that
Jj €{1,2,3,4,5,6}. Moreover, since the convergence in (5.25) holds for any
subsequence, then it also holds for the sequence.

Last we prove (5.27). Let [ # i be such that p;(p) < 0. We can take vy,
orthogonal in L?(B) to v; ,. The uniform convergence in B implies then that

where C; = £||¢;|| =

0= / vipvip = Cii)Cia / D)L
B B
hence j(i) # j5(1).

Step 3. Conclusion

From Step 2 we deduce that the operator L,, for p close to 1, may have at
most 6 non-positive eigenvalues p;(p) < 0, namely that ur(p) > 0.

Indeed if we assume by contradiction that uz(p) < 0 for p close to 1, then
(5.25) holds for all i = 1,2,...,7 and so necessarily j(7) = j(i) for some
i € {1,...6}, a contradiction with (5.27).

From Step 1, we also know that the operator L, for p close to 1 has at least
6 negative eigenvalues p;(p) < 0.

Combining both the information we get:

pa(p) < p2(p) < ps(p) < pa(p) < ps(p) < pelp) <0< pz(p) <... (5.30)

(the strict inequalities are a consequence of (5.5) and of the convergence in
(5.25)), which proves both (5.23) and the nondegeneracy of w, for p close to
1.

It remains to prove (5.2). It is well known that p1(p) = 1 raa(p). Moreover
Myrad (Up) = 2 by Lemma 3.2, hence there exists a unique ! € {2, 3,4, 5,6} such
that w(p) = p2,reda(p). We denote by v, a radial eigenfunction associated to
w1 (p). Next we show that | = 6.

Observe that as a consequence of (5.30) and of the monotonicity property of
the limit, we can take j = ¢ in the convergences already proved in Step 2,
namely (5.25) and (5.26) become respectively:

/J%(p) — )\Z — )\Q,rad (531)
Vip — 01CP1 (532)

asp— 1, foranyi=1,...,6.

Obviously ¢1 = ¢1raa and moreover, since A\g = A2 yaq by Lemma 5.3, we
can take @ = 2 1ad, While ; is surely not radial for ¢ = 2,3,4,5. Observe
now that (; is radial, being obtained in the limit of the radial eigenfunction
vy,p in (5.32), this proves that { = 6. Last (5.31) in the case ¢ = 6 also gives
the limit pug(p) = poraa(p) = 0~ as p — 1. O
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rad

» in symmetric functions

6. Morse index and degeneracy of u
spaces

To prove the bifurcation result in Theorem 1.5 and also to prove Theorem
1.3 we need to introduce some spaces of symmetric functions. To this end
we let O(2) be the orthogonal group in R%, O, C O(2), for k € Ny, be the
subgroup of rotations of angle 2?” and 7 € O(2) be the reflection with respect
to the z-axis, i.e. 7(z,y) = (x, —y) for any (z,y) € R2 For any k € Ny, we
denote by

Gr C O(2) the subgroup generated by the elements of Oy and by 7 (6.1)
and by

Hj(B) = {v € H}(B) such that v(g(z)) = v(z), Vg€ Gy, Yz € B}.
(6.2)
The functions in the spaces H& 1 (B) clearly possess the following invariances
(in polar coordinates (z,y) = (r cos@,rsinf)):

v(r,0) =v(r,2m — 0) (6.3)
v(r,0) = v(r, 0 + 2%) (6.4)

and so also

v(r, % +0) = v(r, T ) (6.5)

k
for every r € (0,1] and for every 6 € [0,2n]. Note that in general § + 2T
[0, 2], if this occurs we mean that v(r, ) = v(r,6 + 2% — 27) and similarly
we do when T £ 6 ¢ [0, 27].

Observe that when k& = 1 then O, is the trivial subgroup of O(2) given by the
identity map and the functions in H&,l (B) are only invariant by the reflection
T.

Clearly the radial solution u, € Hy ,(B), for every k € Ny.
As a consequence, letting as before (u;(p));cy, be the sequence of the eigen-
values of the linearized operator L, at u, (see Section 3.1), we can consider
its subsequence (f1;,k(p));cy, ©f the Gy-symmetric eigenvalues (i.e. eigenval-
ues associated to an eigenfunction that belongs to H&) x(B)) for any k € Ny,
which can be characterized as

pik(p) = woan max Ry[v],

dimW=i V70

where R, is the usual Rayleigh quotient as in (3.3). By the principle of
symmetric criticality the functions v; that attains u; ,(p) are indeed solutions
to the eigenvalue problem associated to the linearized operator, i.e. they
satisfy

—Av; fp|up(x)|p’1vi = ; k(p)vs in B,
v, =0 on 0B
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and are invariant by the action of Gi. It is known that w1 x(p) = p1,raa(p) =
p1(p), for any k € Ny, since vy is a radial function.

We then define the k-Morse index of u,, that we denote by my(up), as the
number of the negative Gy-symmetric eigenvalues y; 1 (p) of L, counted with
multiplicity.

To compute the k-Morse index of u,, it is useful the following result, analogous
to the one in Lemma 3.5:

Lemma 6.1. The k-Morse index of u, coincides with the number of the nega-
tive G -symmetric eigenvalues of the weighted problem (3.9) counted accord-
ing to their multiplicity.

The proof of the previous result is an easy adaptation of the arguments in
[GGN, Lemma 2.6] and relies on the variational characterization of the neg-
ative Gp-symmetric eigenvalues of the weighted problem (3.9) (i.e. the eigen-
values whose eigenfuntions belong to Hy ,(B)). Indeed observe that they are
a subsequence of the eigenvalues of the weighted problem (3.9) and that, as
we have already seen in Section 3.2, they can be variationally characterized
exactly when they are negative. More precisely, by the principle of symmet-
ric criticality, we can now restrict to the subspace Hj of the Gi-symmetric
functions of H (Hx C Hy (B)) and define

Bualp) = _inf o Ryle] (= 5i(p) = Breaap)  (6.6)
and, if B x(p) <Oforj=1,...,i—1
. :: 3 - . . > )
Bik(p) ueﬁkn,f@;eo R,[v], ieN, i>2  (6.7)

vlgspan{¢i,....pi—1}

where ¢; € Hy, is the function where f; x(p) is achieved for j =1,...,4—1
and solve
v
/ Vo;Vu —p|up|p_1¢jv dz = B 1(p) % dz, Yo € H. (6.8)
B B
So similarly as in Lemma 3.4 one can prove the following variational char-
acterization, which then gives the characterization of the k-Morse index in

Lemma 6.1 above:

Lemma 6.2. The negative Gi-symmetric eigenvalues of problem (3.9) coincide
with the negative numbers B; 1(p)’s in (6.6)-(6.7). Moreover the correspond-
ing eigenfunctions, which solve (3.9), are in Hi and can be chosen to be
orthogonal in the sense of (3.10).

Remark 6.3 (Gy-invariance of the eigenfunctions). Recall that, according to
the spectral decomposition result in Lemma 3.7 and using Lemma 3.6, we can
decompose the negative eigenvalues of the weighted problem (3.9) as

Bn,rad(p) + j2 <0 (69)
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for some n = 1,2 and some j € N, where [, raa(p) are the negative radial
weighted eigenvalues as defined in Section 3.2.

Moreover the eigenfunctions associated to each (n,j) € {1,2} x N in the
decomposition (6.9) are explicitly known by Lemma 3.7, indeed they are:

dn(r) cos(jl) and ¢, (r)sin(j0)

where ¢n(r) is a radial eigenfunction associated to the simple radial eigen-
value Bn,rad (p)

Recall also that, by (3.30), the eigenspace related to each negative eigenvalue
of problem (3.9) is generated by these eigenfunctions, with (n,j) varying
among all the possible associated decompositions.

Hence the Gi-invariance of the eigenfunctions is known, precisely one has
that:

a) for j = 0, the eigenvalues B1raa(p) < Pa2raa(p) < 0 are simple in
the space of the radial functions and each one produces 1 radial eigen-
function ¢, (n = 1,2 respectively) of problem (3.9), which belongs to
Hy . (B) for every k > 1;

b) for every j > 1, the eigenfunction ¢, (r)sin(jf) doesn’t belong to any
space Hg . (B), k > 1 (since the reflection T € Gy );

¢) for every j > 1, the eigenfunction ¢, (r)cos(j0) is in H&j (B);

d) for every j > 2, the eigenfunction ¢, (r)cos(j6) belongs also to the
spaces Hg . (B) such that k € No is a factor of j (we write k | j) (in
particular it always belongs to Hj 1 (B)), while it doesn’t belong to the
spaces Hé’k(B) when k € Ny is not a factor of j.

In the next section we will use the following result:

Lemma 6.4. Let p € (1,+00). The linearized operator L, has a negative
etgenvalue with eigenfunction in H&,k(B) \ H&rad (B) if and only if

Birad(p) + K <0 (6.10)

Proof. Lemma 6.1 implies that L, has a negative eigenvalue in H&k(B) \
Hj aq(B) if and only if the weighted problem (3.9) has a negative eigen-
value in the space Hy, \ Hyada. By the spectral decomposition given in Lemma
3.7 then, when (6.10) holds problem (3.9) has the negative eigenvalue 3(p) =
B1 rad(p)+k? with corresponding eigenfunctions ¢1 (1) sin(k6) and ¢1 (1) cos(k6),
the second of which belonging to Hj \ Hyaa. When, instead £1 raa(p) +k* > 0
the negative eigenvalues of problem (3.9) are: [ aa(p), for ¢ = 1,2 with
corresponding eigenfunctions ¢;(r) € Hyaq so that they do not belong to
Hi \ Hraa and B1raa(p) + j2 for some j € {1,...,k — 1} with correspond-
ing eigenfunctions ¢ (r)sin(j#) and ¢1(r) cos(j#) neither of which belong to
Hy, since j < k, by Remark 6.3. This means that when (6.10) is not satis-
fied then the linearized operator does not admit any negative eigenvalue in
H&)k(B) \ H& (B) concluding the proof. O

rad
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By exploiting the information about the location of the weighted radial eigen-
values B, rad(p), n = 1,2 obtained in the previous sections we can also derive
information about the k-Morse index of the radial solution u, which will be
useful to prove the non-radial part in Theorem 1.3 (see Section 7).

Indeed using the results in Section 4 and Section 5, we can explicitly compute
the k-Morse index of u,, for p large enough and for p close to 1 respectively:

Proposition 6.5. Let p* > 1 be as in Proposition 4.5. Then for any p > p*

7T fork=1
4 fork=2
= 6.11
M) =45 k=345 (6.11)
2 fork>6

Proof. By Lemma 6.1 in order to compute my(u,) we have to count the lin-
early independent eigenfunctions to the weighted problem (3.9) which are as-
sociated to a negative eigenvalue and belong to the symmetric space H&_ w(B).
From Lemma 3.8 we know that —1 < f3,.a(p) < 0 for every p > 1 while
Proposition 4.3 implies that for p > p* it holds

—36 < ﬁl,rad(p) < —25.

Then all the negative eigenvalues are given by (6.9) with

A forn=2
770 0,1,2,3,4,5 forn=1
The conclusion follows by a), b), ¢) and d) in Remark 6.3. O

Analogously for p close to 1 one has:

Proposition 6.6. Let § > 0 be as in Proposition 5.1. Then for anyp € (1,149)

4 fork=1
me(up) =43  fork=2 (6.12)
2 fork>3

Proof. We reason as in the proof of the previous lemma. From Corollary 5.2
we know that for p € (1,14 ¢) it holds

-9< 51,rad(p) < 74a -1< BQ,rad(p) < 0.

Then all the negative eigenvalues are given by (6.9) with

. |0 forn =2
770 0,1,2 forn=1
The conclusion follows again by Remark 6.3. O

Finally we can characterize the degeneracy of u, in the symmetric spaces.
We know from Proposition 3.9 that u, is degenerate if and only if

Birad(p) + 4> =0 for some j = j(p) > 1.
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As we can see in the next result, the restriction to the symmetric spaces
reduces the kernel of L, to be 1-dimensional.

Proposition 6.7 (Characterization of degeneracy in Hé7k(B)). Let 6 > 0 and
p* > 1 be as in Proposition 5.1 and Proposition 4.3 respectively. Let k € Ny.
i) if p € (1,1+0) then uy, is non-degenerate in Hg , (B) for any k > 1;

it) if p > p* then u, is non-degenerate in Héyk(B) for any k > 1;
i) if p € (14 6,p*) then u, is degenerate in H&k(B) for k > 2 if and only
if there exists 7 > 2 such that

ﬁl,rad(p) = _j2 and k | J

In this case the kernel of Ly in Hj . (B) is one dimensional and it is
spanned by the function ¢1(r) cos(j6).

Proof. i) is obvious, since u,, is non-degenerate in Hj(B) when p € (1,1+6)
(Proposition 5.1). i) is obvious, since u, is non-degenerate in H{(B) when
p > p* due to Proposition 4.3. iii) follows from the characterization of the
degeneracy of u, in H}(B) given in Proposition 3.9. Indeed, observe that
Ker(L,) # {0} in Hg ,(B) if and only if p satisfies the equation (3.48). To
conclude let us recall that in this case Ker(L,) is spanned by the functions
d1(r)sin(j6) and ¢1(r) cos(j6) (see (3.49)) and that ¢ (r)sin(j0) ¢ Hj ,(B)
for k > 2, while ¢1(r) cos(j#) € Hy ;.(B) for any k | j. O

7. The analysis of u’;

In this section we define the least energy k-symmetric solutions u’; for k € Ny,
and we prove some of their qualitative properties that allow to get Theorem
1.3. To produce nodal solutions to (1.1) which are invariant by the action
of Gi, one can minimize the functional E, in (1.3) on the nodal k-symmetric
Nehari set

My, :={v € Hj,(B) : v #0, v~ #0, Ej(u)u” = E)(u)u” =0}
where E] is the Fréchet derivative of E, and Gy, Hy ,(B) are as defined in
(6.1) and (6.2) respectively. Then a function @ such that

Ep(u) = uler}\ffk Ep(u)
is a solution to (1.1), by the principle of symmetric criticality, which has the

least energy among sign changing Gi-invariant functions. We denote it by u];,
fork=1,2,....

Lemma 7.1.

ﬁ(u’;) <4 forp large (7.1)
If kK > 4 then
u]; s quasi-radial for p large (7.2)
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and moreover

ﬁ(u;j) =2 and m(u’;) >4  forp large. (7.3)

Proof. This result can be deduced from [DIP1], where symmetric and simply
connected domains, more general than the ball B, have been considered. We
rewrite the main ideas of the proof for completeness.
The upper bound on the number f(uf) of nodal regions of u} can be easily
derived using energy asymptotic estimates from [RW, GGP]. Indeed from
[RW, Corollary 2.3] we know that the energy pE,(u) of the positive ground
state solution u of (1.1) converges, as p — +00, to the number 47e. Gener-
alizing this result one can easily show that for any solution u of (1.1), also
sign-changing, the contribution to the energy in each nodal region N, is at
least 4me in the limit as p — 400, namely that

EHFEPEP(“XNP) > 4me
if xp denotes the characteristic function of the set D. Combining this asymp-
totic estimate with the obvious inequality E,(uy) < E,(u}*?) and the upper
bound

pEp(u;ad) < «a-4me, for p large,

proved in [GGP] for the radial solution u;??, with constant o € (4.5,5), one
derives the upper bound (7.1) on the number of nodal regions of u;ﬁ.

By some geometrical arguments which exploit (7.1) and the k-symmetry in-
variance of u¥, one can prove (see [DIP1, Lemma 4.1, 4.2 and 4.3]) that for
k > 4 the nodal set Z(u’;) of u’; does not intersect 9B nor the origin 0 and
that each nodal region is k-invariant, so necessarily Z (u’;) is a simple close
curve and (7.2) holds. From (7.2) and the fact that u¥ has least energy among
all the k-symmetric solutions, as in [DIP1] then one also derives (7.3). O

The rest of the section is devoted to the proof of Theorem 1.3. It follows by
combining the following two results:

Proposition 7.2. u’; is non-radial for any k < 5 when p is sufficiently large
and for k = 2 when p is close to 1.

Proposition 7.3. u’; is radial for any k > 3 when p is close to 1.

7.1. The proof of Proposition 7.2

Following the same arguments in [BW, Theorem 1.3] and working in the
space of symmetric functions H& +(B), one can prove the following result:
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Lemma 7.4. Let u’; be a least energy sign-changing solution to (1.1) in the
space Hy ;. (B). Then

my (ul;) =2, Vpe(l,+0), (7.4)
where my, denotes the k-Morse index of u’;.

Proposition 7.2 is deduced by comparing the value of the k-Morse index of
the least energy symmetric solution u’; in (7.4) with the k-Morse index of
the radial solution u, computed in Section 6 (see Propositions 6.5 and 6.6).
Indeed necessarily u’; is not radial for any p and k such that my(u,) > 2.

7.2. The proof of Proposition 7.3

The proof of the radial part of Theorem 1.3 is more involved and is the goal
of the rest of this section where first we show an L* bound for the solution
u’; for p close to 1 (Proposition 7.7) and then, using this bound, we deduce
the result by studying the asymptotic behavior of the solutions u’; asp — 1
(this is done in the proof of Proposition 7.3).

As already discussed in the introduction we do not have a bound for the full
Morse index of u’;, but only for the k-Morse index (Lemma 7.4 above), for

this reason, exploiting the symmetry of u’;, we reduce problem (1.1) from the

ball B to the circular sector Sy of the ball defined in polar coordinates as
Spi={(r0) : 0<r<1, 0<9<%}.

Indeed setting I'y := {(r,0) : »=1, 0 € (0, %)}, T2 :={(r,0): 6 =0, re

A

Iy
FIGURE 4. Sector Sy

0,1}, T3:={(r0): =7, re(0,1)}, A= (cos%,sinT) and B = (1,0),
one has 95, =T'1 U, UT'3 U {0, A, B} and any regular function v to (1.1)
which is invariant by the action of the group G, satisfies

UGCI(SkUFQUP3UO) s %:0 on 'y Ul
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where v denotes the outer normal vector to the boundary of Sy. Hence u’; is

a classical solution to

—Auf = |up[P~tuk in Sy

p
u’; =0 onI'y (7.5)
k
% —0 on Ty UTS3.

In next result we convert the bound on the k-Morse index in (7.4) into a
bound on the full mized-Morse index of u’; in the sector Sj.

’; be the least energy sign-changing solution to (1.1) in the

space H&yk(B). Then for any p € (1,+00) the mized eigenvalue problem

Lemma 7.5. Let u

—Av =pluk P~ o+ v in Sy

v=20 on Ty (7.6)
% =0 on 'y UT's

admits only 2 negative eigenvalues .
Proof. Because of Lemma 7.4 the Dirichlet eigenvalue problem

—Av =plufP~ o+ in B (77)
v=20 on 0B

admits only two linearly independent eigenfunctions ¥ and ¥, which are
invariant by the action of G, are regular, by elliptic regularity theory, and
which correspond to a negative eigenvalue, say u¥ and p5. By the symmetry
properties of 1/31 it is straightforward to see, that, the restriction of 1/?Z to
the sector Sy, satisfies (7.6) corresponding to the same eigenvalue ,uf <0
for ¢ = 1,2. This shows that the number of negative eigenvalues of (7.6) is
at least two. Viceversa, if problem (7.6) possess m > 2 negative eigenvalues
w; corresponding to the eigenfunctions 1, ..., 1., (that we take orthogonal
in L2(Sy)), then, denoting by 1, ...,%m the extension of ¥1, ..., 1y, to B
under the action of Gy, it is easy to see that t1,..., Yy, € H&,k(B) solve
(7.7) corresponding to the eigenvalues p; < -+ < iy, < 0 and are orthogonal
in L?(B) contradicting Lemma 7.4. This shows that the number of negative
eigenvalues for problem (7.6) is at most two concluding the proof. (]

In order to get an uniform L* bound for the solution u’; we want to perform

a blow-up argument in the sector Sj exploiting the uniform bound of the
mixed Morse index in Lemma 7.5.

This blow-up procedure in Sy requires special care, since we have to deal with
mixed boundary conditions and above all with the angular points of Sj. For
these reasons the analysis of the rescaled solutions includes several different
cases, depending on the location of the maximum points in the sector which
gives different shapes of the limiting domain. Anyway in all the cases we end-
up with solutions to a limit linear problem in unbounded domains with either
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Dirichlet or Neumann or mixed boundary conditions, whose Morse index (or
symmetric Morse index) is finite. In order to rule-out this possibility we will
need the following symmetric version of a well known non-existence result:

Proposition 7.6. Let X be either R? or R := {(z,y) € R?* :y > 0} and let G
be any subgroup of O(2) which preserves ¥.. Let u be any nontrivial solution
to the problem

—Au—u=0 nX (7.8)
and when > = Ri assume also that

u=0 on0%. (7.9)

Then, the G-Morse index of u is not finite.
Here the G-Morse index of a solution u to (7.8) is the mazimal dimension of
a subspace X C C§5 (%) such that

Qv) = /E [IVo]? — [u]?] dz < 0, Vo € X \ {0}, (7.10)

where Cg;(X) denotes the subspace of C§°(X) of the functions invariant with
respect to the action of G.

Proof. Let us consider first the case of ¥ = R2. Let us denote, as usual, by
Aj, j € N, the Dirichlet eigenvalues of —A in B, since G preserves B, we can
consider among them the subsequence /\jg of the eigenvalues corresponding
to G-invariant eigenfunctions.

Let 1/)? be the G-invariant eigenfunction associated to )\Jg, then it is easy to

see that the function @g(x) = ’(/Jjg (%), where R > 0, solves

~ 29 ~G .
~AY =wY; inBr (7.11)
wf =0 on 0Bp,

where Bp is the ball centered at the origin with radius R.
Observe that for any integer m > 0 and for any subgroup G of O(2) there

g
exists R > 0 such that % <. < ;‘%i"g < 1, so that by (7.11) we get

Q(@g) =/Z[\V$f|2—|@g\2} do = <§—1>A|$]9|2dx<0, for j=1,...

Since the functions 12%7 09 e 55 (%) and are linearly independent (and

orthogonal in L?(Bg)), this means that the G-Morse index of any nontrivial
solution w to (7.8) is greater or equal than m, for any m € N showing the
result in case of ¥ = R2.

When ¥ = Rﬁ_ we let )\j be the sequence of Dirichlet eigenvalues of —A in
BNR% and ()\j)g the subsequence of the eigenvalues invariant with respect to
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the action of G with associated G-invariant eigenfunctions 1/)?. Then defining

as before the rescaled function {Z}‘]g’ it solves

~ AT)9 ~ .
—AgY = Q99 i BpnR2
Y =0 on 0 (BrNR%)

and the thesis follows similarly as in the previous case. O

We are now ready to perform the blow-up analysis in S to get a uniform

L bound for the solutions u’;.

Proposition 7.7. Let u’; be a least energy sign-changing solution to (1.1) in
the space Hg ;. (B) and let § > 0. Then there exists C > 0 such that

||u];||§o_1 <C, foranype (1,149).

Proof. Assume by contradiction that there exists a sequence p,, — 1 such
that, letting M,, := ||up|lco With u, := u’;n, MPr=1 — o0 as n — oo. Let
P,, = (xn, yn) be the points at which |u,(P,)| = M,,. W.Lo.g. we can assume
un(P,) = M, and, by the symmetry properties of w,, also that P, € Sy U
', UT3 U {O}. We may also assume that

P,— P := (xo,yo) S Sk

We restrict the functions u,, to the sector S; and define the functions

_ 1 l-pn
un(x,y) = ﬁun(Mn : (CL’,y) + Pn)a
that satisfy
— Ay = [Un|P" 0y

(Sk — Pp).

pn—1
2

in Q,, := M,

In the sequel we analyze the asymptotic behavior of the rescaled functions
U, and get a contradiction by mean of Proposition 7.6. We need to consider
several cases depending upon the localization of the limit point Py in Sj.
The underlying idea of each case is that the sequence of solutions u,, con-
verges to a non-trivial solution @ to (7.8) either in R? or in a halfplane with
Dirichlet boundary conditions. Moreover the bound on the Morse index of .,
obtained in Lemma 7.5 is preserved when passing to the limit problem. This
last property, together with Proposition 7.6, implies © = 0 giving always a
contradiction. Thus MP»~1 is bounded and this ends the proof.

Observe that by definition (z,y) € Q, if and only if

pn—1 pn—1

%: Mn 2 (I*I’n) and g: Mn 2 (y*yn)

for some (x,y) € Sk, moreover a point (z,y) belongs to Sy if and only if

x>0, y>0, %<tan% and 0<a2?+y% <1 (7.12)
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As a consequence we deduce that (Z,y) € Q, if and only if the following
inequalities are all satisfied:

1—pn

My 5 42, >0, (7.13)
l1—pn
Mp? y+y, >0, (7.14)
1—pn
MTL 2 Y n
Ty—’_y < tan% (715)
M, ? T+ z,
1—pn
2

0<al+y2+ M7 P (2 +7°) +2Mn > (T + Jyn) < 1(7.16)
From now on we denote by d,, the distance between P, and 0Sj, namely

P, — P|. (7.17)

dp := min
PedSy

Step 1. Py € S,

n—1
Observe that in this case an:T — 400 as n — +00. Indeed, since Py €
Sk, by (7.12) 29 > 0, yo > 0, 23 + y2 < 1 and 20 < tan 7, so that, since
MPr=t — oo as m — +o0, any point (Z,y) € Bg satisfies (7.13), (7.14),
(7.15) and (7.16), for n large enough, namely for any R > 0 Br C ,, for n
large enough.
Elliptic estimates imply that, up to a subsequence @, — @ uniformly on
compact sets of R2. By the argument in [GS] @ is defined in all of R?, it is a
nontrivial weak solution to (7.8) in ¥ = R? and satisfies u(0) = 1.
Finally we show that the Morse index of the limit function w is less or equal
than 2, this contradicts Proposition 7.6 and proves the thesis in the case
Py € S.
Assume, by contradiction, that the Morse index of u as a solution to (7.8)
is greater than 2. Then there exist at least 3 functions 91, s, 3 € C5°(R2)
such that v; are linearly independent (orthogonal in L%(R2)) and

Q(¥) <0

where @ is the quadratic form as defined in (7.10). Since 7:/;, are supported in
a ball Bg then, the uniform convergence of @, — u on compact sets of R?
implies that

195 = gl 152 <0
R

for n large enough. Then the functions 122 (z,y) :== 122 (W) belong to
M,
C§°(Sk) for n large enough, are orthogonal in L?(S) and satisfy

/ V[ — plun[P» =192 <0
Sk
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for i = 1,2,3. Then, letting ¥; € C§°(B) be the Gi-invariant extension of i
to the ball B, it holds

/ IV44[2 = prfunPn 42 < 0
B

for ¢ = 1,2,3 contradicting the fact that the k-Morse index of w, is two
(Lemma 7.4).

Step 2. P eIy
Pn—1
In this case we have to consider the two possibilities either d,, M,, * — oo or

n—1
an:T — s> 0, for d,, as in (7.17) (the fact that s > 0 is a consequence of
the Dirichlet boundary conditions on I'y and can be deduced exactly as in the
paper [GS]). Then, as in the proof in [GS] the rescaled functions u* — % as
n — oo uniformly on compact sets of 3, where @ is a nontrivial solution (recall
that @(0) = 1) either to (7.8) in ¥ = R? in the first case or in ¥ = R% in the
second case (up to a rotation and a translation) satisfying (7.9). Moreover one
can prove similarly as in Step 1 that u has finite Morse index, contradicting
again Proposition 7.6.

Step 3. P e ', UT's

We give the details of the proof only in the case Py € I'y since the case
Py € T'3 can be handled in a similar way. In this case d,, =y, — 0 (d,, as in
(7.17)) and x,, = 29 as n — oo with 0 < z¢ < 1, hence a point (Z,y) € Bg
satisfies (7.14), (7.15) and (7.16) for n large enough, and so it belongs to
if and only if (7.13) holds, namely when

Pn—1

ﬂ > _ynMn 2

n—1 pn—1

P
Two possibilities may hold: either y, M, > —ocoor y, M, ?* —s>0.

pn—1

Case 1: y, My > — oo.

In the first case it follows that any ball B C 2, for n large enough, namely
Q, - ¥ = R? and so, as in Step 1, @, — u uniformly on compact sets of
¥, where @ is a nontrivial solution to (7.8) in R? that satisfies u(0) = 1 and
that has finite Morse index, getting a contradiction.

pn—1

Case 2: y, My, > — s>0.

In this case instead Q, — ¥ := {(z,y) € R? : y > —s} for some s > 0 and
U, — u on compact sets of ¥ where w is a solution to (7.8) in X := {(z,y) €
R?: y > —s} that satisfies a Neumann boundary condition on 9.

When s > 0, 0 € Q,, for n large enough, hence u is nontrivial since %(0) = 1
by the uniform convergence on compact sets. Finally by translating this limit
nontrivial solution in the y-direction we then end-up, when s > 0, with a
nontrivial solution @ to (7.8) in ¥ = R% with Neumann boundary conditions
on 0%.

Next we treat the case s = 0 and show that again the limit solution w is
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pn—1
non-trivial. Observe that § = —M,, * y, € 09, and that in the case s =0
it belongs to a neighborhood of 0 for n large. By the elliptic regularity up
to the boundary (see Lemma 6.18 in [GT]) for the equation —Aw, = f,
with f, = |@,|P"~'1%,, we obtain a uniform bound on the gradient of @, in
Q,, N B, for p sufficiently small (indeed by definition |u,| < 1 on 9, hence
|fn(x)| <1 and we use the fact that u,, € C*7(T3)). This implies that

Un(F) > 1, (0) = C|[F —0| =1—C|F|, VFeQ,NB,

where C' is the uniform bound on the gradient. Choosing F' in the set ¥ =
{(x,y) € R? : y > 0} and sufficiently close to 0 and passing to the limit in
the previous inequality one then has u(F') > 0, namely @ is non-trivial.
Summarizing, for any s > 0, we have obtained a non-trivial solution u to (7.8)
in ¥ := R%r that satisfies a Neumann boundary condition on 9%. Moreover,
as a consequence of Lemma 7.5, similarly as in Step 1, one can easily prove
that the maximal number of linearly independent functions 1; in the space
Ce (RZ)N{ 2%
2. As a consequence, the even extension of & to the whole R? is a nontrivial
solution to (7.8) in ¥ = R? which has finite G-Morse index, where G here is
the group generated by the reflection with respect to the z-axis. Again this
is not possible by Proposition 7.6.

y=0 = 0} that make negative the quadratic form @ is at most

Step 4. Py = B (Py = A follows similarly).

Since we are assuming that MP»~! — oo and (z,,,yn) — (1,0) it is straight-
forward to see that a point (Z,y) € Bg satisfies (7.13), (7.15) and the first
inequality in (7.16) for large values of n and so it belongs to 2, for large n if
and only if (7.14) and the second inequality in (7.16) are satisfied, namely:

§> g M T (7.18)
My ® (32 +32) +2Gan+ ) < (1— 22 —g2) MyT (7.19)

Hence we have to to distinguish several possibilities:
either ynM:n;1 — 00 (7.20)
or ynM:ﬂT_1 —-a>0 (7.21)

as n — oo and also

either (11— a2 —y2) M;ngl — 00 (7.22)
or (1—22—y2) M:LT?1 —5>0 (7.23)

as n — 00, where the case § = 0 is ruled-out by the Dirichlet boundary
conditions on I'; (as in Step 2).

Observe that (7.20) implies (7.18) for large n, while when (7.21) holds then
(7.18) is satisfied for n large if and only if §¥ > —«. Similarly if (7.22) holds
then (7.19) is satisfied when n is large, while if (7.23) holds then (7.19) is
satisfied for n large if and only if < g
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Summarizing we have that u,, — u uniformly on compact sets of X, where u
is a solution to (7.8) in X, more precisely:

Case 1: (7.20) and (7.22) hold.
In this case ¥ = R?, @ is nontrivial (since %(0) = 1) and moreover, as in Step
1 one can prove that u has finite Morse index contradicting Proposition 7.6.

Case 2: (7.20) and (7.23) hold.

In this case ¥ = {(z,y) € R? : z < g}, u is nontrivial (again 0 €
when n is large enough and then @(0) = 1), it satisfies Dirichlet boundary
conditions on the hyperplane z = g and has finite Morse index. This (up to
a translation) contradicts again Proposition 7.6.

Case 3: (7.21) and (7.22) hold.

Now ¥ = {(x,y) € R? : y > —a}, u satisfies Neumann boundary conditions
on the hyperplane y = —a. If a > 0 then, as before, ©(0) = 1 and so it is
nontrivial. In this case we translate this solution in the y-direction getting a
solution to (7.8) in R2 that satisfies Neumann boundary conditions and we
obtain a contradiction as in Step 3-Case 2. In the case a = 0 we observe
that d,, = y, (where d,, as usual is the distance in (7.17)). Indeed Py = B
implies that d,, = min{dist(P,,[s),dist(P,,'1)}, where dist(P,,I'2) = yn

and dist(P,,T'1) =1 — y/22 + y2, moreover 1 — /22 + y2 >y, if and only
if

yn(2 - yn) <1l- .’Ei - y72w (724)
and (7.24) holds for n large, under the assumptions (7.21) with @ = 0 and

(7.22). Since d,, = yp, then y = —M,, 2y, € 9Q,, and moreover it belongs to
a neighborhood of 0 for n large, hence we can reason as in Step 3-Case 2 and
use the elliptic regularity up to the boundary to obtain a uniform estimate
on the gradient of @, in a neighborhood of 0, showing that @ is nontrivial.
Again we obtain a contradiction as at the end of Step 3-Case 2.

Case 4: (7.21) and (7.23) hold.

Now ¥ = {(z,9) € R? : y > —a, x < g}, u satisfies Dirichlet boundary

conditions on the hyperplane x = g and Neumann boundary conditions on
the hyperplane y = —a. As before when o > 0 we have that 0 € ,, when n is
large enough and then @(0) = 1, namely @ is nontrivial and so we translate it
ending with a nontrivial solution @ to (7.8) in ¥ = {(z,y) € R?: y >0, x <
0}, with Dirichlet boundary conditions on 2 = 0 and Neumann boundary

conditions on y = 0. When « = 0 one proves (7.24) as in the previous case,
pn—1

so again d,, = y, for large n. Then y = —M,, 2 y, € 99, and it belongs to
a neighborhood of 0 for large n, so we can prove that u is nontrivial using
again the elliptic regularity up to the boundary as in the previous situation.
Also in this case we translate u ending with a nontrivial solution @ to (7.8)
in ¥ = {(z,y) € R?: y >0, x < 0}, with Dirichlet boundary conditions on
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2 = 0 and Neumann boundary conditions on y = 0.
Finally observe that as a consequence of Lemma 7.5, using arguments similar
to the ones in Step 1, one can prove that the maximal number of linearly

independent functions ¢; € C5°({(z,y) € RZ: y >0, = <0})N {86“;;' .
0} that make negative the quadratic form @ is at most 2. Thus, by extending
ito X :={(z,y) € R2: z < 0} in an even way, we obtain a solution to (7.8)
in ¥ which has finite G-Morse index, where G here is the group generated by
the reflection with respect to the z-axis. This is again in contradiction with

Proposition 7.6.

Step 5. Py = O

In this case we can assume w.l.o.g. that d,, = y,, since Py = O implies
that d,, = min{dist(P,,T's),dist(P,,T'3)}, dist(P,,T2) = y, and w.lo.g (up
to rotation) we may consider only the case dist(P,,T'2) < dist(P,,I'3). We
may also assume that vy, < z, and i’—n < tan g (if #, # 0). Then a point
(z,7y) € Bgr(0) for some R > 0 belongs to €, if and only if conditions (7.14)
and (7.15) are satisfied. Indeed (7.16) is easily verified. We have to distinguish
different cases, since

either ynM;nTi1 — 00 (7.25)
or ynM:nTi1 —a>0 (7.26)
and
either ng:n; — 0 (7.27)
or  x,M.T S B>0, (7.28)

where it is obvious that (7.25) implies (7.27) and that (7.28) implies (7.26)
with a < 8 (since y, < x,,).

Case 1: (7.25) holds.

In this case also (7.27) holds and an:nT — 00, hence (7.14) and (7.15) are
satisfied for large n and so ,, — R2. Then %, — @ uniformly on compact
sets of R? where 4 is a nontrivial (since ©%(0) = 1) solution to (7.8) in R? of
finite Morse index, giving a contradiction to the results of Proposition 7.6.

Case 2: (7.26) and (7.27) hold.

(7.15) is satisfied for large n while (7.14) is satisfied for large n if and only
if § > —a. Hence the limit domain is ¥ = {(z,y) € R?* : y > —a} and
Up, — U uniformly on compact sets of ¥ where @ is a solution to (7.8) in
3 that satisfies a Neumann boundary condition on y = —a« of finite Morse
index, in the sense of Step 3. Moreover when o > 0 then 0 € €2, and this

implies that u is nontrivial getting a contradiction. When o = 0 we observe
pn—1

that y = —M, 2 yYn € 09, and it belongs to a neighborhood of 0. We can
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therefore apply the elliptic regularity up to the boundary as in Step 3 getting
that @ is nontrivial. Thus a contradiction arises as in the previous case.

Case 3: (7.28) holds with > 0.
In this case also condition (7.26) holds with 0 < « < 3, which implies that
(7.14) is satisfied for large n if and only if § > —a. Moreover by (7.13) and
(7.28) it follows that > — . Condition (7.15) is satisfied for large n, instead,
if and only if

e tan ™
15 < tan %
Then the limiting domain ¥ is a positive cone in R? with vertex in (—3, —a)
and with amplitude 7 (the same of Sy)

Y= {(7"6089 —B,rsinf —a) : re (0,+0), 6 €0, %]}

Then @, — u uniformly on compact sets of 3 where @ is a solution to (7.8)
in ¥ that satisfies a Neumann boundary condition on 9%. When «, 5 # 0
then 0 € ¥ and we can infer that @ is nontrivial. The same 1S true when
a = 0, since § > 0 and in this case we have that y = fM Yn € 0y,

and belongs to a neighborhood of 0, so we can reason as in Step 3 the and
show that @ is nontrivial. Moreover in both the cases # has finite Morse
index, since the maximal number of linearly independent functions t; in

Ce(D)N {aw’ |as = 0} (v denotes the outer normal to X)) that make negative
the quadratic form @ is at most two due to Lemma 7.5. Translating w with
respect to one or both the axes we end-up with a function @ that satisfies (7.8)
in {(z,y) e R? : & >0,y > 0, % < tan T} and Neumann boundary conditions.
Finally the Gy, extension of % to the whole R? (which is well defined due to
the Neumann boundary conditions) is a non trivial k-symmetric solution to
(7.8) in R? which has k-Morse index at most 2. This contradicts the result
in Proposition 7.6.

Case 4: (7.28) holds with = 0. In this case also condition (7.26) holds with
a = 0. We consider the solution w,, in the whole ball B (without restricting
it to the sector Si) and we define

1 1-ppn

5n(l'v y) = ﬁun(Mn

that satisfies

— AT, = [T,[ 15

in B, := M7 ~ B and also [Un] < 1. The rescaled domain B, — R? and
Up =0 umformly on compact sets of R? where v is a solution to (7.8) which
has k-Morse index at most 2 (observe that since we are rescaling with respect
to the origin the symmetries are preserved). To obtain a contradiction via
Proposition 7.6 we need to show that v is nontrivial. This easily follows since
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~ ~ pn—1 pn—1 ~
Un(Pn) = 1, where P, = (My, * x,, M, * y,) and by assumption P, — 0,
so that v(0) = 1. This end the proof. O

Now we are in the position to consider the asymptotic behavior of the nodal
least energy solutions u’; as p — 1 and to conclude the proof of Proposition
7.3.

Proof of Proposition 7.3.
Step 1. We show that for any sequence p, > 1 converging to 1

k
" _
b= Pt 5 Cparaa = Jo(vozlz|)  in C(B) (7.29)

n
oo

<l

up to a subsequence, where C ==1 and
||u’;n ||gg =A2rad (1 = ¢(pp, — 1)) +0(pp, — 1) as n — (7.30)

where ¢ is as in (5.13).

Let M,, := ||[uf ||, we have shown in Proposition 7.7 that MZ"~! is bounded,
we can then repeat the proof of Lemma 5.4 proving that

MP»~t X\ and @* — Cy in C(B) up to a subsequence, with C' = +1

where A\ is an eigenvalue of —A in B with Dirichlet boundary conditions,
© is a corresponding eigenfunction with ||¢|/ec = 1. Moreover ¢ is invariant
by the action of G, (since uF are for every n) and, following the ideas in
Step 1 in the proof of Proposition 5.1 we can show that my () < my(uf ),
hence my(¢) < 2 by Lemma 7.4. Since the k-symmetric eigenvalues of —A
are known and since we are assuming k£ > 3, this means that necessarily
either A = A ad Or A = Ag;aq. We show that the case A = A raq cannot
hold. Indeed, following similar ideas as in Step 2 of the proof of Proposition
5.1, since 1 raq has Morse index 0, one gets that the 2 negative k-symmetric
eigenvalues of the linearized operator at uy ~(recall my(uf ) =2 by Lemma
7.4) converge both to 0 and that the corresponding elgenfunctlons (that we
can take to be orthogonal in L?(B)) converge to two orthogonal solutions of

—Av = A\ in B
v=20 on 0B.

This is not possible, since \; is simple, s0 A = A2 raq. Reasoning exactly as
in the proof of Lemma 5.4, we can then prove (7.30). Assuming w.l.o.g. that
¥ (0) > 0 for n large, we also have

Eﬁ — Y2.rad = Jo(Vo2|x]) as n — oo in C(B),

getting (7.29).
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Step 2. We show that u’; = u, forp close to 1, where as usual u, is the least
energy nodal radial solution to (1.1).

Assume by contradiction that there exists a sequence p, > 1, p, — 1 as

n — +oo such that u¥ # w,, where u¥ = u’;n and uy, = u,, , and define
uk — Uy .
Wp, : W Wy, satisfies
—Aw, = ppen(x)wy, in B
wy, =0 on 0B (7.31)

[wnlloo =1
where, by the Mean value Theorem,

1 X ) A L ) (7.30)—(5.12)
enlz) = / b (Lt Pt < b P2 P2 <O A saa,
0

(7.32)
We show that
cn(Z) = A2raq almost everywhere in B as n — oo. (7.33)
Indeed from (5.12) and (5.11) we have that
1
un Un, Un, gg_l pr—l _ ~ _1
= e (IR -, - ol - 1)
/\21)7;;(; n || oo 2,rad

= @Q,rade_g(l + 0(1))
as n — oo, where ¢ is as in (5.13), and the same holds for v using (7.30)
and (7.29). Namely

k
U ) _
n — Y2rad and n — @2rad in C(B) as n — oo.
P 1 P 1
e c>\27;ad e C)\Q?ad

As a consequence, for any x € B we have

k
u U
t———+ (1 - t)fnl — ¥P2,rad (7.34)
e A ad €A had

and (7 33) follows then from (7.34) observing that

’I’L pn_l
)\ / ‘t (1—1) dt =
Zrad A;;a& Aﬁzaé

o . (7.35)
Up, pn—1
= *C(Pn*”/ ‘ti (1—t)——2— dt.
€ A tad €A tad

Passing to the limit in (7.31) and using (7.33) get that w,, converges, up to
a subsequence, in C'(B) to a function w which solves
—Aw = Ag radW in B
w=0 on OB (7.36)
Hw”oo =1
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(7.37)

52
so that
w = Cpaad, with C =21 depending on the sign of w(0).
On the other side, multiplying (7.31) by ¢2,aq4 and integrating over B we
find
cn(2)
)\2,rad Wn P2 rad = vwnvwlrad = )\2,radpn b\ Wn P2 rad
B B B \2;rad
( (2) (7.38)
Cp\T CplX
= >\2,rad/ \ Wn P2 rad + >\27rad(pn - 1) b\ Wn P2 rad-
B \2;rad B 7\2,rad
Using the trivial equality e* — 1 =z fol e**ds and (7.35), we write
1 k
i"i(x) - / 1+(pn—1)log‘t T
ra pn—1 pn—1
2,xad 0 )\Q,rad )\Q,rad
1 k 5(pn71)
/ )t In_ 11—t ds dt
O Adhad ASrad
= 14 (pn — gn(),
where
k 1 k s(pn—1)
Un_ L (1—p)—n / ’t In | (1—p)—n dsdt.
Agtad 70 Adhaa A3 had

1

gn () ::/ log‘t L
0 )\pn*l
2,rad

Equation (7.38) then becomes
>\2,rad/ WnP2,rad = >\2,rad/ (1+ (pn - 1)gn(x))wn‘p2,rad
B
cn(x
( )wn‘pQ,rad~

-1
) B A2,1rad

+)\2,rad (pn
(7.39)

cn(x)
A2 rad U2 rad:
(7.40)

so that, dividing by A2 vaa(pn — 1) we obtain
0= / gn(z)wnSDZrad +/
B B

Observe now that, by (7.34), for any x € B such that (2 1aq # 0 we have that
gn(z) — log |<p27mde*g| = log |<p27md} —C asmn — o0o.

This implies that g, (2)@2aa € L°(B) and
||9n(x)302,radHoo <cC.
We can then pass to the limit as n — oo into (7.39) and using (7.40) and

(7.33) we get
0= C/ (log |S02,rad| - E) ng,rad + C/ @%Jad
B B

which implies, using the definition of ¢ in (5.13), that
0= C/ @% rad
e
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namely that C' = 0, contradicting the definition of C' in (7.37) and ending
the proof. 0

Remark 7.8. One could prove, reasoning as in the proof of Proposition 7.5,
that ﬁf, — ¢ in CY(B) as p — 1, where ¢ is an eigenfunction of —A corre-
sponding to the eigenvalue Ay = A5, which is not quasi-radial. The conver-

FiGURE 5. Eigenfunction associated to A\y = A5

gence in CY(B), by the Hopf lemma then implies that uf, 18 not quasi-radial
for p close to 1.

8. The bifurcation result

In this section we will find non-radial solutions to (1.1) bifurcating from
the curve of radial solutions (p,u,), looking for fixed points of the operator
T: (1,+00) x Cy*(B) — Cy*(B) defined by

T(p,u) = (—A) " ([ulP~tu). (8.1)
We will restrict to the Gg-invariant functions introduced in Section 6, in
particular let us define the spaces

X, = C"*(B) N H}(B), (8.2)
where Hg , (B) are the symmetric spaces in (6.2); we also set
KXrad = Cl’a(B) n H&,rad(B) (83)

(we use the notation C1*(B) to denote the space of C*(B) functions with
Holder derivatives, Cy'®(B) the one of functions in C1*(B) which are zero
on 0B). Obviously u, € Xiaqa C A, for every p € (1,00) and for every k > 1.

We will look for solutions in &) which bifurcate at some degenerate point
(p*, u,x ). By proposition 6.7-iii) the values of p at which u,, is degenerate are

DI = {p € (1,400) : B1raa(p) = —5°}, for j € Ny. (8.4)
In particular we will be interested in the subsets

Pl = {pe (1,400) : p— Biaalp) +j° changes sign} C D’ (8.5)
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and we will show bifurcation in X}, for any p in the subset P¥ of degenerate
values corresponding to the same index k, for k = 3,4, 5.

Observe that for any fixed p the operator T'(p, ) is compact and continuous
in p and that also its restriction to the subspaces Xj, k > 2 is still compact
(and continuous in p).

In particular we will prove that the continuum of bifurcating solutions belongs
to X \ Xj, Vj > k until they are non-radial, thus separating the branches
related to different values of k. In order to get this property we restrict
the operator T to suitable cones K in X}, defined, similarly as in [D1], by
imposing some angular monotonicity to the Gi-symmetric functions. Hence
for k € Ny let us define the cone:

Kp :={veX S.t.U@(T,Q)SOfOTOS@S%70<T<1}, (8.6)

where vy denotes the derivative with respect to the angle 6 of the polar co-
ordinates. By definition X;,q C K C X} for any £ > 1 and the monotonicity
in the definition implies the following separation property:

K NKp = Xaa, Vh#E, (87)

which will be crucial in order to separate the branches.

The complete statement of our bifurcation result is contained in Theorem 8.1
below, which is the main result of the section, Theorem 1.5 in the introduction
follows from it.

Let P, k € Ny be the subset of degenerate exponents defined in (8.5). It is
possible to prove that

O # P* :{plf,...,p];k}, when k= 3,4,5, (8.8)
where s; > 1 is an odd integer (see Lemma 8.3 below). We then have:

Theorem 8.1. The points (pz,up;;), he{l,...,sp} for k = 3,4,5 are non-
radial bifurcation points from the curve of radial solutions (p,u,) and the
bifurcating solutions belong to the cone K. The bifurcation is global and the
Rabinowitz alternative holds. Moreover, for every k = 3,4,5 there exists at
least one exponent pk € {pk, ... ,pfk} such that, letting Ci be the continuum
that branches out of (p*,u,k) then either it is unbounded in (1, +00) X Ky, or
it intersects {1} x Ky. Finally C, NCj C Xypaq for any j = 3,4,5, j # k.

The proof of Theorem 8.1 can be found at the end of the section. The core
of the proof consists in getting bifurcation at the degenerate points at which
there is a change in the fixed point index of T'(p, -) at u,, relative to the cone
Kk (index introduced in [D]). These degenerate points (p,u,) are given by
any p € P* (see Proposition 8.6).

Remark 8.2 (Odd change in the k-Morse index).
Observe that at p € P* also the k-Morse index of u, has a (odd) change.
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Indeed from Proposition 6.7 - iii), Lemma 6.1 and the usual spectral decompo-
sition of the negative eigenvalues of the weighted problem (3.9) it follows that
p € (1,4+00) is a value at which the k-Morse index my(u,), k > 2 changes if
and only if there exists j > 2 such that k | j and p € P7, where P7 is defined
in (8.5).

Moreover the change in the k-Morse index is always odd (precisely +1).

First we show that (8.8) holds true:

Lemma 8.3. The map p— [1,raa(p) is analytic in p and the sets of degen-
erate points in (8.4), when not empty, consist of only isolated points.
Moreover P* # (), for k = 3,4,5 and there exists an odd number s, (> 1) of
isolated values p¥,...,pF € (146,p*) (where § and p* are as in Proposition
5.1 and Proposition 4.3 respectively) such that

PE={ph,....pE} k=345

Proof. In [D2] it is proved that for any smooth bounded domain £ C R? for
any p > 1 except possibly for isolated p the equation —Au = uP in Q, u =0
on 0N has a non-degenerate positive solution. The proof relies on the fact
that the map (u,p) — (—A)~" (uP) is real analytic when considered in a
suitable cone of positive weighted functions.

This proof cannot be directly applied for sign-changing solutions, and so we
need to adapt the proof of the analyticity for sign-changing radial fast decay
solutions in the exterior of the ball used in [DW], which holds in RY, with
N > 3.

Following [DW] we let wp(s) = = up(r), for r = e®. This function satisfies

4 2 \°
Wy — ﬁwp + <p—1> Wy + |Wp|P™ 0, =0
for s € (—o0,0) with the conditions
Wy(0) =0 ,  lim ,(s) = 0. (8.9)

§——00

We consider, for z > 0, the rescaled function w(t) = w,(2~'t) that satisfies

4 2 \?
w" — 1zw’ + (1) 22w + 2 w|P " w =0 (8.10)
p— b=

in (—o0,0) with the boundary conditions in (8.9). We let s; be the unique
zero of w(t) in (—oo,0) and we consider problem (8.10) in one of the intervals
(=00, 81) or (s1,0) with Dirichlet boundary conditions (also at infinity). Of
course we have that r; = e* ! is the unique zero of Up. Problem (8.10) is
equivalent to solve

—Au=1u? in

u>0 in Q;

u=0 on 0£);
where Q1 = B(0,e* 1) or Q3 = B\ B(0,e* '*1) and u is radial. The Dancer
result for positive solutions in [D2] implies then that the positive solutions
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w? , and w?  to (8.10), in (—00,s1) and (s1,0) respectively, depend analyti-
cally on p and z.
Lastly, following the proof of Lemma 3.2 part ¢) in [DW], one can show the

existence of z, close to 1 and analytic in p such that the function

R w;p’p(zps) for s € (—o0, zp_lsl]
wp(s) =

—wﬁp’p(zps) for s € (2, '51,0)

is Clin s = z;lsl. This proves that p — u, is analytic.

The fact that u, is analytic with respect to p implies that the eigenvalues
B1,rad(P), B2raa(p) are analytic [K2]. Moreover by (4.2) and (5.4) it follows
that p — B1 vaa(p) is not constant in (1, +00) and so the solutions p € (1, +00)
to B1.rad(p) = —j? are isolated and can accumulate only at +oco. Finally (4.2)
and (5.4) imply also that £1 raqa(p) + j2 changes sign for some p € (1 + 6, p*)
(precisely at an odd number of values of p), when j = 3,4, 5. O

We also prove the following:

Lemma 8.4. The operator T(p,-) maps Xy, into Xy and in particular Ky, into
K-

Proof. Let w € Xj and let z = T'(p,w). Since w € C1*(B) then z € C3*(B)
and by definition of T', it is a classical solution to

(8.11)

—Az = |wP~'w in B,
z=0 on 0B.

Let Z2(z) = z(g(x)), for g € Gi. Then Z is a solution to (8.11), because
w € X and —A is invariant by the action of Gi. This implies Z = z getting
that z € &}.

It remains to show that when w € K also the monotonicity assumption on

w is preserved by T. Since z € C*(B) we can compute zp = % and letting

wy = %—75, we have that zg is a classical solution to

—Azg = plw|P~twy  in (0,1) x (0, s
29(1,0) =0 on 0B.

By assumption w € K so that ws < 0in (0, 1) x (0, T). Moreover zg(r,0) = 0

since z is even in 6 (see (6.3)) and moreover zy(r, %) = 0 by (6.5). The
maximum principle then yields zp <0 for 0 <6 < 7, 0 <r < 1, concluding
the proof. O

When wu,, is an isolated fixed point for T'(p, -) we can consider its index relative
to the cone Ky, (see [D]), which we denote by indx, (T(p,-), up)-

We can compute indy, (T(p,-),up) when u, is non-degenerate in Xj. In this
case the characterization in Proposition 6.7-iii) implies in particular that
B raa(p) + k? # 0, we then have:
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Lemma 8.5. Let k > 2 and p be such that u, is non-degenerate in X}, then

] 2
i 1) = {1 TS

Proof. By Lemma 8.4 we can consider the operator T restricted to the space
Xk, namely T : (1,+00) X X —> Xj, for some k > 2. Let us denote by 77,
the Frechét derivative of T" with respect to u. Since w, is non-degenerate in
Xy, then I — T (p,u,) : Xy — X} is invertible. We can then apply Theorem
1 in [D] getting that

. 0 if T! has the property «
indrc, (T(p:), up) = { indx, (T, (p,up),0) if TZ does not have the property «
(8.12)
where we refer to [D] for the definition of the property «. Moreover, since
uy is isolated in A} (again by its nondegeneracy) and since I — T},(p, up) is
invertible we have

inka (Tvi(pv Up), 0) = li_I% deng (I - T;(p, '), Ur(up)ﬂo) = (_1)mk(up)

(8.13)
where deg is the usual Leray-Schauder degree in the Banach space &%, U, (up) =
{we X : |lup —w|| <r} and the last equality follows by standard results
for the Leray Schauder degree of linear, compact, invertible maps (see for in-
stance [AM]). The characterization of the degeneracy in X (see Proposition
6.7-ii1)) implies in particular that £1 aa(p) + k? # 0 at the non-degenerate
point p, the rest of the proof is devoted to show that

T/ has the property « if and only if By 1aa(p) + k% < 0. (8.14)

In this case indeed (8.12) and (8.13) implies the result since by Lemma 6.4
and Lemma 3.2 one has

my(up) = 2, when B1 rada(p) + k2> 0.

The property o in (8.12) is stated in [D, Lemma 2]. Following the same
notations we have that the linear map 7} (p, u,) has the property « if and
only if (Lemma 2-(a) of [D]) the spectral radius of T},(p,u,) is greater than
1 when restricted to the orthogonal complement to AX;,q in &}, which we
denote by XL, (observe that in our case the subspace S,, in [D] is Xiaq).
Equivalently, as observed also in [D1, proof of Theorem 1], T} (p,u,) has
the property « if and only if there exist ¢t € (0,1) and h € XL, such that
h = tT) (p, up)h, namely, recalling the definition of T', such that the linear
equation

(8.15)
h=0 on 0B

admits a nontrivial solution h € Xréd for some ¢t € (0,1). This is equivalent
to say that zero is an eigenvalue of the problem

{Ah —tplup|P~h = ph  in B

{—Ah — tpluy|P"th=0 in B

h=0 on 0B
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with eigenfunction in XrJa-d for some ¢t € (0,1). We denote by u; the smallest
eigenvalue of this problem in Xréd, which depends on t. By the variational
characterization of the eigenvalues p; is decreasing in t. Moreover pg > 0,
since when ¢t = 0 pg is the first Dirichlet eigenvalue in Xréd of the Laplace
operator in B which is strictly positive. When ¢ = 1 instead p; is the smallest
eigenvalue in XL, of the linearized operator L,. When p; is negative then
there exists a ¢ € (0,1) such that (8.15) has a solution in A% \ Xyaq. When
1 is positive instead then p; > p; > 0 for any ¢ € (0,1) and equation (8.15)
does not have a solution in Xj \ X;aq. Finally from Lemma 6.4 we have that
p1 < 0 if and only if B raa(p) + k% < 0 and this concludes the proof of
(8.14). O

As a consequence one can characterize the set of the points p at which the
index ind, (T'(p,-),up) changes:

Proposition 8.6 (Change in the fixed point index relative to ICx). p € (1, +00)
is a value at which indx, (T(p,-),u,) changes, for k > 2 if and only if p € P¥,
where the set P is the one defined in (8.5).

Proof. If p € P* then (p,u,) is an isolated degenerate point (Lemma 8.3), as
a consequence the values p = pi + 0 are non-degenerate for any ¢ > 0 small
and by definition of Py, we also have [B1 raa(p+6) +k][B1 raa(p—38) + k%] < 0.
The conclusion then follows by Lemma 8.5 applied at the points p = p¥ 4 6.
Viceversa if indi, (T'(p,-),up) changes at p then by Lemma 8.5 p satisfies
Biraa(p) = —k% and B raa(p) + k? changes sign at p. This implies that nec-
essarily p € P*. O

8.1. Proof of Theorem 8.1

Proof. Step 1. Non-radial local bifurcation in Ky,

Let us consider p’;; for a certain h € {1,...,s;}. By Proposition 8.6 we know
that indx, (T(p,),u,) changes as p crosses py, namely that for any § > 0
small

indi, (T(pﬁ -4, -),up2_5) # indic, (T(pﬁ +94,), up;’i”) , (8.16)

we now show that (pf, u,) is a bifurcation point in (1, +00) x K.

Hence let us assume by contradiction that (pf, uy,x ) is not a bifurcation point
in (1,+00) x Ky, then we can find § > 0 and a neighborhood O of {(p,u,) :
p € (pf —8,pF +8)} in (pf — 8,pF +6) x Ky such that u — T'(p,u) # 0 for
every (p,u) in O different from (p, u,). We can choose § > 0 such that (8.16)
holds. Letting O, := {v € K : (p,v) € O}, it then follows that there are

no solutions to u —T'(p,u) = 0 on Uyt s 5 15){P} x 0O, and there is only
the radial solution (p,u,) in ({pz -0} x Oplg_(;) U ({pﬁ +6} x Op’,‘;+5)' By

the homotopy invariance of the fixed point index in the cone, see [D], then
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we have that
indx, (T(p,-),u,) is constant for p € (pf — &, pf +9),

which is in contradiction with (8.16). This proves the local bifurcation. The
bifurcating solutions belong to Kj since T' maps the cone in itself (Lemma
8.4) and are non-radial for p close to pﬁ since u,, is radially non-degenerate
by Lemma 3.3.

Step 2. Global bifurcation and Rabinowitz alternative

We can adapt the proof of Theorem 3.3 in [G]. One of the main differences is
that now, since the cone Ky is not a Banach space, we substitute the Leray-
Schauder degree used in [G] with the degree in the convex cone Ky, which we
denote by degy, (I —T(p,-),0,0), for any open (with the induced topology)
set O in K. The degree in the convex cone has been introduced in [A] (where
it is called index), its definition arises directly from the Leray-Schauder de-
gree (to which it coincides when the cone is a Banach space) and in particular
it admits the same properties of the Leray-Schauder degree (normalization,
additivity, homotopy invariance, permanence, excision, solution property, etc,
see [A, Theorem 11.1 and 11.2]).

Following [G], let S = {(p,up) : p € (1,+00)} C (1,400) x K, be the curve
of radial least-energy solutions, let ¥ be the closure of the set {(p,v) €
((1,400) x Ki) \' S : v solves (1.1)} and let Cj, be the closed connected com-
ponent of ¥ bifurcating from (p’,fb,up;@). Assume by contradiction that the
Rabinowitz alternative, namely one of the following, does not occur:

i) Cg is unbounded in (1, +00) x Ky;
i1) Cy intersects {1} x Kg;
iii) there exists pf with [ # h such that (pf, up;c) eCLNS.

Then as in Step 2 in the proof of [G, Theorem 3.3] we can then construct
a suitable neighborhood O of C; in Kj such that 00 NX, =0, ONS C
(pk —6, pk +6) x Iy, for 6 such that Uy 15 is nondegenerate and moreover there

exists ¢ > 0 such that ||[v — up||x, > co for (p,v) € O such that |p —p¥| > 6.
Then we can follow the proof of Step 3 and Step 4 in [G, Theorem 3.3],
recalling now that, for A. := {(p,v) € (1,400) X &} : ||[v — up|lx, < ¢} one

has
deglck (I - T(pﬁ + 4, ')’ (O n Ac)p’ﬁié 70) = indk, (T(PZ + 9, ')7 up,’j:l:é)

for any ¢ < ¢g. The fixed point index relative to the cone Kj can be then
computed in pf 4 and it assumes either the value 0 or 1 (Lemma 8.5). The
proof of Step 3 and 4 of [G, Theorem 3.3] can be repeated and so we get a
contradiction.

We can now adapt the proof of [G2, Proposition 2.3], again using the degree
in the convex cone K, which is, as already observed, either 0 or 1 in a neigh-
borhood of the isolated (in &%) solution u,. The main difference is that, in
the final part of the proof of [G2, Proposition 2.3] we now obtain, following
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the notations of [G2], that
degic, (Sr(p,v),0N Br(pf, up;c), 0) ==+1

for every p{“ € PF. This implies again that the number of points p{“ c pk
which belong to C, including (pfl,upﬁ), has to be even if Cy is bounded.

Since the total number sj, of points in P* is odd (see Lemma 8.3), then there
exist at least one value p¥ € {pF},—1. s, at which either i) or ii) holds.

Step 3. Conclusion

Since the bifurcating solutions are not radial for p close to pi, the separation
property (8.7) implies that near the bifurcation points Cy # C; if k # .
Moreover (C; NC;) C (K NKC;) hence it contains only radial solutions. O

Remark 8.7 (Shape of the bifurcating solutions). Observe that from the defi-
nition of the space Xy, and from the separation property (8.7) of Ky, it follows
that

KrNXy, = Xeaa, Vh >k (817)

and so, as stated in Theorem 1.5 in the introduction, either the bifurcating
solution belongs to Xy, \ X;, Vj > k or it is radial.

Moreover, since the kernel of the linearized operator is one dimensional when
restricted to the spaces Xy (Proposition 6.7-iii)), we can get an erpansion
of the bifurcating solution found in Theorem 8.1 near the bifurcation point
(pk,upk), even if we cannot apply the Crandall-Rabinowitz result to obtain
some reqularity on the solutions set. Indeed, applying Proposition 2.4 in [G2]
we know that there exists €9 > 0 such that for any 0 < € < g if (p,v) €
Ce N (Be(pk,upk) \ {(pk,upk)}), then

v(r,0) = up(r) + e d1(r) cos (k8) + (1, 0)

where ae — 0 as e — 0, ¢1(r) > 0 is a first eigenfunction of the weighted
eigenvalue problem as defined in Proposition 3.9 and 1.(r,0) € X is such
that ||e]|co = o(ce) as € — 0. As a consequence, near the bifurcation point,
the solutions we found not only are in Xy \ Xraq but, being small perturbation
of the radial least energy solution u,, they also inherit from u, the property of
having two nodal domains and of being quasi-radial in the sense of Definition
1.1.

We remark that along the branch the number of nodal regions of the solutions
may change and that moreover far from the bifurcation point they may also
loose the quasi-radial shape and their nodal line could touch the boundary.

Remark 8.8 (Multiple bifurcation). Observe that we can obtain a solution to
(1.1) by rotating the solution v in Theorem 8.1 of an angle a.. This solution
coincides with the one bifurcating from u, in the direction

w(r,0) = ¢1(r) (asin(kh) — beos(kb)) € Ker(L,)
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with a = arctan(—a/b), letting 7 be the reflection with respect to the hyper-
plane ax + by = 0 and restrincting to the spaces

Xy, = Cy™(B) N H (B),

where ﬁé’k(B) :={v € H}(B) such that v(g(z)) = v(x), Vg € Gr, Vo €
B} and G C O(2) is the group generated by Oy and by the reflection 7.

Remark 8.9 (Bifurcation via odd change in the k-Morse index of u,). We
stress that in order to get the bifurcation result one could work directly in the
space Xy, k = 3,4,5 without restricting to the cones Ky C X substituting
the degree in the cone Ky with the usual Leray-Schauder degree in Xj.
Anyway the bifurcation result obtained in this way is only partial, since a
priori different branches of solutions could coincide.

The advantage of restricting to the cones Ky in the proof of Theorem 8.1 is
that set K NKC; contains only radial functions when k # j, and this allow to
separate the branches.
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