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Abstract: - In this paper in order to simulate nearshore currents in computational domains representing the 
complex morphology of real coastal regions we use a model based on a contravariant integral form of the fully 
nonlinear Boussinesq equations (FNBE). The contravariant integral form, in which Christoffel symbols are 
absent, of the continuity equation does not contain the dispersive term. The Boussinesq equation system is 
numerically solved by a hybrid finite volume-finite difference scheme. The wave breaking is represented by 
discontinuities of the weak solution of the integral form of the nonlinear shallow water equations (NSWE). The 
capacity of the proposed model to correctly simulate the wave train propagation on a highly distorted grid is 
verified against test case present in the literature. The simulation of wave fields and nearshore currents in the 
coastal region, opposite San Mauro Cilento (Italy) in presence of a system of T-head groins, is numerically 
reproduced by using the proposed model. 
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1 Introduction 
The model based on the two-dimensional 
Boussinesq equations is used for the simulation of 
hydrodynamic phenomena (surface wave 
transformation, wave breaking, shoreline movement 
and nearshore currents) which occur in coastal 
regions because the three-dimensional simulation of 
the velocity fields [1-3] requires considerable 
computational time for the long-term sea bottom 
simulations. The coastal region is characterized by 
complex morphology, in which slightly sloping and 
regular sea beds alternate with steep irregular 
bottoms, and by the presence of anthropic structures 
and/or river mouths. In order to simulate 
hydrodynamic phenomena over computational 
domains characterized by a complex boundary, two 
strategies can be followed:  the first one is 
represented by the possibility of using unstructured 
grids; the second one is based on the numerical 
integration of the governing equations on a 
generalized curvilinear boundary conforming grid in 
which the motion equations can be written in 
contravariant formulation. 
In recent literature the Boussinesq equations 
(integral forms or differential conservative forms) 
are expressed in terms of conserved variables, in 
which convective terms are expressed in divergence 
form and the term related to total local depth is 
expressed in a gradient form. The simulation of 

wave propagation from deep water regions up to the 
coastline is conducted by solve the integral forms or 
of the differential conservative forms of Boussinesq 
equations (which in the surf zone reduce to the 
NSWE by switching off dispersive terms). Breaking 
waves can be represented by discontinuities of the 
weak solution of the integral form of the nonlinear 
shallow water equations (NSWE), numerically 
solved by a shock-capturing scheme [4]. The 
Boussinesq equations, in integral or differential 
conservative forms, do not need any additional term 
to take into account the wave breaking energy 
dissipation and do not require any empirical 
calibration. Roeber et al. [5] adopted a strategy 
consisting in using a hybrid finite volume-finite 
difference scheme in order to apply a shock-
capturing method to Boussinesq equations 
expressed in differential conservative form. In this 
paper a model based on an integral form of the Fully 
Nonlinear Boussinesq Equations in contravariant 
formulation, in which terms up to ܱሺߝଶ ߤଶ) (with 
ߝ ൌ ܽ/݄ and ߤ ൌ ݄/ܮ in which ܽ is the wave 
amplitude) and second order vertical vorticity terms 
are included, is presented. In this contravariant 
integral form, the continuity equation does not 
contain any dispersive term. The proposed Fully 
Nonlinear Boussinesq Equations in a contravariant 
integral form are devoid by the Christoffel symbols 
and are numerically solved by a hybrid finite 

WSEAS TRANSACTIONS on FLUID MECHANICS 
DOI: 10.37394/232013.2020.15.9 Federica Palleschi, Benedetta Iele, Marco Tamburrino

E-ISSN: 2224-347X 91 Volume 15, 2020



volume-finite difference scheme. The convective 
terms and the terms related to the gradient of the 
square of the total local water depth are discretized 
by a high-order upwind WENO shock-capturing 
finite volume scheme based on an exact Riemann 
solver [6]. A cell centred finite difference scheme 
are used in order to discretize the dispersive terms 
and the terms related to the approximation to the 
second order of the vertical vorticity. No additional 
term in equations is used in order to take into 
account the wave breaking energy because the wave 
breaking is represented by discontinuities of the 
weak solution of the integral form of the NSWE. 
A test case is numerically reproduced in order to 
verify the capacity of the model to correctly 
simulate the wave train propagation on a highly 
distorted grid. The proposed model is also used for 
the application on a real engineering case regarding 
the simulation of wave fields and nearshore currents 
in the coastal region opposite San Mauro Cilento 
(Italy). 
 

2 Governing Equations 
Let ܪ ൌ ݄   be the total local water depth, where	ߟ
݄ is the local still water depth and ߟ is free surface 
elevation with respect to the undisturbed free 
surface. The vertical distribution of the horizontal 
velocity ሬܷሬԦሺݖሻ, if we consider a Taylor expansion of 
the velocity about an arbitrary distance from the still 
water surface, ߪ, and assume zero horizontal 
vorticity, can be written as 
 

ሬܷሬԦሺݖሻ ൌ ሬԦݑ  ሻ (1)ݖԦሺݒ
 
where ݑሬԦ is the horizontal velocity at an arbitrary 
distance from the still water level ݖ ൌ   .ߪ
 

ሻݖԦሺݒ ൌ ሺߪ െ ߘ൫ߘሻݖ  ሺ݄ݑሬԦሻ൯  
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Equation (2) represent the second order term in 
power series expansion of the velocity vector about 
σ, in which ߘ is the two-dimensional differential 

operator defined as ߘ ൌ ቀ డ
డ௫
,
డ

డ௬
ቁ in a Cartesian 

reference system.  
 The depth averaged value of ݒԦሺݖሻ, obtained by 
retaining terms of order ܱሺߤଶ,  Ԧݒ̅ ଶሻ, is definedߤଶߝ
and is written as 
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 The transformation from the Cartesian 
coordinate system ݔԦ to the curvilinear coordinate 
system ξԦ (henceforth the superscript indicates 
components and not powers) is defined by ݔ ൌ
,ଵߦሺݔ ଶሻ (with l=1,2). Let Ԧ݃ሺሻߦ ൌ ߲ Ԧݔ ߲⁄   andߦ

Ԧ݃ሺሻ ൌ ߲ ߦ ߲⁄  Ԧ be respectively the covariant andݔ
contravariant base vector. The metric tensor and its 
inverse are given respectively by ݃ ൌ Ԧ݃ሺሻ  Ԧ݃ሺሻ 

and ݃ ൌ Ԧ݃ሺሻ  Ԧ݃ሺሻ. The Jacobian of the 
transformation is ඥ݃ ൌ ඥ݀݁ݐሺ݃ሻ. The 
transformation relationships between the 
components of the generic vector ሬܾԦ in the Cartesian 
coordinate system and its contravariant and 
covariant components, ܾ and ܾ, in the curvilinear 
coordinate system are given in the Appendix. 

In order to apply a shock-capturing scheme to the 
Boussinesq type equations, the convective terms 
must be expressed in conservative form, i.e. in 
divergence form. In [7] the system evolution 
variables were the conserved variables ܪ e ݑܪ. The 
choice of these conserved variables implied the 
presence of a source term in the mass conservation 
equation (right-hand side of Equation (4) in [6]). In 
this paper we choose, as conserved variables, the 
total local depth H and the contravariant quantity 
 

ܯ ൌ ݑ൫ܪ  ൯ (4)ݒ̅
 
in which ൫ݑ   ൯ represents the depth averagedݒ̅
horizontal velocity. For this reason and considering 
that the bottom depth does not vary over time, the 
contravariant integral form of the continuity 
equation can be written as 
 

ඵ
ܪ߲
ݐ߲

ܣ݀
௱

 නܯ݊݀ܮ


ൌ 0 
(5)

 
where L is the contour line of the surface element of 
area ܣ߂ and ݊ is the m-th component of the 
covariant outward normal. The continuity equation 
can be written without any source term, but only 
with a flux term (second term of Equation 5), due to 
the choice of the conserved variable ܯ expressed 
by Equation (4). This result implies that the 
continuity equation can be solved entirely by a high 
order shock-capturing finite volume scheme. 
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With this new conserved variable, the integral 
over the surface element of area ܣ߂ of the 
contravariant momentum equation can be written as 
 

∬
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in which ݑ and ̅ݒ are the contravariant components 
of the vectors ݑሬԦ and ̅ݒԦ; G is acceleration due to 
gravity. ܴ is the contravariant components of the 
bottom resistance term; ܸ and ܶ are the 
contravariant components of the dispersive terms 
obtained by retaining terms of order ܱሺߤଶ,ߝଷߤଶሻ; 
	ܹ is the contravariant component of the term 
related to the second order approximation of the 
vertical vorticity. ܴ, ܸ, ܶ and ܹ are expressed 
by 
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The “^” symbol indicates the operation of power 
raising and ߟ is an arbitrary constant value.  

 The source terms are perfectly balanced by the 
flux terms in motion equations that admit stationary 
solutions. 
 A numerical scheme is said to be well-balanced 
and satisfies the C-Property if it preserves the steady 
state solutions exactly. The surface gradient term 
could be split into a source term that is related to the 
bed slope and a term related to the gradient of the 
square of the local total depth, in order to include 
this term into the flux term and to perform a shock-
capturing upwind scheme. 
 The source term relative to the bottom slope 
should perfectly balance the numerical 
discretization of the term related to the gradient of 
the square of the total local depth, when there is no 
motion.  
 Shi et al [8] point out that the above 
decomposition induces a numerical imbalance 
problem and does not allow the numerical scheme to 
satisfy the C-Property for non-uniform bed. 
 The surface gradient term is decomposed in 
order to obtain a "well-balanced" numerical scheme 
as 

,ߟܪ݃ܩ ൌ ቆ݃ܩ
ଶ^ܪ

2
ቇ
,

 

െܩሺߟ െ ሻ൫݄݃൯,ߟ െ  ൫݄݃൯,ߟܩ

െܩ ቆ݃
݄^ଶ

2
ቇ
,

 
(11) 

 
We split the term ܸ on the right-hand side of 
Equation (6) as follows 
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We define with ܦ an auxiliary variable defined by 
 

ܦ ൌ ݑሺܪ  ܸᇱሻ (15) 
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 We identify a physical direction with the one of 
the contravariant base vector ݃Ԧሺሻ which is defined 
at the centre of ΔA, in order to obtain a 
contravariant integral form of the Fully Nonlinear 
Boussinesq Equations devoid of Christoffel 
symbols. We take the projection, in the direction of 
vector ݃Ԧሺሻ., of the rate of change of the momentum 
of the material volume of fluid that at the generic 
instant ݐ coincides with ΔA. We equate this 
projection to the projection, in the same direction, of 
the net force acting on the material volume. By 
introducing Equations (11), (12) and (15) into 
Equation (6), and by adopting the above-mentioned 
procedure we obtain 
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where ܦ෩ represent the averaged value of ܦ over 
the surface element of area ΔA, defined as 
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1
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 Over the same element of area ΔA, the integral 
form of the continuity Equation (6) reads 
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where ܪ෩ represents the average value of ܪ over the 
surface element of area ΔA 
 

෩ܪ ൌ
1
ܣ߂

ඵ ଶߦଵ݀ߦඥ݃݀ܪ
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(19) 

 
Equations (16) and (18) represent a new integral 
form of the Fully Nonlinear Boussinesq Equations, 
expressed in a contravariant formulation devoid 
Christoffel symbols. These equations are accurate to 
ܱሺߤଶ,  ଶሻ  in dispersive terms and conserveߤଷߝ
vertical vorticity with a leading order error of 
ܱሺߤସሻ.  In the above-mentioned equations ܪ and 
  are the conserved variables. Consequently, theܯ
difference between the presented momentum 
balance equation and the form presented by Cannata 
et al. [7] consists in the expression of the convective 
terms. 
Furthermore, unlike the [7] model, in the continuity 
equation no dispersive term is present. This result 
makes it possible to solve the continuity equation 
entirely by a high order shock-capturing finite 
volume scheme. By adopting this model the errors, 
in the numerical solution, due to the discretization 
of the dispersive term in the continuity equation, are 
not introduced. Furthermore, the surface gradient 
term has been split in order to solve this term by a 
finite volume technique and to obtain a "well 
balanced" numerical scheme. 
 

3 Simulation of wave train 
propagation on a highly distorted grid  
In this section the proposed numerical model based 
on conservative and contravariant form of the 
FNBE, is used in order to verify the capacity of the 
model to simulate the propagation of strongly 
dispersive and highly nonlinear wave trains (ߝ ൌ
0.2) on curvilinear highly distorted grid. 
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Fig. 1 Simulation of wave train propagation on a 
highly distorted grid. Grid distortion. 

 In Figure 1 the calculation grid with the highly 
distorted zone is shown. In order to correctly 
dissipate the wave energy, we use two lateral 
sponge zones. A flat bottom situate at 0.85 m from 
the still water level is used to analyse whether the 
wave profile shows a deformation during the 
simulation. 

 

Fig. 2 Wave profile. Wave train: ܽ ൌ 0.17݉, ܶ ൌ
ߝ ,ݏ0.87 ൌ ଶߤ ,0.2 ൌ 0.5. 

The wave train has an amplitude of ܽ ൌ 0.17݉, a 
period of ܶ ൌ ߝ a nonlinearity of ,ݏ0.87 ൌ 0.2 and a 
strong dispersion of ߤଶ ൌ 0.5.  
 In Figure 2 the wave profile after 50	ݏ of 
simulation is shown. The high dispersion of the 
wave train is correctly reproduced by the proposed 
model. The wave profile does not present any 
disturbs nor modification of the wave characteristic 
and it is in good agreement with the data 
extrapolated from the analytical solution. 
 The free surface elevation of this wave train is 
shown in Figure 3. From this figure it is possible to 
notice that there no any alterations are present, 
which could have disturbed the wave profile, 
therefore, the wave form is preserved. 

 

Fig. 3 Instantaneous wave field. Wave train: ܽ ൌ
0.17݉, ܶ ൌ ߝ ,ݏ0.87 ൌ ଶߤ ,0.2 ൌ 0.5. 
 
 In conclusion, we demonstrate that the model, 
based on the contravariant and conservative form of 
the FNBE (in which the term up to ܱሺߝଶߤଶ) and 
second order vertical vorticity) and on shock-
capturing  high order WENO scheme [3], is able to 
reproduce the propagation of strongly dispersive and 
highly nonlinear wave trains on curvilinear highly 
distorted grids. 

4 Simulation of wave field and 
currents in the coastal region opposite 
San Mauro Cilento (Italy) 
In this section, the proposed model is applied to the 
coastal region opposite San Mauro Cilento (Italy). 
This coastal region is characterized by the presence 
of several inlets bounded by promontories and rocky 
protrusions that represent the boundaries of 
physiographic units. The hydrodynamic fields in a 
coastal region opposite a portion of coastline, 
washed by the Tyrrhenian sea, that is bounded by 
two promontories that delimited a physiographic 
unit, is studied using the proposed model. 
 We simulate the wave field and the nearshore 
currents produced by a wave train with wave heights 
of 3݉ and a wave period of 10ݏ coming from 
270°ܰ. We are interested in the hydrodynamic 
fields produced by the interaction between the 
above- mentioned incoming wave train and a system 
of T-head groins. 
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Fig. 4 Simulation of wave field and nearshore 
currents in the coastal region opposite San Mauro 
Cilento (Italy). Instantaneous wave field in presence 
of a system of three T-head groins. Wave train: ܪ ൌ
3݉, ܶ ൌ  .direction 270°ܰ ,ݏ10

 In Figure 4, the instantaneous wave field in 
presence of the T-head groins is shown. Near the 
coastline, the presence of the T-head groins 
modifies significantly the wave field: in particular 
the T-head groins produce a rotation of the wave 
front and a decree of the wave energy. By doing 
this, the T-head groins induce the sedimentation of 
the solid particles that are suspended by the wave 
breaking and transported towards the T-head groins 
by the nearshore currents. 
 In Figure 5, the time averaged velocity field, 
produced by the wave field represented in Figure 4, 
is shown. From this figure, it is possible to notice 
the presence of two nearshore currents produced by 
the gradient of the averaged wave height: the first 
one is oriented towards ܰ െ ܱ, the second nearshore 
current is opposite to the previous one. The two 
opposite nearshore currents, at ݕ ൌ 700݉, produce 
a offshore directed rip current. The T-head groins 
produce a modification, near the coastline, of the 
two nearshore currents and induce the eddies, that 
produce solid particles sedimentation. 
   

Fig. 5 Simulation of wave field and nearshore 
currents in the coastal region opposite San Mauro 
Cilento (Italy). Time averaged velocity field.   

 Figure 6 represents details of the time averaged 
velocity field near the T-head groins. In Figure 6a, 
the velocity field in zone ܣ is shown (see Figure 5 
for the zone definition). From Figure 6a it is 
possible to notice that the two nearshore currents 
that come from opposite directions, produce an 
offshore directed rip current, at ݕ ൌ 700݉. Near the 
T-head groin 1, two circulation cells are shown: 
the first nearshore current is counterclockwise, 
while the second one is clockwise. These two 
nearshore currents are able to produce the solid 
particles sedimentation. 
 In Figure 6b, the velocity field in zone ܤ is 
shown. Downstream of the T-head groin 2, with 
respect to the nearshore current, a significant 
reduction of the velocity is shown; this reduction 
can induce solid particles to sediment near the 
structure. Upstream of the T-head groin the presence 
of a circulation cell counterclockwise induces weak 
sedimentation phenomena.  
 In Figure 6c, the velocity field in zone ܥ is 
shown. The presence of the two circulation cells 
(clockwise upstream of the T-head groin and 
counterclockwise downstream of the T-head groin) 
underlines that the structure produces the 
modification of the main nearshore current and 
produce solid particles sedimentation.  See also [9] 
and [10]. 

5 Conclusion 
In this paper in order to simulate nearshore currents 
in computational domains representing the complex 
morphology of real coastal regions we use a model 
based on a contravariant integral form of the fully 
nonlinear Boussinesq equations (FNBE). 
The presented Fully Nonlinear Boussinesq 
Equations model has been used for the simulation of 
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wave fields and nearshore currents in the coastal 
region characterized by complex morphology, 
irregular seabed and by the presence of three T-head 
groins, in coastal region opposite San Mauro Cilento 
(Italy). 

 

 

a) 

b) 
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c) 

Fig. 6 Simulation of wave field and nearshore currents in the coastal region opposite San Mauro Cilento (Italy). 
Details of the time averaged velocity field. A vector out of four is presented. 
 
 

Appendix 

ܾ ൌ Ԧ݃ሺሻ  ሬܾԦ				; 			ܾ ൌ Ԧ݃ሺሻ  ሬܾԦ			 (A1) 

ሬܾԦ ൌ ܾ Ԧ݃ሺሻ	; 			 ሬܾԦ ൌ ܾ Ԧ݃ሺሻ (A2) 

ܾ, ൌ ߲ ܾ ߲⁄ ߦ  ߁
 ܾ (A3) 

߁
 ൌ Ԧ݃ሺሻ  ߲ Ԧ݃ሺሻ ߲⁄   (A4)ߦ

,ܶ
 ൌ

1

ඥ݃

߲ܶඥ݃

ߦ߲
 ܶ	߁  (A5) 
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