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ABSTRACT 
This work presents a unified guidance and control architecture, termed VTD-NOG & PD-RM, 
and describes its application to low-thrust orbit transfer from a low Earth orbit to a 
geostationary orbit. The variable time-domain neighboring optimal guidance (VTD-NOG) is 
a feedback guidance technique based upon minimizing the second differential of the objective 
function along the perturbed trajectory, and was proven to avoid the numerical difficulties 
encountered with alternative neighboring optimal algorithms. VTD-NOG identifies the 
trajectory corrections assuming the thrust direction as the control input. A proportional-
derivative attitude control based on rotation matrices (PD-RM) is used to drive the actual 
thrust direction toward the desired one, determined by VTD-NOG. Reaction wheels are 
employed to perform the attitude control action. In the dynamical simulations, thrust 
oscillations, errors on the initial conditions, and gravitational perturbations are considered. 
Extensive Monte Carlo simulations point out that orbit injection occurs with very satisfactory 
accuracy, even in the presence of nonnominal flight conditions.

Keywords: /RZ�WKUXVW�RUELW�WUDQVIHUV��QHLJKERULQJ�RSWLPDO�JXLGDQFH��SURSRUWLRQDO�GHULYDWLYH�
DWWLWXGH�FRQWURO

1 INTRODUCTION 
/RZ�WKUXVW� SURSXOVLRQ� LV�JDLQLQJ�DQ� LQFUHDVLQJ�XVH� LQ� VSDFH�PLVVLRQV�� GXH� WR� LWV� HIILFLHQF\��
UHODWHG�WR�KLJK�VSHFLILF�LPSXOVHV��,Q�IDFW��ZLWK�UHJDUG�WR�WKH�RYHUDOO�SURSHOODQW�PDVV��ORZ�WKUXVW�
V\VWHPV�DUH�SURYHQ�WR�RXWSHUIRUP�KLJK�WKUXVW�HQJLQHV��LQ�D�ZLGH�YDULHW\�RI�PLVVLRQ�VFHQDULRV���
+RZHYHU��GHYLDWLRQV�IURP�WKH�QRPLQDO� WUDMHFWRU\�UHODWHG�HLWKHU�WR� WKH�LPSHUIHFW�PRGHOLQJ�RI�
WKH� VSDFH� YHKLFOH� RU� WR� XQSUHGLFWDEOH� HQYLURQPHQWDO� FRQGLWLRQV� DIIHFW� WKH� UHDO� G\QDPLFV��
'ULYLQJ�D�VSDFHFUDIW�DORQJ�D�VSHFLILHG�SDWK�WKXV�UHTXLUHV�GHILQLQJ�WKH�FRUUHFWLYH�DFWLRQV�DLPHG�
DW� FRPSHQVDWLQJ� WKH� QRQQRPLQDO� EHKDYLRU� GXH� WR� WKHVH� GHYLDWLRQV�� ZKLOH� PLQLPL]LQJ� WKH�
DGGLWLRQDO�IXHO�UHTXLUHG�WR�SHUIRUP�WKH�FRUUHFWLYH�PDQHXYHUV��1HLJKERULQJ�2SWLPDO�*XLGDQFH�
�12*�� LV� DQ� LPSOLFLW� JXLGDQFH� FRQFHSW� WKDW� UHOLHV�RQ� WKH� DQDO\WLFDO� VHFRQG�RUGHU�RSWLPDOLW\�
FRQGLWLRQV�� DQG� DVVXPHV� WKH� PLQLPXP�WLPH� RSWLPDO� WUDQVIHU� DV� WKH� QRPLQDO� WUDMHFWRU\�� $�
FRPPRQ� GLIILFXOW\� HQFRXQWHUHG� LQ� LPSOHPHQWLQJ� 12*� FRQVLVWV� LQ� WKH� IDFW� WKDW� WKH� JDLQ�
PDWULFHV� EHFRPH� VLQJXODU� ZKLOH� DSSURDFKLQJ� WKH� ILQDO� WLPH�� $V� D� UHVXOW�� WKH� UHDO�WLPH�
FRUUHFWLRQ� RI� WKH� WLPH� RI� IOLJKW� FDQ� OHDG� WR� QXPHULFDO� GLIILFXOWLHV� VR� UHOHYDQW� WR� FDXVH� WKH�
IDLOXUH�RI�WKH�JXLGDQFH�DOJRULWKP��
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7KLV�UHVHDUFK�LV�IRFXVHG�RQ�WKH�RULJLQDO�FRPELQDWLRQ�RI�WZR�WHFKQLTXHV�DSSOLHG�WR�ORZ�WKUXVW�
RUELW� WUDQVIHUV�� L�H�� �L�� WKH� UHFHQWO\�LQWURGXFHG� >�@�YDULDEOH�WLPH�GRPDLQ�QHLJKERULQJ�RSWLPDO�
JXLGDQFH��97'�12*���DQG��LL��D�SURSRUWLRQDO�GHULYDWLYH�DSSURDFK�EDVHG�RQ�URWDWLRQ�PDWULFHV�
�3'�50�� DV� WKH� DWWLWXGH� FRQWURO� DOJRULWKP�� 97'�12*� EHORQJV� WR� WKH� FODVV� RI� IHHGEDFN�
LPSOLFLW� JXLGDQFH� DSSURDFKHV��$� IXQGDPHQWDO� RULJLQDO� IHDWXUH�RI�97'�12*� LV� WKH�XVH�RI� D�
QRUPDOL]HG�WLPH�VFDOH�DV�WKH�GRPDLQ�LQ�ZKLFK�WKH�QRPLQDO�WUDMHFWRU\�DQG�WKH�UHODWHG�YHFWRUV�
DQG� PDWULFHV� DUH� GHILQHG�� 97'�12*� LGHQWLILHV� WKH� WUDMHFWRU\� FRUUHFWLRQV� E\� DVVXPLQJ� WKH�
WKUXVW�GLUHFWLRQ�DV� WKH�FRQWURO� LQSXW��%HFDXVH�WKH� WKUXVW�GLUHFWLRQ�LV�IL[HG�ZLWK�UHVSHFW� WR� WKH�
VSDFHFUDIW�� 97'�12*� LWHUDWLYHO\� JHQHUDWHV� WKH� GHVLUHG� DWWLWXGH�� ZKLFK� FDQ� EH� HYHQWXDOO\�
GLVFRQWLQXRXV�DFURVV�VXEVHTXHQW�JXLGDQFH�LQWHUYDOV��7KLV�FLUFXPVWDQFH�LPSOLHV�WKDW�WKH�DFWXDO�
RULHQWDWLRQ��ZKLFK� LV� VXEMHFW� WR� WKH�VSDFHFUDIW�DWWLWXGH�G\QDPLFV��GRHV�QRW�FRLQFLGH�ZLWK� WKH�
GHVLUHG� RULHQWDWLRQ�� +HQFH�� WKH� DWWLWXGH� FRQWURO� V\VWHP�PXVW� EH� FDSDEOH� RI�PDLQWDLQLQJ� WKH�
DFWXDO� VSDFHFUDIW� RULHQWDWLRQ� VXIILFLHQWO\� FORVH� WR� WKH� GHVLUHG� RQH�� 5HDFWLRQ� ZKHHOV� DUH�
FRQVLGHUHG� DV� WKH� DFWXDWRUV� WKDW� SHUIRUP� DWWLWXGH� FRQWURO�� 7KH� FRQWURO� ODZ� EHLQJ� DGRSWHG� LV�
SURSRUWLRQDO�GHULYDWLYH�OLNH�DQG�XVHV�GLUHFWO\�WKH�URWDWLRQ�PDWULFHV��3'�50����
7KLV�VWXG\�GHVFULEHV�WKH�DSSOLFDWLRQ�RI�97'�12*�	�3'�50�WR�WKH�ORZ�WKUXVW�RUELW�WUDQVIHU�
WKDW�VWDUWV� IURP�D� ORZ�(DUWK�RUELW� �/(2��DQG�HQGV�DW� LQMHFWLRQ�LQWR�D�FRSODQDU� JHRVWDWLRQDU\�
RUELW� �*(2��� 6HYHUDO� GHYLDWLRQV� IURP� QRPLQDO� IOLJKW� FRQGLWLRQV� DUH� DVVXPHG�� L�H�� �L��
JUDYLWDWLRQDO� SHUWXUEDWLRQV�� �LL�� HUURUV� RQ� WKH� LQLWLDO� FRQGLWLRQV�� DQG� �LLL�� XQSUHGLFWDEOH�
RVFLOODWLRQV� RI� WKH� SURSXOVLYH� WKUXVW�� 7KH\� DUH� EHLQJ� PRGHOHG� LQ� WKH� FRQWH[W� RI� H[WHQVLYH�
0RQWH�&DUOR�VLPXODWLRQV��ZLWK�WKH�ILQDO�DLP�RI�SURYLQJ�WKDW�WKH�XQLILHG�DUFKLWHFWXUH�EDVHG�RQ�
WKH�MRLQW�XVH�RI�97'�12*�DQG�3'�50�LQGHHG�UHSUHVHQWV�DQ�HIIHFWLYH�JXLGDQFH�DQG�FRQWURO�
DSSURDFK��FDSDEOH�RI�GHWHUPLQLQJ�SUHFLVH�DQG� IXHO�HIILFLHQW� ORZ�WKUXVW�RUELW� WUDQVIHUV�� LQ� WKH�
SUHVHQFH�RI�QRQQRPLQDO�IOLJKW�FRQGLWLRQV��

2 NOMINAL TRAJECTORY 
7KLV�SDSHU�DGGUHVVHV�WKH�SUREOHP�RI�GULYLQJ�D�VSDFHFUDIW�IURP�DQ�HTXDWRULDO�FLUFXODU�ORZ�(DUWK�
RUELW� �/(2�� DW� DOWLWXGH� RI� ���� NP� WR� D� ILQDO�� FRSODQDU� JHRVWDWLRQDU\� RUELW� �*(2��� LQ� WKH�
SUHVHQFH�RI�QRQQRPLQDO�IOLJKW�FRQGLWLRQV��%RWK�WUDMHFWRU\�DQG�DWWLWXGH�G\QDPLFV�RI�WKH�VSDFH�
YHKLFOH� DUH�PRGHOHG�� 7KLV� VHFWLRQ� LV� GHYRWHG� WR� GHILQLQJ� WKH� QRPLQDO� WUDQVIHU� SDWK�� ,Q� WKLV�
FRQWH[W�� WKH� VSDFH� YHKLFOH� LV� PRGHOHG� DV� D� SRLQW� PDVV�� 6XEVHTXHQWO\�� DWWLWXGH� G\QDPLFV� LV�
FRQVLGHUHG��ZLWK�WKH�ILQDO�LQWHQW�RI�GHWHUPLQLQJ�WKH�DSSURSULDWH�DWWLWXGH�FRQWURO�DFWLRQ��
&RQWLQXRXV�ORZ�WKUXVW�SURSXOVLRQ�LV�HPSOR\HG�WR�SHUIRUP�WKH�WUDQVIHU�DW�KDQG��/HW�c�DQG� �n �
GHQRWH� WKH� HIIHFWLYH� H[KDXVW� YHORFLW\� RI� WKH� SURSXOVLYH� V\VWHP� DQG� WKH� LQLWLDO� WKUXVW�
DFFHOHUDWLRQ��$V�WKH�WKUXVW�PDJQLWXGH�LV�FRQVWDQW��WKH�WKUXVW�DFFHOHUDWLRQ�LV� � �� � �Ta n c c n t ��
ZKHUH� t� LV� WKH� DFWXDO� WLPH�� 7KH� IROORZLQJ� QRPLQDO� YDOXHV� DUH� DVVXPHG�� � ������n g �

�DQG�� ��� NP VHFc  � � ��� ����P VHFg  ��

2.1 Formulation of the problem 

7KH�VSDFHFUDIW�PRWLRQ�FDQ�EH�GHVFULEHG�LQ� WKH�(DUWK�FHQWHUHG�LQHUWLDO�IUDPH��ZKHUH� �Öc � LV�WKH�
YHUQDO�D[LV�DQG� �Öc �SRLQWV� WRZDUG� WKH�(DUWK� URWDWLRQ�D[LV��7KH� WZR� WHUPLQDO�RUELWV� OLH�RQ� WKH�
� �� �Ö Ö�c c �SODQH�� L�H�� WKH� HTXDWRULDO� SODQH� �FI�� )LJ�� ��D���� 7KH� WLPH�YDU\LQJ� SRVLWLRQ� FDQ� EH�
LGHQWLILHG� E\� WKH� IROORZLQJ� WKUHH� YDULDEOHV�� UDGLXV� r�� DEVROXWH� ORQJLWXGH� [ �� DQG� ODWLWXGH� I ��
7KH�VSDFHFUDIW�YHORFLW\�FDQ�EH�SURMHFWHG�LQWR�WKH�URWDWLQJ�IUDPH� � �ÖÖ Ö� �r t n ��ZKHUH� Ör �LV�DOLJQHG�

ZLWK� WKH�SRVLWLRQ�YHFWRU�U� DQG� Öt � LV�SDUDOOHO� WR� WKH� � �� �Ö Ö�c c �SODQH� �DQG� LQ� WKH�GLUHFWLRQ�RI� WKH�
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VSDFHFUDIW� PRWLRQ�� FI�� )LJ� ��D���� 7KH� UHODWHG� FRPSRQHQWV� DUH� GHQRWHG� ZLWK� � �� �r t nv v v � DQG�
WHUPHG�UHVSHFWLYHO\�UDGLDO��WUDQVYHUVH��DQG�QRUPDO�YHORFLW\�FRPSRQHQW��7KH�VWDWH�YHFWRU�[�RI�
WKH�VSDFHFUDIW� LQFOXGHV�WKH�YDULDEOHV�DVVRFLDWHG�ZLWK�WKH�SRVLWLRQ�DQG�YHORFLW\�YHFWRUV�DQG�LV�
JLYHQ� E\� > @� T

r t nr v v v[ I [ �� 7KH� VSDFHFUDIW� LV� FRQWUROOHG� WKURXJK� WKH� WKUXVW�
GLUHFWLRQ��GHILQHG�E\�WKH�LQ�SODQH�DQJOH�D �DQG�WKH�RXW�RI�SODQH�DQJOH� E ��ERWK�LOOXVWUDWHG�LQ�
)LJ�� ��E�� �LQ� ZKLFK� ÖT � LV� DOLJQHG� ZLWK� WKH� WKUXVW� GLUHFWLRQ��� 7KXV�� WKH� FRQWURO� YHFWRU� LV�

> @ > @� �� T Tu u D E  X ��7KH�VWDWH�HTXDWLRQV�JRYHUQ�WKH�G\QDPLFV�RI�WKH�FHQWHU�RI�PDVV�DQG�

DUH�ZULWWHQ� LQ� FRPSDFW� IRUP� DV� � �� �d dt t [ I [ X �� 7KH� DVVRFLDWHG� VFDODU� HTXDWLRQV� >�@�� QRW�
UHSRUWHG�IRU�WKH�VDNH�RI�FRQFLVHQHVV�� LQFOXGH�RQO\� WKH�PDLQ�JUDYLWDWLRQDO� WHUP�DQG�WKH�WKUXVW�
DFFHOHUDWLRQ� DV� H[WHUQDO� DFWLRQV�� L�H�� QR� SHUWXUEDWLRQ� LV� DVVXPHG�� 7KH� ERXQGDU\� FRQGLWLRQV�
FRUUHVSRQG� WR� WHUPLQDO� FLUFXODU� RUELWV�� DQG� FDQ� EH� ZULWWHQ� LQ� FRPSDFW� IRUP� DV�
� ��� �f ft  ȥ [ [ 0 �� 7KH� SUREOHP� DW� KDQG� LV� WKHQ� UHIRUPXODWHG� E\� XVLQJ� WKH� GLPHQVLRQOHVV�

QRUPDOL]HG� WLPH� � ��� � � � � � { d d {f ft tW W W W �� DQG� WKH� VWDWH� HTXDWLRQV� DUH� UHZULWWHQ�DV�

� �� � � ft t[ I [ X ��
$V� WKH� VSDFH� YHKLFOH� XVHV� FRQWLQXRXV� WKUXVW�� PLQLPL]LQJ� WKH� SURSHOODQW� FRQVXPSWLRQ� LV�
HTXLYDOHQW� WR�PLQLPL]LQJ� WKH� WLPH� RI� IOLJKW� � ��ft t� �� 7KXV�� DV� �t � LV� VHW� WR� ��� WKH� REMHFWLYH�

IXQFWLRQ�LV� fJ t ��

�

)LJXUH����5HIHUHQFH�IUDPHV��D��DQG�WKUXVW�DQJOHV��E��

2.2 Minimum-time transfer trajectory 
,Q�RUGHU�WR�VWDWH�WKH�QHFHVVDU\�FRQGLWLRQV�IRU�RSWLPDOLW\��D�+DPLOWRQLDQ�H�DQG�D�IXQFWLRQ�RI�WKH�
ERXQGDU\�FRQGLWLRQV�) �DUH�LQWURGXFHG�DV�
�

� � � � � ��� � � � �����DQG����� � � �T T
f f f fH t t tW  )  �[ X Ȝ I [ [ ȣ ȥ ��������������������������������

ZKHUH� Ȝ � � DQG� ȣ � UHSUHVHQW� UHVSHFWLYHO\� WKH� DGMRLQW� YDULDEOH� FRQMXJDWH� WR� WKH� G\QDPLFV�
HTXDWLRQV�DQG�WR�WKH�ERXQGDU\�FRQGLWLRQV��7KH�VHW�RI�WKH�QHFHVVDU\�FRQGLWLRQV�>�@�LQFOXGH�

x WKH�DGMRLQW�HTXDWLRQV�IRU� Ȝ ��LQ�FRQMXQFWLRQ�ZLWK�WKH�UHVSHFWLYH�ERXQGDU\�FRQGLWLRQV��
x WKH�3RQWU\DJLQ�PLQLPXP�SULQFLSOH��OHDGLQJ�WR�ILQGLQJ�X�LQ�WHUPV�RI� Ȝ ��DQG�
x WKH�WUDQVYHUVDOLW\�FRQGLWLRQ��ZKLFK�UHGXFHV�WR�DQ�LQHTXDOLW\�FRQVWUDLQW��

,Q� WKH� IRUPXODWLRQ� RI� WKH� WUDMHFWRU\� RSWLPL]DWLRQ� SUREOHP� WKH� (DUWK� JUDYLWDWLRQDO� ILHOG� LV�
DVVXPHG�VSKHULFDO��$V�QR�IXUWKHU�H[WHUQDO�IRUFH�DIIHFWV�WKH�VSDFHFUDIW�PRWLRQ�DQG�WKH�WHUPLQDO�
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RUELWV�OLH�RQ�WKH� � �� �Ö Ö�c c �SODQH��WKH�RSWLPDO�WUDQVIHU�SDWK�FDQ�EH�DVVXPHG�WR�OLH�RQ�WKH� � �� �Ö Ö�c c �
SODQH�DV�ZHOO��7KLV�PHDQV� WKDW� �� � �� �DQG� �nvI E   �DORQJ� WKH�RSWLPDO�SDWK��7KH� ODWWHU� LV�
IRXQG� WKURXJK� WKH� LQGLUHFW�KHXULVWLF�PHWKRG�>�@��DQG� WKH�RSWLPDO� WLPH�KLVWRULHV�RI� WKH�UDGLXV�
DQG�WKUXVW�SRLQWLQJ�DQJOH�DUH�SRUWUD\HG�LQ�)LJ�����
�

�
)LJXUH����5DGLXV��D��DQG�WKUXVW�SRLQWLQJ�DQJOH��E��IRU�WKH�RSWLPDO�WUDQVIHU�

�

3 VARIABLE-TIME-DOMAIN NEIGHBORING OPTIMAL GUIDANCE 
1HLJKERULQJ� RSWLPDO� JXLGDQFH� �12*��EHORQJV� WR� WKH� FODVV� RI� LPSOLFLW� JXLGDQFH� DSSURDFKHV�
DQG� UHOLHV� RQ� WKH� VHFRQG�RUGHU� VXIILFLHQW� FRQGLWLRQV� IRU� RSWLPDOLW\�� LQ� RUGHU� WR� ILQG� WKH�
FRUUHFWLYH�FRQWURO�DFWLRQV�LQ�WKH�QHLJKERUKRRG�RI�WKH�UHIHUHQFH�WUDMHFWRU\��7KLV�LV�DQ�RSWLPDO�
SDWK�WKDW�VDWLVILHV�WKH�VHFRQG�RUGHU�VXIILFLHQW�FRQGLWLRQV�IRU�RSWLPDOLW\��
7KLV�SDSHU�DSSOLHV�WKH�YDULDEOH�WLPH�GRPDLQ�QHLJKERULQJ�RSWLPDO�JXLGDQFH�DOJRULWKP��97'�
12*��� GHVFULEHG� LQ� IXOO� GHWDLO� LQ�5HIV�� �� DQG� ��� WR� WKH� ORZ�WKUXVW� RUELW� WUDQVIHU� RI� LQWHUHVW��
97'�12*�UHTXLUHV�VHYHUDO�RIIOLQH�VWHSV��VSHFLILFDOO\�

�D� GHWHUPLQDWLRQ�RI�WKH�RSWLPDO�SDWK��WRJHWKHU�ZLWK�DOO�WKH�UHODWHG�TXDQWLWLHV��
�E� QXPHULFDO�YHULILFDWLRQ�RI�WKH�VHFRQG�RUGHU�VXIILFLHQW�FRQGLWLRQV�IRU�RSWLPDOLW\��
�F� LQWHJUDWLRQ� RI� WKH� PRGLILHG� VZHHS� HTXDWLRQV�� WR� FDOFXODWH� WKH� WLPH�YDU\LQJ� JDLQ�

PDWULFHV��DQG�
�G� LQWHUSRODWLRQ�RI�DOO�WKH�QRPLQDO�TXDQWLWLHV�DVVRFLDWHG�ZLWK�WKH�QRPLQDO��RSWLPDO��SDWK��

,WHUDWLYH� UHDO�WLPH�FRPSXWDWLRQV� VWDUW� DW�SUHVFULEHG�VDPSOLQJ� WLPHV�DQG�DUH�DLPHG�DW� ILQGLQJ�
WKH� FRQWURO� FRUUHFWLRQ� DQG� WKH� IOLJKW� WLPH� XSGDWH�� VXFK� WKDW� WKH� VHFRQG� GLIIHUHQWLDO� RI� WKH�
REMHFWLYH� IXQFWLRQ� LV�PLQLPL]HG��ZKLOH� VDWLVI\LQJ� WKH� ILUVW�RUGHU� H[SDQVLRQV� RI� �D�� WKH� VWDWH�
HTXDWLRQV���E��WKH�DGMRLQW�HTXDWLRQV���F��WKH�SDUDPHWHU�FRQGLWLRQ��DQG��G��WKH�FRQWURO�FRQGLWLRQ��
1RYHO� IHDWXUHV� RI� 97'�12*� ZLWK� UHVSHFW� WR� IRUPHU� 12*� VFKHPHV� DUH� �L�� WKH� XVH� RI� D�
YDULDEOH� WLPH� GRPDLQ�� �LL�� QHZ� XSGDWLQJ� ODZ� IRU� WKH� WLPH� RI� IOLJKW�� �LLL�� QHZ� WHUPLQDWLRQ�
FULWHULRQ��DQG��LY��QHZ�VZHHS�HTXDWLRQV��7KHVH�RULJLQDO� IHDWXUHV�DOORZ�RYHUFRPLQJ� WKH�PDLQ�
GLIILFXOWLHV� UHODWHG� WR� WKH� XVH� RI� IRUPHU� 12*� VFKHPHV�� LQ� SDUWLFXODU� WKH� RFFXUUHQFH� RI�
VLQJXODULWLHV�LQ�WKH�JDLQ�PDWULFHV�ZKLOH�DSSURDFKLQJ�WKH�ILQDO�WLPH�DQG�WKH�ODFN�RI�DQ�HIILFLHQW�
ODZ�IRU�WKH�LWHUDWLYH�UHDO�WLPH�XSGDWH�RI�WKH�WLPH�RI�IOLJKW��7KHVH�GHVLUDEOH�FKDUDFWHULVWLFV�DUH�
PDLQO\� UHODWHG� WR� WKH� XVH� RI� D� QRUPDOL]HG� WLPH� GRPDLQ� W �� FRQVWUDLQHG� WR� > @��� �� )LJXUH� ��
SRUWUD\V�D�EORFN�GLDJUDP�WKDW�LOOXVWUDWHV�WKH�VDPSOH�GDWD�IHHGEDFN�VWUXFWXUH�RI�WKH�97'�12*�
DOJRULWKP�� LQ� ZKLFK� WKH� FRQWURO� DQG� IOLJKW� WLPH� FRUUHFWLRQV� GHILQLWHO\� GHSHQG� RQ� WKH� VWDWH�
GLVSODFHPHQW� G [ � �HYDOXDWHG� DW� VSHFLILHG� GLVFUHWH� WLPHV�� WKURXJK� WKH� WLPH�YDU\LQJ� JDLQ�
PDWULFHV��ZKLFK�DUH�FRPSXWHG�RIIOLQH�DQG�VWRUHG�RQERDUG��7KH�DWWLWXGH�FRQWURO�ORRS��HQFLUFOHG�
E\�WKH�GRWWHG�OLQH��LV�EHLQJ�RXWOLQHG�LQ�WKH�IROORZLQJ��
� �
�
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�

�
)LJXUH����%ORFN�GLDJUDP�RI�97'�12*�	�3'�50�

�

4 ATTITUDE CONTROL 
:LWK� UHIHUHQFH� WR� )LJ�� ��� 97'�12*� \LHOGV� WKH� FRUUHFWHG� FRQWURO� X�� L�H�� WKH� GHVLUHG� WKUXVW�
GLUHFWLRQ�� +RZHYHU�� WKH� DFWXDO� WKUXVW� GLUHFWLRQ� LV� DOLJQHG� ZLWK� WKH� ORQJLWXGLQDO� D[LV� RI� WKH�
VSDFHFUDIW�� DQG� WKH� VSDFHFUDIW� LQVWDQWDQHRXV� RULHQWDWLRQ� LV� DVVRFLDWHG� ZLWK� WKH� ERG\� IUDPH�
� �Ö Ö Ö� �b b bx y z �ZKHUH� Öbx �LV�DOLJQHG�ZLWK�WKH�ORQJLWXGLQDO�D[LV��7KXV��X�LGHQWLILHV�WKH�FRPPDQGHG�

GLUHFWLRQ�RI� Öbx ��GHQRWHG�ZLWK� � �Ö c
bx ��7KH�UHPDLQLQJ�FRPPDQGHG�XQLW�YHFWRUV� � �Ö c

by DQG� � �Ö c
bz �DUH�

FKRVHQ�VR� WKDW� LQ�QRPLQDO� IOLJKW�FRQGLWLRQV� � �Ö c
bz � OLHV� LQ� WKH�HTXDWRULDO�SODQH�DQG�KDV�SRVLWLYH�

FRPSRQHQW�DORQJ�WKH�ORFDO�QDGLU�GLUHFWLRQ�GXULQJ�WKH�HQWLUH�WLPH�RI�IOLJKW��%DVHG�RQ�WKH�ODWWHU�
FKRLFHV�� 97'�12*� GHWHUPLQHV� XQHTXLYRFDOO\� WKH� FRPPDQGHG� URWDWLRQ� PDWUL[� R c �� ZKLFK�

UHODWHV� � �� � �Ö Ö Ö� �c c c �WR� � � � � � �� �Ö Ö Ö� �c c c
b b bx y z ��

7R�HQIRUFH�FRQYHUJHQFH�RI� WKH�DFWXDO�DWWLWXGH�� UHSUHVHQWHG�E\� URWDWLRQ�PDWUL[�R�� WRZDUG� WKH�
FRPPDQGHG� DWWLWXGH�� UHSUHVHQWHG� E\� URWDWLRQ� PDWUL[� R c �� WKH� IROORZLQJ� 3'�OLNH� DWWLWXGH�
FRQWURO�DFWLRQ�LV�DSSOLHG�>�@��
�

� � � �
�

� 
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c p i c i d
i
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,Q�WKH�SUHYLRXV�HTXDWLRQ�0F�DUH�WKH�ERG\�FRRUGLQDWHV�RI�WKH�FRQWURO� WRUTXH�JHQHUDWHG�E\�WKH�
UHDFWLRQ� ZKHHO� DVVHPEO\�� ^ `GLDJ � � K p px py pzk k k � DQG� ^ `GLDJ � � Kd dx dy dzk k k � DUH� SRVLWLYH�

FRQWURO� JDLQV�� ^ ` ����� i i
H � IRUP� WKH� �� E\� �� LGHQWLW\� PDWUL[� > @� � �H H H �� DQG�ZZ DUH� WKH� ERG\�

FRRUGLQDWHV�RI�WKH�VSDFHFUDIW�DQJXODU�YHORFLW\�ZLWK�UHVSHFW�WR� � �� � �Ö Ö Ö� �c c c ��
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5 VTD-NOG & PD-RM APPLIED TO LEO-GEO TRANSFER 
'XULQJ�WKH�RUELW�WUDQVIHU��WKH�VSDFHFUDIW�LV�DIIHFWHG�E\�WKH�(DUWK�JUDYLWDWLRQDO�ILHOG��+RZHYHU��
WKH�(DUWK�JUDYLWDWLRQDO�SRWHQWLDO�GLIIHUV�WR�VRPH�H[WHQW�IURP�WKDW�JHQHUDWHG�E\�D�VSKHULFDO�PDVV�
GLVWULEXLWLRQ��$V�D� UHVXOW�� VRPH�VLJQLILFDQW�KDUPRQLFV�RI� WKH�(DUWK�JUDYLWDWLRQDO�SRWHQWLDO� >�@�
DUH� WR� EH� LQFOXGHG� LQ� WKH� G\QDPLFDO� PRGHO�� LQ� RUGHU� WR� \LHOG� PRUH� UHDOLVWLF� UHVXOWV� IURP�
VLPXODWLRQV��7KXV��DOO�WKH�KDUPRQLFV�ZLWK�PDJQLWXGH� ���lmJ �! �DUH�LQFOXGHG�LQ�WKH�G\QDPLFDO�
VLPXODWLRQV��L�H�� �J � �J �� �J �� ��J ��DQG� ��J ��0RUHRYHU��DOVR�WKH�JUDYLWDWLRQDO�SHUWXUEDWLRQV�GXH�
WR�0RRQ�DQG�6XQ�DV�WKLUG�ERGLHV�>�@�PXVW�EH�WDNHQ�LQWR�DFFRXQW��
7KH�VSDFHFUDIW�KDV�LQLWLDO�PDVV� � �����NJm  �DQG�PD[LPDO�WRUTXH�JHQHUDWHG�E\�WKH�UHDFWLRQ�
ZKHHOV� DERXW� HDFK� ERG\� D[LV� ����1�Px y zM M M   �� ZKHUHDV� WKH� WLPH�YDU\LQJ� LQHUWLD�
PRPHQWV� xI �� yI ��DQG� zI �DUH�JRYHUQHG�E\�
�

� � � � �� ����� � ����� �  �  �x x x y y y z z zI I I t I I I t I I I t ��������������������������������

ZKHUH� � � � �
� � ������NJ�P ��������� ���� �� �NJ�P VHF��������� ����NJ�P �x x y yI I I I�  � �   � DQG�

� ����� �� �NJ�P VHFy zI I �  � � ���0RUHRYHU��WKH�IROORZLQJ�YDOXHV�DUH�VHOHFWHG�IRU�97'�12*�
	�3'�50��7KH�VDPSOLQJ�LQWHUYDO� St' �LV�VHW�WR����PLQ��ZKHUHDV�WKH�FRQWURO�JDLQV�DUH�VHOHFWHG�
XVLQJ� D� WULDO� DQG� HUURU� DSSURDFK�� DQG� VHW� WR� WKH� IROORZLQJ� YDOXHV�� �����pxk  �� �����dxk  ��

����py pyk k  �� �����dy dzk k  ��
$QRWKHU�UHDVRQ�IRU�WKH�H[LVWHQFH�RI�GHYLDWLRQV�IURP�QRPLQDO�IOLJKW�FRQGLWLRQV�LV�UHODWHG�WR�WKH�
IDFW�WKDW�WKH�FRPPDQGHG�DWWLWXGH�GRHV�QRW�FRLQFLGH�ZLWK�WKH�DFWXDO�DWWLWXGH��7KLV�FLUFXPVWDQFH�
LV� SRLQWHG� RXW� DOVR� LQ� )LJ�� ���ZKLFK� LOOXVWUDWHV� FOHDUO\� WKDW� WKH� FRUUHFWHG� FRQWURO�X� GRHV� QRW�
FRLQFLGH�ZLWK�WKH�DFWXDO�FRQWURO� aX ��ZKLFK�DIIHFWV�WKH�UHDO�G\QDPLFV�RI�WKH�FHQWHU�RI�PDVV��
0RUHRYHU��IRU�WKH�LQLWLDO�FRQGLWLRQV�HUURUV�RQ�WKH�LQLWLDO�UDGLXV�DQG�ODWLWXGH�DUH�DVVXPHG��ZLWK�
*DXVVLDQ�GLVWULEXWLRQ��]HUR�PHDQ�YDOXH�DQG�VWDQGDUG�GHYLDWLRQ� � �

�r
V ��IRU� �r ��DQG� � �

�
VI ��IRU� �I ��

HTXDO� WR����NP�DQG� ������GHJ �� UHVSHFWLYHO\��7KH� ODWWHU�YDOXH�FRUUHVSRQG� WR�DQ�RXW�RI�SODQH�
GLVSODFHPHQW�RI����NP��0RUHRYHU��GLVSODFHPHQWV�IRU� WKH�YHORFLW\�FRPSRQHQWV�DUH�VLPXODWHG�
DV�ZHOO��6SHFLILFDOO\��D�YHORFLW\�PDJQLWXGH�GLVSODFHPHQW�ZLWK�]HUR�PHDQ�YDOXH�DQG�VWDQGDUG�
GHYLDWLRQ� � �

� ���P VHFv V  � LV� DVVXPHG��ZKLOH� WKH�YHORFLW\�GLUHFWLRQ�KDV�XQLIRUP�GLVWULEXWLRQ�
RYHU� D� XQLW� VSKHUH�� $� GLIIHUHQW� DSSURDFK� LV� FKRVHQ� IRU� WKH� SHUWXUEDWLRQ� RI� WKH� WKUXVW�
DFFHOHUDWLRQ��,Q�IDFW��XVXDOO\�WKH�WKUXVW�DFFHOHUDWLRQ�H[KLELWV�VPDOO�IOXFWXDWLRQV��,I� 

ft �GHQRWHV�
WKH�RSWLPDO�WLPH�RI�IOLJKW��WKLV�EHKDYLRU�LV�PRGHOHG�WKURXJK�D�WULJRQRPHWULF�VHULHV��
�
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7KH�FRHIILFLHQWV�^ ` �� ���k k
a

 
�KDYH�D�UDQGRP�*DXVVLDQ�GLVWULEXWLRQ�FHQWHUHG�DURXQG�WKH�]HUR�DQG�

D� VWDQGDUG� GHYLDWLRQ� HTXDO� WR� ������ $W� WKH� HQG� RI� 97'�12*� 	� 3'�50�� WZR� VWDWLVWLFDO�
TXDQWLWLHV�DUH�HYDOXDWHG��L�H��WKH�PHDQ�YDOXH�DQG�WKH�VWDQGDUG�GHYLDWLRQ�IRU�DOO�RI�WKH�RXWSXWV�RI�
LQWHUHVW�� ,Q�7DEOH����ZKLFK�VXPPDUL]HV�WKH�VWDWLVWLFV�EDVHG�RQ�����0RQWH�&DUOR�VLPXODWLRQV��

WKH� V\PEROV�
BBBB
'F � DQG� � �VF � GHQRWH� WKH�PHDQ� HUURU� �ZLWK� UHVSHFW� WR� WKH� QRPLQDO� YDOXH�� DQG�



544

VTD-NOG & PD-RM Attitude Control Applied to Low-Thrust Transfers Pontani, Celani 

VWDQGDUG� GHYLDWLRQ� RI� F � KHQFHIRUWK�� )LJXUH� �� SRUWUD\V� WKH� WLPH� KLVWRULHV� RI� WKH� VWDWH� DQG�
FRQWURO�WRUTXHV�REWDLQHG�LQ�WKH�0RQWH�&DUOR�FDPSDLJQ��7KH�QXPHULFDO�UHVXOWV�SURYH�WKDW�97'�
12*�	� 3'�50� \LHOGV� H[FHOOHQW� UHVXOWV� LQ� WHUPV� RI� DFFXUDF\� DW� RUELW� LQMHFWLRQ�� ZLWK� RQO\�
PRGHVW�GLVSODFHPHQWV�RI�WKH�SHUWXUEHG�WLPHV�RI�IOLJKW�ZLWK�UHVSHFW�WR�WKH�QRPLQDO�YDOXH��
�

�
)LJXUH����6WDWH�DQG�DWWLWXGH�FRQWURO�DORQJ�SHUWXUEHG�SDWKV�

�

�
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� �
BBB

� NP' fr � � �
BBB

� GHJfI' � � �
BBBB

� P VHFr fv' � � �
BBBB

� P VHFt fv' � � �
BBBB

� P VHFn fv' � � �� VHFft �

� ����� ���� H �� � ������ � ������ � ������ �������

� � � �� NPfr V � � � � �� GHJf
VI � � � � �� P VHFrfv V � � � � �� P VHFtfv V � � � � �� P VHFnfv V � � � � �� VHFft V �

������ ���H �� � ������ ������ ������ �����

7DEOH����6WDWLVWLFV�EDVHG�RQ�WKH�RXWSXWV�RI�WKH�0RQWH�&DUOR�FDPSDLJQ�� fF'  �PHDQ�YDOXH�RI�WKH�HUURU�
RQ�WKH�GHVLUHG�ILQDO�YDOXH�RI� F ��� � �

f
VF  �VWDQGDUG�GHYLDWLRQ�RI�WKH�ILQDO�YDOXH�RI� F �� ft � �PHDQ�

YDOXH�RI�WKH�WLPH�RI�IOLJKW�� � �
ft V � �VWDQGDUG�GHYLDWLRQ�RI�WKH�WLPH�RI�IOLJKW��

6 CONCLUDING REMARKS 
7KLV�ZRUN�RXWOLQHV�DQG�DSSOLHV�97'�12*�	�3'�50��D�QHZ��JHQHUDO�SXUSRVH�JXLGDQFH�DQG�
FRQWURO�DOJRULWKP�IRU�VSDFH�YHKLFOHV��7KH�YDULDEOH�WLPH�GRPDLQ�QHLJKERULQJ�RSWLPDO�JXLGDQFH�
�97'�12*��LV�D�IHHGEDFN�JXLGDQFH�WHFKQLTXH�EDVHG�XSRQ�PLQLPL]LQJ�WKH�VHFRQG�GLIIHUHQWLDO�
RI�WKH�REMHFWLYH�IXQFWLRQ�DORQJ�WKH�SHUWXUEHG�WUDMHFWRU\��'XH�WR�DGRSWLRQ�RI�D�QRUPDOL]HG�WLPH�
VFDOH�DV�WKH�GRPDLQ�LQ�ZKLFK�WKH�QRPLQDO�WUDMHFWRU\�LV�GHILQHG��WKH�JDLQ�PDWULFHV�UHPDLQ�ILQLWH�
IRU�WKH�HQWLUH�WLPH�RI�IOLJKW��ZKLOH�WKH�XSGDWLQJ�ODZ�IRU�WKH�WLPH�RI�IOLJKW�DQG�WKH�WHUPLQDWLRQ�
FULWHULRQ� ILQG� FRQVLVWHQW� GHILQLWLRQV�� $� SURSRUWLRQDO�GHULYDWLYH� DSSURDFK� XVLQJ� URWDWLRQ�
PDWULFHV��3'�50��LV�HPSOR\HG�LQ�RUGHU�WR�GULYH�WKH�DFWXDO�VSDFHFUDIW�RULHQWDWLRQ�WRZDUG�WKH�
GHVLUHG�RQH��7KH�QHZ�JXLGDQFH�DQG�FRQWURO�DUFKLWHFWXUH�EDVHG�RQ�WKH�MRLQW�XVH�RI�97'�12*�
	�3'�50�LV�DSSOLHG�WR�D�/(2�WR�*(2�WUDQVIHU��LQ�WKH�SUHVHQFH�RI�RVFLOODWLQJ�SHUWXUEDWLRQV�RI�
WKH� SURSXOVLYH� WKUXVW�� HUURUV� RQ� WKH� LQLWLDO� FRQGLWLRQV�� DQG� JUDYLWDWLRQDO� SHUWXUEDWLRQV��
([WHQVLYH�0RQWH�&DUOR� VLPXODWLRQV� SRLQW� RXW� WKDW� RUELW� LQMHFWLRQ� DW�*(2� RFFXUV�ZLWK� YHU\�
VDWLVIDFWRU\� DFFXUDF\� HYHQ� LQ� WKH� SUHVHQFH� RI� QRQQRPLQDO� IOLJKW� FRQGLWLRQV�� DW� WKH� SULFH� RI�
PRGHVW�YDULDWLRQV�RI�WKH�WLPH�RI�IOLJKW��
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