A REDUCTION PRINCIPLE FOR THE CRITICAL VALUES OF RANDOM
SPHERICAL HARMONICS

VALENTINA CAMMAROTA AND DOMENICO MARINUCCI

ABSTRACT. We study here the random fluctuations in the number of critical points with values in an interval
I C R for Gaussian spherical eigenfunctions {f¢}, in the high energy regime where { — co. We show that these
fluctuations are asymptotically equivalent to the centred L2-norm of {f,} times the integral of a (simple and
fully explicit) function over the interval under consideration. We discuss also the relationships between these
results and the asymptotic behaviour of other geometric functionals on the excursion sets of random spherical
harmonics.
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1. INTRODUCTION AND MAIN RESULT

1.1. The asymptotic geometry of random spherical harmonics. It is well-known that the eigenvalues
A of the Laplace equation Agz f + Af = 0 on the two-dimensional sphere S?, are of the form A\ = A\, = £(¢ + 1)
for some integer ¢ > 1. For any given eigenvalue )\, the corresponding eigenspace is the (2¢ + 1)-dimensional
space of spherical harmonics of degree ¢; we can choose an arbitrary L?-orthonormal basis {Yrém(')}mzfé,..., o
and consider random eigenfunctions of the form

fg(I) m ; a@mnm

where the coefficients {a¢m, } are complex-valued Gaussian variables such that for m # 0, Re(asy,), Im(agy,) are
zero-mean, independent Gaussian variables with variance 5, while ago follows a standard Gaussian distribution.
The random fields {f,(z), € S?} are isotropic, meaning that the probability laws of f,(-) and f7(-) := fe(g-)
are the same for any rotation g € SO(3). Also, f, are centred Gaussian, and from the addition theorem for
spherical harmonics (see i.e., [22], eq. (3.42)) the covariance function is given by,

(11) E[f[(x)fl(y)} = PK(COS ezy) ) sz = dge (x, y) )
where P, are the usual Legendre polynomials, defined by
d@
Py(t) = -1, tel[-1,1], (€N,

2601 dtt
whereas dgz(x,y) is the usual spherical geodesic distance between x and y, i.e.,
ds2(z,y) = arccos((z,y)), where (z,y) = cosf, cosf, +sinf,sind, cos(p, —¢,) ,

and (0, ,), (0y,¢,) are the spherical coordinates of x and y respectively, 0, € [0,7], ¢, € [0,27), a = 7,y.

A number of issues on the geometry of random spherical harmonics has been scrutinized recently, including
the number of nodal domains [29], the length of nodal lines [37], [25], the excursion area and the defect [27],
[24], critical values and the Euler-Poincaré characteristic [7], [8], [9], [10], mass equidistribution [19], critical
radius [I7]; these and/or other geometric features for random eigenfunctions on other compact manifolds such
as the torus (arithmetic random waves) or on the plane (Berry’s random waves model, [5]) have also been
intensively studied, see i.e. [4], [14], [20], [23], [31], [32] for the fluctuations of nodal lengths, [0] for the number
of nodal domains, [I8] for the analysis of mass equidistributions and [34], [35] for nodal intersections, to list
some of the most recent contributions; a review is given in [33].
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2 CRITICAL VALUES RANDOM SPHERICAL HARMONICS

In particular, consider the excursion sets A, (f¢;S?), defined for u € R by
Au(ff;g2) = {ZU S SQ . fz(x) > u} ;

their geometry can be characterized by the behaviour of the Lipschitz-Killing curvatures Ly, k = 0,1,2, (see
i.e., [1,[2]), which in dimension two correspond respectively to the Euler-Poincaré characteristic Lo, (half) the
boundary length £;, and the excursion area Lo; the asymptotic behaviour (in the high-energy regime ¢ — c0)
of these three quantities is now fully understood, and indeed we have (see [9])

(12)  Lo(Au(fii) — E [Lo(Au(fi8)] = {M :

2 57 [, Hohe(@)de + Fo(0)

}[H2< VH (u) ()] =

/2
(1.3) cl<Au<fz;S2>>—E[cl<Au<fz;S2>>]=;{*;} ﬁ [H)o(w)] [ Hofele)dr+ Ra(t)

0
(L) L5 - B [eautss)]) = 5 {5 IHo o] [ Ha(fita)ds + Ra(e)

2 -

where ¢(u) = 1/v2mexp{—u?/2} denotes a standard Gaussian density, Hy(.) denotes Hermite polynomials
k

Hy(u) = (fl)kgb(u)ddf;&y), and, for £k =0,1,2, Ri(¢) are asymptotically negligible, meaning that

i ELRZ(0)
{—oco Var (ﬁk(Au(fZa SQ)))

The results given in — can be viewed as broadly analogues to the reduction principles established by [15]
for the empirical processes of long-range dependent, stationary stochastic processes on Z: indeed these authors
had shown that the empirical process of long range dependence sequences is asymptotically fully degenerate,
being equivalent to a single random variable belonging to a Wiener chaos rescaled by a deterministic function
depending only on the threshold value u. Likewise, the results reported in — entail some unexpected
characterizations on the asymptotic behaviour of these geometric functionals, namely

=0.

(1) Any pair of them is asymptotically perfectly correlated at any non-zero threshold level, i.e.

hm Corr{ﬁ w (fe;$%)), Li(A uZ(fg,Sz))} =1,forall 7,k =0,1,2,u;,us € R,uy,us #0 ;

in words, knowledge of the value of any of the three functionals allows to compute with asymptotically
perfect precision the value of the other two functionals at any (non-zero) level

(2) It is possible to establish rather easily quantitative central limit theorems for each of them, by using
standard tools; note indeed that, by Parseval’s equality

A ¢
(1.5) /S Hy(fo(z))dx = 1 m;e {|aem)? — Elagm|*} |

i.e., each of the Lipschitz-Killing curvatures is a deterministic rescaling of a sum of centred, i.i.d.
variables
(3) A phase transition occurs for u© = 0, where the leading terms disappear for all three functionals.

1.2. Statement of the main result. Our purpose in this paper is to provide a similar characterization for
the behaviour of Gaussian spherical harmonics in terms of critical points. More precisely, let I C R be any
interval in the real line; we are interested in the number of critical points with value in I:

Ni(I) = #{x € S*: fo(x) € I,V fy(zx) =0} .
It has been shown in [7] that for every interval I C R, as £ — oo
2
EINC(I)] = ——£(¢ + 1 /wctdt—i—Ol 7
NE(D)] 7 ) ) ™ ® (1)

where we have introduced the density function.
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The constant in the O(-) term is universal; here (and later) by universality of the constant we mean that the
integral of the error term on any interval I is uniformly bounded by its value when I = R, which is O(1). Also,
we have

2
= i+ +00).

The investigation of the asymptotic variance of critical values is more challenging; we need first to establish
some more notation, i.e. we shall define (see also [9])

\/;?e*%f {2 — 6t — etQ(l — 4% + t4)} ,  v(I)= {/{pg(t)dt} 2 .

The following result was given in [7]: for every interval I C R as £ — oo
Var(Ng (1) = £v°(I) + 0(8°7?)

again with a universal error bound in the O(+) term; similar results hold for the number of extrema and saddles.

ENG] == ENV/ (R)]

(1.6) p3(t) =

Remark 1.1. It can be noted that for some intervals I the leading constant v¢(I) vanishes, and, accordingly,
the order of magnitude of the variance is smaller than ¢3; the most important among these cases is for I = R
(corresponding to the total number of critical points), where we have [9], as { — oo

Var(N§) = 3.0 log ¢ + O(%) .

More generally, for the intervals such that the constant v°(I) vanishes, the variance of the number of critical
points in I has the following asymptotic behaviour: as £ — oo

(17) Var(WE(D) = [ (D log €+ O(E%)
where p(I) = [, p°(t)dt, and the function p°(t) is given by

1

2
i \/7[( 2 — 3662+ 38tY) e + 1+ 1742 — 11t + 18] =

pe(t) =

Our main result in this paper is to establish a reduction principle for the number of critical points in the

interval I, of similar nature as those given earlier in —. In particular, following the same approach as

given for other geometric functionals in many recent papers (see i.e., [23], [10], [31] and the references therein)

we shall start by computing the L?(£2) expansion of critical points into Wiener Chaoses (the orthogonal spaces
spanned by Hermite polynomials, see [30] for details), which will lead to the L?(£2) expansion

(1.8) Ne(I) =Y Nigldl s
q=0

indeed the rigorous justification of (1.8]) is one of the main technical challenges of this paper. The other main
step is then to show that a single term dominates the L?(§)) expansion (after centering), then leading to the
following

Theorem 1. As { — oo, we have that

N0~ BN = 5 [ [ sston] a1+ R

(L9) =5 | [0 5 [ i+ ri

U+ 1

(1.10) o | [0 Z{|aem|2—1}+fa<>,

where
Var(Ng,[2]) = Cve(I) +o(€%) , E[R}(I)] = o(£)
uniformly over I.
Theorem [I] entails actually two different results, namely

a) the high frequency behaviour of the number of critical points is dominated by a single term, proportional
to the second-order Wiener chaos projection j\/f ;[2], and
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b) the second-order Wiener chaos projection /\/1,c ;7[2] admits a simple expression in terms of the integral of
Hy(fe(x)) over S2.

These results share some surprising features with the asymptotic expressions for Lipschitz-Killing curvatures
reported in ; in particular, while the computation of critical points by means of the Kac-Rice formula
(see below) requires the evaluation of gradient and Hessian fields, the dominating term depends in the high-
frequency regime only on the (random) L?(S?) norm of the eigenfunctions f; :

¢
47
(1.11) W1 Z {lagm|? =1} = /s2 Hs(fe(z))dz = /52 [P (x)dz — 4m = ||f€||iz(g2) -E Hff”i?(S?) :
m=—¢

As a simple Corollary we are able to establish a quantitative Central Limit Theorem; for this purpose, let us
recall the definition of the Wasserstein distance between probability distributions (see for instance [30] and the
references therein), which for any two random variables X,Y is given by

dw(X,Y):= sup [EA(X)—Eh(Y)],
heLip(1)

where Lip(1) denotes the space of Lipschitz functions with bounding constant equal to 1. Writing Z ~ N(0, 1)
for a standard Gaussian variable, we have that:

Corollary 2. For I C R s.t. v¢(I) #0, as £ — oo,
Var(N¢(1))

The proof of the Corollary is standard, noting that by (1.5)) the right hand side of (1.10) is proportional to
a sum of independent and identically distributed random variables with zero mean and finite variance, plus a
remainder which is negligible in the mean square sense.

Remark 1.2. Note that for I = [u,00) we have that

oo

> 1 s 1 g
/ ps(t)dt = / \ﬁeﬁt (2 — 6t%)dt — / ——e 2t (1 — 42 +tY)dt
u u 8T V

u 8w

= —;\\/fguegu2 + i\\/[;ueéuz (u®—1),
and hence
NE(I) - EINE(D)] = 2 {—gﬂ <£u> s (@) + §H1<u>Hz<u>¢<u>} o [ Hali)ds + 0,6,

1.3. Discussion. Theorem[I]yields one more reduction principle for geometric functionals of random spherical
harmonics, entailing in particular the asymptotically full correlation

Zlirn Corr {NF (1), Lix(Au(fe;S*))} = 1 for all u # 0, I such that /pg(t)dt #0, and k=0,1,2.
— 00 I

It should be noted that fI p§(t)dt # 0 holds for all half-intervals of the form [u, 00), v # 0, %, where @ ~ 1.209 6

solves —2e~ 7 + (ﬂz — 1) = 0. In other words, knowledge of the number of critical points on any excursion set
A, for u # 0, +w allows to fully characterize (at least in the high-energy limit) the geometry of these excursion
sets, i.e., their area, their boundary length, and their Euler-Poincaré characteristic. As mentioned earlier,
it is also remarkable that, while the computation of the number of critical points requires the evaluation of
higher-order derivatives, the asymptotic expression given in Theorem 1 depends on the L? norm of f; and no
extra information.

An interesting open question is the characterization of the behaviour of critical points for intervals I such
that the integral of p§(.) vanishes, the most interesting case being clearly I = R, i.e., the total number of critical
points. A heuristic rationale explaining why the variance of the total number of critical points is asymptotically
an order of magnitude smaller (up to logarithmic factors) than for “typical” intervals I can be given as follows;
from , Theorem |1| can be viewed as stating that the fluctuations in the number of critical points over
a “generic” interval I are proportional to the fluctuation in the random norm of the eigenfunctions. Clearly
this cannot be the case for I = R; indeed, the total number of critical points for a given realization f; is
independent from any scaling factor, including the L?(S?) norm of the eigenfunctions. This leaves open the
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question about the asymptotic distribution for this total number N§; by analogy with some recent results by
[25], we conjecture that the following expression holds:

N (1) ~EING(D)] = =D g [ Haf@)de +0,().
Note that

Var( 621 / Hy(fo(x dx) = [uC(I)]2€41Var< 8 H4(fg(x))dx>

consistent with ((1.7). In particular, for the total number of critical points we conjecture the asymptotic
equivalence

N =BG =~ [ Halfda))da + 0,(6%),

the variance of the right-hand side being consistent with the result given in [9], where is shown that
. ?log/
Var(N) = - + O(%)

The investigation of this conjecture is left as a topic for further research.

1.4. Plan of the paper. As mentioned above, our proof requires two main ingredients, i.e., the Kac-Rice
formula to express the number of critical points as a local functional of gradient and Hessian, and its expansion
into Hermite polynomials/Wiener-Ito chaoses. For a correct implementation of the Kac-Rice formula, our
first step is to review in Section [2] some background differential geometry material on the gradient and Hessian
fields, and to compute their covariances; the properties of the resulting covariance matrices are then established
in Section [3] where it is shown in particular that the covariance function for the gradient vector of random
eigenfunctions evaluated at any two arbitrary points on the sphere is non-singular. These results are then used
in Section [4] to prove the validity (in the L?(£2) sense) of the expansion for the Kac-Rice formula into Wiener
chaoses, a technique exploited in other recent papers on geometric functionals of Gaussian eigenfunctions, for
instance also in [27], [24], [23], [14], [32], [], [10], [25]. Finally, in Section [5| the expansion is analytically
computed and the simple dominating term is derived. A number of technical Lemmas related to computations
of covariances and conditional expected values are collected in the Appendix.

2. GRADIENT AND HESSIAN FIELDS

The proper computation of covariance matrices requires some careful discussion on (standard) background
material in differential geometry. For x = (0., ¢,) € S?\ {N, S} (N, S are the north and south poles i.e. § =0
and 6 = 7 respectively), the vectors

0 1 0

a ey = ; x — . a )
b 90 lo—o, H7 7 500 O lo=0, 9=,
constitute an orthonormal basis for the tangent plane T, (S?); in these coordinates the gradient is given by
V= 599, sull 5 aq}) For second-order derivatives, we shall use the following notation:
0? 0? 0?
O = Oo1 1=

2 00000 02T aneoge
Let us now recall that the covariant Hessian of a function f € C?(S?) is the bilinear symmetric map from
CHT(S?)) x CH(T(S?)) to C°(S?) defined by
(V2HX,Y)=XYf-VxYf, X, YeT(S?,
where Vx denotes Levi-Civita connection, see [I], Chapter 7 or the Appendix below for some details and

definitions. For our computations to follow we shall need the matrix-valued process V> fe(z) with elements
given by {(V2 £)(Ba, ) in coordinates as above, this matrix can be expressed as (see Appendix A for

some more details)

}b12’

2 g S~ g4
_ Sin Ap Sln CP
v fé(‘r) - 1 [82fe(x) _ cosf, afe(m)} 1 [3 fl’( ) +sin 6, Cosoafe(l’)]

sinf, L 900¢ sinf, 9d¢ sin? 0,
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_ |: O11 fo(z) (021 — cot B, 82)fg(x):|
(021 — cot 0 Os) fe(x) (a2 + cot O O1) fo(x) |

We write as usual vec(V2f,) for the column vector stacking the different elements of (V2f,), i.e.,

anfe(x)
vec(V2fg) = | Oa1fe(x) —cotb, dafe(x) | .
Oz2 fe(x) + cot 0, 01 fe(x)

The next result gives the exact covariance matrix for the five-dimensional vector including the elements of the
gradient and the (covariant) Hessian:

Proposition 3. For every point = € S*\ {N; S}, the distribution of the 5-dimensional vector (V fz,vec(V?fy))
s zero-mean Gaussian, with variance-covariance matrix

P(1) 0 0 0 0
0 P 0 0 0

(2.1) 0 0 3P/()+P(1) 0  P'(1)+PU1)
0 0 0 P/(1) 0

0 0 P/1)+P(1) 0  3P/(1)+ Pi(1)

Proof. The following results are proved in Lemma [T1]in Appendix B:
Var (91 fo(z)) = Var(dz fe(z)) = Py(1), Cov(dr fe(x), 1 fe(z)) =0,
for the higher order derivatives, we have (see Lemmas
Var(011 fe(2)) = 3P/ (1) + P;(1),
Var(da1 fo(z)) = P}'(1) + cot? 6, P)(1),
Var(das fo(z)) = 3P} (1) + PJ(1) — cot? 0, P)(1),
and
Cov(O2fe(x), On fe(x)) = P/ (1) + Py(1),
Cov(Daa fe(x), 021 fe(z)) = Cov(011 fe(x), 021 fe(x)) = 0.
Moreover in Lemmas it is shown that
Cov(O11fe(), 01 fe(x)) = Cov(O11 fe(x), D2 fe(x)) = 0,
Cov(0a1 fe(), 01 fe(x)) = 0, Cov(a1 fe(x), 02 fe(x)) = cot O, Py(1),
Cov(Oaa fo(x), 01 fe(x)) = —cot 0, Pj(1), Cov(dazfe(x),dafe(x)) = 0.

The remaining computations are all straightforward - it is interesting, however, to note the delicate cancellations
that occur. For instance, we have, for any = € S?,

Var( L 82fg(x)

sin?0, 02

4ot 5fz(93))

o0

= Var(dag fo(x)) + cot? 0,V ar(dy fo(x)) + 2 cot 0,Cov(Daa fo(x), Do fo(x))
=3P/ (1) + P)(1) + cot® 0, P(1) + cot® 6, P,(1) — 2 cot® 6, P,(1)

=3P/ (1) + P)(1).

Likewise

e L (@) p L 90fi(2)
sinf 000y “sind, Op

= Var(d12fe(x) + cot? 0, Var(0s fo(x)) — 2 cot 0,Cov(Da fe(x), Dz fe(x))
= PJ/(1) + cot® 0, P)(1) + cot® 6, P(1) — 2 cot® 6, P)(1)

/!
= P/ (1).

All the remaining terms are immediate consequences of the Lemmas. I
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Remark 2.1. It follows from the previous proposition that the elements of the covariant Hessian (the second-
order covariant derivatives) have finite and constant variance for all locations on the sphere. It should be
stressed that this is not the case for the standard derivatives, i.e. the elements of the iterated gradient V2 f;
in fact, we have shown above that

Var(dr1 fe(z)) = 3P/ (1) + P;(1),

Var(01 fo(z)) = P}'(1) + 2 cot? 0, P(1),

Var(8y2 fo(x)) = 3P/ (1) + P;(1) — cot® 6, P;(1),
)

so that the variance of (912 f¢(x), a2 fe(x)) is not constant over S? - and indeed not even bounded, so that L?
expansions would not be feasible. On the other hand, in the element of the (covariant) Hessian the extra terms
introduced by means of the Levi-Civita connection and the Christoffel symbols ensure the exact cancellation
of the location-dependent factors. Note also that while covariant derivatives of different orders are zero when
evaluated on the same point, this is not the case for standard derivatives, indeed both

Cov(0a1 fo(x), 02 fe(x)) = —Cov(Daafe(x), 01 fe(x)) = cot O, P;(1).

5, where the tangent plane has a “Euclidean” basis %, % and the

covariant derivatives take the same values as the standard ones.

These covariances are zero only for 0, =

Remark 2.2. Note that each one of the three quantities
> fe 1 ane dfe fe 1 32f@ Ofe
Var , Var cot f—— Cov | —5, —— cot f——
( ol sin 0 dp? a0 Y\ 967 sin20 0% o0
could actually be evaluated immediately from the other two. Indeed, recalling that the trace of the Hessian
matrix is indeed the spherical Laplacian

9% f, 1 82f@ Ofe
A fol@) = 207 + 7% 9p2 cot 055

= _Afff(‘r)v

we have the identity

02 f 1 82f£ Ofe

2 _ — =

A; = Var(—=MAefe) = Var ( YE + 20 02 cot —— 20 >

_ 9 fu 1 9*f Ofe Pfe 1 0f Ofe
_Var(ae >+V (sin298<p2 teae)”COV(ae?’sm?ea@ tgae)

whence, for instance, using

Var (azf[) =3P/(1) + P(1),

06?
0%f, 1 0%f f
COV(('?@;’SinQQ &pe 396) = Py(1) + P/(1),

we obtain immediately

Var< ! 82f€ waﬁ)

sin® 0 (9<p 00

=\ —3P/(1) - Pé(l) — 2P/ (1) — 2P)(1) = A\] — 5P/'(1) — 3P}(1)
by, A A¢
=X 525\, -2 )\ =3 Ar — 2 —
1 =55 Ae=2)=gA =320 -2+ 3

=3P/(1)+ P)(1) .
3. COVARIANCE MATRICES

Recall first that, since the f, are eigenfunctions of the spherical Laplacian, hence, for every = € S%, we can

write
(31) fola) = - 2202,
Ae

note that at the critical points we have Agz fy = 011 f¢ + 022 fe, whence their number with value in I is, by
symmetry, given by

011 fe + 022 fe

NE(I) = #{reS?: AS%MEI, Vi(z) =0} =#{rcS?*: 3
¢ ¢

el, Vfg(l‘) = O}.
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For every x € S?, let us now denote by ¥,(z,y) the covariance matrix for the 10-dimensional Gaussian random
vector

(Ve(@), V fely), vee(V? fo(x)), vee(V fo(y))),
which combines the gradient and the elements of the Hessian evaluated at z, y; we shall write
Ae(z,y)  Be(z,y) )
b x, — ’ ’ ,
o) < Bl (z,y) Ci(z,y)

where the Ay and Cy components collect the variances of the gradient and Hessian terms respectively, while
the matrix By collects the covariances between first and second order covariant derivatives. More explicitly, we
have that

)
T=T,Yy=Y

Ay ans = ( ag(z,x)  a(r,y) ) —E [( gj}ig;; ) ( Vi) Vily) )}

and more precisely

ag(z,x) = ag(y,y) = ( Pé(gl) Pe’(gl) ) '

Recalling also that P;(1) = [(Z;U, for Ap = (£ + 1), we have

% 0 al,ﬁ(mvy) 0
0 Ae 0 s ¢(z,y)
Ag(z,y) = 2 e
K( y) al,f(xay) 0 % 0
0 age(z,y) 0 %

The matrix By collects the covariances between first and second order derivatives, and is given by
_ )
Bé(xay)4><6— E[( vec(sz )
_ ( be(z,z) be(z,y) >
be(y.x) bely,y) )

It is well-known that for Gaussian isotropic processes, for i,j = 1,2, the second derivatives ejef feo(x) are
independent of e¥ fy(x) at every fixed point z € S? see, e.g., [1] Section 5.5; we have then

) ( vec(VQfE(x))T Uec(ngg(y))T )}

T=Z,Yy=Y

be(x,x) = be(y,y) = ( 8 8 8 )

Finally, the matrix Cy contains the variances of second-order derivatives, and we have
_ ( co(z,x)  co(z,y) )
R ce(y,x) ey, y)
Ag

From direct calculations and the formula P)’(1) = (A — 2), it immediately follows that

Ce(z,y)6x6 = E[ ( gz%g;; > ( Vfe(z) V2fu®) ) }

3P/(1) +Py(1) 0 P/(1)+ (1)

co(z, ) = 0 Py (1) 0
P+ P10 3P/(1)+ Fy(1)
¥Br-2 0 e +2]
= 0 2 (A — 2] 0 = ci(y,y)-
2\ +2] 0 2[3N — 2]

The following Proposition is really a special case of Lemma C1 in [36]; nevertheless we include a short proof
for completeness:

Proposition 4. (See [36] ) For every (x,y) € S? such that ds2(z,y) # 0,7, the Gaussian vector (V fo(x), V fo(y))
has a non-degenerate density function, i.e., the covariance matriz Ay(xz,y) is invertible.
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Proof. We compute the covariance matrix at the equator, where our choice of coordinates is such that both
the vectors 0; and 0y are moved by parallel transport from z to y. Given however any arbitrary orientations
in x and y, we would obtain the matrix R(v)A(z,y)R(¥)’, where

10 0 0

0 1 0 0
R(y) = 0 0 cosy —sing

0 0 siny cosv

is the matrix that describes the rotation between 0, , and 0, after transportation, a,b = 1,2 (i.e., 9 is the
angle that occurs between 0; , when it is transported to y along a geodesic in such a way that it remains
parallel and the vector 0, ,; this angle is the same for both vectors because the basis are orthonormal). Clearly
the matrices R are full rank and hence have no impact on the rank.

We are now in the position to describe explicitly the symmetric matrix Ay(z,y); for notational simplicity

and without loss of generality, we focus on pairs of points lying on the “equator” 6, = 6, = 7, where we obtain

Péél) P/*l) * *
Aw ) = py((a, ) 0 Py s
0 —P}'((z,y)) sin’(¢, — ¢,) + P{((z,y)) cos(p, —¢,) 0  Pj(1)

with determinant equal to

(PHOY [{PHOY = (P () sin (0, — 9,) + Pil(a,9) cos(p, — 2,) ]
— (P )Y’ [{PUOY = (P () sin* (o, — 2,) + Pil(@,9)) cos(p, — ¢,)) ]

2 2 2 . 2
= (P = [P )Y | {EPHOY = (P, 9)) sin® (9, = 0,) + Pil(@,0) cos(e, = ,)} ]
Now ) )
{Pr(1)} —{P({z,y))}” >0 for all = # y,
by standard properties of Legendre polynomials derivatives, which have a unique maximum at v = 1. To prove

the latter statement, assume by contradiction that P;(1) = P;({(x,y)) for some = # y; then we should have
some « of modulus unity and some ¢ such that

O ufo = Z apm Py, (cos ) = a Z aom Py (cos 0) exp(imep) = a 01y fo,

the equality holding in L?(w), and hence with probability one; this conclusion is clearly impossible (for ¢ # 0, 7),
as it requires exp(imy) = 1 for all m = —¢, ..., £. Likewise,

{FIW)Y = {P (. 9))sin’ (o, = 0,) + Ph((wy)) coslp, — ,)}

= Var(8y o fo)Var(9a.y fo) — {Cov(Da.u fo, Doy fe)}> >0
unless
(3.2) 0o,y fo = a 02 4 fo, for some « such that |a| =1,
for some x,y. However we know that, for 6, =0, = 7,

¢

62,yf€: Z imaEm)/ém(Gyv<Py)

m=—/

4
_ , 2€0+1 [(£—m)!
= Mm@y P
D imanm ™= \/ @+ m) tm(0)
‘ /2€+1 [(6—m)
Orufe = imamm E—i—m Py (0

m=—{

and

whence the identity (3.2) requires, for all m such that £ + m is even (which ensures that Py,,(0) # 0),

ezmgoy _ aezmcpm’

as before impossible, unless ¢, = ¢,. Hence the statement of the Proposition follows. I
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4. KAac-RiCcE FORMULA AND L2-CONVERGENCE

We can now build an approximating sequence of functions (N, ¢ (I), say), and establish their convergence
both in the w-almost sure and in the L?() sense to NF(I). More precisely, let d. : R? — R be such that

1
5E(Z) = ?H{z€[75/2,5/2]2}7

and define the approximating sequence
N = [ 1otV ) Ly oren) 57 fel))

it is possible to prove the almost sure and L?(Q) convergence of N (T) to N§(I) as e — 0:
Lemma 5. For every £ € N, we have

(1) NE(I) = lim NEAD).

where the convergence holds both w-a.s. and in L?(Q).

Proof. Step 1: Almost sure Convergence. To establish the convergence w-a.s., it is sufficient to refer to Theorem
11.2.3 in [I]. Note that this Theorem refers to Euclidean domains, but the extension to the spherical case can
be obtained by simply referring to local maps that form an atlas on the sphere, along the lines given for general
manifolds again in [I], Theorem 12.1.1. Note also that these results are given for deterministic vector functions
which are assumed to be continuous and nondegenerate (Morse), i.e. such that the Hessian does not vanish
when the gradient does; these conditions are satisfied w-a.s. for Gaussian spherical harmonics.

Step 2: The Ezact Kac-Rice Formula holds. The fact that E [J\/‘f([)z] < 00 has been shown in [7], exploiting
an approximate Kac-Rice formula. It is possible here to give a stronger results; in particular, using Theorem
6.3 in [3] and Proposition [d] where we have shown that the determinant of the 4 x 4 covariance matrix A,(z,y)
of first-order derivatives is strictly positive for every pair (z,y) € S? x S?, we have also that the exact Kac-Rice
formula holds and hence

EWNS (DWW - 1)

1 2 2 dxd
= @n)p? /S2><S2 E [|det (V*fe(2)) | - [det (V2fe)) | Tisiweny  Luen| Vi) = Vfily) = 0] —ﬁet(/l;(/x,y)).

Step 8: The L?Convergence of the Approzimating Sequence. Because we have the almost sure convergence
2
NE(I) = lime 0 N§_(I), to prove that E [ ;D) — /\/}'(I)} — 0 as £ — 0 it is enough to show that

(4.2) E {{/\/ge(f)}z} S E [{/\/;(I)}ﬂ as & — 0.
Indeed, if this is valid, then the almost sure convergence of /\/[ .(I) and the Cauchy-Schwartz inequality imply

that
lim E [{(N7. (1) ~ N§ (D)}?] = 0.

Recall first that by Federer’s coarea formula
Nia() = [ 1det (V1) 1505 fl@) g ren o

= | Ne(ur,ug; I)0:(ur, ug)duidus,
RZ

where
No(uy, ug; I) = card {x € S* : V fo(x) = (uy, uz), fe(x) €1} .
Now
E [{Nf([)}ﬂ < gg%]E [{./\/ECE(I)}Z} (by Fatou’s Lemma)

2
{ - |det (VQfZ(;p)H 55(Vfg(f£))ﬂ{fz(l)ej}dl’} ] (by deﬁnition Of Nfcﬁ(I))

= liminfE
E—r

2
{ Ne(uy, ug; 1de(uq, UQ)dUldUQ} ] (by Federer’s coarea formula)
R2

= liminfE
e—
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<limsupE
e—0

2
{ /\f(g(ul,ug;l)dg(ul,ug)dulduQ} ] (obvious)
RQ

< lim sup/ E [{/\fg(ul,ug; I)}Q] 0c(u1, uz)duiduy (by Jensen’s inequality).
R2

e—0

Clearly, if we can show that the application A : R? — R defined by A(ui,us) := E |:{N£(u17u2;1)}2i| is
continuous in a neighbourhood of the origin, we will be able to conclude that
limsup/ E |:{NK(U/17U2;I)}2:| 8 (u1, us)durdus = E [{Nf(])}g} ,
e—0 R2

and hence the result. Note however that
B[(Ni(unun D] = [ Kalgiun, s Ddsdy
§2xS2

where we have introduced the (generalized) two-point correlation function

Ko(z,y;ur,uz; 1) = E [ |det (V2 fo(2))| - [det (V2 £e )| Lsowrery - Lioyeny| Vie(@) = Vily) = (ur,u2)]
X PV fo(2). 9 fo () (U1, U2),
where p(v f,(2),v f.(y)) ;) is the joint density of (V fe(x), V fe(y)). Because Ky(x,y;u1,uz; I) is a linear combi-
nation of expectations of Gaussian moments, it is clearly continuous around (uy,us) = (0,0), where both its
mean and variance are limited for every (x # y). Hence if we can prove that Ky(x,y;u1,us; ) is bounded, by
the Lebesgue Dominated Convergence Theorem we shall have that

lim B[N, us D}] — B [{06(0,0,1))]

uy,u2—0

= lim {K¢(x,y;u1,u; 1) — Ko(2,9;0,0; 1)} dedy = 0,
ui,u2—0 Jq2, g2
whence continuity follows. To prove that Ky(x,y;u1,us; ) is bounded, we just need to generalize slightly
Lemmas 4.5 and 4.6 from [7]; in particular, we have that

_ C
(4.3)  P(V(2),Vfe(y)) (U1, u2) < {det(Ay(z,y))} 12 < Ziwg) for some C' > 0, for all (z,y) € §? x §%

in fact, this result was shown to hold in Lemma 4.5 of [7], but only for ds2(x,y) < ¢, some ¢ > 0; however for
dsz(z,y) > ¢ we can use Proposition 4| to conclude that the determinant admits a non-zero minimum, because
it is a strictly positive polynomial function on a compact set. Likewise, to bound

E [ |det (V2 fe(x))] [det (V2 fe(w)) || V fe(x) = V foly) = (w1, u2)]

we can argue exactly as in the proof of Lemma 4.6 in [7], the only difference being that the elements that
appear in the Hessian matrices {V2 fg(ac)} , {V2 fg(y)} have non-zero means; more precisely, let us write
(X1, X2, X3,Y1,Y,,Y3) for the six-dimensional vectors of second-order derivatives conditioned on V f,(x) =
Vfe(y) = (ug,uz): it is a Gaussian vector with covariance matrix and expected value given respectively by

Ag(z,y) = Co(x,y) — B} (z,y)A; ' (z,y)Be(x, y),

U

pae(,y) "

ez, y) = = B (z, YA, Y, y) uy
1ee(, y) ”

Introduce also the centred six-dimensional vector
(ﬁla 627 [737 543 ﬁ57 ﬁG)T = (U17 U23 U37 U4a U57 U6) - ,LLZ(ZZT7 y) ;

Note that the elements of the vector ((71, [72, [73, (74, (757 (76) can be interpreted as the second-order derivatives
conditioned on the gradient being equal to zero. We show in Lemma [21] in Appendix C that for any fixed ¢

/J’kré(xvy) = O(dgz(.’b,y)) k= 1,...,6,
and it is then readily verified that

E [ |det (V2 fe(x))] [det (V2 fe(y)) || V fe(x) = V foly) = (w1, u2)]
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E

dot [ U Fmele,y) Oatpogley) \|| o [ Ua+mae(z,y) Us + pse(e,y)
Uz + pige(z,y) Uz + pge(,y) Us + pge(z,y)  Us + pige(,y)

= E Hﬁlﬁiﬁ‘ﬁd}ﬁ’ + ‘(71(73[752‘ + ’[722&:4&:6‘ + ’ﬁ;ﬁgu + O(dgz(’l},y))
= 0(0%2 (z,))
where for the last two steps we have used Lemma 4.5 in [7], that covers the behaviour of the moments for

second order derivatives conditioned on V f,(z) = V f,(y) = (0,0). Hence for all (z,y) € S* x S?, there exists
some C' > 0, such that

(4.4) E [|det (V2 fo(x))] [det (V2 fe(y))|| V fe(2) = V fely) = (w1, u2)] < Cdga(2,y)
and combining together and , we have that
Ko(z,y;u1,uz) < const for all (r,y) € S* x §?,

whence the result is established.

5. PROOF OoF THEOREM [I]

5.1. Cholesky decomposition. Let us now write o¢(x) for the 5x5 covariance matrix of the Gaussian random
vector (V fo(z), vec(V2fo(x))), i.e. the 5 x 1 vector that includes the gradient and the Hessian components of
interest. We evaluate the covariance matrix o,(z) at any point = € S, and we write it in the partitioned form

o ae(z)  be(x)
oo(@)sx5 = ( bf(m) ci(x) )’

where as before the superscript T' denotes transposition, and

wo=(3 4 ) wa=(000)

2 2
=t 0 1—2 0

812 o 3_2
T Y

co(x)

We follow here the same argument as in [I0]; in particular, we recall that the Cholesky decomposition of a
Hermitian positive-definite matrix A takes the form A = AAT, where A is a lower triangular matrix with
real and positive diagonal entries, and AT denotes the conjugate transpose of A. It is well-known that every
Hermitian positive-definite matrix (and thus also every real-valued symmetric positive-definite matrix) admits
a unique Cholesky decomposition.

By an explicit computation, it is then possible to show that the Cholesky decomposition of o, takes the
form oy = AKA{, where

NMAVERN 0 0 0
V2 7 0 0 0 0
0o Y 0 0 0
73 0 7, 0 0 0
Ae=| 0 0 o (e 0 0 = 0o 0o 5 0 0 |;
Vv Ae—2 0 0 0 74 O
0 0 0 /A 0
0 0 ROt 0 Aev/A =2 0 0 7 0 7
2v2v/3X;—2 V3 —2

in the last expression, for notational simplicity we have omitted the dependence of the 7;s on £. The
matrix is block diagonal, because under isotropy the gradient components are independent from the Hes-
sian when evaluated at the same point. We can hence define a 5-dimensional standard Gaussian vector
Y(z) = (Yi(x),Ya(x),Ys(x), Yy(x), Ys5(z)) with independent components such that

(Vfo(z),vec(V2 fo(x)) = AY (2)
= (11Y1(x), 1Y (2), 73Y3(2), T4Ya(w), 75Y5(2) + T2Y3(2)) .
From , and denoting A = Ay, we have

ZC,E(I) = /82 |det(v2f@(m)))UI{(811,mfe(:E)+022,wfe(w))//\z€f}6€(Vf@(x))dx
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= /S2 |T3Yv3($)(7'5Y5($) + TQYg(m)) - (T4Y4(.’)§))2|H %Y3+TT5Y5EI} (55(7'1Y1(.’)3),T1Yv2(1}))d.%‘

:)\2/
SQ

5.2. Second order chaotic component. Following the same argument as in [I0], it can be shown that the
second order chaotic component of the number of critical points is given by

TSTB T2T3

A2 I

Y3(2)Ys(2) + V(@) - = Y4( )

)\2 {7—21_7—3 Y3+TTE’Y5€I} 55(T1Y1($),71Y2($))d(£.

Negl2] =X |3 hi(60) / Yi(x)Y;(x)dx 4 = Zk ;1) Ssz(m(x))dx ,
1<j
where
(5.1) hij(é;f):;igbla[ BIYLYs + Tigsy A21/4 YY; H{TQ§TSYS+TY5€,}5€(71Y1,nYz)}7
(5.2) ki(é;l):gi_r%E[TBTSYgK + 28y2 A21/4 HQ(Y)H{,Qimm?m[}ég(nn,an)}.

Note, however, that the computation of projection coefficients here is different (and considerably more compli-
cated) than in [I0], due to the presence of the absolute value in the previous formulae (5.1}f5.2)), which makes
the evaluation of exact moments much more challenging. In particular, the computation of the projection
coefficients h;;(.,.), ki(.,.) is collected in two Lemmas below.

Lemma 6. For every I C R, it holds that hq;(4;1), hej(4;1) =0, for j=1,...5.
Proof. The statement follows immediately from
(5.3) lim E[H1(Y)é:(1Y)] =0,
e—=0
where Y is a standard Gaussian random variable. |
Lemma 7. For every I C R, it holds that hss((; 1), hys(¢; 1) = O(£71).

Proof. Note that, for Y a standard Gaussian random variable, we have
1

\/27‘1’7‘1.

;I_I)% E[Ho (Y)(Ss (le)] =

To prove that hzs(¢;1) = O(£~1) we first apply (5.3)) to obtain

2
. T3T5 T2T3 T
h34(f; I) = ?_I}I(I)E [ Y3Ys + )\2 Y32 _ /\7‘21}/;12 Y,Ys H{‘QT—S Y3+7;:5Y561}:| ]E[65(T1Y1,71§6)]
1 T3Ts T2T3 Ti 2
- QWT%E[ S YaYs o+ VP = SV ViYs Lmatnay, sy
ety iveo by lvivan +0(™
2r72 ||VR PP TR T g | B Bt f5sel) ’

then we use the following transformation

1 V3 1
—7, Yy=1Zy Ys=-—Z3— —=7
N V. S V-V S
where Z = (Z1, Z2, Z3) is a centred jointly Gaussian random vector with covariance matrix

3 01
0 0
1 3

Y; =

1
0
We can rewrite hsq(¢; I) as follows

1
27T’7' S\f

27r7'1 8[/

haa(6; 1) = [[leg 72| 712 H{%(Zﬁzg)e,}} Lo

th |le?, 72| 2,2, ]I{Zﬁzgzwg}} Lo,
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We introduce the transformation Wy = Zy, Wy = Z5, W3 = Z1 + Z3 so that
E||2125 - 231 2122 U5, gy | = B [[Wa(Ws = W1) = WE[WAWa Ty oy |
= b, (tVB)E [\Wl(wg, — W) — W2 Wle‘Wg - Né} :

where ¢y, is the density function of W3. In [7] we proved that the bivariate conditioned Gaussian vector

(W1, Wo)|[W5 = /8t is distributed as (X; 4+ v/2t, X3) where (X1, X5) are independent standard Gaussian, and
hence

E[|wa(ws - wa) — w3 W1W2’W3 = V8| = E [|22 - X} - X2| (X1 + v20) X5
We finally note that by symmetry
E[|2* — X7 — X3| Xo] = 0and E [|26* — X7 — X3| X1 X,] = 0.
In the same way we see that hys(¢; 1) = O(£71). 1
For convenience, we recall now in the following Lemma the results in [10], Proposition 6:

Lemma 8. We have

V2 < 1 3m 2md
[ et waterts = ax 32 S oo -1 -7 + 2 - 2] g,

m=—/{

and moreover

[ oo =15 3 Gl -1 - &,

m=—/

4
Hy(Ya(2))dz = 4 " {Jagm|® - 1}%2 +ra(0),

s m=—{
‘ 4 2m  2m?
[ e = am 3 flan 1) - 2] e
N d m m3
| Ha(Ya(@)de = dm>x2 ) {laeal” -1} [z - w] +74(0),

m=—/

1 « 1 8m3
. Hy(Ys(z))dx = 4w X 5 m;€{|agm|2 -1} [6 + 64] + r5(¢),

where \JE [r;(€)]* = O(Y), for all i =0, ..., 5.

From Lemma [§| we deduce the following;:

Lemma 9. We have that
. Y3(2)Yy(z)dx = re(£), . Yi(2)Ys(z)dx = rrp(£),
where \/E[r;(£)]? = O(1), fori=6,7.
Proof. Let, for i,j,k,l =1,2,
Lijr(0) = /S2 0ij,x fe(2) O,z fe(z)dz,
and

folt) = [ f@dz, Toza() = [ fi@)Oen.fola)da.
S2 S2
We immediately see that

Y3(2)Yy(z)dz = L O,z fe(z) 0210 fe(z) do = .

S2 T3T4 Jg2 T3T4

T1,12(0),
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and
1 T
Yi(z)Ys(x)de = O12,0 fo(x) <522,mfe(96) - 2311,zfz($)> dx
S2 TATs Js2 T3
1 To
P 12,22(0) — Pt U1 12(0).
Applying Cauchy-Schwarz we also have
L112(0) < \/111,11(5) Lisq2(0), Lia2a(0) < \/112,12(5) I9.92(0);

where
L1 () = Mo Too(0) + Inz 22(£) + 2XeIo 22(f).
The results in Lemma [8

1
Too(t) = 5577 > laeml?,
m=—~

V4 1
Ioos(0) =~y + 3 laem 25— —
0,22(¢) ae02€+1+m>0|aen| (2€+1 m),

14
Ao — 1 —m?
-712,12(5): Z |a£m|2m{e4}7

m=—{

a?
I 22(5) ;0 (52 20+ 1) Z |aem|2{

immediately imply that

H,_J

/ Y3(2)Yy(z)dz = re(€), / Y5(2)Yy(z)de = r7(0);
S2 §2
where /E[r;(¢)]? = O(1), for i = 6,7. 1

In view of Lemmas [6] [7] [0] we have

5
(5.4) cr2] = A2 [h%(& I) 5 Ya(x)Ys(2)dx + % > ki(61) 8 H,(Y;(z))dz| + Rs(0),
=1

where /E[R3(¢)]? = O(¢) uniformly over I. Our next step is now to rewrite N7, [2] rearranging the projection
coefficients to make their computations more manageable. Indeed, recalling their definitions in ex-
ploiting the analytic expressions in Lemma and observing that f_‘—; = 2\, some tedious but straightforward
algebra yields

X m3
Nesbl =222 3 flaenl® 1) o+ 2t 4 200 ) 4 )
m=—/{
where

IR 1o, 1..( 5 2., V2
Moll) =R | Zg¥s¥s +5¥s — 5 (4+3@ T4 57 ) T gymen |
M(I):=E | Lyyys+ Lyz Ly (—Y2 FY2 4 \/§Y3Y5) I

: i /8 g's g4 3 4 {%}@-}-%YE,EI} ?

o [ 1 1 2 1 2 2 2 2
My(D) =B || 2¥aYs 4 (Vi = (Vi (Y3 —3Y2 — 2V2Y5Y5 + 2Y5) Ly vien | -

It is then possible to prove that:
Lemma 10. For all I C R, we have My(I) = Ma(I) =0 and

Mon) = 5 [ ssoyar

where p§(.) is defined in (1.6).
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Proof. Note that after the transformation

1 V3 1

Yo= —2Z1, Ya=ls Yo=YlZe_ —— 7,
3 \/g 1 4 2 5 \/g 3 \/g\/g 1
we immediately obtain
11 , ,
Mo(I) = 5 o-E [\leg — 23| [<40 + (=371 + Z3)?] H{ﬁ(zﬁzs)e,}} ,
and
1 11
My(I) = My = 5B [}leg — B2\ 272 + Z1(Zs — Z1)] H{%(zl%)e,}} ,
since

E [|le3 — 72| [AZ2 + 22, 25 — 227 H{%(zl%)el}}
—F [yzlzg — 72| [-AZ2 + 72 + 72 — 22, Z) H{%(zﬁzg)e,}} .
We write W1 = Zl, W2 = ZQ, W3 = Zl + Zg, i.e. Z3 = W3 - W1 so that
11
My(D) = Z5E |[Wa(Wa = Wi) = WE| [4W3 + 20 (Wa = W1) = 2W2) Ly ey

11

=31 /E [|W1W3 — WP — W3| [AWF + 2W, W3 — AW2]| W5 = \/ét} by, (V8L)dt
I

where
E [!W1W3 — WP — W3 | [AWS + 2W1 W3 — AWT] W5 = \/gt}
) H\/gth W2 Wf’ (AW + 2V, — AWE||Ws = V3t]

since we know that (Wi, Ws)|Ws = /8t is distributed as (X; + v/2t, X3) where (X1, X5) are independent
standard Gaussian, we have

E H\/gt(Xl FV2t) — (X1 + V282 — X%’ [4X3 + 2VBU(Xy + VaH) - 4(Xy + V20|
= E [|- X7 - X3 + 263 [AX3 + 2VBH(X1 + V3H) — 4(X, + V3]
=E [[—X% — X2+ 27| [AX3 — 4X2 — 4\/§tX1]}
= —4V2AE[|-X? - X3 + 23| X;] =0,
so that the first part of the Lemma is proved. Also, we have that

1
My(l) = —1[—-40Z 7
o(f) = 56l ro0+Zr2]
with
I10 = K[| 225 — Z3| Lo zizaenl s Tz = Ell21Z; - Z3\(Zy — 3Z3)° Lo zitzaen] -

The final expression for N7, [2] given in Theoremimmediately follows by noting that (using the same notation
as in [7])

o= / pdt,  Tra=8 / p§(t)dt |
I I
where

Hence

as claimed. 1



CRITICAL VALUES RANDOM SPHERICAL HARMONICS 17

We have hence obtained

14
Nial2l =202 Mo(1) S flagnl? ~ 1} + Rs(0)
m=—¢
4
—te+ )55 { [r50a} 3 o - 11+ R0
m=—/

NG @ :
=GP o) 3 foenlt =1y + R0

Finally, to complete the proof we need only to show that

fim Var {/\[1)61} 14 lim Var {Mcl[l]} + ZqZB Var {MCI[Q]} _1.

T () v r e}

indeed we have that

4 2 2 4
Var (e+1);/ng(t)dtm;l{mmﬁ—u :“Zl){/jpg(t)dt} Var 3 flal* =1}
2 2
@ {/ng(t)dt} 2020+ 1)

_ { / p§<t>dt}2 Lo,

where the last term on the right hand side is the variance for J\/} ; obtained in [7], as claimed.
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6. APPENDIX A: LEVI-CIVITA CONNECTION AND THE HESSIAN

We start by recalling that in the usual spherical coordinates (6, ¢) the metric tensor on the tangent plane

T(S?) is given by
1 0
9(97 50) = |:0 Sin2 9:| .
The computation of the number of critical points by means of the Kac-Rice formula requires the Hessian of

our eigenfunctions; the latter requires the notion of covariant derivatives (i.e., the Levi-Civita connection) on
S2. Recall indeed that the Levi-Civita connection is the only application V : T(S?) x T'(S?) — T'(S?) such that

e VxY is C*®-linear in X, ie. for f,g € C>®(S?) and X,Z € T(S?), we have that Vix ,zY =
IVxY +gVzY

VxY is R-linear in Y, i.e. for a,b € R and Y, Z € T(S?), we have that Vx(aY +bZ) = aVxY +bVxZ
Leibnitz rule holds, i.e. VxfY = (Xf)Y + fVxY

The operator is compatible with the metric, X¢(Y, Z) = ¢(VxY,Z) + g(Y,Vx2)

The operator is torsion-free, i.e. XY —Y X =VxY — Vy X

See e.g. [I] Chapter 7 for more discussion and details. In coordinates, the action of the Levi-Civita connection

can be obtained by means of the so-called Christoffel symbols, see e.g. [I1] Section I.1. Given a basis {e1, ez}
for the tangent plane T(S?), the Christoffel symbols are defined by

Veej=Thex + e, i,j,k1=12.

For instance, considering as a basis the vectors {%, %} the Christoffel symbols can be shown to be equal to

sz =T, = e, =Tg =0, F?w = —sinfcosf, TV, =cotd.
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On the other hand, considering the orthonormal vectors % and ﬁ, using the linearity properties of the
Levi Civita connection and the Leibnitz rule, we obtain also easily

0 0 0 0 0 0
Vo—=0 = — =cotf v = —cotf— .
%o 0 engde 0 mmewe ol smbdp | womesingde o8
Note indeed that in this framework the torsion-free property yields (taking X = % and Y = ﬁ)
o 0 o 0 0 0

XY -YX =

)
9 - A - - I VY - VyX.
905n00p  smoopad ~  ineas = Vésmoap  Vwdmas o VXL VY

The (covariant) Hessian is defined as the bilinear form (VZf,) : T(S?) x T(S?) — R such that
(V2f)(X,Y) = XY fy = VY fo ;

in coordinates, the (covariant) Hessian matrix is hence obtained by replacing the elements of the basis 9y, 2
in this expression, leading to

Vhile) = (V)00 00)}y s = (Pudhfe(®) — Vo, 0000@)} 0y

’fol(x) X Afe(x) _T¥ fe(x) 1 [321’5(39) _1¥ 9fe(®) _ 10 afz(x)}
— 062 00 00 00 0¢ sinf, L 0600¢p ©wd Iy Op 00
1 [32ftz($) _1¥ 9fe(®) _ 10 afz(ﬁf)} 1 [32ftz($) Ty Afe(x) _1¢ 3fz(3f)]
sinf, L 900¢ ©wh Iy 0p 96 sin2 0, L 9¢p? pp  Op pp 06
9” fo(x) 1 (9% fe(x) Ofe(x)
— ( , 8432 sin9(2 89%9@ — cot 8[90 ) >
o T Ofe(x o T . Afe(x
(T, —cot 075L) g (S sin 0 cos 0257
It is important to note that, as expected
anz(IC) 1 ang(l’) 8fg(£L’)
Tr(V? = in 6 cos 0 =A
r( fe(x)) 602 Sin2 6( aSOQ + Sm b Cos 89 ) S2fé(x) 9

i.e., the trace of the Hessian operator corresponds to the Laplacian.

7. APPENDIX B: TECHNICAL LEMMAS

This section collects the analytic expressions for the derivatives that we have exploited to prove our results.
7.1. Covariances of first derivatives.
Lemma 11. For all points x = (0, ¢,) € S* \ {N, S},
E (010 fo(2) 01y fe W), =, = Pr(1)
E [5'1;mfz($)32;yf£(y)]|x:y =0,
E (020 fo(2) D2y (W), = Pr(1) -
Proof. We have that
E 01,0 fo(2)01 fe (0],

= P/'((x,y)) {— cos O, sin B, + sin 0, cos B, cos(p, — ¢,) } {—sin b, cos b, + cos b, sin b, cos(p, — ¢,)} ‘x:y
+ P;({z,y)) {sin 6, sin 6, + cos b, cos b, cos(p, — <py)} ’w:y
= P;'(1){—cos0,sinf, +sinf, cost,} {—sind, cosd, + cos O, sinf, }|,_,

+ Pj(1) {sin® 4, + cos’ 93:}|I:y = P/(1),

moreover
E [0 fo(2) 02y fe(y)] |I:y
- _ 10 7/ ({z,y)) {—sin b, cos 0, + cos b, sin b, cos(p, — cpy)} {sin, sin 6, sin(yp, — cpy)} le—y
sin 6,
1 . .
nd, Py((z,y)) cos O, sin Oy sin(p, — @, )|a=y
1

== /(1) {—sin @, cos 0, + cos O, sin b, } sin® 0, sin(p, — ¢, )|z=y
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+ 19 Pi((x,y)) cos O sin 0 sin(p, — ¢,)|e=y =0,
sin
and finally
E [aQIfZ(x)a2,yff(y)] |93:y
1 1

_ - , )
= T Sind, sind, Py ((z,y)) {sin 0, sin b, sin*(p, — 0,)} + P ((x,9)) cos(p, — ¢, )|a=y

7 (1)sin (¢, — @) + Py(1) cos(, = @p)lamy = PA(1) -

|
7.2. Cross-covariances of first- and second-order derivatives.
Lemma 12. For all points x = (0, ¢,) € S*\ {N, S},
E [511;xf£($)31;yfl(y)}|z:y =E [all;xfz(x)az;yfe(y)]|z:y =0.
Proof. We have that

E (0112 fe(x)O1,y foe()]] o=,
= O11,0 {Pr((z,y)) {— cos b, sin b, + sin b, cos b, cos(p, — <py)}}’£:y

= D1 { "((z,y)) {— cos B, sin B, + sin b, cos b, cos(¢p, — gpy)}Q} -
+ 01,0 { P, ((z,y)) {cos b, sin 6, — sin f, cos b, cos( — Py }Hm y
{P”’(( y)) {—cos b, sin 6, + sin 6, cos 0, cos(p, — goy)}g} oy
+ 2{ P/ ((2,)) { — cos B 5in B, + sin 0, cos B, cos(ip, — )} {c0s 0, sin 0, — sin 6, cos f,, cos(ip

+ {P ((z,y)) {cos 0, sin b, — sin b, cos b, cos(p, <py)}2}

=y

+ {P;((z,y)) {— cos 0, sin b, + sin 6, cos b, cos(p, — wy)}}|w:y =0.

— )t oy,

Likewise
E (0110 f0(2) iy fe W),
- Slnle {Pl"(< y)) {— cos 0, sin 6, + sin 0, sin 0, cos(¢, — p,)}° {sin 6, sin 0, sin(e, %)}} o=y
+Sin9y {7/ (2, y)) {sin 0 sin 0, + cos 0, sin 0, cos(, — )} {sin by sin by sin(p, — @, )},
gy (B (o)) (= costasingy +sindrsind,cost, — )} {eostsindysintie, — ) ..,
+sinla LR (@) {cos O sin b sin(ie = 9,) } {= cos 0 sinf + sin 0 sindy cos(ip, = 2y) ...,
_s1n9 {P;((z,y)) {sin b sin b, sin(p, — ¢, }}’x =y

1

Lemma 13. For all points x = (0, ¢,) € S* \ {N, S},
E (0220 f2(#)D1:9 fe (9] 5,y = — c0t 02 P (1)
E [O22;0 fe(2) 02y fo (9)]] ,—,, = O
Proof. We have that
E [022:2 fo(2)01,y fe ()],
= Oaoua {Pé((x,y)){—cosﬁ sin 0, 4 cos 0, sin 0, cos(p, — ¢, }}‘z ”
1

- {P’”(( y)) {—sinb, sind, sin(p, — ¢,)} {— cos 0, sin 0, + cos 0, sin 0, cos(p, — <py)}2}

sin® 6,

r=y
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+% [PV (@) {~sinb. sin, cos(io, — 9,)} {— cos b sin, + cos 0, sin b, cos(p, — ¢, }}],_,
+ 9 {7/ (2, y)) {—sin b, sin 0, sin(p, — )} {—cosbysinbysin(p, — @, )}, _
gy {P/((z,y)) {~sin b sin 0, sin(, — ¢,)} {~cosbysinbysin(e, — @, )} },_

+Smle {Pl(@.y)) {— cos0, sin, cos(ip, — p,)} }],_, = —cot 0, P(L)

The proof of the second result is similar:
[322-xfe( )02y fe ()]l —,

:sm9 622£{PZ z,y) {bln9 sin @, sin(¢ —py }}|x y

_ #L {pé”((z ) {sm@ sin @, sin(¢p,, wy)}g}

sin? 6, sin 6, r=y
%bm& 2{ P/ ((z,y))2 {sin b, sin 0, sin(p, — ¢,)} {sin b, sinf, cos(p, — ¢,)} }| _ .
sin
1 1
iRy, {P/((x,y)) {sin 0, sin 0, sin(p, — ¢,)} {sinf, sin 0, cos(p, —,)}}| _ )
T Y

_smlﬁzsmay {Ptz x,y) {sm@ sin 0, sin(¢, — ¢, }}|x v =
|
For the cross-derivatives, we shall need also:
Lemma 14. For all points x = (0, ¢,) € S* \ {N, S},
E [aZI;a:fE(x)al;yff(y)]|1:y =0,
E 0212 fe(2) 02y fr(W)]] ., = cOt 02 P (1).
Proof. We have that
E [01252 fo(2) 013y fo(9)]l =,

1
- _ {Pé”((ac, y)) {sin 0 sin 6, sin(p, — gpy)} {— cos 0 sin 0, + sin 6, cos 6, cos(p, — <py)}2}

sin@ =y
sm@ {P/((x,y)) {cos b, sin b, sin(p, — ¢,)} {—cos b, sin b, + sin b, cos b, cos(p, — ¢, }}’L y
_ sinlt9 {P/((z,y)) {sin b, sin b, sin(e, —©y) )} {sin 6, sin 6, + cos b, cos b, cos( — ¥y }}|w )
T
_ sir119 {P}((z,y)) {—sinb, cos b, + cos b, sin b, cos(¢, —¢,) )} {sin 6, cos b, sin(p — ¥y }}|w —y
7s1n9 {Pz z,y) {cos@ cos 8, sin(ep — ¥y }}|m y = 0,

and more importantly

E [812;zf€(x)82;yf€ (y)] |£:y

1

= e, D12:5 {Pé((x,y)) {51119 sin 0, sin(p, — ¢, }Hz —y

1 , U 2
= e m 1.z {Pe ({z,y)) {sm&x sin 6, sin(p, — wy)} }

1 1
sin 0, sin 6,
1 1

_ _ /1 o . . _ . . . . 2
= o, smo, {Pe ((z,y)) { sin 6, cos 8, + sin 8, sin 8, cos(y, cpy)} {sm 0 sin 0y sin(p, ‘Py)} }

=y

1x{Pz (x,y) {sm@ sin 0, cos(p, — @, }Hw —y

r=y
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1 . . .
e, sme {P/((x,y))2 {sin b, sin b, sin(p, — @y )} {cos b, sin b, sin(p -, }Hx ~,
sian sinlﬁ { P/ ((x,y)) {—sin 0, cos 0, + cos 0, sin 0, cos(ip,, — ¢,) } {sin 0, sin b, cos(p, —¢,)}}| _ .
x y
! {P ({z,y) {COSH sin 0, cos(p, — @, }}’ —cotﬂa:Pé(l).

sin 6, m
|
7.3. Covariances of second-order derivatives. Let us now consider the second-order derivatives.
Lemma 15. For all points x = (0, ¢,) € S*\ {N, S},
E (01150 fe(2) 011y fo ()] |,—, = 3P¢ (1) + P(1).
Proof. By an explicit computation of derivatives, we have that
E 01152 fe(2)011y feW],—, = A+ B+ C+ D,
where
A= P ((x,y)) {—sin b, cos B, + cos O, sin 0, cos(p, — )} {— cos b, sin b, + sin 0, cos O, cos(@, — ©,)}" oy
+ P ((x,y)) {— cos b, cos b, — sinb, sin b, cos(p, — p,)} {— cos b, sin b, + sin b, cos b, cos(p, — )} lo=y
+ P ((x,y)) {—sin b, cos b, + cos b, sin b, cos(p, — ¢ )}
x 2{sin @, sin @, + cos b, cos B, cos(p, — ¢, )} {—cosb,sin b, + sin b, cos b, cos(v, — @)} |z=y
=0,
B = P"((z,y))2{— cosf, sinf, + sin 0, cos B, cos(p, — ¢,)}" {sin 6, sinf, + cos f, cos b, cos(p, — ¢, )}

z=y
+ P ({(x,y))2 {sin b, sin 0, + cos b, cos O, cos(p, — ¢, )} {sin b, sin b, + cos b, cos b, cos(¢, — o) Homy

+ P/ ((x,y))2{— cos b, sinf, + sin 8, cos 0, cos(p, — ¢, )} {cos b, sin 6, — sin b, cos b, cos(p, — ) Homy
= QPél(l)a

P ({z,y)) {— sin b, cos B, + cos b, sin B, cos(p, — ¢,)}> {— cos b, cos b, — sin b, sin b, cos(p, — v, )}
P/ ({(z,y)) {— cos b, cos b, — sinf, sin b, cos(p, — ¢,)} {— cos b, cosb, — sinb, sin b, cos(p, = ) Hamy
P ({z,y)) {—sin b, cos 0, + cos b, sin 0, cos(p, — ¢, )} {sin b, cos b, — cos b, sin b, cos(¢, — o) Homy
/!
- P/
and ﬁnally
P} ({(x,y)) {—sin b, cos b, + cos b, sin 0, cos(p, — ¢, )} {sin b, cos b, — cos b, sin b, cos(p, — P ) Homy
+ P)({z,y)) {cos b cos b, + sin b, sin b, cos(¢, — P Homy

= P(1).

Our next result is the following:
Lemma 16. For all points * = (0., ¢,) € S*\ {N, S},
E (0220 fo(2)O11:9 o)), = P/ (1) + Py(1).
Proof. Again, evaluation of derivatives gives
E [022:0 fe(2) 0113y fe (W]l =,
= D0, P} ({2, y)) {—sin b, sin(p, — ¢,)} {— cosb, sinb, + sin b, cos b, cos(p, — cpy)}2

a=y
+ 02,0 P} ((z,y))2 { — cos b sin b, + sin b, cos b, cos(p, — (py)}{—COSHySin((pI—(py)}‘

+ Do P ({2, ) {—sin by sin(p, — ¢,)} {—cos b, cosd, —sind, sin b, cos(p, —¢,)} |x=y
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+ 020 P ({z, 1)) {sm@ sin(p, — ¢, }|l Y
—A+B+C+D,

where

1

_ " o . : N
A= P (.0) (- sinf sind sine, — ¢.))

X {f sinf,, sin(p, — ¢,)} {—cosf, sin b, + sin b, cos b, cos(p, — gay)}2 le=y

sm9 P} ({z,y)) {—sinb, cos(p, — ¢,)} {— cos 0, sin 6, + sin 0, cos 0, cos(p, — <py)}2

=y

Py —sin @, cos(p, — ¢ —cosf,sinf, + sinf, cos b, cos(p, — ¢ ?
Yy xT T Yy Y x Yy

s1n9
= O’

=y

B = P ((z,y)) {—sin9 sin(p, — @,) } 2 {— cos 0, sin 0, + sin 0, cos 0, cos(p, — ¢,) } {—cos 0, sin(p, — 50y)}|x=y

+ P ( )2 {f cos 8, sin(p, — <py)} {fcos 0, sin(p, — cpy)}|$:y
sm9 P} ((z,y))2 {f cos 8, sinf, + sin 8, cos 8, cos(p, — gay)} {f cos 8, cos(p, — cpy)}|$:y
=0,
C = ”’(( y)) {—sin6, sin(p, — cpy)}2 {—cos 0, cos B, —sinf, sin b, cos(p, —¢,)} o=y
+ —F 0 P/ ({z,y)) {—sinb, cos(y, —gpy)} {— cos b, cos b, — sinb, sin b, cos(y, —wy)}’ y
sin o=
+ 020 Py ((2,9)) {—sin 6, sin(p, — } {sm@ sin(ep,, — @y }’z —y
7 (1),
and finally

1 . . . . .
b= smH P ((z.9)) {_ sinf; sin b sin(y, — 501/)} {sm 0y sin(p, — ‘Py)} |lz=y

+ - 0 ———P((z,y)) {sinfy cos(p, — ¢,)} la=y
= P)(1).
1
Lemma 17. For all points x = (0., ¢,) € S*\ {N, S},

E [821;wf€(x)822;yff(y)}|x= =0.

y
Proof. We have that
E [0210 fe(2) 0225 fe ()] =,
1
= 500 P} ((z,y)) {— sin b, cos B, + cos b sin b, cos(¢p, — (py)}2 {sin? 0, sin® (¢, — ¢}
T ey
1
+ ———P)"({z,y)) {—sin b, cos , + cos O, sin 0, sin(p, — ¢, )} {sin? 0, sin?(p, — ¢, )
sinf, * y x y
T ey
1
+ — P ({x,y)) {— sin 0, cos 0, + cos b, sin 0, cos(p,, — ¢,) } {sin® 6,2sin(p, — ¢, ) cos(p, — ¢,)}
z=y
+ ! P —siné, cos, + cos b, sinb, cos(¢, — ¢ 25in 6, cos 0, sin?(p, — ¢
sinf, v Y z Yy b y
z=y
+ Snd. P/ ((z,y) {281119 cos 0,2sin(p, — ¢,) cos(p, — gpy)}

T=y
1 1

sin 6, sin 6,

P} ((z,y)) {7 sin @, cos 8, + cos 8, sin 8, cos(p, — @y)}Q sin 6, cos(y, — ¢,)
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_ sinl@z sinlﬁy P/ ((z,y)) {—sinb, cos 0, — cos 0, sin b, sin(p, — ¢,) } sin b, cos(p, — ¢,) .
- ! , ! P/ ((z,y)) {—sin b, cos b, + cos b, sin b, cos(p, — ¢,) } sinb, sin(p, — ¢,)
sin g, sin @, v oy
- ! - ! P/ ((z,y)) {—sinb, cosd, + cos b, sin b, cos(¢, — ¢,)} cos b, cos(p, — ¢,)
sin, sin @, v vy
1 1

Pé(<$,y>)COS91 Sin(@z _4,01) ’

sin 0, sin 6, vmy

so that for all z € S?,

[ [021,2 T (%) 22, Te(y)]] 0,

r=y =
as claimed. J

The next variance is more delicate:
Lemma 18. For all points x = (0., ¢,) € S*\ {N, S},
E (0220 fo () D22y fo(y)]] o, = 3P (1) + Py(1) + cot? 6, Py (1)
Proof. Here we obtain

E [022;2 fo() 022, f1 ()] |;1;:y

1 . . .
= O —5— P/ ({z,y)) {sin® 0, sin* 0, sin*(p, — @)} le=y
sin” 0,
1 . .
— 02250 —5—P;((z, y)) sin 0 sin 0, cos(p,, — Oy )|e=y
sin” 0,

for

A= P ((z,9) {~sinby sin(, — )} {sin® 0, sin*(p, — 2,)} o=y

/11

s Lt ((z,y)) {—sin by cos(p, — v,)} {sin® 0, sin* (¢, — ©,)} o=y

sin 6, Pé”(<l‘,y>) {_ Sinay Sin(@x - pr)} {2 sin? 0, Sin(g&x — (py) COS((,OQC — SDy)} |w:y =0,

B = P/"((z,y)) {—sin6,sin(p, — cpy)} {2sin6, sin(p, — ©,) cos(p, — cpy)} ‘w:y
+ Pé/(<f£, y>) {ZCOS(QOI - (py) COS(@x - Sﬁy)}|m:y

/!

= P/ ((w,y) {2sin(p, — ¢,)sin(e, —¢,) }|,_, = 2P/(1),

1
C =~ F"((z.y) {~sinbysin(e, — )} sinb, cos(p, — ,)
Sin y
1 R
— P} ({z.y)) {sin0, cos(e, —¢,)} cos(e, — ¢, )lamy
Sin y
1 . . .
- g b () {sinf,sin(p, — ¢,)}sin(e, — @,)|e=y = P/ (1).
Yy
1 /! . . .
D = ————P//((z,))sinb, sin(ip, — ¢, sinlp, = 9, )lay
Sin y
L1 pr(a,y))cos( ) L p
T — r—_—y = —5— .
sin @, sin 6, e\ Y Yo T Pyllo=y = G2 0, °

Summing up, we obtain

1
E (0220 Te(2)022,, Te(w)) |, = 3P/ (1) + = Pi(1) = 3P//(1) + Pi(1) + cot? 0 PY(1).
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Lemma 19. For all points x = (0, ¢,) € S*\ {N, S},
E 01152 fe(2) 021 fe(W)]],.—,, = 0.

Proof. The result can be established by similar computations to those performed in the other Lemmas; alter-
natively, in this case it follows immediately by noting that {011 fi(z)}, {021,y fe(x)} are the partial derivatives
01, 0> of the constant variance field 01 f;. 1

Our final lemma is the following

Lemma 20. For all points x = (0, ¢,) € S*\ {N, S},

. , . cos?0,
E [021:2 fo (%) 021 fo ()] ooy = o' (1) + Pp (1) =5~
sin® 6,
Proof.
E 0210 fe(2) 0215y fe(y)]] ,—
= 021,202,y {Pé((x,y)){—cosﬁ sin 0, + sin 6, cos 0, cos(p, — ¢, }}‘3j ”
= Oa1;a { P/ ({2, ) {sin b, sin(p, — ¢,) } {— cos b, sin 0, + sin b, cos 0, cos(p, — ¢, }}|
sin 6, .
+om { P { S costysinte, — )} oy
—A+B+C+D+E,
where

A= P/"((x,y)) {—sinbysin(p, —¢,)} {—sinb, cos b, + cos b, sin b, cos(¢, — ¢,)}
X {Sin0 sin(<p —¢,)} {—cos b, sin b, + sin b, cos 0, cos(p, — ©,)} oy
+ (P — cos 0, sin 0, sin(p, — ¢,)} {sin b, sin(p, — ¢,) } {— cos 0, sin b, + sin 0, cos b, cos(p, — ¢, )} } ‘x )

(P ///(< )) {— sin 0, cos 0, + cos 0, sin 0, cos(p, — ¢,)} {sin b, cos(p, — ¢,)}
X {—cos, sinb, + sin b, cos O, cos(v, — ¢,)} Ha=y

+{P}"({z,y)) {—sinb, cos b, + cos b, sin b, cos(p, — ¢,)} {sinb, sin(p, — wy)} {—cosb,sin(p, — ¢,)} Hazy =0,

B = 0ay {Pé/ ,y)) {cos 0, sin(p, — ¢,)} {—cos b, sin by, + sin b, cos 0, cos(p, — ¢, )} }| _ -,

= (P —sinfy sin(p, — ¢,)} {cos O, sin(p, — ¢,)} {—cos b, sin b, + sin b, cos 0, cos(p, — @, }Hx —
i {Pé'((x, ) {:?;Zf” cos(p, — cpy)} {— cosf, sinf, + sin 6, cos b, cos(¢p, — gay)}}

x =Yy
+ {P/((x,y)) {cos O sin(p, — ¢,)} {cos B, sin(p, — )} }| _ , =0

C = sy {Plf' z,y)) {sin b, sin(p, — ¢,)} {sin b, sin 6, + cos . cos b, cos(, — @, }}|
= {P/"((z,y)) {—sinb,sin(p, — ¢,)} {sinb,sin(p, —¢,)} {sind, sin b, + cos b, cos@ cos(p, — P, }Hz )
+ P (x y)) {cos (¢ —¥y) )} {sin 0, sin 6, + cos 0, cos 0, cos(, — ) }|
+ {P/((z,y)) {sin(p, — ¢,) } {—cos 0. cos O, sin(p, —p,)}}| _ 1),

D= 0y, {Pé/(<x7y>) { Ez cos 8, sin(y, wy)} {—sin@, cosb, + cos b, sinb, cos(¢, — gpl)}}

=y

sin ¢ cos 0, sin(p, — cpy)} {—sin#, cos b, + cos b, sinb, cos(¢, — cpx)}}

—{ P (= sin0,sinte, - o {55

1N Uy

1
+ {P ((z,9)) {sin@ cos 8, cos(p, — gpy)} {—sinf, cos b, + cos b, sin b, cos(¢, — 9%)}}
y

r=y

. 1 o . : B
+ {Pg ((x,y)) {sm i cos 0, sin(p, — ¢,) o, {—sinf, cos b, + cos b, sinb, sin(¢, — ¢v,)}
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and finally
, cosf, )
E = 02 ¢ Pi((x,y)) ¢ =5 cos by sin(p, — ‘Py)
sin 0, o
y
. . cos .
— {Pé/(<m, y)) {— sin 6, sin(p, — pr)} {sm@j cos 8, sin(¢p,, — wy)}} -
cos, cosd cos? 0
P — 2" Y cos(p, — = P)(1 L.
e {Pe (g g e e} =R
|
8. APPENDIX C: THE CONDITIONAL EXPECTATION
Lemma 21. For all (z,y) € S? x S?, z # y, we have that
te(7,y) = Og(dg2(z,y)).
Proof. We need to compute the 6 x 4 matrix
B{ (z,9) Ay (2, y)
where
% )(\) (O3 (1’7 y) 0
0 L 0 as ¢(z,y)
Aé €, = 2 ’ ’ )
( y) al,@(‘ra y) 0 % 0
0 Q2 ¢ (i]'], y) 0 %
Let us start by computing
A 4
2,\37404&(95,7;) (3\ T X407, (xy) a1,0(2, y) 0
I, VR ___4
A7 () = 0 X103 ) 0 x7a7, 202, )
¢ ’ —%al é(% y) 0 2# 0
by 74041)2(x,y) y A£74a1,€(z,y) \
4
0 _)\374a§12(x,y) Oég}z((E,y) 0 2)\3740452@7@)
Hence, omitting for brevity the arguments (z,y)
Uy
T A-1 Uz
B; A, "
Uz
0 0 0 Bay Ag _
0 0 By O 2X7—iaT, 2 XF—daf, 40 uy
_ 0 0 0 Bsy 0 2,\3742;2 0 ~37=daZ, %24 g
= 4 A
e 000 0| e 0 a0 .
1,4 _ 4 e 2
—Bs, O 0 0 0 N —4aZ, Y24 0 2,\37404372
A
0 ~4x7—dag, 024 0 282,057 4a
4)\2 1oz 1 0 QBle)\z_4 P 0
0 4 q 0 28; g 572 ”
_ XZ—da3 2t 34327 4aZ, U
2ﬁ27[ )\%—4042 0 4)\361’;?[&1! 0 Ui
; : y s
A £
0 26103750, 0 —Axriaz, 02




CRITICAL VALUES RANDOM SPHERICAL HARMONICS 27

28
/\2_42; (Aeuz — 20z puz) 26, pus
£2ﬂ1 . Ag-‘r?agl
/\274(1 (/\gul — 20 U1 ) 2B1,eu1
ZQB )\2[;-20411
o (Aeug — 20z puz) 3,£%2
_ TR, _ Aet2az _ :
= * = ; = Oy(esin @).
2B (}\ Ui — 2000 U ) 2By s
)\2 Ao 2 B YACHN 2é 1 2>\B€+2alvl
Qﬂ 1,0U2
7A2,4a2 ()\ZU2 — 2az ¢uz) N0
‘ 2033 _ 283, ,u1
7A2 1o (Aeur — 20 puy) NeT200,

Let us now focus without loss of generality on “equator” points = (5,¢,), y = (3,%,), and write ¢ :=
ds2(z,y) = |¢, — |- It has been shown in [7] that the following expressions hold,

B1,(¢) = sin ¢ Py’ (cos §),
Ba.4(¢) = sin ¢ cos ¢ P} (cos ¢) + sin P (cos ¢),
Bs.(¢) = —sin® P (cos ¢) + 3sin ¢ cos 9P’ (cos ¢) + sin ¢.P)(cos ¢),

whence

ﬂl,l(¢)a 62,2(¢)7ﬂ3,€(¢) = Og(SiIl (b) = Of((b)a as ¢ — 0.
Recall also that

Ag(ﬂ?,y) =
P(1) * * *
0 Pj(1) * *
Pi({z,y)) 0 Pj1) =
0 —P/ ((z,y)) sin®*(p, — ¢,) + Pf({z,y)) cos(p, —,) 0 Pj(1)
whence
are(z,y) = P£(<x )
aze(r,y) = 7 (2, y)) sin® (v, — @) + Pr((2,9) cos(e, — @)

and thus on the equator ¢, = ¢,

041,[(5372/) = Pé(<$,y>) = a?,f(mvy) .
It hence follows that

|1s.0(z, )| consty x {|ur| + |uz|} sin ¢

<
< conste X {|ua] + |ual} X dg2(z,y),

where the constant can depend on {\, + 2011,@}_1 , which is bounded because it is the inverse of a non-vanishing
polynomial in a compact space. Hence the result is established. I
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