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Abstract
Photon indistinguishability plays a fundamental role in information processing, with applications
such as linear-optical quantum computation andmetrology. It is then necessary to develop
appropriate tools to quantify the amount of this resource in amultiparticle scenario. Herewe report a
four-photon experiment in a linear-optical interferometer designed to simultaneously estimate the
degree of indistinguishability between three pairs of photons. The interferometer design dispenses
with the need of heralding for parametric down-conversion sources, resulting in an efficient and
reliable optical scheme.We then use a recently proposed theoretical framework to quantify four-
photon indistinguishability, as well as to obtain bounds on three unmeasured two-photon overlaps.
Ourfindings are in high agreementwith the theory, and represent a new resource-effective technique
for the characterization ofmultiphoton interference.

1. Introduction

Photon indistinguishability is a key concept in quantumphysics, which can be characterized via two-particle
interference [1]. From thefirst experimental observation carried out using entangled photons produced by a
parametric down-conversion source [2], the quantum signature of this phenomenon, known asHong–Ou–
Mandel (HOM) effect, has proved to be essential for tasks such as characterization of single photon sources,
practical protocols of quantum communication [3–5] and quantum computation. Recent proposals use two-
photon interference for the realization of two-qubit gates, essential elements for photon-based quantum
computing schemes [6].Multiphoton interference is at the core of the computational complexity of linear
optical networks, as exemplified by the Boson Sampling problem [7–25]. This problem, solved naturally by
multiphoton interference, shows that simulating the dynamics of indistinguishable photons is likely to be hard
for classical computers, which also suggests that certification of genuinemultiphoton interference is a difficult
problem [26–41].

Due to the fundamental role of such quantum effects in quantum information and quantumoptics, recently
much effort has been devoted to increasing the number of interfering particles, and to the development of new
methods to characterize the amount of indistinguishability ofmultiphoton states produced by single-photon
sources. Thesemethods aim tofind effective strategies in terms both of physical and computational resources
needed to address the problem.Many techniques are based on bosonic coalescence [12, 34], i.e. the tendency of
indistinguishable photons to come out from the same port of an interferometer, which can be viewed as
generalizations of the original two-photonHOMeffect to the case ofmultiple ports and photons [14, 38–46].

Here we present an approach for quantifying indistinguishability inmultiphoton experiments. To this aim
we focus on extracting information from sets of two-photonHOMexperiments realizable in a single
interferometer with a suitable design.We describe each possible experiment by a graph, with nodes representing
photons and edges representing two-photonHOMtests [47]. Aswe discuss in the following, thismethod
provides a simple and efficient design capable of determining bounds formultiphoton indistinguishability. In

OPEN ACCESS

RECEIVED

27 September 2019

REVISED

10 February 2020

ACCEPTED FOR PUBLICATION

26 February 2020

PUBLISHED

2April 2020

Original content from this
workmay be used under
the terms of the Creative
CommonsAttribution 4.0
licence.

Any further distribution of
this workmustmaintain
attribution to the
author(s) and the title of
thework, journal citation
andDOI.

© 2020TheAuthor(s). Published by IOPPublishing Ltd on behalf of the Institute of Physics andDeutsche PhysikalischeGesellschaft

https://doi.org/10.1088/1367-2630/ab7a30
https://orcid.org/0000-0001-7111-0272
https://orcid.org/0000-0001-7111-0272
https://orcid.org/0000-0002-5925-4158
https://orcid.org/0000-0002-5925-4158
https://orcid.org/0000-0002-2522-6028
https://orcid.org/0000-0002-2522-6028
https://orcid.org/0000-0003-4999-2840
https://orcid.org/0000-0003-4999-2840
https://orcid.org/0000-0003-3471-2252
https://orcid.org/0000-0003-3471-2252
https://orcid.org/0000-0003-2582-9918
https://orcid.org/0000-0003-2582-9918
https://orcid.org/0000-0003-1715-245X
https://orcid.org/0000-0003-1715-245X
mailto:nicolo.spagnolo@uniroma1.it
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/ab7a30&domain=pdf&date_stamp=2020-04-02
https://crossmark.crossref.org/dialog/?doi=10.1088/1367-2630/ab7a30&domain=pdf&date_stamp=2020-04-02
http://creativecommons.org/licenses/by/4.0
http://creativecommons.org/licenses/by/4.0
http://creativecommons.org/licenses/by/4.0


this workwe experimentally demonstrate the effectiveness of this approach, furnishing an extensive
experimental study of genuine indistinguishability in a four-photon state.We also demonstrate other useful
predictions of themodel, which greatly simplifies the experimental effort for the complete characterization of
pairwise overlaps ofmultiphoton states [48]. Simply put, the theory allows us to infer precise bounds on pairwise
overlaps not accessible ormeasured directly by the experiment, based on information on the overlaps that were
actuallymeasured. The predictionswe obtain on the unmeasured overlaps inferred from experimental data
represent thefirst application of such techniques for amultiphoton state. By slightly changing the experimental
set-up, wewere able to directly confirm the theoretical prediction for one of the previously unmeasured
overlaps.

Our results confirm the feasibility of themethodwhen applied to an actual physical system. In particular, the
special design of the interferometer allows to perform the experiment with a parametric down-conversion
sourcewithout the need for heralding. This represents a demonstration of a practical approach to the
characterization ofmultiphoton sources, which promises to decrease the experimental effort required to
benchmark future deterministic single-photon sources [49–51] in the regime of high number of photons
[16–19, 25].

2.Quantifying four-photon indistinguishability

In the recent [47, 48], an approachwas theoretically proposed to characterizemultiphoton indistinguishability,
based on two-photonHOMtests and constraints imposed by logic and quantum theory. Herewe review the
main concepts of this approach, as applied to the case of interest for the experimental implementationwe report
in section 3.

Consider a weighted, undirected, linear graph P4 with four verticesA,B,C andD, and three edges rAB, rBC
and rCD (see figure 1). Vertices correspond to single-photon states, and the edgeweights to the overlap
rij=Tr(ρiρj) between the states of photons i and j. Each overlap rij can be estimated experimentally via the
probability of bunching pb

ij in aHOM test between photons i and j, as they are related by [52]:

=
+

p
r1

2
. 1

b
ij ij ( )

Moreover, it is possible to experimentally estimatemultiple overlaps using a single interferometer, bymeasuring
the probability of bunching at each output port. Infigure 1we show such an interferometer, whichwe can use to
estimate the three overlaps for theP4 graph.

Wenowdiscuss the characterization ofmultiphoton indistinguishability for states of two different types
undergoing the test represented by the graph offigure 1. These twomodels allow us to quantify genuine
multiphoton indistinguishability (as defined in [47], and reviewed below), as well as to infer bounds on pairwise

Figure 1. Scheme of the four-photon indistinguishability test. The four input photons (A, B, C, D) are injected in an interferometer
which allows for the simultaneous implementation of three independentHong–Ou–Mandel (HOM) tests between pairs (A-B), (B-C)
and (C-D). In this circuit, each two-mode gate corresponds to a 50/50 beam splitter (bottom left inset). This interferometer
implements pairwiseHOMtests encoded in a linear graph of four nodes (bottom right inset).
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overlaps that have not beenmeasured, an idea proposed in the recent [48], andwhichwe develop here for the
particular case of the 4-photon states we experimentally create. Note that thismethod is very general, and can be
applied to any graph structure, where edges represent experimentallymeasured pairwise overlaps, together with
amodel for the input states generated by a single-photon sources.

Thefirstmodel we consider consists of (generallymixed) four-photon states of the form:

år r r= +
>

^c c , 2
s

s s1
1

1

( )

where ρ1 is a pure state of 4 perfectly indistinguishable photons and r^s are pure states where every pair of
photons is either perfectly identical or orthogonal (i.e. distinguishable), and at least two photons are orthogonal.
In the rest of theworkwewill refer to thismodel as (i). Following the approach of [47], we identify the degree of
multiphoton indistinguishability of state (2)with the value of c1, as it is the probability associatedwith preparing
perfectly indistinguishable photons. As discussed in [47], any value of c1>0 guarantees a non-trivial lower
bound for all two-photon overlaps (or, equivalently, for all Hong–Ou–Mandel dip visibilities), even those of the
pairs not directlymeasured experimentally.Moreover, we cannot have c1>0 for any convex combination of
states having at least one photon orthogonal to the rest. Hence, if c1>0 all photonsmust be at least partially
indistinguishable. States of the form (2) abovewere called ‘classical’ in [48], as each r^s only contains pure single-
photon states diagonal in afixed basis.

In [47] it was shown that theHOMprobabilities of bunching could be used, in a suitable family of
interferometers, to obtain non-trivial bounds for c1. These interferometers, which performmultipleHOMtests,
can be described as star graphs, whereHOMtests are represented by a central vertex connected to all the others.
As shown in appendix A, a similar argument can bemade for the interferometer infigure 1, associatedwith
graph P4 (the possibility tofind bounds for c1 is implicit in themore general results of [48]).More explicitly, we
show that c1 is bounded by:

+ + -  r r r c r r r2 min , , . 3AB BC CD AB BC CD1 ( ) ( )

Then, themeasurement of rAB, rBC and rCDvia the threeHOMtests in the interferometer infigure 1 enables us to
quantify the degree of indistinguishability.We are interested in inferring the values of the overlaps whichwere
notmeasured by our interferometer: rAC, rBD, and rAD. In particular, it is easy to check that c1 in equation (2) is a
lower bound for the estimate of all overlaps rij, hence the lower bound in equation (3) also applies to them.More
stringent bounds can be found by applying the results of [48] to the four-photon state (2) undergoing
measurements at the output of the interferometer infigure 1, obtaining (see appendix A):

Î + - - -r r r r r1, 1 , 4AC AB BC AB BC[ ∣ ∣] ( )
Î + - - -r r r r r1, 1 , 5BD BC CD BC CD[ ∣ ∣] ( )

+ + -r r r r 2, 6AD AB BC CD ( )
+ - - - - - -r r r r r r r r r r2 min , , . 7AD AB BC CD AC AB CD CD AB BC( ) ( )

Wewill now retrieve corresponding bounds for states described by a secondmodel, whichwe label (ii).We
assume that our four-photon state is the tensor product of pure single-photon states, i.e. of the form
ñ Ä ñ Ä ñ Ä ñA B C D∣ ∣ ∣ ∣ .We do not constrain the pure states describing different photons to be either identical

or completely distinguishable. [48] obtains general bounds for unmeasured overlaps of such product states. In
the case of a four-photon state it is possible to show that:

+ - -r r r r r1 1 8AC AB BC AB BC
2( ( )( ) ) ( )

and, if rAB+rBC>1,

- - -r r r r r1 1 , 9AC AB BC AB BC
2( ( )( ) ) ( )

otherwise rAC�0. By permuting indicesB→A,C→B, andD→C, the inequalities above also give upper
and lower bounds for rBD.We can then prove bounds on the unknownoverlap rAD by applying the same
reasoning above, but using rAB and the inferred range for rBD (alternatively, using rCD and the inferred range for
rAC). These bounds are discussed in detail in appendix A. For sufficiently indistinguishableN-photon states, in
principle an extension of ourmethodwill give non-trivial lower bounds on allN(N−1)/2 pairwise overlaps,
even having directlymeasured onlyN−1 of them. This represents a quadratic improvement on the
experimental resources required to characterizemultiphoton sources.

We stress that the twomodels (i) and (ii)we consider are different approximations of the possible four-
photon input state generated by a single-photon source. The ideal case of four perfectly indistinguishable
photons corresponds respectively to c1=1 in the state described by equation (2) and to state
yñ∣ ⊗ yñ∣ ⊗ y yñ Ä ñ∣ ∣ in our product-statemodel. Furthermore, note that bounds for unmeasured overlaps
can be found for general graphswith arbitrary structure and number of nodes, and not just the P4 graphwe have
just discussed, by iterating the bounds of equations (8)–(9), see [48] for details.
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In the followingwewill usemodels (i) and (ii) to study the four-photon state produced by a non-
deterministic single-photon source, with the goal of quantifying the indistinguishability and providing
estimations of unmeasured overlaps.

3. Experimental implementation

In this sectionwe describe the experimental apparatus we use to quantify four-photon indistinguishability
(figure 2, see appendix B formore details), and also to obtain bounds for the unmeasured two-state overlaps.

To generate our input states we employ double-pair emission fromaType-II spontaneous parametric down-
conversion (SPDC) source, where all four photons are spectrally filtered bymeans of 3 nmband-pass filters. In
thefirst stage after photon generation, photons in inputmodes (B), (C) propagate through a pair of beam
splitters, implemented as a sequence of a half wave-plate and a polarizing beam splitter. This set of optical
elements implements the first layer of the interferometer shown infigure 1. In the second stage, all 6modes are
coupled in single-mode fibers, and propagate through polarization control stages and a set of delay lines to
modulate their degree of indistinguishability. In the third stage all photons, in superposition over the sixmodes,
are coupled to three single-mode fiber beam splitters (SMFBSs), corresponding to the second layer of the
interferometer, whereHong–Ou–Mandel tests are performed. Finally, the outputmodes of each FBS are
connected tomultimode fiber beam splitters to enable approximate photon-number resolving detection. Four-
photon coincidence events are then recorded via 12 single-photon avalanche photodiodes and a coincidence
detection apparatus.

An important experimental characteristic of the interferometer infigure 1 is that it enables four-photon
experiments without the need for heralding. To understand this feature, let us start by considering only the input
states corresponding to the generation of two photon pairs, which are described by the occupation numbers {(1,
1, 0, 0, 1, 1), (2, 2, 0, 0, 0, 0), (0, 0, 0, 0, 2, 2)}. The structure of interferometer infigure 1 is such that all output
configurations accessible to input state (1, 1, 0, 0, 1, 1) are different from those associated to the other two
(double pair) inputs produced by the source. This observationmakes it possible to unambiguously post-select
only those output events corresponding to the desired four-photon input state (1, 1, 0, 0, 1, 1)with no need for
heralding (see appendix C for further details). This feature eliminates the dependence from the heralding
efficiency of the unavoidable noise due tomultipair emission. This contribution is present also in the post-
selection procedure due to the propagation losses in the apparatus. In appendixDwe include a detailedmodel
and analysis of the noise in our experimental implementation. The complete set of probabilities associated to all
four-photon output configurations is shown infigure 3.We have identified six interesting input configurations,
corresponding to different situations of pairwise indistinguishability, whichwe labeled as {XXXX,XXXY,
XXYY, XXYZ,XYYZ, XYWZ} (where identical letters denote ideally indistinguishable photons). TheXXXX
configuration corresponds to the fully indistinguishable case, while in the other cases the number of

Figure 2. Scheme of the apparatus used to quantify four-photon indistinguishability. Four-photon states are generated by a type-II
parametric down-conversion source in a beta-bariumborate crystal, andmanipulated to be indistinguishable in polarization,
spectrum and temporal delay. Spatial and temporal walkoffs are compensated bymeans of half-length BBO crystals.With reference to
figure 1 photons in inputmodes (B), (C) are split in two beam splitters, implemented here as a sequence of a half-wave plate and
polarizing beam splitter for enhanced control. Photons in (B), (C) separately interfere in single-mode fiber beam splitters with the
other two photons in opticalmodes (A), (D). Each outputmode of the interferometer is connected to amultimode fiber beam splitter
to enable approximate photon-number resolution. Legend: BBO—beta-bariumborate crystal, HWP—half-wave plate, BPF—band-
pass filter, PBS—polarizing beam splitter, PC—polarization controller, DL—delay lines, SMFBS—single-mode fiber beam splitter,
MMFBS—multimodefiber beam splitter, APD—avalanche photodiode.
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distinguishable photons increases up to the fully distinguishable state XYWZ.We obtainedfine control over
pairwise distinguishability byfixing the polarization of the photons and tuning the temporal delays.

For each class of input state we collectedN�104 events. Figure 3 shows the values of the distributions
corresponding to the experimental data pm, compared against the expected distributions pe that take into
account partial indistinguishability andmulti-pair contributions (see appendixD formore details). In
particular, to estimate pe we considered probabilisticmixtures of states inwhich pairs of photons can only be
either identical or perfectly distinguishable, as prescribed bymodel (i). The agreement betweenmeasured pm

and expected distributions pe is quantified using the Total VariationDistance (TVD), defined as
= å -p pTVD 1 2 i i i

m e∣ ∣ (see figure 3). The comparisonwith the data confirms that pe reproduces verywell the
distribution associated to the state when projected on the basis of the occupation numbers in the outputmodes.

3.1.Determining bounds formultiphoton indistinguishability
In section 2we have seen that for classical states it is possible to usemeasured overlaps to bound the amount of
genuinemultiphoton indistinguishability, as characterized by coefficient c1 in equation (3). In our experiment,
coefficient c1 corresponds to the probability associatedwith a preparation of four perfectly indistinguishable
single-photon states. Aswe have discussed in section 2, any positive value of c1 guarantees non-zero lower
bounds for all two-photon overlaps, even thosewhichwere not directlymeasured by our apparatus.Wefirst test
ourmodel for the configurationXXXXwhich represents the best experimental approximation to an ideal state
of four perfectly indistinguishable photons. For the input configurationXXXX, the bounds for c1 we obtained
are 0.34±0.01�c1�0.640±0.008.We see that the lower bound is greater than zero by 31 standard
deviations, successfully attesting the presence of genuine four-photon indistinguishability. The upper bound is
not compatible with the ideal value 1, which reflects the residual partial distinguishability of the state produced
by the source, as discussed in appendix E. As further experimental benchmarks of themethod, we calculate the
bounds on c1 for the otherfive configurations reported infigures 3(b)–(f). As expected, the other input states
different fromXXXXdo not display any level of four-photon indistinguishability (as c1=0). The reported data
show that each state with at least one photon distinguishable from the others does not display any statistically
significant component of genuinemultiphoton indistinguishability. The resulting bounds for c1 for these states
are reported in table 1.

Infigure 4, each configuration has been represented in the space spanned by the three relative delays
(ΔxAB,ΔxBC,ΔxCD). The plot shows the predicted surfaces corresponding to the lower bound for c1, defined in
equation (3), calculated forGaussian overlaps (rAB, rBC, rCD)with respect to the relative delays in the ideal case
(pink surface) and by considering partial photon indistinguishability corresponding to the adopted source
(green surface). For each of the two scenarios, all points enclosedwithin the corresponding surface lead to a non-
trivial lower bound for c1, which characterizes genuinemultiphoton indistinguishability. The parameters
adopted for the calculation of the two surfaces are inferred from thewidths and visibilities of theHOMdips

Figure 3.Experimental results. Four-photon output probability distributions for different degrees of pairwise distinguishability.
Bunching and no-bunching output configurations aremarkedwith orange and blue respectively. Further details on the sequence of
output states reported in the charts are provided in appendix C. The experimental distributions are shown above the expected ones,
reportedwith transparent colors. The expected distributions take into accountmulti-pair contributions and residual partial
distinguishability among the pairs. (a)Histograms for the fully indistinguishable scenario (XXXX). Themeasured TVDbetween
expected andmeasured distribution is TVD=0.099(4). (b)ConfigurationXXXY, corresponding to photonDdistinguishable from
the others [TVD=0.112(5)]. (c)Distribution corresponding to state XXYY inwhich photons A-B andC-D are pairwise
indistinguishable. Such condition is achieved introducing a temporal delay between photons B andC [TVD=0.099(3)]. (d)
ConfigurationXXYZ, where photonsC-D are distinguishable [TVD=0.095(4)]. (e)ConfigurationXYYZ, inwhich only photons
B-C, belonging to different SPDCpairs, are indistinguishable [TVD=0.093(4)]. (f) Fully distinguishable case [TVD =0.110(5)].
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(further details onHOMmeasurements and on the estimation of the surfaces are given in appendices E and F).
The ratio between the volumes enclosed in the two surfaces,Va for the pink one andVb for the green, is
Vb/Va∼0.525, thus confirming that the region corresponding to a non-trivial lower bound for c1 is smaller
when experimental imperfections are taken into account.

3.2.Determining unmeasured overlaps
Our experimental apparatusmeasures a set of three two-photon overlaps: rAB, rBC and rCD. Using this simple
experimental set-up and the theoretical results described in section 2, we can obtain bounds on the unmeasured
overlaps rAC, rBD and rAD. This allows for e.g. a simpler characterization of all pairwise overlaps ofmultiphoton
sources. As discussed previously, this can be done assuming two differentmodels, (i) and (ii), for the states we
prepare. Thefirstmodel assumes that the state is classical, i.e. a coherence-freemixture of states for which every
pair of photons is either distinguishable or identical to each other. The secondmodel assumes that the four
photons are in a tensor product of pure states with any degree of two-photon indistinguishability. It is worth
noting that bothmodels could reproducewell the behavior of the generated four-photon states in the basis of
mode occupation numbers, and can thus be employed to infer predictions on the four-photon state

Table 1. Summary of themeasured overlaps and inferred bounds forc1.
Only state XXXXdisplays a significant non-zero value for c1. For the other
states, inwhich at least one photon is distinguishable from the others, the
inferred value for c1 is statistically compatible with c1=0. For these states
we have reported the value of the upper bound in equation (3). The overlap
values have been retrieved from the distributions shown infigure 3. All the
errors are derived fromPoissonian uncertainties associated to photon
counts and then propagated viaMonte Carlomethods.

State c1 rAB rBC rCD

XXXX [0.34(1), 0.64(1)] 0.826(6) 0.640(8) 0.872(4)
XXXY 0.00(2) 0.802(8) 0.780(8) 0.00(2)
XXYY 0.01(1) 0.832(6) 0.01(1) 0.802(6)
XXYZ 0.00(1) 0.834(6) 0.00(1) 0.01(1)
XYYZ 0.01(2) 0.01(2) 0.68(1) 0.04(2)
XYWZ 0.00(2) 0.02(2) 0.00(2) 0.00(2)

Figure 4. Surfaces of trivial lower bound forc1. Input states {XXXX, XXXY, XXYY,XXYZ, XYYZ, XYWZ} are represented in the
space of relative optical delays between photon pairs (i, j)={(A,B), (B,C), (C,D)}. The pink and green surfaces represent parameter
values yielding a trivial lower bound for c1, i.e. c1=0. The pink surface has been calculated for the case ofGaussian shape for the
overlaps rij(Δxij) (inferred from theHOMdips), considering perfect indistinguishability, rij(0)=1. The green surface takes into
account the actual observed degree of distinguishability in the experiment. Herewe have considered rij(0)=Vij, whereVij is the
visibility of the correspondingHOMdip.
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indistinguishability. In table 2we report the calculated upper and lower bounds for unmeasured overlaps, using
the twomodels. Aswe can see, for all cases where unmeasured overlapswere expected to be non-zero, we
obtained lower bounds consistent with this expectation. This includes positive values for the three unmeasured
two-photon overlaps for input XXXX, as well as a positive value for rAC for input XXXY.

The interferometer we have implemented allows, with a slight change in the set-up, to verify directly the
prediction of table 2 regarding the overlap rAD. This is possible by swapping photons AwithC andBwithD at the
input of the interferometer, by acting on the polarization degree of freedomof the source (see figure 5). This
operation results inmeasurements corresponding to the graphC-D-A-B, all performedwith input
configurationXXXX. The newmeasurements for overlaps rAB, rCD resulted in values rCD=0.86(1),
rAB= 0.842(8). Interestingly, we can now estimate also the previously unmeasured rAD[rAD=0.65(1)]. The new

Table 2.Bounding unmeasured overlaps.We report the lower bounds (LBs) and upper
bounds (UBs) for the unmeasured overlaps starting from those observed in the
experiment for each state.We adopt two differentmodels for describing the
multiphoton state, thefirst expressed in equation (2) and the second in the form
ñA∣ ⊗ ñB∣ ⊗ ñC∣ ⊗ ñD∣ . The bounds reportedwithout uncertainty correspond to the

cases forwhich themodel gives trivial bounds, i.e. 0 for LBs and 1 forUBs.

State
Mixed classical statemodel (i)

rAC rAD rBD

XXXX 0.46 1 , 0.81 1[ ( ) ( )] 0.34 1 , 0.94 1[ ( ) ( )] 0.511 9 , 0.768 9[ ( ) ( )]
XXXY 0.58 1 , 0.98 1[ ( ) ( )] 0, 0.42 1[ ( )] 0, 0.22 1[ ( )]
XXYY 0, 0.17 1[ ( )] 0, 0.37 1[ ( )] 0, 0.20 1[ ( )]
XXYZ 0, 0.166 7[ ( )] 0, 1[ ] 0, 0.99 1[ ( )]
XYYZ 0, 0.33 1[ ( )] 0, 1[ ] 0, 0.36 2[ ( )]
XYWZ 0, 0.98 2[ ( )] 0, 1[ ] 0, 1[ ]

State Separable pure statemodel (ii)

rAC rAD rBD

XXXX 0.23 1 , 0.955 5[ ( ) ( )] 0.017 4 , 0.976 4[ ( ) ( )] 0.28 1 , 0.925 6[ ( ) ( )]
XXXY 0.34 1 , 0.9991 8[ ( ) ( )] 0, 0.00 1[ ( )] 0, 0.22 4[ ( )]
XXYY 0, 0.23 4[ ( )] 0, 0.68 4[ ( )] 0, 0.27 4[ ( )]
XXYZ 0, 0.16 2[ ( )] 0, 0.89 3[ ( )] 0, 0.992 6[ ( )]
XYYZ 0, 0.42 4[ ( )] 0, 0.76 6[ ( )] 0, 0.51 4[ ( )]
XYWZ 0, 0.98 1[ ( )] 0, 0.02 3[ ( )] 0, 1[ ]

Figure 5.GraphC-D-A-B. (a)By swapping photon pairs A/CandB/D,we domeasurements corresponding to the linear graphC-D-
A-B. (b) In the experimental set-up, the swap is performed by rotating the half-waveplates in each armof the source by 45°with
respect to the set-up corresponding to the A-B-C-D graph. In this way, photons A,B,C,D are injected in different input ports of the
same interferometer. (c)Output distribution for theXXXX state of graphC-D-A-B forN∼5200 events collected. The TVDwith
respect to the expected distribution, reported below the experimental datawith transparent colors, is TVD=0.078(6).
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measurements of overlaps rAB and rCD are compatible with the values obtainedwith the previous set-up, while
the newmeasured value for rAD is compatible with the previously derived upper and lower bounds.

4.Discussion

Multiphoton indistinguishability is a promising resource for quantum information processing, and so it is
crucial to identify and characterize it efficiently [47, 48]. Herewe have experimentally demonstrated an
approach to quantify genuinemultiphoton indistinguishability in a four-photon experiment.We also
characterize the degree of two-photon indistinguishability without the need for directmeasurements of all two-
photon experiments. A fundamental advantage of our approach is the use of a single interferometric set-up to
effectively implementmultipleHong–Ou–Mandel tests. The experimental data, besides this direct
characterization of themethodology introduced in [47, 48], can be used to bound all the unmeasured two-
photon overlaps. Our interferometer design allows for the use ofmultiple parametric down-conversion single-
photon sources, without the need for heralding. These features showcase the promise of our approach for the
characterization of futuremultiphoton sources. In particular, themethod could find applications in the case of
deterministic sources [49–51, 53, 54], which have been recently identified as a promising route to obtain larger
photon numbers with high purity [16–19].
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AppendixA. Genuine four-Photon indistinguishability and bounds onunmeasured
overlaps

In this sectionwe showhow to extend the results of [47, 48] to obtain the lower and upper bounds on the
unmeasured overlaps, as well as on c1 (i.e. equations (3)–(9)). In appendix A.1we focus on the bounds obtained
assuming a classicalmodel for our photonic states, inwhichwe have convex combinations of single-photon
states which are pairwise identical or orthogonal (model (i)). In A.2we obtain the bounds assuming a pure
product-statemodel (model (ii)).

A.1. Bounds for classical states
Supposewe have a four-photon state given by a classicalmodel, i.e.

år r r= +
¹

^c c , A.1
s

s s1
ind

1

( )

where ρind is a state of four perfectly indistinguishable photons, and r^s are pure states in afixed basis with at least
one pair ofmutually orthogonal photons.We note that the state of equation (F.6) is of this form. Suppose also
thatwe have, as experimental data, the overlaps rAB, rBC, and rCD given by

= -r p2 1, A.2ij b
ij ( )

where pb
ij is the probability of bunching in aHOMexperiment between photons i and j.We now showhow to

obtain bounds for the parameter c1 in equation (A.1) (identified in [47] as ameasure of genuine four-photon
indistinguishability) and the unmeasured overlaps rAC, rBD, and rAD (as discussed in [48]), in terms of the known
two-photon overlaps. In the formalismof [48], this situation corresponds to known two-state overlaps described
by theP4 graph shown infigure A1(a). Suppose initially that we have three logical propositions, a1, a2, and a3,
and let p(ai) be the probability that ai is true. Consider the truth table A1 for the AND function of the three
propositions.We can now interpret each row in table A1 as a four-dimensional vector. These vectors are the
extremal points (vertices) of a polytope, and any logically consistent vector corresponds to a point in this
polytope (i.e. a convex combination of the rows of table A1). The faces of this polytope correspond to linear
logical inequalities thatmust be satisfied by any consistent set of probabilities [48, 55, 56]. It is a simple
computational task to obtain such inequalities, which can bewritten as:

p a 1; A.31( ) ( )
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p a 1; A.42( ) ( )

p a 1; A.53( ) ( )

  p a a a 0; A.61 2 3( ) ( )

  p a a a p a ; A.71 2 3 1( ) ( ) ( )

  p a a a p a ; A.81 2 3 2( ) ( ) ( )

  p a a a p a ; A.91 2 3 3( ) ( ) ( )

  + + -p a a a p a p a p a 2. A.101 2 3 1 2 3( ) ( ) ( ) ( ) ( )

Inequalities (A.3)–(A.6) are trivial. Inequalities (A.7)–(A.9) encode the fact that the joint probability of several
eventsmust be atmost the probability of any of the events individually. Inequality (A.10) is a nontrivial bound
on  p a a a1 2 3( ) in terms of the three individual probabilities.

Let us now interpret the three propositions as relations between pairs of photons connected by edges in
figure A1(a), i.e.,

=a A B, A.111 ≔ ( )
=a B C, A.122 ≔ ( )
=a C D. A.133 ≔ ( )

Equalities in the above expressionsmean that the two photons are in the same internal state (e.g.A=B
represents rAB=1). Since the state we consider at this point is of the formof equation (A.1), it is a classical
mixture of states where each photon pair is sure to be either identical or orthogonal. Thus, we can directly
interpret the probabilities of the propositions above as follows:

=r p a , A.14AB 1( ) ( )
=r p a , A.15BC 2( ) ( )
=r p a , A.16CD 3( ) ( )

=  c p a a a . A.171 1 2 3( ) ( )

Note that c1 is interpreted as the probability that the four photons are identical, whichmatches its interpretation
in terms of genuine indistinguishability given in [47].With this interpretation, inequalities (A.7)–(A.10) lead

Figure A1.Bounding unmeasured overlaps and c1 frommeasurement overlaps. (a)Graph encoding the known experimental data.
Vertices are photons, and edges aremeasured two-photon overlaps. (b)By using the procedure we describe, we can ‘complete’ the
graphwith ranges of possible values for the unmeasured overlaps.

Table A1.Truth table
for  a a a1 2 3.

a1 a2 a3  a a a1 2 3

0 0 0 0

0 0 1 0

0 1 0 0

0 1 1 0

1 0 0 0

1 0 1 0

1 1 0 0

1 1 1 1
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immediately to

c r r rmin , , , A.18AB BC CD1 ( ) ( )
+ + -c r r r 2, A.19AB BC CD1 ( )

which corresponds to inequality (3).
We can also bound the values of the unmeasured overlaps. To that end, we canfirst repeat the argument

above, but for theA-B-C subgraph offigure A1(a). This leads straightforwardly to [47]

+ - - - r r r r r1 1 , A.20AB BC AC AB BC∣ ∣ ( )

which corresponds to inequality (4). Equivalently, by looking at the B-C-D subgraphwe obtain

+ - - - r r r r r1 1 , A.21BC CD BD BC CD∣ ∣ ( )

which is inequality (5).
From the bounds abovewe can effectively construct a new graph, where the ranges of allowed for values of

rAC and rBD are added as new edges (i.e. the original graph togetherwith the dashed edges infigure A1(b)). This
new graph has a new 3-chain subgraph, namely A-B-D. If we apply the previous argument for this new subgraph,
we obtain

+ - - - r r r r r1 1 . A.22AB BD AD AB BD∣ ∣ ( )

To further bound rAD in terms of knownquantities, we just use the inequalities (A.21) to extremize the bounds
above over the full range of rBD. After some algebra, this leads to

+ + -r r r r 2, A.23AD AB BC CD ( )
+ - -

- - - -
r r r r
r r r r r r

2 min ,
, , A.24

AD AB BC CD

AC AB CD CD AB BC

(
) ( )

which correspond to inequalities (6) and (7). Adding these newbounds to our graph leads to the complete
graph offigure A1(b) (including dashed and dotted–dashed edges).

A.2. Bounds for product pure states
Wenowobtain a new set of boundswhenwemodel our experimental state as a pure product state. That is,
suppose the state can bewritten as

yñ = ñ ñ ñ ñA B C D , A.25∣ ∣ ∣ ∣ ∣ ( )

how canwe leverage the knownoverlaps = á ñr i jij
2∣ ∣ ∣ to infer something about the unmeasured overlaps?

For this, our starting point are the results of [48] for pure product states. There it was shown that, for a 3-state
linear graph (e.g. for states A, B andC in the graph offigure A1(a), though note we label the vertices differently
than [48]), we have the following bounds

+ - -r r r r r1 1 , A.26AC AB BC AB BC
2( ( )( ) ) ( )

- - -r r r r r1 1 . A.27AC AB BC AB BC
2( ( )( ) ) ( )

The upper bound holds always. The lower bounds holds if the systems are qubits. If the systems are of dimension
3 or greater the lower bound only holds when rAB+rBC>1, otherwise the lower bound is trivial (i.e. 0). It was
also shown in [48] that all of these bounds are achievable–that is, givenfixed rAB and rBC, and given any rAC in the
range allowed by equations (A.26) and (A.27), it is possible tofind three pure states ñA∣ , ñB∣ and ñC∣ displaying
that set of overlaps.

The above argument can be repeated to provide similar bounds for rBD, namely,

+ - -r r r r r1 1 , A.28BD BC CD BC CD
2( ( )( ) ) ( )

- - -r r r r r1 1 . A.29BD BC CD BC CD
2( ( )( ) ) ( )

The bounds for rAC and rBD above correspond to equations (8) and (9).
Finally, wewish to leverage this construction to provide bounds for rAD. By obtaining bounds for rAC and

rBD, we have effectively constructed a new graph, one represented by the solid and the dashed edges infigure
A1(b). Note that this new graph has a 3-vertex chain as a subgraph consisting of vertices ABD. Thismeanwe can
apply the same argument as above to bound rAD in terms of rAB and rBD:

+ - -r r r r r1 1 , A.30AD AB BD AB BD
2( ( )( ) ) ( )

- - -r r r r r1 1 . A.31AD AB BD AB BD
2( ( )( ) ) ( )

However, we already know the range of values that rBD can assume, from equations (A.28) and (A.29). Therefore,
the procedure to obtain the range of allowed values for rAD is tomaximize equation (A.30) andminimize
equation (A.31) over rBD in the corresponding interval.
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For the lower bound, an argument based on themonotonicity of the underlying two-variable function shows
[48] that, if we take the lower bound of rBD from equation (A.29), and substitute it into equation (A.31), this is an
explicit (but cumbersome) expression for the lower bound of rAD. However, for the corresponding upper bound
wewere not able tofind an explicit expression. This is due to the fact, whichwe verified numerically, that the
upper bound for rAD is obtained by sometimes using the lower bound and sometimes the upper bound for rBD
into equation (A.30).

It is also possible to bound rAD by considering vertices ACD rather thanABD, but a numerical investigation
suggests that the resulting bounds are the same in both cases.

Appendix B. Experimental implementation

In this sectionwe describe the experimental apparatus used to quantify four-photon indistinguishability, shown
infigure 2.

Let us first discuss the apparatus adopted for single-photon generation. Single photons were generated by
two parametric down conversion (PDC) sources, occurring in a single nonlinear crystals (BBO) injected by a
600 mWpulsed pump field (λ=392.5 nm). The generated two-photon pairs centered at 785 nmwere
filtered by 3 nm interferential filters (Semrock). Each photon source generates photons with orthogonal
polarizations [horizontal (H) and vertical (V ) polarizations] in two spatial modes L andR, according to the
configuration shown in figure B1. Photons from the different sources are then separated in different spatial
modes bymeans of polarizing beam splitter (PBS). The output state of each source is:

åy ñ = ñ
g

g n n
1

cosh
tanh , , B.1

n

n
out∣ ( )∣ ( )

where n is the number of the generated pairs. The quantity g is smaller then 1 (g∼0.1 in our case), such that the
creation of a large number of photon pairs is negligible. The state employed in our test corresponds to a four-
photon generation event, when each source generates a single photon pair.We use the post-selection to select
the simultaneous generations of a photon pair in each source, and to separate those events corresponding to
different input states (see appendix C). By using this configuration, one source injects photons A andB inmodes
1 and 2 of the interferometer, while the other source injects photons C andD inmodes 5 and 6 (see figure B2 for a
scheme of the apparatus equivalent to the actual set-up shown infigure 2).

The first layer of the interferometer is realized by inserting two beam splitters (BS) on inputmodes 2 and
5. In this way the four-photon input is probabilistically split to sixmodes (1, 2, 3, 4, 5, 6). Each BS of the first
layer is realized with a half-wave plate and a PBS. In this way we obtain a BS with adjustable reflectivity,
leading to the capability of setting the transmittivity to 50% for each BS. Then, all 6modes are coupled to
single-mode fibers.

The second interferometer layer is obtained by connectingmode pairs 1-2, 3-4, and 5-6 to three single-
mode fiber beam splitters (SMFBS), whereHong–Ou–Mandel tests are performed. Before this stage, it is
necessary to control indistinguishability of the photons in all degrees of freedom. In order to control the
input polarization of each incoming photon, we employed a polarization control stage on eachmode. This
preliminary operation assures that photons interfering in the last layer of SMFBS have the same polarization
states. This can be achieved by properly compensating the action of the input singlemode fibers of each
beam splitter. Time differences between input photon paths are adjusted via delays inserted on one input
mode of each SMFBS. The outputmodes of each SMFBS correspond to the six outputmodes of the
interferometer.

Finally, detection is performed by avalanche photodiodes (APD), employed tomeasure the output state by
counting the coincidences between the detectors. Before the detectors, each output j is connected to a
multimode fiber beam splitter (MMFBS), used to add photon number resolution capabilities to the apparatus.
Indeed, when two photons are injected in theMMFBS onmode j, the latter separates probabilistically the two
photons on the outputmodes j and j′. A coincidence betweenmodes j and j′ corresponds to the detection of two
photons on outputmode j of the interferometer.
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One advantage of the described interferometer is the possibility of performing the four-photon tests without
the need for a heralding photon. Indeed, in order to select the desired initial state, we can apply post-selection to
the experimental data. This procedure is described in appendix C.

AppendixC. Identification of the output distribution

In this sectionwe describe the post-selection of the experimental data to identify those events corresponding to
the correct input state. Such post-selection procedure allows us to verify whichmeasured events are related to an
input state with one photon for eachmode of the interferometer, without the need for heralding. Given the
photon generation apparatus described previously , three four-photon input states are possible. These three
input states correspond to the following configurations (seefigure B1)HRHRVLVL,VRVRHLHL orHRVRVLHL. If
we denote the input states as (n1, n2, n3, n4, n5, n6), where ni is the number of photons inmode i, the three
possible configurations correspond to the input states (2, 2, 0, 0, 0, 0), (0, 0, 0, 0, 2, 2) and (1, 1, 0, 0, 1, 1)
respectively. Post-selection of the experimental data is performed by observing that the output configurations
generated by the these input states are disjoint, as shown infigureC1. By exploiting this property, it is possible to

Figure B2. Scheme of the adoptedmodel for the experimental results. Themain stages are described in sectionD and comprise
photon generation, beam splitters layer 1, losses, beam splitters layer 2, and detection.

Figure B1. Scheme of the employed photon generation apparatus. Two photon-pair sources (source 1 and source 2) are embedded in
a single nonlinear crystal, and are separated in different spatialmodes by using polarizing beam splitter.
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uniquely determine the input state if a given output configuration is observed. In other words, there is a one-to-
one correspondence between possible inputs and observed output configurations. In the experiment, we
selected those outputs corresponding to the requested input state (1, 1, 0, 0, 1, 1), that aremarked in green in
figureC1. SuchHilbert space is reported in details also infigure C2, inwhichwe have underlined the output
states sequencemeasured infigure 3.

AppendixD.Model of the experimental distributions

Herewe discuss a theoreticalmodel describing themeasured distributions. The corresponding experimental
apparatus is shown in figure 2. Themain sources of imperfections in the experimental apparatus are partial
photon indistinguishability, higher order photon number emission terms, non-ideal BS transmittivities, losses
and limited detection efficiency. A full scheme of the adoptedmodelization is shown infigure B2.

The photon source, as discussed in appendix B, corresponds to two independent sources emitting photon
pairs on input ports (1, 2) and (5, 6). Themain term is obtained from the emission of one photon pair per source,
thus corresponding to one photon for each of the four injected input form: (1, 1, 0, 0, 1, 1). As discussed in

FigureC1. Separability of the interferometer output configurationswith respect to the four-photon input states. Diagram showing the
possible output configurations of the six-mode interferometer, shown on the x-axis. Each output state can be generated only by a
different input. In the diagram, colorsmap each output to the corresponding input that can generate it (green: (1, 1, 0, 0, 1, 1), purple:
(2, 2, 0, 0, 0, 0), blue: (0, 0, 0, 0, 2, 2)). Forbidden output configurations (cyan) cannot be reachedwith the input states generated by the
experimental apparatus.

FigureC2. Sequence of the output states of the experiment.We report the output occupation numbers associated to the input state (1,
1, 0, 0, 1, 1). Orange and blue rectangles correspond respectively to bunching and no-bunching configurations in the output. This is
the same sequence as the one used infigure 3.
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appendix E, the emitted photons present a non-unitary degree of indistinguishability, quantified by the visibility
of theHOM interference pattern directlymeasured after a 50/50 beam splitter. Hence, the evolution for each
pair of photons (i, j) interfering in layer 2 of the interferometer (seefigure B2) can bemodeled by a two-photon
densitymatrix of the form r r r= + -V V1ij ij ijind dis( ) . Here, ρind stands for a statewith two fully

indistinguishable photons, ρdis stands for a state with two fully distinguishable particles, andVij is the two-
photon visibility.

Given the probabilistic nature of the photon source, there is also a non-zero probability that higher order
emission terms are generated.More specifically, while the four-photon state (1, 1, 0, 0, 1, 1) is generatedwith
probability p(1,1,0,0,1,1)=tanh(g)4/cosh(g)4, six photon contributions (2, 2, 0, 0, 1, 1) and (1, 1, 0, 0, 2, 2) are
generatedwith probability = =p p g gtanh cosh2,2,0,0,1,1 1,1,0,0,2,2

6 4( ) ( )( ) ( ) . In our source, the parameter ghas
been estimated from the number of generated photons and detected coincidences, having a value g∼ 0.1. Given
the presence of losses and non-photon number resolving detectors, those six-photon terms can contribute to the
output distribution fromwhich the bunching probabilities are estimated.

Other sources of imperfections are given by the interferometric structure. Layer 1 of the interferometer has
been implemented by half wave plates and PBSs, as shown infigure 2.Hence, the reflectivies of beam splitter
BS23

(1) andBS45
(1), can be considered to beR∼1/2. Layer 2 has been implemented by a set of single-mode fiber

beam splitters, whose reflectivities have been directlymeasured to be ~R BS 0.51512
2( )( ) , ~R BS 0.50734

2( )( ) and
~R BS 0.49856

2( )( ) respectively. Losses within the interferometer aremostly localized between layer 1 and 2, and
aremodeled as a fictitious BS of transmittivity ηi. Losses are due tofiber coupling from the source (η∼0.4),
fiber-to-fiber coupling in delay lines (η∼0.7), and insertion losses in single-mode fiber beam splitters (η∼ 0.7).
Furthermore, additional losses (η∼ 0.625) have beenmeasured inmode 5 due to the presence of an extra fiber-
to-fiber coupling stage.

Finally, the detection apparatus is composed ofMMFBS and single-photon avalanche photodiodes (APD).
The latter are non-photon number resolving detectors that click with probability h h= - -P 1 1 n

det det( ) ( )
where n is the number of impinging photons and ηdet the detection efficiency (ηdet ∼ 0.6).MMFBS are employed
to obtain (probabilistically) photon-number resolution capabilities to the apparatus. Themeasured reflectivities
for the employed beam splitter BSi

d( ) were respectively (0.65, 0.77, 0.72, 0.77, 0.47, 0.15).

Appendix E. Preliminary characterization of photon indistinguishability

In this sectionwe report the preliminary characterization of the actual degree of indistinguishability in the four-
photon state produced by the source.

The indistinguishability characterization proposed in this work is based onmeasuring bunching
probabilities pb inHong–Ou–Mandel (HOM) interference experiments. The bunching probability pb is related

to the overlap r between two photons = +pb
r1

2( ), which in turn corresponds to the visibilityV ofHOMdips.

To obtain a preliminary characterization of the sourcewe have performed independentHOM interference
experiment for pairs {(A,B), (B,C), (C,D), (A,D)}, by injecting the different photon pair combinations directly in
the input port of a balanced fiber beam splitter. Themeasured interference fringes, are reported infigure E1. The
pairs {(A,B), (C,D)} are produced by the same pump-photon, so that theHOMdips can be retrieved by
recording two-fold coincidences. Pairs {(B,C), (A,D)}, correspond to one photon from each source, thus
requiring four-fold coincidence detection. The resulting visibilities suggest that the four-photon state has a
residual degree of distinguishability deriving from spatial and spectral correlations present in photons belonging
to the same pair. In particular, such correlations are reflected in the lower visibility (VBC,AD<0.90) ofHOM
dips between photons belonging to different pairs.
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Appendix F. Surface of the trivial lower bound for c1

In this sectionwe discuss themodel for the calculation of the surfaces offigure 4, corresponding to the
conditions that lead to a trivial bound for c1. In particular such calculation provides information on the temporal
delays needed tofind a non-zero contribution of genuinemultiphoton interference. A simple way to deal with
themultiphoton state for a given set of relative delays is to consider each single-photon state having the same
spectrum, that is, a gaussian function centered at the same frequencyω0. Hence the state y ñti∣ ( ) of a photon
arriving at time t in the interferometer can be expressed as follows:

òy w
p w

ñ =
D

ñw
w

-¥

+¥
- w w

w
-
Dt d a

1
e e 0 , F.1t

i
i

i,
0 2

2 2∣ ( ) ∣ ( )†( )

whereΔω is the spectrum’s width and wai,
† is the bosonic creation operator. Then, the overlap between pairs of

photons, in the same spatialmode k, is described by

y yD = á ñ = =w w- - D - D Dr t t t e e . F.2ij ij k i k j
t t t2 i j ij

1
2

2 2 1
2

2 2( ) ∣ ( )∣ ( ) ∣ ( )( )

According to thismodel we can reconstruct the transition from the fully indistinguishable four-photon state
to other configurations with different degree of distinguishability depending on the relative temporal delays.
Consequently, we can also provide an expression for the lower bound of c1, defined as the quantity
rAB+rBC+rCD−2 introduced in equation (3). To this aim, in order to furnish a proper description of the
state for any relative delays, we can express it as a convex combination of all the possible configurations inwhich
one andmore photons in the four-tuple are fully distinguishable from the remaining others, according to the
model (i). For the present interferometer and input state, this complete ensemble includes only 8 configurations
s={XXXX,XYYY, XYXX, XXYZ, XXXY, XXYY, XYYZ, XYWZ}. Indeed the small number of different output
distributions is due to the symmetry of the logical test that requires photons interfering pairwise. Thenwe have:

Figure E1.HOM interference patternsmeasured in a 50/50 beam splitter for different photon combinations. (a)–(b)HOMdip for
photons (A,B) (a) and (C,D) (b) belonging to the same photon pair, as a function of the relative delayΔx. Data are obtained by
measuring two-fold coincidences at the beam splitters output. Themeasured dip visibilities are respectivelyVAB=0.944(3) and
VCD=0.915(3). (c)–(d)HOMdip photons (B,C) (c) and (A,D) (d) belonging to different photon pairs, as a function of the relative
delayΔx. Data are obtained bymeasuring four-fold coincidences between the beam splitters output and the other two generated
photons acting as a trigger. Themeasured dip visibilities are respectivelyVBC = 0.835(7) andVAD = 0.790(11). In all plots, error bars
are due to the Poissonian statistics of themeasured coincidences. Solid lines are bestfit of the experimental data according to the
function sD = - D - - D - DC x A B x V x x1 1 exp 0

2 2( ) ( ){ [ ( ) ]}, whereV is the visibility and the term (1−BΔx) takes into
account a decrease (increase) in the input power during themeasurement. Shaded regions correspond to 1 standard deviation on the
fit parameters.
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år a a a rD D D =t t t N, , , F.3
s

s s s s s s sAB BC CD
AB BC CD
i j j k k l

( ) ( )

where  is a normalization constant, ρs the densitymatrix associated to each configuration and theαs are
quantities related to the pairwise overlaps for a given delay. In particular, for instance considering the pair (A, B),
they have the following expression:

a =
D =

- D ¹
r t s s

r t s s

if

1 if
. F.4s s

i j

i j

AB AB AB

AB AB
i j

⎧⎨⎩
( )

( )
( )

The pink surface reported infigure 4 shows the resulting condition c1 in the space of the relatives delays
expressed as a function ofΔxij=cΔtij. Such naivemodel for the four-photon state captures some features of the
actual state produced by the source and by post-selection of the output states. Indeed the shapes ofHOMdips in
figure E1 show that a gaussian spectrum is a good approximation to the actual one, which is in turn the result of
the convolution between the spectra produced in the SPDCprocess and the narrow-band filters placed in the
apparatus. During the calculation of the surface, we use asΔω thewidths of themeasuredHOMdips.However,
the expression (F.2) for the overlaps does not reflect the experimental dip visibilitiesVij, obtained during the
preliminary characterization of the state in appendix E. Indeed themodel predicts ideal overlaps for zero relative
time delays. A step further in themodel is to reformulate the expression (F.2) so that rij(0)=Vij. A possible
solution is provided by the following expression

D = w- D Dr t V e , F.5ij ij ij
tij

1
2

2 2( ) ( )

which, inserted in (F.3), produces the green surface infigure 4.Note that this new surface explains why the
configurations {XXXY, XXYY} do not lie on the bound as predicted by themodel for the pink surface.
Furthermore, in the condition of zero delays, we obtain the following state:

r r r
r r

r
r
r

r

= + -
+ - + -
+ - -
+ - -
+ - -
+ - - -

V V V V V V

V V V V V V

V V V

V V V

V V V

V V V

1

1 1

1 1

1 1

1 1

1 1 1 , F.6

source AB BC CD XXXX AB BC CD XYYY

AB BC CD XXYY AB BC CD XXXY

AB BC CD XXYZ

AB BC CD XYXX

AB BC CD XYYZ

AB BC CD XYZW

( )
( ) ( )
( )( )

( )( )
( ) ( )
( )( )( ) ( )

used as amodel to obtain the theoretical output distributions for the ‘XXXX’ state.
The volume enclosed in each surface corresponds to the configurations where the input state is expected to

possess a component of genuine indistinguishability. The ratio between the two volumes amounts to∼0.525.
The actual ratio is even smaller if we take into account also the noise due tomulti-pair emission in the SPDC, as
explained in the previous section.However, it is worth noting that this limitation does not exist in the case of
non-probabilistic single-photon sources such as quantumdots.
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