
ENDOMORPHISMS OF KOSZUL COMPLEXES: FORMALITY AND

APPLICATION TO DEFORMATION THEORY

FRANCESCA CAROCCI AND MARCO MANETTI

Abstract. We study the differential graded Lie algebra of endomorphisms of the

Koszul resolution of a regular sequence on a unitary commutative K -algebra R and
we prove that it is homotopy abelian over K but not over R (except trivial cases).

We apply this result to prove an annihilation theorem for obstructions of (derived)

deformations of locally complete intersection ideal sheaves on projective schemes.

Introduction

Let R be a fixed unitary commutative ring, then the usual notion of differential graded
(DG) Lie algebra over a field extends naturally to the notion of DG-Lie algebra over R
(Definition 1.1). Recently DG-Lie algebras over commutative rings have received some at-
tention in the study of degenerations of Batalin-Vilkoviski algebras [17] and also in the
study of formality in families [16, 21, 27]. Also the notions of quasi-isomorphism, formality
and homotopy abelianity (i.e., formality plus the bracket trivial in cohomology) extend
without difficulty to DG-Lie algebras over R, but the analysis of examples shows immedi-
ately that these concepts become very restrictive when working over a ring, and should be
replaced with more convenient notions.

In this paper we restrict our attention to homotopy abelianity and we introduce the
notion of numerically homotopy abelian (NHA) DG-Lie algebra (Definition 1.3) which seems
more useful, at least for the application in deformation theory. Very briefly, the class of NHA
DG-Lie algebras is the smallest class satisfying the following conditions:

(1) if L is abelian, then L is NHA;
(2) if L → M is a morphism surjective in cohomology and L is NHA, then also M is

NHA;
(3) if L → M is a morphism injective in cohomology and M is NHA, then also L is

NHA.

It is plain that every homotopy abelian DG-Lie algebra is also numerically homotopy
abelian, and every numerically homotopy abelian algebra has trivial bracket in cohomology.
It is well known that over a field of characteristic 0 every numerically homotopy abelian
DG-Lie algebra is also homotopy abelian and that there exist DG-Lie algebras with trivial
bracket in cohomology that are not homotopy abelian.

The first goal of this paper is to provide some examples, which occur in deformation
theory of locally complete intersections, of numerically homotopy abelian DG-Lie algebras
that are not homotopy abelian: more precisely we shall prove that if f1, . . . , fr ∈ R is a
regular sequence contained in a proper ideal and K∗ = K(f1, . . . , fr) is its Koszul complex,
then the DG-Lie algebras Hom∗R(K∗,K∗) of R-linear endomorphisms ofK∗ is not homotopy
abelian over R,
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On the other side, we shall prove that the DG-Lie algebra L of graded endomorphisms
for the Koszul complex K∗ (or its truncated K<0) for a regular sequence in R is numerically
homotopy abelian (Theorems 2.2 and 2.4). This implies that if R is a K -algebra, with K
field of characteristic 0, then L is homotopy abelian over K and therefore the associated
Maurer-Cartan/gauge functor is unobstructed.

Clearly this fact has a number of consequences in deformation theory of locally complete
intersections. For instance in Section 4 we shall prove the following result:

Theorem 0.1. Let I ⊂ OX be a locally complete intersection ideal sheaf on a projective
scheme X over a field K of characteristic 0, and denote by OZ = OX/I the structure sheaf
on the closed subscheme Z defined by I. Let F be either a line bundle over Z or F = I⊗L

for a line bundle L on X. Then:

(1) the obstructions to deforming F are contained in the kernel of the natural map

α0 : Ext2X(F,F)→ H0(X,Ext2X(F,F)) .

In particular, if α0 is injective then F has unobstructed deformations;
(2) the obstructions to derived deformations of F are contained in the kernel of the

natural map of graded vector spaces

α :
⊕
n

Extn+2
X (F,F)→

⊕
n

H0(X,Extn+2
X (F,F)) .

In particular, if α is injective then the DG-Lie algebra Tot(L(U,E•)) controlling
deformations of F is homotopy abelian over K .

The underlying idea is that, since the DG-Lie algebra of endomorphisms of a Koszul
resolution is a homotopy abelian over K , the restriction to an affine open set of a sheaf
F as above has unobstructed (derived) deformations; it is then sufficient to consider the
morphism from global to local deformations of F. To ensure that the passage from global to
local is a “genuine” morphism of deformation theories, we shall see that the maps α0, α are
induced in cohomology by a morphism of DG-Lie algebras, namely from the DG-Lie algebra
controlling global deformations to the one controlling local deformation. This is done by
fixing a locally free resolution E• of F (hence the assumption X projective) to then exploit a
recent result by Fiorenza-Iacono-Martinengo [6] proving that local and global deformations
of F are controlled by the quasi-coherent sheaf of DG-Lie algebras Hom∗X(E•,E•).

Remark 0.2. After the first version of this paper was posted on arXiv, F. Meazzini proposed
a new approach to deformations of coherent sheaves via local resolution [28] that does not
require the existence of locally free resolutions and that allows to replace in the above
theorem the assumption X projective with X separated and noetherian scheme of finite
dimension: however this weakening of assumption is technically quite complicated and for
simplicity of exposition we maintain here the assumption X projective.

1. DG-Lie algebras over commutative rings

In what follows R will be a unitary commutative ring.

Definition 1.1. A differential graded Lie algebra (DG-Lie algebra) over R is the data
of cochain complex of R-modules (L, d) equipped with an R-bilinear bracket [−,−] : L×L→
L satisfying the following conditions:

(1) [−,−] is homogeneous graded skewsymmetric. This means that:
(a) [Li, Lj ] ⊂ Li+j ,
(b) [a, b] + (−1)ab[b, a] = 0 for every a, b homogeneous,
(c) [a, a] = 0 for every homogeneous a of even degree;
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(2) (Leibniz identity) d[a, b] = [da, b] + (−1)a[a, db];
(3) (Jacobi identity) every triple of homogeneous elements a, b, c satisfies the equality

[a, [b, c]] = [[a, b], c] + (−1)a b[b, [a, c]] ;

(4) (Bianchi identity) [b, [b, b]] = 0 for every homogeneous b of odd degree.

Morphisms of DG-Lie algebras are morphisms of cochain complexes of R-modules commut-
ing with brackets. The resulting category is denoted by DGLA(R).

Notice that the Jacobi identity implies the Bianchi identity whenever 3 is not a zero-
divisor in R. A quasi-isomorphism of DG-Lie algebras is a morphism of DG-Lie algebras
which is also a quasi-isomorphism of complexes. A DG-Lie algebra with trivial bracket is
called abelian.

Definition 1.2. A DG-Lie algebra L is said to be homotopy abelian if there exists a finite
zigzag of morphisms of DG-Lie algebras

L1

��   

L3

~~
��

Ln

��
  

L L2 ··· ···
···

M

such that every arrow is a quasi-isomorphism and M is abelian.

As we said in the introduction, over a general ring the notion of homotopy abelianity
seems to be too restrictive and it is convenient to consider a suitable more general class.

Definition 1.3. A DG-Lie algebra L is said to be numerically homotopy abelian if there
exists a finite zigzag of morphisms of DG-Lie algebras

L1

f1

��

g1

  

L3

f3

~~

g3

��

Ln
fn

��

gn

  
L L2 ··· ···

···
M

such that:

• the DG-Lie algebra M is abelian,
• every morphism fi is surjective in cohomology,
• every morphism gi is injective in cohomology.

It is plain that every homotopy abelian DG-Lie algebra is also numerically homotopy
abelian, and that for every numerically homotopy abelian DG-Lie algebra the bracket is
trivial in cohomology.

Remark 1.4. It is well known (see e.g. [7, Lemma 6.1], [14, Lemma 2.11] , [17, Prop. 4.11])
that if R is a field of characteristic 0, then every numerically homotopy abelian DG-Lie
algebra is homotopy abelian. For instance if M is an abelian Lie algebra and f : M → L
is a morphism of DG-Lie algebras that is surjective in cohomology, when R is a field it
is sufficient to consider the restriction of f to a suitable subcomplex N ⊂ M such that
f : N → L is a quasi-isomorphism. The proof of the general case follows the same ideas but
requires the factorisation lemma and characteristic 0.

One of the goals of this paper is to show that over general commutative rings the class
of numerically homotopy abelian DG-Lie algebras strictly contains the class of homotopy
abelian DG-Lie algebra. More precisely, we shall prove that the algebra of endomorphisms
of the Koszul complex of a (non trivial) regular sequence is numerically homotopy abelian
but not homotopy abelian. A simple obstruction to homotopy abelianity is given by the
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following result, in which the symbol ⊗LR denotes the usual derived tensor product of
complexes of R-modules.

Lemma 1.5. Let H be a homotopy abelian DG-Lie algebra over a ring R. Then the class
of the bracket is trivial in the group Ext0R(H ⊗LR H,H).

Proof. The result is clearly true whenever the bracket of H is trivial. If H → K is a
quasi-isomorphism of DG-Lie algebras, the commutative diagram

H ⊗R H
[−,−] //

��

H

��
K ⊗R K

[−,−] // K

gives a commutative diagram in the homotopy category of complexes of R-modules

H ⊗LR H
[−,−] //

��

H

��
K ⊗LR K

[−,−] // K

with the vertical arrows isomomorphisms. Thus the upper horizontal arrow is homotopically
trivial if and only if the lower horizontal arrow is.

For later use it is useful to give also a longer but more constructive proof of the lemma:
every quasi-isomorphism of DG-Lie algebras H → K lifts to a morphism of complexes
between cofibrant resolutions

P //

η

��

H

��
Q // K

where cofibrant is intended with respect to the projective model structure [13, Thm. 2.3.11].
This gives a commutative diagram of complexes

P ⊗R P
[−,−] //

η⊗η
��

H

��
Q⊗R Q

[−,−] // K

with the vertical arrows quasi-isomorphisms. Since P ⊗R P and Q ⊗R Q are cofibrant
complexes the above diagram induces a pair of quasi-isomorphisms

Hom∗R(P ⊗R P,H) −−→ Hom∗R(P ⊗R P,K)←−− Hom∗R(Q⊗R Q,K)

and then the class of the bracket of H is trivial in Ext0R(H ⊗LR H,H) = H0(Hom∗R(P ⊗R
P,H)) if and only if the same holds for K. �

The following example remarks that we really need to consider the class of the bracket
in the derived category. Suppose L is homotopy abelian over R, but not cofibrant as a
complex, i.e. with respect to the projective module structure on complexes of R-modules
[13]. In the latter case we can have that [−,−] ∈ H0(Hom∗R(L⊗R L,L)) is not homotopic
to zero.

Example 1.6. Given an integral domain R and a non invertible element t ∈ R, denote
A = R/(t) and consider the DG-Lie algebra over R:

L : Rx
d−→ Ry

d−→ Az, deg(x) = 0, deg(y) = 1, deg(z) = 2,
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dx = ty, dy = z, [x, y] = y, [x, z] = z, [y, y] = 0 .

The verification of Leibniz, Bianchi and Jacobi is completely straightforward. Although it
is acyclic, and then homotopy abelian, the bracket

[−,−] : L⊗R L→ L

is not homotopic to 0 and then its class is not trivial in H0(Hom∗R(L ⊗R L,L)). In fact,
if the bracket is the coboundary of a R-linear map q : L ⊗R L → L of degree −1, then
q(x, z) = 0 since tq(x, z) = q(x, tz) = 0, and the relation

y = [x, y] = dq(x, y) + q(ty, y) + q(x, z) ∈ tRy
gives a contradiction.

Corollary 1.7. Let R be a commutative unitary ring and let

F ∗ : F−n
∂−→ · · · ∂−→ F−1

∂−→ F 0

be a complex of length n > 0 of finitely generated free R-modules. Assume that there exists
a proper ideal I ⊂ R such that ∂(F i) ⊂ IF i+1 for every i. Then the DG-Lie algebra
H = Hom∗R(F ∗, F ∗) is not homotopy abelian over R.

Proof. By the assumption on the length of the complex we have F 0, F−n 6= 0 and we
can choose a morphism of R-modules β : F−n → F 0 such that β(F−n) 6⊂ IF 0. Since
H = Hom∗R(F ∗, F ∗) is a bounded complex of free R-modules, we have

Ext0R(H ⊗LR H,H) = H0(Hom∗R(H ⊗R H,H)) .

Moreover, d(Hi) ⊂ IHi+1 for every index i: in fact for every f ∈ Hi and every generator
e ∈ F j we have

(df)e = ∂(fe)− (−1)if(∂e) ∈ IF i+j+1 .

Assume that H is homotopy abelian over R, then by Lemma 1.5 there exists an R-bilinear
map h : H ×H → H of degree −1 such that

[x, y] = dh(x, y) + h(dx, y) + (−1)deg(x)h(x, dy), x, y ∈ H .

Consider now the following two elements α, β ∈ H:

(1) α ∈ H0 = Hom0
R(F ∗, F ∗) is defined as the identity on F 0 and α(F i) = 0 for i < 0;

(2) β ∈ Hn = Homn
R(F ∗, F ∗) extends the above β : F−n → F 0 in the unique possible

way, i.e., β(F i) = 0 for i > −n.

Then
[α, β] = αβ − βα = β, dβ = 0, dα ∈ IH1 .

By the R-bilinearity of h we have

β = [α, β] = dh(α, β) + h(dα, β) + h(α, dβ) ∈ IHn

and therefore β(F−n) is contained in the submodule IF 0, which is a contradiction with the
choice of β. �

Corollary 1.8. Let R be a commutative unitary ring and let K∗ be the Koszul complex of
a sequence f1, . . . , fn ∈ R, n > 0:

K∗ : 0→ K−n → · · · → K−1 → K0, K−i =
∧i

Rn .

If the ideal (f1, . . . , fn) ⊂ R is proper, then the DG-Lie algebra H = Hom∗R(K∗,K∗) is not
homotopy abelian over R.

Proof. Immediate consequence of Corollary 1.7. Notice however that Hom∗R(K∗,K∗) may
be homotopy abelian over some subring S ⊂ R even if (f1, . . . , fn) is a proper ideal.

�
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2. The endomorphism algebra of Koszul complexes

We have already noticed that, except in trivial cases, the DG-Lie algebra L of endomor-
phisms of the Koszul complex of a sequence f1, . . . , fn ∈ R is not homotopy abelian. In
this section we shall prove that if f1, . . . , fn is a regular sequence, then L is numerically
homotopy abelian.

For every R-module E we shall denote by E∨ = HomR(E,R) its dual module. Recall
that the internal product: ∧∗

E∨ ×
∧∗

E
y−−→
∧∗

E,

is the R-bilinear map defined recursively by the formulas:

f y(v1 ∧ · · · ∧ vb) =

b∑
i=1

(−1)i−1f(vi) v1 ∧ · · · ∧ v̂i ∧ · · · ∧ vb ,

(f1 ∧ · · · ∧ fa)y(v1 ∧ · · · ∧ vb) = (f1 ∧ · · · ∧ fa−1)y(fay(v1 ∧ · · · ∧ vb)) .

Let us introduce the R-linear contraction operators:

iψ :
∧∗

E →
∧∗

E, iψ(ω) = ψyω, ψ ∈
∧∗

E∨ ;

it is immediate to see from the definition above that iψ∧η = iψiη for every ψ, η ∈
∧∗
E∨.

Lemma 2.1. In the above setup, consider
∧∗

E as a graded R-algebra, where the elements
of
∧a

E have degree −a. Then:

(1) for every ψ ∈ E∨ the operator iψ is the unique R-linear derivation of
∧∗

E of
degree +1 such that iψ(v) = ψ(v) for every v ∈ E;

(2) [iψ, iη] = 0 for every ψ, η ∈
∧∗

E∨.

Proof. The first item is clear. For the second, if ψ, η ∈ E∨ then [iψ, iη] is a derivation of
degree +2 of

∧∗
E, and therefore [iψ, iη] annihilates a set of generators of the R-algebra∧∗

E. For the general case ψ, η ∈
∧∗

E∨ the vanishing of [iψ, iη] follows from the relations:

(1) iαiβ = −iβiα for every α, β ∈ E∨;
(2) iψ∧η = iψiη for every ψ, η ∈

∧∗
E∨;

(3) [iψ, iηiγ ] = [iψ, iη]iγ + (−1)deg(ψ) deg(η)iη[iψ, iγ ] for every ψ, η, γ ∈
∧∗

E∨.

�

From now on we assume that E is the free R-module generated by e1, . . . , en. We shall
consider

∧∗
E∨ as a differential graded commutative algebra, equipped with the trivial

differential, and with the elements in
∧i
E∨ of degree i. For every f ∈ E∨ we have (if )2 =

if∧f = 0 and then, setting K−i =
∧i

E, we get a complex of free R-modules:

K∗ : 0→ K−n
if−−→ K1−n if−−→ · · · if−−→ K−1

if−−→ K0 = R,

usually called the Koszul complex of the sequence f1 = f(e1),. . . , fn = f(en).

Theorem 2.2. In the above notation, the contraction map

i :
∧∗

E∨ → Hom∗R(K∗,K∗)

is a morphism of differential graded algebras. If K∗ is exact then i is surjective in coho-
mology and therefore the DG-Lie algebra Hom∗R(K∗,K∗) is numerically homotopy abelian.

Proof. The fact that i is a morphism of differential graded algebras follows immediately
from the formulas iα∧β = iαiβ and [if , iα] = 0. If K∗ is exact and I = if (K−1) ⊂ R is the
ideal generated by f1, . . . , fn, then the composition of the projections p : K∗ → K0 = R
and q : R → R/I induces a quasi-isomorphism of complexes qp : K∗ → R/I and therefore,
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since K∗ is cofibrant, the map qp : Hom∗R(K∗,K∗)→ Hom∗R(K∗, R/I) is a surjective quasi-
isomorphism. Since Hom∗R(K∗, R/I) has trivial differential, to conclude the proof it is now
sufficient to show that the morphism:

pqi :
∧∗

E∨ → Hom∗R(K∗, R/I)

is surjective. This is clear since qi :
∧∗
E∨ → Hom∗R(K∗, R) is an isomorphism of graded

R-modules and p : Hom∗R(K∗, R)→ Hom∗R(K∗, R/I) is surjective. �

Let now p ≤ 0 be a fixed integer and denote by

K<p : 0→ K−n
if−−→ K1−n if−−→ · · · if−−→ Kp−1

the truncation of the Koszul complex in degrees < p, by j : K<p → K∗ the inclusion and
by π : K∗ → K<p the projection. Notice that π is a morphism of complexes, while j is not
a morphism of complexes.

Lemma 2.3. For every ψ, η ∈
∧∗

E∨ we have:

(1) πiψ = πiψjπ ∈ Hom∗R(K∗,K<p);
(2) [πiψj, πiηj] = π[iψ, iη]j ∈ Hom∗R(K<p,K<p);
(3) the differential in Hom∗R(K<p,K<p) is [πif j,−].

In particular,

i<p :
∧∗

E∨ → Hom∗R(K<p,K<p), i<pψ = πiψj ,

is a morphism of DG-Lie algebras.

Proof. For every x ∈ K∗ we have x − jπ(x) ∈ K≥p = kerπ and iψ(K≥p) ⊂ K≥p. This
implies that πiψ = πiψjπ. The second item follows from the equalities

πiψjπiηj = πiψiηj, πiηjπiψj = πiηiψj ,

and the third from the fact that πif j is the differential in K<p. The fact that i<p is a
morphism of DG-Lie algebra follows trivially from the above items. �

Theorem 2.4. If the Koszul complex K∗ is exact, then the morphism of DG-Lie algebras

i<0 :

∗∧
E∨ → Hom∗R(K<0,K<0)

is surjective in cohomology, and then Hom∗R(K<0,K<0) is numerically homotopy abelian.

Proof. Denote as above by I ⊂ R the ideal generated by (f1, . . . , fn), then the map
if : K−1 → I gives a quasi-isomorphism of complexes p : K<0 → I[1] and then, since
K<0 is cofibrant the induced map

(2.1) Hom∗R(K<0,K<0)→ Hom∗R(K<0, I[1])

is a quasi-isomorphism. In particular the cohomology of Hom∗R(K<0,K<0) is concentrated
in degrees 0, . . . , n− 1. Since

i<0 :
∧n−1

E∨ → HomR(
∧n

E,E) = Homn−1
R (K<0,K<0),

is an isomorphism and Hom∗R(K<0,K<0)) is concentrated in degrees ≤ n − 1, the map∧n−1
E∨ → Hn−1(Hom∗R(K<0,K<0)) is surjective.

Let now 0 ≤ m < n− 1 be a fixed integer, and let α ∈ Homm
R (K<0,K<0) be a cocycle,

and consider its components

α−m−1−i : K
−m−1−i → K−1−i, i = 0, . . . , n− 1−m,

together with the morphism

β = ifα−m−1 : K−m−1 → R .
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Since α is a cocycle, α−m−1if = ±ifα−m−2 and then βif = ±(if )2α−m−2 = 0. Equiv-
alently β is a cocycle of degree m + 1 in the dual Koszul complex Hom∗R(K∗, R). Since
m+ 1 < n, by the self-duality of the Koszul complex [4, Prop. 17.15], the cocycle β is also
a coboundary and there exists γ :

∧m
E → R such that β = (−1)mγif . In view of the

isomorphism
∧m

E∨ ' (
∧m

E)∨ there exists η ∈
∧m

E∨ such that iη(x) = γ(x) for every
x ∈ K−m.

For every x ∈ K−m−1 we have β(x) = (−1)miηif (x) and then

if (α− iη)(x) = β(x)− if iη(x) = β(x)− (−1)miηif (x) = 0 .

We have therefore proved that α and iγ have the same image in Hom∗R(K<0, I[1]), and
the conclusion follows by (2.1). �

3. Deformations of coherent sheaves via locally free resolutions

In this section we briefly recall the construction of the DG-Lie algebra controlling the
deformation theory of a coherent sheaf given in [6, 28]. Here and in the following we denote
by K a fixed field of characteristic 0, by Set, Grpd and ArtK the categories of Sets,
Groupoids and local Artin K -algebras with residue field K, respectively. For every A ∈
ArtK we shall denote by mA its maximal ideal.

3.1. Deligne groupoids. For every DG-Lie algebra L = ⊕i∈ZLi over K , we denote by
CL : ArtK → Grpd the action groupoid of the gauge action

exp(L0 ⊗mA)×MCL(A)
∗−→ MCL(A),

where

A ∈ ArtK , MCL(A) = {x ∈ L1 ⊗mA | dx+
1

2
[x, x] = 0}

is the set of Maurer-Cartan element and the gauge action may be defined by the formula,
see e.g. [9, 25, 26]:

ea ∗ x := x+
∑
n≥0

[a,−]n

(n+ 1)!
([a, x]− da) .

We also denote by DefL = π0(CL) : ArtK → Set the deformation functor associated to L,
namely:

DefL(A) =
MC(L⊗mA)

exp(L0 ⊗mA)
, A ∈ ArtK .

Given two objects x, y of CL(A), the morphisms between them are

MorCL(x, y) = {ea ∈ exp(L0 ⊗mA) | ea ∗ x = y}.
The irrelevant stabilizer of an element x ∈ MCL(A) is the subgroup of I(x) ⊆ MorCL(x, x)
defined in the following way:

I(x) =
{
edu+[x,u]

∣∣∣ u ∈ L−1 ⊗mA

}
.

Then the the Deligne groupoid DelL : ArtK → Grpd is defined by taking the same objects
as CL and by morphisms

MorDelL(x, y) =
MorCL(x, y)

I(x)
∼=

MorCL(x, y)

I(y)
.

We refer to [6, 15] for full details and for the proof that DelL is properly defined. The above
functors are homotopy invariant in the sense described by the following theorem:

Theorem 3.1. Let f : L→M be a quasi-isomorphism of differential graded Lie algebras.
Then
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(1) The induced morphism on deformation functors f : DefL → DefM is an isomor-
phism.

(2) The induced morphism DelL → DelL is an equivalence of groupoids. If furthermore
L and M are positively graded, the equivalence holds at the level of action groupoids
CL → CM .

Proof. This is nowadays well known: different proofs can be found for instance in [9, 18,
23, 25]. �

3.2. Totalization of semicosimplicial DG-Lie algebras. Let

L : L0
// // L1

////// L2

//////// . . .

be a semicosimplicial DG-Lie algebra: this means that every Li is a DG-Lie algebra and
the arrows in the diagram are the morphisms of DG-Lie algebras

δk : Ln−1 → Ln, k = 0, . . . , n ,

subjected to the semicosimplicial identities δlδk = δk+1δl, for any l ≤ k.
The cochain complex C(L) associated to L is defined as the differential graded vector

space

C(L) =

∏
n≥0

Ln[−n], d+ δ

 .

More precisely, for every degree p ∈ Z we have C(L)p =
∏
n≥0 L

p−n
n , and the differential

d+ δ : C(L)p → C(L)p+1 is the sum of:

• d =
∑
n≥0 (−1)ndn, where dn is the differential of Ln;

• δ =
∑
k≥0 (−1)kδk.

For every integer n ≥ 0, denote by

Ωn =
K[t0, . . . , tn, dt0, . . . dtn]

(1−
∑
ti,
∑
dti)

the differential graded algebra of polynomial differential forms on the standard simplex
of dimension n. Then the collection Ω• = {Ωn}n≥0 has a natural structure of simplicial
differential graded algebra, and the face operators

δ∗k : Ωn → Ωn−1, k = 0, . . . , n ,

are the morphisms of differential graded algebras such that

δ∗k(ti) =


ti if i < k

0 if i = k

ti−1 if i > k

The (Thom-Whitney-Sullivan) totalization of the semicosimplicial DG-Lie algebra L is
the DG-Lie subalgebra of

∏
n≥0 Ωn ⊗ Ln defined by

Tot(L) =

(xn) ∈
∏
n≥0

Ωn ⊗ Ln

∣∣∣∣∣∣ (δ∗k ⊗ Id)xn = (Id⊗ δk)xn−1 for every 0 ≤ k ≤ n


By a well known theorem by Whitney, see e.g. [8, 20, 29] and references therein, there

exists a natural pair of quasi-isomorphisms of complexes C(L)
E−→ Tot(L)

I−→ C(L) such
that IE = Id. In particular, the cohomology of the totalization Tot(L) is the same of the
cohomology of the cochain complex C(L).
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Remark 3.2. For later use we point out that the composition of I : Tot(L)→ C(L) with the
projection C(L)→ L0 is a morphism of DG-Lie algebras, since it is the natural projection
Tot(L) → L0. The complex C(L) admits the complete and exhaustive filtration F p =∏
n≥p Ln[−n] whose the first page in the associated spectral sequence is Ep,q1 = Hp(Lp).

Moreover the natural map

Hn(Tot(L)) = Hn(C(L))� E0,n
∞ ↪→ E0,n

1 = Hn(L0)

coincides with the map induced in cohomology by the projection Tot(L)→ L0.

3.3. Descent of Deligne groupoids. Let

G : G0
//// G1

////// G2

//////// . . .

be a semicosimplicial groupoid, i.e., a semicosimplicial object in the category Grpd. De-
noting as above by δk the face operators in G, by semicosimplicial identities we get in
particular that

δ0δ0 = δ1δ0, δ0δ1 = δ2δ0, δ1δ1 = δ2δ1 .

Mimicking the construction of nonabelian 1-cocycles we define Z1(G) as the set of pairs

(l,m) ∈ Obj(G0)×Mor(G1)

such that m : δ0l→ δ1l and the cocycle diagram

(3.1)

δ0δ0l

δ0m

$$
δ1δ0l

δ1m

��

δ0δ1l

δ1δ1l δ2δ0l

δ2m

zz
δ2δ1l

is commutative in G2. The total descent groupoid Tot(G) is defined in the following way:

• the set of objects of Tot(G) is Z1(G);
• the morphisms between (l0,m0), and (l1,m1) are morphisms a ∈ Mor(G0) between
l0 and l1 making the following diagram:

δ0l
m0 //

δ0a

��

δ1l0

δ1a

��
δ0l1

m1 // δ1l1

commutative in G1.

Theorem 3.3. [6, Theorem 7.6] Let

L : L0
// // L1

// //// L2

//////// . . .

be a semicosimplicial DG-Lie algebra such that Hj(Li) = 0 for every i and every j < 0.
Consider the associated totalization Tot(L) and the corresponding semicosimplicial Deligne
groupoid:

DelL : DelL0

// // DelL1

////// DelL2

//////// . . . .

Then there exists a natural isomorphism of functors ArtK → Set

DefTot(L) ∼= π0 Tot(Del(L)) .
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A result of this type appears already in [10, Theorem 4.1]; here under the stronger
hypothesis N i = 0 for i < 0 Hinich proves the equivalence at the level of Deligne groupoids.

3.4. Deformations of coherent sheaves via locally free resolutions. Let X be a
separated noetherian scheme over a field K of characteristic 0 and F a coherent sheaf on
X. Every locally free resolution E• → F gives a sheaf Hom∗OX (E•,E•) of DG-Lie algebras
over the sheaf of commutative rings OX . Let now U = {Ui}i∈I be an affine open cover of

X, then the Čech cochains of Hom∗OX (E•,E•) in the cover U, i.e.,∏
i End∗OUi

(E•|Ui)
// //
∏
i,j End∗OUij

(E•|Uij )
//////
∏
i,j,k End∗OUijk

(E•|Uijk)
// ////// . . .

has a natural structure of semicosimplicial differential graded Lie algebra whose cochain
complex is the one computing Čech hypercohomology. For simplicity of notation denote
this semicosimplicial DG-Lie algebra by L(U,E•). Notice that for every multiindex α in
the nerve of the covering, the DG-Lie algebra End∗OUα (E•|Uα) has trivial cohomology in
negative degree. In fact, since Uα is affine, we have

End∗OUα (E•|Uα) = Hom∗OX(Uα)(E
•(Uα),E•(Uα))

and E•(Uα)→ F(Uα) is a projective resolution. Therefore for every i ∈ Z we have

Hi(Hom∗OX(Uα)(E
•(Uα),E•(Uα)) ' ExtiOX(Uα)(F(Uα),F(Uα)) .

In particular Theorem 3.3 applies to the semicosimplicial DG-Lie algebra L(U,E•): as a
consequence, Fiorenza, Iacono and Martinengo proved the following result:

Theorem 3.4 ([6, Section 5]). In the above notation the quasi-isomorphism class of the
DG-Lie algebra Tot(L(U,E•)) depends only on F, i.e., it is independent of the choice of the
resolution and of the affine cover. The functor DefTot(L(U,E•)) is isomorphic to the functor
DefF of (infinitesimal) deformation of the coherent sheaf F.

Although technically complicated, the underlying idea of proof of Theorem 3.4 is quite
easy and dates back to [3, 31], cf. also [11, 12]. First, by standard argument of deformation
theory, essentially contained mutatis mutandis in [1, 32], one prove that for every α in
the nerve of the covering, the Deligne groupoid of the DG-Lie algebra End∗OUα (E•|Uα) is
isomorphic to the deformation groupoid of infinitesimal deformations of the coherent sheaf
F over the affine scheme Uα, see also [2] for a fully detailed proof. Then the total groupoid
of the semicosimplicial Deligne groupoid associated to L(U,E•) compute the deformations
of F over X, since the commutativity of (3.1) can be interpreted as the usual cocycle
conditions to glueing the local deformations of F into a global deformation.

Assume for simplicity that U is a finite cover and consider its disjoint union Y =
∐
Ui

together the open covering map u : Y → X. Then the DG-Lie algebra
∏
i End∗OUi

(E•|Ui)
controls the deformations of u∗F and the natural transformation of deformation functors
DefF → Defu∗F is induced by the projection

Tot(L(U,E•))→
∏
i

End∗OUi
(E•|Ui) .

4. Deformations of locally unobstructed coherent sheaves

A coherent sheaf F on a scheme X is said to be locally unobstructed if there exists an
open affine cover U = {Ui} such that every restriction F|Ui has unobstructed deformations.1

1The notion of obstruction to deformations of F|Ui makes sense even if the space of first order defor-
mations is not finite dimensional, and therefore the corresponding functor of Artin rings does not satisfy

Schlessinger’s conditions, see [5, 26].
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The construction of the previous section allows to give a proof in the framework of dif-
ferential graded Lie algebras of the following result about the vanishing of the obstructions
of a locally unobstructed coherent sheaf under the local-to-global Ext spectral sequence.

Theorem 4.1. Let F be a locally unobstructed coherent sheaf on a projective scheme X
over a field of characteristic 0. Then the obstructions to deforming F are contained in the
kernel of the natural map

α0 : Ext2X(F,F)→ E0,2
2 = H0(X,Ext2X(F,F)) .

In particular, if α0 is injective then F has unobstructed deformations.

Proof. Let U = {Ui} be a open affine cover such that every restriction F|Ui has unobstructed
deformations. Fix a locally free resolution E• → F and let L(U,E•) be the semicosimplicial
DG-Lie algebra as in Theorem 3.4. According to Remark 3.2 the pages Ep,qr , r ≥ 2, of the
spectral sequence may be computed by considering the cochain complex C(L(U,E•)). Since
Ep,q1 = 0 for every p < 0 we have

H0(X,ExtnX(F,F)) = E0,n
2 ⊆ E0,n

1 =
∏
i

H0(Ui,Ext
n
Ui(F,F)) ,

and then it is sufficient to prove that every obstruction is annihilated by the map

Ext2X(F,F) = H2(Tot(L(U,E•)))→
∏
i

H0(Ui,Ext
2
Ui(F,F)).

induced by the morphism of DG-Lie algebras

Tot(L(U,E•))→ L(U,E•)0 =
∏
i

EndOUi
(E•|Ui) .

Since the DG-Lie algebra EndOUi
(E•|Ui) controls the infinitesimal deformations of F|Ui and

morphisms of DG-Lie algebras commute with obstruction maps, it follows that obstructions
to deformations of F are annihilated by every map Tot(L(U,E•))→ EndOUi

(E•|Ui). �

The expert reader immediately recognize that the use of DG-Lie algebras in the proof
of Theorem 4.1 is not strictly necessary and the same result can be proved by classical
methods. In fact, for every index i the composite map

Ext2X(F,F)→ H0(X,Ext2X(F,F))→ H0(Ui,Ext
2
Ui(F,F))

is the obstruction map associated to the natural transformation of deformation functors
DefF → DefF|Ui and the functor DefF|Ui is unobstructed by assumption. However, the
approach via DG-Lie algebras not only it is interesting on its on, but also provide an imme-
diate generalization of the theorem to derived deformations, i.e., to deformations of F over
differential graded local Artin rings. Without entering into details of derived deformation
theory, we only recall that, over a field of characteristic 0, there exists an equivalence of
categories, between the homotopy category of DG-Lie algebras and the category of derived
deformation problems [22, 30]: when the derived deformation problem is represented by a
set-valued functor in the category of DG-Artin rings, the staightforward generalization of
Maurer-Cartan equation and gauge equivalence gives the required equivalence, cf. [24, 30].
Moreover unobstructed derived deformation problems corresponds precisely to homotopy
abelian DG-Lie algebras (this is implicitly proved in [24, Sec. 7] since the minimal L∞
model is reconstructed from derived obstruction maps; for an explicit statement we refer
to [19, Thm. 6.3]).
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A remark about obstructions to derived deformations. If L is a DG-Lie algebra the notions
of MCL(A) and DefL(A) extend naturally to the case where A is a differential graded local

K -algebras with residue field A
π−→ K :

MCL(A) =

{
x ∈ (L⊗mA)1

∣∣∣∣ dx+
1

2
[x, x] = 0

}
,

DefL(A) =
MCL(A)

exp(L⊗mA)0
,

and, as in the classical case, these two functors have the same obstruction theory. A simple
computation, see [24] for details, shows that if f : A→ B is a surjective morphism of DG-
Artin rings such that its kernel is an acyclic complex annihilated by the maximal ideal mA,
then f : DefL(A)→ DefL(B) is a bijective map.

If t ∈ A is a homogeneous non-trivial closed element of degree −n annihilated by the
maximal ideal mA, we have a small extension:

(4.1) 0→ K [n]
t−→ A

p−→ A/(t)→ 0

and a “connecting” morphism rq−1 : DefL(A/(t)) → H2+n(L) is defined in the following
way. Consider a formal symbol s of degree −n− 1, the differential graded Artin K -algebra

A⊕K s, mAs = s2 = 0, ds = t,

and the surjective morphisms:

q : A⊕K s→ A/(t), q(a+ bs) = p(a),

r : A⊕K s→ K ⊕K s, r(a+ bs) = π(a) + bs .

As observed above, the map q : DefL(A ⊕ K s) → DefL(A/(t)) is bijective and it is not
difficult to see [24, pag. 737] that an element x ∈ DefL(A/(t)) lifts to DefL(A) if and only
if

rq−1(x) = 0 ∈ DefL(K ⊕K s) ∼= H2+n(L) .

If L is an abelian DG-Lie algebra, then DefL(A/(t)) = H1(L ⊗ mA/(t)) and the map
rq−1 : DefL(A/(t))→ H2(L[n]) = H2+n(L) is the connecting homomorphism of the short
exact sequence of complexes

0→ L[n]→ L⊗mA → L⊗ mA
(t)
→ 0 .

Definition 4.2. We shall say that the morphism rq−1 : DefL(A/(t)) → H2+n(L) associ-
ated to the small extension (4.1) is an obstruction map if the morphism p is surjective in
cohomology, or equivalently if t is not exact in A.

If L is abelian, every obstruction map vanishes by Künneth formula. Since the maps rq−1

depends only on DefL, that in turn depends only on the homotopy class of L, it follows
that if L is homotopy abelian, then every (derived) obstruction map vanishes. Conversely,
using the L∞-minimal model of L, it is possible to prove that: if all obstructions vanish,
then L is homotopy abelian. It is worth to point out, see [19, Thm. 6.3] and [24, Proof of
Thm. 7.1], that the homotopy abelianity of L is equivalent to the vanishing of obstructions
arising from the subclass of small extensions (4.1) where A has zero differential.

Theorem 4.3. Let F be a coherent sheaf on a projective scheme X over a field K of
characteristic 0, and assume that F is locally unobstructed in the derived sense. Then the
obstructions to derived deformations of F are contained in the kernel of the natural map of
graded vector spaces

α :
⊕
n

Extn+2
X (F,F)→

⊕
n

H0(X,Extn+2
X (F,F)) .
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In particular, if α is injective then the DG-Lie algebra Tot(L(U,E•)) controlling deforma-
tions of F is homotopy abelian over K .

Proof. It the same sitution as in the proof of Theorem 4.1 the assumption implies that every
DG-Lie algebra EndOUi

(E•|Ui) is homotopy abelian over K and the map of graded vector

spaces α is the (derived) obstruction map induced by the morphism of DG-Lie algebras

Tot(L(U,E•))→ L(U,E•)0 =
∏
i

EndOUi
(E•|Ui) .

If α is injective, then Tot(L(U,E•)) is numerically homotopy abelian, and hence homotopy
abelian over the field K by Remark 1.4. �

4.1. The case of locally complete intersection ideal sheaves. The results of Sec-
tion 2 imply in particular that the assumption about local unobstructness of F made in
Theorems 4.1 and 4.3 is valid when F is a locally complete intersection ideal sheaf I ⊂ OX :
this means that I is a coherent sheaf and there exists an affine open cover U = {Ui} such
that on every Ui the quotient sheaf OZ = OX/I admits a Koszul resolution K∗ → OZ ,
where

K∗ : 0→ ∧rOrUi → · · · → ∧
2OrUi → OrUi

(f1,...,fr)−−−−−−→ OUi ,

f1, . . . , fr ∈ I(Ui), H0(K∗) =
OUi
I|Ui

, Hi(K∗) = 0 for every i 6= 0 .

We do not require that the integer r is the same for every Ui: for instance if Ui does not
intersect the closed subscheme defined by I we have r = 1 and f1 an invertible element.

Lemma 4.4. Let I ⊂ OX be a locally complete intersection ideal sheaf on a projective
scheme over a field K of characteristic 0, and denote by OZ = OX/I the structure sheaf on
the closed subscheme Z defined by I.

Let F be either a line bundle over Z or F = I ⊗ L for a line bundle L on X. Then for
every open affine subset U ⊂ X the sheaf F|U has unobstructed derived deformations.

Proof. Since ExtnU (F,F) = H0(U,ExtnU (F,F)), by Theorem 4.3 it is sufficient to prove that
F|U is locally unobstructed in the derived sense, i.e., that every point belongs to an open
affine set V ⊂ U such that the DG-Lie algebra controlling deformations of F|V is homotopy
abelian. Choose V sufficiently small such that I is generated by a regular sequence and
either F|U ' OZ∩V or F|U ' IV .

Since the homotopy class of the DG-Lie algebra controlling deformations is independent
of the choice of the resolution we can consider the Koszul resolutions

K∗
q-iso−−−→ OZ∩V , K<0 q-iso−−−→ I|V ,

where

K∗ : 0→ ∧rOrV → · · · → ∧2OrV → OrV
(f1,...,fr)−−−−−−→ OV .

According to Theorems 2.2 and 2.4 both the DG-Lie algebras End∗OV (K∗) and End∗OV (K<0)
are numerically homotopy abelian, and hence homotopy abelian over the field K . �

Corollary 4.5. Let I ⊂ OX be a locally complete intersection ideal sheaf on a projective
scheme over a field K of characteristic 0, and denote by OZ = OX/I the structure sheaf on
the closed subscheme Z defined by I. Let F be either a line bundle over Z or F = I⊗L for
a line bundle L on X. Then:

(1) the obstructions to deforming F are contained in the kernel of the natural map

α0 : Ext2X(F,F)→ H0(X,Ext2X(F,F)) .

In particular, if α0 is injective then F has unobstructed deformations;
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(2) the obstructions to derived deformations of F are contained in the kernel of the
natural map of graded vector spaces

α :
⊕
n

Extn+2
X (F,F)→

⊕
n

H0(X,Extn+2
X (F,F)) .

In particular, if α is injective then the DG-Lie algebra Tot(L(U,E•)) controlling
deformations of F is homotopy abelian over K .

Proof. Immediate from the above results. �

Example 4.6. Let Z be a locally complete intersection subvariety of a smooth projec-
tive manifold X, with normal sheaf NZ|X . Then ExtnX(OZ ,OZ) ' ∧nNZ|X and then the
obstruction to deformations of the coherent sheaf OZ are contained in the kernel of the
map

Ext2X(OZ ,OZ)→ H0(Z,∧2NZ|X) .

If Hi(Z,∧kNZ|X) = 0 for every k ≥ 0 and every i > 0, then the coherent sheaf OZ is
unobstructed in the derived sense: in fact by the local-to-global Ext spectral sequence we
get that the map α of Corollary 4.5 is injective.

Example 4.7. Let Z be a locally complete intersection subvariety of codimension p ≥ 2
of a smooth projective manifold X, with ideal sheaf I. Then ExtkX(I, I) = 0 for k ≥ p and

(4.2) ExtkX(I, I) ∼= ExtkX(OZ ,OZ) ∼= ∧kNZ|X for 0 ≤ k < p .

The first part is clear since, locally, the coherent sheaf I has projective dimension < p as

OX -module. In view of the natural isomorphism HomX(OZ ,OZ)
'−→ HomX(OX ,OZ), the

functor HomX(−,OZ) applied to the short exact sequence 0→ I
j−→ OX

π−→ OZ → 0, give a
sequence of natural isomorphisms

ExtkX(I,OZ)
∼=−→ Extk+1

X (OZ ,OZ), k ≥ 0 .

Then we observe that for every i 6= 0, p − 1 we have ExtiX(I,OX) ∼= Exti+1
X (OZ ,OX) = 0,

while the natural map

Extp−1X (I,OX)→ Extp−1(I,OZ)

is an isomorphism: this follows easily by a direct computation involving the Koszul complex
as locally free resolution of I. Moreover, since Ext0X(OZ ,OX) = Ext1X(OZ ,OX) = 0 we have
HomX(I,OX) ' HomX(OX ,OX) ' OX and in particular the morphism

HomX(I,OX)
0−→ HomX(I,OZ)

is trivial.

Therefore, the functor HomX(I,−) applied to the short exact sequence 0→ I
j−→ OX

π−→
OZ → 0 gives a sequence of isomorphisms:

HomX(I, I) ∼= HomX(I,OX) ∼= OX , Extk−1X (I,OZ)
∼=−→ ExtkX(I, I) 0 < k < p .

In conclusion, we can rephrase the result of Corollary 4.5 as follows: if p > 2 then the
obstruction to deformations of the coherent sheaf I are contained in the kernel of the map

Ext2X(I, I)→ H0(Z,∧2NZ|X) .

If Hi(Z,∧kNZ|X) = 0 for every 0 ≤ k < p and every i > 0, then the local to global
morphism α is injective and the coherent sheaf I is unobstructed in the derived sense.
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