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Abstract

Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension m. In this paper
we are interested in the Dolbeault operator acting on the space of L? sections of the canonical bundle of
reg(X), the regular part of X. More precisely let 3,0 : L2Q™ (reg(X),h) — L*Q™'(reg(X),h) be an
arbitrarily fixed closed extension of O 0 : L2Q™%(reg(X), ) — L*Q™!(reg(X), h) where the domain of the
latter operator is Q7° (reg(X)). We establish various properties such as closed range of 0, 0, compactness
of the inclusion D(m,0) — L2*Q™%(reg(X),h) where D(Vm,0), the domain of dy,0, is endowed with the
correspondlng graph norm, and discreteness of the spectrum of the associated Hodge-Kodaira Laplacian
Dm 000m,0 with an estimate for the growth of its eigenvalues. Several corollaries such as trace class property
for the heat operator associated to Dm,o 0 0m,0, With an estimate for its trace, are derived. Finally in the
last part we provide several applications to the Hodge-Kodaira Laplacian in the setting of both compact
irreducible Hermitian complex spaces with isolated singularities and complex projective surfaces.
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Introduction

Consider a complex projective variety V' C CP". The regular part of V, reg(V'), comes equipped with a natural
Kahler metric g, which is the one induced by the Fubini-Study metric of CP™. In particular, whenever V has
a nonempty singular set, we get an incomplete Kéahler manifold of finite volume. In the seminal papers [10]
and [22], given a singular projective variety V', many questions with a rich interaction of topology and analysis,
for instance intersection cohomology, L?-cohomology and Hodge theory, have been raised for the incomplete
Kéhler manifold (reg(V'), g). Some of the most important among them are the Cheeger-Goresky-MacPherson’s
conjecture and the MacPherson’s conjecture. The former, which is still open, says that the maximal L?-de Rham
cohomology groups of (reg(V), g) are isomorphic to the middle perversity intersection cohomology groups of V'
while the latter, proved in [29], asks whether the L?-9-cohomology groups in bidegree (0,q) of (reg(V),g) are



isomorphic to the (0, ¢)-Dolbeault cohomology groups of V, where V is a resolution of V & la Hironaka. Related
to these problems there are many other interesting and deep analytic questions. We can mention for instance
the L2-Stokes theorem which asks whether the maximal and minimal extension of the de Rham differential d are
the same, the existence of a L?-Hodge decomposition for the L?-de Rham cohomology of (reg(V), g) in terms
of the L2-0-cohomology of (reg(V), g), the existence of self-adjoint extensions of the Hodge-de Rham operator

d 4 d* and the Hodge-Dolbeault operator 0 + 9" with discrete spectrum, the properties of the heat operator
associated to some self-adjoint extension of the Laplacian and so on. Moreover we point out that many of these
problems admit a natural extension in the more general setting of Hermitian complex spaces. Several papers,
during the last thirty years, have been devoted to these questions. Without any goal of completeness we can
recall here [I8] and [24] which concern the Cheeger-Goresky-MacPherson’s conjecture, [9], [15],[28], [27], [29]
and [34] devoted to the L2-0-cohomology, [26] and [33] concerning the d-operator on Hermitian complex spaces,
[7], [14], [30] and [35] dealing with the L?>-Hodge decomposition and the L2-Stokes theorem and finally [8], [20],
[23] and [31] devoted to the heat operator.

Now, after this brief overview of the literature, we carry on by describing the aim of this paper. Given a compact
and irreducible Hermitian complex space (X, h) of complex dimension m we are interested in the Dolbeault
operator gmﬁo acting on the space of L?-sections of the canonical bundle of reg(X), the regular part of X. More
precisely our point of view is to consider 9,, ¢ as an unbounded and densely defined operator

Om.o: L™ (reg(X), h) — L2Q™ (reg(X), h) (1)

with domain Q70 (reg(X)), the space of smooth sections with compact support of A"™(reg(X)). Labeling
by 0o : L2Q™0(veg(X), h) — L2Q™!(reg(X), h) any closed extension of , we are interested in properties
such as closed range of 9,0, compactness of the inclusion D(0,, 0) = L2Q™C(reg(X), h) where D(0,,0), the
domain of 9,0, is endowed with the corresponding graph norm, discreteness of the spectrum of 5;0 0 Wm0 :
L2Q™ 0 (reg(X), h) — L2Q™(reg(X), h), estimates of the growth of the eigenvalues and so on. l

Let us now go more into the details by explaining the structure of this paper. The first section is devoted to
the background material. We collect some basic definitions and notions concerning differential operators with
particular regard to the case of the d-operator. The second section contains some abstract results that will be
used later on in the paper. In the third section we recall the notion of parabolic Riemannian manifold (M, g),
see Def. and then we proceed by studying the Hodge-Dolbeault operator acting on an open, parabolic and
dense subset of a compact Hermitian manifold. Furthermore the remaining part of the third section collects
some useful propositions in the realm of Hermitian manifolds. The forth section contains the main results of this
paper whose applications will provide some satisfactory answers for the questions raised about the operator .
More precisely, the forth section starts with the notion of Hermitian pseudometric: given a complex manifold
M, a Hermitian pseudometric h on M is nothing but a positive semidefinite Hermitian product on M which is
positive definite on an open and dense subset of M. As we will see later on, by virtue of Hironaka resolution,
this is a convenient set to deal with many problems involving the O-operator on Hermitian complex spaces.
Within this framework the first theorem proved in the forth section is the following:

Theorem 0.1. Let (M, g) be a compact Hermitian manifold of complex dimension m. Let h be a Hermitian
pseudometric on M and let Ay, := M \ Zy, with Z), the degeneracy locus of h, see Def. , Let (E,p) be a
Hermitian holomorphic vector bundle over M. Assume that (A, gla, ) is parabolic. Let

Vemo: L2Q™ (A, Ela,, hla,) — L*Q™ (A, E|a,, h|a,) (2)

be any closed extension of Op m.o : L*Q™°(Ap, E|a,,hla,) — L2Q™Y(Ap, E|a,, h|a,) where the domain of the
latter operator is Q™ (A, E|a, ). Let

Ormo: L*Q™Y(M,E, g) — L*Q™ (M, E, g) (3)

be the unique closed extension of Opmo : Q™(M,E) — Q™Y(M, E) where the latter operator is viewed as
an unbounded and densely defined operator acting between L2Q™O(M, E, g) and L*Q™Y(M, E,g). Finally let
D@E,m,0) and D(Og m,0) be the domains of and respectively. Then the following properties hold true:

1. We have a continuous inclusion Ddg,m0) < D(Og.m.0) where each domain is endowed with the corre-
sponding graph norm. Moreover on D(dg m0) the operator coincides with the operator .

2. The inclusion D mo) — L*Q™(M, E,g) is a compact operator where D0 m o) is endowed with the
corresponding graph norm.



3. Let 5*E7m,0 : L2Q™ 1 (Ap, E|a,, hla,) = L*Q™C (A, E|a,, h|a,) be the adjoint of (). Then the operator
6*E,m,O ° 6E7m70 : ngm’O(Ahv E|Ah,’ h|Ah) - Lszﬁ(Ah? E‘Ah ) h|Ah,) (4)

whose domain is defined as {s € DOg.m,0) : VEm,08 € D(527m70)}, has discrete spectrum.

We point out explicitly that in the previous theorem the assumption concerning the parabolicity of (Ap, g|a, )
does not depend on the particular Hermitian metric g that we fix on M. Indeed if ¢’ is another Hermitian
metric on M then, since g and ¢’ are quasi-isometric on M, we have that (Ap,g|a,) is parabolic if and only

if (An,g’|a, ) is parabolic. Consider again the setting of Theorem and let 5;’%0 be the formal adjoint of

Op,m,0 with respect to g. Let Az . o : Q™O(M,E) —» Q™M E), Ag 5, o= gg,m,o 0 gm0 be the Hodge-
Kodaira Laplacian in bidegree (m,0). Since M is compact and Az 5 is elliptic and formally self-adjoint we
have that A . o, acting on L*Q"°(M, E, g) with domain Q™°(M, E), is essentially self-adjoint. With

Ag pmo L*Q™Y(M, E, g) — L*Q™°(M, E, g) (5)

we mean its unique closed (and therefore self-adjoint) extension. We are now in the position to recall the second
theorem proved in the forth section.

Theorem 0.2. In the setting of Theorem[0.1} Let

IN

O0<pr Spa<...<pp<..

be the eigenvalues of and let
0< A <A< <A <

be the eigenvalues of Then there exists a constant v > 0 such that for every k € N we have the following
inequality:
YAk = k- (6)

Moreover we have the following asymptotic inequality:
lim inf Ak~ > 0 (7)
as k — oo.

Finally the remaining part of the forth section contains various corollaries and remarks. In particular we
show that the heat operator associated to 5*E,m,0 0 gm0 I8 a trace class operator and moreover we provide an
estimate for its trace. In the fifth and last section of this paper we collect various applications of Th. and
Th. Its first part is devoted to the d-operator acting on the space of L?-sections of the canonical bundle of
reg(X), see . In particular we prove the following result that, for the sake of brevity, here is formulated only
in the version where the canonical bundle is untwisted. For the more general version we refer to Th.

Theorem 0.3. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension m.
Consider the Dolbeault operator O, o : L*Q™°(reg(X), h) — L2Q™(reg(X), h) with domain Q7 (reg(X)) and
let

V0 : L2 (reg(X), h) — L*Q™ (reg(X), h) (8)

be any of its closed extensions. The following properties hold true:

1. The inclusion D0y 0) — L*Q™%(reg(X),h) is a compact operator where D(Vpm.0) is endowed with the
corresponding graph norm.

2. Let 5;,0 : L2Q™ 1 (reg(X), h) — L*Q™(reg(X), h) be the adjoint of (§). Then the operator
5;70 0 Wm0 L2Qm’0(reg(X), h) — L2Qm’0(reg(X), h) 9)

whose domain is defined as {s € D(Vm,0) : Im,08 € D(2,,0)}, has discrete spectrum.



Let now
OS)\1§>\2§)\3§

be the eigenvalues of @[) Then we have the following asymptotic inequality
lim inf Agk~m > 0 (10)

as k — oo.
Finally consider the heat operator

e~ Pm,00m.o . L2Q™ 0 (reg(X), h) — L?*Q™ (reg(X), h)
associated to @D We have the following properties:
1. e ®mo%mo ; [20m0(reg(X), h) — L2Q™0(reg(X), h) is a trace class operator.
2. Tr(e‘tﬁ:nwﬂoﬁmv") < Ct™™ fort € (0,1] and for some constant C > 0.

We stress on the fact that Th. does not require assumptions on sing(X) nor on the dimension of X. In
the second part of the fifth section, combining Th. with other theorems already available in the literature,
we show the existence of self-adjoint extensions with discrete spectrum for the Hodge-Kodaira Laplacian in the

framework of compact and irreducible Hermitian complex spaces with isolated singularities. For the definition
of Friedrich extension and absolute extension we refer to Prop. and .

Theorem 0.4. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension m.
Assume that sing(X) is made of isolated singularities. Then we have the following properties:

1. Ay

Bom.q.abs | L2Qm9(reg(X), h) — L*Q™%(reg(X), h) has discrete spectrum for each q¢ =0, ...,m.
2. O max +5:n7min : L2Qm* (veg(X), h) — L2Q™*(veg(X), h) has discrete spectrum.
3. Agm . L2Q™9(reg(X), h) — L*Q™9(reg(X), h) has discrete spectrum for each q¢ =0, ...,m.

Finally in the last part of the fifth section, joining again our results with others already available in the
literature, we provide a quite accurate study of the Hodge-Kodaira Laplacian on complex projective surfaces.
We conclude this introduction by summarizing some of these results in the next two theorems.

Theorem 0.5. Let V C CP™ be a complex projective surface and let h be the Kahler metric on reg(V') induced
by the Fubini-Study metric of CP™. Then for each ¢ = 0,1,2 the operator

A : L2Q%(reg(V), h) — L*Q%4(reg(V), h) (11)

9,2,q,abs

has discrete spectrum. Let now
0< A< Al <<

be the eigenvalues of . Then we have the following asymptotic inequality
liminf \gk™2 > 0 (12)

as k — oo.
Finally consider the heat operator associated to

e tA0.2,9,a05 L20%4(reg(V), h) — L*Q*%(reg(V), h). (13)
Then s a trace class operator and its trace satisfies the following estimate
Tr(e™*A0.2.0a0:) < Oyt 2 (14)
fort € (0,1] and some constant Cy > 0.

We point out that Th. does not require assumptions on sing(V’). On the other hand, assuming moreover
that sing(V') is made of isolated singularities, we have also the following result.



Theorem 0.6. Let V C CP™ be a complex projective surface and let h be the Kihler metric on reg(V') induced
by the Fubini-Study metric of CP™. Assume that V' has only isolated singularities. Then for each ¢ = 0,1,2 the
operator

A : L2Q%(reg(V), h) — L*Q%(reg(V), h) (15)

9,0,q,abs
has discrete spectrum. Let
0< A< <. <<

be the eigenvalues of , Then we have the following asymptotic inequality
liminf Ak~ 2 > 0 (16)

as k — 0.
Finally consider the heat operator associated to

e P05 - [20% (reg(V), h) — L2Q%9(reg(V), h). (17)
Then s a trace class operator and its trace satisfies the following estimate
Tr(e "A2.0.0.a0s) < Cyt—2 (18)

fort € (0,1] and some constant Cyq > 0.
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1 Background material

We start by briefly recalling some basic notions about LP-spaces and differential operators. We refer for instance
to [2] and the bibliography cited there. Let (M, g) be an open and possibly incomplete Riemannian manifold
of dimension m. Let E be a vector bundle over M of rank k and let p be a metric on E, Hermitian if E is a
complex vector bundle, Riemannian if F is a real vector bundle. Let dvol, be the one-density associated to g. A
section s of FE is said measurable if, for any trivialization (U, ¢) of E, ¢(s|y) is given by a k-tuple of measurable
functions. Given a measurable section s let |s|, be defined as |s|, := (p(s,s))!/2. Then for every p, 1 < p < 0o
we can define LP(M, E, g) as the space of measurable sections s such that

1/p
Isllzr(as,2,9) = (/M |s[B dvolg> < 00.

For each p € [1,00) we have a Banach space, for each p € (1,00) we have a reflexive Banach space and in the
case p = 2 we have a Hilbert space whose inner product is given by

(8,t) 12(M,E,g) ::/ p(s,t) dvol, .
M

Moreover C°(M, E), the space of smooth sections with compact support, is dense in LP(M, E, g) for p € [1,00).
Finally L®(M, E, p) is defined as the space of measurable sections whose essential supp is bounded. Also in
this case we get a Banach space. Clearly, when p € [1,00), all the spaces we defined so far depend on M, E, p
and g but in order to have a lighter notation we prefer to write LP(M, E, g) instead of L?(M, E, p, g).

Let now F' be another vector bundle over M endowed with a metric 7. Let P : C*(M,E) — C(M, F) be a
differential operator of order d. The formal adjoint of P

P':C®(M,F) — C>(M,E)

is the differential operator uniquely characterized by the following property: for each u € C°(M, E) and for
each v € C°(M, F) we have

/ p(u,Ptv)dvolg:/ T(Pu,v) dvol .
M M



We can look at P as an unbounded, densely defined and closable operator acting between L?(M, E,g) and
L?(M, F,g). In general P admits several different closed extensions. We recall now the definitions of the maxi-
mal and the minimal one. The domain of the maximal extension of P : L?(M, E, g) — L*(M, F, g) is defined as

D(Puax) = {s € L*(M, E, g) : there is v € L*(M, F, g) such that / p(s, P'¢) dvol, = (19)
M

= / 7(v, @) dvol, for each ¢ € C:°(M, F,g)}. In this case we put Ppaxs = v.
M

In other words the maximal extension of P is the one defined in the distributional sense.
The domain of the minimal extension of P : L?(M, E, g) — L?(M, F, g) is defined as

D(Ppin) := {s € L*(M, E, g) such that there is a sequence {s;} € C>°(M, E) with s; — s (20)
in L?(M, E,g) and Ps; — w in L*(M, F, g) to some w € L*(M, F,g)}. We put Ppins = w.

Briefly the minimal extension of P is the closure of C2°(M, E) under the graph norm ||s{| 22 (ar, &,¢) || Ps| 12 (a1, F7,9) -
It is immediate to check that
P*

max

= P!, and that P*, = P!

min max

(21)
that is Pélax/min : L?>(M,F,g) — L*(M, E, g) is the Hilbert space adjoint of Priin / max respectively. Moreover

we have the following two L?-orthogonal decompositions for L?(M, E, g)

Lz(Ma E) = ker(Pmin/max) S5 lm(Pt

max / min) :

(22)
Before to proceed by recalling some general properties we add the following remark.

Remark 1.1. In this paper, when we will say that a closed operator P : L*(M, E, g) — L*(M, F, g) with domain

D(P) is a closed extension of P : C°(M,E) — C*(M, F), we will always mean that Pyay is defined on D(P),
and that PmaX|D(;) = P. Note that P might be Ppi, or Ppax.

We have now the following propositions:

Proposition 1.1. Let (M, g), (E,p) and (F,T) be as above. Let P: CX(M,E) — C*(M, F) be a differential
operator such that Pt o P : C>*(M,E) — C>°(M, E) is elliptic. Let P: L>(M,E,g) — L*(M, F,g) be a closed
extension of P. Let P be the Hilbert space adjoint of P. Then C*(M,E)ND(P" o P) is dense in D(P) with
respect to the graph norm of P. In particular we have that C> (M, E) N D(Prax / min) 15 dense in D(Prax / min)
with respect to the graph norm of Pyax / min-

Proof. See Prop. 2.1 in [2]. O

Proposition 1.2. Let (M,g), (E,p) and (F,T) be as above. Let P : C*(M,E) — CX(M, F) be a first order
differential operator. Let s € D(Ppax). Assume that there is an open subset U C M with compact closure such
that S|M\U =0. Then s € D(Puin)-

Proof. The statement follows by Lemma 2.1 in [14]. O

In the remaining part of this introductory section we specialize to the case of complex manifolds and to
the natural differential operators appearing in this setting. Our aim here is to introduce some notations and
to recall some results from the general theory of Hilbert complexes applied to the Dolbeault complex. We
refer to [0] for the proofs. Assume that (M, g) is a complex manifold of real dimension 2m. As usual with
AP9(M) we denote the bundle AP(T*OM)* @ AY(TO*M)* and by QP4(M), QP9(M) we denote respectively
the space of sections, sections with compact support, of AP*9(M). On the bundle AP?(M) we consider the
Hermitian metric induced by g and with a little abuse of notation we still label it by g. With L2QP4(M, g)
we denote the Hilbert space of L2-(p,q)-forms. The Dolbeault operator acting on (p, q)-forms is labeled by
Op.q @ QPUM) — QP9+1(M) and similarly we have the operator 9, , : QP4(M) — QPTL4(M). When we
look at 9,, : L2QP9(M,g) — L2QP9+1(M,g) as an unbounded and densely defined operator with domain
Qp9(M) we label by 9y g max /min © L2QP9(M,g) — L2QP7T1(M, g) respectively its maximal and minimal
extension. Analogous meaning has the notation 8, 4 max /min : L2QP (M, g) — L*QPT19(M, g). In the case of
functions we will simply write 9 : C°°(M) — QY (M), Omax /min : L*(M, g) — L?*Q%! (M, g) and analogously



9+ (M) = QMO(M) and Dpmasjmin + T(M, g) = L2OO(M,g). With B, : Q0+ (M) = Q29(M) and
Ot QTLA(M) — QP9(M) we mean the formal adjoint of 0,4 : Q29(M) — Q29T (M) and 0, 4 : Q29(M) —
QP‘H"I(M ) respectively. For each bidegree (p,q) we have the Hodge-Kodaira Laplacian defined as

A

In the case of functions, that is (p,q) = (0,0), we will simply write Az : C°(M) — C2°(M). We recall now the
definition of the following two self-adjoint extensions of Az

 Q29(M) — Q29(M), A

9,p,q

B,pq T Op.q—100, 41+ 0y 40 0p g

a4
510751*1»1@180( © 5;,q—1,min + 5;,q,min ° gpyq,max : L2Qp7q(M7 g) — L2Qp7q(Ma g9) (23)
and
gpyqfl’min °© EZaQ*l,max + 5;,q,max ° 5p,q,min : L2Qp’q(M7 g) — L2Qp7q(Ma g9) (24)

called respectively the absolute and the relative extension. The operator , the absolute extension, is labeled

in general with Ay pog.abs and its domain is given by

D(Ag,p,q,abs) = {w € D(gpx%max) N D(apg 1, mm) : 8pygymdxw € D(ap q, mm) and 81) q—1, min® € D(gpﬂ_lﬂﬂax)} .

The operator , the relative extension, is labeled in general with Az el and its domain is given by

D(Ag,p,q’rel) = {w € D(5p7qamin) N D(ap qg—1 max) : ap g,minW € D(ap q, max) and 81) qg—1 maxw € D(gp,qfl,min)} .
Using A, , ans and Az, we obtain the following orthogonal decompositions for L2QP9(M, g):
— = ... =t 1
L2QP(M, g) = HR? (M, g) ©im(Ag, ) = HE? (M, g) @ 1m(Fp,g—1,max) &m0y g min)  (25)
and
: —_— —
ngp}q(Mv g) = H%’,Zel(M’ g) @ lm(Ag,p,q,rel) ng 1( ) @ lm(ap qg—1 nnn) @ lm(ap q, max) (26)
where B i
8 a,bS(M g) - ker(apaqanlax) n ker(ap7q—1,min) = ker(Agvpquabs) (27)
and

HED (M, g) := ker(y g min) Nker (D,

B xel ker(Ay

p,q—1, max) a,p, q,rel) (28)

Consider now the Hodge-Dolbeault operator 9, + 5; s QP (M) — QP*(M) where with QP*(M) we mean
@;":0 QP9(M). We can define two self-adjoint extensions of 9, + 5; taking

Dpmax + By in + L2QP* (M, g) — L*QP*(M, g) (29)

Bpmin + Dy * L2 (M, g) — L2QP*(M, g) (30)

where clearly L2QP*(M,g) = @;nzo L*QP4(M,g). The domain of 9, max + a, is given by D(9p,max) N

p,min

D@; min) Where D(0) max) = @qmzo D(dp.4, max) and D(ap min) = @q OD( p.qmin)- Analogously the domain
of Op min + 5'p max 18 given by D(9p.min) N D(ﬁp max) Where D(0p min) = @q 0 D(0p q.min) and D(Gp max) =

®q=0 D( p7q7max). In particular we have:

@s

(31)

m
ker(ap,max / min + p,min / max @ ker p,q,max / mm) N ker(ap g—1,min / m'lx 8 abs / rel g)
q=0

q=0

. = . qt
lm(ap max / min + ap mm/max @ ( P qfl,max/min) ® lm(aP;Q:min/maX)) :
q=0

Furthermore we recall that the maximal and the minimal L2?-9-cohomology of (M, g) are defined respectively
as _ _
HPY (M, g) = ker(0p,g,max) and H?S (M, g) = ker(0p,g,min)

= — . 32
2,0max im(ap g—1 rmx) 2,0min im(ﬁp g1 min) ( )

In particular if H;”q (M g) is finite dimensional then im (9, 4—1.max) is closed and analogously if Hp’g (M, g)

is finite dimensional then 1m(3p,q_17mm) is closed. We have the following important properties:



Proposition 1.3. In the setting described above. The following properties are equivalent:
. H;”gq (M, g) is finite dimensional for every ¢ =0, ...,m.
e (29) is a Fredholm operator on its domain endowed with the graph norm.

o A57p7q7abs : L2 (M, g) — L*QP9(M, g) is a Fredholm operator on its domain endowed with the graph
norm for each ¢ =0, ...,m.

Analogously the following properties are equivalent:

. Hg’g (M, g) is finite dimensional for every ¢ =0, ...,m.

e (30) is a Fredholm operator on its domain endowed with the graph norm.

¢ Aj L grel L2QP9(M, g) — L*QP9(M, g) is a Fredholm operator on its domain endowed with the graph

norm for each ¢ =0, ...,m.

Clearly, if we replace the operator 9, , with 8, ,, then we get the analogous definitions and properties
for the operators Jp g max / min» Do.p.q) Do,p.q,abs /rel, O + 0 and Oy max / min + O In particular the

¢,min / max"
corresponding version of Prop. holds for H3'j (M, 9), Opmax/min + 3fnin/max and Agp g.abs /rel-

max / min
Moreover, according to [I9] pag. 116, we have
= =t
8;,7(1 =—*O0m—qm-p-1% and 0, , = — % Om—g—1,m—p* (33)
and from we easily get that
= =t
a;,q,max/min =k am—q,m—p—l,max/min * and 8;n,q,max/min =—%* 8m—q—l,m—p,max/min* (34)

where * : L2QP4(M, g) — L?*Qm~9™~P(M, g) is the unitary operator induced by the Hodge star operator. Now
let us label by
c: THOM — 7%t M (35)

the C-antilinear map given by complex conjugation. In particular, given p € M and v € T,(M), so that
v—iJv e T}OM, we have ¢(v —iJv) = v +iJv. Let us label by

Cp.q : API(M) — AP (M) (36)

the natural map induced by (35). With a little abuse of notation we still label by ¢, , the induced map on
(p, q)-forms, that is
Cpq : BV (M) — QP (M). (37)

Clearly both and are C-antilinear isomorphisms such that (¢, ,)~! = ¢, . Moreover induces an
isomorphism
Cpalapaar  Q01(M) = QTP (M). (38)

We have the following well known properties:

Proposition 1.4. In the setting described above. On QP4(M) and QP1(M) the following properties hold true:

1. Opq = Cq+1,p © 0gp © Cp g
7 ot
2. p,q — Ca,p © Ygq,p © Cp,q+1

)

Proof. For the first point see for instance [37] Prop. 3.6. The second point follows using the first point, (33))
and the fact that the Hodge star operator commutes with the complex conjugation. O

Now consider again M endowed with a Hermitian metric g. For each w € QP9(M) it is easy to check that
g(w,w) = g(cp qw, cp qw). Using this equality and the other properties recalled above, we easily get that ¢, ,

induces a C-antilinear operator
Cpg L2QP4(M, g) — L*Q%P(M, g) (39)

which is bijective, continuous, with continuous inverse given by ¢, , and such that ||| L2ar.a(a1,9) = ||Cp.q7l L2002 (1,9
for each n € L2QP9(M, g). Finally we close this introduction with the following proposition.



Proposition 1.5. In the setting described above. The following properties hold true:
1. cpq (D(ap,qmax)) = D(Jg,pmax) and Dp,gmax = Cq+1,p © g,p,max © Cp,g-

2. Cpgq (D(ap,qmin)) = D(0g4,pmin) and Op gmin = Cq+1,p © g,p,min © Cp,q-
ot _ t at _ t
D(ap,q,max) - D(aq,p max) and ap,q,max =Cqp© aq,p,max O Cp,q+1-

— —t
— t — 13
D(ap,q,min)> - D(aq,pmin) and ap,q,min = Cq,p © aq,p,min O Cp,q+1-

J. % (D(Ag,p,q,abs)) = D(Aa,m—q,m—p,rcl) and * o Ag,p,q,abs = Aa,m—q,m—p,rcl O *.

0. * (vaq(D(Ag,p,q,abs))) = D(Ag,mfp,qu,rel) and * o Cp,q © A5,;0,q,abs = A5,7717;0,#7,711,&31 O *0Cp,q-
Proof. This follows immediately by , Prop. and the properties of . O

2 Some abstract results

This section contains some abstract results that will be used later on in the paper. We start by recalling some
well known facts about the Green operator.

Let Hy and Hs be separable Hilbert spaces whose Hilbert products are labeled by ( , )g, and (, )m,. Let
T : Hy — Hs be an unbounded, densely defined and closed operator with domain D(T). Assume that im(T")
is closed. Let T* : Hy — H; be the adjoint of 7. Then im(7™) is closed as well and we have the following
orthogonal decompositions: H; = ker(T) @ im(T*) and He = ker(T™) @ im(7T"). The Green operator of T,
Gt : Hy — Hj, is then the operator defined by the following assignments: if v € ker(T*) then Gr(u) = 0, if
u € im(T) then Gr(u) = v where v is the unique element in D(T) N im(7T™*) such that T(v) = u. We have
that Gp : Ho — H; is a bounded operator. Moreover, if H; = Hs and T is self-adjoint then G is self-adjoint
too. If Hy = Hs and T is self-adjoint and non-negative, that is (T'u,u)gy, > 0 for each v € D(T), then Gr is
self-adjoint and non negative as well. Furthermore we have T'o G = Ida — Pyer(7+) and G o T' = Idy — Pyer(1)
on D(T') where Id; : Hy — Hi, Idy : Ho — Hs are the corresponding identity maps and Pierry : H1 — ker(T),
Pyer(r+y + Hy — ker(T™) are the orthogonal projections on ker(7") and ker(7™) respectively. Finally we recall
that G : Hy — H; is a compact operator if and only if the following inclusion D(T') N im(7T*) — H;, where
D(T) Nim(T™*) is endowed with the graph norm of T', is a compact operator.

Proposition 2.1. Let T : Hi — Hs be an unbounded, densely defined and closed operator acting between two
separable Hilbert spaces. Let D(T) be the domain of T and let T* : Hy — Hy be the adjoint of T. Assume that
im(T) is closed. Consider the operator T* oT : Hy — Hy with domain D(T* oT) = {u € D(T) : Tu € D(T*)}.
Then we have the following properties:

1. im(T* o T) = im(T*) and therefore it is closed in H;.
2. GT*OT = GT o GT* .

Proof. Clearly im(T* o T') C im(T™*). Using the orthogonal decomposition Hy = ker(T*) @ im(T') we get that
im(T*) = {T™*s such that s € im(T)ND(T™*)}. Hence we can conclude that im(7*) = im(T* o T). In particular,
by the fact that im(7™) is closed, we have that im(7T*oT) is closed in H;. Consider now the second point. Clearly
if v € ker(T*oT') then G (G~ (v)) = 0. Let now v € im(T*oT') and let u € D(T*oT)Nim(T*oT) be the unique
element in D(T™* o T)Nim(T™ o T') such that T*(T'(u)) = v. We have Gp~(v) = w where w is the unique element
in D(T*) Nim(7T) such that T*(w) = v. Since T™* is injective on D(T*) Nim(7T) we have T(u) = w because
T*(T(u)) = v = T*(w). Therefore we have Gr(w) = Gr(T(u)) = u because u € D(T* o T) Nim(T* o T) C
D(T)Nim(T*). Summarizing we have shown that if v € ker(T*oT') then Gr(Gr»(v)) = 0 while if v € im(T*oT)
then Gr(Gr~(v)) = u where u is the unique element in D(T* o T') N im(T™* o T') such that T*(T'(u)) = v. We
can thus conclude that Grsor = G o Gp=. O]

Proposition 2.2. In the setting of Prop. [2.1 Assume moreover that the following inclusion

D(T* o T) Nim(T* o T) < H, (40)



where D(T* o T) Nim(T* o T') is endowed with the graph norm of T* o T, is a compact operator. Then also the
following inclusion
D(T o T*) Nim(T o T*) — H, (41)

where D(T o T*) Nim(T o T*) is endowed with the graph norm of T o T™*, is a compact operator.

Proof. Let us define D := T oT*. Then D : Hy — Hs is an unbounded, densely defined, self-adjoint and
non-negative operator such that im(D) is closed. Consider now D? : Hy — Hs where D(D?) = {u € D(D) :
Du € D(D)}. Then, according to Prop. im(D?) is closed. Let Gp> : Hy — Ho be the Green operator of D?.
Again by Prop. [2.1] we know that Gp2 = Gp o Gp = Gror+ © Gror+. Moreover, again by Prop. 2.I] we know
that Gror+ = Gr+ o Gp. Therefore we have Gp2 = G+ o G o G« o Gp. This tells us that Gp2 : Hy — Hs is
a compact operator because, by , we know that Gy o Gy« : Hy — H; is a compact operator. On the other
hand, since D is self-adjoint, we have Gp2 = G%,. Therefore, by the fact that Gp : Hy — Hs is bounded, self-
adjoint and non-negative, and by the fact that G% : Hy, — H> is compact we can conclude that Gp : Hy — Hs is
a compact operator. As D = T oT* we can eventually conclude that the inclusion D(T oT*)Nim(T oT™*) < Ha,
where D(T o T*) Nim(T o T*) is endowed with the corresponding graph norm, is a compact operator. O

We have now the following proposition.

Proposition 2.3. Let Hy, Hy and Hs be separable Hilbert spaces and let Ty : Hy — Hs and Ty : Hy —
Hs be densely defined and closed operators such that, for each n = 1,2, im(T,) is closed in H,+1 and
im(T1) C ker(Tz). Consider the operator Ap : Ho — Ho, Ap := Ty o Ty + T o T, with domain given by
{s e D(To) ND(T}) : Tas € D(Ty) and T5's € D(T1)}. Then the following inclusions hold true

(D(Ty o T7) Nim(Ty o TY)) C D(A7), (D(T5 o To) Nim(Ty o Ty)) C D(A7) (42)
and we have the following orthogonal decomposition for D(Ar)
D(Ar) = (ker(T) Nker(T3)) & (D(Ty o T) Nim(Ty o T7)) @ (D(T5 o To) Nim(Ty o Ts)) (43)

where the addends on the right end side of are closed subspaces of D(Ar) and are orthogonal to each other
with respect to the graph product of D(Ar).

Moreover on (D(Ty o T7) Nim(Ty o TY)) the graph product of Ar coincides with the graph product of Ty o T .
Analogously on (D(T5 o Ty) Nim(Ty o Ty)) the graph product of A coincides with the graph product of T oTs.

Proof. The inclusions in follow immediately by the definition of D(Ar) and by the fact that T, o T3 = 0
and Ty o Ty = 0. Moreover it is an easy check to verify that the spaces on the right hand side of (43)) are
orthogonal to each other with respect to the graph product of A;. Therefore the right hand side of is
contained in D(Ar). In order to complete the proof we have to prove now the opposite inclusion. To this aim
consider the orthogonal decomposition of Hs given by

Hy = (ker(T7) Nker(T2)) @ im(TY) @ im(7%).

By the fact that im(7},) is closed in Hy4+1, n = 1,2, we have that im(7Ty o T3) = im(7y) and that im(T3) =
im(7} o T7), see Prop. [2.1] Therefore we can replace the above decomposition with

Hy = (ker(T7) Nker(T2)) @ im(Ty o T7) & im(T5 o T). (44)

Let now s € D(Ar). Then, according to ([44)), we have s = s1 + s2 + s3 with respectively s; € ker(T}) Nker(T3),
s9 € Im(Ty o TY) and s3 € im(Ty o T). By the fact that s; € ker(Ar) we have so + s3 € D(Ar) that is
s2 + 83 € D(T5 o To) N D(Ty o T5). On the other hand sy € D(T5 o Tz) because im(Ty o T5°) C ker(Ty o T5)
and s3 € D(Ty o T}) because im(T5 o Tp) C ker(Ty o T}). Hence this leads us to the conclusion that sz €
im(Ty o TF) ND(Ty o Ty) N D(Ty o T5) and that s € im(Ty o T) N D(Ty o To) N D(T7 o TT), that is,

sy €im(Ty o T;) ND(Ty o T;) and s3 € im(Ty o Ty) N D(Ty o Ty).

This completes the proof of . Now, by the fact that is an orthogonal decomposition with respect
to the graph product of Ar, we can conclude that every addend on the right hand side of is a closed
subspace of D(Ar) with respect to its graph norm. Finally it is again an immediate check to verify that on
(D(Ty o T7) Nim(Ty o T5)) the graph product of Ar coincides with the graph product of T} o T} and that
analogously on (D(T%5 o T) Nim(Ty o T3)) the graph product of Ar coincides with the graph product of T3 o
Ts. O
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Corollary 2.1. In the setting of Prop. [2.3. The operator Ap : Hy — Hy has closed range. Moreover the
following properties are equivalent:

1. Ga, 1 Hy — Hy is a compact operator.

2. The inclusion (D(Ar) Nim(Ar)) — Ha is a compact operator where D(Ar) Nim(Ar) is endowed with
the corresponding graph norm.

3. The inclusions (D(T5 o Ty) Nim(Ty o T)) — Hy and (D(Tz o Ty) Nim(T5 o Ty')) < Hs are both compact
operators where D(T7 oTh) Nim(Ty oTy) and D(To o T5)Nim(T 0 Ty) are endowed with the corresponding
graph norms.

4. Gryory, : Hi — Hy and Gryory © Hy — Hj are both compact operators.

Proof. Consider the operator At : Ho — Hy. We have the following chain of inclusions that follows immediately
by and by the fact that im(7},) is closed for n = 1,2:

im(Ar) Cim(Ar) = im(Ty) @ im(Ty) = im(7h) & im(T5) = im(Ty o I7) @ im(Ty o Tz) = im(Ay).

Therefore im(Ar) is closed. Concerning the second part of the corollary the equivalence between the first two
statements follows by the elementary properties of the Green operator that we have recalled previously. For
the same reasons it is clear the equivalence between the third and the forth statement. Finally the equivalence
between the second and the third statement follows immediately by Prop. and Prop. O

We recall also the following property.

Proposition 2.4. Let T : H — K be an unbounded, closed and densely defined operator between two separable
Hilbert spaces. Assume that both T* oT : H — H and T oT* : K — K have discrete spectrum. Given A > 0 let
us define Hy :={s € D(T* o T) : T*(T's) = As} and analogously Ky :={u € D(T oT*) : T(T*u) = \u}. Then,
for every positive X\, we have T(Hy) = Ky and

T‘Hk : H)\ — K)\
18 an isomorphism.

Proof. Let s € Hy. Since Hy C D(T* o T) we have T(s) € D(T*). Moreover T*(Ts) = As and therefore
Ts € D(T oT*). Finally T(T*(Ts)) = AT's and hence we can conclude that T's lies in K. So we proved that
T(Hy) C K. Moreover, by the fact that A > 0, we get immediately that T|g, : Hx — K is injective. Arguing
in the same way with T and K we have that T*(K) C Hy and that T*|k, : Kx — H) is injective. Finally,
by the fact that T* oT : H — H and T o T* : K — K have discrete spectrum, we know that Hy and K, are
finite dimensional vector spaces. Using the fact that T'|g, : Hy — K is injective and that 7|k, : K\ — H) is
injective we therefore get that dim(Hy) = dim(K). Ultimately this allows us to conclude that T|g, : Hy — K)
is an isomorphism as desired. O

Finally we conclude this section with the following proposition. For the definition and the main properties
of the Friedrich extension we refer to [2] and to the bibliography cited there.

Proposition 2.5. Let E, F be two vector bundles over an open and possibly incomplete Riemannian manifold
(M, g). Let p and T be two metrics on E and F respectively. Let D : C°(M, E) — C°(M, F) be an unbounded
and densely defined differential operator. Let D' : C*(M,F) — C>(M, E) be its formal adjoint. Then for
DtoD:L*(M,E,g) — L*(M, E, g) we have:

(Dt OD)]: = DfnaxODmin

where (D o D)* is the Friedrich extension of D' o D.

Proof. This follows immediately by the definition of Friedrich extension. See for instance [7], pag. 447. O
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3 Parabolic open subsets and Hodge-Dolbeault operator

We start with the following definition.

Definition 3.1. Let (M,g) be an open and possibly incomplete Riemannian manifold. Then (M,g) is said
parabolic if there exists a sequence of Lipschitz functions with compact support {¢n tnen such that

1. 0< ¢, <1 foralln
2. lim ¢, = 1 pointwise a.e. as n — oo
3. lim || dmin®n | 2201 (01,g) = 0 as n — 00,

We point out that as {¢,} is a sequence of Lipschitz functions with compact support then ¢,, € D(dmpin) for
each n so that the third point in the previous definition makes sense, see [2]. Moreover the fact that ¢, € D(dmin)
implies that ¢,, € D(Omin) and by the third point of Def. We can easily deduce that Hgmin¢n||L2QO:1(M,g) =0
as n — o0o. Consider now a compact complex Hermitian manifold (M, g) of complex dimension m and let E be
a holomorphic vector bundle over M. With QP¢(M, E), QP4(M, E), we mean respectively the space of smooth
sections, smooth sections with compact support, of A»4(M)® E. With 0, , : QP¢(M, E) — QP91(M, E) we
label the corresponding Dolbeault operator. If F' is endowed with a Hermitian metric p then with g, we label the
natural Hermitian metric induced on AP4(M)®E. With L2QP9(M, E, g) we mean the Hilbert space of L2-(p, q)-
forms with values in E. Analogously to we have the following notations Q2*(M, E) := EB;”:O OP9(M, E)
and L2QP*(M,E,g) = EBZ”ZO L2QP4(M, E,g). With 9, + 5;711 (M, E) — QP*(M,E) we mean the
Hodge-Dolbeault operator acting on QP*(M, E). We are now in the position to state the next proposition.

Proposition 3.1. Let (M, g) be a compact complex Hermitian manifold of complex dimension m. Let (E, p) be
a Hermitian holomorphic vector bundle on M. Let A C M be an open and dense subset of M such that (A, g|a)
s parabolic. Then the Hodge-Dolbeault operator

=) At ° °
Ipp+0p, : PP (A, Ela, gla) = L*QP*(A, E|a, 9la) (45)

with domain given by QP*(A, E|a) is essentially self-adjoint for each p =0, ...,m. Moreover the unique closed
extension of coincides with the operator

Opp+ 0, : L7 (M, E, g) — L*QP*(M, E, g) (46)

where 1s the unique closed extension ong}p—i—g;’p QP (M, E,g) = Q% (M, E, g) viewed as an unbounded
and densly defined operator acting on L*QP*(M, E, g).

Proof. First we observe that since M \ A has measure zero in M we have an equality of Hilbert spaces
L2QP*(M,E, g) = L*QP*(A,E|a,gla). Let us label by D(0g, + 5;7p), D((0p,p + gz,p)min) and D((9g,p +
étE,p)max) respectively the domain of (6], the minimal domain of and the maximal domain of (45). As
a first step we want to show that D(dg, + 52@) = D((0p, + gg’p)min). Since the inclusion D(9, + 5;) D
D((gp—&—g;)min) is clear we are left to prove the other inclusion D(gE,p—I—g;,p) C D((5E7p+5;,p)min). According
to Prop. (L.1]) we know that QP*(M, E) = QP*(M, E)ND(IE,, +5f}3,p) is dense in D(p,p +527p) with respect

to the corresponding graph norm. Therefore it is enough to prove that Q*(M, E) C D((0g,p + 5;7p)min). As
we assumed that (A, g|4) is parabolic there exists a sequence {¢;};cn that satisfies the properties of Def.

Let w € QP*(M, E). By the fact that ¢; is Lipschitz we easily get that ¢p;,w € D((0p,p + gg,p)max) and that

Op + 0 )max (D) = 05(Dpp + 055 ,)w + (Pmmaxi) A w — It (Dmaxchi)w (47)

where the operator Int(Omaxdi) : L2QP*(A, E|a,g|A) — L2QP*(A, E|a,gla) is the adjoint of the bounded
operator (Omax®i)A : L2QP*(A, E|a, gla) — L2*QP*(A, E|a,g|a) given by exterior multiplication with (Omax®:)-
That (Omax®i)A @ L2QP*(A, E|a,gla) — L*QP*(A, E|a,gla) is a bounded operator follows by the fact that
Omax®i € L>®QO%1(A, g|4) which is in turn a consequence of the fact that ¢; is Lipschitz. Using now that ¢; has

compact support in A we obtain by Prop. that ¢,w € ’D(@E,p +5§57p)min) and therefore, by , we have
(OEp + 0p p)min(Piw) = ¢i(OEp + O )W + (Omin®i) A w — Int(Ominpi)w- (48)
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Our aim now is to show that when ¢ tends to +oco then ¢,w tends to w in the graph norm of . That
¢iw tends to w in L2QP*(M, E,g) is a direct application of the Lebesgue dominated convergence theorem.

Next we consider (O, + gz,p)min(@w); we want to show that this sequence converges to (g , +5tE7p)(w) in
L2QP*(M,E,g). We use : looking at the three summands on the right hand side we easily see, using again

the Lebesgue dominate convergence theorem, that ¢;(0x , + gzyp)w converges to (Og , + gz,p)w whereas for
the last two terms we have the following inequality :

[(Omin®s) A wllL2ame(a,Bla01a) < 1Omin®ill L2001 (a,g10) 1wl Loore (4, Bl 4,9,14) (49)

which in turn implies

It (Omin®i)wll 2000 (4,5 a,014) < [Omin®ill L200.1(4,] 1) W[ Looqre (4,514,951 ) (50)
Using the last property in Def. we get immediately that the left hand sides in and tend to
0 when i tends to 4+00. Summarizing we have shown that D(dg, + gg’p) C D((0p,p + EtE,p)mm) and thus
D(0gp —1—524)) =D((0g, +5§5’p)min). Therefore the minimal extension of coincides with (46). Now, using
the fact that 0p +5§57p : L2QP* (M, E, g) — L*QP* (M, E, g) is self-adjoint, we get that (9., +5tE7p)min)* =
(EEJ, + 52’p)min. On the other hand, see , we have ((5E7p + gg,p)min)* = (5E7p +527p)max. Therefore we

are lead to the conclusion that (gEﬁp + Eg,p)max = (5E7p + gtEyp)min as desired. O
We have now the following application of Prop. [3.1
Proposition 3.2. Let (M,g), (E,p) and A be as in Prop. , Then the following three operators coincide:

0B p.qmax : L*QPY(A, E|4,gla) — L*QP9T (A, E| 4, g|a), (51)
05 p.gmin : L*QPUA, E|a, gla) = L*QP9T (A, E|a, ga), (52)
Oppq: L*P9(M,E, g) — L*QPT (M, E, g), (53)

where is the unique closed extension of Op 4 @ WP9(M, E) — QPO (M, E) viewed as an unbounded and
densely defined operator acting between L?*QP4(M, E, g) and L*QP9TY(M, E, g).

Proof. This follows immediately by Prop. and Lemma 2.3 in [6]. O

Corollary 3.1. Let (M, qg), (E,p) and A be as in Prop. . Then the following three operators coincide:

=t
8E,p,q,max : LQQp,q+1(A, E‘A, g|A) — LzQp,q(Aa E|Aa g|A), (54)
—=t

aE,p,q,min : L2Qp’q+1(Aa E|Aa g‘A) — LQan(Av E|A7 g|A)a (55)
B g L2PITY (M, B, g) — L2QP9(M, E, g), (56)

where, similarly to (53)), is the unique closed extension of étEyfyq : QP (M E) — QP9(M, E) viewed as
an unbounded and densely defined operator acting between L*QP 41 (M, E, g) and L*QP9(M, E, g).

Proof. This is an immediate application of Prop. O
We conclude this section by recalling the following property.

Proposition 3.3. Let M be a complex manifold of complex dimension m, let (E,p) be a Hermitian vector
bundle on M and let g and h be two Hermitian metrics on M. Then we have an equality of Hilbert spaces

L*Q™%(M, E, g) = L*Q™°(M, E, h)

and

L*Q%™(M, E, g) = L*Q%™(M, E, h).

Assume now that cg > h for some ¢ > 0. Then for each g =1, ...,m there exists a constant £, > 0 such that for
every s € QM1(M, E) we have

18117 20m.a(ar,m,9) < Ealls|F2amaar, i m): (57)
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Therefore the identity QI"9(M, E) — QI»9(M, E) induces a continuous inclusion
L*Q™9(M, E, h) — L*Q"™4(M, E, g)

for each ¢ = 1,....,m. Analogously for each p = 1,....,m there exists a constant §, > 0 such that for every
s € Q™(M, E) we have

HSH%ZQPJ"(M,E,g) < €;||5||:£2m,m(M,E,h)- (58)
Therefore the identity Q2™ (M, E) — Q2™ (M, E) induces a continuous inclusion

L2QP™ (M, E, h) — L*QP™(M, E, g)
for eachp=1,....,m.

Proof. The statement follows by the computations carried out in [I2] pag. 145. See also [34] pag. 2896. O

4 Main theorems

This section contains some of the main results of this paper. We start by giving the following definition.

Definition 4.1. Let N be a complex manifold of complexr dimension n. A Hermitian pseudometric h on N is
a positive semidefinite Hermitian product on N which is positive definite on an open and dense subset of N.

We will label by Z;, the smallest closed subset of M such that h is positive definite on M \ Z;. Thus
(M \ Zp, h|ap z,) becomes an incomplete Hermitian manifold. Following [29] we will call Z;, the degeneracy
locus of h. Consider now a compact complex manifold M of complex dimension m. Let (E, p) be a Hermitian
holomorphic vector bundle on M. Let h be a Hermitian pseudometric on M with degeneracy locus Z;. Let us
define Ay, := M \ Zj,. Our aim is to study the closed extensions of the following operator

Op.mo: LPQ™0(Ay, Ela,, hla,) — L*Q™Y (A, E|a,,b|a,) (59)

where the domain of is QmO(Ay, E|a,). In order to achieve this goal we need to consider an auxiliary
Hermitian metric. More precisely let us fix an arbitrary Hermitian metric ¢ on M and, as in Prop. and
Cor. let us label by

Oppq: L*QP9(M,E, g) — L*QP7 (M, E, g) (60)
the unique closed extension of dg , , : QP4(M, E) — QP91 (M, E) and by
B pg s LM, E, g) — L*QP(M, E, g) (61)

the unique closed extension of EtE)p,q : QP (ML E) — QP9(M, E). Moreover we observe that, since h is
positive semidefinite on M and g is positive definite on M, there exists a constant ¢ > 0 such that h < cg.
Hence, by Prop. we know that L2Q™1(Ay, E|a,,hla,) C L?Q™(Ap, E|a,,9|a,) and that there exists a
constant v > 0 such that for each w € L2Q™ (A}, E|4,,h|a,)

2 2
||w||L2Qma1(Ah,E|Ah,g|Ah) < 7||w||L2val(Ah,E\Ah,h\Ah)' (62)
We have now all the ingredients for the first result of this section.

Theorem 4.1. Let M, g, h, A and (E, p) be as defined above. Assume that (A, gla,) is parabolic E| Let
6E,m,0 : LQQm’O(Ah, E|Ah y h|Ah) — LQQm’l(Ah, E|Ah; h|Ah) (63)

be any closed extension of (B9). Let D(0p,m,0) and D(dg,m,0) be the domains of (in bidegree (m,0)) and
(63) respectively. Then the following properties hold true:

1. We have a continuous inclusion D(dg,m o) < D(Op m,0) where each domain is endowed with the corre-
sponding graph norm. Moreover on D(dg m0) the operator (in bidegree (m,0)) coincides with the

operator .

1 As remarked in the introduction it is clear that this property does not depend on the particular Hermitian metric g that we
fix on M. More precisely if g’ is another Hermitian metric on M then, since g and g’ are quasi-isometric on M, we have that
(An,gla,) is parabolic if and only if (A, g’| 4, ) is parabolic.
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2. The inclusion D g mo) — L*Q™(M, E,g) is a compact operator where D(dg, m o) is endowed with the
corresponding graph norm.

3. Let 5*E’m70 : L2Q™ (A, E|a,, hla,) = L*Q™C (A, E|a,, h|a,) be the adjoint of (63). Then the operator

V5m0 0 0Bm0 : L™ (An, Bla,, hla,) = L2Q™ (A, Bl hla,) (64)
whose domain is defined as {s € DOg.m0): 0gm0S € D(ﬁz,m,o)}’ has discrete spectrum.

Proof. First of all we point out that we have an equality of Hilbert spaces
L*Q"™°(Ap, E|a,, hla,) = L*Q™°(Ap, E| 4, , 9la,) = L*Q™°(M, E, g). (65)

This follows by Prop. and by the fact that A;, is open and dense in M. Now we address the first point. Let
D(OE,m,0,max) be the domain of

5E,m,O,rnam . L2Qm70(Aha E|Ah7g|Ah) — LQQM71(AhaE‘Ah,7g|Ah)'

According to Prop. in order to prove the first point, it is enough to show that we have a continuous inclusion

D(ﬁE,mﬁ) — D(EE,m,O,max) (66)

and that, for each s € D(g,m,0), we have g m 05 = 557m,07maxs. According to Prop. we know that
Q™O(Ap, Ela,) ND@E,m,0) is dense in D(0g,m,0) with respect to the corresponding graph norm. Hence, in
order to establish the existence of the continuous inclusion , it is sufficient to prove that we have a continuous

inclusion = 3
(Qm’O(Ah, E|Ah) N D(DE,m,O)) — D((?E,m,o,max>- (67)

To this aim let s € Q™%(Ap, E|a,) N D(@g,m,0). Then, since s is smooth on A, we have g 1,08 = 5E,m,08
where, with the operator on the right hand side of the previous equality, we mean the Dolbeault operator

5E7m,0 : Qm’O(Ah,E|Ah) — Qm’l(Ah,E|Ah). (68)
Moreover, by (65), we know that s € L?Q™(A;,, E|a,,g|a,) and that
[sll20m0(a,,Bla, 9l4,) = ISllL20m0(4,, 514, hla,)- (69)

On the other hand, by , we know that
HgEvvaSHQLQQm’l(A;L,EIA,L75'|A,L) S 7”5}5””705H%ZQ’"*I(A}LJEIA,L,hlA,L)' (70)

Therefore s € 'D@E,m,o,max) and by and we get that @ is a continuous inclusion.
Now let s € D(dg,m o) and let w € L*Q™1(Ap, E|a,, h|a,) such that 9g m 08 = w. Then there exists a sequence
{sn}nen C Q™O(Ap, E|a,) N D@g,mo) such that s, — s in L2Q™O(Ay, E|a,,h|a,) and g m08, — w in
L2Q™1 (A, Ela,,h|a,) as n — co. By and we get that s, — s in L2Q"™Y(A4y, E|4,,9]a,) and
5E7m705n — win L2Q™Y(Ap, E|a,,9|a,) as n — oo. Therefore 5E1m707maxs = w as desired. This establishes
the first point of the theorem. Now we address the second point. According to the first point it is enough
to show that the inclusion D(0g o.,) — L*Q™°(M, E,g) is a compact operator. To this aim consider the
Hodge-Dolbeault operator

Tpm + O Q™ (M, E) — Q™*(M, E). (71)

By the fact that M is compact and that gg,m + gtE’m is elliptic, we have a unique closed extension of as
an unbounded and densely defined operator acting on L2Q™*(M, E, g). We label this unique extension by

D + 05 : L™ (M, E, g) — L*Q™* (M, E, g). (72)
Let D(0p,m + 5}7m) be the domain of . Using again the fact that M is compact and that is elliptic

we get that the inclusion
D@p.m + g ) — L2Q™*(M, E, g) (73)
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where D(5E7m+5§57m) is endowed with its graph norm, is a compact operator. On the other hand D(0 Em—i—gt&m)
satisfies the following decomposition

m

D@+ Ipm) = D POrmg) 1 DO g-1) (74)
q=0

where D(Jg,m ) is the the domain of (in bidegree (m,q)) and D(Ezﬁm’qq) it is the domain of (in
bidegree (m,q—1)). Thus, by and (74)), we get immediately that the inclusion D(9g,m.q) ﬁD@;,mﬂ_l) —
L*Q™4(M, E, g) is a compact operator, where D(dg m q) N D@;,m’q_l) is endowed with the graph norm of
Op,m —|—5§57m. In particular, when g = 0, we have D(0g m.0) QD@E,my_l) = D(0E,m,0) and g m —1—5357,,1 acting
on D(Jg,m,0) is simply g mo. In this way we can conclude that the inclusion D(0g m,0) — L*Q™0(M, E, g)
is a compact operator and this completes the proof of the second point. Finally we prove the third point.
By the fact that dg ,,, 0 © 9g,m0 : L2QU™O(Ay, Ela,, hla,) — L*Q™O(Ay, E|a,, hla,) is self-adjoint the third
point is equivalent to showing that the inclusion D3y, ¢ © 0g,m,0) < L2Q™O(Ap, E|a,,h|a,) is a compact
operator where D(ﬁ*E,m,o 00g,m,0) is endowed with the corresponding graph norm, see [2I] pag. 381. For each
s € D(ﬁ*ﬂm,o 0 E,m,0), We have

”6E7m,05“%2§2ma1(Ah,E|Ah,h|Ah) = <5vE*E,m,o(EE,m,OS»L?Q’"vO(A;L,E|Ah,h|Ah) <
1 —u _
5 (53200040510, 1)+ 1350 @Em 0N Ermoa 51, hiey))

and therefore

2 Y 2
||s||L2Qm’O(Ah»E‘Ah7h‘Ah) + HDE'rm7OS||LQQ"L’1(Ah,E‘Ah7h‘Ah) §
3

2 =* = 2
9 (HSHLZQW'U(A;“EM}L,h|Ah) + ||0E7m,0(DE,m705)||L2va0(Ah,E\Ah,h\Ah)) .

The above inequality tells us that we have a continuous inclusion D(E*E,m,O 00g.m0) < D(®g m,0) where each
domain is endowed with corresponding graph norm. Now, using the first two points of this theorem, we finally
get that the inclusion D(ﬁ;m)o 0 0m.mo) < L*Q™Y(Ap, E|a,,h|a,) is a compact operator as desired. The
proof of theorem is thus complete. O

We have the following immediate corollary.
Corollary 4.1. In the setting of Theorem[].1l The following properties hold true:

1. 5*E7m’0 00 m0 : L2Q™O(Ap, E|a,,hla,) = L2Q™O(Ay, E|a,, hla,) is a Fredholm operator on its domain
endowed with the graph norm.

2. im0 g m,0) is a closed subset of L*Q™'(Ap, E|a,, h|a,)-
3. ker(0g,m.0) is finite dimensional.
4. We have the following L?-orthogonal decomposition
L*Q™%(Ap, E|a,,hla,) = ker(dg mo) ® im(ﬁ*E,Wo).
Proof. By Th. we know that 3y, 0 0 9pmo 1 L2Q™C(Ay, Ela,,hla,) = L*Q™C(Ay, Ela,,h|a,) has
discrete spectrum and this in turn implies in particular that it is a Fredholm operator on its domain endowed

with the graph norm. Therefore we can conclude that im(dy,,, o © 9g,m,0) is closed in L2Q™ (A, E| 4, , b4, ).
By we have the following two orthogonal decompositions for L2Q™ (A, E|a,,h|a,) :

LZQm’O(Ahv E|Aha h|Ah) = ker(ﬁE,nuO) D im(ﬁz,m,()) = ker(ﬁ*EJVMO © 6E,m,0) @ im(ﬁ*E’m’O ° 6E,m,0)~

Clearly ker(dg m.,0) = ker(ﬁgm,o 0 0g,m,0). Hence we have the following chain of inclusions:

M (0 1.0 © VE,m0) C M@y, 0) C iM%, 0) =M@ 0 © 95m0) =M@, 0 © 5,m,0)

which in particular implies that im(5277,L70) = im(ﬁzﬂ’mo) and therefore, taking the adjoint, im(dg ) =
im(dg,m,0) as required. All the other points are immediate consequences of the first two points of this corollary
and Th. 1] O

16



Consider again the setting of Th. Let Ag g ot UM, E) = Q™M E), Ag o = ég’m,ooéE,m,o
be the Hodge-Kodaira Laplacian in bidegree (m,0). Using again the fact that M is compact and that Az 5, o
is elliptic and formally self-adjoint we can conclude that Ag, B.m,00 acting on L?Q™O(M, E, g) with domain
O™O9(M, E), is essentially self-adjoint; we label its unique (and therefore self-adjoint) extension by

Ag pmo: LPY™(M,E, g) — L*Q™°(M, E, g). (75)
Clearly we can write as 527,,%0 0 O m,0 where
5E' ,m,0 * LQQm,O(MaEmg) %LQQm’l(Mang) (76)

is defined in and 8E om0 LPQ™Y (M E, g) — L*Q™O(M, E, g) is defined in . Furthermore it is another
standard result from classical elliptic theory on closed manifolds that ( . ) has dlscrete spectrum. We are now
in the position to state the other main result of this section.

Theorem 4.2. In the setting of Theorem[].1l Let

0<p Spo2 <o < <
be the eigenvalues of and let
0< A<l <A<
be the eigenvalues of the operator
6*E',m,O © 6Eym,o : LQQm’O(Aha E|Ah, ’ h|Ah) - L2Qm)0(Ahv E|Aha h|Ah,)' (77)

Then, for every k € N, we have the following inequality
YAk > fik (78)
where v is the constant introduced in , Moreover we have the following asymptotic inequality:
lim inf Agk™m > 0 (79)
as k — oo.
Proof. According to the min-max theorem, see for instance [36], we can characterize the eigenvalues of as

(A E,m, 05 S)L20m.0(M,E,g) (OE,m.08, OB,m,08) L20m.1 (M, E,q)

W = inf sup : = inf sup
FeFkND(AF g m,0) sEF ||8H%29m,0(M7E,g) FeFrND(Og,m,0) sEF HSH%ZQm,O(M’E’g)

where §) denotes the set of linear subspaces of L2Q™(M, E, g) of dimension at most k, D(Aé,E,m,o) is the
domain of and D(0g m,0) is the domain of . In the same way for the eigenvalues of we have

. _
(B,m,0 © 0B,m,08, S)L20m.0(Ay,E|4, ha,)

A = inf sup 5 (80)
Fe&kﬂD(aE m,000E,m,0) SEF ||S||L2Qm O(An,E|a,, hla,)
. <0Em05 0Em05>L2Qm1(Ah,E\Ah,h\Ah)
inf sup '

FeFrND(OE,m,0) s€EF [E ||L2Qm O(Ap,Eln,h|a,)

Let now {¢,,, n € N} be an orthonormal basis of L2Q™ (A, E| 4, , h|a, ) made of eigensections of (77) such that

Qs .0 © 0Em,0)Pn = An¢n. Let us define Fj, € § as the k-dimensional subspace of L*Q™ O(Ah,E|Ah hla,)

generated by {1, ..., &1 }. Then, see for instance [36] pag. 279, we have

(VB,m,08,0E,m,08) L2Qm1 (A, E|a, h|a )

A = sup bl _h
seFy || ||LQQ"L0(A;L E‘Ah h‘Ah

Hence, using Theorem and 7 we have

(0E,m,05, aE,m,03>LQva1(Ah,E|Ah hlay) (OE,m,08, 0E,m,08) L20m1 (M, E,g)

YAk = 7y sup 5 > sup 5
seFy HS”LZQM’O(AMEM,L7h|Ah) sEFY ||5||L2Qm~0(M,E,g)
B) 5,0 s :
> int sup < E,m,05, 2E,m,O >L2’Qm 1(M,E,q) _——
FeZrND(0E,m,0) SEF HSHL2QW»0(M’E,9)
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This establishes . Concerning it is enough to observe that according to the Weyl law, see [32] pag.

115, we have

m 1
~ 4 —  vol, (M ke
e (F(m+1) volal )>
as k — oo. Applying now the desired conclusion follows. 0O
As a consequence of Theorem [1.2] we have now the next corollary.

Corollary 4.2. In the setting of Theorem[].2 Let
e~ REmo e mo  [20MO(Ay B4, hla,) = L2Q™C(Ay, Ela,, hla,)
be the heat operator associated to and analogously let
e tBammo : [2QM™O(M, E, g) — L*Q™°(M, E, g)

be the heat operator associated to . We have the following properties.

1. e ®Bm 0 mo . [20mO(A, Bla hla,) — L*Q™O(Ay, E|a,,hla,) is a trace class operator.

2. Tr(e_tstv'mO"sEvmvo) < Tr(ef%AaEv"LvO) for each t > 0 and where v is the constant defined in (62).

3. Tr(ePBmo®Emo) < Ct=™ for t € (0,1] and some constant C > 0.

Proof. Asin the proof of Theoremlet us label by {¢,,, n € N} an orthonormal basis of L2Q™%(Ay,, E|a,,, h|a,)
made of eigensections of such that (ﬁ*E,m,O 00E . m.0)Pn = Andn. Then we have

Tr(e™ B o28m0) = N (e ®bm om0 61 1agumo(a, By hlay) = D€ < 00
neN neN

for every fixed ¢ > 0 as a consequence of . This establishes the first point of the corollary. The second point
follows by . Indeed we have

e = _ _¢bn _t —tA-
Tr(e tDEYmYOoDE,m,o) — E :6 tAn < E :e te § :6 SHn Tr(e 'YAS‘E,m,O)
neN neN neN

for every fixed ¢ > 0. Finally for the third point we argue as follows. Let b > 0 and let us define ¢’ := b?g.

Clearly ¢’ is another Hermitian metric on M and we have

1
Hlz20m ez, = 351 lz2amaarp.)-
Therefore, choosing b in such a way that b2 > ~, we have

_9 2 —1 2 2
b7 zemtan.Bla, s S I IZ2amaca, la, gla,) < I Z2ama(a, Bla, hia,)
that is
2 2
11 Z2qmt(an, 214, 01a,) < I Z20ma(a, B4, hla, ) (81)
Now, in the remaining part of this proof, let us replace the Hermitian metric g with ¢’. Applying the second
point of this corollary to h and ¢’ and using instead of , we get that
Tr(e_tag,rm,oosE,m,O) S Tr(eitA5,E,m,0) (82)

for every t > 0, where now, on the right hand side of , A5 Emo L2QmO(M,E,g') — L*Q™°(M,E,¢)
is the unique closed extension of the Hodge-Kodaira Laplacian in bidegree (m,0) associated to ¢’. Finally the
conclusion follows immediately by the asymptotic expansion of the heat trace on the right hand side of ,
see for instance [4] or [32]. O
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We stress on the fact that the results of this section hold for
6E,m70 : LQQm’O(Ah, ElAh7 h) — LQQm’l(Ah, ElAh7 h)

which is defined as any closed extension of Ogmo : L* Q™ (Ap, E|a,, hla,) — L2Q™Y(An, E|a,, h|a,) where
the domain of the latter operator is QmC(Ay, E|4,). Therefore Th. Th. and the corresponding
corollaries apply in particular to

5E,m,O,max/min : L2Qm70(Ah7 E|Ah, ) h‘Ah,) — L2Qm71(Ahu E|Ah ’ h|Ah,)~
Now we have the following remark.

Remark 4.1. Let A} be an open and dense subset of Ay. Assume that (A}, gla; ) is still parabolic. Then it
is clear that we can reformulate Th. Th. Cor. and Cor. by replacing A} with Ay in the

corresponding statements.

Finally we conclude this section with the following comment. Analogously to let us consider the operator

8E,m70 : L2Qo’m(Ah, ElAh’ h’|Ah) — L2Ql’m(Ah, E‘Ah y h|Ah) (83)
with Q%™ (Ay, E|4,) as domain and let us label by

0E,Tn,O : LQQO,m(Aha E|Ah7h|Ah) — LQQLm(Ahv E|Aha h|Ah) (84)

any closed extension of . Then by Prop. and using analogous strategies to those employed in the
previous proofs it is clear that the corresponding versions of Theorem Cor. Theorem [£.2] and Cor.
hold true for .

5 Applications

This section contains various applications of the previous results. We start by applying Th. Th. and
their corollaries to the case of a compact and irreducible Hermitian complex space. The second part concerns
the existence of self-adjoint extensions with discrete spectrum of the Hodge-Kodaira Laplacian in the setting
of compact and irreducible Hermitian complex spaces with isolated singularities. Finally, in the last part, the
Hodge-Kodaira Laplacian on complex projective surfaces is carefully studied.

5.1 Hermitian complex spaces

We start with the following proposition which furnishes a sufficient condition for the parabolicity of certain
incomplete Riemannian manifolds.

Proposition 5.1. Consider a compact Riemannian manifold (M, g). Let ¥ C M be a subset made of a finite
union of closed submanifolds, ¥ = U[>,S; such that each submanifold S; has codimension greater than one,
that is cod(S;) > 2. Let A be defined as M \ ¥ and consider the restriction of g over A, gla. Then (A, g|a) is
parabolic.

Proof. See [3]. O

Let M be a complex manifold of complex dimension m. We recall that a divisor on M is a locally finite
combination ), ¢,V where V;, are irreducible analytic hypersurfaces of M and ¢, € Z. The support of D is
defined as supp(D) = U{V}, : ¢, # 0}. A divisor with only normal crossings is a divisor of the form D =3, Vj,
where V;, are distinct irreducible smooth hypersurfaces of M and, for any point p € supp(D), there is a local
analytic coordinate system (U, 21, ..., zy,) such that supp(D)NU = {z1 - ... - 2z = 0} for some 1 < k < m.
Sometimes in the rest of the paper, with a little abuse of notation, we will identify a divisor with only normal
crossings with its support. Now we have the following immediate application of Prop.

Proposition 5.2. Let M be a compact complex manifold and let g be a Hermitian metric on M. Let D C M
be a divisor with only normal crossings. Then (M \ D, gl p) is parabolic.

Proof. This follows immediately by Prop. and the definition of divisor with only normal crossings. O
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The next results deal with complex spaces. This is a classical topic in complex geometry and we refer to [11]
and [13] for definitions and properties. Here we recall that an irreducible complex space X is a reduced complex
space such that reg(X), the regular part of X, is connected. Moreover, in order to state the next results, we
spend a few words concerning the resolution of singularities. We refer to the celebrated work of Hironaka [17],
to [5] and to [I6] for a thorough discussion on this subject. Furthermore we refer to [I2] and to [21] for a quick
introduction. Below we simply recall what is strictly necessary for our purposes.

Let X be a compact irreducible complex space. Then there exists a compact complex manifold M, a divisor
with only normal crossings D C M and a surjective holomorphic map 7 : M — X such that 7—!(sing(X)) = D

and
Tlanp : M\ D — X \ sing(X) (85)

is a biholomorphism. Furthermore, before to introduce the next results, we recall that a paracompact and
reduced complex space X is said Hermitian if the regular part of X carries a Hermitian metric h such that
for every point p € X there exists an open neighborhood U > p in X, a proper holomorphic embedding of
U into a polydisc ¢ : U — DV C C and a Hermitian metric g on DV such that (¢lieg(rr))*g = h, see for
instance [25] or [34]. In this case we will write (X, h) and with a little abuse of language we will say that h is a
Hermitian metric on X. A natural example of Hermitian complex space is provided by an analytic sub-variety
of a complex Hermitian manifold with the metric induced by the restriction of the metric of the ambient space.
In particular, within this class of examples, we have any complex projective variety V C CP"™ endowed with the
Kahler metric induced by the Fubini-Study metric of CP".

Consider now a compact and irreducible Hermitian complex space (X, h) of complex dimension m. Let 7 :
M — X be a resolution of X as described in and let D C M be the divisor with only normal crossings
such that 7|y p : M \ D — X \ sing(X) is a biholomorphism. Let (E, p) be a Hermitian holomorphic vector
bundle on reg(X) such that there exists a Hermitian holomorphic vector bundle on M, (F, ), which satisfies
(7T|]_V[1\D)*(F|M\D) = F and (7T|K;\D)*(T|M\D) = p. Consider the operator

gm0+ Q0 (reg(X), B) — Q" (reg(X), E) (86)
and, similarly to , let
6E,Tn,O : LQQm’O(reg(X), Ea h) — LQQm’l(reg(X)a E7 h) (87)

be any closed extension of . Let us label by D(dg m,0) the domain of . We are finally in the position
to state the next theorem. It gathers the applications of the results proved in the previous section to the case
of compact irreducible Hermitian complex spaces.

Theorem 5.1. In the setting described above. We have the following properties:

1. The inclusion D(dg,m0) — L*Q™(reg(X), E, h) is a compact operator where D(dp, m o) is endowed with
the corresponding graph norm.

2. Let 5}7%0 : L2Q™ 1 (reg(X), E, h) — L?*Q™ (reg(X), E, h) be the adjoint of (87). Then the operator
.m0 ©0E,mo : L2Q™0(reg(X), E, h) — L*Q™"(reg(X), E, h) (88)
whose domain is defined as {s € DOg.mo0): VEm,08 € D(ﬁzﬂm’o)}, has discrete spectrum.

Let
0< A <A< A3 <.

be the eigenvalues of . Then we have the following asymptotic inequality
lim inf Ak~ ™ > 0 (89)

as k — 0.
Finally consider the heat operator

e ®Em0908.mo ; [20™0(reg(X), E, h) — L*Q™°(reg(X), E, h)
associated to . We have the following properties:

1. e PBmo%8mo : [20m0(reg(X), B, h) — L2Q™O(reg(X), E, h) is a trace class operator.
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2. Tr(e PEm0®Emo) < Ct=™ for t € (0,1] and for some constant C > 0.

Proof. Let M, m and D be as in such that, as required above, we have (7T|]_\41\D)*(F|M\D) = F and
(7T|]T/[1\D)*(T|M\D) = p. Let &’ := (7|p\p)*h. Since h is locally given by an embedding we have that h’ extends
as a Hermitian pseudometric on M which is positive definite on M \ D. Moreover, according to Prop. we
know that (M \ D, g|an\ p) is parabolic where g is any Hermitian metric on M. Furthermore, by the assumptions
made on (E, p), we know that

(mlanp)™ : L* Q™4 (veg(X), E, h) = L*Q™ (M \ D, F|anp, ' [an\p) (90)

is a unitary operator for each ¢ = 0,...,m. Now, in order to have a lighter notation let us label by T :
L2Qm(reg(X), E, h) — L*Q™%(M \ D, F|ynp, R |an p) the operator (90). Then the operator

TodgmooT ' LPQ™(M\ D, Flypp, I |anp) = L*Q™ (M \ D, F|anp, K [v\p) (91)

with domain given by T(D(dg,m,0)), is a closed extension of O p,.0 : QU°(M\D, F|ypp) — QI (M\D, F|a\p)
unitarily equivalent to . Therefore all the statements of this theorem follow immediately by applying Remark

Theorem Theorem and Cor. to (91). Note that obeys Remark O
Corollary 5.1. In the setting of Theorem[5.1. We have the following properties.

1. im(dg.m0) s a closed subset of L*Q™1(reg(X), E, h).

2. ker(0g,m.0) is finite dimensional.

3. We have the following L?-orthogonal decomposition:

L*Q™0(reg(X), E, h) = ker(0p,m,0) ® im(dy ,, o)-

4 Vgm0 © 0mmo  L2Q™C(reg(X), E,h) — L*Q™C(reg(X), E,h) is a Fredholm operator on its domain
endowed with graph norm.

Proof. This follows applying Cor. O

We conclude this section with the following remarks. All the results proved in this section hold in particular

for
05, m,0,max /min : L Q™0 (reg(X), E, h) — L*Q™ (reg(X), E, h).

Moreover consider again the operator

Op.mo : L*Q0™ (reg(X), E, h) — L*QY™ (reg(X), E, h) (92)
with Q%™ (reg(X), E) as domain and let us label by

Vgm0 : LQP" (reg(X), E, h) — L*Q"™ (reg(X), E, h) (93)

any closed extension of (92). Then, according to the remark stated after the proof of Cor. we have also
the corresponding versions of Theorem and Cor. for .

5.2  Self-adjoint extensions with discrete spectrum in the setting of isolated sin-
gularities

In this subsection we prove the existence of self-adjoint extensions with discrete spectrum for the Hodge-Kodaira
Laplacian in the framework of compact and irreducible Hermitian complex spaces with isolated singularities.

Theorem 5.2. Let (X,h) be a compact and irreducible Hermitian complex space of complex dimension m.
Assume that sing(X) is made of isolated singularities. Then we have the following properties:

1. Ay

d,m,q,abs

s L2Qm4(reg(X), h) — L2Q™4(reg(X), h) has discrete spectrum for each ¢ =0, ..., m.

t

m,min

2. Omomax + 0 : L2Qm* (reg(X), h) — L2Q™*(reg(X), h) has discrete spectrum.

3. Agm B L2Q™4(reg(X), h) — L*Q™9(reg(X), h) has discrete spectrum for each ¢ =0, ..., m.

)
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Proof. Consider the first point. The case (m,0) follows by Th. For the remaining cases we argue as follows.
According to [21] pag. 381 Az, . : L2Q™4(reg(X), h) — L?Q™9(reg(X), h) has discrete spectrum if and
only if the inclusion

D(Ag n q.abs) < L2 (reg(X), h) (94)
is a compact operator where D(Az ‘ abs) 18 endowed with the corresponding graph norm. According to [34]
we know that H;%’q (reg(X),h) is finite dimensional for each ¢ = 0,...,m. Therefore, using Prop. H we
can conclude that, for each ¢ = 0,...,m, IM(Om,qmax) is closed and that Az, . ¢ L2Q™4(reg(X), h) —
L?Q™49(reg(X), h) is a Fredholm operator on its domain endowed with the graph norm. Hence, by the fact that
AG ngabs | L2Q™4(reg(X), h) — L?>Q™4(reg(X), h) is Fredholm and self-adjoint, we know now that is a
compact operator if and only if the following inclusion is a compact operator

(D(AG ) N IAG 1 g ) ) <> L2 (reg(X), ) (95)
where (D(Aé,m,q,abs) Nim(Az,, , abs) ) 18 endowed with the graph norm of Az, .. Finally, by using [33]
Th. 1.1 or [26] Th. 1.2, we get that (95) is a compact inclusion for ¢ > 1 and this completes the proof of the

first point. Now we tackle the second point. Consider the operator

@+ Do i) © Do+ i) : L2 (1eg(X), ) = L2Q™* (reg(X), h) (96)
with domain given by

DD max + Orpamin) © Drmmax + Ongmin)) = (@ € D(@rmma + Doy yuin) such that

(@ ane + D )2 € Do + Do i)}

We have

m

= =t = =t
(O, max + 8m,min) © (Om,max + 8m,min) = @ AE,m,q,abs
q=0

where the domain of the operator on the right hand side is @ZLO D(Az,, ; abs)- By the first point of this
theorem we can thus conclude that has discrete spectrum and eventually this implies that

D + Orpmin + L2Q™* (reg(X), h) — L2Q™* (reg(X), h)
has discrete spectrum. Now we deal with the third point. Consider the operator

O + Do )i = L2Q™* (reg(X), h) — L2Q™*(reg(X), h)

t

that is the minimal extension of 9,, —I—E:n QM0 (reg (X)) — QM*(reg(X)). Clearly 9y, max + O is a closed

extension of (0,, +5§n)mm and therefore, using the second point, we get that the inclusion D((0,, +5;)min) —

m,min

L2Q™*(reg(X),h) is a compact operator where D((9,,, + 5;),“111) is endowed with the corresponding graph
norm. Let (9y, + 5;)max : L2Qm* (reg(X), h) — L?Q™*(reg(X),h) be the maximal extension of 9, + 5;.
Consider now the operator

(B + 0o Jmax © Do + Doy Jamin + L2 (reg(X), h) — L2Q™*(reg(X), h)
with domain given by
D((Dn + By e © (B + Dy )umin) = {1 € DD + Dr)min) (B + Dy )unin?] € D((Brm + Dy )oma) }-

By Prop. we know that (9,, + 5:”)max 0 (O + 5:”)min is the Friedrich extension of (9,, + 5;) 0 (O + 5;)

which in turn coincides with the direct sum @;":0 A57m7q. For each n € D ((5,” + 5;),%)( 0 (O + 5;)““) we
have the following inequality which is immediate to check

= =t 9 1 9 = =t —= =t 9
H(8771+am)minn”L2Qm"(reg(X)7h) < 5 (H’HHL?Q’"*'(reg(X%h) + ”(am + 8771)“13’( © <8m + am)minn”L2Qm*'(reg(X)7h)) ’

97)
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The above inequality implies that we have a continuous inclusion
D (@ + B © @+ B Jnin) = P (@ 4D} (%)

where each domain is endowed with the corresponding graph norm. Therefore, using , we have eventually
shown that the inclusion

D ((Em 4+ Yimax © (B + 5;)min) < L2Q™* (reg(X), h)

where D((0,, + gz)max 0 (Om + 5;)“11“) is endowed with its graph norm, is a compact operator. As remarked
above this in turn implies that (9,, + gfn)max 0 (O + 5;)min 0 L2Q™* (reg(X), h) — L?Q™*(reg(X),h) has
discrete spectrum. Finally, by the fact that

— —t — =t -
(8m + 8m)max © (6m + am)min = @ Ag,m,q
q=0

see for instance [I] pag. 169, we get that, for each ¢ = 0, ..., m, the operator

AL LPQ™®(veg(X), h) — L2Q™*(reg(X), h)

0,m,q
has discrete spectrum as desired. The proof of the third point is thus complete. O
We conclude this subsection with the following corollary.
Corollary 5.2. In the setting of Th. [5.3 We have the following properties:

1. Az, : L2Q%9(reg(X), h) — L?Q%9(reg(X), h) has discrete spectrum for each ¢ =0, ..., m.

sg;rel
2. 90,min +587max : L2Q9%* (reg(X), h) — L2Q%*(reg(X), h) has discrete spectrum.

3. AE}-O . L2Q%4(reg(X), h) — L*Q%%(reg(X), h) has discrete spectrum for each q =0, ..., m.

Proof. 1t is enough to prove the first point. The second and the third point follow by the first one arguing as in
the proof of Th. Using and Prop. we have that any form w € L2Q™%(reg(V), h) liesin D(Az, . .1o)
if and only if cm—go(xw) € D(A7,,, , ) and if this is the case then we have c¢n—gq0(%(Az,, 4 @) =
AZ0.m—guwel(€m—g0(xw)), see Prop. Since ¢y—qo 0 * : L2Q™(reg(V),h) — L2Q%™ 4(reg(V),g) is a
continuous and bijective C-antilinear isomorphism with continuous inverse the conclusion follows now by Th.
0.2 O

5.3 The Hodge-Kodaira Laplacian on complex projective surfaces

In this section we collect various applications to the Hodge-Kodaira Laplacian on complex projective surfaces.
We start with the following theorem.

Theorem 5.3. Let V. C CP™ be a complex projective surface. Let h be the Kdhler metric on reg(V') induced by
the Fubini-Study metric of CP"™. We have the following properties:

1. DGy gabs L2Q2%4(reg(V), h) — L2Q%*%(reg(V), h) has discrete spectrum for each q = 0,1,2.
2. 09 max +5;_’min : L2Q%* (reg(V), h) — L2Q%*(veg(V), h) has discrete spectrum.

Foo.71202 2002, ; _
3. Aé,z,q s L*Q* 9 (reg(V), h) — L*Q*%(reg(V'), h) has discrete spectrum for each ¢ =0,1,2.

Proof. We start by considering the operator Az, ... : L2Q?%(reg(V),h) — L2*Q*°(reg(V),h). In this
case the statement is a particular case of Th. Now we deal with Az, , .. L?Q*?(reg(V),h) —

L20%*2(reg(V),h). We observe that in this case AF29.abs = 02,1 max © 5;17min. Applying the Hodge star
operator * : L2Q%2(reg(V'), h) — L?(reg(V), g) we have *(D(d2 1 max 05;71’@“)) = D(0},,x © Omin) and

— —t
% 0 (02,1, max © aQ,l,min) = (Opnax © Omin) © *.

23



We are therefore left to prove that 9Y .. 0 Omin : L3(reg(V),h) — L%(reg(V), g) has discrete spectrum. This

is shown as follows. According to Prop. we know that 0% o Omin = Ag , the Friedrich extension of

max

Ay : CX(reg(V)) — C(reg(V)). On the other hand (reg(V'),h) is a Kahler manifold. Therefore we have
Ay = Az on C°(reg(V)) and hence we can conclude that the corresponding Friedrich extensions, as operators
acting on L?(reg(V'), h), coincide:

A) =AF. (99)

Now, according to [20] we know that the right hand side of has discrete spectrum. We can thus conclude that
also A7 has discrete spectrum and ultimately we have that AG 9 0abs L2Q22(reg(V), h) — L?Q%?(reg(V), h)
has discrete spectrum as desired. As last step we are left to prove that Ag,, ., 1 L*Q>'(reg(V),h) —
L?Q?1(reg(V),h) has discrete spectrum. As we have already seen, this is equi{lalent to showing that the
inclusion

D(A5,2 1 abs) — LQQQ’l(reg(V)v h) (100)
is a compact operator where D(Ag, , ...) is endowed with the corresponding graph norm. According to [29]
we know that H;g , (reg(V), h) is finite dimensional for each g. Therefore, using Prop. we can conclude

that, for each ¢, im(02 ¢ max) is closed and that AF o gabs L2Q%*9(reg(V), h) — L2Q*%(reg(V), h) is a Fredholm
operator on its domain endowed with the graph norm. Hence, by the fact that Az, L2Q2%1(reg(V), h) —

L2Q%Y(reg(V), h) is Fredholm and self-adjoint, we know now that (100) is a compact operator if and only if the
following inclusion is a compact operator

(P(8g 0,10) Ni(AG5, ) ) = L2 (reg(V), ) (101)

where (D(A5,2,1,abs) N im(A572,17abs)> is endowed with the graph norm of Az, ; ;... Since we have already seen
that both the operators Az, , ...+ L2Q%0(reg(V), h) — L?*Q*C(reg(V), h) and Ag, , ... : L?Q*?(reg(V), h) —
L2Q?2(reg(V), h) have discrete spectrum, we know in particular that both the inclusions D(Ag50.abs)
L2020 (reg(V), h) and D(AZ25.ams) = L?Q?2(reg(V'), h) are compact operators. In particular we get that the
following inclusions

(P@21.max © .1 uin) (0D, 1 © D1 i) ) > L2022 (reg(V), ) (102)

(P@,01min © F2.0,max) Nim (D i © Da0.max) ) L2020 (xeg(V), ) (103)

are both compact operators where each space is endowed with the corresponding graph norm. Therefore we are
now in the position to use Corollary in order to conclude that is a compact operator. This completes
the proof of the first point. Finally the second and the third point follow by using the same arguments used to
show the second and the third point of Th. The proof is thus complete. O

Theorem 5.4. In the setting of Th. . Let g € {0,1,2} and consider the operator

A : L2Q*(veg(V), h) — L*Q*4(reg(V), h). (104)

9,2,q,abs

Let
0< A< <. <<

be the eigenvalues of (104). Then we have the following asymptotic inequality
liminf Agk™2 > 0 (105)

as k — oo.
Consider now the heat operator associated to (104))

e tBa.2aams 1 L2029 (reg(V), h) — L2Q%9(reg(V), h). (106)
Then (106) is a trace class operator and its trace satisfies the following estimates
Tr(e "49.2.0.a0s) < Cyt—2 (107)

fort € (0,1] and some constant Cyq > 0.
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Proof. Let ¢ = 0. Then in this case the statement follows by Th. [5.1} Consider now the case ¢ = 2. Then, as
pointed out in the proof of Th. we have *Ag ., 5 . * = Ol 00nin = Ag = Ag. Now the statement follows

using the results proved for Ag : L?(reg(V),h) — L%(reg(V),h) in [20]. Finally we deal with the case ¢ = 1.
Consider the operator

5270’max + Eg’l,mm : LQQz’O(reg(V), h)® L2Q2’2’(reg(V), h) — LQQz’l(reg(V), h) (108)
whose domain is D(92,0,max) ® D@;l,min) C L2 (reg(V), h) ® L?Q?? (reg(V), h). Its adjoint is
D21 max + D g © L2 (reg(V), h) — L*Q>0(veg(V), h) @ L*Q>% (reg(V), h) (109)

with domain given by D(02,1 max) N D@;O’min) C L?Q%1(reg(V), h). Taking the composition of each operator
with the corresponding adjoint we get

- —t . = —t
(a2,0,max + a2,1,min) © (a2,0,max + a2,1,min) = (110)
A5,2,O,abs &) A5,2,2,abs : L2Q*%(reg(V), h) @ L2Q%? (reg(V), h) — L*Q?%(reg(V), h) ® L?Q** (reg(V), h)

and

(21 max + D0 min) ™ © (D2, 1max + Pa.0min) = g 51 g + L2 (eg(V), h) = L2 (veg(V),h).  (111)

By Prop. vve know that a real number A > 0 is an eigenvalue for (111)) if and only if is an eigenvalue for (110))
and, if this is the case, the corresponding egeinspaces have the same dimension. Hence, by the fact that (110

is the direct sum of Az, o 1 ¢ L2020 (reg(V),h) — L?Q?C(reg(V), h) and AG 5 2abs - L?Q?%2 (veg(V),h) —
L?Q%2% (reg(V), h) and by the fact that we have already shown that the asymptotic inequality (105]) holds true
for Az, ¢ aps @0d Az, 5 1, We are in the position to conclude that (105) holds true also for the eigenvalues of

([I11). We can also conclude immediately that e *2a.2.1.a0s = L2021 (reg(V), h) — L2Q>1(reg(V),h) is a trace
class operator because, thanks to (105)), we have

Tr(e—tAaz,Labs) - Ze—tkk < 00
k

where in the above formula {\;}ren are the eigenvalues of (111)). Finally (107) follows observing that, again
by Prop. (2.4), we have

Tr(e™"a.21000) — ker(Ag 5 1 o) = Tr(e”20.20a0:) — ker(Ag 5 o ) + Tr(e 4922000 ) —ker(Ag 5 5 ) (112)
and therefore for ¢ € (0, 1] we have
Tr(e™"Aa2mame) < ker(Ag o1 o) + Cot 2 = ker(Ag 5 g aps) + Cat ™% —ker(Ag 4 5 1) < Crt ™
for some C7 > 0. O

As a consequence of the previous theorem we recover the McKean-Singer formula on complex projective
surfaces concerning the complex (L2Q%4(reg(V), h), 02,4 max)-

Corollary 5.3. In the setting of Th. . Let us label by (D2,max +5§,min)+ the operator defined in ((108]).

Then (02 max + 5;min)+ is a Fredholm operator and its index satisfies

2

ind (@, max + Damin) ) = D_(=1) Tr(e " Aa20.02), (113)
q=0
In particular we have
2
X(V,Ky) = 3 (= 1)1 Ta(e 020m) (114)
q=0

where m : V. — V is any resolution of V, Ky is the sheaf of holomorphic (2,0)-forms on V and X(V,ICV) =

Y amo(~D)Tdim(HI(V,Ky)).
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Proof. That (52,max + égyminﬁ is a Fredholm operator it is clear from Th. The equality (113)) follows by
(112)). Indeed we have

2 2
ind((D masx + g min) T) = D (—1)Tker(Ag 5 4 ) = O (—1) Tr(e ™ 4a20000),

q=0 q=0
The equality ((114) follows by (113) and the results established in [29]. O
Theorem 5.5. In the setting of Th. . Let g € {0,1,2} and consider the operator
Ag 2 L*Q%4(reg(V), h) — L?*Q*%(reg(V), h) (115)
that is the Friedrich extension of Ag, 0249 (reg(V)) — Q>9(reg(V)). Let

0<pur Spa <. < <.

be the eigenvalues of (115)) and let
0< M < A<..<M\<..

be the eigenvalues of (104]). Then we have the following inequality for every k € N

In particular we have

liminf pek™2 > 0 (117)

as k — oo.
Consider now the heat operator associated to (115))

¢ B2 . L*Q0*9(reg(V), h) — L*Q*9(reg(V), h). (118)

Then (118) is a trace class operator and

x

Tr(e™"92.0) < Tr(e "42.2.0.01), (119)

f
In particular we have the following estimate for Tr(eimgv?«z)

x

Tr(e "524) < Byt 2 (120)
fort € (0,1] and some constant By > 0.

Proof. Using again the min-max Theorem as in the proof of Th. we have

f
. (A5 2,45 511202 (reg(V).h)
i = inf sup 5
regD(aZ, Jser lIsle0za(egvy,n

(121)

where T denotes the set of linear subspaces of L2Q%*%(reg(V), h) of dimension at most k. Analogously for the
eigenvalues of (104]) we have

<A5,2,q,abss’ 8> L2Q24(reg(V),h)

A = inf sup (122)

FEFuND(A% 2 q,abs) sEF HSH%m?,q(reg(v),h)

= =t = =t
By Prop. We know that Agﬂ,q = (02,¢+ 9 4—1)max (02,4 + 03 4_1)min and by we know that Az, =
(02,4,max + Eé,q_l,mm) 0 (02,q.max + gqu_lﬁmin). Therefore (121) and (122)) become respectively

= =t = =t
(92,4 + 05 4_1)minS, (02, + 02 4_1)minS) £202.% (reg(V) 1)

inf sup (123)

b 2
FEFRND((D2,4+5 4 1)min) SEF ||5||L292,q(reg(v)’h)
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and

— —t — —=t
<(a2,q,max + a2,(]71,min)87 (aQaqamaX + aQ,q—l,min)s>L292)'(reg(V),h)

_inf sup 3 (124)
Fegkﬁp(alq,max"‘a;,qf1,min) seF ||S||L2Q2’q(reg(V),h)

where L2Q%* (reg(V'), h) = &2_oL*Q*9(reg(V), h). Let now {¢y,, n € N} be an orthonormal basis of LQ?(reg(V'), h)

%1-2 . such that AgQ qqf)k = pr¢r. Let us define Fy € §i as the k-dimensional subspace

of L?Q24(reg(V), h) generated by {¢1, ..., ¢ }. Then, see for instance [36] pag. 279, we have

made of eigensections of A

—= —=t = —=t
<(82,q + a2,q—1)min57 (8241 + a2,q—1)mins>L292v‘(rcg(V),h)

/"Lk' — Sup 2
su 111202 0 reg(vy,m)

Since D((92,4 + 5;,q71)min) C D(02,q.max + ég,q,l,min) we can deduce that

— —t — —t
(92,4 + 05 4_1)min8, (02, + 03 4_1)minS) £202.% (reg(V) 1)

M = Sup 2
sEFy, ||S||L2sz<1(reg(v),h)

- —t — —t
<(82,q,max + 82,q71,min)87 (62#]71113)( + 82,q71,min)S>L292”(ng(V),h)

= sup 2
sup 1512202 4 (reg(v).n)

— —t = —t
<(a27q,max + az,q—l,min)sa (82,q,max + a2,q—1,min)s>L2QZv’(reg(V),h) _

> inf sup 5
a at
FeFrND(92,q,max+092 g—1,min) SEF ||S||L292>q(reg(V)7h)

Ak
This establishes (116)). The remaining properties follow now immediately using (116]) and Th. O
Concerning the bidegree (1,0) we have the following application.

Theorem 5.6. In the setting of Th. [5.3 Consider the operator
A%J,o : L2QYO(reg(V), h) — L2QMC(reg(V), h) (125)
that is the Friedrich extension of Ag , ;- QLO%(reg(V)) — QLO(reg(V)). Then has discrete spectrum. Let
0<pur Spa <. < <.
be the eigenvalues of , We have the following asymptotic inequality
liminf pek ™2 > 0 (126)

as k — oo.
Finally consider the heat operator associated to (125

AL

e 20 L20N0 (veg(V), h) — L2QM0(veg(V), h). (127)
Then is a trace class operator and its trace satisfies the following estimate
Tr(e *25.10) < Ot (128)
fort € (0,1] and some constant C > 0.

Proof. Using (33)) and the Hodge star operator we have x o Az, | = Ay 1 90* on Q2! (reg(V)). By Prop. it
is easy to check that the previous equality implies that *(D(AZ 1)) = D<Ag,1,0) and that xoAZ = A-gw o*.

0,2,1 0,2,1
Moreover, by the Kahler identities, we have Ap 10 = Az, 5 on Qp(reg(V)) and therefore A7 (= Ag,l,o on
L2QY0(reg(V), h) as unbounded self-adjoint operators. In conclusion we have shown that *o AgQ L= A§1 0°%
that is any form w € L?Q*'(reg(V),h) lies in D(AS, ) if and only if xw € D(AZ ) and if this is the
case then *(Ag’m’w) = Ag,m(*w)' Now all the statements of this theorem follows by Th. because

x 1 L2QY0(reg(V), h) — L?Q%1(reg(V), h) is a unitary operator.
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As an immediate application of Th. [5.6] we have the following Hodge theorem.
Corollary 5.4. In the setting of Th. [5.3 The following properties hold true:
1. im(91,0,min) is a closed subset of L2Q% (reg(V), h).

2. ker(Ag 1 ,a) & Hyy  (reg(V),h).

3. H;% (reg(V), h) is finite dimensional.

Proof. According to Th. and to Prop. we know that Eiﬁmax 0 d1,0min : L2 O(reg(V),h) —
L2QY0(reg(V), h) has discrete spectrum and this in turn implies in particular that it is a Fredholm opera-

tor on its domain endowed with the graph norm. Therefore we can conclude that im(éi,mmax 001,0,min) is closed
in L?2QY0(reg(V), h). By we have the following two orthogonal decompositions for LZQM0(reg(V), h):

120" (reg(V), h) = ker(D1,0,min) @ 10(D) g 1ma)

L2 (reg(V), h) = ker() o smax © D1,0,min) B (D) 0 1 © D1,0min)-

Clearly ker(53707max 0 01,0.min) = ker(91,0 min). Therefore we have the following chain of inclusions:

. =t = . =t . =t . =t = . —=t =
lm(al,o,max © al,O,min) C lm(al,O,max) C Hn(al,o,max) = 1In(al,O,max © 81,0,min) = lm(al,O,max o al,O,min)

which in particular implies that im(gtl,o,max) = im(5i707rnax) and therefore, taking the adjoint, im(d1 omin) =
im(5170,min). Hence the first point is established. Using again we easily get that

ker@m,min)

im(91,0,min)

1%

ker(Ag,l,l,rcl)

On the other hand, by the first point of this corollary, we know that im@l,o’min) = im(51,o,min)- Thus we have

ker(gl,l,min) o kef@l,l,min) _ grl1
—Limin) _ = H}L  (reg(V),h).

im(gl,o,min) im(5170)min) 2,0min

R

ker(A5,1,1,re1)

Finally, according to [27], we know that H 21 % (reg(V), h) is finite dimensional. By virtue of the L?-Serre dual-
ity, see Th. 2.3 in [34], and using the second point of this corollary, we can thus conclude that H, 21 ’% (reg(V), h)

»Umin

is finite dimensional too. O

Assuming that sing(V') is made of isolated singularities we can also deal with the L?-Dolbeault complex
(L2Q%4(reg(V), h), Do 4.max) and its associated Laplacians.

Theorem 5.7. Let V C CP” be a complex projective surface with only isolated singularities. For each ¢ =0,1,2
the operator

A5 g gabs : L% (reg(V), h) — L*Q%(veg(V'), h) (129)

has discrete spectrum. Let
0< A <A< <A<

be the eigenvalues of (129)). Then we have the following asymptotic inequality

liminf Apk™2 >0 (130)
as k — oo.
Consider now the heat operator associated to (129))
e 8000w - [20% (reg(V), h) — L2Q%9(reg(V), h). (131)

Then (131) is a trace class operator and its trace satisfies the following estimates
Tr(e "A2.0.0.a0s) < Cyt—2 (132)

fort € (0,1] and some constant Cyq > 0.
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Proof. According to [26] Th. 1.2 we know that (D(A5707q7abs) ﬁim(D(AaO’q’abs)) — L?2Q%(reg(V),h) is a
compact inclusion for each g. Moreover, by [34], we know that H;’%max (reg(V), h) is finite dimensional for
each ¢ and therefore, using Prop. we get that ker(AaO, q,abs) is finite dimensional. In conclusion we
have just shown that (D(AE,O,q,abs)) — L?Q%9(reg(V), h) is a compact inclusion for each ¢ and therefore we

can conclude that has discrete spectrum. Now, according to [14] Th 1.2, we know that Omin = Omax-
In particular this implies that Ag = Aé,aby that is the absolute extension and the Friedrich extension of
Ag - C’O"(reg(V)) — C’oo(reg(V)) coincide. Hence the statement of this theorem in the case ¢ = 0 follows
by [20]. By (34) and Prop. we know that a form w € L*Q*%(reg(V), h) lies in D(Ag, ;) if and only
if coo(xw) € D(A&o,z,abs) and if this is the case then we have ¢ 0(*(Az 5 ;@) = AF ¢ 2.a1s(C2,0(*w)). Since
2.0 0% : L2Q%O(reg(V), h) — L2Q%%(reg(V),g) is a continuous and bijective C-antilinear isomorphism with
continuous inverse the conclusion for the case ¢ = 2 follows by Th. Finally the conclusion in the case ¢ = 1
follows by repeating the arguments, with the obvious modifications, used in the proof of Th. [5.4] to prove the
case (2,1). O

An immediate application of the above theorem is the following McKean-Singer formula for the complex
(L2Q%4(reg(V), h), Do,g.max)- To this aim consider the operator

Omax + Engm : L2 (veg(V), h) @ L?Q%2(veg(V), h) — L*Q% (reg(V'), h) (133)
whose domain is D(Opax) © D@al,min) C L?(reg(V), h) ® L2Q%2(reg(V), h). Its adjoint is

90,1, max + g;in : L2Q% (reg(V), h) — L2(reg(V), h) @ L*Q%?(reg(V), h) (134)
with domain given by D(9p 1 max) N D(@mm) C L2Q% (reg(V), h).
Corollary 5.5. In the setting of Th. . Let us label by (o max +567mm)+ the operator defined in ,

Then (0o max + gg’min)“‘ s a Fredholm operator and

2
ind((Do,max + Vgmin) ") Z 1)4 Tr(e t47.0.0.00), (135)

9=

In particular we have

— Z 1)? Tr(e —tA 3.,0,9,abs ) (136)
9=
where 1 V. — V is any resolution of V, L is a suitable holomorphic line bundle on V [ and x(V,O(L)) =
S amo(= 1) dim(H(V, O(L)).

Proof. The equality - can be proved in the same way we proved . The equality (136 follows by .
and the results established in [29] and [34].

In the last part of this section we collect various corollaries that arise, through and Prop. as
immediate consequences of the results proved so far.

Corollary 5.6. In the setting of Th. [5.3 For each ¢ = 0,1,2 the operator

A : L2Q%(veg(V), h) — L*Q%9(reg(V), h) (137)

9,0,q,rel

has discrete spectrum. Let
0< A <Al S

be the eigenvalues of (137); we have the following asymptotic inequality

liminf Agk™2 >0 (138)

2We refer to [29] and to [34] for the definition of L.
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as k — oo.
Finally consider the heat operator associated to (137)

e Bo0.are : L2009 (reg(V), h) — L2Q%(reg(V), h). (139)
Then is a trace class operator and we have the following estimate for its trace
Tr(e™*A0.0.are) < Oyt 2 (140)
fort € (0,1] and some constant Cyq > 0.

Proof. Using and Prop. we have that any form w € L2Q%9(reg(V), h) lies in D(A5,27q,abs) if and only if
c2—q0(*w) € D(Az 5, 1) and if this is the case then we have c2—q,0(*(A7 5 ; aps)) = B30 g.re1(C2—q,0(3w)).
Since ca_g 00% : L?Q%9(reg(V), h) — L?*Q%2~9(reg(V), g) is a continuous and bijective C-antilinear isomorphism
with continuous inverse the conclusion follows now by Th. and Th. O

Corollary 5.7. In the setting of Th. [5.3 For each ¢ =0,1,2 the operator
Ago,q : L2Q%(reg(V), h) — L*Q%(reg(V), h) (141)

has discrete spectrum. Let
0y Spo <o <y <

be the eigenvalues of (141); we have the following inequality
P > Ak
where 0 < A\ < ... < X\, < ... are the eigenvalues of (137]). Moreover we have the following asymptotic inequality

liminf k=% > 0 (142)

as k — oo.
Consider now the heat operator associated to (141))

e 50, : L2004 (veg(V), h) — L2Q%(reg(V), h). (143)
Then (143) is a trace class operator. We have the following inequality
T\I‘(e—tAg,qu) S Tr(e_tAaO"h"el)

F
for every t > 0 and furthermore Tr(e_maﬂ,q) satisfies the following estimates

Tr(e "A%.0.0) < Oyt (144)
fort € (0,1] and some constant Cy > 0.
Proof. This corollary follows by Th. using and Prop. as in the proof of Cor. O
Corollary 5.8. In the setting of Th. [5.71 For each ¢ =0,1,2 the operator
AF o el : L2Q%(reg(V), h) — L*Q*%(reg(V), h) (145)

has discrete spectrum. Let
0< A <A< <A<

be the eigenvalues of (145)); we have the following asymptotic inequality

liminf \pk™2 >0 (146)
as k — oo.
Consider now the heat operator associated to (145))
e B2 : L2029 (reg(V), h) — L2Q%9(reg(V), h). (147)

Then (147) is a trace class operator. Furthermore we have the following estimate for Tr(e_m?%q)rcl)
Tr(e_tA?vael) < C’qt_2 (148)

fort € (0,1] and some constant Cyq > 0.
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Proof. This corollary follows by Th. using and Prop. as in the proof of Cor. O

Corollary 5.9. In the setting of Th. [5.3 The operator
AT, LPQN 2 (reg(V), h) — L2QM (reg(V), h) (149)

has discrete spectrum. Let
0<p Spe <. <pp <.

be the eigenvalues of (149); we have the following asymptotic inequality
liminf k=2 > 0 (150)

as k — oo.
Finally consider the heat operator associated to (149)

e 8512 L2012 (veg(V), h) — L2Q12(reg(V), h). (151)
Then (151) is a trace class operator and its trace satisfies the following estimate
Tr(e "A712) < Ot (152)

fort € (0,1] and some constant C > 0.

Proof. The statements of this corollary follow by Th. using and Prop. as we did in the proof of
Cor. -

We conclude the paper with the following McKean-Singer formula concerning (L?Q%%(reg(V), h), Do, q,min)-
Let V and h be as in Th. Consider the operator

Drnin + Dy 1 amax : L2 (reg(V), h) @ L2002 (reg(V), h) — L*Q% (reg(V), h) (153)
whose domain is D(Omin) D@é,l,max) C L%(reg(V), h) ® L?Q%2(reg(V), h). Its adjoint is

50,1,m1n + g;ax : L2QO’1(reg(V), h) — LQ(reg(V), h) ® L2QO’2(reg(V), h) (154)
with domain given by D(9o 1 min) N D((’)max) C L2Q% (reg(V), h).

Corollary 5.10. In the setting of Th. . Let us label by (9o min +587max)+ the operator defined in ((153)).
Then (9o min +567max)+ is a Fredholm operator and

2
(Do min + Toma) ) = D (—1)7 Tr(e HA00.0001). (155)
q=0
In particular we have
2
X(V,0p) = (=1)1 Tr(e 450.0r1) (156)
q=0

where 7 : V — V is any resolution of V and x(V, Oy) = Zzzo(—l)q dim(H,g’q(f/)),

Proof. The equality (155 can be proved arguing as in the proof of - The equality (156)) follows by (155 .
and the results estabhshed in [29)].
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