Sobolev spaces and Bochner Laplacian on
complex projective varieties and stratified
pseudomanifolds

Francesco Bei

Institute fiir Mathematik, Humboldt Universitat zu Berlin,
E-mail addresses: bei@math.hu-berlin.de francescobei27@gmail.com

Abstract

Let V' C CP" be an irreducible complex projective variety of complex dimension v and let g be the Kéhler
metric on reg(V), the regular part of V, induced by the Fubini Study metric of CP". In [3I] Li and Tian
proved that W, ?(reg(V), g) = W?(reg(V), g), that the natural inclusion W2 (reg(V), g) < L*(reg(V), g)
is a compact operator and that the heat operator associated to the Friedrich extension of the scalar Laplacian
Ag : O (reg(V)) — CZ(reg(V)), that is e A7 L?(reg(V),g) — L*(reg(V), g), is a trace class operator.
The goal of this paper is to provide an extension of the above result to the case of Sobolev spaces of
sections and symmetric Schrédinger type operators with potential bounded from below where the underling
Riemannian manifold is the regular part of a complex projective variety endowed with the Fubini-Study
metric or the regular part of a stratified pseudomanifold endowed with an iterated edge metric.
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Introduction

Complex projective varieties endowed with the Fubini-Study metric as well as stratified pseudomanifolds with
an iterated edge metric are important examples of singular spaces with a rich interplay between topological



and analytic questions. An important topic in this setting is certainly provided by the heat operator and
its properties. Many papers during the last thirty years have been devoted to explore this subject. With-
out any goal of completeness we can mention here the seminal paper of Cheeger [20], where the study of the
heat kernel on stratified pseudomanifolds has been initiated, [15], [16], [17], [33], [34] where the heat oper-
ator on manifolds with conical singularities and on manifolds with edges is studied, [14], [31] [35] and [36]
that deal with the heat operator on complex projective varieties and so on. In particular in [3I], generaliz-
ing the results established in [35] and [36], Li and Tian proved, without any assumptions on the singularities
of V, that Wy (reg(V),g) = W'2(reg(V),g) (in other words the L2-Stokes Theorem holds for functions),
that the natural inclusion W12 (reg(V),g) < L?(reg(V),g) is a compact operator and that the heat oper-
ator associated to the Friedrich extension of the scalar Laplacian Ag : C2°(reg(V)) — C°(reg(V)), that is
eTIAT L2 (reg(V),g) — L?(reg(V), g), is a trace class operator.

In this paper we are interested to extend the result of Li and Tian to the case of Sobolev spaces of sections and
to symmetric Schrodinger type operators with potential bounded form below where the underling Riemannian
manifold is the regular part of a complex projective variety endowed with the Fubini-Study metric or the regular
part of a stratified pseudomanifold with an iterated edge metric.

Let us go more into the details explaining the structure of the paper. The first section is devoted to the
background material. We recall briefly the definition of LP spaces, maximal and minimal extension of a dif-
ferential operator and the notion of Sobolev space associated to a connection. In particular, given an open
and possibly incomplete Riemannian manifold (M, g) with a vector bundle E endowed with a metric h, we will
consider the spaces WH2(M, E) and W, (M, E). The former is the space of sections s € L?(M, E) such that
Vs, applied in the distributional sense, lies in L?(M,T*M ® E). The latter is defined as the graph closure of
V : L*(M,E) — L?*(M,T*M ® E) with core domain C°(M, E), the space of smooth sections with compact
support. In the second section we recall Kato’s inequality and then we provide some results about the domina-
tion of semigroups. In particular, under some additional assumptions, we give a proof of the domination of the
heat semigroups on a possibly incomplete Riemannian manifold, which is based on Kato’s inequality. The third
section contains some general results concerning Sobolev spaces of sections and symmetric Schrédinger operator
with potential bounded from below. The fourth section concerns irreducible complex projective varieties. The
main result of its first part is the following theorem:

Theorem 0.1. Let V. C CP™ be an irreducible complex projective variety of complex dimension v. Let E be a
vector bundle over reg(V') and let h be a metric on E, Hermitian if E is a complex vector bundle, Riemannian
if E is a real vector bundle. Let g be the Kahler metric on reg(V) induced by the Fubini-Study metric of CP™.
Finally let V : C®(reg(V), E) — C*®(reg(V),T*reg(V) ® E) be a metric connection. We have the following
properties:

o Wh2(reg(V), B) = Wy (reg(V), E).
e Assume that v > 1. Then there exists a continuous inclusion W2 (reg(V), E) < L%(reg(V), E).
e Assume that v > 1. Then the inclusion W12(reg(V), E) — L?*(reg(V), E) is a compact operator.

The proof of this theorem lies essentially on a combination of Kato’s inequality, Sobolev inequality and
the existence of a suitable sequence of cut-off functions. Moreover from Theorem [0.1] we have the following
application: for a large class of first order differential operators D : C°(reg(V), E) — C®(reg(V), F), see
Theorem [3.2] for the definition, which includes for instance the de Rham differential dj, the Dolbeault operator
51,7(1 and Dirac type operators, we have the following inclusion:

D(Diax) N L (reg(V), E) C D(Dmin)- (1)
In the second part of the fourth section we consider Schrondinger type operators P : C®(reg(V),E) —

C>(reg(V),E), P := V! oV + L, which are positive and formally self-adjoint. We study some properties
of e~ tP f, the heat operator associated to the Friedrich extension of P. Our mean result is the following:
Theorem 0.2. Let V', E, g, h, and V be as in Theorem . Let P:=V!oV + 1L,

P:CX(reg(V),E) — C*(reg(V), E)
be a Schrodinger type operator with L € C*°(reg(V),End(FE)). Assume that:

o P is symmetric and positive.



e There is a constant ¢ € R such that, for each s € C*(reg(V), E), we have h(Ls,s) > ch(s, s).

Consider P . L%(reg(V),E) — L2(reg(V),E) and A} : L?(reg(V),g) — L%*(reg(V),g) respectively the
Friedrich extension of P and the Friedrich extension of Ay : C(reg(V)) — C®(reg(V)). Then the heat
operator associated to pr

e P L2 (veg(V), E) — L2(reg(V), E)

s a trace class operator and its trace satisfies the following inequality:
Tr(e™'P7) < me~" Tr(e 27 (2)
where m is the rank of the vector bundle E.

This theorem is proved applying the results about the domination of semigroups recalled in the second
section. In the remaining part of the forth section we discuss some corollaries of Theorem In particular we
get an asymptotic inequality for the eigenvalues of P7 and an estimate for the trace Tr(e ' ) when ¢ € (0,1).
Moreover we point out that these results apply to (V! o V)7 : L2(reg(V), E) — L%(reg(V), E), the Friedrich
extension of the Bochner Laplacian V! o V : C®(reg(V), E) — C>(reg(V), F). Finally, another application
of Theorem is provided by the extension of Cor. 5.5 of [31I] to our setting. More precisely we prove the
following result:

Theorem 0.3. There exists a positive constant v = ~y(d,n,m), that is v depends only on the dimension of
the ambient space CP™, on the degree d and on the rank m, such that for every irreducible complex projective
variety V. C CP™ of degree d, for every vector bundle E on reg(V') of rank m endowed with an arbitrary metric
h and for every Schridinger type operator P : C°(reg(V), E) — C°(reg(V), E) as in Theorem [0.4 with L > 0,
the (md)-th eingenvalue of P”, that is Ama, satisfies the following inequality:

0< Y < A'mol- (3)

The fifth section contains applications to stratified pseudomanifolds. We start recalling the basic definitions
and properties and then we prove analogous results to those proved in the fourth section. More precisely we
have the following theorem:

Theorem 0.4. Let X be a compact, smoothly Thom-Mather stratified pseudomanifold of dimension m. Con-
sider on reg(X) an iterated edge metric g. Let E be a vector bundle over reg(X) and let h be a metric
on E, Riemannian if E is a real vector bundle, Hermitian if FE is a complex vector bundle. Finally let
V 1 C®(reg(X),E) — C>®(reg(V),T*reg(X) ® E) be a metric connection. We have the following proper-
ties:

o Wh2(reg(X), E) = Wy (reg(X), E).
o Assume that m > 2. Then there exists a continuous inclusion W12 (reg(X), E) — L%(reg(X), E).
o Assume that m > 2. Then the inclusion W2 (reg(X), E) — L%(reg(X), E) is a compact operator.

Similarly to 7 using Theorem (0.4)), we derive the following conclusion: for a large class of first order
differential operators D : C°(reg(V), E) — C°(reg(V), F), see Theorem [3.2] for the definition, which includes
for instance the de Rham differential dj and Dirac type operators, we have the following inclusion:

D(Dimax) N L (reg(X), E) € D(Diin).- (4)
Furthermore we prove the following theorem:
Theorem 0.5. Let X, E, g, h, and V be as in Theorem[0.4) Let
P:=V'oV+L, P:0>®(reg(X),E) — C(reg(X), E)
be a Schrodinger type operator with L € C*°(reg(X ), End(FE)). Assume that:
o P is symmetric and positive.

e There is a constant ¢ € R such that, for each s € C*(reg(X), E), we have

h(Ls,s) > ch(s, s).



Let P7 : L2(reg(X),E) — L2(reg(X),E) be the Friedrich extension of P and let AL : L?(reg(X),g) —
L?(reg(X),g) be the Friedrich extension of Ag : C°(reg(X)) — C°(reg(X)). Then the heat operator associated
to P*

e P L*(reg(X), E) — L*(reg(X), E)

is a trace class operator and its trace satisfies the following inequality:
Tr(e*tpf) <re e Tr(e*mﬂf) (5)
where r is the rank of the vector bundle E.

Finally, in the last part of the fifth section, using Theorem[0.5] we derive some consequences for the operator
P7, such as discreteness, an asymptotic inequality for its eigenvalues and an estimate for the trace Tr(e™*” f)
when t € (0,1). Moreover, analogously to the previous section, we point out that these results apply to
(VtoV)” : L?(reg(X), E) — L?(reg(X), E), that is the Friedrich extension of the Bochner Laplacian Vi o V :
C*(reg(X), E) = C(reg(X), E).
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1 Background material

The aim of this section is to recall briefly some basic notions about LP-spaces, Sobolev spaces and differential
operators and then to prove some propositions that we will use often in the rest of the paper. We refer to [3],
[8], [25], or the appendix in [44] for a thorough discussion about this background material. Let (M, g) be an
open and possibly incomplete Riemannian manifold of dimension m. Let E be a vector bundle over M of rank k
and let h be a metric on E, Hermitian if ' is a complex vector bundle, Riemannian if F is a real vector bundle.
Let dvol, be the one-density associated to g. We consider M endowed with the Riemannian measure as in [25]
pag. 59 or [8] pag. 29. A section s of E is said measurable if, for any trivialization (U, ¢) of E, ¢(s|y) is given
by a k-tuple of measurable functions. Given a measurable section s let |s|, be defined as |s|, := (h(s, s))/>.
Then for every p, 1 < p < oo we can define L?(M, E) as the space of measurable sections s such that

Isllrney = ([ Jlf dvoly) /7 < o
M

For each p € [1,00) we have a Banach space, for each p € (1,00) we get a reflexive Banach space and in the
case p = 2 we have a Hilbert space whose inner product is

(s:t)L2(ar,E) ::/ h(s,t)dvoly .
M

Moreover C°(M, E), the space of smooth sections with compact support, is dense in LP(M, E) for p € [1,00).
Finally L°°(M, E) is defined as the space of measurable sections whose essential supp is bounded, that is the
space of measurable sections s such that |s|, is bounded almost everywhere. Also in this case we get a Banach
space. Clearly all the spaces we defined so far depend on M, E, h and g but in order to have a lighter notation
we prefer to write LP(M, E) instead of LP(M, E, h,g). In the case F is the trivial bundle M x R we will write
LP(M, g) while for the k-th exterior power of the cotangent bundle, that is A*T*M, we will write as usual
LPQF(M, g).

Let now F be another vector bundle over M endowed with a metric p. Let P : C°(M,E) — C°(M, F) be a
differential operator of order d € N. Then the formal adjoint of P

P': C®(M,F) — C>°(M, E)

is the differential operator uniquely characterized by the following property: for each u € C°(M, E) and for
each v € C°(M, F) we have

/ h(u, P'v) dvolg:/ p(Pu,v)dvol, .
M M



We can look at P as an unbounded, densely defined and closable operator acting between L?(M, E) and
L?(M, F). In general P admits several different closed extensions all included between the minimal and the max-
imal one. We recall now their definitions. The domain of the mazimal extension of P : L*(M, E) — L*(M, F)
is defined as

D(Puax) := {s € L*(M, E) : there is v € L*(M, F') such that / h(s, P*¢) dvol, = (6)
M

= / p(v, ¢) dvol, for each ¢ € C°(M, F)}. In this case we put Ppaxs = v.
M

In other words the maximal extension of P is the one defined in the distributional sense.
The domain of the minimal extension of P : L*(M, E) — L*(M, F) is defined as

D(Puin) := {s € L*(M, E) such that there is a sequence {s;} € C2°(M, E) with s; — s (7)
in L?(M, E) and Ps; — w in L?(M, F) to some w € L*(M, F)}. We put Ppins = w.

Briefly the minimal extension of P is the closure of CZ°(M, E) under the graph norm ||s|| z2(ar, ) + | Ps|| 22 (ar, )
It is immediate to check that
P* — Pt

max min
: L>(M,F) — L?(M, E) is the Hilbert space adjoint of Priin / max Tespectively. Moreover we
have the following two L?-orthogonal decomposition for L?(M, E)

and that P%, = P! (8)

min max

that is P!

max / min

L*(M,E) = ker(Ppin / max) @ im(Pé]ax/min). 9)
We have the following properties that we will use often later:

Proposition 1.1. Let (M,g), E and F be as above. Let P : C°(M,E) — C°(M, F) be a differential operator
such that PtoP : C°(M, E) — C°(M, E) is elliptic. Let P: L>(M,E) — L?>(M, F) be a closed extension of P.
In particular P might be Puax or Puim. Let P be the Hilbert space adjoint of P. Then C>®(M,E)n D(P* o P)
is dense in D(P) with respect to the graph norm of P. In particular we have that C*(M, E) N D(Ppax / min) 5
dense in D(Pyax / min) With respect to the graph norm of Pyax / min-

Proof. We start pointing out that, if D(P) is the domain of P and D(P") is the domain of P, then D(P o P)
is given by {s € D(P): Ps € D(P")}. Consider now P~ o P : L2(M, E) — L*(M, E). Then, according to [12]
pag. 98, we have that [, oy D((P" o P)¥) is dense in D(P" o P) with respect to the graph norm of P o P. By
elliptic regularity we have that (1, D((P" o P)*) € C°°(M, E) and therefore C>(M, E)ND(P" o P) is dense
in D(ﬁ* o P) with respect to the graph norm of P oP. Thus, in order to complete the proof, we have to show
that:

e The inclusion D(F* o P) < D(P) is continuous where each space is endowed with the corresponding graph
norm.

e D(P" o P) is dense in D(P) with respect to the graph norm of P.

The first point it is a consequence of the following inequality: for each s € D(P o P)

— — = 1 — —
”PSH%?(M,F) = (s, P (P(S))>L2(M,E) < §(||3H%2(M,E) + P (P(S))H%%M,E))

and therefore 5
18172 ar, ) + P32 (s, ) < §(||3||2L2(M,E) + P (P() 72001, 1))-

For the second point we can argue in this way: let v € D(P) and assume that for each s € D(P" o P) we
have (v, )2, 5)+ (Pv, Ps)r2(m,rp) = 0. This is equivalent to say that (v,s + P*(ﬁ(s))ﬁz(]\/[ﬂ) = 0. But
Id +(F* o P), where Id is the identity operator, has dense image because it is an injective and self-adjoint
operator. We can therefore conclude that v = 0 and this completes the proof. O



Proposition 1.2. Let (M, g), E and F be as above. Let P : C°(M,E) — C°(M, F) be a first order differential
operator. Let s € D(Ppax). Assume that there is an open subset U C M with compact closure such that
slyng = 0. Then s € D(Prin).

Proof. The statement follows by Lemma 2.1 in [23]. O

Now, in the remaining part of this section, we recall the notion of Sobolev space associated to a metric
connection. Consider again the bundle E endowed with the metric h. Let V : C*°(M,E) — C*®(M,T*MQFE)
be a metric connection, that is a connection which satisfies the following property: for each s,v € C*°(M, E)
we have d(h(s,v)) = h(Vs,v) + h(s, Vv). Clearly h and g induce in a natural way a metric on 7*M ® E that
we label by h. Let V! : C®(M,T*M ® E) — C°(M, E) be the formal adjoint of V with respect to h and g.
Then the Sobolev space W12(M, E) is defined in the following way:

WY2(M,E) := {s € L*(M, E) : there is v € L>(M,T*M ® E) such that / h(s,V'¢)dvol, =  (10)
M

_ / (v, ) dvol, for each ¢ € C(M, T*M ® E)}
M

Using (6) we have W2(M, E) = D(Vyax). Moreover we have also the Sobolev space W) 3(M, E) whose
definition is the following:

Wy?(M, E) := {s € L*(M, E) such that there is a sequence {s;} € C=°(M, E) with s; — s (11)
in L*(M,E) and Vs; — w in L*(M,T*M ® E) to some w € L*(M,T*M ® E)}.

Analogously to the previous case, using (7)), we have W32 (M, E) = D(Viin). As is this well known W12(M, E)
and VVO1 -2 (M, E) are two Hilbert spaces. We adopt the same convention for the notation we used before. Instead
of writing WY2(M, E, g, h) or VVOL2 (M, E, g, h) we will simply write W12(M, E) and VVOL2 (M, E). For the trivial
bundle M x R we will write W2(M, g) and Wy*(M, g). We recall the following result:

Proposition 1.3. Let (M, g) be an open and possibly incomplete Riemannian manifold of dimension m. Let
E be a vector bundle over M endowed with a metric h. Let U C M be an open subset with compact closure.
Consider the spaces L*(U, E|y) and W, *(U, E|y) where U is endowed with the metric gly. Then the natural
inclusion

WU, Bly) < LU, Ely) (12)

is a compact operator . Therefore the map
io : Wy 2(U, E|ly) — L*(M, E)

given by
wn={ 3 iy (13)

is an injective and compact operator.

Proof. See for example [32] pag. 349 or [44] pag. 179 for (12). Now follows immediately by the following
decomposition: Wy (U, E|yy) < L*(U, E|y) % L*(M, E). O

Consider now dj, : Q¥(M) — QF1(M), the de Rham differential acting on the space of smooth k-forms
with compact support. Given a Riemannian metric g on M, we will label by ( ,),, and by | |4, respectively
the metric and the pointwise norm induced by g on A¥T*M for each k = 0, ..., m where m = dim(M). In the
case k = 1, with a little abuse of notation, we will simply write ( ,), and | |, instead of (,),, and | |4, . Finally
we will label by §; the metric that ¢ induces on T*M ® A*T*M. Following @ and we will denote by
i max /min : L2QF(M, g) — L?*Q*T1 (M, g) respectively the maximal and the minimal extension of dj, acting on
the space of L? k-forms.

Proposition 1.4. Let (M, g) be an open and possibly incomplete Riemannian manifold of dimension m. Let
E be a vector bundle over M endowed with a metric h. Let s € WY2(M,E)NC*>(M, E) and let f € D(do min)

with compact support. Then fs € W01’2(M, E) and we have Vyin(fs) =n® s+ fVs where n = do minf-



Proof. Let U be an open subset of M such that U is compact and supp(f) C U. Let {¢;}jen a sequences of
smooth functions with compact support such that ¢; converges to f in D(dpmin) With respect to the graph
norm. Consider now a smooth function with compact support v such that v|supp(s) = 1 and y[pnp = 0. Let
{1 };en be the sequence of smooth functions with compact support defined as ¢; = y¢;. Then it is immediate
to check that also 1; converges to f in D(dp min) With respect to the graph norm. Finally consider the sequence
{tp;s};jen. We first note that n® s + fVs € L*(M,T*M ® E) because

In® s+ fVsllL2ourmer) < Inlle2ar g llslulleew,e) + 122009 VslullLe w r-ves)-
Now in order to complete the proof we have to show that {¢;s},;en converges to fs in the graph norm of Vy,in
We have
¥y — sziz(JVI,E) < H5|U||%oo(U,E\U)H¢j - fH%?(M,g)

and therefore lim;_, o ||1);s — szQLQ(M gy = 0. In the same way

[4; Vs — fV3||2L2(M,T*M®E) < ||VS‘UH%°°(U,T*U®E|U)||¢j - f||2L2(M,g)

and therefore lim;_, ||¥; Vs — stH%Z(MT*M@E) = 0. Again

|dot; ® s —n® 3||2L2(M,T*M®E) < ||S|U||%°°(U,E|U) |do; — 77||%2§21(M,g)

and therefore lim;_,o, ||dot); @ s —n ® SH%Q(M’T*M@)E) = 0. So we can conclude that ;s converges to fs in
D(Vmin) with respect to the graph norm and that Vi,in(fs) =n® s+ fVs. O

We conclude this section with the following proposition.

Proposition 1.5. Let (M,g) be an open and possibly incomplete Riemannian manifold. Let E be a vector
bundle over M, h a metric on E and let V : C*°(M,E) — C®(M,T*M ® E) be a metric connection. Consider
the Sobolev space WH2(M, E). Then C*(M,E) N L>®(M,E)NWY2(M, E) is dense in W12(M, E).

Proof. We give the proof in the case E is a complex vector bundle endowed with a Hermitian metric h. When
E is real the proof is the same with the obvious modifications. According to Prop. it is enough to show that
C>(M,E)NL>®(M,E)NWY2(M, E) is dense in C*°(M,E) NW12(M,E). Let s € C>°(M,E) N WY2(M, E)
and define s
Sn = (14)
(S +1)2

Y

|s]

Clearly s, € C*°(M, E). Moreover it is immediate to note that (= + 1)~2 € L>®(M,g). Therefore, by the
fact that s € L?(M, E), we can conclude that s,, € L?(M, E) N C>®(M, E). Finally we have

|s|n
Is|2

(5 +1)

1
nz.

IN

|Sn|h =

D=

In this way we get that s, € C*°(M,E) N L>*(M,E)N L*(M, E). Now consider Vs,,. We have:

Vs ——1(%+1)*%3Re(h(vs s))®s+(%+1)*%vs
T2 g n ’ n

where Re(h(Vs,s)) is the real part of h(Vs,s). First of all we want to show that Vs, € L*(M,T*M ® E).
2
By the assumptions Vs € L2(M,T*M ® E). As remarked above we have (% +1)"2 € L>®(M, g). Therefore

we can conclude that (% +1)"2Vs € L2(M,T*M ® E). For 7%(% + 1)*%%Re(h(Vs,s)) ® s we argue as
follows. First of all we note that
3 2 1

1 |5|}2L 3 ~ |3|Z -2 a2
- 5(7 +1) o Re(h(Vs, s)) @ s(j, < 5(7 +1)72|Vs|; sl (15)

It is clear that (% +1)"2|s|, € L>®°(M,g) and |s|, € L2(M,g). Therefore (% +1)73s]2 € L3(M,g).
Moreover (‘Srlﬁ +1)73 |s|2 € L>°(M, g). In fact we have

Islh | \=2(.2 Kl
(SE 1) 3 < -t <. (16)
n ( nh) + 1




This shows that (% + 1)_%|s|i € L>(M,g) N L*(M, g). By the fact that |Vs|; € L?(M,g) we can conclude
that

>

L sl )2 1vas a2 € 22001,9).

1
.
According to this implies that

1 sl

—(Z 4 1)73 Re(h(Vs,s)) ® s € L2(M, T*M ® E)
n

n

and in conclusion we proved that Vs, € L?(M,T*M ® E). Finally the last step is to show that s, converges
to s in the graph norm of V. For ||s — sn||%2(M ) We have

5] _1
15 = a0t = / (- (R 4 1y-2y21402 dvo,
M n

and using the Lebesgue dominate convergence theorem we get lim,, . ||s — sn||%2( gy = 0. Now we show that
iy o0 [|Vs = VsullZ2(ps e prgry = 0- We have

1

n

[s[7

s|2 s 5 it
IVs=VsullL2(m, - meE) < [I— (%Jrl) : Re(h(vsa5))®5||L2(M,T*M®E)+||V$*(Th+1) év=9||L2(M,T*M(§w)-

2
For ||Vs — (% + 1)_%VS||L2(M,T*M®E) we have

52 1 82 _1

n
and, again by the Lebesgue dominate convergence theorem, we can conclude that

) |s|? _1
. Vs = (Th +1)72Vsll 2 (m - meE) = 0.
For the remaining term, using , we have
|s|7 _3 1 |s[3
L +1)72 Re(h(Vs,s)) @ sl T2 mem) = y | = (="

—(= +1)72Re(h(Vs,s)) ® s|}% dvol, <

1
=25

</ L (Bl 1y-319 52512 dvor,
= Jun h g

Using (16) we have
L -3 _ L -2
s (=5 + )77 = (Isfi(= > +1)7=

>2§n2
n

and this in turn implies that
1 |s|? _
SIVslsl(= 2 +1)7 < [Vsl3.

So we are again in the position to apply the Lebesgue dominate convergence theorem and thus we can conclude
that

) 1 |s|? _3 1 |s]? R
0< lim I - E(TL +1)72 Re(h(Vs, 5)) @ sl L2, m+ Mo ) < /M Jim. E(T +1)7°| Vsl sy, dvoly = 0.
In conclusion we proved that s,, converges to s in the graph norm of V and this complete the proof. O

2 Kato’s inequality and domination of semigroups

In this section we recall the Kato’s inequality and then, following the lines of [27] and [28], we discuss its relation
with the theory of domination of semigroups. Unlike [27] and [28] we are interested to apply this tool in an
incomplete setting and this requires a more careful analysis because in general the Laplacian A, with core
domain given by the smooth functions with compact support, is not longer an essentially self-adjoint operator.



2.1 Kato’s inequality

Consider again an open and possibly incomplete Riemaniann manifold (M, g). Let E be a vector bundle over
M and let h be a metric on E, Hermitian whether E is complex , Riemannian whether E is real. Finally let h
be the natural metric that h and ¢ induce on T*M ® FE.

Proposition 2.1. Let M, g, E, h and h be as described above. Let V : C®(M,E) — C*(M,T*M ® E)
be a metric connection and let s € C*°(M,E). Let Z C M be the zero set of s. Then on M \ Z we have the
following pointwise inequality:

|d(Is]n)lg < Vsl (17)
If s€ WY2(M,E) N C°°(M, E) then |s|n, € D(domax) and we have
| do,max!|s|nll 201 (a1,9) < VS|l L2(ar, 7+ Mo B) (18)
In particular, if (E,h) is a complex vector bundle endowed with a Hermitian metric, do max(|s|n) satisfies:

do mae([5]n) = { 0Re<h<Vs, $))lsly on g\z o

while if (E,h) is a real vector bundle endowed with a Riemannian metric, do max(|S|n) satisfies:

h(Vs,s)|s|;t on M\ Z
do.max(|5]n) :{ 0( sl o \ (20)

Proof. As for the previous proof we treat only the complex case. The proof for the real case is completely
analogous with the obvious modifications. The proof of is based on the following observations: On M \ Z
we have |d(|s|2)|, = 2|s[n]d(|s|n)]g- On the other hand |d(|s|?)], = 2|Re(h(Vs,s))|y < 2|Vs];|s|n. Therefore
holds. For and we argue as in [7] VI.31. Consider ¢ € QL(M) and let €, := 2. Then

|sln(dy@) dvoly = lim [ (s[j + €)% (dye) dvoly = lim [ (do((Js]; + €3)?), @), dvol
M n—o0 Jar " n—oo [nr n

n—oo

= Jim [ (s + ) Relh(Vi,5)), )y cvoly = [ (1.6),vol,
M M
where 7 is defined as in (I9). In particular for the pointwise norms we have |n|, < |Vs|;. Therefore, if
s € WH2(M, E) N C>(M, E), we can conclude that |s|, € D(dpmax) and that and hold. O
Corollary 2.1. Under the assumptions of Prop. [2-1]
e If s € WH2(M, E) then |s|p € D(domax) and we have ||do.max|s|nllL201 (0,g) < |[Vimaxsl 2(v,rs e By »
o If s € Wy*(M, E) then |s|s € D(domin) and we have |do,min|8|n || 2201 (M,9) < | Vmins| L2, 7+ Mo E)-

Proof. Let s € W42(M, E). According to Prop. there is a sequence {¢p }neny C WH2(M, E) N C>®(M, E)
such that lim, . ¢, = s in WH2(M, E). We have lim,, o |¢n|n = |s|n in L2(M, g) and, using and the
fact that Vo, — Vmaxs in L2(M,T*M ® E), we get ldo,max|®n|nll 201 (ar,g) < 7 for some positive 7 € R. This
implies the existence of a subsequence {¢), }nen C {@n tnen such that {do max(|@)|n) }nen converges weakly in
L2QY(M, g) to some B € L2Q(M, g), see for instance [21] pag. 132. Now let w € QL(M). We have

(Isln, dow) L2(a,g) = N (|¢p[n, dow) L2(ar,g) = 1 (domax| @ |, w) 201 (11,9) = (B, w) 12021 (1,9)-

Therefore, according to @, we proved that |s|, € D(do,max) and do max|S|n = B

Now to estimate ||do,max|s|n|| 2201 (a1,g), using (18)), we have

I do,max|s|nll 7201 (ar.g) = 1817201 (ar,g) = nli_>Holo<d0,max|¢Hh,5>L291(M,g) < lim | do,max|®r |0l 201 (a1,0) 18]l L2602 (01,9
< nhﬁngo HVQS;L”LQ(M,T*]\/I@E)||/8||L291(M,g) = ||vmax5HL2(M,T*M®E)||6HL2Q1(M,g)- Hence the first point is pI"OVGd.
For the second point we argue in a similar manner. Let s € Wy*(M, E) and let {¢, }nen be a sequence of

smooth sections with compact support such that lim,_,., ¥, = s in WO1 ’2(M ,E). As in the previous case we
have lim, o0 [¥n|n = |s|n in L?(M, g) and, using and the fact that Vi), — Vs in L2 (M, T*M ® E),



we get || domax|¥nlnllL20r(ar,y) < 7' for some positive 7/ € R. This implies the existence of a subsequence
{0 Ynen C {tn}nen such that {do max(|¥)|n) fnen converges weakly in L2QY(M, g) to some v € L?QY (M, g).
Moreover we observe that |1, |, € D(do min) because |t | € D(do max) and it has compact support, see Prop.
Now let w € D(df) ax)- We have

<|3|h’ df),maxw>L2(M7g) = nILH;O<|w':L|h7dtO,maxw>L2(M,g) = nli_{{%o<d07miﬂ|¢;z|h7w>LQQl(M7g) = <77w>L2Q1(M,g)-

Therefore, for each w € D(df 1ax), We have (|s|n, d maxw) 22 (0,9) < Vll2201 (1,9) @l L2001 (01,9) and this shows

that [s|;, € D((df ax)*) that is [s|n € D(domin). Finally, by the previous point, we have

| do,min(I5]n) |2201 (a1,9) = Ildo,max([8|n) | 2201 (1,9) < I Vmaxsll 2, MoE) = (| VeS| L2 (v, 7+ Mo B)

and the proposition is thus established. O

2.2 A brief reminder on quadratic forms and the Friedrich extension

In this subsection we give a very brief account about some results on quadratic forms and the Friedrich extension
of a positive and symmetric operator. We follow the Appendix C.1 in [32] and we refer to it for the proofs.
For a thorough treatment of the subject we refer to [37] and [38]. Let H be a Hilbert space with inner product
(, ). Let B: H— H be a linear, unbounded and densely defined operator. Assume that B is symmetric
and positive, that is B is extended by its adjoint B* and (Bu,u) > 0 for each v € D(B). The quadratic form
associated to B, usually labeled by Qp, is by definition Qg (u,v) := (Bu,v). Let { ,)5 be the inner product
given by ( ,) + @p and let D(Qpg) be the completion of D(B) through ( ,)p. It is immediate to check that
the identity Id : D(B) — D(B) extends as a bounded and injective map iq, : D(Qp) — H. Therefore in what
follows we will identify D(Qg) with its image in H through ig, which is given by

{u € H : there exists {uy, }neny C D(B) such that (u,—u, u,—u) = 0and (up—Um, n—um)p — 0asm,n — co}.
Now we define the Friedrich extension of B, labeled by B” | as the operator whose domain is given by
{u € D(Qp) : there exists v € H with Qp(u,w) = (v,w) for any w € D(Qp)}

and we put B7u := v. Defined in this way B” is a positive and self-adjoint operator. Moreover the above
construction is equivalent to require that D(B”) = {u € D(B*) : there exists {u,} C D(B) such that (u —
U, U — up) — 0 and (B(uy — Um), Up — Up,) — 0 for n,m — oo} and B (u) = B*(u), that is in a concise way

D(BT) := D(Q5) N D(B*) and B u = B*u
for u € D(B”). We conclude this reminder with the following result:

Proposition 2.2. Let E, F be two vector bundles over an open and possibly incomplete Riemannian manifold
(M,g). Let hg and hp be two metrics on E and F respectively. Let D : C(M,E) — CX(M,F) be an
unbounded and densely defined differential operator. Let Dt : C° (M, F) — C°(M, E) be its formal adjoint.
Then for D' o D : L*>(M, E) — L*(M, E) we have:

1. (Dt ] D)]: = (Dt)max o Dmin'
2. D(QDtoD) = D(Dmin) and QDtoD(u7’U) = <Dminu7DminU>L2(M7E) fOT each u,v € D(QDtoD)-
Proof. Both statements follow immediately from the definitions and the constructions given above. Moreover

the first point is also proved in [I3], pag. 447. O

2.3 Domination of semigroups
We refer to [§] and to [25] for the background on the heat operator.

Theorem 2.1. Let (M, g) be an open and possibly incomplete Riemannian manifold. Let E be a vector bundle
on M and let h be a metric on E. Let V be a metric connection, let V¢ be its formal adjoint and let

P:C®(M,E) = C®(M,E), P=(V'oV)+1L (21)

be a Schrodinger type operator with L € End(E) such that
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o P is symmetric and positive.

e There is a constant ¢ € R such that, for each s € C*°(M, E), we have

h(Ls,s) > ch(s, s).

Let P* be the Friedrich extension of P and let AL be the Friedrich extension of the Laplacian acting on smooth

unctions with compact support Ag : C°(M) — C°(M). Then, for the respective heat operators e~ tP” and
(& Cc
e’mﬂf, we have the following domination of semigroups:
|e_tPFs|h < e_tce_A0f|s|h (22)

for each s € L*(M, E).

This theorem is proved in [26], Theorem 2.13. Here we provide a different proof, under some additional
assumptions, in the spirit of [27]. Our additional assumptions are:

L4 D(dO,maX) = D(dO,min) on (Mv g)
e voly (M) < oo.

Clearly the second assumption is satisfied in our cases of interest, that is M is the regular part of a complex
projective variety V' C CP" and g is the Kahler metric induced by the Fubini-Study metric on CP™ or M is
the regular part of a smoothly Thom-Mather stratified pseudomanifold endowed with an iterated edge metric.
Moreover, as we will see in Prop. and in Prop. , also the first assumption is fulfilled in our cases of
interest. We give the proof assuming that F is a Hermitian vector bundle. In the real case the proof is analogous
with the obvious modifications. We divide the proof through several propositions. In order to state the first
result we recall from [39] pag. 201 the following notion: Let (X, u) be a o-finite measure space. A function
f € L?(X, ) is called positive if it is non negative almost everywhere and is not the zero function. A bounded
operator A : L?(X, u) — L*(X, p) is called positivity preserving if Af is positive whenever f is positive.

Proposition 2.3. Let (M, g) be an open and possibly incomplete Riemannian manifold. Let AJ be the Friedrich
extension of the Laplacian acting on smooth functions with compact support Ag : C° (M) — C°(M). Consider
the heat operator e 120 L?(M,g) — L?(M,g). Then e~tAT s positivity preserving for all t > 0.

Proof. According to the Beurling-Deny criterion, see [39] pag. 209 or Theorem 3 in the appendix of [7], the
statement is equivalent to prove that if f € D(Qaz) then |f| € D(Qaz) and Qa7 (If],[f]) < Qaz(f, f)- By
Prop. this condition becomes: for each f € D(do min) we have |f| € D(do min) and

(do,min|f, domin|f]) 2201 (a1,9) < {do,minf, do,min f) L2071 (a1,g)-
Finally this last inequality is a consequence of Prop. and Cor. O
Proposition 2.4. Under the assumption of Prop. [2.3 For each X\ > 0 the operator
(AT + )1 LA(M, g) = L*(M. g)
18 positivity preserving.

Proof. Tt is a consequence of the following formula combined with Prop. [2.3
(AT + 1)1 :/ e M AT gt A > 0.
0

See for instance [7], Prop. 2 in the appendix. O

Proposition 2.5. Let (M, g) be an open and possibly incomplete Riemannian manifold. Let P : C°(M, E) —
C*(M, E) be as in the statement of Theorem [2.1, Given s € C®(M,E) and € > 0 let us define |s|p.c as

Islh,e = (Isl} +€2)2.
o Assume that voly(M) < co. Let s € D(Pax) N C®(M, E). Then |s|p,e € D(Ao,max) N C®(M).

e Assume that voly,(M) < oo and that D(do min) = D(do max). Let s € D(PT)NC>(M, E). Then
|8|n,e € D(AT) N C>=(M).
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Proof. According to [28] pag. 30-31, we have
Re(h(Ps,s)) = Re(h((V' 0o V)s + Ls, s)) = Re(h((V' 0 V)s, 5)) + h(Ls, s) > |s|n.cAols|n.c + c|s|7.

Therefore
|s]n EI
|s

In this way we can conclude that |Ag|s|n.c| € L?(M, g) because |Ps|;, € L2(M,g), |s|n € L*(M,g) and lsln ¢

|S"L,e
L>(M,g). By the fact that voly(M) < oo we have that |s|, . € L?(M, g) and thus the proof of the first point
is complete. For the second point we can argue in this way: let m > |c| + 1. Then, for each ¢ € C°(M, E), we
have

|Aols

hel < |Psl + Iel|s]n

h,e |5|h,e

m((, ®)r2(m, ) + (Po, &) 2(m,8)) = m(D, &) L2, By + (PO, d) 20, E) =
=m(p, ) r2(m,p) + (V0 V)&, ) r2(ar, i) + (L, @) r2(ar, ) =
>m(¢, ¢)L2(m,m) + (V' o V)o, ®) L2 (0 By + (b, O) 20, B) = (V' oV)g, ) r2(m,B) + (D O) L2 (M, E)-

Therefore, if Qp is the quadratic form associated to P and Qv:ov is the quadratic form associated to Vo V,
we proved that

(usnm + Qe 2 () + Qoier) (23)

This implies immediately that the identity Id : C°(M, E) — C°(M, E) induces a linear, bounded and injective
map i : D(Qp) = D(Qviov). Now if we take s € D(PF) N C>®(M, E) we know that s € D(Qp) N D(Prax)- By
the fact that s € D(Ppax), as a consequence of the first point of this proposition, we get |s|p.e € D(Ag max)- By
the fact that s € D(Qp), using and Prop. 2.2 we get

ES D(Vmin) and QVfOV(Sv S) = <Vminsv vmin3>L2(M,T*M®E)~

Now, using Kato’s inequality in Prop. and the fact that voly (M) < oo, we have |s|p. € D(do max). Finally
the assumption D(do,max) = D(do min) implies that |s|, € D(do,min). Therefore |s|p. € D(do,min) VD (Ao, max)-
This in turn implies immediately that |s|n.c € D(df oy © do.min) that is |s|n.c € D(AF) according to Prop.
O

Proposition 2.6. Under the assumptions of Theorem . Let Dy be defined as Dy := D(P7) N C>(M, E).
Then for all A\ > 0, all s € Dy, all f € C°(M) such that f > 0, there exists u € L>(M, E) such that

1 Jub = (A 4 2)1f.
2. (s,u)r2(ar,my = (I8lns [Uln) L2 (a1,9)-
3. Re(P7s,u)r2(a,m) = (|slh, (AT + O)|uln) L2(ar,9)

Proof. For the first two points we follow the construction given in [27] pag. 895. Let g = (A7 + A\)~1f. Let e
be a measurable section of E such that h,(e(p),e(p)) =1 for each p € M. Define sign(s) as

sign(s) = { w s #0

24

e s(p)=0 (24)

Now define u := gsign(s). It follows immediately that (s, u)r2(a,E) = (|5|n, |u|n)L2(0r,9) and that |u|, = g. In

particular the last equality follows by Prop. This proves the first two points of the proposition. About the

third point, by the fact that s is smooth, we will write simply Ps instead of P7s. As explained in the proof

of Prop. we have Re(h(Ps, s)) > |s|n,cAols|ne + c|s|2, that is Re(h(Ps, s/|s|n.c)) > Aols|n.e + cls|?/|s|h.e.
This implies that

2

s s
Re(h(Ps, fula ) 2 (Bosl ) uls + ¢ 22
I5[n,e |S[n,e

||

We can integrate because Ps € L2(M, E), |s|n, |uln € L*(M, g), s/|s|n.e € L>(M, E) and Ag|s|p. € L*(M,g).
In this way we get

i

|ulp dvolg

/ Re(h(Ps,Mhi))dvolgz/ (A0|s|h76)|u|hdvolg+/ c
M M M

|$|h,5 |5|h,e
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that is

: 1
Re(Ps, |ulp Yr2(n,E) = (Aols|ne [uln) 2 (ar,q) + (c )
|8]h,e |5[n

y€

[uln) L2 (a,g)- (25)

For the right hand side of we know that |ul;, € D(A) because |ul;, = (A +\)~1f and A > 0. Moreover,
by Prop. we also know that |s|,. € D(A7). Therefore, on the right hand side of (25]), integration by part
is allowed. This lead us to the expression

2
S S
Re(Ps, fub = —20.) 2 (b A lule) 2 + (1 cluldzor
that is )
/ Re(h(Ps, [ulp ——)) dvol, 2/ (sln e AT Juln + -2 fuf) dvol, (26)
M |s | M |S[h,e

Keeping in mind and applying the Lebesgue’s dominate convergence theorem, becomes
/ Re(h(Ps,u))dvoly > / 8|1 (AT [uln + cluln) dvol,,
M M
that is

Re(Ps,u)2(r,p) = (|8|h: (AT + ) uln) 2 (a1,9)-

Finally we have the last proposition.

Proposition 2.7. Under the assumptions of Prop. . For each j > max{0, —c} and for each 3 € L*>(M, E)
we have

(AT +c+w) Bl = [(PT + 1) Bln (27)
This in turn implies that
AT+ B, > e B, (28)
and therefore
et By > 7 Bl (20)

Proof. Let Dy = D(P7) N C*®(M,E), s € Dy, f € C®(M), f >0, p > —c and u € L*>(M, E) such that
lulp, = (AF + o+ ¢)~1f. Then, by Prop. we know that

Re(P7s,u) 12 (a1,9) = (Isln, (AT + 0)luln) L2(a1,g)-
By the second point of Prop. [2.6] for each p > 0, we still have

Re((1+ P7)s,u)r2army = (|8lns (AL + ¢+ p)|uln) 2(a,g)-

The previous inequality, requiring p > max{0, —c}, produces

(e + P7)sln, [uln) r2(ar,g) = {Isln, £ r2(ar,)- (30)

Now, if we put § := (P +p)s, (30) becomes ((|8|n, [uln)r2(r1,) = (I(P7 + 1) Bln, f) L2(a1,g)- Finally, keeping
in mind that |ul, = (A + p + c)"Lf, we get

(AT + 1+ ) Bl Nraang) = (1(P7 + 1) Blns e (31)

and therefore
(A +p+ )7 B > [(PT + )78 (32)

because f, according to Prop. is any non negative function lying in C°(M). As s € Dy, which by Prop.
is dense in D(P7) with the graph norm of P7, we have that 8 runs over a dense subset in L?(M, E) and thus
follows by the continuity of the resolvent and the map | |, : L?>(M, E) — L?(M, g). The second statement,
that is , follows by a general result of functional analysis, see for example [27] pag. 897 or Corollary 15 in
the appendix of [7]. Finally follows by applying the Trotter’s product formula. See for example, [2§]
pag. 31 or [37] pag. 295-297. O

13



3 Some general results

This section is made of two subsections. The first collects some results concerning Sobolev spaces of sections.
The second one concerns Schroedinger operators with potential bounded from below.

3.1 Some results for Sobolev spaces and first order differential operators

We start with the following proposition.

Proposition 3.1. Let (M,g) be an open and possibly incomplete Riemannian manifold. Assume that there
exists a sequence of Lipschitz functions with compact support {¢;};en such that

e 0 < ¢; <1 for each j.
o ¢; — 1 pointwise.
o limj*)oo Hdo,min(ijL?Ql(Mvg) =0.

Let E be a vector bundle over M and let h be a metric on E, Riemannian if E is a real vector bundle, Hermitian
if E is a complex vector bundle. Finally let V : C°(M,E) — C*(M,T*M ® E) be a metric connection. Then
we have

Wy (M, E) = W2(M, E).

Proof. We start pointing out that by Theorem 11.3 in [25], the fact that ¢; has compact support for every
j € N and Prop. we get that {¢;}jen C D(do,min) so that the third point in the statement is well defined.
According to Prop. in order to prove the first point, it is enough to show that

C=(M,E) N L=®(M,E)nWY“*(M,E) c Wy*(M, E).
Let ; == domin®;. Let s € C°(M,E) N L*(M,E) N WY2(M,E). Then, by Prop. we have ¢;s €
Wy*(M, E). Moreover

lim |[s — ;572 (as,p) = lim / (1= ;)?ls[j, dvol, =/ (1= ;)?|sj, dvoly =0 (33)
Jj—o0 ’ Jj—=oo Jmr M

lim
Jj—oo

by the Lebesgue dominate convergence theorem.
If now we consider Vin(¢;s) then, by Prop. we have Vyin(¢;8) =1 ® s + ¢;Vs and therefore

IVs = Vinin(¢58) | L2102 mop) < VS = 6, Vs|L2ourmer) + 105 @ sl Mo B)-
For the first term we have
. 2 T 2 2 _
jlggo Vs — ¢jV5HL2(M,T*M®E) = ]E)Hgo /M(l = ¢;)°| Vs[5 dvolg = 0
again by the Lebesgue dominate convergence theorem. For ||n; ® s||3, (M7 MeR) Ve have:

15 © sll72 e momy < 10517201 (0.0 151 o0 (a1 )

and therefore
. 2
i 11j @ sllz2 (7 mom) = 0

because lim;_, ||nj||2L291(M’g) = 0. So we established that

jhjgo Vs — v(¢js)||%2(M,T*M®E) =0. (34)
By and we showed that s € VVOL2 (M, E) and this completes the proof. O

As a consequence of Prop. (3.1) we have the following result.
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Proposition 3.2. Let (M,g) and {¢;};en be as in Prop. |8.1 Let E and F be two vector bundles over M
endowed respectively with metrics h and p, Riemannian if E and F are real vector bundles, Hermitian if E
and F' are complex vector bundles. Finally let V : C®°(M,E) — C>*(M,T*M ® E) be a metric connection.
Consider a first order differential operator of this type:

D:=0y0V:C®(M,E)— C®(M,F) (35)

where 0y € C°°(M,Hom(T*M ® E, F)). Assume that 0y extends as a bounded operator 6 : L>(M,T*M ® E) —
L?(M, F). Then we have the following inclusion:

D(Dpax) N L (M, E) C D(Dinin)- (36)

In particular holds when D is the de Rham differential dy, : QF(M) — QFY(M), a Dirac operator D :
C>(M,E) — C>*(M,E) or the Dolbeault operator 9, 4 : QPI(M) — QP9 (M) in the case M is a complex
manifold.

Proof. The first statement, that is 7 follows arguing as in the proof of Prop. and then using the continuity
of 0 : L*3(M,T*M ® E) — L?*(M,F). The fact that holds for the de Rham differential dj, : Q%(M) —
QFFL(M), for a Dirac operator D : C°(M, E) — C°(M, E) or for the Dolbeault operator 9, , : Q29(M) —
QP+ (M) is a straightforward verification. O

We have now the following proposition.

Proposition 3.3. Let (M, g) be an open and possibly incomplete Riemannian manifold. Assume that for some

v € R with v > 2 we have a continuous inclusion Wy (M, g) < L%(M, g). Let E be a vector bundle over M
and let h be a metric on E, Riemannian if E is a real vector bundle, Hermitian if F is a complex vector bundle.
Finally let V : C*®°(M,E) = C>®(M, T*M ® E) be a metric connection. Then we have the following properties:

e We have a continuous inclusion Wy (M, E) < Lv%(M, E).
o If furthermore M has finite volume then the inclusion W01’2(M, E) < L?*(M, E) is a compact operator.

Proof. Using Cor. we get the continuous inclusion
WE3(M, E) < L+2 (M, E).

Now we prove the second statement. Let {s;};cn be a bounded sequence in Wol’2 (M, E). By Prop. we can
assume that each s; is smooth. Let B € R be a positive number such that

Isill 2 a2, 8y + [ Vsill L2, ey < B (37)

Let { K, }ien be an exhausting sequence of compact subset of M, that is K; C int(K; 1), int(K;) is the interior
of K; and (J;eny K = M . Let {xi}ien C C2°(M) be a sequence of smooth functions with compact support
such that

L4 0 S Xi S 13
L4 X1|K7 = 17
® Xilmk,, =0

Then, according to Prop. {x18i}ien is a bounded sequence in WOI’Z(U, E) where U is any open subset of
M with compact closure such that supp(xi) C U. Therefore, applying Prop. we get the existence of a
subsequence of {s; };en, that we label {s; 1 }sen, such that {x1s; 1 }ien converges in L(M, E) to some element 3.
Now consider the sequence {x25;1}ien. Arguing as in the previous case we get the existence of a subsequence
of {s;1}ien, that we label by {s; 2}ien, such that {x2si2}ien converges in L?(M, E) to some 8y € L?*(M, E).
Iterating this construction we get a countable family of sequences

Hxasitiens {xesi2}iens s {XnSintien, -} (38)

such that, for each n € N, {s;,+41}ien is a subsequence of {s;,}ien and such that {x,s;n}ien converges in
L?*(M, E) to some element 3, € L?(M,E). Now we want to prove that the sequence {3, }nen is a Cauchy
sequence in L?(M, E). In order to prove this claim let & and m be two natural numbers with m > k > 0.
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Then, by the construction performed above, we know that {X,, i m }ien converges to 3., in L?(M, E) and that
{XkSi K }ien converges to 5 in L?(M, E). By the fact that {s; , }ien is a subsequence of {s; j };eny we also know
that {XkSim }ien converges to §j in L2(M7 E). Therefore we can find a number j € N such that for each ¢ > j
we have

(39)

- ~ 1
max{||3,, — XmSimll2(am,8), 115k — XeSimll L2,y } < o

This implies that

18m — 8kl L2(m,m) < (40)

< 8m — XmSimllL2 (v, By + IXmSim — XeSimll L2 (ar,B) + 1XESim — Skl L2(ar,m) <
2
< ooy + IXmSi,m — XkSimll L2, B)-

In this way, in order to conclude that {3, },en is a Cauchy sequence in L?(M, E), we have to estimate ||X,n8; m —
XkSi;m|lL2(m,E)- Let Ty be defined as Ty := M \ K. The fact that vol,(M) < oo implies immediately that
limy,_, oo voly(T%) = 0. Then, for ||XmSim — sti,mHQLQ(M’E), we have

msion = Xosim .y = [ Oom = 305 vl
M

Now, in virtue of the first point of the theorem, we know that |s; |3 € L72(M,g). Clearly (xm — xx)? €
L*(M, g) for each z € [1,00]. Moreover (Xm — Xx)? = 0 on M \ T and (X — Xxx)? < 1 on Ty. Therefore we
can apply the Holder inequality, see [3] pag. 88, and we get

[ Com =301l dvoly < 100m = 065 g Wi 222 < (41)

2
v

<t < BC(voly(T}))* and Jim (voly(T}))» =0

2
Tk,ngk))”|Si’m|h”Lﬁ(M,g) -

where B is the same constant of and C' is the same constant of the continuous inclusion I/VO1 2(M,E) <

L (M, E). In this way, for ||Xm8im — XxSi,mllL2(:,E), We get the following inequality
[XmSim = Xisiom|l 2o,y < (BO)? (voly(Ti)) (42)
which in turn, by , implies that
I — 54l 220, < — + (BO)? (vol, (T1))
Therefore for each 6 > 0 we can find m € N such that for each m > k > m we have
I — ll2carp) < = + (BO) (vol, (T)F <6 (43)

In this way we proved that {3, }nen is a Cauchy sequence in L?(M, E) and this implies that there exists an
accumulation point s € L?(M, E) for {3, }nen. Finally, in order to conclude the proof, we have to show that s is
an accumulation point in L2(M, E) for the original sequence {s;};cn. Let v > 0. Then we can find an element
5m € {8n}nen such that ||s — 5,/ z2(a,5) < 7. Consider now the countable family of sequences defined in (38])

{{Xlsi,l}i€N7 {X23i,2}ieNa ooy {ani,n}ieNv } (44)

We recall that, for each n € N, {x,,8in} converges in L*(M,E) to 5,, that {s;n+1}ien is a subsequence of
{Sin}ien and that {s;1}ien is a subsequence of {s;};en. Then we can find a positive integer number iy € N
such that ||5,, — XmSim| 2, E) < v for each i > iy. Now if we consider ||XmSi,m — Si,m| £2(m, ) then, arguing

as in [@I)-([42), we get [[XmSim — Simllr2(m,m) < (BC)2 (voly(T;,))* and (BC)2 (voly(Ty))* < v when m is
sufficiently big. Ultimately for m and 4 sufficiently big we have

s = simllz2(ar,E) <
< s = 3mllzz By + [13m — XmSimllz2(vr,E) + [ XmSiym — Simllz2(ar,m) <
< 2y 4 (BC)? (voly(T)))+ < 37.

This shows that s is an accumulation point in L?(M, E) for the original sequence {s; };cn because s; ,, € {s; }ien
and therefore the proof is completed. O
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Remark 3.1. We can reformulate the statement of Prop. saying that D(Vmax) = D(Vimin). Analogously
we can reformulate the statement of Prop. saying that there exists a continuous inclusion D(Vyin) <
2v

Lv=2(M,E) and that the natural inclusion D(Vin) = L*(M,E) is a compact operator where D(V i) is
endowed with the corresponding graph norm.

We conclude this section with the following corollary:

Corollary 3.1. Consider an open and possibly incomplete Riemannian manifold (M,g). Let E be a vector
bundle over M endowed with a metric h, Riemannian if E is a real vector bundle, Hermitian if E is a complex
vector bundle. Finally let V : C>°(M,E) — C>®(M,T*M ® E) be a metric connection. Assume that the natural
inclusion WOM(M, E) — L*(M,E) is a compact operator. Then the image of Vimin, im(Vmin), s a closed
subset of L* (M, T*M ® E).

Proof. Consider the operator V¢, oV, : L2(M, E) — L?(M, E) whose domain is given by D(V! . oV i) :=
{5 € D(Vimin) : Vinins € D(VL )} Arguing as in the proof of Prop. we get the following inequality

1
||Vmin5||%2(M,T*M®E) < 5(”3”%2(1\4,}3) + ||anax(vmin5)”2L2(M,E))

for each s € D(V!

tax © Vmin). Therefore we can conclude that the natural inclusion

D(V!

max

o Vmin) — D(vmin) (45)

is a continuous operator where each domain is endowed with the corresponding graph norm. In this way, using
the assumption on I/Vol’2(M7 g) — L*(M, g), we get that the natural inclusion
D(V!

max © Vmin) — L2 (M7 E) (46)
is a compact operator where D(V?! .. 0V i,) is endowed with its graph norm. As it is well know this is equivalent
to say that V¢ _ oV, is a discrete operator and this in turn implies in particular that it is a Fredholm operator
on its domain endowed with the graph norm. Therefore we can conclude that im(V%,, o Vi) is closed in

L?(M, E). Now consider the two following orthogonal decompositions of L?(M, E):

L*(M, E) = ker(Vpin) @ im(Ve,.) and L2(M, E) = ker(V! .. © Viin) @ im(Vi,, . 0 Vinin)-

max max

Clearly ker(V!

b ax © Vimin) = ker(Vmin). Therefore we have the following chain of inclusions:

im(vf‘nax

© vmin) - im(vfnax) - im(vfnax) = im(vfnax © vmin) = im(vfnax o vmin)

which in particular implies that im(V%,, ) = im(VE .

) and therefore, taking the adjoint, im(Vin) = im(Vimin)-
O

3.2 Some results for Schrodinger type operators

Proposition 3.4. Let (M, g) be an open and possibly incomplete Riemannian manifold of finite volume and

dimension m > 2. Assume that we have a continuous inclusion Wy>(M,g) — L%(M,g). Let AL :
L*(M,g) < L*(M,g) be the Friedrich extension of the Laplacian A¢ : C(M) — C°(M). Then the heat

operator e~tAT L?(M,g) — L*(M,g) is a trace class operator and we have the following inequalities for its
trace:

—m

Tr(e 2% ) < Cvol, (M)t =" (47)
fort e (0,1).

Proof. As showed in [I] pag. 1062 or in [45] Theorem 2.1 the continuous inclusion W, *(M, g) < L%(M,g)
is equivalent to the following property:
ka, (t7 T, y) < Ct= (48)

for each (z,y) € M x M, t € (0,1) and where ka,(¢,z,y) is the smooth kernel of the heat operator et and
C' is a positive constant. This implies immediately that tr(efmf];) <Ct=z forte (0,1). Moreover using
we get that

/ (ka, (t, 2, y))? dvoly(x) dvoly(v) < oo
MxM
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for each ¢t € (0,1) and this in turn implies that e A7 L?(M,g) — L*(M, g) is a Hilbert-Schimdt operator for

each t € (0,1), see for instance [37] pag. 210. Writing ¢ = £ + £ we get e tAT — e=3A7 5 07327 and this tells

us that e~tA7 L?(M,g) — L?*(M,g) is a trace class operator for each ¢ € (0,1). Ultimately, fixing any ¢ > 0

o : F AT AT . .
and writing ¢t = nt with n > ¢, we have e *4” = e %4 o..0e %®" (n-times) and this allows us to conclude

that e~ *A” : L2(M, g) — L2(M, g) is a trace class operator. Finally we have Tr(e~tA7) = Jas kao (t, x, ) dvol,
and therefore for each ¢ € (0,1) we find

—m

Tr(e_tAF) = /M ka,(t, z,x) dvol, < /M Ct™% dvol, = Cvol,(M)t™= .

O

As in the previous proposition consider again a possibly incomplete Riemannian manifold (M, g) of finite
volume and dimension m. Let E be a vector bundle over M endowed with a metric h, Riemannian if F is a
real vector bundle, Hermitian if E is a complex vector bundle. Finally let V : C*°(M, E) — C*(M,T*M ® E)
be a metric connection. Our goal is to study some properties of Schrodinger type operators, that is operators
of type

VioV+L (49)
where V! : CX(M,T*M ® E) — C°(M, E) is the formal adjoint of V and L € C*°(M,End(E)). In particular
we are interested in acting on L?(M, E) with C2°(M, E) as core domain. One of the reasons, as it is
well known, is provided by the fact that the square of the typical first order differential operators arising in

differential geometry, for instance the Gauss-Bonnet operator d + §, the Hodge-Dolbeault operator 9 + 9 and
the Spin-Dirac operator 0, are Schrédinger type operators.

Proposition 3.5. Let (M, g) be an open and possibly incomplete Riemannian manifold of finite volume and

dimension m > 2. Assume that we have a continuous inclusion Wol’Q(M, g) — L%(M, g). Let V, E, g, h,
and V be as described above. Let

P:=V'oV+L, P:C*(M,E)— C*(M,E)
be a Schrodinger type operator with L € C*°(M,End(F)). Assume that:
o P is symmetric and positive.

e There is a constant ¢ € R such that, for each s € C*°(M, E), we have

h(Ls,s) > ch(s,s).

Let P7 : L>(M,E) — L?*(M, E) be the Friedrich extension of P and let Af : L*(M,g) — L*(M,g) be the
Friedrich extension of Ay : C° (M) — C°(M). Then the heat operator associated to P7

e P L2(M, E) — L*(M, E)
is a trace class operator and its trace satisfies the following inequality:
Tr(eftpf) <re'c Tr(efmf];). (50)
where r is the rank of the vector bundle E.
Proof. According to Theorem [2.I] we know that
le= 7 5|, < e7e™3 |5, (51)

for each s € L?(M, E). Let kp(t,z,y) be the smooth kernel of the heat operator e~tP” and analogously let
ka,(t,z,y) be the smooth kernel of the heat operator e~tAT Therefore, for each pair (z,y) € M x M,
kp(t,xz,y) € Hom(E,, E;) and analogously ka,(t,z,y) € Hom(R, R) that is ka,(t,z,y) € C°(M x M). Let us
label by || ||n,0p the pointwise operator norm for the linear operators acting between (E,, hy) and (Eg, hy). As
explained in [28] pag. 32, the inequality implies that for the pointwise operator norm || kp(¢, x,y)| n.0p the
following inequality holds:

|kp(t, z,y) ”h,Op = 671&C‘Z€Ao (t,z,y).
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In particular for z = y we have
”kP(taxax)”thP S eitckAo (t,x,x). (52)

This implies immediately the following inequality for the pointwise traces
tr(kp(t,z,x)) < re ka,(t, 7, 2). (53)

By Prop. we know that e tA7 : L?(M,g) — L*(M,g) is a trace class operator. Therefore, using

and (53)), we get that also e~tP” . L2 (M,E) — L*(M,E) is a trace class operator and its trace satisfies the
inequality

Tr(e*tpf) <re'c Tr(e*mg). (54)

O

Corollary 3.2. Under the assumptions of Prop. 3.5 For each t € (0,1) we have the following inequalities for
the pointwise trace and for the heat trace of e P respectively:

—m

tr(kp(t,x,2)) < Cre 't 2

Tr(eftpf) < Cre~vol,(M)t="

where C' is the same constant of . The operator P* : L*(M, E) — L?*(M, E) is a discrete operator. If we
label its eigenvalues with
0< A<M <o <Ay <.l

then there exists a positive constant K such that we have the following asymptotic inequality
A > Kjm +ec (55)
as j — Q.

Proof. The inequality for the pointwise trace as well as that for the heat trace of e *¥ 7 follow by Prop. and
Prop. 3.5 By the fact that e~ " 7 is a trace class operator we get immediately that P7 is a discrete operator.
Finally, by and the first point of this corollary, we know that Zj e~ < Cre~tvoly (M )t . This is
equivalent to say that

Z et < Crvoly,(M)t="

jEN

where p1; := \; —c. Now the thesis follows applying a classical argument from Tauberian theory, see for instance
[43] pag. 107. O

Proposition 3.6. Under the assumptions of Theorem . Let kp(t,z,y) and ||kp(t,z,y)||hop be as in the
proof of Theorem[3.5. Then the following inequality holds for 0 <t < 1:

[P (t 2, 9)lnop < Ce™ "t (56)
where C' is the same positive constant of . This implies that

1. e=tP7 s q ultracontractive operator for each 0 < t < 1. This means, see [42], that for each 0 < t < 1
there exists Cy > 0 such that

L pF
le™"" sllzoe (ar,m) < CillsllLr (ar, )
for each s € L*(M, E). In particular, for each 0 <t <1, e=*P” : LY(M, E) — L*°(M, E) is continuous.
2. If s is an eigensection of P7 : L*(M,E) — L?>(M, E) then s € L=(M, E).

Proof. As pointed out in the proof of Prop. we have |[kp(t, 2, 9)||h,op < € ka,(t,2,y). By the assumptions

we know that there is a continuous inclusion Wy (M, g) < L% (M, g). As recalled in the proof of Prop.
this is equivalent to say that, for some positive constant C,

ka,(t,z,y) <Ct =, 0<t<1.
Combining together the previous inequalities we have, for 0 < t < 1,
”kP(t, Z, y) ||h70}3 < Ceitct%m

and this establishes . Finally the remaining two properties follow immediately using . O
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4 Applications to irreducible complex projective varieties

4.1 Sobolev spaces on irreducible complex projective varieties

This section concerns irreducible complex projective varieties V- C CP™. This means that V' is the zero set of a
family of homogeneous polynomials such that it is not possible to decompose V as V = V3 UV, with Vi C V|
Vo CV,V £V, V £ V5 and such that Vi and V5 are the zero set of other two families of homogeneous
polynomials. Using the language of Zariski topology this means that V' is a Zariski closed subset of CP" and
it is not possible to decompose V as V =V, UV, with Vi, C V, Vo C V, V £ Vi, V # V5 where V; and V3
are other two Zariski closed subsets of CP™. Our reference for this topic is [24]. Given an irreducible complex
projective variety V' C CP"™ we will label by sing(V') the singular locus of V' and by reg(V) := V \ sing(V)
the regular part of V. The regular part of V, reg(V), becomes a Kdhler manifold when we endow it with the
Kahler metric induced by the Fubini-Study metric of CP”. In particular we get an open and incomplete Kahler
manifold when sing(V') # 0.

Now we state a proposition which provides the existence of a suitable sequence of cut-off functions. A similar
result is contained in [31] pag. 871 and in [45], Theorem 3.1 and Theorem 3.2. First we recall the following

property.

Proposition 4.1. Let M be a complex manifold and let h and g be two Hermitian metrics on M such that g > h.
Then for each n € QL(M) we have ||n||201(arn) < |0l 2201 (0,g)- Therefore the identity map 1d : QL(M) —
QL(M) extends as a continuous inclusion L*Q(M, g) — L*Q*(M, h) so that for each ¢ € L*QY(M, g) we have
61l L20r (ar,1) < €120 (a1,9) -

Proof. The proof lies on a careful calculation of linear algebra. It is carried out, for instance, in [22] pag.
146. O

Proposition 4.2. Let V. C CP" be an irreducible complex projective variety of complexr dimension v and let
g be the Kdhler metric on reg(V) induced by the Fubini-Study metric of CP™. Then there exists a sequence of
Lipschitz functions {¢;}jen with compact support in reg(V') such that

e 0 < ¢; <1 for each j.

o ¢; — 1 pointwise.

e ¢; € D(domin) for each j € N and lim;_, o0 ||do,min®;| 201 (reg(v),g) = O-
In particular 1 € D(do min)-

Proof. Letm:V — Vbea resolution of singularities (which exists thanks to the fundamental work of Hironaka,
see [29]). We recall that = : V' — V is a holomorphic and surjective map such that

T p V\E — V \sing(V)

is a biholomorphism where E = 7 !(sing(V)) is the exceptional set. Moreover we can assume that E is a
divisor with only normal crossings, that is, the irreducible components of F are regular and meet complex
transversely. In particular, and this is what we need for our purpose, V \ 7~ !(reg(V)) is a finite union of
compact complex submanifolds, that is V \ 7~ !(reg(V)) = U™, S; for some m € N. Therefore for the real
codimension of S; we have codg(S;) > 2 for each i = 1,...,m. Consider now a Hermitian metric h on V. Let us
define V' := m~!(reg(V)) and let b’ be defined us k' := hl|ys. As a first step we want to show that on (V' 1)
there is a sequence of Lipschitz functions with compact support {t;};en which satisfies the three properties

stated in this proposition. To this aim we adapt to our case the strategy used in [I8] and in [31]. Define
£ 4

M; =V \ S;. Let r; be the distance function to S; induced by h. Let €, := 7712 and let €/, :==e % =e .
Then we define v; 5, as

1 Ty 2 €n
(Eii)ﬁn 26% <r;<e€n 57
wj,Mi = (2:7% )en(r/; — 1) 6;1 <r < 26:1 ( )
0 0<r <€,

By we get easily that each 1; »s, is a Lipschitz function with compact support. Therefore, combining
together Theorem 11.3 in [25], Prop. and the fact that M; has finite volume, we get that {1 ar, }jen C
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D(do,min) on (M;, hlag,). Clearly we have 0 < 4, a7, <1 and lim;_, o ¥, p, = 1 pointwise. Moreover, according
to [18], we have

jhjélo [do,min®j,a; || L2021 (01, 1| a,) = O- (58)

Here, we only recall that the previous limit is based on an estimate of the volume of a tubular neighborhood
of S; and that for this estimate the lower bound on the real codimension of S; plays a fundamental role. Now
define

"/}j = H /(/)j1Mi'
i=1

For each j € N, 1); is defined as a product of a finite number of non negative Lipschitz functions with compact
support and bounded above by 1. Therefore v; is in turn a non negative Lipschitz function which compact
support and bounded above by 1. Thus, arguing as above, we can conclude that {1;};en C D(domin) On
(V' k). Clearly for each ¢; we have 0 < 1; <1 and lim;_,+ %; = 1 pointwise. Now we have to show that

lim <d07mjnwj, dO,Inin¢j>L291(V/,h’) =0. (59)

Jj—o0

We have domin®j = Yy Vido,min¥j,m; Where 7; is given by the product Vi My Vi Vi Moy Y5 M, - BY
the fact that 0 < ; <1 to establish it is enough to show that

jliglo<d0,minwj,Mp7dO,minwj,]\/Iq>L2ﬂl(V',h’) = 0 for each p,q € {1,...,m}.

This follows because

(do,min®j, M, » do,min®j, 01, ) L2010 (v7 vy < ||do,min®j, 01, | L201 (v7 0y | do,min®j, 01, | L2001 (vr 17y

and, by (58)), we have
lim [|do,min®j, 0, || L2021 (v,n) = 0,
j—o0

and
lim || do mintj. a1, || L2021 (v7 ) = 0.
j—o0o

This allow us to conclude that on (V' &) there is a sequence of Lipschitz functions with compact support
{%;}jen which satisfies the three properties stated in this proposition. Now let § be the K&hler metric on
V' defined as m*g. We can look at § as the pull-back of the Fubini-Study metric on CP" through the map
7 :V — CP". By the fact that dr, the differential of 7, degenerates on V' \ V' we get that § < Ch/, for some
positive real constant C' > 0. Now, as an immediate application of Prop. we can conclude that the sequence
{%;};en satisfies the three properties stated in this proposition also with respect to the Kéhler manifold (V’, g).
Finally, by the fact that 7|y : (V',§) — (veg(V), g) is an isometry, defining ¢; := 9; o (m|y+) ™! we obtain our
desired sequence on (reg(V), g). O

Now we have the main result of this section.

Theorem 4.1. Let V. C CP™ be an irreducible complex projective variety of complex dimension v. Let E be a
vector bundle over reg(V') and let h be a metric on E, Riemannian if E is a real vector bundle, Hermitian if E
is a complex vector bundle. Let g be the Kahler metric on reg(V') induced by the Fubini-Study metric of CP™.
Finally let V : C®(reg(V), E) — C*®(reg(V),T*reg(V) ® E) be a metric connection. We have the following
properties:

o Wh2(reg(V), E) = Wy % (reg(V), E).
o Assume that v > 1. Then there exists a continuous inclusion W2 (reg(V), E) < L%(reg(V), E).
e Assume that v > 1. Then the inclusion W2 (reg(V), E) < L?(reg(V), E) is a compact operator.

Proof. The first point follows by Prop. and by Prop. The continuous inclusion Wy (reg(V), g) <
L%(reg(V),g) is established in [3I] pag. 874 or in [45] pag. 113. Now, by the first point of this theorem (or
by [31] Theorem 4.1 or by [45] Cor. 3.1), we know that W2(reg(V), g) = W, ?(reg(V),g) and therefore we
have the continuous inclusion W12 (reg(V), g) — Lo (reg(V), g). Now, using Prop. we get the continuous
inclusion

C>®(reg(V), E) N W'2(reg(V), E) < L+ (reg(V), E).
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Finally, by the density of C*(reg(V), E) N Wh2(reg(V), E) in W2(reg(V), E), see Prop. the continuous
inclusion W12 (reg(V), E) — L%(reg(‘/), E) is established. Finally the third point is a consequence of the
second point and Prop. [3.3 O

Remark 4.1. We can reformulate the statement of Theorem saying that D(Vmax) = D(Vmin), there exists

a continuous inclusion D(Viax) — L%(reg(V), E) and that the natural inclusion D(Vyax) — L2 (reg(V), E)
is a compact operator where D(Vmax) 15 endowed with the corresponding graph norm.

Corollary 4.1. Under the assumptions of Theorem|4.1l Then im(Viin) = im(Vmax) is a closed subspace of
L2(reg(V), T*reg(V) ® E).

Proof. According to Prop. we know that Vipax = Vimin and therefore im(Viay) = im(Viin). Now the
thesis follows by Cor. O

We conclude this section with the following proposition. The case of the Dolbeault operator is already
treated in [41].

Proposition 4.3. Let (reg(V),g) be as in Theorem [f.] Let E and F be two vector bundles over reg(V)
endowed respectively with metrics h and p, Riemannian if E and F are real vector bundles, Hermitian if E and
F are complex vector bundles. Finally let V : C>®(reg(V), E) — C>*(M,T*reg(V)® E) be a metric connection.
Consider a first order differential operator of this type:

D=0y 0V : C=(xeg(V), E) O (reg(V), F) (60)
where 0y € C=(reg(V), Hom(T*reg(V) ® E, F)). Assume that 0y extends as a bounded operator
0: L?(reg(V), T* reg(V) @ E) — L*(reg(V), F).
Then we have the following inclusion:
D(Dinax) N L7 (reg(V), E) C D(Dmin)- (61)

In particular holds when D is the de Rham differential dy, : QF (reg(V)) — Q5+ (reg(V)), a Dirac operator
D : C>®(reg(V),E) = C(reg(V), E) or the Dolbeault operator 9y, 4 : Q29 (reg(V)) — QLI (reg(V)).

Proof. This follows applying Theorem and Prop. O

4.2 Schrodinger operators on irreducible complex projective varieties

As in the previous section consider again an irreducible complex projective variety V. C CP"™ of complex
dimension v. Let reg(V) be its regular part and let E be a vector bundle over reg(V) endowed with a metric h,
Riemannian if E is a real vector bundle, ermitian if F is a complex vector bundle. Finally let g be the Kéhler
metric on reg(V') induced by the Fubini-Study metric of CP™ and let V : C*°(reg(V), E) — C*(reg(V), T*"M ®
E) be a metric connection. In this section we consider again some Schrédinger type operators

VioV+L (62)
where V! : O (reg(V), T*M @ E) — C°(reg(V), E) is the formal adjoint of V and L € C*(reg(V), End(E)).
Theorem 4.2. Let V, E, g, h, and V be as described above. Let

P:=V'oV+1L, P:C>(reg(V),E) — C>(reg(V), E)
be a Schridinger type operator with L € C*(reg(V'), End(E)). Assume that:

o P is symmetric and positive.

e There is a constant ¢ € R such that, for each s € C*(reg(V), E), we have

h(Ls,s) > ch(s, s).
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Let P7 . L%(reg(V),E) — L2(reg(V),E) be the Friedrich extension of P and let Ay : L*(reg(V),g9) —
L?(reg(V),g) be the Friedrich extension of Ag : C(reg(V)) — C>(reg(V)). Then the heat operator asso-
ciated to P”

e"tP” L*(reg(V), E) — L*(reg(V), F)

is a trace class operator and its trace satisfies the following inequality:

Tr(e_tpf) < me~te Tr(e_tAOF). (63)
where m is the rank of the vector bundle E.
Proof. This follows by Prop. and by Theorem [4.1] O
Corollary 4.2. Under the assumptions of Theorem |4.2. The operator P¥ : L?(reg(V), E) — L?(reg(V), E) is

a discrete operator. Moreover, for t € (0,1), we have the following inequalities:
dv(v+1)

tr(kp(t,z, 7)) < me "“(4mt) (1 + 5

t+O(t?)) (64)

%t) + 0(t2)) . (65)

Let {)\;} be the sequence of eigenvalues of P* : L?(reg(V), E) — L*(reg(V), E). Then we have the following

asymptotic inequality:
1
(2,”)21)]' v
A > 66

7= (vamvolg(reg(V)) te (66)

Tr(e *P7) < me~te(drt) ™" (Volg(reg(V))(l +

as j — 0o where wa, is the volume of the unit 2v-ball in R?Y.

Proof. The fact that P7 : L%(reg(V), E) — L?(reg(V), E) is a discrete operator is a consequence of Theorem

Inequalities , and follow by Theorem and Corollary 5.4 in [31]. O

An important case of the previous corollary is given by (V! o V)7, the Friedrich extension of the Bochner
Laplacian Vo V : C>®(reg(V), E) — C°(reg(V), E). As before we label by kytov (¢, 7,y) and by ka, (t, z,y)

t(Vtov)” and eftAof

the smooth kernel of the heat operators e~ respectively.

Corollary 4.3. Let V,E, h and g as in the statement of Theorem[].Z Consider the Bochner Laplacian
VioV:CX(reg(V), E) — C=(reg(V), E).

Let
(V' o V)" 1 L*(reg(V), E) — L*(reg(V), E) (67)

be its Friedrich extension. Then
e VoV 2 (reg(V), E) — L2(reg(V), E) (68)

s a trace class operator; its pointwise trace and its trace satisfy respectively the following inequalities:

tr(kviov (t, 2, 2)) < m(4nt) (1 +

2ty 4 o) (69)

ety O(t2)> (70)

for t € (0,1). Furthermore is a discrete operator and its sequence of eigenvalues, {\;}, satisfies the
following asymptotic inequality:

Tr(e*t(vtov)]r) < m(4mt)™" <Volg(reg(V))(1 +

4 (27’()2’”]' v
A2 <w2vm volg(reg(V))) (71)

as j — 0o where wa, is the volume of the unit 2v-ball in R2Y. Finally a core domain for @ is given by
{s € C>®(reg(V),E) N L*(reg(V), E), Vs € L*(reg(V),T*reg(V) ® E), V(Vs) € L*(reg(V),E)}.  (72)

The last statement is equivalent to say that V? o V, with domain given by , is essentially self-adjoint.
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Proof. The assertion (68)-(7I) follow by Theorem and Corollary For we have (V! o V)’ =
Vt ax © Vinin by Prop. Moreover, by Prop. we know that C*(reg(V), E) N D(V! .« © Viin) is dense

in D(anax 0 Vimin) with respect to its graph norm and by Theorem we know that Viax = Vmin and
therefore V¢ . = V!. . All together these propositions imply immediately . Finally we point out that
the discreteness of follows already by Theorem when v > 1. In fact we know that the inclusion
D(Vimax) = L2(reg(V), E) is compact where D(V yax) is endowed with its graph norm. Moreover, as showed
in the proof of Prop. the inclusion D((V! o V)7) < D(Vymax) is continuous where again each domain is
endowed with its graph norm. Therefore the inclusion D((V! o V)7) < L?(reg(V), E) is a compact operator

and this is well known to be equivalent to the discreteness of (V! o V)7 : L2(veg(V), E) — L2(reg(V), E). O

Proposition 4.4. Under the assumptions of Theorem[{.3 Assume that the complex dimension of V satisfies
v > 1. Let kp(t,z,y) and ||kp(t,z,y)||nop be as in the proof of Theorem , Then the following inequality
holds for 0 <t < 1:

lep(t, 2, y)llnop < Ce™" ™" (73)

This implies that

1. e7tP7 s q ultracontractive operator for each 0 < t < 1. This means, see [42], that for each 0 < t < 1
there exists Cy > 0 such that

. pF
e sl Loo reg(vy, 2y < Ctll sl 1 reg(v), B)

for each s € L*(veg(V), E). In particular, for each 0 <t <1, e=*F" : L (reg(V), E) — L>®(reg(V), E) is
continuous.

2. If s is an eigensection of P* : L*(reg(V), E) — L?(reg(V), E) then s € L>=(reg(V), E).
Proof. This follows by Prop. and by Theorem O

With the next result we extend Cor. 5.5 of [31] to our setting. We refer to [24] for the notion of degree of a
complex projective variety.

Theorem 4.3. There exists a positive constant v = ~y(d,n,m), that is v depends only on the dimension of
the ambient space CP", on the degree d and on the rank m, such that for every irreducible complex projective
variety V. C CP" of degree d, for every vector bundle E on reg(V') of rank m endowed with an arbitrary metric
h and for every Schridinger type operator P : C°(reg(V), E) — C(reg(V), E) as in Theorem [].4 with L > 0,
the (md)-th eingenvalue of P”, that is Ama, satisfies the following inequality:

Proof. As first step we show that A,,q # 0. By we have a continuous inclusion D(P7) < D(Vui,) where
each domain is endowed with the corresponding graph norm. Consider now s € ker(P7). Then, by Prop.
and by the fact that P is elliptic, we have s € L™ (reg(V), E) N C*®(reg(V), E). We want to show that
s € ker(Vimin). Let {¢x tren be a sequence as in Prop. 4.2l Then we have:

0=Ps=(P7s,8)12(rea(v).B) = kli_glo@f&¢i5>L2(reg(V),E) = kli_{{)lowt(vs) + LS, 978) 2reg(v),5)  (75)
= kli_ggo(VS, V(675)) L2 (reg(v), B) + kh_{I;O<L(¢k5)7 BPrS) L2 (reg(V), E)

> lim (Vs, V($19)) L2wea(v).m) = M (V5, 6EV5) L2(ceg(v).m) + 1im (Vs, 20 (do minB) @ 8) L2 (rea(v). )
= ||VS||%2(reg(V),T* reg(V)QE)"

In the computations of the limits above we used the Dominate convergence Theorem to deduce that

Jim (Vs, 65V5) 12 (rea(v). 7+ rea(vyo8) = [ V5llL eg(v) 1 rea(v) o)

and the inequality
<VS7 ¢k(d0,min¢k) & s)>L2 (reg(V),T* reg(V)QE) < ||VS||L2(rcg(V),T* reg(V)QE) ||S||L°° (reg(V),E) HdO,min(bk HLzﬂl (reg(V),q)
to deduce that

lim (Vs, 2¢k(do,min®k) ® 5) 12 (reg(v),E) = 0.

k—o0
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By we can thus conclude that Vs = 0. This tells us that ker(P”) is made of parallel sections and this in
turn implies that dim(ker(P7)) < m. Hence for the eigenvalues of P we have

OS/\OS)\IS---S)\m—QSAm—1<)\mS-~-

and so we proved that \,,q # 0.

Now we proceed adapting to our context the proof given in [31], Cor. 5.5. Let grs be the Fubini-Study metric
on CP™. Let us label by l%(t,m,y) the heat kernel of the unique self-adjoint extension of the Laplacian Ag
acting on C°°(CP") that, with a little abuse of notation, we still label by Ag : L?(CP", grg) — L?*(CP", grs).
If we denote by r : CP" x CP™ — R the distance function induced by the Fubini-Study metric then we
know that k(t,z,y) = k(t,7(2,y)), see [31]. Therefore, by Theorem and Theorem 2.1 in [31], we get that

tr(e=tP”) < me~t°k(t,0). Moreover, for e=*20 : L2(CP", gpg) — L2(CP", gpg), we have

o0

volpg(CP™)k(t,0) = /(C ) k(t,0) dvoly, = Tr(e™"40) = " e < (14 b(n)t™ ") (76)
. =

where b(n) is a positive constant depending only on n, y; is the (j + 1)-th eigenvalue of Aq : L*(CP", gpg) —
L?(CP", grs) and volpg(CP") is the volume of CP" with respect to the Fubini-Study metric. In particular the
last inequality in comes from the asymptotic expansion of k(t,0) and holds for ¢ € (0,1). Hence, integrating

tr(e~tP”) and k(t, 0) over reg(V), we have:

_ _ - voly(reg(V)) _ vol, (reg(V)) _
T tP” < tc 1 — c Vo 1 t,u] tc g 1 n
r(e ) < me~ " vol,(reg(V))k(t,0) volFs (CIF’” + E e < 7‘7011:8(@?”) (1+b(n)t™")

and finally, using the fact that voly(reg(V')) = dvolps(CP™) E|, we get

q+ Z e < meTd(1 + b(n)t™") (77)
i=q
where ), is the (j +1)-th eigenvalue of P7 and ¢ := dim(ker(P7)). Clearly we have A\;,q > A; for md > j. This

in turn implies that e~**m¢ < e~*A for every j < md and therefore (md — g + 1)e " md < ZT:dq e~ ™. In this
way for every 0 < a < Apq, performing the substitution ¢ = ﬁ, we get from the following inequality

+ (md — g+ 1)e™® < me~t°d <1 +b(n) (;Zd)v <md (1 +b(n) (&) n) (78)

g—md+ (md—q+1)e” 5
<
< mdb(n) Ama

and therefore

which in turn implies

(P ) ™

Clearly, choosing « sufficiently small, we have —md + (md + 1)e~® > 0 and hence the thesis follows defining

. —md + (md + 1)e™® 5
T mdb(n) '

O

As an immediate consequence of Theorem we have the following corollary. In the case N = C we get
Cor. 5.5 in [31].

Corollary 4.4. There exists a positive constant v = ~'(d,n), that is v depends only on the dimension of the
ambient space CP™ and on the degree d, such that for every irreducible complex projective variety V. C CP™
of degree d, for every Hermitian line bundle (N,h) on reg(V) and for every Schrédinger type operator P :
C°(reg(V),N) — C(reg(V), N) as in Theorem [{.9 with L > 0 we have the following uniform lower bound
for \g, the d-th eigenvalue of P :

0<~ <. (80)

Isee for instance [31] pag. 876 or [45] pag. 97
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Finally we conclude the section with the following applications. For the definition and the general properties
of Dirac operators we refer to the the books [8], [9] [30] and [40].

Corollary 4.5. Let V, E, g and h be as in Theorem[{.1 Assume that E is a Clifford module. Let D = ¢oV
D: CF(reg(V), E) — C(reg(V), E) (81)

be a Dirac operator where V : C*(reg(V),E) — C®(reg(V),T*reg(V) ® E) is a metric connection and
¢ € Hom(T* reg(V) ® E, E) is the bundle homomorphism induced by the Clifford multiplication. Let D? be the
Dirac Laplacian and let L be the endomorphism of E arising in the Weitzenbiock decomposition formula, see[40]

pag. 4344,

D?=V'oV+L. (82)
Assume that there is a constant ¢ € R such that h(Lp, ) > ch(p,d) for each ¢ € CP(reg(V),E). Then
Theorem@ Corollary@ and Prop. @ hold for e~tD*” where D2F is the Friedrich extension of D%. In

particular
e~ tP*7 L2 (veg(V), E) — L2(reg(V), E)

is a trace class operator and D*>7 : L?(reg(V), E) — L%(reg(V), E) is a discrete operator.
As application of the previous theorem we have the following corollary.

Corollary 4.6. Let V and g be as in Theorem . Assume that reg(V') is a spin manifold and assume moreover
that s4, the scalar curvature of g, satisfies s; > ¢ for some ¢ € R. Let ¥ be the spinor bundle on reg(V) and let

0: C(reg(V), ) — O (reg(V), %) (83)
be the associated spin Dirac operator. Then Theorem[].3, Corollary[{.4 and Prop. [{.4 hold for

e L2 (reg(V), £) — L2(reg(V), ). (84)
In particular is a trace class operator and 0 : L%(reg(V),X) — L%(reg(V),X) is a discrete operator.

Proof. Tt is a consequence of the Lichnerowicz formula, 8% = Vo V + %sg, see for instance [30] pag. 160. O

Corollary 4.7. Let V. C CP" be an irreducible complex projective variety of complex dimension v. Let g be
the Kdhler metric on reg(V) induced by the Fubini Study metric of CP". Let k € {0,...,2v} and consider the
Bochner-Weitzenbick identity for the Laplacian Ay, : QF(reg(V)) — QF(reg(V)), see [30] pag. 155 or [J0] pag.
4344,

Ay, =V} oV + Ly, (85)

where Vj, : QF(reg(V)) — O (reg(V), T* reg(V) @ A*T* reg(V)) is the metric connection induced by the Levi
Civita conneection. Assume that there is a constant ¢ such that (Lin,m) g, > c(n,n)gy, for each n € QF(reg(V)).
Let A] be the Friedrich extension of Ay and let

e AT L2k (reg(V), g) — L2Q* (reg(V), ) (86)

be the heat operator assocmted to AF. Then is a trace class operator. In particular Theorem. Cor.
and Prop. |4 - 4. 4| hold for

Consider now the Hodge- Kodaim Laplacian Ap >
AT 35 be the Friedrich extension ofA > and let

e

s 24 (reg(V)) — QP(reg(V)) such that p+q = k. Let

4A£g,5~ 2000,q 2()pq
e s L2 (reg(V), g) — L=QP(reg(V), g) (87)

be the heat operator associated to A]: 5. Then s a trace class operator. As in the previous case Theorem

. Cor. m and Prop. |4./) - hold for

Proof. The first part of the theorem, that is the one concerning with Af , is an immediate application of
Theorem Cor. and Prop. The second part follows by the fact that Ag = 2 @p+q=k Ap 4.5 and that,

; FZ F
see for instance [4] pag. 169, Ay =26D,, Ap,qﬁ' m
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5 Applications to stratified pseudomanifolds

This last section contains applications concerning Thom-Mather stratified pseudomanifolds. We start recalling
briefly the basic definitions and properties. We first recall that, given a topological space Z, C(Z) stands for
the cone over Z that is Z x [0,2)/ ~ where (p,t) ~ (g, r) if and only if r =¢ = 0.

Definition 5.1. A smoothly Thom-Mather stratified pseudomanifold X of dimension m is a metrizable, locally
compact, second countable space which admits a locally finite decomposition into a union of locally closed strata
& = {Y,}, where each Y, is a smooth, open and connected manifold, with dimension depending on the index c.
We assume the following:

(i) If Yo, Ys € and Yo NY g # 0 then Y, C Vg

(i) Fach stratum 'Y is endowed with a set of control data Ty, 7y and py ; here Ty is a neighborhood of Y
in X which retracts onto Y, my : Ty — Y is a fixed continuous retraction and py : Ty — [0,2) is a
continuous function in this tubular neighborhood such that p{,l(O) =Y . Furthermore, we require that if
Z €& and ZNTy £ 0 then (my,py) : Ty NZ =Y x [0,2) is a proper smooth submersion.

(i) f W)Y, Z € &, and ifp € Ty NTz NW and wz(p) € Ty N Z then my (nz(p)) = my (p) and py (7z(p)) =
py (p)-

(iv) IfY,Z €&, thenYNZ 4D =Ty NZ#0, TyNTy 4#0=Y CZY=Zor ZCY.

(v) For each' Y € @, the restriction my : Ty — Y is a locally trivial fibration with fibre the cone C(Ly)
over some other stratified space Ly (called the link over Y ), with atlas Uy = {(¢,U)} where each ¢
is a trivialization T, (U) — U x C(Ly), and the transition functions are stratified isomorphisms which
preserve the rays of each conic fibre as well as the radial variable py itself, hence are suspensions of
isomorphisms of each link Ly which vary smoothly with the variable y € U.

(vi) For each j let X; be the union of all strata of dimension less or equal than j, then

Xm-1 = Xm—2 and X \ X;,—2 dense in X

The depth of a stratum Y is largest integer k£ such that there is a chain of strata Y = Yy, ..., Yy such that
Y; C Y for 1 < j < k. A stratum of maximal depth is always a closed subset of X. The maximal depth of
any stratum in X is called the depth of X as stratified spaces. Consider the filtration

X=X,DXm-1=Xm-22Xm-3D..D X (88)

We refer to the open subset X \ X,,,_5 of a smoothly Thom-Mather-stratified pseudomanifold X as its regular
set, and the union of all other strata as the singular set,

reg(X) := X \ sing(X) where sing(X) := U Y.
Y €6 ,depth(Y)>0

Given two Thom-Mather smoothly stratified pseudomanifolds X and X', a stratified isomorphism between them
is a homeomorphism F' : X — X’ which carries the open strata of X to the open strata of X’ diffeomorphically,
and such that w%(y) oF = Formy , p};(y) oF = py forallY € &(X). For more details, properties and comments
we refer to [2], [10], [I1] and the bibliography cited there. Here we point out that a large class of topological
space such as irreducible complex analytic spaces or quotient of manifolds through a proper Lie group action
belong to this class of spaces.

As a next step we introduce the class of smooth Riemmanian metrics on reg(X) which we are interested in.
The definition is given by induction on the depth of X. We label by ¢é := (ca, ..., ¢;n) a (m — 1)-tuple of non
negative real numbers.

Definition 5.2. Let X be a smoothly Thom-Mather-stratified pseudomanifold and let g be a Riemannian metric
on reg(X). If depth(X) = 0, that is X is a smooth manifold, a é-iterated edge metric is understood to be any
smooth Riemannian metric on X. Suppose now that depth(X) = k and that the definition of é-iterated edge
metric is given in the case depth(X) < k—1; then we call a smooth Riemannian metric g on reg(X) a é-iterated
edge metric if it satisfies the following properties:
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e Let Y be a stratum of X such that Y C X; \ X;—1; by Def. for each q € Y there exist an open
neighbourhood U of q in'Y such that

¢: 7yt (U) — U x C(Ly)
is a stratified isomorphism; in particular,
¢ : 7y (U) Nreg(X) — U x reg(C(Ly))

is a smooth diffeomorphism. Then, for each q € Y, there exists one of these trivializations (¢, U) such
that g restricted on ﬂ;l(U) Nreg(X) satisfies the following properties:

(¢_1)*(g|7r;1(U)ﬂreg(X)) ~ dT2 + hU + Tzcm_igLY (89)

where m is the dimension of X, hy is a Riemannian metric defined over U and gr, is a (¢, ..., Cn—i—1)-
iterated edge metric on reg(Ly), dr? + hy + r?“m—igr. is a Riemannian metric of product type on U x
reg(C(Ly)) and with ~ we mean quasi-isometric.

We remark that in the neighborhood U can be chosen sufficiently small so that it is diffeomorphic to
(0,1)" and hy it is quasi-isometric to the Euclidean metric restricted on (0,1)%. Moreover we point out that
with this kind of Riemannian metrics we have vol,(reg(X)) < oo in case X is compact. There is the following
nontrivial existence result:

Proposition 5.1. Let X be a smoothly Thom-Mather stratified pseudomanifold of dimension m. For any
(m — 1)-tuple of positive numbers ¢ = (ca, ..., cm ), there exists a smooth Riemannian metric on reg(X) which is
a c-iterated edge metric.

Proof. See [10] or [2] in the case é = (1,...,1,...,1). O

When ¢ = (1,...,1) we will call this kind of metrics simply iterated edge metric.

The importance of this class of metrics lies on its deep connection with the topology of X. In fact, as pointed out
by Cheeger in his seminal paper [19] (see also [5] and the bibliography cited there for further developments ) the
L?-cohomology of reg(X) associated to an iterated edge metric is isomorphic to the intersection cohomology of
X associated with a perversity depending only on é. In other words the L?-cohomology of these kind of metrics
(which a priori is an object that lives only on reg(X)) provides non trivial topological informations of the whole
space X.

Now we have the following proposition which assure the existence of a suitable sequence of cut-off functions.

Proposition 5.2. Let X be a compact, smoothly Thom-Mather stratified pseudomanifold of dimension m.
Consider on reg(X) an iterated edge metric g. Then there exists a sequence of Lipschitz functions with compact
support contained in reg(X), {¢;}jen, such that

e 0 < ¢; <1 for each j.
e ¢; — 1 pointwise.
e 6; € D(dosuin) for each j € N and 1m; o [ domings 12602 vy ) = O-
In particular 1 € D(dg min)-
Proof. See [6]. -

Theorem 5.1. Let X be a compact, smoothly Thom-Mather stratified pseudomanifold of dimension m. Con-
sider on reg(X) an iterated edge metric g. Let E be a wvector bundle over reg(X) and let h be a metric
on E, Riemannian if E is a real vector bundle, Hermitian if FE is a complex vector bundle. Finally let
V : C®(reg(X),E) — C*>(reg(V),T*reg(X) ® E) be a metric connection. We have the following proper-
ties:

o Wh2(reg(X), E) = Wy (reg(X), E).
o Assume that m > 2. Then there exists a continuous inclusion W12 (reg(X), E) — L%(reg(X), E).

o Assume that m > 2. Then the inclusion W12(reg(X), E) — L*(reg(X), E) is a compact operator.
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Proof. The first point follows by Prop. and by Prop. The continuous inclusion VVO1 ’2(reg(X ),g) <
L#2 (reg(M), g) is established in [I] Prop. 2.2. By the first point of this theorem we know that W12(reg(X), g) =

Wol’2 (reg(X), g) and therefore we have the continuous inclusion W2 (reg(X), g) — Ln=s (reg(X), g). Now, us-
ing Prop. [2.1] we get the continuous inclusion

C™(reg(X), E) N W2 (reg(X), E) < L7"2 (reg(X), E).

Finally, by the density of C*°(reg(X), E) N Wh2(reg(X), E) in W12(reg(X), E), see Prop. the continuous
inclusion W12 (reg(X), E) — L%(reg(X), E) is established. Finally the third point is a consequence of the
second point and Prop. [3.3 O

Corollary 5.1. Under the assumptions of Theorem|5.1l. Then im(Viin) = im(Vmax) s a closed subspace of
L?(reg(X), T*reg(X) @ E).

Proof. According to Prop. we know that Viax = Vmin and therefore im(Viax) = im(Viin). Now the
thesis follows by Cor. O

We have also the following application.

Proposition 5.3. Let (reg(X),g) be as in Theorem [5.1 Let E and F be two vector bundles over reg(X)
endowed respectively with metrics h and p, Riemannian if E and F are real vector bundles, Hermitian if E
and F are complex vector bundles. Finally let V : C*(reg(X), E) — C*(reg(X), T* reg(X) ® E) be a metric
connection. Consider a first order differential operator of this type:

D= 0y0 ¥ : C=(xeg(X), E) = C(reg(X), F) (90)
where 8y € C(reg(X), Hom(T™* reg(X) ® E, F)). Assume that 0y extends as a bounded operator
6 : L*(reg(X), T*reg(X) ® E) — L*(reg(X), F).
Then we have the following inclusion:
D(Dyax) O L= (16g(X), E) € D(Dyyin). (91)

In particular holds when D is the de Rham differential dy, : QF(reg(X)) — QF*+L(reg(X)) or a Dirac type
operator D : C°(reg(X), E) — C(reg(X), E).

Proof. This follows by Theorem [5.1] and Prop. O

Finally consider again the setting of Theorem [5.1] The remaining part of this section collects applications to
some Schrodinger type operators
VioV+L (92)

where V : C°(reg(X),E) — C°(reg(X),T*M ® E) is a metric connection, V' : C°(reg(X),T*M @ E) —
O (reg(X), E) is the formal adjoint of V and L € C*°(reg(X), End(E)) is a bundle homomorphism.

Theorem 5.2. Let X, E, g, h, and V be as described above. Let
P:=V'oV+L, P:C>®(reg(X),E) = C>(reg(X), E)
be a Schridinger type operator with L € C*(reg(X), End(E)). Assume that:
o P is symmetric and positive.
e There is a constant ¢ € R such that, for each s € C*(reg(X), E), we have

h(Ls,s) > ch(s, s).

Let P7 : L%(reg(X),E) — L2(reg(X),E) be the Friedrich estension of P and let AL : L%(reg(X),g) —
L?(reg(X), g) be the Friedrich extension of Ag : C2°(reg(X)) — C°(reg(X)). Then the heat operator associated
to P7

e~ 'P7 L2 (reg(X), E) — L%(reg(X), E)

is a trace class operator and its trace satisfies the following inequality:
Te(e ") < re ' Tr(e *A7) (93)

where r is the rank of the vector bundle E.
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Proof. This follows by Prop. [3.5 and by Theorem [5.1] O
Analogously to the previous section we have now the following corollaries.

Corollary 5.2. Under the assumptions of Theorem|5.9. For each t € (0,1) we have the following inequalities

—tP7 respectively:

for the pointwise trace and for the heat trace of e
tr(kp(t,z,x)) < rCe et

F —m
Tr(e ") < rCe " vol,(reg(X))t =

where C' is the positive constant arising from Prop. . The operator P” : L?(reg(X), E) — L?(reg(X), E) is
a discrete operator. If we label its eigenvalues with

0< XA <A <o <A <o
then there exists a positive constant K such that we have the following asymptotic inequality
A > Kjm 4c
as j — 0.
Proof. This follows by Cor. O
Corollary 5.3. Let X, E, h and g as in the statement of Theorem[5.3 Consider the Bochner Laplacian

VioV:C¥(reg(X),E) — CZ(reg(X), E).

Let
(VtoV)” : L (reg(X),E) — L?(reg(X), E) (94)

be its Friedrich extension. Then
e VOV 12 (veg(X), E) — L*(veg(X), E) (95)
is a trace class operator; for every t € (0,1) its pointwise trace and its trace satisfy the following inequalities:

tr(kvtov(t7l‘,$)) < rCt%m (96)

Tr(e_t(vt‘)v)?) < rC vol, (reg(X))t =" (97)

where C' is the positive constant arising from Prop. |3.4). is a discrete operator and its sequence of eigen-
values, {\;}, satisfies the following asymptotic inequality:

A > Kjm (98)
as j — oo where K is a positive constant. Finally a core domain for is given by
{s € C®(reg(X), E) N L?(reg(X),E) : Vs € L?(reg(X),T* reg(X) ® E) and V'(Vs) € L*(reg(X), E)}. (99)
The last statement is equivalent to say that Vo ¥V, with domain given by , is essentially self-adjoint.

Proof. The proof of is analogous to that we have provided for . The remaining points are consequences

of Cor. O
Proposition 5.4. Under the assumptions of Theorem. Assume thatm > 1. Let kp(t,z,y) and ||[kp(t, z,y)||hop
be as in the proof of Theorem[3.5 Then the following inequality holds for 0 < ¢ < 1:

kP (t, 2, 9) |nop < et 2" (100)

This implies that:
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1. e=*P7 s q ultracontractive operator for each 0 < t < 1. This means, see [{Z], that for each 0 < t < 1
there exists Cy > 0 such that

L pF
le™" 5]l Lo reg(x),2) < Cills]l Lt (reg(x).2)

for each s € L'(veg(X), E). In particular, for each 0 <t <1, etP” L' (reg(V), E) — L>(reg(X), E) is
continuous.

2. If s is an eigensection of P7 : L*(reg(X), E) — L?(reg(X), E) then s € L™ (reg(X), E).
Proof. This follows by Prop. |3.6|and by Theorem [5.2 O
Analogously to the previous section we have the following applications to Dirac operators.

Corollary 5.4. Let X, E, g and h be as in Theorem[5.1 Assume that E is a Clifford module. Let D = ¢oV
D :C*(reg(X), E) = C(reg(X), E) (101)

be a Dirac operator where V : C®(reg(X),E) — C>(reg(X),T*reg(X) ® E) is a metric connection and
¢ € Hom(T* reg(X) ® E, E) is the bundle homomorphism induced by the Clifford multiplication. Let D* be the
Dirac Laplacian and let L be the endomorphism of E arising in the Weitzenbiock decomposition formula, see[40]
pag. 4344,

D?>=V'oV+L. (102)
Assume that there is a constant ¢ € R such that h(Lo,¢) > ch(¢p,d) for each ¢ € CP(reg(V),E). Then

Theorem Corollary and Prop. hold for e~tD*7 where D2F is the Friedrich extension of D%. In
particular

e D" [2(reg(X), E) — L2(veg(X), E)
is a trace class operator and D*>7 : L?(reg(X), E) — L?(reg(X), E) is a discrete operator.

Corollary 5.5. Let X and g be as in Theorem . Assume that reg(X) is a spin manifold and assume
moreover that sy, the scalar curvature of g, satisfies sq > c for some ¢ € R. Let X be the spinor bundle on
reg(X) and let

0:CX(reg(X),X) —» CX(reg(X), %) (103)

be the associated spin Dirac operator. Then Theorem[5.3, Corollary[5.4 and Prop. hold for
e~ L2 (reg(X), ¥) — L2(reg(X), D). (104)
In particular (104)) is a trace class operator and O : L?(reg(X),¥) — L?(reg(X),X) is a discrete operator.

Corollary 5.6. Let X and g be as in Theorem 5.1, Let k € {0,...,m} and consider the Bochner-Weitzenbock
identity for the Laplacian Ay : QF(reg(X)) — QF (reg(X)), see [30] pag. 155 or [£0] pag. 4344,

Ap =V oV + Ly, (105)

where Vi, : QF(reg(X)) — C>(reg(X), T* reg(X) ® A*T* reg(X)) is the metric connection induced by the Levi
Civita connection. Assume that there is a constant ¢ such that (Lgn,n)g. > c(n,m)g,. for each n € QF(reg(X)).
Let A be the Friedrich extension of Ay and let

eTHAE L 120 (reg(X), g) — L*Q*(reg(X), ) (106)

be the heat operator associated to AY . Then (106) is a trace class operator. In particular Theorem Cor.

and Prop. hold for .

31



References

1]

2]

[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]
[18]
[19]

K. Akutagawa, G. Carron, R. Mazzeo. The Yamabe problem on stratified spaces. Geom. Funct. Anal. 24
(2014), no. 4, 1039-1079.

P. Albin, E. Leichtnam, R. Mazzeo, P. Piazza. The signature package on Witt spaces. Ann. Sci. Ec. Norm.
Supér. (4) 45 (2012), no. 2, 241-310.

T. Aubin. Some nonlinear problems in Riemannian geometry. Springer Monographs in Mathematics.,
Springer—Verlag, Berlin, 1998.

F. Bei. Poincaré duality, Hilbert complexes and geometric applications. Advances in Math., 267, 2014,
121-175.

F. Bei F. General perversities and L?-de Rham and Hodge theorems on stratified pseudomanifolds. Bull.
Sci. Math. 138(1), 2-40.

F. Bei, B. Gueneysu. g¢-Parabolicity of stratified pseudomanifolds and other singular spaces. See
http://arxiv.org/abs/1505.06892

P. H. Bérard. Lectures on spectral geometry. Some aspects of direct problems in spectral geometry. With
an appendix by Gérard Besson. With a bibliography by Bérard and M. Berger. 150 Coléquio Brasileiro de
Matemadtica. [15th Brazilian Mathematics Colloquium] Instituto de Matemadtica Pura e Aplicada (IMPA),
Rio de Janeiro, 1985. 247 pp.

N. Berline, E. Getzler, M. Vergne. Heat kernels and Dirac operators. Grundlehren Text Editions. Springer-
Verlag, Berlin, 2004.

B. Boofi-Bavnbek, K. Wojciechowski. Elliptic boundary problems for Dirac operators. Mathematics:
Theory and Applications. Birkhduser Boston, Inc., Boston, MA, 1993

J. Brasselet, G. Hector, M. Saralegi. L?—cohomologie des espaces statifiés. Manuscripta Math., 76 (1992),
21-32

J. Brasselet, G. Hector, M. Saralegi. Théoréme de de Rham pour les variétés stratifiées. Ann. Global Anal.
Geom. 9 (1991), no. 3, 211-243.

J. Briining, M. Lesch. Hilbert complexes J. Funct. Anal., 108 (1992), no. 1, 88-132.

J. Briining, M. Lesch. Kéahler-Hodge theory for conformal complex cones. Geom. Funct. Anal., 3 (1993),
no. 5, 439-473.

J. Briining, M. Lesch. On the spectral geometry of algebraic curves. J. Reine Angew. Math., 474 (1996),
25-66.

J. Briining, R. Seeley. The resolvent expansion for second order regular singular operators. J. Func. Anal.,
73 (1987), 369-429.

J. Briining, R. Seeley. The expansion of the resolvent near a singular stratum of conical type. J. Funct.
Anal. 95 (1991), 255-290.

J. Briining, R. Seeley. Regular Singular Asymptotics. Adv. Math. 58 (1985), 133-148.
I. Chavel, E. Feldman. Spectra of domains in compact manifolds. J. Funct. Anal. 30 (1978), 198-222.

J. Cheeger, Jeff. On the Hodge theory of Riemannian pseudomanifolds. Geometry of the Laplace operator
(Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979), pp. 91-146, Proc. Sympos. Pure
Math., XXXVI, Amer. Math. Soc., Providence, R.I., 1980.

J. Cheeger. Spectral geometry of singular Riemannian spaces. J. Differential Geom. 18 (1983), no. 4,
575-657 (1984)

J. B. Conway. A course in functional analysis. Second edition. Graduate Texts in Mathematics, 96.
Springer-Verlag, New York, 1990.

32



[22]

23]

[24]

[25]

[29]

[30]

[31]

32]

[36]
[37]

[38]

[39]

C. Grant Melles. P. Milman. Metrics for singular analytic spaces. Pacific J. Math., 168 (1995), no. 1,
61-156.

D. Grieser, M. Lesch. On the L2-Stokes theorem and Hodge theory for singular algebraic varieties. Math.
Nachr., 246/247 (2002), 68-82.

P. Griffiths, J. Harris. Principles of algebraic geometry. Reprint of the 1978 original. Wiley Classics Library.
John Wiley & Sons, Inc., New York, 1994

A. Grigor'yan. Heat kernel and analysis on manifolds. AMS/IP Studies in Advanced Mathematics, 47.
American Mathematical Society, Providence, RI; International Press, Boston, MA, 2009.

B. Giineysu. On generalized Schrodinger semigroups. J. Funct. Anal. 262 (2012), no. 11, 4639-4674.

H. Hess, R. Schrader, D. A. Uhlenbrock. Domination of semigroups and generalization of Kato’s inequality.
Duke Math. J. 44 (1977), no. 4, 893-904

H. Hess, R. Schrader, D. A. Uhlenbrock. Kato’s inequality and the spectral distribution of Laplacians on
compact Riemannian manifolds. J. Differential Geom. 15 (1980), no. 1, 27-37 (1981).

H. Hironaka. Resolution of singularities of an algebraic variety over a field of characteristic zero, I, II. Ann.
of Math. 79 (1964), 109-326.

H. B. Lawson, M. Michelsohn. Spin geometry. Princeton Mathematical Series, 38. Princeton University
Press, Princeton

P. Li, G. Tian. On the heat kernel of the Bergmann metric on algebraic varieties. J. Amer. Math., Soc. 8
(1995), no. 4, 857-877.

X. Ma, G. Marinescu. Holomorphic Morse inequalities and Bergman kernels. Progress in Mathematics,
254, Birkhauser Verlag, Basel, 2007.

R. Mazzeo, B. Vertman. Analytic torsion on manifolds with edges. Adv. Math. 231 (2012), no. 2, 1000-1040.

E. Mooers. Heat kernel asymptotics on manifolds with conical singularities. J. Anal. Math. 78 (1999),
1-36.

M. Nagase On the heat operators of normal singular algebraic surfaces. J. Differential Geom., 28 (1988),
no. 1, 37-57.

V. Pati. The heat trace on singular algebraic threefolds. J. Differential Geom. 37 (1993), no. 1, 245-261.

M. Reed, B. Simon. Methods of modern mathematical physics. I. Functional analysis. Academic Press,
New York-London, 1972.

M. Reed, B. Simon. Methods of modern mathematical physics. II. Fourier analysis, self-adjointness. Aca-
demic Press, New York-London, 1975.

M. Reed, B. Simon. Methods of modern mathematical physics. IV. Analysis of operators. Academic Press,
New York-London, 1978.

J. Roe. Elliptic operators, topology and asymptotic methods. Second edition. Pitman Research Notes in
Mathematics Series, 395. Longman, Harlow, 1998.

J. Ruppenthal. Parabolicity of the regular locus of complex varieties To appear on Proc. Amer. Math. Soc.

L. Saloff-Coste. Aspects of Sobolev-type inequalities. London Mathematical Society Lecture Note Series,
289. Cambridge University Press, Cambridge, 2002.

M. E. Taylor. Partial differential equations II. Qualitative studies of linear equations. Second edition.
Applied Mathematical Sciences, 116. Springer, New York, 2011

K. Wehrheim. Uhlenbeck compactness. FMS Series of Lectures in Mathematics. European Mathematical
Society (EMS), Ziirich, 2004.

K. I. Yoshikawa. Degeneration of algebraic manifolds and the spectrum of Laplacian. Nagoya Math. J.,
146 (1997), 83-129.

33



	Background material
	Kato's inequality and domination of semigroups
	Kato's inequality
	A brief reminder on quadratic forms and the Friedrich extension
	Domination of semigroups

	Some general results
	Some results for Sobolev spaces and first order differential operators
	Some results for Schrödinger type operators

	Applications to irreducible complex projective varieties
	Sobolev spaces on irreducible complex projective varieties
	Schrödinger operators on irreducible complex projective varieties

	Applications to stratified pseudomanifolds

