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Abstract

Let (M, g) be an open, oriented and incomplete riemannian manifold of dimension m.
Under some general conditions we show the existence of a Hilbert complex (L2QY(M, g), dom.:)
such that its cohomology groups, labeled with Hj o (M, g), satisfy the following properties:

° H%,mt(M: g) = ker(dmaz,i)/ im(dmin,s)
o Hig(M,g) = H;"E;IZ(M, g) (Poincaré duality holds)

e There exists a well defined and non degenerate pairing;:
Hion(M,9) x HYl' (M) — B (ol ) — [ wnn
M

o If (L*Q"(M, g),don ) is a Fredholm complex then every closed extension of the de
Rham complex (Q¢(M),d;) is a Fredholm complex and, for each ¢ = 0,...,m, the
quotient D(dmaz,i)/D(dmin,s) is a finite dimensional vector space.

Keywords: L2-cohomology, Poincaré duality, Incomplete riemannian manifolds, Fredholm
complexes.
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Introduction

Poincaré duality is one of the best known and most important properties of the de Rham
cohomology on a closed and oriented smooth manifold M. Using the pairing induced by the
wedge product we have:

(M) x 3 O0) — R, () — [ wan 0

Poincaré duality says that () induces an isomorphism between Hip (M) and (HJ}; “(M))* for
all i = 0,...,m, where m is the dimension of M . Besides the previous isomorphism, putting a
riemannian metric g on M and using the results coming from Hodge theory, we have also the
following isomorphisms:

HQR(M) = ker(A;) & ker(A,,—;) = Hg}%_i(M) (2)

where A; := d;_1 0 §;_1 + J; o d; is the i—th Hodge Laplacian acting on Q¢(M). As it is well
known and are not longer true when M is not compact.
In this case two natural and important variations of the de Rham cohomology are provided



by the L?-de Rham cohomology and by the reduced L?-de Rham cohomology. We recall briefly
that the reduced maximal L2-cohomology, F;max(M ,9), is defined as ker(dymaz,:) /iIm(dmaz,i—1)
while the maximal L?-cohomology, Hj ,.,.(M,g), is defined as ker(dmaz,i)/ im(dmaz,i—1) where
dmaz,i @ L*QH (M, g) — L2QiTY(M, g) is the distributional extension of d; : QL(M) — QL(M).
Analogously the reduced minimal L2-cohomology, F;mm(M ,g), is defined taking the quo-
tient ker(dmin,i)/im(dmin,i—1) while the minimal L?-cohomology, Hj .., (M, g), is defined as
ker(domin.i)/ im(dmini—1) Where dpin @ L?Q4(M, g) — L*QiTY(M, g) is the graph closure of
d; + QL(M) — Qi(M). In the non compact setting they are an important tool and indeed
they have been the subject of many studies during the last decades. In this case, as it is well
known, the completeness of (M, g) plays a fundamental role. When (M, g) is complete, the
Laplacian A;, with domain given by the smooth and compactly supported forms Q% (M), is an
essentially self-adjoint operator on L2Q¢(M, g). In particular this implies that Poincaré duality
holds for the reduced L2-cohomology of (M, g). Therefore, when the L?-cohomology is finite
dimensional, it coincides with the reduced L?-cohomology and so it satisfies Poincaré dual-
ity. All these properties in general fail when (M, g) is incomplete. Generally in this case the
differential d; acting on smooth i—forms with compact support admits several different closed
extensions when we look at it as an unbounded operator between L2Q(M, g) and L2QL (M, g).
Therefore, depending on the closed extensions considered, we will get different L2-cohomology
groups and L?-reduced cohomology groups for which, in general, Poincaré duality does not
hold. However open and incomplete riemannian manifolds appear naturally in the context of
riemannian geometry and in that of global analysis, in particular when we deal with spaces
with ”singularities” such as stratified pseudomanifolds or singular complex (or real) algebraic
varieties. Therefore it is an interesting question to investigate some general constructions for
the L2-cohomology of (M, g), when g is incomplete, such that suitable versions of and
are satisfied or, briefly, such that Poincaré duality holds. In the literature other papers have
dealt with this question: for example we mention [I], [5] and [7].

This paper is organized in the following way: The first chapter is devoted to Hilbert complexes.
As explained by Briining and Lesch in [7] this is the natural framework to describe the general
properties of an elliptic complex from an L? point of view. We start recalling from [7] the main
properties and definitions and then we prove some abstract results about Poincaré duality for
Hilbert complexes.

In the second section, after recalled the notion of L2-de Rham cohomology, we apply the results
of the first chapter to the case of the L2-de Rham complex. We can summarize our main results
in the following way:

Theorem 0.1. Let (M,g) be an open, oriented and incomplete riemannian manifold of di-
mension m. Then, for each i =0, ...,m, we have the following isomorphism:

ker(dmax,i)/im(dmin,ifl) = ker(dmaz,mfi)/im(dmin,mfifl)~

Assume now that, for each i = 0,...,m, im(dyin;) is closed in L2Q*1(M,g). Then there
exists a Hilbert complex (L*Q'(M, g)),do ;) which satisfies the following properties for each
1 =0,..,m:

e D(dmin,i) € D(dom,i) € D(dmaz,i), that is dmag,; is an extension of doy; which is an
extension of dmin,i-

e im(don ;) is closed in L?Q*F1(M, g).

e If we call H%m(M, g) the cohomology of the Hilbert complex (L?*Q¢(M, g),do ;) then we
have:

Hé,im(Mv g) = ker(dmam,i)/im(dmin,i)
and _ '
Hj on(M, g) = Hy'5y' (M, g).
o There exists a well defined and non degenerate pairing:

3 n(M, g) % B (M, g) — R, ([, [n]) — /Mw A



Then we prove that:

Theorem 0.2. Under the assumptions of Theorem[0.1 Consider the Hilbert complexes:

)

04 L2(M, g) "2 L2QN(M, g) "t L202 (M, g) " e L2200 (M, g) « 0, (3)

and
04 L2(M, g) "2 L2QY(M, g) "Em" L2Q2(M, g) TEm 0T L2Q0 (M, g) - 0 (4)

Let
0 L2(M,q) "2 L2QN(M, g) "2 L2023 (M, g) "2 .0 L2Q7 (M, g) <0 (5)

be the intermediate complex, which extends (4)) and which is extended by , built according
to Theorem[0.1. Then, for each i =0, ...,m, we have:

dgﬁ,i = Oon,s = £ * dom ;% (6)
where dy ; is the adjoint of don; and * is the Hodge star operator.
Moreover we prove the following result:

Theorem 0.3. Let (M, g) be an open, oriented and incomplete riemannian manifold of di-
mension m. Suppose that, for each i = 0,...,m, im(dyin;) is closed in L2QH1(M,g). Let
(L2Q4(M, g),don i) be the Hilbert complex built in Theorem. Assume that (L*Q(M, g), dom ;)
s a Fredholm complex. Then:

1. Ewery closed extension (L?*Q'(M,g), D;) of (QL(M),d;) is a Fredholm complex.

2. For every i = 0,...,m the quotient of the domain of dyae,; with the domain of dpin i,
that is

D(dmaz,z)/D(dmzn,z)
s a finite dimensional vector space.

According to Theorem we define the following number associated to (M, g):

wLQ (M7 g) = Z(_l)l dim(D(dmax,i)/D(dmin,i)) (7)
i=0
and we prove the following formula:
Theorem 0.4. Under the hypotheses of Theorem[0.3. The following formula holds:

_ _Jo dim(M) is even
¢L2(Mag) _XQ,M(M79) _X2,m(M7g> = { 2X2,M(M,g) dim(M) is odd (8)

where x2.m (M, g) and x2.m(M,g) are the Euler characteristics associated respectively to the
complezes (L*Q(M, ), dmaz i) and (L2QH(M, ), dpin.i)-

In the remaining part of the second chapter and in the third one we prove other results for
the complex (L2Q*(M,g),dm ;). In particular we prove a Hodge type theorem for the coho-
mology groups H;I’Em(M,g), we introduce the L?—Euler characteristic x2 m(M, g) associated
to (L?Q%(M, g),don ;) and the L?—signature o 9n(M,g) for (M, g) when dim(M) = 4l. Then
we show that they are the index of some suitable Fredholm operators arising from the complex
(L?Q%(M, g),don ;). Finally the last part of the paper contains some examples and applications
of the previous results.

We conclude this introduction mentioning that in a subsequent paper we plan to come back
again on this subject investigating some topological properties of the vector spaces Hgm(M ,9)
with particular attention to the cases when they are finite dimensional.
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Piazza for interesting comments and emails. This research has been financially supported by
the SFB 647 : Raum-Zeit-Materie.



1 Hilbert Complexes

We start the section recalling the notion of Hilbert complex and its main properties. For a
complete development of the subject we refer to [7].

Definition 1.1. A Hilbert complex is a complex, (H,, D) of the form:

0—)H0E—)9H12}H2[—)§...D1)_1Hn—>07 (9)

where each H; is a separable Hilbert space and each map D; is a closed operator called the
differential such that:

1. D(D;), the domain of D;, is dense in H;.
8. Diy10D; =0 for alli.

The cohomology groups of the complex are H!(H.,, D..) := ker(D;)/im(D;_1). If the groups
Hi(H,,D,) are all finite dimensional we say that the complex is a Fredholm complex.
Given a Hilbert complex there is a dual Hilbert complex

* * * D:,
0 Hy 2 & H, 222 |, « 0, (10)
defined using D} : H;y; — H;, the Hilbert space adjoint of the differential D; : H; — H,41.
The cohomology groups of (H;, (D;)*), the dual Hilbert complex, are
H'(Hj,(D;)*) := ker(D_,_)/ im(D;,

n—i—1 n7i>‘

An important self-adjoint operator associated to @D is the following one: let us label H :=
D, H; and let
D+D*":H—H (11)

be the self-adjoint operator with domain
n

D(D + D*) = P(D(D;) N D(D;_,))
=0

and defined as

n

D+ D" :=(D; + D; ).
=0

Moreover, for all ¢, there is also a Laplacian A; = D} D; + D;_1D}_; which is a self-adjoint
operator on H; with domain
D(A;) ={veD(D;)ND(D;_;) : Div € D(D}),D}_jv € D(D;_1)} (12)
and nullspace: .
H'(Hy, D) :=ker(A;) = ker(D;) Nker(D]_;). (13)
The following propositions are well known. The first result is the weak Kodaira decompo-
sition:

Proposition 1.1. [[7], Lemma 2.1] Let (H;, D;) be a Hilbert complex and (H;, (D;)*) its dual
complezx, then:

H; =H' ®&im(D;_1) & im(Dy). (14)

The reduced cohomology groups of the complex are:

H'(H,,D,) :=ker(D;)/(im(D;_1)).



By the above proposition there is a pair of weak de Rham isomorphism theorems:

{ Hi(H;,D;) =T (Hj, D) (15)

Hi(H;, D) =H' '(Hj,(D;)")
where in the second case we mean the cohomology of the dual Hilbert complex.
The complex (H,, D.) is called weakly Fredholm if H*(H,, D,) is finite dimensional for each i.

By the next propositions we get immediately that each Fredholm complex is a weak Fredholm
complex.

Proposition 1.2. [[7], corollary 2.5] If the cohomology of a Hilbert complex (H,, D,) is finite
dimensional then, for all i, im(D;_1) is closed and H'(H,, D,) = H'(H., D.).

Proposition 1.3. The following properties are equivalent:
1. @[) is a Fredholm complex.

2. The operator defined in is a Fredholm operator on its domain endowed with the graph
norm.

3. For alli=0,...,n A; : D(A;) = H; is a Fredholm operator on its domain endowed with
the graph norm.

Proof. See [7] Theorem 2.4 O

Proposition 1.4. [[7], corollary 2.6] A Hilbert complex (Hj, D;), j = 0,...,n is a Fredholm
complex (weakly Fredholm) if and only if its dual complex, (H;, DY), is Fredholm (weakly Fred-
holm). In the Fredholm case we have:

H'(Hj, Dj) = H'(Hj, Dy) = H"~'(Hj, (D;)*) = H" ™ (Hj, (Dy)").- (16)
Analogously in the weak Fredholm case we have:

—n—1i

H(H;,D;) = H (H;,Dy) = H' ' (H;,(D;)") = H" " (H;, (D;)"). (17)

Now we recall some definitions from [5]. We refer to the same paper for more properties
and comments.

Definition 1.2. Consider a pair of Hilbert complezes (H;, D;) and (H;, L;) with i = 0, ..., n.
The pair (H;, D;) and (H;,L;) is said to be complementary if the following property is
satisfied:

o for each i there exists an isometry ¢; : H; — H,,_; such that ¢;(D(D;)) = D(L%_,_ ;)
and LY _. 1 o ¢; = Ci(¢iy1 o D;) on D(D;) where L : H,_; — H,_;_1 is the

n—i—1

adjoint of Ly_;_1: Hyp_y—1 — Hy—; and C; # 0 is a constant which depends only on i.
We call the maps ¢; duality maps.
We have the following proposition:
Proposition 1.5. Let (H;, D;) and (H;, L;) be complementary Hilbert complexes. Then:

1. Also (H;,L;) and (H;, D;) are complementary Hilbert complexes. Moreover if {¢;} are
the duality maps which make (H;, D;) and (H;, L;) complementary then {¢}}, the family
obtained taking the adjoint maps, are the duality maps which make (H;, L;) and (H;, D;)
complementary.

2. Each ¢; induces an isomorphism between H7(H,,D.) and H" I (H,, L,).

3. The complexes (H;, D;) and (H;, LY) have isomorphic cohomology groups and isomorphic
reduced cohomology groups. In the same way the complexes (H;, L;) and (H;, D}) have
isomorphic cohomology groups and isomorphic reduced cohomology groups.

4. The following isomorphism holds: Hj(H*7 D,) = Fn_j(H*7 L,).



Proof. See [5] Prop. 5. O

Finally, given a pair of Hilbert complexes (H;, D;) and (H;, DY), we will write (Hj, D;) C
(Hj, DY) if, for each j, D} extends D;. We will write (H;, D;) C (Hj, D}) if D; # D for at
least one j. We are now in position to prove the main results of this section:

Theorem 1.1. Let (H;,D;) C (H;, L;) be a pair of complementary Hilbert complexes. Then,
for every 7 =0, ...,n, we have the following isomorphism:

ker(L;)/(im(D;-1)) = ker(Ln—;)/(im(Dp—j-1))- (18)

Proof. The fact that L; is an extension of D; implies that, the complex below is well defined
for each j =0,...,n

D]’71

0= Ho 2 2 .75 w5, o, (19)
The dual Hilbert complex is clearly:
* D L L’ _
04 Hy €0 . & H, & .2 Hy 0, (20)
Therefore, by and , we get that:
ker(L;)/(im(D;-1)) = ker(L;) Nker(D;_;). (21)

By Def. and Prop. we know that ¢,,_; induces an isomorphism between ker(L;) and
ker(D;,_; ;) and between ker(L,_;) and ker(D}_,). Therefore it induces an isomorphism

between ker(L;) Nker(D;_,) and ker(D},_; ;) Nker(L,_;). In this way, using (2I)), we get:

ker(LJ)/(lm(DJ_l)) = ker(Lj) N ker(D;‘_l) =

= ker(D;,

n—j—1) Nker(Ly_;) = ker(Ly,—;)/(im(Dp—j-1))

and this completes the proof. O

Theorem 1.2. Let (H;,D;) C (H;,L;), 7 =0,...,n, be a pair of Hilbert complezes. Suppose
that, for each j, im(D;) is closed in Hj11. Then there exists a third Hilbert complex (H;, P;)
such that:

1. (H;,D;) C (H;, P;) C (Hj,L;) and the image of P; is closed for each j.
2. H’(H.,P.) = ker(L;)/(im(D;-1)).
3. If (H;,D;) C (Hj, L;) are complementary then:

HI(H,,P,) = H" I (H,,P,).

Proof. To prove the first part of the proposition we have to exhibit a Hilbert complex which
satisfies the assertions of the statement. To do this consider the following Hilbert space

(D(Lj)7 < ) >g)

which is by definition the domain of L; endowed with the graph scalar product, that is for
each pair of elements u,v € D(L;) we have

<U,U>g = <u’ U>Hj + <Lju7Ljv>Hj+1'

During the rest of the proof we will work with this Hilbert space and therefore all the direct
sums that will appear and all the assertions of topological type are referred to this Hilbert
space (D(L;),(, )g). We can decompose (D(L;),(, )g) in the following way:

(D(Lj); (5 )g) = ker(L;) @ V; (22)

where V; = {a € D(L;) Nim(L})} and it is immediate to check that these subspaces are both
closed in (D(L;),(, )g)-



Consider now (D(D;),{ , )g); it is a closed subspace of (D(L;),( ,)¢g) and we can decompose
it as
(D(D;), (s )g) = ker(D;) ® A;. (23)

By the assumption on the range of D; we get that also the range of D7 is closed. So, analogously
to the previous case, A; = {a € D(D;)Nim(D7)} and obviously these subspaces are both closed
in (D(Dj),(, )g). Clearly if ker(D;) = ker(L;) then the Hilbert complex (H;, D;) satisfies the
first two properties of the statement, that is defining (Hj, P;) as (H;, D;), we have (H;, D;) C
(H;, Pj) C (Hj, L;), the image of P; is closed for each j and H’(H,, P.) = ker(L;)/(im(D;_1)).
So we can suppose that ker(D;) is properly contained in ker(L;). Let m ; be the orthogonal
projection of A; onto ker(L;) and analogously let w5 ; be the orthogonal projection of A; onto
V;. We have the following properties:

1. mo ; is injective
2. im(mg ;) is closed.

The first property follows from the fact that ker(ms ;) = A; Nker(L;). But L; is an extension
of Dj; therefore if an element « lies in A; Nker(L;) then it lies also in ker(D;) and so o = 0
because ker(D;) N A; = {0}. For the second property consider a sequence {7, }men C A; such
that 7o ; () converges to v € V;. We recall that we are in (D(L;),( , )g) and therefore this
means that

Jim 7o () =y in Hj and lim Lj(m2,5(ym)) = Lj(y) in Hjp1.

Then
lim Dj(ym) = lim Lj(ym) = lim Lj(m;(ym)) = L;(7)-

m—00
This implies that
lim Dj(ym) = L;(7)

m—r oo
and therefore the limit exists. So by the assumptions about the range of D; we get that there
exists an element n € A; such that

Jim D;(ym) = Dj(n)-
Moreover L;(y) = Dj(n) = Lj(n) = L;(m2,(n)). This implies that L;(m2 ;(n) —v) = 0 and
therefore ma (1) = v because w2 j(n),y € V; and L, is injective on Vj. In this way we have
shown that im(ms ;) is closed.
Now define N; as the range of 7y ;. Finally define W; as the vector space generated by the
sum of ker(L;) and N;. By the fact that ker(L;) and N; are orthogonal to each other we have
W, =ker(L;) & N; and therefore W is closed in (D(L;),(, )g). Finally define P; as

Py := Ljlw, (24)

By the fact that W} is closed in D(L;) and that 7 ;j(A4;),m2 ;(A;) C W; we get that P; is a
closed extension of D; which is in turn extended by L;. Moreover, by the construction, it is
clear that ker(P;) = ker(L;). Finally, again by the definition of P; and its domain, we have
im(P;) = L;j(m2,;(A;)) = im(D;). Therefore we got that im(P;) is closed and that

ker(P])/lm(Pj,l) = ker(LJ)/lm Djfl-

This completes the proof of the first two statements.
Finally, combining the second statement of this Theorem with Theorem[I.1] the third statement
follows. O

For the dual complex of (H;, P;) we have the following description:

Theorem 1.3. Under the hypotheses of Theorem[I.4 Assume moreover that the image of L;,
im(L;), is closed for each i =0,...,n. Consider the Hilbert complezes:

D} D¥ D: Dy _
0 Hy <2 Hy < Hy 2 ... &' H, « 0, (25)



and

L L* L: LY
0<—H0<—0H1(—1H2<—2... (—lHn<—0. (26)
Let 5
0 Ho & H & H, &2 .75 Hy 0 (27)

be the intermediate complex, which extends and which is extended by , constructed
according to Theorem (and its proof). Then, for each i =0, ...,n, we have:

Pr=S;. (28)
Furthermore assume that (H;, D;) and (H;, L;) are complementary (in this case the fact that

im(D;) is closed implies that im(L;) is closed). Let {¢;} be the duality maps and suppose that
qS;l = +¢n_i. Then we have:

S;i=C;l'¢; o Py i1 0¢is1 =EC;  Pp_i0 Pu_iq0dit. (29)
In order to prove Theorem we need the following proposition:

Proposition 1.6. Let H and K be two Hilbert spaces and let T : H — K be a closed and
densely defined operator. Let S : H — K be another closed and densely defined operator which
extends T. Assume that ker(T') = ker(S) and im(T") = im(S). Then:

T=S
that is D(T) = D(S) and T'(u) = S(u) for each u € D(S).

Proof. Consider the Hilbert space (D(S),(, )g). As in the proof of Theoren we can
decompose it as (D(S),{, )g) = ker(S) ® A where A = D(S) Nim(S*). Analogously, if we
consider (D(T),( , )g), then we have (D(T),(, )g) = ker(T) @ B where B = D(T) Nim(T*).
By the fact that D(T) C D(S) and ker(S) = ker(T') we get that B C A. Now let uw € A. Then
there exists v € B such that S(u) = T'(v). Therefore, by the fact that S extends T, we have
S(u —v) = 0 and this implies that « = v because (u — v) € ker(S) N A. So we can conclude
that S =1T. O

Proof. (of Theorem [1.3). First of all we remark that we can apply Theorem to the pair of
complexes and (26)). Clearly extends ; moreover, having assumed that im(L;) is
closed, it follows that im(L7) is closed. In this way the assumptions of Theoremare fulfilled.
Now, by Theoremand its proof, we know that im(P;) is closed for each i = 0, ..., n. Therefore
also im(P}) is closed for each i = 0,...,n and we have im(P;) = (ker(P;))* = (ker(L;))* =
im(L?). In the same way ker(P}) = (im(P;))t = (im(D;))t = ker(D}). Now, if we consider
Si, again by Theorem and its proof, we have im(S;) = im(L}), ker(S;) = ker(D}) and
in particular im(S;) is closed. Therefore, according to Prop. in order to prove it is
enough to show that P extends S;. To do this we have to show that:

<P1(U), U>Hi+1 = <u5 Si(v)>Hi (30)

for each u € D(F;) and for each v € D(S;). We start observing that we can decompose u
as uy + ug where u; € ker(P;) and up € D(P;) Nim(P;). Analogously v = v1 + ve where
v1 € ker(S;) and vy € D(S;) Nim(S;). So we get (Pi(u),v)n,,, = (Pi(uz),v2)n,,, because
0 = P;(u1) and P;(uz) € im(D;) which is orthogonal to ker(D;) = ker(S;). By the proof of
Theorem [I.2] we know that P;(uz) = D;(w) for a unique element w € D(D;) Nim(D;). There-
fore <Pi(u2)av2>H7‘,+1 = <Di(w)7v2>H«;+1 = <waD:<(UQ)>H1 = <wvsi(v2)>H7’, because vy € D(SZ) C
D(D;) and Dj|p(s,) = Si. Now, using the projections 71 ; and mo; defined in the proof of
Theoremwe can decompose w as 71 ;(w) + ma,;(w) where 7 ;(w) is the projection of w on
ker(L;) and mz ;(w) is the projection of w on D(L;) Nim(L}).

We have that o ;(w) = us because ma ;(w) — ug € ker(L;) N (D(L;) Nim(L})) = {0}. There-
fore we get (w,S;(v2))m, = (m1,:(w) + ug2, S;(v2))m,. Now by the fact that S;(v1) = 0 and
(z,8;(v2))pr, = 0 for each z € ker(L;) we get (w1 ;(w) + ug, S;(v2)) g, = (uz2,S;(v2) + Si(v1)) m;
= (u1 + ug, Si(v2) + Si(v1))m, = (u, S;(v))m,. Summarizing all the passages we have:

<Pi(u)7U>Hi+1 = <P7;(U2),112>Hi+1 = <Di(w)vv2>Hz‘+1 = <w7D;'k(U2)>H1, = <w,Si(’U2)>Hi =



= (m1,i(w) + 7o, (w), Si(v2)) , = (m1,i(w) + ua, Si(ve))m, = (uz2, Si(v2) + Si(v1))m, =
= <U1 + ug, Si(UQ) + Sl(vl»Hq = <u7 Si(v)>Hi

and this completes the proof of .
Now we prove . We start recalling that

D(S;) = ker(D;) @ moi41(D(L]) Nim(L;)) (31)

and
D(Pn—i—l) = ker(Ln_i_l) (&) WQ,n—i—l(D(Dn—i—l) n 1m(D:‘L_1_1)) (32)

where, as defined in the proof of Theorem in mg,i+1 1S the projection
moi41 : D(L]) Nim(L;) — D(D;) Nim(D;) (33)
and in o n—i—1 is the projection
Ton—i—1: D(Dp_i—1) Nim(D;}_;_1) — D(Lp—;—1) Nim(L)_,_;). (34)

Therefore, in order to avoid any confusion, during the rest of the proof we will label with 7r§ il
the projection and with 71';”_2»_1 the projection . First of all, in order to establish
, we need to prove that

¢i+1(D(5:)) = D(Pn—i-1).

This is equivalent to show that

Giy1(ker(D])) = ker(Ln—i-1) (35)
and that
$i+1(m3 141 (D(LF) Nim(Ly))) = 13 ;1 (D(Dy—i1) Nim(D;; ;) (36)
By the fact that C;(¢i+1 0 D;) = L _, 4 o ¢; we get
Ci(Df o ¢ k) = ¢ o Lyia (37)

and this implies immediately .

Now to establish we need to prove that ¢, 1(D(L})Nim(L;)) = D(Dp—;—1) Nim(D} _,_;)
and that 73, ;1 0 ¢ip1 = diy1 0Ty ;4.

Consider again C;(¢;+1 0 D;) = L o ¢;. It follows immediately that

$i(D(Di)) = D(Ly—i—1)- (38)

This implies that D(D;) = qb;l(D(LfL_i_l)) which in turn implies that D(D;) = ¢n—;(D(L}_,_1))
or equivalently D(D,,—;—1) = ¢;41(D(L})).

Taking again C;(¢iy1 0 D;) = L _, ;1 o ¢;, we get C;(Df o ¢pp_i—1) = £¢pp_; 0 Ly,_;—1 that is
Cn_i—1(D}_,_1 0 ¢i) = £dir1 0 L;. In this way we get that ¢;y1(im(L;)) = im(D} ). So

n—i—1
we can conclude that:
¢i+1(D(L;) Nim(L;)) = D(Dp—i—1) Nim(Dy,_;_1).

Now, to complete the proof of (36]), we have to show that (¢;10m5 ;) (u) = (75, _;_10¢it1)(u)

)

for each i = 0, ...,n and for each u € D(L) Nim(L;). Let u € D(L}) Nim L<l) Then:
Gis1 (1) = T i1 (Dis1 (w) + 75 i1 (dir1 (w) (39)
where, as defined in the proof of Theorem ﬂf n—i_1 1s the projection
Tt n_io1 t D(Dp—i—1) Nim(D} ;1) — ker(Ly—i—1).

On the other hand:
Gis1(u) = Gipr (77 4y () + 75,44 (u) (40)



where now ﬂ'ﬁ 41 is the projection
7801+ D(LY) Nim(Li) —> ker(D}).
Now if we look at we get:
¢i+1(D(D7)) = D(Lp—i—1) and ¢;y1(ker(D;)) = ker(Lp—;—1)
while from Def. we get:
Giv1(im(D;)) = im(Ly, ;1)
Therefore, if we consider again , we have:
¢i+1(wfi+1(u)) € ker(L,—;—1) because Wii+1(u) € ker(D})

and

¢i+1(7r§7i+1(u)) € D(Lp—i—1) Nim(L)_, ;) because ﬂ§i+1(u) € im(D;) N D(D}).
In this way we can conclude that:

Trf,n—i—l((rbi—i-l(u)) = ¢i+1(7rf,i+1(u)) and Wgn—¢—1(¢i+l(u)) = ¢i+1(7r§,i+1(u))

because

M1 (Gir1 (1) + 75 i1 (D1 () = Gi1 (71 141 () + 75541 (0)) = i (u)

T i1 (Gir1 (W) — Gig1 (75 41 (u)) € ker(Ly—i—1),
Wég,nfifl((bz*kl(u)) - ¢i+1(725,i+1(“)) € D(Ly—i—1) Nim(L;,_; 1)

and
ker(Ly—;—1) Nim(L}_, ;) = {0}.

Thus we proved and and this means that

¢i41(D(S;)) = D(Pp—i—1).

Now, in order to complete the proof of , we have to show that
Si(v) = £C; (¢n—i© Poi—1 0 hiy1)(v)
for each v € D(S;). Let v € D(S;). Then, according to (31),
V=11 + V2

with v1 € ker(D}), v € W§i+1(D(Lf) Nim(L;)) and we have ¢;(S;(v)) = ¢:(Df(ve)) =
¢i(D; (75 ;41 (w))) where w € D(L}) Nim(L;) is unique because, as proved in the proof of
Theorem 7T2S7i+1 is injective. So we get:

0i (D} (7541 (W) = C; " L1 (i1 (75 1y (w))) = C7 ' L i 1 (75, i1 (dig1(w))) = (because
Thmi1(Gis1(w)) € D(Po_i_1)) = C; ' Poioa(my i1 (i1 (w))) =
Crl Pasia (i1 (m5 1 (w))) = C7 Pasi1(dig1(v2)) = C; ' Paica(Giga(v1 + v2)) =

=G Poica(¢iga(v)).
Thus we proved that
$i(Si(v)) = C; ' Pr_i—1($is1(v))

for each v € D(S;) and therefore we can conclude that:

S;=C ' o Pyii10¢ip1 =EC;  pp_i 0o Po_i_10dit1.
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With the next theorem we investigate the Fredholm property for the complex (H;, P;).

Theorem 1.4. Let (H;,D;) C (H;,L;), j =0,...,n, be a pair of Hilbert complezes. Suppose
that, for each j, im(D;) is closed in H;y1. Let (H;, P;) be the Hilbert complex built in Theorem
. Suppose that (Hj, Pj) is a Fredholm complex. Then:

1. Every Hilbert complex (H;,Tj), such that (H;, D;) C (H;,T;) € (Hj,Lj), is a Fredholm
complez.

2. The quotient of the domain of L; with the domain of D;, that is
D(L;)/D(D;)
is a finite dimensional vector space for each j =0, ...,n.

Proof. Consider a Hilbert complex (Hj;,T}) such that (H;,D;) C (H;,T;) C (Hj,Lj). For
each j we have a natural and injective map:

ker(T3)/ im(Tj—1) — ker(L;)/ im(T; 1) (41)
and a natural and surjective map:
ker(Lj)/im(Dj_l) — ker(Lj)/im(Tj_l) (42)

But, by the assumptions, we know that ker(L;)/im(D;_1), that is H’(H,, P.), is finite di-
mensional. Therefore, combining and together, we get that HY(H,,T.) is finite
dimensional for each j and this completes the proof of the first statement.
Now, for every j, consider the two following vector spaces: W; defined as

W; :=="D(L;)/im(D;—1)
and V; defined as
Vj :=D(D;)/im(D;_1).

Then L; induces a well defined operator, that we call I:j, acting from W; to ker(Lj;y1).
Analogously D; induces a well defined operator D~j 1 V; — ker(L;). Finally let us label
by i; : V; — W; the map induced by the natural inclusion i; : D(D;) — D(L;).

Now we recall that on W; there is a natural and standard structure of Banach space because
it is defined as the quotient of a Hilbert space, that is (D(L;),(, )g), with a closed subspace,
that is im(D;). Analogously also on V; there is a natural and standard structure of Banach
space because it is defined as the quotient of (D(D;),(, )g), which is a Hilbert space, with
im(D;), which is a closed subspace of (D(D;),(, )g) as well. We remark that the standard
norm on Wj is given by:

= inf )
1 [w]llw, el ) lu+ sl (e

where [u] € W; and analogously on V; we have:

= inf )
1]llv; LA v+ slob,), ,)e)

where [v] € V. It is immediate to check that in this way we have three continuous operators:
Lj:W; — ker(Lj1), Dj:V; — ker(Ljt1), ij:V; — W; (43)
acting between Banach spaces such that:
Ljoi; =Dj. (44)

But D; is a Fredholm operator because ker(D;) = H7(H,, D.) and coker(D;) = HIt(H,, P,).
Analogously L; is a Fredholm operator because ker(L;) = HJ(H,,P,) and coker(L;) =
HI*Y(H,,L,). Therefore, combining with , we get that Ej is Fredholm too. But, by
the definition of gj, we get immediately that 4; is injective and therefore we have

ind(i;) = — dim(coker(i;)). (45)
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Now, in order to complete the proof, we have to observe that
coker(i;) = W; /i;(V;) = (D(L;)/ im(D;-1))/(i;(D(D;)/ im(D;-1))) = D(L;)/D(D;). (46)
Therefore we can conclude that
D(L;)/D(D;)
is a finite dimensional vector space and this establishes the theorem. O

Corollary 1.1. Under the assumptions of Theorem[I.]] we have the following cohomological
formula:
dim(D(L;)/D(D;)) = (47)

dim(H?(H,, P,)) — dim(H " (H,, L)) + dim(H " (H,, P,)) — dim(H’ (H,, D..)).

Proof. By (44), and we have dim(D(L;)/D(D;)) = —ind(i;) = ind(L;) — ind(D;).
But

ind(L;) = dim(ker(L;)) — dim(coker(L;)) = dim(H? (H,, P,)) — dim(H’*'(H,, L.)). (48)
Analogously
ind(D;) = dim(ker(D;)) — dim(coker(D;)) = dim(H’ (H,, D)) — dim(H' "' (H., P,)). (49)

Therefore, combining and , we get and this completes the proof. O

2 Poincaré duality for L?>-cohomology

Now we recall how Hilbert complexes appear naturally in the context of riemannian geometry.
Let (M, g) be an open, oriented and possibly incomplete riemannian manifold. Consider the de
Rham complex (%(M),d,) where each form w € Qi(M) is a i—form with compact support.
Using the riemannian metric g and the associated volume form dvol; we can construct for
each i the Hilbert space L2Q(M, g). To turn the previous complex into a Hilbert complex we
must specify a closed extension of d;. With the two following definitions we will recall the two
canonical closed extensions of d;.

Definition 2.1. The mazimal extension dpyqz; this is the operator acting on the domain:

D(dpmaz,i) = {w € L*QN(M,g) : 3 n € L*QTH(M, g) (50)

st (w,6:C) r20i(ar,g) = (M, Q) L2iv1(an,g) ¥ ¢ € QU (M)}

In this case dpmqgy,iw = 0. In other words D(dpmqz,i) 1S the largest set of formsw € L*Q¢(M, g)
such that d;w, computed distributionally, is also in L?*QiT1(M, g).

D_eﬁnition 2.2. The minimal extension dpin,i; this is given by the graph closure of d; on
QL(M) with respect to the norm of L*Q¢(M, g), that is,

D(dmin,i) = {w S LQQi(M, g) = {w]'}jeJ C QZ(M, g), wj — w, diw]' —n e L2Qi+1(M, g)}
(51)
and in this case dpin w = 1.

Obviously D(dmin,i) € D(dmas,;).- Furthermore, from these definitions, we have immedi-
ately that

Amin,i(D(dmin,i)) € D(dmin,i+1); dmin,it1 © dmini =0
and that
dmaac,i(D(dmaac,i)) g D(dmax,i+1)a dmrmﬁ,i+1 o dmaw,i = 0.

Therefore (L2Q* (M, g), dpaz /min,=) are both Hilbert complexes and their cohomology groups
are denoted by H; (M, g).

2,max/min

Consider now the formal adjoint of dy, 6 : Q¥T1(M) — QF(M). In completely analogy to the

12



previous definition 0yqq,k : L2QF1 — L2QF(M, g) is defined as the distributional extension
of &), while 8in i+ L2QFHL — L2QF(M, g) is defined as the graph closure of 5 : Q¥ T1(M) —
QF(M). A straightforward but important fact is that the Hilbert complex adjoint of
(L2Q*(M7 g)7dmax/min,*) is (LzQ*(Mv g)aémin/mar,*)a that is

(dmam,i)* = 5min,i7 (dmzn,z)* = 6m,am,i~ (52)

Using Proposition we obtain two weak Kodaira decompositions:

L2Qi(M7 g) = Hfzbs/rel(Mv g) S?) im(dmam/min,i—l) D lm((smzn/maz,z) (53)

with summands mutually orthogonal in each case. The first summand on the right, called the
absolute or relative Hodge cohomology, respectively, is defined as the orthogonal complement
of the other two summands. Since (im(dmax’i,l))J— = ker(dpmin,i—1) and (im(dmm,i,l))J— =
ker(dpmaz,i—1), we see that

Hiopejret = Ker(dmaajmin.i) N Ke(min fmaz.i—1)- (54)
Now consider the following operators:
Aavs,i = Omin,ilmaz,i + dmaz,i—10mini—1, Dreli = Omaz,idmin,i + Amin,i—10maz,i—1  (55)
These are selfadjoint and satisfy:
abs (M. g) = ker(Aaps,i), Hya(M,g) = ker(Areri) (56)

and

im(Aabs,i) = im(dmax,ifl) 2] 1m(6mzn,z)7 im(Arel,i) = im(dmin,ifl) S im((smax,i)~ (57)

e TTi
Furthermore if HZ,maa:/min

and H;bs/rel(M’ g) = H;,maw/min
decomposition:

(M, g) is finite dimensional then the range of dyqa/min,i—1 is closed
(M,g). On L?Q(M,g) we have also a third weak Kodaira

LQQi(M7 g) = Hina;v (Ma g) S2) im(dmin,i—l) S im((smin,i) (58)

where H! . (M, g) satisfies Hi (M, g) = ker(dmaz.i) N ker(Smax,i—1). It is called the i — th
mazimal Hodge cohomology group.
Finally consider again the complex (Q2%(M), d.). We will call a closed extension of (2% (M), d.)
any Hilbert complex (L?Q!(M, g), D;) where D; : L?Q*(M, g) — L?*Q'T1(M, g) is a closed op-
erator which extends d; : Q%(M, g) — QiF1(M, g) and such that the action of D; on D(D;),
its domain, coincides with the action of d; on D(D;) in the distributional sense. Obviously
for every closed extension of (Q(M),d.) we have (L*Q*(M, g), dmin.) C (L?*Q*(M, g),D;) C
(L2Q*(M, g), dpmaq,+)- We will label with H3 , (M, g) and Hy 1, (M, g) respectively the coho-
mology groups and the reduced cohomology group of (L*Q*(M, g), D;) and with H}, (M, g) its
Hodge cohomology groups.

Now we are in the position to prove the following results:

Proposition 2.1. Let (M,g) be an open, oriented and incomplete riemannian manifold of
dimension m. Then the complezes

(LQQ*(Ma g)7dmaz,*) and (LQQ*(Ma g)ydmzm*)

are a pair of complementary Hilbert complexes.
Moreover, for every i =0, ...,m, we have the following isomorphism:

ker(dmax,i)/im(dmin,i—l) = ker(dmam,m—i)/im(dmin,m—i—l)~

Proof. See [5] Theorem 11 for the proof of the first part of the theorem. The second part
follows from Theorem [l O
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Theorem 2.1. Let (M, g) be an open, oriented and incomplete riemannian manifold of di-
mension m. Suppose that, for each i = 0,...,m, im(dyin.i) is closed in L*QT1(M,g). Then
there exists a Hilbert complex (L*Q'(M, g)),don.i) such that, for each i = 0,...m, the following
properties are satisfied:

* Dldmini) € D(doni) € Dldmaz.); that is dmas,i is an eatension of da; which is an
extension of dymin.i-

e im(don ;) is closed in L?Q*F1(M, g).
o If we denote Hiim(M,g) the cohomology of the Hilbert complex (L*Q'(M, g),don,;) then

we have:
Hé,m(Mv 9) = ker(dmaz,i)/ im(dmin,i)
and ' ‘
H on (M, g) = Hyoy' (M, g).
Proof. The proof is an application of Theorem combined with Proposition O

From Theorem [I.3] we get the following result:

Theorem 2.2. Under the hypotheses of Theorem[2.1. Consider the Hilbert complezes:

)

0 L2(M, g) e L2QN(M, g) """ L2Q?(M, g) "= et [20(M, g) + 0, (59)

and

0 ¢ L2(M, g) "2 L2QY(M, g) " L202(M, g) e e 200 (M, g) < 0 (60)

Let

dom,2

0 L3(M, g) 2 L2QN(M, g) 2" L2Q2(M, g) 2% .. "7 L2Q"(M,g) < 0 (61)
be the intermediate complex, which extends and which is extended by , built according
to Theorem , Then, for each i =0,...,m, we have:

d;,u = 0o, = L *dom; *. (62)
Proof. 1t is an application of Theorem O

Applying Theorem [1.4] we get the following result:

Theorem 2.3. Let (M, g) be an open, oriented and incomplete riemannian manifold of di-
mension m. Suppose that, for each i = 0,...,m, im(din;) is closed in L2QH (M, g). Let
(L2Q4(M, g),don i) be the Hilbert complex built in Theorem|2.1, Assume that (L*Q* (M, g), dom ;)
is a Fredholm complex. Then:

1. Every closed extension (L*Q'(M,g), D;) of (QL(M),d;) is a Fredholm complex.
2. For every i = 0,...,dim(M) the quotient of the domain of dpmas; with the domain of
dmin,i7 that is
D(dmar,l)/D(dmln,z)
s a finite dimensional vector space.

Proof. Tt is an application of Theorem O

Now, before stating the next result, we introduce some notations:

Definition 2.3. Let (M,g) be an open, oriented and incomplete riemannian manifold of di-
mension m. Then, in analogy to the closed case, we label with by om (M, g),b2 a,i(M,g) and
ba,m,i(M,g) respectively the dimension of Hégm(M7 9)s HS pou(M, g) and Hj, ;.. (M, g) when
they are finite dimensional. Moreover we define:

Xomr (M, ) =Y (=1)ba ari(M, g), x2m(M,g) :="Y (=1)"bo.mi(M, g) (63)
i=0 i=0
and .
Xom(M, g) := Z(ﬂ)ibz,m,i(M, 9). (64)
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Corollary 2.1. Under the assumptions of Theorem[2.5 we have the cohomological formula

dim(D(dmaz,i)/P(dmin,i)) = baon,i(M, g) —ba nriv1(M, g)+b2oniv1(M, g) —ba,m (M, g) (65)
for eachi=0,...m
Proof. The corollary is an immediate application of Corollary O

We conclude this section with the following result. Let (M, g) be an open, oriented and
incomplete riemannian manifold of dimension m such that im(d,,, ;) is closed for each i =
0,...,m. Assume that (L?Q(M, g),dsn ;) is a Fredholm complex. Then, according to Theorem
we can define the following number associated to (M, g):

m

sz (Mv g) = Z(_l)l dlm(D(dmaI,z)/D(dmzn,z)) (66)

i=0
Yr2(M, g) satisfies the following properties:
Theorem 2.4. Under the hypotheses of Theorem[2.3 the following formula holds:

_ _Jo dim(M) is even
wLZ (M7 g) - X2,M(M7 g) - XZ,m(Ma g) - { 2X2,M(Ma g) dlm(M) is odd (67)
Proof. By and we have:
Vr2(M,g) = Z(_l)i<b2,9ﬁ,i(M» g) —bamit1(M, g) +baoniv1(M, g) — bam,i(M,g)) =
=0

( )b2£ml+1M9 Z mezMg))
=0

=3 (=1)'boemi(M, 9)=> _(=1)baarip1 (M, g)+
i=0 =0

m

= Xom(M,g) + Y (=1 by ar i1 (M, 9) =Y (=1)"bami1(M, g) = xa,m(M, g) =
1=0

m

= Xom(M, g) + Y (=1)'bo,nri(M, g) = Y (=1)'bo.omi(M, g) = X2,m (M, g) =

M 1

=1 i=1
= Xom(M,g) =1+ 1+ Z )'boari(M,g) +1—1=3 (=1)'baomi(M,g) = xam(M,g) =
=1 =1

=x2m(M,g) =1+ x2.m(M,g9) + 1 = x2m(M,9) — x2,m(M, g) =
= x2,m (M, g) — x2,m(M, g).

This proves the first equality of ‘ By Prop. we know that (L2Q4(M, g), dmaz.i) and
(L?Q%(M, g), dmin.i) are complementary Hilbert complexes. Moreover, by the assumptions, we
know that these are both Fredholm. Therefore, applying Prop. we get H ..(M,g) =

HI"" (M,g) for each i = 0,...,dim(M). This implies that x2,m (M, g) = x2.m(M,g) when

2,min
dnn(M) is even and that xo (M, g9) = —x2,m(M,g) when dim(M) is odd. Thus we have
proved the second equality of (67). O

Corollary 2.2. Under the assumptions of Theorem[2.3 we have the equality

. N 4 ~J 0 dim(M) is even
V12 (M. 9) = nd(dmaz+Omin) —ind(dmintOmar) = { 2ind(dmaz + 6min)  dim(M) is odd
(68)
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Proof. We recall that d,nqz+0min is the operator associated to the complex (L2QY (M, g), dmaz i)
according to . Analogously, again according to , dmin + Omaz 1S the operator associated
to the complex (L?Q(M, g), dymin.i). Therefore they are Fredholm operators on their domains
endowed with the graph norm and it is easy to see that ind(dmaz + Omin) = X2, (M, g) and
that ind(dmin + dmaz) = X2,m(M, g). Now, using @, we get the first equality of .

As in the proof of Theorem we have ind(dmaz + Omin) = Ind(dmin + Omaz) when dim(M) is
even and ind(dpaz + Omin) = — ind(dpmin + dmaz) when dim(M) is odd. Therefore this implies
immediately the second equality of and so the proof is completed. O

Remark 2.1. A priori there is no reason to expect that diim(D(dmaz.,:)/D(dmin.i)) and Yr2(M, g)
admit a description only in terms of L?-cohomology groups. Therefore the identities and
(67) are remarkable.

3 Other results concerning (L?*Q'(M, g), dgy ;)

In this section we collect other results concerning the Hilbert complex (L2Q¢(M, g), don ;). We
start with the following Hodge theorem for the L2-cohomology groups H;m(M ,9)-

Theorem 3.1. Under the assumptions of Theorem ' Let A; : QL(M) — Qi(M) be the
Laplacian acting on the space of smooth compactly supported i—forms. Then there exists a
self-adjoint extension Agy ;@ L*QH(M, g) — L*Q' (M, g) with closed range such that

ker(Agp ;) = Hé);m(M, 9) = ker(dmag,i)/ M (dpinq)- (69)
Proof. Consider the Hilbert complex (L?Q(M, g),dsn ;). For each i = 0,...,m define
Aoy i = dyyn ; o doni + domi—1 0 don iy (70)
with domain given by

D(Agn,i) = {w € D(don,i) N D(dgn ;1) = don,i(w) € D(day ;) and day ;1 (w) € D(dgm,i,l)(}.

71)
In other words, for each i = 0,...,m, Agy; is the ¢ — th Laplacian associated to the Hilbert
complex (L*Q'(M, g),dam ;). So, as recalled in the first section, we have that is a self-
adjoint operator. Moreover, by Theorem [2.1) we know that dox ; has closed range for each .
This implies that also dgy ; has closed range for each 4. This means that for the Hilbert complex
(L?Q%(M, g),don ;) the L?-cohomology and the reduced L?-cohomology are the same and so we
can apply to get the first isomorphism of . The second one follows from Theorem 2.1
Moreover, by the assumptions, we get that im(Agn ;) = im(don,i—1) ©im(dgyy ;). Indeed we have
im(Agn,i) C im(dan,i—1) ® im(dgy ;) for all i = 0,...,m. Now let w € im(don,i—1) & im(day ;).
Applying repeatedly the decomposition in Prop. and keeping in mind that doy; and dgy
have closed range in all degree, we get that

w = don,i—1(diy ;1 (do,i—1(m))) + din ; (dom,i (diy :(12)))
for some 71 € D(dom,i—1) and 72 € D(d;ﬁz) Also, by the construction of 1; and 75, we get that
do,i—1(m) + dag ;(12) € D(Aon,;)
and
doni—1(dsn ;-1 (dom,i—1(m))) + day i (dom i (di ;(12))) = Dom,i(dom,i—1(m) + diy :(02))-

Therefore we get im(Agy,;) O im(don,;—1) @ im(dgy ;) and in this way we can conclude that
Aoy ; is an operator with closed range. This completes the proof. O

According to we have ker(Aoy ;) = ker(don,;) Nker(dgy ;). We will label these spaces as

Hiy (M, g). Moreover, by the construction of doy ;, we have that ker(don ;) = ker(dpmaz ;) and
that_im(dim’i) = im(dmin,i)- In particular this implies that the orthogonal decomposition of
L*Q(M, g) induced by (L?*Q(M, g),dsn.;), that is

L*Q(M, ) = Hin(M, g) ® im(don,;) & im(day ;)
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coincides with the one described in , that is
L*Q(M, g) = H}p o (M, 9) © im(dpin,i) @ im(Spmin,i)-
In particular we have
Hewn(M, g) = ker(Agn ;) = ker(don ;) Nker(day ;)- (72)
The next proposition show that Hj gy (M, g) is the biggest L*-cohomology group for (M, g).

Proposition 3.1. Let (M, g) be an open, oriented and incomplete riemannian manifold which
satisfies the assumptions of Theorem[2.1 Then we have the following properties:

1. Consider the natural inclusion of complezes (L*Q (M, g),dmini) C (L*Q*(M,g),don.i)-
Then the map induced between cohomology groups is injective for all i =0, ..., m.

2. Let (L*Q'(M, g),D;) be a closed extension of (QL(M),d;). Then, for each i = 0,...,m,
there exists a natural injective map F;,D* (M, g) = Hj gq(M,g).

Finally, if (L*Q%(M,g),dm ;) is a Fredholm complex, then for every closed extension
(L?Q(M, g), D;), there is an injective map H;A’D* (M,g) — H;m(M, g) for every i =0,...,m.

Proof. The first property follows immediately by the fact that
FZZ,E)JT(Ma g) = ker(dmax,i)/im(dmin,i—l)-

For the second property, by Prop. we have F;D* (M, g) = ’HiD* (M, g). So applying ([13))
we get F;D* (M,g) = ker(D;) Nker(D}_;). Applying the same statements to the complex
(L*QY(M, g), don i) we get Hj g (M, g) = ker(dan ;) Nker(dyy ;1) = ker(dmaz,i) Nker(Omaz,i—1)
by . Summarizing we have:

My p. (M, g) = ker(D;) N ker(D;_,) C ker(dmaz,s) N ker(Smai—1) = Hygn(M,g)  (73)

and this proves the second statement. Finally if (L?Q%(M, g),don ;) is a Fredholm complex
then, according to Theorem we know that every closed extension (L2Q¢(M,g), D;) is a
Fredholm complex. Thus becomes:

Hj . (M, g) = ker(D;) Nker(D;_;) C ker(dmaz,i) N ker(Spmag,i—1) = Hs gn (M, )
and this completes the proof. O
Finally we conclude this section with the following proposition:

Proposition 3.2. Let (M, g) be an oriented and incomplete riemannian manifold. The fol-
lowing properties are equivalent:

1. D(dmin,i) = D(dmaz,i) for all i =0,...,m.
2. im(dpin,i) = im(dmas,:) for alli=0,...,n.

Moreover if (L?Q'(M, g), dimaz /min,i) 15 a Fredholm complex then we have the following list of
equivalent properties:

1. D(dmin,i) = D(dmaz,i) for alli =0,...,m.
im(dpin,i) = im(dmaz,i) for all i =0,...,m.
ker(dmin,i) = ker(dmaz,i) for alli=0,...,m.
Héymam(M, g) = H§7m(M, g) for alli=0,...,m.

H§7min(M7 g) = H;m(M, g) for alli=0,...,m.
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Proof. We start proving the equivalence of the first pair of statements. Clearly 1) implies 2).
Assume now that 2) holds. Then we know that also im(dmin,i) = im(dpmes ) for all i =0,...,m.
Therefore we get ker(d,min i) = ker(dmae,;) and finally, using the Hodge star operator we get
ker(dmin,;) = ker(dmaqg,) for all @ = 0,...,m. Now let n € D(dpmas,i)- Then there exists
w € D(dpmin,i) such that dpaz.iN = dmin,iw. This means that n —w € ker(d,q4,;) and therefore
there exists 1 € ker(dyin,;) such that n —w = 1. Summarizing we got n = w + ¥ € D(dmin,;)
and this concludes the proof of the first part.

Now we prove the second part of the proposition. First of all we observe that using the
Hodge star operator, it follows easily that (L2Q%(M,g), dmaz.i) is Fredholm if and only if
(L?Q4(M, g), dmin,i) is Fredholm. Now from the first part we know that the first two assertions
are equivalent and they imply the remaining statements. Assume now that 3) holds. Then ap-
plying the Hodge star operator we know that also ker(d,,in,i) = ker(dmaqe,;) and therefore that
im(dpin,i) = im(dmag,i) for all i = 0, ...,m because, by the fact that (L*Q"(M, ), dpazjmin,i)
is a Fredholm complexes, we have that im(d,qq/min,i) is closed. So we can apply the first part
of the proposition to get the conclusion.

Now assume that 4) holds. Then Hj 4, (M, g) is finite dimensional. We already know that
Hg,maw(M7 g) = ker(émm’i_l) ﬂker(dm,u’i) C kel‘(ém(w,i_l) ﬁkel‘(dm(w’i) = Hé"fm(M, g). Com-
bining with 4) we get

ker(dpmin,i—1) Nker(dmaz,i) = ker(dmaz,i—1) Nker(dmag,:)
and therefore using the weak Kodaira decompositions (53) and we have:
im(dmaa;,i—l) ® lm(émzn,z) - im(dmin,i—l) ©® im(5mirL,i)-

In this way we get: im(dmin,i—1) = Im(dmaz,i—1) for each i. So we are in position to apply the
first part of the proposition and therefore we proved that 4) = 1). In the same way, with the
obvious modifications, we can prove that 5) = 1). O

4 L[?>—Euler characteristic and L?>—signature

Let (M, g) be an open, oriented and incomplete riemannian manifold such that (L?Q*(M, g), don ;)
is a Fredholm complex. Then, in Definition we defined the L?—Euler characteristic of
(M, g) associated to (L*Q (M, g), dom ;) as:

m

Xom(M, g) := > (=1)'bo.am:(M, g) (74)
i=0

where by ; o (M, g) := dim(H} 93 (M, g)). We have the following immediate corollary:

Corollary 4.1. Let (M, g) be an open, oriented and incomplete manifold such that (L*Q*(M, g), dom ;)
is a Fredholm complex. If m is odd then:

X2.m(M,g) =0.
Proof. Tt is an immediate consequence of the fact that Hj gy (M, g) = Hp (M, g). O

Now consider the operator
don + diy : L*Q*(M, g) — L*Q*(M, g)

defined according to ([I). Let us label L?Q%(M,g) := @, L*Q* (M, g) and analogously
L2Qedd (M, g) := @, L*Q?F (M, g). Define

(dzm +d;ﬁ)e1;/odd . LQQEU/O(M(M7 g) N LQQodd/ev(M,g) (75)

as the restriction of don + djy to L2Qev/°4( M, g) with domain given by

m

D((dan + di)®") := D(don + diy) N L* Q% (M, g) = ED(D(din 2 1) N D(d 2:))
=0
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and analogously

m

D((don + din)*™) 1= D(dan + di) N L2 (M, g) = ED(D(di ) N Dldam 2041)
1=0

Clearly (don + diiy)°% is the adjoint of (don + diy)”
We are ready for the next theorem.

Theorem 4.1. Let (M7 g) be an open, oriented and incomplete riemannian manifold of dimen-
sion m such that (L*Q%(M, g),don ;) is a Fredholm complex. Then (don + d3y )" is a Fredholm
operator on its domain endowed with the graph norm and we have:

ind((don + din)™) = x2.m(M. ) (76)

Proof. By the assumptions we know that (L2Q¢(M, g), don ;) is a Fredholm complex. Therefore,
using Prop. we can conclude that don + diy : L?Q*(M,g) — L?*Q*(M,g) is Fredholm
operator on its domain endowed with the graph norm. Clearly we have

ker((doy + din)") = ker(doy + diy) N L?QY(M, g)

and
im((dop + diy)°) = im(don + diy) N L2QCY (M, g).

We get immediately that ker((don + d3y)¢") is finite dimensional and that im((don + di;)") is
closed with finite dimensional orthogonal complement. So we got that also (dsn + diy)®” is a

Fredholm operator on its domain endowed with the graph norm. This implies that (don+dgy; )44
is Fredholm too because it is the adjoint of (dop + diy;)®".
Now using , , we get:

ker ((don+din ") = ker((don+diy ) °o(don+diy)Y) Zker (Ao .2:) ZH ). (77)

Analogously:
(Gm((dan + diy)))E = ker((dan + diiy) %) Zker (Ao .2it1) ZH2’+1 .g).  (78)
=0
Now follows immediately by and and this establishes the Theorem. 0O

In the rest of this section we will describe how to define a L?—signature for (M, g) using
H} (M, g). To this aim, first of all, let us label ﬁ;m(M, g) the vector spaces defined as

Hy gy (M, g) = ker(dmag,i) /im(dpmin,i)-

The first step is to show that using the wedge product we can construct a well defined and non
degenerate pairing between Hy gy (M, g) and Hy gy (M, g) where m = dim(M).
We define:

H2zm(M9)><H25m(M9)—>R ’—>/77/\W (79)

where w and 7 are any representative of [n] and [w] respectively.

Proposition 4.1. Let (M,g) be an open, oriented and incomplete riemannian manifold of
dimension m. Then is a well defined and non degenerate pairing.

Proof. The first step is to show that (79)) is well defined. Let 7', w' other two forms such that
] =[] in H2 m(M,g), w] =[] in H2,£m (M, g). Then there exists a € im(dpipn,i—1) and
B € im(dmin,m—i—1) such that n =1’ + o and w = w’ + 8. Therefore:

/Mnsz/M(n’+a)A(w’+,8):/Mn’Aw’Jr/Mn’AﬂJr/MaAw’+/Ma/\ﬁ
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/ WAB =+ / (o #B)dvoly = £(f, B) 2y (a1 = O
M M

because *0 € iM(dmin,;) and a € ker(dmaz,i). In the same way:

/ anB= i/ (@, ¥B)dvoly = (o, *B) 2qi(ar,g) = 0
M M

because o € im(dpin i—1) and %8 € im(d,in ;). Finally

/ aAw = j:/ (o, ¥w")dvoly = +(a, %w') [20i(ar,g) = 0
M M

because a € im(dyin,i—1) and w’ € ker(d,mqz,i—1). So we can conclude that is well defined.
Now fix [n] € F;ym(M, g) and suppose that for each [w] € F;’;;(M, g) the pairing
vanishes. Then this means that for each w € ker(dmag,m—i) we have fM nAw = 0. We also
know that an ANw = £, *w)20i(m,q) and that *(ker(dmaz,m—i)) = ker(dmaz,i—1) - So by
the fact that (ker(dmaz,i—1))" = im(dmin,i—1) We obtain that [n] = 0. In the same way if [w] €
F;LQ;Z(M, g) is such that for each [n] € F;’W(M, g) the pairing vanishes then we know that
for each 1) € ker(dimar,i) we have [, nAw = 0. But we know that [, nAw = £(n, *w) 1201 (a1,g)-
By the fact that (ker(dmaz,i))t = im(min) and that *(im(Smin)) = (m(dminm—i—1)) we
obtain that [w] = 0.

So we can conclude that the pairing is well defined and non degenerate and this establishes
the proposition. O

We have the following immediate corollary:

Corollary 4.2. Let (M,g) be an open, oriented and incomplete riemannian manifold of di-
mension m = 4n. Then on F;?m(M, g) the pairing s a symmetric bilinear form.

We can now state the following definition:

Definition 4.1. Let (M, g) be an open, oriented and incomplete riemannian manifold of di-
mension m = 4n such that, for i = 2n, F;VQR(M, g) is finite dimensional. Then we define the

L2 —signature of (M, g) associated to F;nm(M,g) and we label it o3 9n (M, g) as the signature
of the pairing applied on ﬁz’,fm(M, g).

Before concluding this section with the next theorem we need to introduce some notations.
Let (M,g) be an open, oriented and incomplete riemannian manifold of dimension m = 41.
Consider the complexified cotangent bundle T M = T*M ® C. Then the metric g admits a
natural extension as a positive definite hermitian metric on 7*M ® C and therefore, in com-
plete analogy to the real case, we can build L*Q(M,g) = L*Q*(M,g) ® C, Amaz /90 /min,i -
L2QL(M, g) — L2QEN(M, g), (d + 0)maz/min * L*Q&(M,g) — L2Q%(M, g) ete, ete. Con-
sider now the endomorphism ¢ : A% (T*M) — AL(T*M) defined by € := (y/—1)P(P~D+2lx on
AZ(T*M). This is the well known endomorphism of the classical signature theorem. In fact
we have €2 = Id and therefore we get the well known Z, graduation of the signature theorem
given by the eigenspaces of € associated to eigenvalues {£1}: AL(M) = (AL(M))T B(AL(M)) ™,
Q(M,C) = (Q*(M,C))T @ (2*(M,C))~. Clearly we can extend this Zs graduation also in the
L? setting and we get L2Q%(M,g) = (L*Q5(M,g))" @ (L2QE(M,g))~. Another well known
property is that d + ¢ is odd with respect to €. So we can recall the definition of the signature
operator as the operator acting in the following way:

d+8: (Q(M,C)T — (Q5(M,C))".

We label it D%+, Clearly D%9™~ that is d +§ : (Q:(M,C))~ — (Q:(M,C))™T, is the
formal adjoint of D% * . Finally we introduce:

At = DY o DU AT (Q5(M,C)) — (4(M,C))*F

In [5] we introduced a different L2—signature for (M, g) using another kind of L2-cohomology. So when
(M, g) is incomplete we may have different kinds of L2 —signatures and therefore we have to specify the
L? —complex that we are using.
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and
A™ = DSt o DS AT L (QE(ML,C))T — (Q5(M,C)) .

Our goal now is to define a closed extension of D*¥™* which is a Fredholm operator on its
domain endowed with the graph norm and whose index equals o2 oy (M, g). In order to get this
alm consider again the following operators:

and
Agy := (dop + dgﬁ) o (dom + dgﬁ)

From Theorems|1.3|and [2.2| we get that both D(don + diy,) and D(Agy) are invariant under the
action of the Hodge star operator . Therefore they are also invariant under the action of e.
Moreover dop + dgy is odd with respect to e. In particular we get

D(do + diyn) = (D(da + din)) " & (D(dom + diy)) ™ (81)

and analogously
D(Aog) = (D(Am))™ @ (D(Aan))~ (82)

Define now (dax + djy)*/~ as the restriction of dayx + djy to (D(don + diiy)) T/~ respectively.
Therefore we have

(dam + dan) ™+ (D(don + diy)) " — (L*Q(M, g))~
and analogously

(do + diy) ™+ (D(don + din)) ™ — (L*QE(M, 9))

Clearly (do+diy) ™ is the adjoint of (den+diy) . Define A, as Ady := (don+diy) ~o(don+diy) T
and analogously Ay, := (don + diy)™ o (don + diy)~. Finally we are in position to prove the
last theorem of this section:

Theorem 4.2. Let (M, g) be an open, oriented and incomplete riemannian manifold of dimen-
sion 41 such that (L*Q%(M, g),don i) is a Fredholm complex. Then (don + diy) ™ is a Fredholm
operator on its domain endowed with the graph norm and we have:

o2, (M, g) = ind((don + di) *).-

Proof. By the assumptions dsn + diy; is a Fredholm operator on its domain endowed with the
graph norm. By the fact that

ker((don + diy )T/ ™) = ker(don + diy) N (L2Q5(M, g))t/~
and that
im((dop + di) ™/ ™) = im(don + diy) N (L2QE(M, g)) ™/~

we get that also (doy + d;n)*/ ~— are Fredholm operators on their respective domains endowed
with the graph norm. This proves the first part of the proposition.

Now, in order to prove the second part, we follows, with the necessary modifications, the classic
proof of the signature Theorem, see for example [6]. We start observing that

ind((don + diy)™) = dim(ker(Af,)) — dim(ker(Ag;)).

Moreover we have:

201—1
ker(Ag! ) = (€D (ker(Ag{ )N (L2QE(M, g) & L*QE (M, 9)))) @ (ker(Agy ) NL2QH (M, g)).
k=0

Now if w € ker(Ag,) N (L2QE(M, g) @ L*QE™F(M, g)) with k < 21 — 1 then w = 1 + (1) with
n € Hk. (M, g). On the other hand if n € H5; (M, g) then n+ €(n) € ker(Af;) N (L2QE(M, g) &
L2Q¢ 7% (M, g)). Therefore we can conclude that

ker(Afy) N (L*QE(M, g) & L*QE (M, g)) = {n+ e(n), n € Hy(M,g)}.
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The same observations lead to the conclusion that
ker(Agy) N (L*QE(M, g) @ L*QE (M, g)) = {n — e(n), n € Hin(M,g)}.
In this way we get that

20-1

P (ker(Afy) N (L2QE(M, g) & L*QE (M, g)))
k=0

is isomorphic to
201
D (ker(Ag) N (L2QE(M, g) © L*QE (M, 9)).
k=0

So we proved that
ind((dom + dip) ™) =

= dim(ker(Ag,) N L*QF (M, g)) — dim(ker(Ayy;) N L2QE (M, g)).

But ker(Ao) N L2Q¥ (M, g) = H3L(M, g) and this implies that ker(Agt/f) NL2Q%(M,g) =
(H2L(M, g))*/~. Now if n € (HZ4(M, g))* this means that n € HZ (M, g) and that () = n
that is *n = 7. Analogously if n € (H2L(M,g))~ this means that n € H2L(M,g) and that
e(n) = —n that is *np = —n. In conclusion we proved that:

ind((don + diy) ") = dim(ker(A;rn) N LQQ%(M, g)) — dim(ker(Agy) N L2Q<2CI(M, g)) =

= dim(Han(M, 9))* — dim(Hn (M, 9))~ = o2,m(M, )
and this completes the proof. O

5 Some examples and applications

It is not difficult to find examples of open, oriented and incomplete riemannian manifolds
(M, g) of dimension m such that im(d,nn. ;) is closed in L2Q" (M, g) for all i = 0,...,m. We
can consider, for example, a compact and oriented manifold with boundary endowed with a
smooth metric up to the boundary as in [7], admissible riemannian pseudomanifold as in [I2] or
in [19], compact stratified pseudomanifold endowed with a quasi edge metric with weights as in
[4] or the Weil-Peterson metric on the regular part of the moduli space of curves as in [20]. In
these examples the maximal L?-de Rham cohomology, H3 ... (M, g), is finite dimensional for
each i = 0,...,m. As explained in the proof of Theorem this implies that H;)mm(M, g) =

Hg?":;l (M, g) and therefore H%ymm(M ,g) is finite dimensional as well. Finally, as recalled in
Prop. we can conclude that im(dy,y, ;) is closed in L2Qt! for each i = 0, ..., m. Therefore,
in all these cases, we can always build the complex (L*Q*(M,g),dm ;). What is much more
complicated is to find examples of open, oriented and incomplete riemannian manifolds (M, g)
such that (L?Q%(M, g),don,;) is a Fredholm complex. The first part of this last section is
devoted to this task.
First of all we recall that two riemannian metrics g and h are said quasi isometric if there exists
a positive real number ¢ such that %h < g < ch. Tt is easy to check that if M is an oriented
manifold of dimension m and if g and h are two riemannian metrics over M quasi-isometric
then, for every i = 0, ...,m, L*Q*(M, g) = L*Q*(M, h), D(dmaz,i), ker(dmaz.i), im(dmaz,;) (With
respect to g) coincide respectively with D(dmaz.i), ker(dmagz,i), iM(dmaz,i) (with respect to h)
and analogously D(dmin,i), ker(dmin i), im(dmin,:) (with respect to g) coincide respectively
with D(dpmin,i), ker(dmin,i), iIm(dmin,i) (With respect to h).
Now we describe the first example; we start with the following definition from [§].
Let M be a compact manifold with boundary N := M. Let us label its interior with M. Let
U 2[0,1) x N be a collar neighborhood for N. Let g be a riemannian metric over M such that
g restricted to U is isometric to h(z)(dz? + 2%gn(z)) where gy () is a family of metric on N
depending on x which varies smoothly in (0, 1) and continuously [0,1) and h € C*((0,1) x N)
satisfies:

sup |(28, )z h(z,p) — 1| = O(z®) as & — 0, j = 0,1

pEN
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Sujl?{ ||h($7p)_1th($,p)||T;N,9N(I) =0(z%) asz — 0
pe

and

sup(|(g1 — g0)|(m,p) + x\wo — w1|(z’p)) = O(w‘s) asx — 0

pEN

for some § > 0 and ¢ > —1 and where ¢° := d2z? + 2%gx(0), g1 = d2? + 2%gn(x) and W°, w' are

the connection forms of the Levi-Civita connection VO, V! of ¢° and ¢! respectively.

The metric g is called a conformally conic metric. As it is showed in [9], [I0] and [I1] if we
consider a complex projective curve V' C CP" and g is the riemannian metric induced by the
Fubini-Study metric of CP™ on the regular part of V' then g is a conformally conic metric.
According to [8] if (M, g) is a conformally conic riemannian manifold then every closed extension
of (VL(M),d;) is a Fredholm complex. In particular, according to Prop. im(dumin,;) is closed
for each i. Therefore we have the following corollary:

Corollary 5.1. Let (M,g) be an oriented riemannian manifold where M is the interior of
a compact manifold with boundary and g is a riemannian metric on M quasi isometric to a
conformally conic metric. Then Theorems and [{.9 and their relative
corollaries hold for (M,g). In particular they hold when M is the regular part of a complex
projective curve V. C CP™ and g is any riemannian metric on M quasi isometric to the metric
induced by the Fubini-Study metric of CP™.

Another example is the following: consider again a compact and oriented riemannian man-
ifold with boundary M. As above let us label with N the boundary of M, with M its interior
and finally with U 2 [0,1) a collar neighborhood of N. Let g be a riemannian metric on M
such that, over U, it takes the form dz? 4+ 2*?h where 8 > 1 and h is a riemannian metric on
N. A riemannian metric like that is called metric horn. In [I8] the authors prove that if we
consider the Gauss-Bonnet operator

d+6: L*Q*(M,g) — L*Q* (M, g) (83)

with domain given by QX(M) then every closed extension of is a Fredholm operator on
its domain endowed with the graph norm. This, according to Lemma 2.3 of [7] and to Prop.
implies that every closed extension of (QL(M,g),g) is a Fredholm compler. In particular,
according to Prop. im(dumin,;) is closed for each i. Therefore we have:

Corollary 5.2. Let (M,g) be an oriented riemannian manifold where M is the interior of a
compact manifold with boundary and let g be a riemannian metric on M quasi-isometric to a
metric horn. Then Theorems and[{.2 and their relative corollaries hold
for (M, g).

Furthermore we mention that recently, in his PhD thesis [I7], Frank Lapp generalised the
result of Lesch and Peyerimhoff to the following case: consider again a compact and oriented
manifold with boundary M such that the boundary, that we still label with N, is diffeomorphic
to a product of closed manifolds: N = Ny x ... x N,. Let U be a collar neighborhood of N and
let g be a riemannian metric on M such that over U = [0,1) x Ny X ... X N it takes the form

de® + h3(x)gy + ... + hi ()94 (84)

where h;(xz) € C*((0,1],(0,00)) and hy,..., hy are riemannian metrics on N, ..., Ny respec-
tively. A metric with this shape is called a multiply warped product metric. In his thesis,
see [I7] pag. 115 Theorem 5.3.5, Lapp proved that if for some constant K > 0 and § > 1

max hi(z) < KrP z € (0,1) (85)
J=1,.vq

and for every j = 1, ..., q there exists a real number c; such that

1 h/~(93) C
1 I L T2 86
| attogali s - s < o0 (56)

then every closed extension of the Gauss-Bonnet operator

d+6: L*Q* (M, g) — L*Q*(M, g)
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with domain given by Q%(M), is a Fredholm operator on its domain endowed with the graph
norm. In particular this is true when g is a multiply metric horns that is in all the
warping functions satisfy the following requirement:

hl(l“) = xﬁi, Bi>1,i=1,..,q.

Therefore, using again Prop. and Lemma 2.3 of [7], we can conclude that every closed
extension of (QL(M), g) is a Fredholm compler. In particular, again according to Prop. [1.2]
im(dyyin,;) is closed for each i. So we have the following corollary:

Corollary 5.3. Let (M,g) be an oriented riemannian manifold where M is the interior of a
compact manifold with boundary M. Suppose that the boundary is diffeomorphic to a product
OM = Ny x ... x Ng. Let g be a riemannian metric on M quasi-isometric to a multiply warped

product metric which satisfies condition and . Then Theorems
and [{.4 and their relative corollaries hold for (M, g).

Finally we conclude the paper with the following result. First of all we recall the definition
of manifold with conical singularities:

Definition 5.1. Let L be a manifold. The truncated cone over L, usually labeled C,(L), is
defined as
L x[0,a)/({0} x L). (87)

Definition 5.2. A manifold with conical singularities X is a metrizable, locally compact,
Hausdorff space such that there exists a sequence of points {p1,...,Pn, ...} C X which satisfies
the following properties:

1. X\ {p1,--,Pn,-..} 18 a smooth manifold.

2. For each p; there exists an open neighborhood U,,, a closed manifold L,, and a map
Xpi @ Up, = Ca(Ly,) such that xp,(pi) = v and Xp,|v, \{p:} * Up; \ {pi} = Lp, x (0,2) is
a diffeomorphism.

The regular and the singular part of X are defined as

sing(X) = {p1, s Pny -}, reg(X) := X \ sing(X) = X \ {p1, -, P, --- }-

The singular points p; are usually called conical points and the smooth closed manifold L, is
usually called the link relative to the point p;. If X is compact then it is clear, from the above
definition, that the sequences of conical points {pi, ..., pn,...} is made of isolated points and
therefore on X there are just a finite number of conical points.

Now we recall from [2] a particular case, which is suitable for our purpose, of an important
result which describe a blowup process to resolve the singularities.

Proposition 5.1. Let X be a compact manifold with conical singularities. Then there exists
a manifold with boundary M and a blow-down map 5 : M — X which has the following
properties:

1. Bly : M — reg(X), where M is the interior of M, is a diffeomorphsim.

2. If N is a connected component of OM and if U = N x [0,1) is a collar neighborhood of
N then B(U) = N x [0,1)/(N x {0}). In particular 3(N) = p where p is a conical point
of X and N becomes one of the connected components of the link of p.

3. If for each conical point p; the relative link Ly, is connected, then there is a bijection
between the conical points of X and the connected components of OM.

Proof. See [2], Proposition 2.5. O

Now we introduce a class of riemannian metrics on these spaces.
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Definition 5.3. Let X be a manifold with conical singularities. A conic metric g on reg(X)
is riemannian metric with the following property: for each conical point p; there exists a map

Xp:» as defined in Definition[5.4, such that

(Xp. ) (glu,,) = dz® + 2*hip, (x) (83)

where hrp, (x) depends smoothly on x up to 0 and for each fized x € [0,1) it is a riemannian
metric on L,,. Analogously, if M is manifold with boundary and M is its interior part, then g
is a conic metric on M if it is a smooth, symmetric section of T*M ® T*M, degenerate over
the boundary, such that over a collar neighborhood U of OM, g satisfies with respect to
some diffeomorphism x : U — [0,1) x OM.

Now consider again a compact and orientable manifold X with conical singularities such
that reg(X) is endowed with a conic metric g. Then from Definition Prop. and Def.
it is clear that Corollary applies to (reg(X), g). Moreover, as shown by Cheeger in [13],

we have
H) o (reg(X), g) = I H' (X, R), Hj ,;,, (reg(X), 9) = I"H' (X, R) (89)

where I"H*(X,R) and I H*(X,R) are respectively the intersection cohomology groups
of X associated to the lower middle perversity and to the upper middle perversity. For the
definition and the main properties of the intersection cohomology we refer to the fundamental
papers [14] and [I5] or to the monographs [3] and [I6]. Therefore we get the following corollary:

Corollary 5.4. Let X be a compact and oriented manifold with conical singularities of dimen-
sion m. Let g be a conic metric on reg(X). Then:

e (reg(X),g) = Y _(~1) dim(I"™H'(X,R)) = Y (~1)" dim(I"H'(X,R)) (90)
=0 =0

or equivalently

0 m 1S even

Vialreg(X), ) _{ 23 (~1)i dim(IZH(X,R))  m is odd oy

Suppose now that Y is another compact and oriented manifold with conical singularities. Let
h be a conic metric on reg(Y). Assume that X and Y are homeomorphic or that X and Y
are equivalent through a stratum preserving homotopy equivalences, (see [16] pag 62 for the
definition of stratum preserving homotopy equivalences). Then:

Yr2(reg(X), g) = Yz (reg(Y), h). (92)

Proof. As remarked above we can apply Cor. 5.1] to ( reg(X) g). Therefore Yre2(reg(X), g9)
exists. Now combining Theorem [2.4] - with ( we get (90) and . Finally follows by
the invariance under homeomorphisms or under stratum preserving homotopy equivalences of
the intersection cohomology groups. O

We conclude pointing out that, in the context of compact and oriented manifold with
conical singularities, 12 (reg(X), g), defined using a conic metric g on reg(X), admits a pure
topological interpretation in terms of intersection cohomology groups of X.
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