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Abstract

Density estimation is a central topic in statistics and a fundamental task of actuarial
sciences. In this work, we present an algorithm for approximating multivariate empirical
densities with a piecewise constant distribution defined on a hyperrectangular-shaped
partition of the domain. The piecewise constant distribution is constructed through
a hierarchical bisection scheme, such that locally, the sample cannot be statistically
distinguished from a uniform distribution. The Wasserstein distance represents the
basic element of the bisection technique, and has been used to measure the uniformity
of the sample data points lying in each partition element.

Since the resulting density estimator can be efficiently and concisely represented, it
can be used whenever the information contained in a multivariate sample needs to be
preserved, transferred or analysed. Also, the proposed methodology is peculiar because
Wasserstein distance makes it possible to establish an upper bound on the absolute
deviation, in terms of tail value at risk, between original sample and estimator marginals.
For these features, our algorithm can play an important role in nowadays insurance and
financial environments characterised by greater complexity, increasingly interconnections
and advanced quantitative approaches. Its applications range from pricing, to capital
modelling and, in general, to all those contexts where multivariate problems arise.
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Introduction

1.1 Aim and motivations
The present work is aimed at introducing a nonparametric algorithm designed to be
adopted within the context of actuarial science for estimating the density of multivariate
samples.

The algorithm generates a piecewise constant distributed estimator defined on a
hyperrectangular-shaped partition of the domain. The piecewise constant distribution
is constructed by using a hierarchical bisection scheme, such that locally, the sample
cannot be statistically distinguished from a uniform distribution. The Wasserstein
distance has been used to measure the uniformity of the sample data points lying in
each partition element. Furthermore, through the algorithm the user can set in each
margin, with respect to the original sample, an upper limit upon the absolute error over
a coherent risk measure: the tail value at risk.

The resulting estimator can be represented by a tree diagram, or tree structure,
because of its hierarchical nature and recursive design. As asserted by [1], this aspect
gives, compared to other nonparametric estimates, a computational advantage, since
information retrieval can be systematized via a decision tree, and a benefit in terms of
archiving thrift, since the final estimator can be qualified as a sequence of bisections
from a starting hyperrectangle. Alternatively, a parsimonious representation can be
implemented because instead of storing all data, one should only know the estimate for
each nonempty region, the number of which is typically much smaller than the original
sample size [2]. Besides, hyperrectangular-shaped boxes, which form the estimator
domain partition, can be effortlessly expressed and cached, using their lower left and
upper right vertices. It is for these reasons that our estimator is able to concisely
represent the original sample, while keeping as much information as possible from the
data. This approach, allowing the user not to maintain the initial sample, facilitates the
storage, and expedites data transfer of the results by reducing memory requirements.

Figure 1.1 shows the recursive bisection procedure that the algorithm uses to expand
the hyperrectangular-shaped partition. The corresponding hierarchical tree structure
that can be used to schematize the estimator is displayed below. This is constituted as
a collection of nodes, each of which embodies a hyperrectangle, that starts at a root
node and expands at every bisection. Each node lists the lower left (m) and the upper
right (M) vertices, the relative number of samples contained therein (p) and the split
location (s), reported as the dimension and point. The leaf nodes at the bottom of the
diagram compose the partition on which the piecewise constant estimator is defined.

The main reasons underlying this work and its application within actuarial sciences
are to be found in the following considerations and evidences. In all the situations
described below, our algorithm offers itself both as a modern methodology to stay
abreast of the current shifts and developments affecting the insurance industry, and
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as a state-of-the-art statistical apparatus to approximate the underlying probability
distribution of the phenomenon under study.

Figure 1.1. Illustration of the algorithm hierarchical bisection scheme and the tree diagram
representation of the piecewise constant distribution.

Advanced Stochastic Actuarial Models

In the insurance industry, stochastic actuarial models can be found in several areas
ranging from pricing, reserving, natural catastrophe modelling, to capital modelling,
and many of these models use distributions characterized by non-trivial features such as
heavy tails, jumps, atoms or alterations arising from the wording, terms and conditions
of (re)insurance contracts. Thereby, the great majority of these random phenomena
are very complex and cannot be represented in a simple manner through a parametric
distribution. In such cases, empirical distributions, obtained by means of a simulated
sample of realizations from a stochastic model, are widely used as an approximation of
the random variable of interest [3]. In addition, in order to reasonably capture extreme
events and the associated values of the risks that the insurance company is analyzing,
the size of the samples involved in this process is generally large: millions or even
more data points are to be handled. For such reasons, it is of crucial importance to
develop statistical methodologies that are capable of operating with sample generated
by advanced stochastic actuarial models.

A context in which our methodology might be adopted is the pricing of multiple lines
of business and risks. Indeed, actuarial pricing activity frequently involves situations
where policies can be described only through complex stochastic actuarial models, and
by implication, extensive simulation exercises are required to generate an empirical
distribution that is able to properly represent all the features of the risk. Even in
the simplest cases where a risk to be priced is described by a single loss model, also
called collective risk model, i.e. the combination of a single frequency model and a
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single severity model, their probability behaviour cannot be represented through closed-
form expressions, typically because of the effect of the (re)insurance cover structures.
Indeed, it is common that neither the entire probability distribution nor its moments
can be expressed in a simple analytical form because of policy modifications such as
reinstatements and indexation clauses [4].

One of those situations regards reinsurance programs, which are usually combinations
of non proportional reinsurance contracts covering multiple lines of business and risks
with aggregate conditions. In order to price such contracts, the general recommendation
is to keep the number of components to model at a minimum, in order to avoid a loss
in credibility (there is not enough data to risk-cost each component separately) and the
complications of dependency (we need to introduce assumptions about the dependency
structure among the different components). However, it often happens that the separate
modelling of the different components is inevitable and risks are analysed separately
and then priced together [4].

Consider, by way of example, the following reinsurance combined liability policy
covering employers’ liability (EL), public liability (PL) and third-party motor liability
(MTPL), similarly to example 28.1 in [4]. The program structure includes three excess-
of-loss (XS) layers ceded to insurer ABC on top of a primary XS layer retained by a
captive insurer, with an aggregate condition as outlined in Figure 1.2.

Figure 1.2. Representation of a reinsurance policy covering multiple lines of business with
aggregate condition. A simulation is necessary in order to approximate the distribution of
the losses and price the relative risk.

The first €250’000 of each employers’ liability, public liability, or motor third-party
liability loss are retained by the insured, whereas the exceeding losses are ceded to
a reinsurance. Once the overall amount retained reaches €2 million, all the losses
are ceded to the market. There is a maintenance deductible (MD) of €50’000. Both
the EL and the PL layers have a €10 million each and every loss limit in excess of
€250’000, whereas the MTPL layer has a €5 million each and every loss cover, in excess
of the same amount. The EL XS layer envisages a stretch-down clause; the PL and
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the MTPL XS layers have a drop-down clause. Although the loss models of the three
liability risks could be regarded as mutually independent, a combined model is needed
because summing the distribution of retained losses for the separated models would not
give information on how likely it is that the €2 million aggregate is breached and the
stretch-down clause takes affect. In addition, this models applies a common shock to
the claim frequency across the three lines of business and it is assumed that upon the
onset of an economic recession, the number of claims would increase by 10%.

In the case outlined above, the system describing the losses cannot be precisely
reproduced using a parametric model, and requires an empirical distribution of a
simulated sample generated by a stochastic procedure. Amongst other examples,
Chapter 5 shows the application of our algorithm to approximate the density of the
simulated loss distribution related to the above-mentioned reinsurance policy.

Complexity and Interconnection

The growing complexity and interconnection of the insurance environment have generated
an increased tendency among insurance companies to store, transfer and reuse samples,
models and simulated distributions [3]. The reasons behind such increasing complexity
are multiple and include the following.

• Firstly, the conception and proliferation of review requirements: inputs and outputs
from actuarial models are reviewed with greater frequency, from both technical
and non-technical stakeholders, such as independent validation or audit. Actuarial
peer reviews can form important steps in the sign-off governance. Moreover, in
some jurisdictions, (re)insurance contracts need to be documented in a way that
auditors can check risk transfer test requirements (see [5]).

• Secondly, the tightening of prudential legislation and regulatory standards: in the
European Economic Area, the adoption of the so-called Solvency 2 regime, on
the basis of the Directive 2009/138/EC [6], requires various actuarial models to
be evaluated and documented for calculating the Solvency Capital Requirement
(SCR), conducting the Own Risk and Solvency Assessment (ORSA), and writing
actuarial function holder reports. In addition, risk management and internal
control systems (Pillar 2 of Solvency 2) mandate a consistent, controlled, and
transparent use of these models and their results. As stated by [7], a great amount
of information needs to be managed and recorded to ensure that minimum record
retention periods are adhered to, i.e. guarantee that data can be traceable and
accessible for an appropriate number of years. Within the Solvency II framework
each insurance company (via its actuarial and risk-management functions), together
with the Supervisory Authority, is required to focus and understand the specific risk
profile, as the financial requirements are effectively linked to it, and have a correct
and careful management of risks. Pricing, reserving and solvency departments have
therefore to intensively communicate in a dynamic and responsive way, as outlined
in Figure 1.3; also, they need to deal with valuable, consistent and high-quality
information.

• Thirdly, the increasingly interconnected models: information systems and appli-
cations inside insurance companies have become more convoluted, besides being
mutually connected and dependent on each other. Interlinked systems entail that
part of the data is accessible to various stakeholders in a manner that it must be
consistent and understandable to all of them. The use test, which is mandatory
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for internal models under Solvency 2 and Swiss Solvency Test [8], promotes the
precise and coherent evaluation of risks, and encourage a consistent use of methods
and parameters within insurance companies.

Figure 1.3. Actuarial pricing, reserving and capital modelling (solvency) functions are nowadays
increasingly connected to each other.

Considering all these aspects, actuaries invariably need to have statistical and mathe-
matical procedures designed to efficiently capture the information contained in large
data set, and represent this information in such a way that can be easily handled,
transferred or analysed inter pares. Indeed, both the market and regulators foster not to
discard the resulting sample distributions, and put an increasing pressure to store them
for future review, audit, or validation, in addition to redeploy them between actuarial
systems.

Technological Advancements

In addition to the above observations, thanks to the significant development of technology
of the last decades, the insurance sector has been witness to the outbreak of Big Data.
Rising amounts of data will be collected and the data basis underlying actuarial models
is set to increase.

One of the consequences of the spread of Big Data applications and simulation-
driven approaches is that today, more than ever before, actuaries and actuarial science
researchers are increasingly required to analyse data sets of the size of millions of entries.
The constant progress in computer processing power and the expansion of available
digital information, in conjunction with modern and more accurate instruments to
register and store it, makes a huge plethora of insurance business related data available
to be examined, and this tendency will grow continuously. Simultaneously, Monte Carlo
simulation has become an ubiquitous tool to approximate probability distributions
of variables that have a random behaviour. In the actuarial environment, modern
computer simulation techniques opened up a wide field of practical application for risk
theory concepts [9] and, as stated before, the data sets that can be obtained from
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such computational intensive applications and simulations often extend to millions of
observations [10].

A problem that has emerged in this context of richness of data is that even though
the mechanisms to capture and store this growing influx of data are broadening and
ameliorating, the amount of information created increases at a faster rate than the
available storage [11]. As an example, IDC and Cisco have recently released a study
report on the ever-growing datasphere, what it calls the collective world’s data [12].
They predict that the collective sum of the world’s data will grow from 33 zettabytes
this year to a 175ZB by 2025, for a compounded annual growth rate of 61%. The 175ZB
figure represents a 9% increase over last year’s prediction of data growth by 2025. The
study estimates that nearly 850 ZB will be generated by all people, machines, and things
by 2021, up from 220 ZB generated in 2016. Most of the more than 850 ZB that will
be generated by 2021 will be ephemeral in nature and will be neither saved nor stored.
However, much of this ephemeral data is not useful to save, but Cisco estimates that
approximately 10% is useful, which means that there will be 10 times more useful data
being created (85 ZB, 10% of the 850 total) than will be stored or used (7.2 ZB) in
2021. And interestingly, useful data also exceeds dedicated space (data center) traffic
(21 ZB per year) by a factor of four. Figure 1.4 shows such circumstances.

Figure 1.4. Discrepancy between the amount of stored information (data center traffic) and
the amount of created data (useable data created). The rising trend is expected to escalate
in the next years.

These figures clearly highlight what is reaffirmed by [13]: there has been a progressive
imbalance between processor and memory technology, i.e. the speed at which instructions
are executed has increased much faster than the time at which the memory is accessed.
In addition, this situation emphasizes how having a large amount of data from which to
mine useful and valuable information can be really problematic, not only because of
methodological issue, but also because of tool and infrastructure deficiencies.

Thus, it is emphasised yet again the primary importance of having procedures capable
of interacting with large samples and efficiently capturing the contained information.
Such methodological schemes should be able to represent as much intelligence as possible
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from the original data, and at the same time guarantee a more concise representation
than the original sample.

1.2 Additional facts and considerations

Density estimation: fresh eyes on a traditional topic

Along with the transformations occurring in actuarial proceedings, new methodological
challenges are being consolidated and modern technical topics are imposing themselves.
These are the result of new emerging risks that arise from prevailing requests by the
insurance market players like insurance for autonomous/self-driving vehicles, pricing
techniques for telematics, insurance on data, cyber risk, and machine learning in
individual claims. On the other hand, demands are also deriving from more traditional
frameworks that need to be reconsidered, reevaluated and accordingly redesigned to
embody the latest trends affecting and mutating the background they belong to. These
includes for example mortality forecast and modeling, loss reserving, natural catastrophe
and risk management.

Density estimation is also a long-established task in actuarial sciences and one of
the fundamental topics in applied statistics. Nevertheless, in the present work, a new
approach for performing density estimation in actuarial science is proposed: its purpose
is to estimate the empirical density in such a way that allows an approximated and
efficient representation of the original sample. Hence, in other words, our methodology
can be considered a data-driven estimation technique that greedily gets as close as
possible to the original sample.

In addition, our approach is intended to be consistent with the relevant frame of
reference and to take into considerations the combination of recent methodological,
technological and contextual variations, which manifests peculiar aspects never seen
before within the financial and the insurance sectors.

In general, in probability and statistics, density estimation is any methodology
aimed at constructing an estimate, based on observed data, of the unknown underlying
probability density function according to which the population is distributed.

Insurance companies have to deal with several unknown sources of randomness to
make their business successful: they need to estimate the characteristics of risks in order
to be able set the right price (pricing), to make adequate provisions (reserving), to
accurately assess its financial stability (solvency) and furthermore to write reinsurance
to reduce unwanted risk. All these aspects of the insurance activity involve random
variables and, as a result, the actuarial literature is interested and abundant in studies
and methodologies on how to estimate the probability density function underlying an
observed data sample (for example the reader may refer to [14, 15, 16]).

Density estimation techniques adopted in actuarial science, traditionally, were
characterized by two aspects: they make use of parametric models and they focus on
univariate approaches, as they regards a single characteristic or attribute.

Parametric methods involve a two-step model-based approach. First, an assumption
about the functional form, or shape of the underlying model of the phenomenon is
made. After a model has been selected, a procedure is used to estimate the parameters
of the model. Therefore, an approach is referred to as parametric when it reduces
the problem of estimating the model of the data down to one of estimating a set of
parameters, assuming a parametric form that should simplify the task. The potential
disadvantage of a parametric approaches is that the chosen model will usually not match
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the true unknown one. If the former is too far from the latter, then our estimate will be
poor. A way to address this problem is by choosing flexible models that can fit many
different possible functional forms. But in general, fitting a more flexible model requires
estimating a greater number of parameters. These more complex models can lead to
the problem of overfitting the data, following the noise too closely [17].

By contrast, non-parametric methods do not essentially make explicit assumptions
about the functional form of the underlying model. They seek an estimate that gets
as close to the data points as possible without being too erratic. Such approaches can
have a major advantage over parametric ones: by avoiding the assumption of a precise
functional form, they have the potential to accurately fit a wider range of possible shapes
for the underlying model. As opposed to any parametric approach, non-parametric
ones completely avoid the danger that the functional form of the estimate is very
different from the true one. But non-parametric methodologies do suffer from a major
disadvantage: since they do not reduce the problem of estimating the latent scheme to a
small set of parameters, a very large number of observations (far more than is typically
needed for a parametric technique) is required in order to obtain accurate estimates
[17].

The one-dimensional approach is prevalent both because multivariate techniques
are historically “younger” and suffer from the theoretical complexities of the multidi-
mensional mathematics and statistics, and because actuarial phenomena were mostly
regarded, analysed and maintained under a lone, singular view. However, in recent
times, both these aspects have been receding.

New frontiers have been explored and are emerging in multivariate analysis [18],
which is gaining in importance as concomitantly the technological innovations has
permitted to handle the computational burden of modern applications of statistical
theory and methods [19], and has permitted to collect massive amount of data with
relatively low cost.

Notwithstanding this situation and attitude, in a context of rapid evolution and
innovation as the one described above, actuarial methodologies must stay abreast of
recent changes and actuarial science are challenged to ensure a rigorous e genuine
assessment of risk to which the insurance sector is exposed to.

Actuaries and the new insurance landscape

The insurance industry landscape is changing at a rapid pace and a remarkable number of
market tendencies and technology shifts are generating new opportunities and challenges
for actuaries [20].

The actuarial profession is well known for their technical ability and knowledge of
the insurance sector and its products. Actuaries were once accepted as the guardians of
financial strength and equity in the insurance industry. They used analytical techniques
applied to data to determine premiums and set capital and reserves [21]. However,
the environment that actuaries operate in has evolved over time. There is greater
emphasis on sharing and utilising insights gained from data and analytics across the
entire organisation. The business tempo of motion is considerably quicker. Actuarial
teams need to change to stay relevant [21].

It is no longer sufficient for an actuary to exclusively model, analyse, and estimate.
Company leaders expect actuarial employees at all levels to provide business intuitions
and value drivers to aid strategic decision making. Still, many actuarial organizations
lack the advanced capabilities, processes, and technologies they need to meet stakeholders’
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changing expectations. In response, astute chief actuaries are exploring how to modernize
their organization’s actuarial operating model [20].

A transition can only occur through a transformation of actuarial people, systems
and procedures so that actuarial teams are in the position to undergo sustainable
constructive changes that will be value adding to their management teams and their
organisations. In the future, the 20/20 actuary will be a value adding business partner
that communicates insight to their stakeholders, by using efficient models, data processes
and technology. S/he will be supported by effective organisational structures and provide
strategic leadership that will be a catalyst for change. The actuary will be involved in
the traditional reserving, pricing and capital modelling areas, and other non-traditional
areas related to risk management and business roles [21]. There is much to be gained
from this paradigm shift. This is a unique opportunity for management teams in the
organisation to maximise existing capabilities that can generate significant value and
provide a competitive advantage; For chief actuaries and the actuarial professionals, to
make a significant impact and reconnect more effectively with the business as a trusted
advisor on issues beyond the technical [21].

Furthermore, the scope of the involvement of the actuary has significantly increased
with new areas for actuarial involvement emerging. The future actuaries will be plugged
into integrated data and IT systems and enabled by analytical and business intelligence
tools [21]. The technological landscape of the future will have the following game
changing features:

• integrated data warehousing and data access;

• robust, effective and efficient reconciliations process;

• faster close process;

• ability to review and analyse data to create insight;

• technology aligned to outcome.

It is crucial for the data and technology aspects to be tackled appropriately in order for
the actuarial teams to achieve operational efficiency and success [21].

Ultimately, according to what was said by [22], actuaries can expect that all of
these technologies will continue to become more interconnected. The challenge, and the
promise, for the actuarial profession is managing a shrinking world in which connections
among the data (and the size of the data) are expanding exponentially. This phenomenon,
which is part of the onset of Big Data and is a concept related to the spread of data
science, is heavily impacting actuarial science [23].

Actuarial and (Big) Data science

Data have always been a key factor for insurance companies and data analysis is an
essential element of all phases of their value chain. From the product design stage, to
the risk management phase, going through the underwriting process, insurers make
use of techniques based on data in order to support sophisticated risk assessments and
calculations for providing reliable coverages. Together with the emergence of probability
theory and actuarial science as mathematical disciplines in the late 17th century, they
allowed the insurance activity to evolve from “intuitive bets” on future states of the world
to an industry based on rational calculus and decision making [24]. With no physical
products to manufacture, data information is arguably one of insurance providers most
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important assets. Financial, actuarial, claims, risk, consumer, producer/wholesaler and
many other types of data form the basis for virtually every decision an insurer makes
[25].

Nevertheless, until recently, the role of data remained basically the same: helping
insurances to better manage their business, understand their risks, and know their
customers [26]. Today however, the emergence of the so-called phenomenon of Big
Data has triggered a deep transformation of the insurance industry and we are assisting
to a fundamental change of the role of data in its business model [24]. Big data is
often defined as “high-volume, velocity and variety information assets that demand
cost-effective, innovative forms of information processing for enhanced insight and
decision making” and is a term used to describe data sets whose size is beyond the
ability of traditional databases to capture, store, manage and analyse [27]. Technology
experts coined the expression in early 2000 in relation to the information and data
explosion driven by the ever-growing internet access and the invention of digital, or
cloud, storage [28]. Moreover, the scope of the term has significantly expanded over the
years and now Big Data not only refers to the data itself but also a set of technologies
that capture, store, manage and analyse large and variable collections of data, to solve
complex problems [29].

In the insurance field, like in many other businesses, Big Data is viewed as an
inescapable imperative. In addition to providing solutions to insurance companies’
long-standing business challenges, this paradigm offers the power to transform the
entire sector. The technological development driving the Big Data process means
additional data accessible, as well as new analytical methods applicable: the increased
availability of information and new data-driven techniques allow insurers to carry out
more accurate risk assessments, meaning insurance products can be better tailored
to each consumer’s risks and needs. Developing more refined risk models may enable
companies to understand risks, offer more competitive rates, and provide insurance for
risks that were previously uninsurable. As a result, established insurance providers have
been investing to develop insurance products that use large amounts of data to assess,
select, price, predict and prevent new risks. Going forward, access to data and the
ability to derive new risk-related insights from it will be a key factor for competitiveness
in the industry [24]. According to a study of IBM, 74% of insurance companies surveyed
reported that the use of information (including Big Data) and analytics is creating a
competitive advantage for their organizations, compared with 63% of cross-industry
respondents. Compared to 35% of insurers that reported an advantage in IBM’s 2010
New Intelligent Enterprise Global Executive Study and Research Collaboration, this
represents a staggering 111% increase in just two years. Furthermore, the report titled
“Big Data in the Insurance Industry: 2018 - 2030 - Opportunities, Challenges, Strategies
& Forecasts” published by SNS Telecom & IT [30] has mentioned the following key
findings:

• In 2018, Big Data vendors would have earned more than $ 2.4 billion from
hardware, software and professional services revenues in the insurance industry.
These investments are further expected to grow at a compound growth annual
rate of approximately 14% over the next three years, eventually accounting for
nearly $ 3.6 billion by the end of 2021.

• Through the use of Big Data technologies, insurers and other stakeholders are
beginning to exploit their data assets in a number of innovative ways ranging from
targeted marketing and personalized products to usage-based insurance, efficient
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claims processing, proactive fraud detection and beyond.

• The growing adoption of Big Data technologies has brought about an array of
benefits for insurers and other stakeholders. Based on feedback from insurers
worldwide, these include but are not limited to an increase in access to insurance
services by more than 30%, a reduction in policy administration workload by
up to 50%, prediction of large loss claims with an accuracy of nearly 80%, cost
savings in claims processing and management by 40-70%, accelerated processing
of non-emergency insurance claims by a staggering 90%; and improvements in
fraud detection rates by as much as 60%.

• In addition, Big Data technologies are playing a pivotal role in facilitating the
adoption of on-demand insurance models – particularly in auto, life and health
insurance, as well as the insurance of new and underinsured risks such as cyber
crime.

According to [31] this new business model have the potential to generate great economic
and societal benefits [24].

• Risk reduction and loss prevention. In many instances, better aligning premiums
and risk has clear economic and societal benefits. It allows premiums to signal risk
and encourages risk reduction. By establishing a feedback loop to policyholders,
digital monitoring allows them to reduce risk by adapting their behaviour (at least
as long as consumers know how to adapt their behaviour to reduce risk and their
premiums). Moreover, enhanced data facilitates the establishment of advanced
risk management and early-warning systems that allow for timely interventions to
reduce losses and lead to additional benefits for policyholders.

• Cost reductions. A key feature of insurance markets is the prevalence of two types
of informational asymmetries: moral hazard and adverse selection. They represent
a market inefficiency and imply that insurers must invest considerable resources
in assessing the risks of their contractual partners and verifying information
provided by policyholders. In fact, a considerable fraction of premiums is spent on
claims handling, acquisition and administration [31]. Accordingly, a considerable
amount of employee time is spent on processing data. There is therefore a
great potential for automation of data processing. [32] estimates the automation
potential to be 43% of the time spent by finance and insurance employees. In
non-life insurance, insurance fraud alone consumes almost 10% of premiums
[33]. Automation therefore has the potential to considerably enhance market
efficiency and lower costs by reducing informational asymmetries. In a competitive
market environment, this will ultimately be reflected in lower premiums, boosting
affordability and coverage and contributing to narrowing the protection gap [31].
Moreover, better estimation of distribution functions at the portfolio level through
Big Data and artificial intelligence allows insurers to charge lower premiums by
reducing the risk load.

• New and enhanced products. Data that is more granular allows insurers to offer
products that are tailored to the needs of the insured, including insurance on
demand or pay-as-you-use propositions. Such usage-based coverage ensures that
consumers pay based on the actual risk, e.g. when they drive as opposed to when
the car stays in the garage. Better understanding of risks also facilitates the
development of new types of coverage and enhances the insurability of existing



1.2 Additional facts and considerations 12

and emerging risks (such as cyber risk, for example). The augmented use of data
may also enable insurers to develop insurance products for high risks that so far
could not be insured. For example, patients suffering from previously uninsurable
diseases could share data related to their physical condition and benefit from
individualised care offers [34].

To sum up, the societal and economic benefits of the enhanced use of data are highest
in lines of business where the cost of moral hazard and adverse selection is high, there
is great potential for risk reduction through mitigation and prevention, and there is a
high degree of under insurance.

The above-mentioned benefits do not come without costs. There is a general concern
that consumers do not share these benefits, or that they come at a disproportional
cost to consumers, specific consumer groups or society at large. There are ethical and
societal apprehensions that have been raised in regulatory and public debate. These
can be grouped into three broad categories:

• Concerns about privacy and data protection. Fairness and discrimination, Intru-
siveness and interference with the right of (informational) self-determination and
contextual integrity.

• Concerns around an increasing individualisation of insurance. Affordability and
exclusion, implications for solidarity and risk pooling and premium volatility.

• Concerns about the implications of Big Data and artificial intelligence for compe-
tition. Abuse of market power, uneven playing field and Market transparency.

It is agreed that the use of Big Data in insurance raises complex issues and trade-offs with
respect to customer privacy, individualisation of products and competition. Assessing
these trade-offs requires complex value judgements, and the way they are addressed
leads to different scenarios for the future development of the sector. In this context,
policy choices can have far-reaching consequences for the future face of the industry, its
socio-economic relevance and the value it creates for its customers [24].

All these aspects and considerations exhibit how it is increasingly clear that insurance
companies aim to leverage and optimize the value of their data and information assets
to gain a comprehensive understanding of markets, customers, products, distribution
channels, regulations, competitors, employees and more. Insurance companies will
realize value by effectively managing and analyzing the rapidly growing volume, velocity
and variety of new and existing data. By putting the right skills and tools in place to
better understand their operations, customers and new markets, insurance organizations
will be on the right track to compete and thrive in this global, dynamic marketplace
[25].

In view of the foregoing, it appears important to question what would be the effect
of this new paradigm on actuaries and how will they will face it. Actuaries have always
been a key figure within insurance companies; they use their skills of analysis to design
and price insurance policies, to measure the probability of occurrences of events helping
insurance companies to be profitable and able to pay out any potential claims. Actuarial
science has already been going through revolutionary changes since the late twentieth
century due to the proliferation of high speed computers and the union of stochastic
actuarial models with modern financial theory [35]. In addition to that, according
to [23], it can be expected that over the next decade, all areas of actuarial practice
will be significantly impacted by the use of Big Data. This have already led to the
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development of a multi-billion-dollar industry referred to as InsurTech, the innovative use
of technology in insurance, which is expected to have a significant impact on insurance
and the work that actuaries perform. While the use of Big Data in the property and
casualty insurance area is more developed than in some of the other areas of actuarial
practice, significant advances have been made in recent years in the use of Big Data
in health and life insurance. Similar advances in the pension area have not been as
noticeable [23].

As consequence of the new vision and the focus on Big Data, there is a overall high
demand on the job market of data science related professionals such as data scientists,
data analysts and data engineers, who are becoming more and more necessary and
important in each industry, including the insurance sector [36]. This tendency however
is far from being a signal of the demise of actuaries, rather, it most certainly means
that Data Science has now become one of the main constituent of today’s competencies
in business contexts, as well as research environments. There is no threat that data
scientist will replace actuaries. It is rather a development of actuarial roles to fit the new
requirements of changing world [37]. Most insurance companies already employ data
science, and some actuaries have developed skills in machine learning. In the future,
employers may want all actuaries to be proficient with data science techniques, and
computers may do some of the tasks that actuaries do currently through pre-composed
algorithms. This progressive penetration of computer science and data science into
actuaries area of expertise should not alarm neither surprise if we consider that actuarial
science has always been position itself at the intersection between different domains like
economics, finance, mathematics, statistics and law. Therefore, these sciences will be
another string to actuaries bow.

According to the Institute of Actuaries, “The world of data science continues to
be both a threat and an opportunity for actuaries in traditional and new areas of
work. With rapid advancements in technology, we can collect, store and draw insights
from data like never before, with the potential to transform both traditional actuarial
fields and open up new sectors and industries. We think that ‘Big Data’ is going to
change the world and we want to be ready to embrace the opportunities that come
along with it” [38]. Surely, Data Science holds huge potential for changing the way in
which actuaries work and in fact Actuarial Associations have activated Data Science
working parties and included Data Science modules the relative syllabus of the Actuarial
credentialing and exams required in order to be fully qualified. As an example, the
Society of Actuaries (SOA) is placing more emphasis on software proficiency. They did
this by adding a new exam, the Predictive Analytics exam, which focus on software
proficiency. Also, employers have been asking for ever more software and computers
competency in general.

Finally, it is important to highlight that if on one hand actuaries can be regarded as
data scientists of insurance, on the other hand their role go beyond and is not limited to
data analytics (likewise, data scientist function is not confined to a mere elaboration of
data). Actuaries and data scientists possess different and yet complementary competen-
cies, as summarized in Figure 1.5. It would be fundamental therefore that insurances join
together and match these two areas of expertise to be able to leverage the synergy arising
when actuarial proficiency and know-how is supported by data analysis knowledge and
intelligence. In consequence of that the hybrid notion of Actuarial Data Science is
emerging as an extension of the more traditional Actuarial Science and it defines an
application more focused on advanced statistics and programming to automatically
extract patterns from data as well as produce robust predictions. In many applications
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of Big Data in businesses in which actuaries are employed, multidisciplinary teams are
utilized to efficiently and effectively complete the project. The teams are commonly
composed of statisticians, computer scientists, data scientists, and actuaries. Actuaries
on these teams may be thought of as the subject matter experts. But actuaries may be
positioned to be the quarterbacks of the Big Data teams. With the proper background,
an actuary can understand and direct the work of the Big Data multidisciplinary team
based on their professionalism requirements and subject matter expertise. As the
evolution of Big Data continues in the areas of practice in which actuaries provide
services, the professionalism and technical expertise provided by actuaries are essential
elements upon which the public and regulators can place reliance. The professionalism
requirements of actuaries provide guidance for the proper application and disclosure of
Big Data assumptions and methodologies. They require actuaries to adhere to the high
standards of conduct, practice, and qualifications of the actuarial profession, thereby
supporting the actuarial profession in fulfilling its responsibility to the public [23].

Figure 1.5. Comparison of actuary’s and data scientist’s knowledge and expertise according to
[36].

The above-mentioned preliminary comments and introductory remarks are meant to
frame the methodology herein introduced within some of the more relevant tendencies
and orientations occurring in the insurance environment of today and the near-future.
In the following and final part of the chapter, the plan and structure of the work are
indicated.

1.3 Work synopsis
This work introduces a nonparametric algorithm for estimating an empirical density
with a piecewise constant distribution defined on a hyperrectangular-shaped partition of
the domain. The algorithm starts with a trivial partition, a single box containing all the
observations, and recursively grows it with bisections until the sample space is divided
into regions where a stopping criterion is met. Our procedure design can be classified
into adaptive partitioning density estimation methods [39] and framed within Density
Estimation Trees, an approach formalized by [40] that is the analogue of Classification
and Regression Trees [41] for density estimation.

The aim of the work is to present a density estimator that is capable of representing
in an efficient and compressed way the probabilistic information contained in a (multi-
variate) sample, whether this is a synthetic data set generated using a simulation-based
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scheme or a data set collected and produced by information systems, computer systems,
and business processes.

Initially, our procedure generates a piecewise constant distribution such that data
points inside hyperrectangles are sufficiently uniformly scattered and any further parti-
tioning of the domain does not provide additional information about the underlying
density perspective. The uniformity is judged via a Wasserstein distance based hypothe-
sis testing and a given hyperrectangle is not bisected when the hypothesis of uniformity
is not rejected with a given significance level. In this respect, the underlying reasoning
of our procedure is analogous to the one delineated in [42]. Unlike this, we adopt as a
measure of uniformity the Wasserstein distance between the observed empirical measure
and the uniform density over the hyperrectangle containing the sample. This stage
stops when in all the partition elements the hypothesis of uniformity is not rejected. In
a similar manner, [43] proposed a density estimation with distribution element trees
method that considers, as a refinement strategy, both a statistical goodness-of-fit and
pairwise independence tests to evaluate the local approximation of the distribution.
This phase of our approach is compatible with the divide and conquer design paradigm:
it works by repeatedly breaking down a problem into sub-problems of the same type,
until all of these come to a halt. Figure 1.6 outlines the process of the algorithm, which
ceases to bisect the domain when the stopping rule is met in all hyperrectangles. To
improve the algorithm implementation, the uniformity of the sample points within each
hyperrectangle is initially tested only on marginals, and once this condition is satisfied,
also at a joint level.

Figure 1.6. Sketch of the algorithm phases: the domain is recursively partitioned until it is
divided into regions where the stopping condition is met.

In a second stage, the algorithm proceeds according to a greedy frame (see e.g. [44])
by splitting one hyperrectangle at a time, until, in all margins, a maximum allowable
error level between the original sample and the final piecewise constant distribution
tail values at risk has been achieved. The idea is that, under this procedure, the user
knows the maximum possible discrepancy, introduced by approximating the data with
our methodology, between the empirical tail value at risk and the piecewise constant
estimator one. Also in this phase, Wasserstein distance is adopted, ensuring an overall
consistent approach, as it implicitly sets an upper bound on the absolute difference of
the tail values at risk.
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This work, which has been mainly inspired by [45] and represents an extension of
results of [3, 10] to the multivariate setting, is organized as follows. Chapter 2 is about
piecewise constant distributions. Their representation and characteristics, together
with other basic concepts which are essential to the work, are introduced. Chapter 3
focuses on the Wasserstein distance. After presenting its definition and computation, the
chapter deals with the admissibility criteria, which determine the stopping rule of our
partitioning algorithm. Moreover, the characteristics of the Wasserstein distance based
hypothesis are detailed. In Chapter 4 the algorithm components are explained and the
complete scheme for building a piecewise constant estimator is described. Finally, in
Chapter 5 different examples of the algorithm run concerning benchmark and actuarial
cases are presented. Conclusion and discussion follow in Chapter 6.



17

Piecewise constant distributions

In this chapter, piecewise constant distributions are defined and their characteristics
are highlighted. Piecewise constant distributions are a flexible and concise class of
distributions useful to construct summary structures for large data sets. They can
approximate distributions with any shape, since the number of components scales
with the complexity of the approximated distribution, and at the same time they
can be represented or compressed very efficiently. The central aspect of a piecewise
constant distribution is the uniformity assumption, i.e. the distribution conditioned
on each hyperrectangle is a uniform density. In fact, intuitively, a distribution is said
to be piecewise constant if it can be defined on a set of hyperrectangles, on which the
probability is constant. In this work, this family of probability distributions is one of the
two major components of our algorithm for density estimation tasks, together with the
Wasserstein distance (see Chapter 3). Indeed, the estimator generated by our recursive
hierarchical procedure belongs to this type of distributions.

Piecewise constant distributions can be also imagined as histograms with adaptive
bandwidths for each dimension and our methodology can also be seen as an estimation
technique of data-dependent multivariate histograms [44]. Other publications involving
histograms and Wasserstein distance are [46] and [47]. The former deals with a clustering
algorithm based on adaptive Wasserstein distance; the latter describes a strategy
for constructing an optimal piecewise linear approximation of a univariate empirical
distribution with a predetermined number of segments, using the Wasserstein distance
of order 2 as goodness-of-fit measure. Furthermore, [48] presents a method to compute
the Wasserstein distance of order 1 between a pair of two-dimensional histograms and
[49] presents a novel method to compute the Wasserstein distance between a pair of
d-dimensional histograms. Also, [50] offered an approach, restricted to two-dimensional
settings, for image segmentation, where the authors adopt Wasserstein distance to
determine the dissimilarity between two histograms. Compared with these analyses, our
algorithm can handle data sets with any dimension, the number of buckets is not fixed
a priori, and the Wasserstein distance is a central element in the adaptive procedure for
building the histogram.

Section 2.1 illustrates the piecewise constant class of distributions adopted in this
work to approximate the distribution of a given sample. After introducing the formal
definition, characteristics such as the moments and covariance formulations, and the uni-
form mixture representation are provided. Moreover, in Section 2.2, the one-dimensional
case is specifically covered. Finally, to conclude the chapter, the tail value at risk with
regard to piecewise constant distributions is detailed.
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2.1 Definition, characteristics and representation

In the following, we define the class of random variables with a piecewise constant (PWC)
distribution that is used as an approximation to the empirical cumulative distribution
function of a given sample.

2.1.1 Empirical cumulative distribution function

Definition 2.1. Consider a sample (X1,X2, . . . ,Xn) of real random vectors X : Ω→
Rd, with common distribution function F (t) = P(Xi ≤ t), where i = 1, ..., n. The
empirical cumulative distribution function F̂ : Rd → [0, 1] is defined as

F̂ (t) = 1
n

n∑
i=1

1 {Xi ≤ t} = 1
n

n∑
i=1

1 {Xi,1 ≤ t1, ..., Xi,d ≤ td} , (2.1)

where 1 {·} denotes the indicator function and n ∈ N is the sample size.

The empirical cumulative distribution function (ecdf) is the distribution function
associated with the empirical measure of a sample. It is a non decreasing step function
that rises by 1/n at each of the n sample points and its value counts the fraction of
observations that are less than or equal to a specified value t.

Example 2.1. Figure 2.1 details the ecdf in R2 of the two-dimensional sample (X1 =
(1, 0.5),X2 = (3.5, 1),X3 = (2, 3),X4 = (4.5, 4.5)).

Figure 2.1. Density plot (left) and surface plot (right) of the empirical cumulative distribution
function of a sample of n = 4 data points in R2.

The ecdf F̂ enjoys small-sample and asymptotic properties. F̂ is an unbiased and
consistent estimator of F ; as n → ∞ it convergences almost surely, both pointwise
for every value of t (by the strong law of large numbers [51]), and uniformly over t
(according to the prominent Glivenko–Cantelli theorem [52]), to the true cumulative
distribution function.
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Example 2.2. Figure 2.2 displays the empirical cumulative distribution functions
assiocated to samples of size n equal to 10 (left), 50 (center) and 250 (right) generated
from a one-dimensional standard Gaussian distribution (d = 1). As n increases, F̂
approaches the underlying cumulative distribution function F .

Figure 2.2. Comparison between the generating probability distribution function and the
empirical cumulative distribution function, as the sample size n increases.

Throughout the remainder of the work, the notation X ∼ F̂ denotes an empirical
distribution function arising from a sample (X1,X2, . . . ,Xn) with unknown distribution
function F .

2.1.2 PWC distributions

Definition 2.2. A hyperrectangle Qs ⊂ Rd is the Cartesian product of d intervals:

Qs = Is,1 × Is,2, ...,×Is,d, (2.2)

where Is,j = (as,j , bs,j ] and −∞ < as,j ≤ bs,j < +∞, for j = 1, ..., d, with the convention
that Is,j = {as,j} if as,j = bs,j .

Definition 2.3. Given a set of S ∈ N disjoint hyperrectangles

Q = {Qs : s = 1, ..., S} ∈ Rd

and probability weights p = (ps : s = 1, ..., S) ∈ R≥0, such that
∑S
s=1 ps = 1, a

random vector Y : Ω→ Rd has a PWC distribution, Y ∼ PWC(p,Q), if its cumulative
distribution function G : Rd → [0, 1] can be written as

G(t) = P(Y ≤ t) =
S∑
s=1

ps

d∏
j=1

HIs,j (tj), (2.3)

where the function HI : R→ [0, 1] is defined as follows:

HI(t) =


0 if t < a,

1 if b ≤ t,
t− a
b− a

else.
(2.4)

Remark 2.1. Two special cases can be distinguished.
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• Continuous case: In the case that as,j 6= bs,j for all j, in each s, Y is an absolutely
continuous random vector and the probability density function g : Rd → [0,∞)
can be expressed as

g(t) =
S∑
s=1

ps1 {t ∈ Qs}
1

λ(Qs)
, (2.5)

where λ(Qs) =
∏d
j=1(bs,j − as,j) denotes the d-volume of Qs.

• Discrete case: If as,j = bs,j for all j, in each s, the hyperrectangles are points,
and Y is a discrete random vector, whose probability mass function g can be
represented by

g(t) = P(Y = t) =
{
ps if t = Qs,

0 otherwise.
(2.6)

In the situation where only some, but not all hyperrectangles Qs consist of points, Y is
a mixed random vector. When as,j = bs,j for some s, the probability distribution does
not have a density function.

Example 2.3. Figure 2.3 shows the cumulative distribution function G of a PWC
distributed random vector for the continuous and the discrete cases.

Figure 2.3. Cumulative distribution function of a two-dimensional PWC distributed random
vector in the continuous case (plot on the left) and in the discrete case (plot on the right).

Definition 2.4. A PWC distribution is said to be compatible with the empirical
distribution of (X1,X2, . . . ,Xn), if the following conditions hold:

a) Exists s such that Xi ∈ Qs, for all i,

b) ps = ns
n

= 1
n

n∑
i=1

1 {Xi ∈ Qs} , for all s.

The above requirements form the compatibility condition between Y ∼ PWC(p,Q) and
X ∼ F̂ , i.e. for all s, P(X ∈ Qs) = P(Y ∈ Qs), since ps counts the elements of the
sample that lie in Qs.
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Setting all ps according to Definition 2.4 makes the PWC distribution a d-dimensional
histogram [44].

Example 2.4. Figure 2.4 outlines the compatibility condition in R2 between Y ∼
PWC(p,Q) and X ∼ F̂ , with n = 12. The former is a continuous random vector
and bluish shaded areas indicate rectangles Qs, with s = 1, ..., S, where the density is
positive; the latter has discrete support and its realizations are denoted by blue dots.
Plot a): compatible. Plot b): not compatible, since there is i such that Xi /∈ Qs for
all s, in fact two of the sample realizations lie within no hyperrectangle. Plot c): not
compatible, since for example p4 6=

1
n

n∑
i=1

1 {xi ∈ Q4} = 0; according to the compatibility

condition, given that none of the sample realizations is in rectangle Q4, Y density should
be equal to 0 in there.

Figure 2.4. Illustration of the compatibility condition in R2 for a sample of n = 12 data points.
In plot a) the PWC distribution is compatible with the observed sample. Conversely, in
plot b) and plot c) the PWC distributions are not compatible.

Remark 2.2. It can be noted that if T : Ω → {1, 2, ..., S} and Us : Ω → Qs are
independent random variables, with P(T = s) = ps and Us ∼ UQs , i.e. the (continuous)
uniform random vector on Qs, for s = 1, 2, ..., S, then Y ∼ PWC(p,Q) can be considered
as a mixture of uniform distributions:

Y d=
S∑
s=1

1 {T = s}Us, (2.7)

where the mixing weights are (ps : s = 1, ..., S), above-mentioned. The representation of
Formula (2.7) emphasizes, how conditioned on Qs, Y is a uniform random vector on Qs,
i.e. P(Y = y|Y ∈ Qs) = P(Us = y).

This representation plays a major role in the design of our algorithm and points
out a useful property of the class of PWC distributions: its moments can be computed
analytically. The following results are taken from [45].



2.1 Definition, characteristics and representation 22

Lemma 2.1. Let Y ∼ PWC(p,Q) and k > 0, then the kth raw moment E
[
Y k

]
is

expressed by

E
[
Y k

]
=
(
E
[
Y k
j

]
: j = 1, ..., d

)
,

E
[
Y k
j

]
=

S∑
s=1

ps
k + 1

bk+1
s,j − a

k+1
s,j

bs,j − as,j
,

(2.8)

where j = 1, ..., d.

Proof. The result derives from the fact that Yj can be considered as a mixture of
uniform distributions with mixing weights (ps : s = 1, ..., S):

E
[
Y k
j

]
= E

[
S∑
s=1

1 {T = s}Ukj

]
= E

[
E
[
Ukj |T

]]
=

S∑
s=1

ps
k + 1

bk+1
s,j − a

k+1
s,j

bs,j − as,j
,

where Uj ∼ UIs,j . In fact, the kth raw moment for a convex combination of distributions
is the convex combination of the kth raw moments, provided that they exist, of the
component distributions.

Lemma 2.2. From Lemma 2.1 it can be noted that the expected value µj and the
variance of Yj boil down to:

µj =
S∑
s=1

ps
as,j + bs,j

2 , (2.9)

and

Var (Yj) = E
[
Y 2
j

]
− µ2

j =
S∑
s=1

ps
a2
s,j + b2s,j + as,jbs,j

3 −
(

S∑
s=1

ps
bs,j + as,j

2

)2

. (2.10)

Lemma 2.3. Furthermore, the covariance between the ith and jth marginals, is equal
to:

Cov (Yi, Yj) =
S∑
s=1

ps
(as,i + bs,i) (as,j + bs,j)

4 −
S∑
s=1

ps
(as,i + bs,i)

2

S∑
s=1

ps
(as,j + bs,j)

2 ,

which shows that Y has a dependence structure, even though it is constructed from
independent components.

Proof. The result derives from the so-called law of total covariance:

Cov(Yi, Yj) = E [Cov(Yi, Yj |T )] + Cov (E [Yi|T ] ,E [Yj |T ])
= E [E [Yi|T ]E [Yj |T ]]− E [E [Yi|T ]]E [E [Yj |T ]]

=
S∑
s=1

ps
(as,i + bs,i) (as,j + bs,j)

4 −
S∑
s=1

ps
(as,i + bs,i)

2

S∑
s=1

ps
(as,j + bs,j)

2 ,

(2.11)

where the term E [Cov(Yi, Yj |T )] is equal to zero because the component distributions
have independent marginals.

Throughout the work PWC distributed random variables are indicated in formulas
by their cumulative distribution function G.
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2.2 One-dimensional PWC distributions
When referring to a PWC distributed random variable in R the parametrization simplifies.
It can be noted that in this case a PWC distribution has both its cumulative distribution
function and its quantile function composed by linear segments. In the one-dimensional
case, a PWC distribution is effectively a piecewise linear interpolator, also referred to as
linear spline and used in applications requiring data smoothing. Returning to Definition
2.3, this comes to be the following.

Definition 2.5. Given

• a set of S ∈ N disjoint intervals Q = {Is : s = 1, ..., S} ∈ R, where Is = (as, as+1],
for s = 1, ..., S, and −∞ < as < as+1 < +∞

• and probability weights p = (ps : s = 1, ..., S) ∈ R≥0, such that
∑S
s=1 ps = 1,

a random variable Y : Ω→ R has a PWC distribution, Y ∼ PWC(p,Q), if its cumulative
distribution function G : R→ [0, 1] can be written as

G(t) = P(Y ≤ t) =
S∑
s=1

psHIs . (2.12)

Correspondingly to Definition 2.3, the function HI : R→ [0, 1] is defined as

HIs(t) =


0 if t < as,

1 if as+1 ≤ t,
t− as

as+1 − as
else.

(2.13)

In addition, the quantile function G−1 : [0, 1]→ R on the intervals (ps, ps+1] is given by

G−1(t) = (t− ps)
ps

(as+1 − as) + as for t ∈ (ps, ps+1], (2.14)

where ps =
∑
u<s pu.

Example 2.5. Figure 2.5 outlines a one-dimensional PWC distributed random vari-
able Y , in which Q = {I1 = (1, 1.5], I2 = (1.5, 2], I3 = (2, 2.5], I4 = (2.5, 3]} and p =
(0.6, 0, 0.3, 0.1).

Figure 2.5. cumulative distribution function (left) and probability density function (right) of
a one-dimensional PWC distributed random variable.
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2.2.1 PWC distribution tail value at risk

Tail value at risk (TVaR) is a risk measure that quantifies the expected value of the
tail of a distribution in the interests of taking into account the behaviour of the “more
extreme” loss events. TVaR is often adopted as an alternative to other risk measure
like value at risk (VaR), with which it is associated, as it is more sensitive to the shape
of the tail of the loss distribution. Moreover, TVaR, although not elicitable [53, 54], is
a coherent and spectral measure of risk [55]; it is calculated for a given quantile-level q,
and in the financial and actuarial context can be defined as the expected loss given that
a loss is occurring at or below the q-level quantile.

Definition 2.6. For a real random variable X ∼ F , the value at risk (VaRq), at level
q ∈ [0, 1], is equal to

VaRq(X) = F−1(q) = inf {x : F (x) > 1− q} , (2.15)

where F−1(·) denotes the generalized inverse function of F . The VaRq is the smallest
number x such that the probability that X does not exceed x is at least q, namely it
coincides with the q-level quantile of X.

Definition 2.7. For a real random variable X ∼ F , with E [X] <∞, the tail value at
risk (TVaRq), at level q ∈ [0, 1), is equal to:

TVaRq(X) = 1
1− q

∫ 1

q
VaRt(X)dt = 1

1− q

∫ +∞

VaRq(X)
tdF (t). (2.16)

In the literature, it is often the case that different names such as average value at
risk, conditional tail expectation, or expected shortfall are used to refer to the TVaR
outlined in definition 2.7 above. All those quantities concur when F is an absolutely
continuous distribution [56].

For PWC distributed random variable, the TVaR is always finite and it is possible
to express it with the following formulation.

Lemma 2.4. For a real random variable Y ∼ PWC(p,Q) the TVaRq is given by

TVaRq(Y ) = 1
1− q

S∑
s=1

ps
as+1 + as

2 H̄Is(G−1(q)). (2.17)

Where the function H̄Is : R→ R is defined as follows:

H̄Is(t) =


0 if t ≥ as+1,

1 if t ≤ as,
a2
s+1 − t2

a2
s+1 − a2

s

else.

Proof. TVaRq(Y ) can be formalized as the conditional tail expectation, namely the
expected value of Y in excess of the VaR at level q [57]. Considering the same rationale
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adopted in Remark 2.2 and Lemma 2.1, it follows that:

E
[
Y |Y ≥ G−1(q)

]
= 1

1− qE
[
Y 1

{
Y ≥ G−1(q)

}]
= 1

1− qE
[
E
[
Ys1

{
Ys ≥ G−1(q)

}
|T
]]

= 1
1− q

S∑
s=1

E
[
Ys1

{
Ys ≥ G−1(q)

}]
ps = 1

1− q

S∑
s=1

E
[
Ȳs
]
ps,

(2.18)

since Y can be considered as a mixture of uniform distributions Ys ∼ UIs, for s =
1, 2, ..., S, with mixing weights (ps : s = 1, ..., S) and the expected value is the combination
of the expected values of the component distributions.
Hence, three cases can be distinguished for E

[
Ȳs
]
:

• If G−1(q) ≥ as+1, Ȳs is a constant random variable equal to 0.

• If G−1(q) ≤ as, Ȳs coincides with Ys and its expected value equals

E
[
Ȳs
]

= as+1 + as
2 . (2.19)

• If as < G−1(q) < as+1, the expected value of Ȳs can be expressed as

E
[
Ȳs
]

= (as+1 +G−1(q))
2

(as+1 −G−1(q))
(as+1 − as)

. (2.20)

Formula (2.17) can be derived by piecing the above results together.

It can be noted that Formula (2.17) is related to Formula (2.9). In fact, the TVaR
of a PWC distributed random variable can be expressed by multiplying each one of
the S component of the expected value formulation by the function H̄Is , which takes
into account if the value of the support considered lies to the left or to the right of the
q-level quantile, and then normalizing the result for the tail level 1− q.

Example 2.6. Figure 2.6 gives examples of the VaR and the associated TVaR for
a gamma and a PWC distributed random variables. The former has shape and
scale parameters of 3.5 and 1.5 respectively, the latter is constructed on a sample
of size 100 drawn from the gamma model, and has p = (0.33, 0.55, 0.09, 0.03) and
Q = {I1 = (0, 4], I2 = (2, 8], I3 = (8, 12], I4 = (12, 16]}.
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Figure 2.6. VaR and TVaR at level q = 0.90 for a gamma random variable (left) and for a
PWC distributed random variable (right). The grey shaded area highlights the tail of the
distributions.
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Wasserstein distance

The Wasserstein distance constitutes, together with piecewise constant distributions,
one of the cornerstones of our algorithm since it underpins the conditions required for a
PWC distribution to be an admissible approximation of a sample distribution.

The Wasserstein distance, which arises from the idea of optimal transportation, has
long been established as an important tool in probability theory and more recently has
spread to both statistical theory and applications. Indeed, the Wasserstein distance is a
powerful framework to compare two probability distributions and give a quantitative
measure of their dissimilarity. It exhibits the distinctive ability to capture the geometry
of the underlying space of the data, i.e. it incorporates a ground distance in comparison
to other statistical distances, such as Kullback-Leibler, Hellinger, χ2 or Total Variation,
that, on the contrary, neglect how close two outcomes might be on the sample space.
Moreover, the Wasserstein metric yields a map that specifies how to transform one prob-
ability distribution into the other. Last but not least, it can be applied to distributions
with non-overlapping supports and compare two distributions even when one is discrete
and the other is continuous.

However, the uptake of this probability distance as a statistical tool exhibits two
major challenges. First, its distributional limits on spaces other than the real line are
not fully known and fragmentary. Second, almost any application of the Wasserstein
distance involves extensive computational effort. In the present work we address both
of these matters. Indeed, the Wasserstein distance has been used as test statistic for
verifying the uniformity hypothesis in a given hyperrectangle, which may contain a large
multivariate sample. In literature, the so called L2-Wassertein distance (the square root
of the Wasserstein distance of order 2) has been adopted by [58, 59, 60] to introduce a
goodness-of-fit hypothesis test between a fixed distribution and a location-scale family
of probability distributions. It is noteworthy to mention that, using the same distance
function, [61] proposed a methodology to approximate probabilities through uniform laws
on convex sets. To the knowledge of the author, other publications involving the topics
of Wasserstein distance and hypothesis tests are [62] and [63]. The former introduced
the Wasserstein distance in nonparametric two-sample or homogeneity testing, the latter
in uniformity and distributional property testing. As opposed to these works we deal
with the Wasserstein distance of order 1.

Section 3.1, defines the wassestein distance. This distance function is the basis of the
methodology that determines when a PWC distribution is an admissible approximation
of an empirical distribution. Section 3.2 focuses on the issue of the calculation of
the Wasserstein distance. After this, in Section 3.3, the admissibility criteria, which
determine the stopping rule of our partitioning algorithm, are specified. In Section 3.4.2
the characteristics of the Wasserstein distance based hypothesis test are detailed. Finally,
Section 3.5 concludes the chapter with supplementary aspects about the Wasserstein
distance.
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3.1 Wasserstein distance definition
The Wasserstein distance is a function defined on a given metric space that allows us to
quantify the proximity between two probability distributions.

Definition 3.1. Given a metric space (Rd, c), for any two probability distribution
function F , G on Rd, the Wasserstein distance between F and G is defined by the
formula:

W (F,G) = inf
X∼F, Y∼G

E [c(X,Y )] . (3.1)

The Wasserstein distance is thus defined as the minimum expected distance among
all pairs of random variables X and Y whose fixed marginal distributions are F and G
respectively. Alternatively, it can also be interpreted as the minimum cost, measured
by the function c, it takes to transform random variable X into Y , and vice versa. Also,
an additional intuitive interpretation is that, given two distributions, one can be seen
as a mass of earth properly spread in space, the other as a collection of holes in that
same space. Then, the Wasserstein distance measures the least amount of work needed
to fill the holes with earth. Here, a unit of work corresponds to transporting a unit of
earth by a unit of ground distance [64].

For the sake of completeness we mention that the Definition 3.1 holds true for Polish
metric spaces and can be extended to the Wasserstein distance of order q ∈ [1,∞).
In (Polish) metric spaces the minimum in Formula (3.1) is always attained (see e.g.
Theorem 1.3. in [65]) and minimizers are called optimal transport plans or optimal
couplings.

For convenience of notation, where it causes no confusion, we use random variables
within the Wasserstein distance expression, in contrast with the above notation and
most of the literature; hence, we write W (X,Y ) for W (F,G), whenever X ∼ F and
Y ∼ G.

In this work we focus on the Wasserstein distance of order 1, given by Formula (3.1),
and, unless otherwise stated, we restrict ourselves to the cases where c is a `p-norm,
namely

c(x, y) = ‖x− y‖p =

 d∑
j=1

(xj − yj)p
1/p

, (3.2)

due to its natural interpretation as the earth mover’s distance [64], and implementation
simplifications. Sometimes Wasserstein distance is also referred to as Mallow’s distance
[66], according to [67], specially if q = 2 and when considering distances between
the distribution of random variables [68]. An exhaustive dissertation of the topic,
containing also some historical context, can be found in [65], whereas [69, 70] are helpful
introductions to the subject.

Definition 3.2. It can be shown that the Formula (3.1) has the following dual expres-
sion:

W (F,G) = sup
ψ∈Ψ

{∫
ψ(x)dF (x)−

∫
ψ(x)dG(x)

}
, (3.3)

where Ψ denotes the set of all functions ψ : Rd → R, such that |ψ(y)− ψ(x)| ≤ c(x, y).

Lemma 3.1. Definition 3.1 and 3.3 are equivalent.

Proof. See Remark 6.5. in [65].
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Furthermore, it is to be noted that Wasserstein distance is strictly related to
the optimal transportation problem, a topic which dates back to Monge’s [71] and
Kantorovic’s works [72], to the extent that researchers often use the term optimal
transportation (OT) distance.

Example 3.1. The concept of the optimal coupling minimizing Formula (3.1) can be
readily visualized, for the two- and three-dimensional cases, when X and Y are two
discrete uniform random vectors with a different support. Figure 3.1 shows the optimal
coupling related to the Wasserstein distance (when c is the `2-norm) and an example of
a suboptimal coupling.

Figure 3.1. Illustration of couplings, represented by blue lines, of two discrete uniform random
vectors X and Y, denoted by blue dots and red triangles respectively. Plot a) and c) display
the optimal coupling related to the Wasserstein distance, whereas plot b) and d) show an
example of a suboptimal coupling.
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3.2 Wasserstein distance computation

One-dimensional setting

In the one-dimensional setting the calculation of the Wasserstein distance can be
obtained without major problems. The optimal coupling attaining the minimum in (3.1)
is known explicitly [66] and the Wasserstein distance can be expressed in the following
form:

W (F,G) =
∫ 1

0
|F−1(t)−G−1(t)|dt =

∫ ∞
−∞
|F (x)−G(x)|dx, (3.4)

where the last equality is obtained by the Fubini-Tonelli Theorem. The formula shows
that the Wasserstein distance between two measures on R then becomes the `1-norm
of the difference of their quantile functions. Also, it corresponds to the area between
the two quantile functions or, equivalently, to the area between the two cumulative
distribution functions of the two random variables. Intuitively, this is because the
minimum cost of transportation is obtained by preventing any superfluous movements
of mass along the domain by preserving the order of the variables. Figure 3.2 depicts
the Wasserstein distance expressed by Formula (3.4) in the one-dimensional setting.

Figure 3.2. Illustration of the Wasserstein distance between two one-dimensional random
variables in the discrete (left), semi-discrete (middle) and continuous (right) settings. It
coincides with the area between the two quantile functions (or identically with the area
between the two cumulative distribution functions).

When involving a sample and a compatible PWC distribution, the Wasserstein
distance can be represented through a more specific formulation than Formula (3.4) that
is given by Lemma 3.2. This is an important result in our work because it provides a
closed-form expression for the specific one-dimensional cases we focus on (an additional
result is given by Lemma 3.4 below).

Lemma 3.2. The Wasserstein distance between X ∼ F̂ and a compatible Y ∼
PWC(p,Q) real random variables is given by

W (F̂, G) =
n∑
i=1

[
Wi + 1

2

( 1
n
− Wi

δi

)
·max {δi − nWi, 0}

]
, (3.5)
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where

Wi = 1
n

∣∣∣X(i) −G−1
(
i− 1/2
n

) ∣∣∣,
δi =

∣∣∣G−1
(
i

n

)
−G−1

(
i− 1/2
n

) ∣∣∣ (3.6)

and X(i), i = 1, ..., n, are the order statistics of the sample. The quantile function G−1(t)
is provided by Formula (2.14) of Definition 2.5.

Proof. We have that F̂−1(t) is constant for t ∈
(
i− 1
n

,
i

n

]
: F̂−1(t) = X(i). Hence,

nWi =
∣∣∣X(i) −G−1

(
i− 1/2
n

) ∣∣∣
equates to the distance from G−1

(
i− 1/2
n

)
, the middle point of G−1 on

(
i− 1
n

,
i

n

]
,

to the sample value X(i). Analogously, the distance from that middle point to the end

of G−1 on the segment
(
i− 1
n

,
i

n

]
is given by δi. We can now distinguish two cases:

whether G−1(t) attains the value X(i) in the interval
(
i− 1
n

,
i

n

]
(case 1) or not (case

2).

• Case 1: G−1(t) 6= X(i) for all t ∈
(
i− 1
n

,
i

n

]
. In this case nWi ≥ δi and

max {δi − nWi, 0} = 0. We know that F̂−1(t)−G−1(t) does not change sign for
t ∈

(
i− 1
n

,
i

n

]
. Therefore,

∫ i/n

(i−1)/n
|F̂−1(t)−G−1| = Wi.

• Case 2: if G−1(t) attains the value Xi in the interval
(
i− 1
n

,
i

n

]
, then F̂−1(t)−G−1

changes its sign in that interval and nWi < δi. In this case, as shown in Figure
3.3, the ith addend of the summation of Formula (3.5) is given by the area of two
triangles. The areas of the smaller and larger triangles are respectively given by

1
2(δi − nWi)

1
2n

(
1− nWi

δi

)
and 1

2(δi + nWi)
1

2n

(
1 + nWi

δi

)
.

Adding up these terms yields what was to be demonstrated:

Wi + 1
2

( 1
n
− nWi

δi

)
(δi − nWi).

Figure 3.3 shows the two forms, mentioned in the proof of Lemma 3.2, that the ith
component of Formula (3.5) can take.
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Figure 3.3. Illustration of Wi (grey shaded area) for the empirical distribution F̂ (solid line)
and the PWL approximation G (dashed line). Plot a) represents the first case in which
nWi ≥ δi; conversely plot b) displays the second case in which nWi < δi.

Multidimensional setting

In a multidimensional setting the calculation of the Wasserstein distance becomes more
challenging and demanding.

The prevalent way to compute OT distances is by solving a large-scale linear program.
In fact, when both measures involved are discretized (finite weighted sums of Dirac
masses), Wassertein distance formulation fits into a discrete setting and becomes a
Linear Assignment Problem, often shorten to LSAP [73]. This is one of the most
famous problems in linear programming and in combinatorial optimization and can be
exemplified as follows. Given two samples (Xi)i=1,...,n and (Yi)i=1,...,n from which we
compute the n × n distance (or cost) matrix C = (ci,j), where ci,j = c(xi, yj) for all
i, j, we want to select n elements of C, so that there is exactly one element in each row
and one in each column, and the sum of the corresponding distances is a minimum.
Discrete solvers consists of combinatorial optimization algorithms, based on the linear
programming formulation, such as the Hungarian method [74], the auction algorithm
[75], and the network simplex [76]. According to [77], there are over 20 established
methods for solving such problems, and at least seven software packages capable of
handling one or more of these methods [78]. If on one hand, they work for almost
any ground metric c and are numerically robust with regard to input data regularity,
on the other, since the geometric structure of the c function is not used, this class of
solvers do not scale well for large, dense problems [79]. For this reason, a wide range of
approximate and dedicated methods has been applied in order to accelerate discrete
solvers [80, 81, 82]. Among these, entropic-regularized approaches, introduced by the
renowned work of [83], solve the OT problem by adding an entropic penalization to the
original optimal transport formulation and have been shown to be extremely efficient to
approximate Wasserstein distances at a low computational cost (it is worth mentioning
that, because of the added regularization term, the solution will in general be different
from the one of the original design). One of the most-used method for solving the
resulting regularized optimization problem is represented by the Sinkhorn algorithm and
its recent refinements [84, 85, 86, 87]. In addition to the above-mentioned procedures,
it has to be noted that multi-scale schemes have also been proposed to boost discrete
linear solvers for the computation of Wasserstein distances. The underlying idea is to
approximate the original problem by a sequence of gradually finer estimations. However,
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most of these techniques can be applied only in Euclidean spaces (see e.g. [88, 79, 89]).
[90] carefully summarizes the topic of discrete optimal transport problem. It is worth
recalling that, despite being exclusively discrete, these algorithms can also be exploited
to approximate Wasserstein distance when distributions involved are not both discrete,
as long as one can sample from them.

The OT entropic-regularized approach paved the way to the application of stochastic
optimization methodologies [91], like stochastic gradient descend, averaged stochastic
gradient descend and stochastic averaged gradient, to solve optimal transportation
problems. Even though the Sinkhorn algorithm speeds up the computation and ensures
convergence properties, given the more regular form of the regularized optimization
problem, it does not scale well to measures supported on a large number of samples,
since it needs to handle the “heavy” n× n distance matrix, where n is the largest size
of the supports of the two input distributions. A solution to this issue is represented by
stochastic optimization methods, which enabled the computation of Wasserstein distance
also when large samples are involved. [92], in fact, showed that the dual formulation
of the optimal transport problem corresponds to the maximization of an expectation,
and thus it can be tackled using standard stochastic programming methods in all three
possible settings. In addition, other recent works proposed different approaches to solve
the dual OT problem through stochastic gradient methods: [93] introduced the so called
L2 regularization, [94] suggested a stochastic gradient based procedure to compute
large-scale optimal transport, and [95] outlined a formulation that is specific to the OT
using the Euclidean distance as a ground metric.

Semi-discrete optimal transport regards the setting when one of the two input
measures is discrete and the other one has a density. The solution to the semi-discrete
transport problem has a nice geometrical interpretation and is linked with (generalized)
Voronoi diagrams and power diagrams, as shown in [96, 97, 98] and in [99]. This
connection allows the enforcement of tools from computational geometry to obtain
fast computational schemes. Nonetheless, this approach is (again) restricted to the
Euclidean and the squared Euclidean distance, and can be implemented only in low
dimensions, because of its intractable form when d ≥ 3. For theory and application see
[100, 101], [102] and [103]. Other relevant works, which try to provide more general
methods in a semi-discrete setting, are the ones of [104, 78], and [105].

The continuous setting, i.e. when two continuous probability distributions are
compared, is not of primary interest in the present work. Two publications regarding
this setting are [106] and [107].

3.3 Admissibility criteria
Admissibility criteria specify the conditions, based on Wasserstein distance, required
for a PWC distribution to be an admissible approximation of F̂ . The marginal and
the joint admissibility rules are consistent with the essential assumption of piecewise
constant distributions that the distribution conditioned on each hyperrectangle is a
uniform, and arise from the fact that a uniform distribution on a hyperrectangle has
two peculiar attributes: it has uniform marginals and these are mutually independent.
The TVaR admissibility condition is principally connected the idea that by means of
the Wasserstein distance is possible to control the error of approximating the original
sample, measured using the TVaR.
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3.3.1 Marginal admissible approximation

Definition 3.3. Given a hyperrectangle Qs, let F s,j and F̂ s,j denote, respectively, the
cumulative distribution function of Xj in Is,j , and the empirical cumulative distribution
function of the sample projection on Is,j . We define the null hypothesis

H∗ s,j0 : F s,j = UIs,j , (3.7)

and the test statistic
W (F̂ s,j , UIs,j ),

which is the Wasserstein distance in Qs between the sample projection on the kth
dimension, i.e the kth marginal, and the uniform density on Is,j .

The above hypothesis test is aimed at verifying, using a Wasserstein distance based
test statistic, that the kth margin of the sample contained in Qs is uniformly spread
over Is,j .

Definition 3.4. We define Y ∼ PWC(p,Q) to be a marginal admissible approximation
of X ∼ F̂ , if it is compatible and none of the null hypotheses{

H∗ s,j0 : s = 1, ..., S, j = 1, ..., d
}

(3.8)

is rejected. This means that with a significance level α ∈ [0, 1], for all s and j:

P
(
W (F̂ s,j , UIs,j ) > ws,j | H∗ s,j0

)
> α (3.9)

where ws,j denotes the observed value of the test statistic in Is,j .

In other terms, Definition 3.4 states that Y ∼ PWC(p,Q) is a marginal admissible
approximation of F̂ when F̂ s,j cannot be distinguished in a statistically significant
manner from a uniform distribution on Is,j , with a predefined significance level α, in
each and every hyperrectangle Qs and dimension j.

When Y ∼ PWC(p,Q) is a marginal admissible approximation of F̂ the first
distinctive feature of uniform distributions is met: in each hyperrectangle, the margins
of the sample contained in it do not significantly differ from the uniform distribution.

We introduce the following hypothesis test in addition to the one above.

3.3.2 Admissible approximation

Definition 3.5. Given a hyperrectangle Qs, consider the random vector Ũs : Qs → C,
where C = [0, 1]d, as the following transformation of X in Qs:

Ũs =
(
HIs,1(X1), HIs,2(X2), ...,HIs,d

(Xd)
)
. (3.10)

Furthermore, let F s and F̂ s denote, respectively, the cumulative distribution function
of Ũs and the empirical cumulative distribution function of the transformed sample.
We define the null hypothesis

Hs
0 : F s = UC , (3.11)

and the test statistic
W (F̂ s, UC),

which is the Wasserstein distance between the transformed sample and the uniform
density on set C.
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The hypothesis test introduced by Definition 3.5 is aimed at verifying, using a
Wasserstein distance based test statistic, that the transformed sample is uniformly
spread over C.

Definition 3.6. We define Y ∼ PWC(p,Q) to be an admissible approximation of
F̂ , if it is a marginal admissible approximation, and none of the null hypotheses
{Hs

0 : s = 1, ..., S} is rejected. This means that with a significance level α ∈ [0, 1], for
all s:

P
(
W (F̂ s, UC) > ws | Hs

0

)
> α (3.12)

where ws denotes the observed value of the test statistic in Qs.

In other terms, Definition 3.6 states thatY ∼ PWC(p,Q) is an admissible approximation
of F̂ when the transformed sample cannot be distinguished in a statistically significant
manner from a uniform distribution on C, with a predefined significance level α, in each
and every hyperrectangle.

According to Definition 3.6, the marginal admissibility condition is required for a
piecewise constant distribution to be also an admissible approximation of F̂ . Given
this fact, in each Qs, it stands to reason that sample margins are uniformly distributed
on Is,j , for all j, and consequently, by applying the transformation HIs,j , they are
uniform on [0, 1]. Hence, the joint uniformity assumption can be tested against the
transformed sample, which lies in C and retains the dependence structure of the original
sample. Intuitively, we want to detect distributions with uniform marginals at first, and
secondarily exclude, between these, those that have not a joint uniform distribution.
Evidently, not all distributions with uniform marginals have mutually independent
marginals, and not all distributions with mutually independent marginals have uniform
marginals.

Example 3.2. Figure 3.4 contrasts the marginal admissible and the admissible con-
ditions in R2. Realizations are denoted by blue dots and the bluish shaded square
indicates the support of Y ∼ PWC(p,Q). Plot a) displays a sample uniformly spread
out over the square. Conversely, plots b) and c) depict samples whose margins are close
to uniforms, but joint distributions are not. In these cases, the PWC distribution is
only a marginal admissible approximation of the empirical distribution.

Figure 3.4. Illustration of the admissibility conditions in R2. Plot a) represents an admissible
PWC distribution, whereas plots b) and c) show PWC distributions which are only marginal
admissible.
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Finally, it has to be noted that testing the marginal admissibility condition in
a particular Qs involves a set of statistical inferences simultaneously, and hence the
multiple comparisons or multiple testing problem occurs, i.e. the more inferences are
made, the more likely erroneous inferences are to occur. Different procedures are
available in statistics for adjusting p-values and controlling the so-called Family Wise
Error Rate (FWER), namely the probability of at least one false positive (type I error).
Whilst on one hand this approach seems appropriate, since a single significant p-value
across H∗ s,j0 establishes that Qs is not marginal admissible, on the other hand it would
increase the probability of false negative (type II error). In our context, we consider more
important to ensure that non-uniformity is identified, rather than to limit uniformity to
not being detected.

3.3.3 TVaR admissible approximation

In the financial context using a fixed accuracy parameter approach can be meaningful
since a Wasserstein constraint implies a bound on certain risk measures. In fact, [10]
demonstrate in a one dimensional setting (d = 1) the existence of a relation between
the Wasserstein distance and some risk measures, including the tail value at risk. In
particular, the authors show that the Wasserstein distance between two random variables
implicitly determines an error bound of the tail value at risks of the two random variables
in question.

Definition 3.7. We define Y ∼ PWC(p,Q) to be a TVaR admissible approximation,
at q-level, of X ∼ F , if it is admissible, and for all j = 1, ..., d it holds that:

W (Xj , Yj)/(1− q) ≤ εj , (3.13)

where εj ∈ [0,∞), q ∈ [0, 1).

The reason for a TVaR admissible approximation is made clear by the following
theorem which relates the Wasserstein distance and the above-mentioned risk measure.

Theorem 3.1. Given any two real random variables (is in some `p-space, where p ≥ 1,
such that the TVaR exists) X ∼ F and Y ∼ G, for any q ∈ [0, 1), it follows that:

W (X,Y ) ≥ (1− q)|TVaRq(X)− TVaRq(Y )|. (3.14)

Proof. The theorem results from Definition 2.7 of TVaR and from considering the
following.

W (X,Y ) =
∫ 1

0
|F−1(t)−G−1(t)|dt ≥

∫ 1

1−q
|F−1(t)−G−1(t)|dt

≥
∣∣∣ ∫ 1

1−q
F−1(t)−G−1(t)dt

∣∣∣ = (1− q)|TVaRq(X)− TVaRq(Y )|.

The reader can also refer to Theorem 3.8 in [10].

Necessarily then, by combining Definition 3.7 and Theorem 3.1, once it holds that
W (X,Y )/(1− q) ≤ εj , we also know that |TVaRq(X)−TVaRq(Y )| ≤ εj . In this regard,
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the Wasserstein distance also determines an upper bound on the the (one dimensional)
marginal distributions approximation error, in terms of tail value at risk. Put another
way, if an admissible piecewise constant distribution of a sample is also a TVaR admissible
approximation at q-level, then in each dimension j, the difference (in module) between
the q-level TVaR of the PWC distribution and the q-level TVaR of the original sample
is no greater than εj . This threshold measures the maximum error allowed by the PWC
distribution approximation in terms of TVaR. Hereafter, the term W (X,Y )/(1 − q)
is referred to as the Wasserstein distance bound, |TVaRq(Xj) − TVaRq(Yj)| as the
absolute TVaR deviation, and εj as the tolerance threshold (error) parameter.

Example 3.3. Figure 3.5 depicts the relationship that exists between the Wasserstein
distance bound and the absolute TVaR deviation. The former is indicated with a dashed
line; the latter is denoted by a solid line. In the left side of the graph two lognormal
distributions with parameters (µ = 0, σ = 1) and (µ = 0, σ = 1.5) are considered,
whereas, on the right, two Pareto distributions with shape parameters respectively equal
to 1.5 and 2 are confronted.

Figure 3.5. Bound on the absolute TVaR deviation (solid line) determined by the Wasserstein
distance bound (dashed line). Plot a) regards two lognormal distributions, both with a
parameter µ of 0, one with σ equal to 1, the other with a value of 1.5. Plot b) involves two
Pareto distributions with shape 1.5 and shape 2.

In general, the behaviour of the absolute TVaR deviation curve might not correspond
to the one depicted in Figure 3.5 and should be determined on a case-by-case basis,
since it depends upon the characteristics of the two underlying distributions. For this
reason, it is good to adopt the bound provided by the Wasserstein distance, whose
shape is smooth and hinges on q.

More to the point, in this work, we are dealing with the TVaR of the sample and of
the PWC distribution. They are both finite and tend, as q goes to 1, in one case to the
maximum observation, and to the upper boundary of the support, in the other case.
The sample TVaR is usually estimated via the so-called empirical TVaR (the reader
may refer to [108] for a more comprehensive discussion on the topic) and the latter
using Formula 2.17.
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Lastly, it can be noted that when q = 0 Theorem 3.1 tells us that the absolute value
of the difference of the expectations of two random variables is always less than or equal
to their Wasserstein distance. A supplementary proof of this result is provided by the
following lemma.

Lemma 3.3. Given any two real random variables X ∼ F , Y ∼ G, such that E [X] <∞
and E [Y ] <∞, it follows that

|E [X]− E [Y ] | ≤W (X,Y ). (3.15)

Proof. By definition, in this case:

W (X,Y ) = inf
X∼F,Y∼G

E [|X − Y |] .

and since for any coupling of X and Y , we have that

|E [X]− E [Y ] | ≤
∣∣∣E [X − Y ]

∣∣∣ ≤ E [|X − Y |] ,

the inequality holds also for the infimum over the set of all couplings of X and Y . Hence,
we can conclude that

|E [X]− E [Y ] | ≤W (X,Y ),

which proves the statement. An alternative yet similar proof is provided by [10] (see
Theorem 4.1 pag. 10).

3.4 Wasserstein distance hypothesis testing
The Wasserstein distance has been receiving increasing attention from the research
community and has found different utilization in statistics and machine learning, starting
from the work of [109] and including generative adversarial networks (GAN) [95, 110, 111],
Wasserstein barycenter [112], clustering [113, 114], and principal component analysis
[115]. Nevertheless, practical applications remain tentative because its numerical
calculation is very arduous, especially when d > 1: explicit coupling results are only
known for multivariate Gaussian and elliptic distributions [116]. Recent publications
have proposed a wide range of approaches to find efficient solvers that address the
Wasserstein distance computation problem. For a comprehensive work on computational
OT topic the reader can refer to [117]. When d = 1, by contrast, the Wasserstein
distance has the closed-form expression and is much more easy to handle.

In the algorithm we propose, for practical purposes, we need an efficient and agile
scheme: the overall computation can be extremely demanding, considering both the
complexity of the Wasserstein distance calculation in itself, and the fact that it may
need to be determined possibly numerous times. A decisive factor, in this respect, is
that we verify the marginal admissibility condition at first, and the (joint) admissibility
condition only after the former is already met. Hence, during the initial phase of the
algorithm, we deal with Wassertein distance between one-dimensional distributions: this
aspect considerably lightens the load of the calculation, especially when the number S
of partitioning hyperrectangles Qs is still limited and large samples could be situated
within these. The algorithm successively move to the hypothesis tests of Definition
3.5 regarding the joint uniformity when PWC(p,Q) is already a marginal admissible
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approximation and the initial sample should be sufficiently partitioned into smaller data
sets within each bucket.

When testing H∗ s,j0 and Hs
0 hypotheses, the distribution of the test statistic under

the null hypothesis entails the so-called empirical Wasserstein distance W (F̂, F ), i.e. the
distance between the empirical measure F̂ of a sample drawn from F and F itself, and
especially the case where F is a uniform density on a hyperrectangle. It is a consequence
of the strong law of large numbers that if the first moment of F is finite, then W (F̂, F )
converges to 0, almost surely, as the sample size approaches infinity (see [65], Cor. 6.11).

Example 3.4. The Wasserstein distance between a sample drawn from the standard
Gaussian and the standard Gaussian distribution has been calculated for 1000 samples
of increasing size. The box plots for each group is depicted in Figure 3.6. The median is
highlighted with the red dash-dotted line. The above-mentioned convergence behaviour
of the empirical Wasserstein distance can be noted as the interquartile range narrows
and moves closer to 0.

Figure 3.6. Box plots of the Wasserstein distance between the empirical distribution of a
random samples drawn from the standard Gaussian and the generating distribution itself.
The distance converges to 0 with the increasing of the sample size. The median of the box
diagram is highlighted with the red dash-dotted line.

However, getting hypothesis tests based on the (empirical) Wasserstein distance
is severely hampered by a lack of inferential tools. Determining the exact rate of
convergence and distributional limits, which give a genuine perspective for practicable
inference, is the subject of a large body of literature (see e.g. [118, 119, 120, 121, 122,
123]), but despite the considerable interests in the topic, results have remained elusive
and the problem of constructing confidence intervals for Wasserstein distance is in
general unsolved.

3.4.1 One-dimensional setting

In the one-dimensional setting, as outlined in Section 3.2, the Wasserstein distance can
be expressed in a closed formulation (see Formula (3.4)). In addition, for measures on
R, a rather complete theory regarding rates of convergence and distributional limit is
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available [124] and the following result applies for testing the marginal admissibility
condition.

Theorem 3.2. Consider a sequence of n independent random variables uniformly
distributed on I = (a, b], a < b ∈ R, then as n→∞:

√
n
W (F̂, UI)

(b− a)
d−−→

∫ 1

0
|B(t)|dt (3.16)

where B(t), 0 ≤ t ≤ 1 denotes a Brownian bridge process, that is, a centred Gaussian
process with continuous sample paths and covariance: E(B(s)B(t)) = min {s, t} − st
[125].

Proof. The statement follows from Theorem 1.1 in [124] by substituting the quantile
function associated to UI and applying the scaling property of the Wasserstein distance
[126], i.e. W (vX, vY ) = |v|W (X,Y ) for any scale v ∈ R and random variables X and
Y .

Example 3.5. Figure 3.7 depicts the result stated by Theorem 3.2. For a given sample
size, 50000 random samples uniformly distributed on I = [0, 1] have been drawn. The
simulated distribution of the test statistic has been obtained by evaluating for each
sample the left side of Formula (3.16). As the sample size increases, the limiting
distribution of the Wasserstein distance test statistic approaches the distribution of
the integral of a Brownian bridge process absolute value. Plot a) shows, for different
sample sizes, the box-and-whisker chart of the simulated test statistic distribution. Plot
b) is focused on the upper quantiles, which are of interest for the hypothesis test. The
limiting distribution quantiles are indicated with dashed lines.

Figure 3.7. Illustration of the convergence, as the sample size increases, of the Wasserstein
distance test statistic distribution. Plot a) shows the test statistic box-and-whisker plot.
Plot b) focuses on the upper quantiles. In both graphs quantiles of the limiting distribution
highlighted with dashed lines.

Theorem 3.2 provides us with a theoretical instrument for testing any H∗ s,j0 hy-
pothesis. The observed value of the test statistic, to compare with the critical one,
is derived from the Wasserstein Distance between a uniform distribution on Is,j and
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the respective sample margin. In this circumstance Formula (3.4) has the following
closed-form expression.

Lemma 3.4. Given a sample X ∼ F̂ of size n, such that a ≤ X(1) ≤ ... ≤ X(n) ≤ b,
and a uniform random variable on I = (a, b], then W (F̂, UI) is equal to:

W (F̂, UI) =
n∑
i=1

[
Ŵi + 1

2

(
1
n
− 2nŴi

b− a

)
·max

{
b− a
2n − nŴi, 0

}]
, (3.17)

where
Ŵi = 1

n

∣∣∣X(i) − a−
(
i− 1/2
n

)
(b− a)

∣∣∣, (3.18)

and X(i), i = 1, ..., n, are the order statistics of the sample.

Equivalently, it also holds that:

W (F̂, UI) =
n+1∑
i=1

W ∗i =
n+1∑
i=1

[
W i + 1

2

(
βi −

W i

δi

)
·max

{
δi −

W i

βi
, 0
}]

. (3.19)

Where

W i = βi
∣∣∣ i− 1
n
−
X(i−1/2) − a

b− a

∣∣∣,
βi = X(i) −X(i−1),

δi =
X(i−1/2) −X(i−1)

b− a
,

(3.20)

and it has been set X(0) = a, X(n+1) = b and X(i−1/2) = (X(i) +X(i−1))/2.

Proof. These results can be readily derived from previous Lemma 3.2.

We have therefore the analytical tools required to check the marginal admissible
condition.

Algorithm 3.1. Marginal admissible hypothesis testing.
For each hyperrectangle Qs where the marginal admissibility condition is checked:

1. For each dimension j = 1, ..., d, compute the observed test statistic wj and compare
it with the respective α critical value w1−α using Theorem 3.2 and Formula (3.19).

2. If any wj ≥ w1−α, H∗ s,j0 is rejected, split Qs and go back to (1), else the sample
is considered to have uniform marginals.

It can be noted that Formula 3.17 and Formula 3.19 represent, respectively, the
specific closed-from expressions, when G = UI and X ∈ I, of the middle and the right
side of the equations in Formula 3.4. In an intuitive way, the former captures the
“horizontal” discrepancy and the latter measures the “vertical” distance. Figure 3.8
displays these interpretations.
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Figure 3.8. Illustration of the two notions of the Wasserstein Distance as “horizontal” (left)
and “vertical” (right) discrepancy between a uniform distribution on I and the empirical
distribution of the sample lying in I.

3.4.2 Multidimensional setting

When testing Hs
0 hypotheses we are in a multidimensional regime. As mentioned

above, inferential tools for Wasserstein distances are elusive when d ≥ 2, and hence
complications arise for checking the joint admissibility condition. For measures on Rd,
there are, indeed, only few distributional results, none of which can be successfully
employed in our framework (see e.g. [127, 128, 129]). With regard to the question
of quantifying the rate of convergence of W (F̂, F ), the major findings regarding our
context are given by the works of [130], who considers the uniform distribution on the
unit square, and [131, 132, 133, 134], for the uniform distribution in higher dimensions
on a d-dimensional unit cube.

The solution we propose to obtain critical values of the test statistic distribution
under Hs

0 is meant to guarantee a feasible implementation of the algorithm. It would be,
in fact, possible to test the joint admissibility condition by simulating an approximated
distribution of the test statistic under the null hypothesis for each hyperrectangle
Qs. However, according to the authors, this modus operandi comes at too high a
(computational) cost, which can undermine the whole scheme workability, especially
when ns is not a small value. The idea we propose combines two components: a reference
simulated distribution of the test statistic under the null hypothesis and the results of
rate of convergence for empirical Wasserstein distances concerning uniform densities.
The procedure steps are detailed below.

Algorithm 3.2. Reference test statistic critical value.
Before the algorithm is initiated, for α ∈ [0, 1] and d ∈ Z+:

1. Draw N samples of size m from the uniform distribution on C = [0, 1]d.

2. Compute the Wasserstein distances W = (w1, w2, . . . , wN ) between each sample
and UC .

3. Determine w1−α, namely the (1− α)-level empirical quantile of W.

Algorithm 3.3. Admissible hypothesis testing.
For each hyperrectangle Qs where the admissibility condition is checked:
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1. Compute the observed test statistic ws and scale the value with the appropriate
order of convergence of the empirical Wasserstein distance (see Lemma 3.5) for
considering the actual number of data points ns lying in Qs.

2. Compare the value w thus obtained with w1−α; if w ≥ w1−α, Hs
0 is rejected and

Qs has to be split, else the sample is considered as uniform on Qs.

With the above steps, an approximation of the α-level critical value of the test
statistic under Hs

0 is obtained, without simulating for each hyperrectangle sample size
ns the test statistic distribution under the null hypothesis.

A heuristic rule for setting the sample size m of Algorithm 3.2 is m = blognc, where
b·c is the floor function and log the natural logarithm. The reason for this is that m
should be an arbitrary positive integer that allows for a relatively fast computation of the
simulated distribution of the test statistic. The number of simulation N is determined
in such a way that there is at least 90% confidence that the estimated quantile does not
differ by more than 1% from the true value (see [135] Section 5.2).

The order of convergence adjustments, previously disclosed, come from the following
lemma.

Lemma 3.5. For a uniform random vector defined on C = [0, 1]d, where d ≥ 2, the
limiting behaviour of the empirical Wasserstein distance is given by

W (F̂, UC) =
{
O(n−1/2 logn1/2), if d = 2,
O(n−1/d), if d > 2,

(3.21)

where O is the Big O(micron) notation, log is the natural logarithm, and n is the sample
size.

Proof. For the case d = 2, the proof is provided by [130]; for d > 2, we refer to
[134].

The authors have confirmed through a simulation study the reliability of the above-
mentioned approach. The results of this procedure for obtaining critical values of the
test statistic are reported in the Appendix A.

It can be noted that, as the algorithm proceeds, the power of the hypothesis tests
tends to diminish, i.e. the number of true positive correct inferences reduces. The reason
for this is that the partitioning set Q grows in size and consequently the sample size ns
in its every element affected by the bisection technique decreases. This situation leads
to a design less susceptible to overfitting, since makes it more likely for the algorithm
to stop partitioning hyperrectangles.

With regard to the Wasserstein distances in Algorithm 3.2 and Algorithm 3.3, we
make the computation a discrete problem: the uniform density is approximated with a
quasi-random low-discrepancy sequence to evenly cover the d-dimensional hypercubic
space. The number of elements in the sequence scales with d and is set equal to 10d. As
both measures involved are discrete the Sinkhorn algorithm (see [86]) has been adopted
to solve the Wasserstein distance optimization problem and obtain the distance value.
We adopted one of the recent refinements of this approach [86], which has a complexity
of O(n2 logn), i.e. in nearly linear time in the input size n2, for approximating the
optimal transportation distance.

Example 3.6. Figure 3.9 illustrates approximation of the Wasserstein distance in
R2, with `2-norm as ground metric, between a sample of size n = 5 and the uniform
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distribution on [0, 1]2. The latter is represented with a quasi-random low-discrepancy
sequence that covers the square area and is indicated with black dots. The approximated
value of the Wasserstein distance is represented by the average length of the azure lines
mapping the observations to the target points.

Figure 3.9. Illustration of the approximated Wasserstein distance between a sample of size
n = 5 and the uniform distribution on the unit square, when the ground metric is the `2-
norm. Plots a) and b) highlight the sample and the quasi-random low-discrepancy sequence
serving as the uniform distribution, respectively. The optimal coupling associated to the
(approximated) Wasserstein distance is displayed in plot c).

3.5 Wasserstein distance additional aspects
In the remaining part of the chapter additional aspects of the Wasserstein Distance are
presented. In general, these are not strictly necessary for the algorithm itself, and hence
they may not be adopted in the PWC estimator fitting scheme. Nevertheless, these
results might be helpful in specific situations such as in the early stage of the algorithm,
when the calculation of the Wasserstein distance can be computationally demanding
and approximated solutions are required.

The following results provide us with some upper and lower bounds to the Wasserstein
dostance. For the sake of completeness, we mention to the reader that in [136] are
presented additional relationships among probability and statistical distances, including
the Wasserstein metric.

Since a PWC distribution is by definition uniform within each hyperrectangle Qs in
which the domain is partitioned, we consider the possibility of estimating the Wasserstein
distance between X ∼ F̂ and Y ∼ PWC(p,Q) by separating its calculation for each
hyperrectangle Qs, and then aggregating all the resulting components to revert to the
original overall distance. In this respect, it applies the following statement.

Theorem 3.3. Given X ∼ F̂ and a compatible Y ∼ PWC(p,Q), it holds that:

W (X,Y) ≤
S∑
s=1

W (Xs,Ys)ps, (3.22)
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where Xs ∼ F̂s and Ys ∼ UQs denote the random vectors X|X ∈ Qs and Y|Y ∈ Qs
respectively.

Proof.

W (X,Y) = inf
X∼F̂,Y∼G

E [c(X,Y)] = inf
X∼F̂,Y∼G

E [E [c(X,Y)|T ]]

≤ inf
X∼F̂,Y∼G

X∈Qs =⇒ Y∈Qs

E [E [c(X,Y)|T ]] =
S∑
s=1

inf
Xs∼F̂s,Ys∼UQs

E [c(Xs,Ys)] ps

=
S∑
s=1

W (Xs,Ys)ps.

Where T = {s : X ∈ Qs}, P(X ∈ Qs) = P(Y ∈ Qs) = ps for all s because of the
compatibility condition, and the inequality holds because {X,Y : X ∼ F̂,Y ∼ G} ⊇
{X,Y : X ∼ F̂,Y ∼ G,X ∈ Qs =⇒ Y ∈ Qs}.

The overall Wasserstein distance W (X,Y) is then obtained by simply aggregating
each Wasserstein distance obtained in the partitioning rectangles. Separating the
comprehensive Wasserstein distance into mutually independent components can lead to
a significant relief from the computational burden. In fact, this approach allows us to:

• Deal with the “simpler” local component of the PWC distribution, i.e. uniform
densities, because of conditioning to each Qs.

• Parallelize the calculation of the overall Wasserstein distance.

Theorem 3.4 below regards Wasserstein distance when an `p-norm is used as ground
cost.

Theorem 3.4. Given two real numbers p, q ∈ [1,∞), and random vectors X ∼ F and
Y ∼ G, then

p ≥ q =⇒ Wp(X,Y) ≤Wq(X,Y), (3.23)

where
Wp(X,Y) := inf

X∼F,Y∼G
E [‖X−Y‖p] , (3.24)

and c = ‖ · ‖p denotes the `p-norm.

Proof. Let (X*, Y*) be the optimal coupling when c = ‖ · ‖q and hence

Wq(X,Y) = E [‖X*−Y*‖q] .

Besides, since p ≥ q,
E [‖X*−Y*‖p] ≤ E [‖X*−Y*‖q] ,

and from the definition of the Wasserstein distance, it follows that

Wp(X,Y) ≤ E [‖X*−Y*‖p] ,

where the equality holds only if (X*, Y*) is the optimal coupling also when c = ‖·‖p.

Moreover, it is also worth noting that the following result holds between the Wasser-
stein distance between two random vectors and the Wasserstein distances between the
relative marginals.
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Theorem 3.5. Given any two random vectors X ∼ F and Y ∼ G in Rd, and ground
metric c = ‖ · ‖pp, namely the pth power of the `p-norm, with p ∈ [1,∞), then:

W (X,Y) ≥
d∑
j=1

W (Xj , Yj), (3.25)

where Xj ∼ Fj and Yj ∼ Gj are the jth marginal random variables of X and Y
respectively.

Proof.

W (X,Y) = inf
X∼F,Y∼G

E [c(X,Y)]

= inf
X∼F,Y∼G

E

 d∑
j=1

c(Xj , Yj)

 = inf
X∼F,Y∼G

d∑
j=1

E [c(Xj , Yj)]

≥
d∑
j=1

inf
Xj∼Fj ,Yj∼Gj

E [c(Xj , Yj)] =
d∑
j=1

W (Xj , Yj).

Theorem 3.5 extends the one in [137] (where a different proof is available, dedicated
to the squared Euclidean Wasserstein distance case) and holds, in a more general context,
whenever the argument of the expected value contained within the definition of the
Wassestein distance can be split into marginal independent components (this is true,
for example, also when the order of the Wasserstein distance is equal to the order of the
p-norm used as ground metric), the reader can refer also to [138].
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Algorithm

In this chapter our algorithm design and all its component are described. For obtaining
an admissible PWC approximation of the sample we opted for a top-down algorithm
with recursive layout that starts with a single axis-aligned hyperrectangle enclosing
the entire observations, and builds a hierarchical partition by splitting an existing
hyperrectangle into two non-overlapping ones. The recursive partitioning is repeated
until the admissibility condition is met in each region of the partition. The initial
phase is aimed at verifying the condition that sample data are uniformly distributed
within each hyperrectangle. The later stage is intended to ensure that the marginal
distributions of the resulting PWC distribution do not exceed the TVaR error limits.

The dimension along which the split is executed, is chosen according to a specific
bisection technique. As each the bisection concerns only a single dimension, the regions
in the resulting partition always have axis-parallel boundaries. In addition, since the
bisection of each hyperrectangle is independent from the bisection of the other partition
elements, the algorithm enables a high degree of parallelism. It should be also noted
that the algorithm is compatible with the divide-and-conquer design paradigm: it works
by repeatedly breaking down a problem into sub-problems of the same type, until all of
these come to a halt.

In Section 4.1 the initialization step is presented. Section 4.2 follows and is about
the bisection technique. The algorithm unit to ensure TVaR admissibility is detailed
in Section 4.3. Finally, the full algorithm is summarised in 4.4 and some asymptotic
properties are outlined in 4.5.

4.1 Initialization
The algorithm starts with a single box whose sides are parallel to the d coordinate
axes and containing all the observations, and hence the piecewise constant distribution
simply coincides with a uniform density.

Algorithm 4.1. Initialization procedure.

1. Set S = 1, Q = {Q1} , p = (1),PWC(p,Q) = UQ1. Where

Q1 = [â1, b̂1]× [â2, b̂2]× ...× [âd, b̂d], (4.1)

and âj, b̂j, for j = 1, ..., d are given by

âj =
nX(1) −X(n)

n− 1 = X(1) −
X(n) −X(1)

n− 1 ,

b̂j =
nX(n) −X(1)

n− 1 = X(n) +
X(n) −X(1)

n− 1 .

(4.2)
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X(1) and X(n) are, respectively, the first and last order statistics of the sample jth
marginal.

Formula (4.2) represents the minimum-variance unbiased estimators for the two
parameters aj and bj of a uniform on [aj , bj ] [139].

Thereafter, during algorithm iterations, the partition (and the PWC distribution
consequently) is grown by splitting each partition member into two sub-hyperrectangles,
until the stopping condition is met and PWC(p,Q) is an admissible approximation of
F̂ . The choice of using hyperrectangular shaped buckets is also driven by the data
compression intent of the algorithm: this type of shape can be represented concisely,
allowing a large number of buckets to be stored efficiently.

4.2 Bisection technique
The aim of the bisection technique is to build and shape the PWC distribution. The
bisection scheme selects in each hyperrectangle Qs, where either Hs

0 null hypothesis or
at least one of H∗ s,j0 null hypotheses is rejected, the dimension to split and the relative
split point. More specifically, it operates as follows.

Algorithm 4.2. Bisection technique.

1. Dimension selection. In a given hyperrectangle Qs to bisect, split the dimension
in which the Wasserstein distance between F̂ s,j and UIs,j , i.e. the jth marginal
distribution of the sample in Qs and the uniform density on jth dimension range
respectively, is associated to the smallest p-value. Namely:

j∗ = argmaxj∈{1,2,...,d}
√
ns

W (F̂ s,j , UIs,j )
(bs,j − as,j)

. (4.3)

2. Split point selection and bisection. For the selected dimension j∗, let the
index k denote:

k = argmaxi∈{1,2,...,n+1}W
∗
i , (4.4)

where W ∗i is defined in Formula (3.19). Bisect at (X(k) + X(k−1))/2, where
X(k) is the marginal k th-order statistic of the sample. By implication, the
initial hyperrectangle Qs is split in two non-overlapping hyperrectangles and S is
augmented of one.

Both steps of the bisection technique relies on Formula (3.19). In particular, the
split point selection phase uses the fact that above-mentioned formula is composed
by n+ 1 areas, each of which measures the vertical difference, occurring between two
consecutive data points.

Example 4.1. Figure 4.1 exemplifies how the bisection procedure works. Each group
of three plots depicts X ∼ F̂ and Y ∼ PWC(p,Q) random variables in a given Qs
(lower-left graph), and their marginal cumulative distribution functions (upper and
lower-right graphs). In the right group, W ∗k and the selected split are highlighted.
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Figure 4.1. Illustration of the way in which bisection technique operates in R2. The algorithm
is able to detect the dimension that is the most in need of partitioning (j = 1) and bisect
the area where the largest vertical discrepancy from uniformity occurs.

Furthermore, the following bisection technique, similar to the one mentioned above,
is adopted during the last stage of the algorithm, when the TVaR admissibility of the
PWC distribution is tested.

Algorithm 4.3. TVaR admissibility bisection technique.

1. Select the dimension associated with the largest Wasserstein distance bound relative
to its tolerance threshold parameter:

j∗ = argmaxj∈{1,2,...,d}
W (F̂j , Gj)
(1− q) εj

. (4.5)

2. In the dimension j∗, split the interval in which the Wasserstein distance between
F̂s,j∗ and UIs,j∗ is largest:

s∗ = argmaxs∈{1,2,...,S} W (F̂s,j∗ , UIs,j∗ ). (4.6)

3. For the selected interval Is∗,j∗, let the index k denote:

k = argmaxi∈{1,2,...,n+1}W
∗
i , (4.7)

where W ∗i is defined in Formula (3.19). Bisect at (X(k) +X(k−1))/2, where X(k) is
the marginal kth-order statistic of the sample. By implication, the hyperrectangle
Q∗s is split in two non overlapping hyperrectangles and S is augmented of one.

It can be noted that margins where Formula (3.13) holds are de facto excluded from
the maximum search of point 1 of Algorithm 4.3. In these margins, indeed, one has that
W (F̂j , Gj)/(1− q) ≤ εj , and hence the ratio in Formula (4.5) is less than, or equal to 1,
unlike in margins where Formula (3.13) is not fulfilled.
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4.3 Ensuring TVaR admissibility
After the algorithm generates an admissible PWC approximation of the original sample,
the next and final stage is aimed at ensuring the TVaR admissibility of the PWC
distribution. This results in verifying that for each dimension j the Wasserstein distance
bound does not exceed the tolerance threshold parameter εj . To this end, we introduce
two methods for selecting such threshold. In the first approach, which is referred to
as the explicit approach, εj is set so that the user knows which will be, at level q, the
absolute TVaR deviation value at most. In the other approach, the implicit approach,
εj is set according to a statistical rule that solely considers the empirical Wasserstein
distance. It consequently controls the absolute TVaR deviation value as a consequence
of Theorem 3.1.

4.3.1 Explicit approach

Algorithm 4.4. For a given sample marginal distribution F̂j, and q ∈ [0, 1), ξ ∈ [0, 1]
set

εj = ξ TVaRq(Yj)
(1− q) . (4.8)

This logic of setting the tolerance threshold parameters ensures that, in all dimensions,
the absolute deviation between the q-level TVaR of the PWC estimator and of the
sample is not bigger than ξ times the original sample TVaR.

By means of this pragmatic manner, the user knows that the error, measured in
terms of absolute difference of TVaR, made by using the PWC estimator in place of the
original sample is no more than a fixed percentage (i.e. ξ) of the original sample TVaR.

4.3.2 Implicit approach

The implicit approach for determining the tolerance threshold parameter echoes what
proposed in [10]. We herein consider the empirical Wasserstein distance and the
convergence of F̂j to Fj in its terms. It is reiterated that what follows refers to the
one-dimensional setting.

The parameter εj , for each j, is set such that the approximation error, measured as
the Wasserstein distance between the sample and the PWC estimator, is significantly
smaller than the expected sampling error, measured as the Wasserstein distance between
the sample and its generating probability model. For further details on the following
results and the statistical properties, the reader should refer to Section 4.5 of [10]. Most
of the convergence theory is based on [124].

Definition 4.1. An estimator of the expected empirical Wasserstein distance between
F̂j and Fj , is defined as:

Ŵ (F̂j , Fj) =
√

2
nπ

∫ +∞

−∞

√
F̂j(t)(1− F̂j(t))dt. (4.9)

Note that Ŵ (F̂j , Fj) depends only on F̂j , i.e. it is independent of the (unknown)
true underlying model Fj and can therefore be calculated from the sample margin. The
following theorem provides us with the conditions and mathematical formulation of
Ŵ (F̂j , Fj) as a consistent estimator of E[W (F̂j , Fj)].
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Theorem 4.1. Suppose E[|X|ξ] <∞ for X ∼ Fj and some ξ > 2. Then,

lim
n→∞

|
√
nŴ (F̂j , Fj)−

√
nE[W (F̂j , Fj)]| = 0. (4.10)

Proof. Refer to Theorem 4.12 in [124]: for the expectation we have that E|B(F )| =
2/π

∫
Fj(1− Fj) (pag. 1038); Equation (1.6) provides the limiting distribution and the

variance of of W (F̂j , Fj) around the mean in terms of a weighted Brownian motion.
It can be noted that Theorem 4.12 requires E[|X|ξ] < ∞ for some ξ > 2; [124] also
provides the convergence behaviour in the other cases.

We propose to use the result of Theorem 4.1 in order to set the the tolerance
threshold parameter as follows.

Algorithm 4.5. For a given sample marginal distribution F̂j and q ∈ [0, 1) set

εj = 0.1
(1− q) Ŵ (F̂j , Fj) = 0.1

(1− q)

√
2
nπ

n−1∑
i=1

√
i(n− i)
n2 (X(i+1) −X(i)), (4.11)

where X(i) is the marginal ith-order statistic of the sample jth margin.

Using Algorithm 4.5 implies that asymptotically the error introduced through the
approximation via the PWC distribution is at least one order of magnitude smaller than
the sampling error. Moreover, if the marginal distributions Fj satisfies certain conditions,
it is possible to establish an upper bound on the probability that the difference between
these two errors is bigger than a fixed value δ. Readers who are interested in examining
this question more thoroughly should refer to Section 4.5 of [10].

4.3.3 TVaR admissibility verification

Algorithm 4.6. TVaR admissibility testing.

1. Compute for each dimension j = 1, ..., d, the tolerance threshold εj using Algorithm
4.4 or 4.5.

2. Verify that W (F̂j , Gj)/(1− q) ≤ εj, for all j, i.e. that the Wasserstein distance
bounds are less than or equal to the corresponding tolerance threshold parameters.
If not, apply the bisection technique provided by Algorithm 4.3 and go back to step
1.

It is noted that during the phase of the TVaR admissibility testing, the algorithm
deals only with the Wasserstein distance, and the TVaR of the original sample and of
the PWC distribution do not need to be calculated.

4.4 Full algorithm
In this section, after having presented the details of all scheme components, we resume
the full algorithm.

Algorithm 4.7. Complete Algorithm.
Require: α ∈ (0, 1), εj ∈ [0,∞) , `p-norm.
Input: An observed sample (x1,x2, . . . ,xn) of a d-dimensional random vector.
Output: An admissible PWC distribution.
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1. Reference critical value: Determine the test statistic α-level critical value
using Algorithm 3.2.

2. Initialize: Start the PWC distribution as stated by Algorithm 4.1.

3. First step: Test the marginal admissible condition using Algorithm 3.1. Bisect Q
elements that require it, according to Algorithm 4.2, until a marginally admissible
PWC(p,Q) is found.

4. Second step: Test the admissible condition using Algorithm 3.3. Further bisect Q
elements that require it, according to Algorithm 4.2, until an admissible PWC(p,Q)
is found.

5. Third step: Test the TVaR admissible condition using Algorithm 4.6, until a
TVaR admissible PWC(p,Q) is found.

It can be noted that the uniformity is not tested during the third step for the novel
additional hyperrectangles. This is justified by the fact that, from a theoretical point
of view, uniform distributions remain such when truncated. In other words, given a
uniform density on a hyperrectangle, the two distributions generated by the bisection
are still uniforms on the resulting hyperrectangles.

4.5 Asymptotic properties
In this section, we present some asymptotic properties of the estimator generated by
our algorithm.

Definition 4.2. An admissible PWC distribution resulting from Algorithm 4.7 is said
to be a PWC estimator of the unknown probability distribution of the observed sample.

Firstly, it can be shown that a PWC estimator tends to the empirical cumulative
distribution function of a given a sample as the significance level parameter approaches
1.

Theorem 4.2. Given an empirical distribution F̂ of a sample of size n, for a PWC
estimator G, it holds that:

lim
α→1

G(t) = F̂ (t). (4.12)

Proof. As α→ 1, by the definition of significance level, the probability of rejecting the
null hypothesis approaches one. Therefore, from the algorithm construction, the partition
grows until only a single point xi is left in each hyperrectangle Qi, for i = 1, ..., n. At
this stage, in any Qi, the null hypothesis is still rejected and the bisection technique
continues to shrink all intervals Ii,j, j = 1, ..., d, by alternately splitting at either
(ai,j + xj)/2 or (xj + bi,j)/2. As a result, the non-empty hyperrectangles are reduced to
the observations.

It can also be noted that a PWC estimator is a consistent estimator under mild
assumptions on the generating model distribution. In fact, the algorithm output
converges towards the true underlying probability model if the number of training
samples goes towards infinity, and the variance of the error between true and estimated
values reduces to zero.
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Mathematically, convergence of a nonparametric estimator like PWC estimator can
be proven by showing that the following holds [140].

P
(

lim
n→∞

∫
X

(g(t)− f(t))2 dt = 0
)

= 1, (4.13)

where f(t) denotes the probability density function of the unknown model generating
the sample defined on X ⊂ Rd and g(t) is provided by Remark 2.1.

The proof is based on [40] and is reported below. Indeed, the authors introduced in
their work a group of estimators that they called Density Estimation Trees, to which
our PWC estimator belong.

Theorem 4.3. A PWC estimator G satisfies (4.13).

Proof. Let B be the collection of all sets r ∈ X that can be interpreted as the solution
set to a system of k inequalities of the form bT t ≤ c where b ∈ X and c ∈ R. Each
hyperrectangle Q ∈ Q in the PWC estimator, is the solution set of a system with k
inequalities of the form bT t ≤ c with b ∈ X and b has exactly one entry equal to 1 and
the others equal to 0. Hence, the partitions that are generated in a PWC estimator are a
subset of all possible solutions to a system of inequalities in the above form, i.e. Q ⊂ B.
According to a general version of the Glivenko-Cantelli theorem [141].

P
(

lim
n→∞

sup
r∈B
|G(t)− F (t)| = 0

)
= 1 (4.14)

This means that the probability that the largest possible error between the PWC
estimated and the real distribution of any possible partition t is equal to 0, converges to
1, if the sample size n increases towards infinity.

By the definition of F and G, and Remark 2.1 we get

P
(

lim
n→∞

sup
r∈B

∣∣∣ ∫
r
g(t)dt−

∫
r
f(t)dt

∣∣∣ = 0
)

= 1

=⇒ P
(

lim
n→∞

sup
r∈B

∫
r

∣∣∣g(t)dt− f(t)dt
∣∣∣ = 0

)
= 1.

(4.15)

Now we make the assumption that if the sample size diverges towards infinity, the
volumes of the partitioning hyperrectangles get infinitesimally small, because each leaf
can only have a bounded number of points. This means in our algorithm that as n→∞,
the significance level α goes to 0, in such a way as to ensure that nα→∞. Hence, the
following conclusion can be drawn with probability 1:

lim
n→∞

sup
r∈B

∫
r

∣∣∣g(t)dt− f(t)dt
∣∣∣ ≤

lim
n→∞

∣∣∣g(t′)− f(t′)
∣∣∣ ∫
r
dt for some t′ ∈ r = 0

(4.16)

This assumption is commonly used for the consistency of data-partitioning estimators
[142] and is justified since as n → ∞, the diameter of any leaf node would become
smaller and smaller since the leaf node can only have a bounded number of points.
Therefore, it comes to what was to be demonstrated
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P
(

lim
n→∞

sup
r∈B

∫
r
|g(t)− f(t)|dt = 0

)
= 1

=⇒ P
(

lim
n→∞

∫
X

(g(t)− f(t))2 dt = 0
)

= 1.
(4.17)

4.6 Cross-validation
The main parameter of the algorithm can be considered to be α, since it drives the
Wasserstein distance based hypothesis tests, on which depends the learning of the PWC
estimator.

Because of α meaning as significance level in the reductio ad absurdum argument
within the hypothesis testing rationale, natural candidates would be 0.01, 0.05 and 0.10.
However, nothing should prevent the user from following another rule for determining
this parameter. For example, a different approach can be favored in consideration of the
fact that α controls the degree of adaptation to the data, and overly large values could
lead to overtrained model (see Theorem 4.2). Therefore, the significance level parameter
can be decided according to the principle of cross-validation, which is an important
statistical framework for the purposes of selecting a good estimator (i.e. model selection)
and assessing its performance (i.e. estimating generalization error) [143]. The value
is chosen through minimizing the unbiased estimator of the integrated squared error,
often referred to as the cross-validation criterion (see [144], pag. 18):

α∗ = argminα∈(0,1) J(α),

J(α) =
∫
X
g(t)2dt− 2

n

n∑
i=1

g−i(Xi),
(4.18)

where Xi is the ith observation of the sample, and g−i denotes the probability density
function of the PWC estimator calibrated by removing the ith observation from the
sample.

4.7 Ensemble learning: bootstrap aggregating
Ensemble approaches combine multiple learning algorithms into an aggregated model
with the aim to obtain better performance than could be obtained from any of the
single constituent algorithms. Typically, ensemble methods construct a set of classifiers
and then classify new data points by taking a weighted vote of their predictions [145],
embracing the claim, known as the “Wisdom of Crowds” [146], that “the collective
knowledge of a diverse and independent body of people typically exceeds the knowledge
of any single individual, and can be harnessed by voting” [147].

These techniques have been broadly studied from the theoretical viewpoint and
increasingly adopted in the supervised framework. The success of ensemble learning
methodologies comes from their strong performances when tested over several data sets
selected from machine learning benchmarks. In contrast, fewer developments exists
within the unsupervised context [148].
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Similarly to what has been done for other density estimators such as histograms and
kernel density estimators (see e.g. [149, 150, 151]), an aggregation technique that can
be applied to our scheme is bootstrap aggregating, often called bagging [152], which
has its origin in bootstrapping (see [153, 154] for a comprehensive treatise). Algorithm
4.8 provides an overview of the PWC estimator enhanced by the bootstrap aggregating
ensamble method.

Algorithm 4.8. Bagging PWC estimator.
Require: B ∈ N+.
Input: An observed sample (x1,x2, . . . ,xn) of a d-dimensional random vector.
Output: The bagging PWC estimator is the simple pointwise average of the B

individual estimators

GBag(x) = 1
B

B∑
b=1

Gb(x).

1. Bootstrap samples: From the observed sample, obtain boostrap samples Xb =
(x∗1,x∗2, . . . ,x∗n), for b = 1, . . . , B.

2. PWC estimators learning: Over each boostrap sample Xb, calibrate a PWC
estimator Gb by using Algorithm 4.7.

Bagging helps both reducing the variance of the estimator (while leaving, in general,
bias unchanged) and eliminating the issue of overfitting. However, despite ease of
implementation and a parallel design, Algorithm 4.8 entails a considerable increase in
computation time, which is not always beneficial in practise, especially given that the
accuracy gain can be modest [147].
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Implementation and illustrations

In this chapter, the performance of our methodology has been investigated on several
examples involving data in different multi-dimensional spaces.

In Section 5.1 our algorithm has been tested in two- and three-dimensions on
reference samples that have already been adopted by the literature as standards for
density estimation tasks. To complete the analysis, Section 5.2 documents the results of
our procedure applied on insurance-related data sets; it focuses on samples recalling
realistic actuarial cases and specific situations. This part also concentrates on the
application of PWC estimator as a tool for estimating the dependence contained in the
data.

All experiments and analyses were run on a computer with an Intel® Core™
i7-6700HQ processor with 16GB RAM, running at 809.549 MHz, on Ubuntu Linux
distribution version 18.04.2. An implementation of our algorithm in Python is available
under the permissive free software MIT license. It can be obtained through the authors.

5.1 Benchmark data sets

In the first instance, as reported in [45], we evaluate our methodology against a non-
trivial two-dimensional distribution. In the literature, the same bivariate distribution
has been originally adopted by [155] for the testing of their work. The reader should
refer to the original paper for a more detailed explanation. Moreover, we considered a
group of simulated data sets, in three dimensions, with known density to evaluate the
ability of the PWC estimator to recover the underlying distributions [156].

5.1.1 Two-dimensional space

The distribution is defined as a random sample from any of 350 Gaussian distributions.
The first 349 normal distributions are sampled with equal probability of 1/698 and have
all variances of 0.3 and no covariance. The last distribution is also a normal distribution,
but it is sampled with probability 349/698 and its dispersion matrix is defined by the
covariance matrix of the means of the above-mentioned 349 distributions. The first 349
normal distributions are located in a manner that reproduces the (rotated) logo of the
original paper lead author’s home institution. The last component is centred on the
origin, with a width and height that traverse the other component distributions and
with principal axes parallel to the x-y axes. This produces a mixture distribution with
a long-wave feature combined with a sophisticated structure of comparatively shortwave
elements aligned with different axes.

Figure 5.1 outlines the application of our algorithm to approximate a sample of size
1 million drawn from a two-dimensional mixture model. Plot a) depicts the probability
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density function of the mixture distribution, plot b) illustrates the underlying sample
and plot c) shows the resulting probability density function of the PWC estimator.

Figure 5.1. Illustration of the PWC estimator of a non-trivial mixture of Gaussian distributions
in R2.

Figure 5.2 sets out in more detail part of the sample realizations (blue dots) and the
partitioning of the domain forming the PWC estimator.

Figure 5.2. Detail of the PWC estimator partitioning rectangles dividing the domain and
encapsulating the sample observations.

Table 5.1 summarizes some features regarding the PWC estimator such as the number
of rectangles S partitioning the domain, the value of the parameter α and the selected
`p-norm as ground distance.

A total of 7103 bisections have been performed by the algorithm on the starting
trivial partition to obtain a PWC estimator that is equipped with 6880 rectangles,
containing on average approximately 145 data points (ranging from a minimum of a
single data point to a maximum of 675 observations). This aspect exhibits one of the
PWC estimator attributes: it is efficient in terms of information needed for storing
purposes.

Table 5.2 matches PWC estimator moments against their empirical ones. It can be
noted that the shape of the sample distribution is preserved and the PWC estimator,
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Table 5.1. PWC estimator characteristics.

PWC estimator

Number of rectangles 6880
Number of split along j = 1 3594
Number of split along j = 2 3509
Ground metric `1-norm
α 0.05
Execution time (in sec.) 196.31
Sample size 1000000

Table 5.2. Comparison of PWC estimator and sample statistics.

Mean Variance Covariance Skewness

Sample (1.481, 0.403) (238.119, 244.734) 44.856 (0.009, -0.102)
PWC estimator (1.481, 0.402) (237.487, 244.303) 45.404 (0.010, -0.102)

despite losing part of the information contained in the data, has characteristics very
similar to the sample ones.

The impact on the PWC estimator of different values of α has been assessed on
the same sample. When this parameter value increases, as stated by Lemma 4.2, the
partition naturally becomes finer, and the final PWC estimator grows nearer to each
single observation. Figure 5.3 shows how the PWC estimator changes by varying the
significance level, in terms of execution time, number of rectangles, average number of
points per rectangle, and total number of splits executed. With an increasing α, the
total number of splits and the execution time escalate, the number of rectangles rises
and tends to the number of observations, the average number of points decreases to the
value 1.

Figure 5.3. Algorithm sensitivity analysis of the variation of the significance level α. The left
plot reports the execution time (in seconds) and the number of rectangles (in thousands) of
the resulting PWC estimator. The right plot indicates the average numbers of data points
per rectangle and the total number of splits executed (in thousands).
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5.1.2 Three-dimensional space

Similarly to [156], the following four samples, each of size 600 000, have been examined.

• Data set 1 resembles a wall-like and a filament-like structure. The first and the
second dimensions of the wall-like structure are both uniform on [0, 100], the
third dimension is drawn from a Gaussian distribution with mean 50 and variance
5. The filament-like structure, conversely, is created with a bivariate Gaussian
distribution, with location (50, 50), variances 5 and 0 covariance, in the first and
second coordinates, and a uniform distribution on [0, 100] in the third dimension.

• Data set 2 mirrors three wall-like structures. Each wall consists of uniform
distributions on [0, 100]2 and a Gaussian distribution. In one wall-like structure
the Gaussian has mean 10 and variance 5, in the others it has mean 50 and
variance 5.

• Data set 3 is generated from a three-dimensional distribution with independent
and identically distributed lognormal components, whose mean and variance are
equal to 3 and 4, respectively.

• Data set 4 contains points drawn from two trivariate Gaussian distributions. Each
has independent and identically distributed marginals, one with locations 25 and
variances 5, the other with location 65 and variance 20. To these is added a
uniform noise on [0, 100]3.

The three-dimensional scatter plots of the above-mentioned samples and the relative
PWC estimators are displayed in Figure 5.4.

Figure 5.4. Scatter graphs of the simulated data sets 1-4 from left to right (top) and their
corresponding PWC estimators (bottom).

Table 5.3 reports the characteristics of the PWC estimators for the four data sets. It
can be noted that, as expected, in data sets 1 and 2 the dimensions with uniform
components are affected by a lower number of bisections. In data sets 3 and 4 the
number of splits are similar across the dimensions.
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Table 5.3. PWC estimators characteristics for data sets 1-4.

Data set 1 Data set 2 Data set 3 Data set 4

Number of rectangles 1793 1062 3968 2944
Number of split along j = 1 631 57 1373 984
Number of split along j = 2 583 653 1456 1040
Number of split along j = 3 683 379 1404 988
Ground metric `1-norm `1-norm `1-norm `1-norm
α 0.05 0.05 0.05 0.05
Execution time (in sec.) 783.41 341.36 283.14 1658.95
Sample size 600000 600000 600000 600000

5.2 Insurance data sets
In the following section we investigate the performance of PWC estimator on three
insurance-related examples. The first has been inspired by [157, 158] and deals with
a bivariate distribution used as a model for the losses from windstorms in France and
Germany. The second resumes the reinsurance policy exemplification referred to in the
introduction of Chapter 1. Lastly, the third examples concerns indemnity claims data,
formerly investigated by [159], comprising general liability claims payments and the
relative allocated loss adjustment expenses.

5.2.1 Pareto-Clayton windstorm model

The bivariate model of losses from windstorms in France and Germany is composed
of two identically distributed Pareto random variables with scale parameter 3 and
shape parameter 4, coupled according to an Archimedean Clayton copula with the tail
dependency on the upper side. Its parameter is set such that there is a Kendall rank
correlation of τ = 0.50 between the two marginal distributions [158].

The PWC estimator calibration has been run on a random sample generated by
the above-mentioned distribution of size 1 million. Different values of α have been
set, in order to perform a sensitivity analysis of the significance level parameter of the
algorithm.

Since we know the analytical form of the underlying model, i.e. the two-dimensional
meta-Clayton distribution, we are in a position to carry-out a comparison of the PWC
estimator with both the sample on which it has been constructed, and the true model
behind the data. Thus, this fact allows us to ascertain in detail the following points:

• To what extent is our algorithm able to represent and compress the information
contained in the original sample.

• How does this result compare with the true underlying model.

• How well is our methodology capable of mirroring the joint comportment intro-
duced by the Clayton copula and grasping the behaviour of the Pareto-distributed
marginals.

Table 5.4 contains the characteristics of the PWC estimators for different values of
the hypothesis test significance level. As expected, consistently with Theorem 4.2, the
number of rectangles in the partition rises with the increasing α which has the effect
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Table 5.4. PWC estimators characteristics at different α.

α 0.01 0.05 0.1 0.25 0.5

Number of rectangles 2478 3759 5001 10362 71374
Number of split along j = 0 1273 2032 2796 7684 107877
Number of split along j = 1 1277 1974 2765 7685 108413
Ground metric `1-norm `1-norm `1-norm `1-norm `1-norm
Execution time (in sec.) 185.05 220.51 234.39 310.85 1484.44
Sample size 1000000 1000000 1000000 1000000 1000000

of making the null hypotheses more likely to be rejected. This aspect also emerges
from Figure 5.5, which shows the scatter plot of the sample (plot a) and the partitions
of the PWC estimator with increasing α (plots b-c). Moreover, it can be noted that
the number of splits is similar among the two dimensions. This is desirable since the
marginal distributions are equal and the adopted copula, since it is Archimedean, is
exchangeable.

Figure 5.5. Plot a) depicts the scatter plot of the sample generated from the meta-Clayton
distribution. Plots b-c) show the partition the PWC estimator is built upon: with the
increase of the significance level, the partition becomes finer.

An important element of our procedure is that, through the final stage of our
algorithm, it is possible to achieve an upper bound on the absolute TVaR deviation
of the original sample and the PWC estimator. The tolerance threshold has been set
according to Algorithm 4.5, so as to ensure that the approximation error introduced
by the PWC estimator, in terms of TVaR at level q = 0.99, is at least one order of
magnitude smaller than the expected Wasserstein distance sampling error. Figure 5.6
plots the behaviour stated by 3.1 for the PWC estimators calibrated with a different
significance level parameter.

Consider now the following exercise intended to perform a sanity check of our
methodology. An actuary has the task of analysing the two-dimensional sample in
question, which is referred to as the original sample, and decides to estimate its density
using a PWC estimator. Assume that this actuary does not know the actual model
underlying the data, but s/he also believes that the marginals should be modeled using
the (two-parameter) Pareto distribution (e.g. because of an established practice of the
business he is dealing with). Hence, in this hypothetical situation, after the calibration,
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Figure 5.6. The absolute TVaR deviation (solid line) and the Wasserstein distance bound
(dashed line) for the PWC estimators calibrated with different α.

the PWC estimator can be used to generate random samples, herein referred to as
synthetic samples, from which, in line with the parametric assumption made, the
Pareto parameters are estimated. In particular, given a sample (X1, X2, . . . , Xn) of n
independent identically Pareto distributed random variables of scale xm and shape θ,
the maximum likelihood (ML) estimators are (see e.g. [160])

x̂m = min
i={1,2,...,n}

Xi, θ̂ = n∑n
i=1 log (Xi/x̂m) . (5.1)

The ML method of estimating parameters, as well as being one of the most common
approach, is proven to be adequate for the Pareto distribution when the sample sizes
are not too small [161]. This helps us to examine the estimation variability of the
Pareto distribution fitted on the synthetic samples, and to estimate the quality of
approximation made by using the PWC estimator instead of the original sample. To
that end, we simulated 5000 synthetic samples of the same size as the original sample
from PWC estimators with different significance level α, and then, by means of Formula
(5.1), we computed the estimates of the Pareto parameters. Figure 5.7 depicts the box-
and-whisker diagrams of θ parameter estimates constructed around the above-mentioned
synthetic samples θ̂ss, the shape parameter estimates deriving from the original sample
θ̂os, and the true value are also highlighted for comparison purposes.

Figure 5.7. Box-and-whisker plots of θ̂ss for different PWC estimator significance levels. The
dash-dotted lines within the box denotes the median. The red and blue solid lines indicate,
respectively, the parameter value θ̂os resulting from the original sample and its true value θ.
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The reach of the whiskers is determined such that the upper whisker extends to last
datum less than the third quartile + 1.5 IQR, where IQR is the interquartile range.
Similarly, the lower whisker spreads to the first datum greater than the first quartile -
1.5 IQR. This apply also to the forthcoming graphs.

It can be seen that θ̂os lies close to the median of θ̂ss distribution. This result shows
that the model estimated using solely PWC estimator information is very similar to the
one that we would have achieved by using the original sample. Furthermore, the lower
whisker of the diagram attains the true value of θ in all cases.

As it typically happens in actuarial practices, the actuary is also concerned to retrieve
risk measures and “extreme” scenarios related to the shape of the tail of distributions. It
is therefore interesting to investigate how the TVaR, estimated on the basis of synthetic
data generated from the PWC estimator, behaves when balanced against its analogue
estimated on the original sample and the true one. In our case, for a Pareto distributed
random variable, the TVaRq can be expressed by the following formula [162]:

TVaRq = xmθ

(1− q)1/θ(θ − 1)
. (5.2)

Figure 5.8 shows the distributions of the estimated TVaR at level q = 0.99 in the form
of box-and-whisker plot. Each TVaR realization is calculated from a synthetic sample
observation on the parametric Pareto assumption.

Figure 5.8. Box-and-whisker plot of TVaR0.99, under the Pareto assumption, estimated on
samples drawn from PWC estimators. The dash-dotted lines within the box denotes the
median. The red and blue solid lines indicate the TVaR resulting from the original sample
and its true value respectively.

Moreover, Figure 5.9 provides us with further details about the TVaR behaviour
from a different perspective. The chart shows the box-and-whisker plots of the estimated
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TVaR at levels 0.90, 0.95, 0.99, 0.995, keeping fixed the PWC estimator significance
level parameter at α = 0.05.

The findings of the analysis confirm that our algorithm is able to replicate the
information contained in the original sample, with the benefit of a more succinct
representation. It has been shown that, when the user decides to adopt a specific
parametric model for describing the marginal distribution, the parameter estimates
obtained by a synthetic sample drawn from the PWC estimator are analogous with the
parameter estimates determined from the original sample.

Finally, to complement the sanity test, we look at the dependence structure embedded
within the PWC estimator as against that of the Clayton copula generating the data.
Indeed, since the one-dimensional marginal distributions of the PWC estimator are
one-dimensional PWC distributions (see Section 2.2 of Chapter 2) and their distribution
function can be represented by Formula (2.12), it is possible to separate the implicit
copula out of the PWC estimator distribution function, according to the renowned
Sklar’s theorem [163]. Figure 5.10 illustrates the (rotated) Clayton copula embedded in
the two-dimensional model, and compares it with the implicit copulas derived from the
PWC estimators. It can be noticed that these latter accurately replicate the original
association implemented in the data.

The outcome of the above analysis evidences that our methodology succeeds in
capturing the dependence introduced by the Clayton copula, and it shows that the
PWC estimator provides a good approximation of the empirical association between
margins observed in the data.

On top of that, given that it is possible to decompose a PWC estimator into its
marginals and its coupling function, our approach can also be utilized to estimate
multivariate copulas. Therefore, PWC estimators can bring improvements to situations
in which the dependence is modeled using approaches that do not allow straightforward
formulations (e.g. when the dependence structure is introduced via explicit models like
common factors/shocks, or complex explicit models) and only simulated samples can be
generated from it.

Figure 5.9. Box-and-whisker plots of TVaRq, under the Pareto assumption, estimated on
samples drawn from the PWC estimator with α = 0.05. The dash-dotted lines within the
box denotes the median. The red dot indicates the TVaR resulting from the original sample,
the blue cross specifies the true TVaR value.
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Figure 5.10. Scatter plots generated from the the true underling Clayton copula (plot a) and
from the PWC estimator implicit copulas with different values of α (plots b-f).

5.2.2 Multi-lines reinsurance program

Let’s consider the reinsurance program presented in Section 1.1 of Chapter 1. Our
algorithm can be applied to the simulated empirical distribution of the layers losses
with the objective of approximating and “compressing” the relevant sample information.

It should be recalled that, as opposed to the previous example, it is not possible
to express neither the joint distribution nor the marginal behaviour of the layer losses
because of the policy modifications. In addition, it is not possible either to disclose the
closed-form expressions of the moments of the distributions, such as the expected value,
which lies at the heart of any pricing evaluation, due to the aggregate condition, and
the drop-down and stretch down clauses.

Recalling what was said at the beginning of Chapter 1, the policy covers multiple
lines of liability business: employers’ liability (EL), public liability (PL) and third-party
motor liability (MTPL). The structure includes three XS layers, one for each risk, on
top of a shared XS layer, whose losses are retained by the cedant insurance, with an
aggregate limit condition. In particular, the reinsurance program we are considering
has the following aspects:

• Primary layer: retained by the cedant’s captive insurance. It is a €250’000 Each
and every loss layer with an aggregate limit of €2 million. The policy provides a
maintenance deductible of €50’000.

• First layer EL: €10 million each and every loss limit in excess of €250’000 with a
“Stretch down” clause.

• First layer PL: €10 million each and every loss limit in excess of €250’000 with a
“Drop down” clause.

• First layer MTPL: €5 million each and every loss limit in excess of €250’000 with
a “Drop down” clause.

The three loss models describing the underlying risks have been assumed to have all
lognormal distributed severity, whereas the frequency is modeled as a Poisson random
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variable for both EL and PL, and as a Polya random variable for MTPL. Model
parameters are summarized in Table 5.5.

Table 5.5. Loss models parameters.

Frequency Severity

EL Poisson(λ = 20) Lognormal(µ = 8, σ = 1.5)
PL Poisson(λ = 10) Lognormal(µ = 9.1, σ = 1.2)
MTPL Polya(r = 50, β = 1.5) Lognormal(µ = 8, σ = 1.4)

Although the loss models of the three liability risks might be initially regarded as
mutually independent, a dependency follows implicitly from the policy layer structures,
more specifically from the €2 million aggregate limit and from the stretch-down and
drop-down clauses. Additionally, dependency is induced by the fact that we have
introduced a common shock scenario to the claim frequency. This foresees, with a 10%
probability, the rise by 10% of the number of claims in the three lines of business, on
account of an economic recession.

In order to obtain the loss distribution of the layers and its characteristics, since this
cannot be obtained using a parametric model or a closed-form expression, a Monte Carlo
simulation experiment has been developed and deployed. In this regard, we adopted the
empirical distribution of such simulated sample generated from the stochastic model, and
then applied our algorithm. Figure 5.11 supplies a visualization of the four-dimensional
resulting PWC estimator by showing all its six two-dimensional marginal distributions.

Figure 5.11. Two-dimensional marginal distributions of the (four-dimensional) PWC estimator

In more detail, Table 5.6 summarizes some aspects of the resulting PWC estimator.
According to our technique, the original sample of 2.5 million observations can be
effectively represented through 2563 four-dimensional boxes, wherein data are judged to
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be uniformly scattered. In addition, Table 5.7 highlights the number of splits occurred
in each dimension. The largest number of splits have been executed in Primary, the
dimension corresponding to the primary xs layer. This results from the fact that basically
all loss process realizations are relevant to the structure of the primary layer, as opposed
to the other layers on top of it, which are affected only by a small portion (the tail) of
the losses.

Table 5.6. PWC estimator characteristics.

PWC estimator

Number of rectangles 2563
Ground metric `1-norm
α 0.05
Execution time (in sec.) 242.98
Sample size 2500000

Table 5.7. Number of splits per dimension.

Dimension EL first PL first MTPL first Primary

Split 398 337 880 2141

We can see that a total of 3756 bisection have been executed during the algorithm
process run. Therefore, the final diagram tree associated to the PWC estimator is
capable of summarizing in a sequence of 3756 bisections the original sample of a much
larger size.

Furthermore, as shown in Table 5.8, which compares PWC estimator moments and
statistics with their empirical counterparts, the PWC estimator is able, for all four
layers, to capture the information contained in the one-dimensional margins of the data.
Both for the means, standard deviations, coefficients of variation and the skewness,
results are similar and close to their associated values.

Focusing on the final stage of our algorithm, aimed at ensuring the TVaR admissibility
of the PWC distribution, the tolerance threshold ε has been set according to the explicit
approach (Algorithm 4.4), such that, the error introduced by the PWC estimator, in
terms of TVaR at level q = 0.99, is at most equal to 1% of the TVaR measured on the
original sample, the so-called empirical TVaR. Figure 5.12 details the resulting absolute
TVaR deviation and the Wasserstein distance bound.

At last, it is worth investigating the extent to which our methodology is capable of
catching the dependence ingrained in the sample. Figure 5.13, illustrates the dependence
structure of the PWC estimator dimensions, as expressed by the pairwise (Pearson) cor-
relations, and confronts it with the corresponding ones observed in the sample. Evident
is that the PWC estimator, besides approximating the sample marginal behaviour, is
also capable of recognizing the relationships intervening between the dimensions of the
data set. In addition, the ability to recognize correlation patterns within the sample
dimensions is corroborated by the result of the comparison of the ordinal association.
Figure 5.14 shows the Kendall and the Spearman rank correlation matrices, checking
the empirical values against the PWC estimator ones. It can be noted that, for both
measures, the algorithm preserves and does not impair the rankings in the dimensions.
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Table 5.8. Comparison of PWC estimator and sample statistics.

EL first PL first MTPL first Primary

Mean

Sample 5663.19 3799.69 11764.19 1163196.50
PWC estimator 5704.19 3829.51 11823.48 1162991.43

Standard Deviation

Sample 59624.04 38557.06 74973.35 262436.99
PWC estimator 59918.27 38664.68 75330.28 261036.98

Coefficient of Variation

Sample 10.53 10.15 6.37 0.23
PWC estimator 10.50 10.10 6.37 0.22

Skewness

Sample 33.47 24.44 16.29 0.44
PWC estimator 33.30 24.30 16.51 0.59

Figure 5.12. The absolute TVaR deviation (solid line) and the Wasserstein distance bound
(dashed line) for each layer.

Figure 5.13. Comparison of the dependence structure: plot a) reports the entries of the
(Pearson) correlation matrix measured on the sample, whereas plot b) indicates the same
quantities calculated for the PWC estimator.
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Figure 5.14. Comparison of the dependence structure: plots a) and b) report the entries of
the Kendall and the Spearman rank correlation matrices measured on the sample. Plot c)
and d) indicates the same quantities calculated for the PWC estimator.

5.2.3 Loss and ALAE

The following analysis illustrates the application of our algorithm to indemnity claims
data. The data set is available at [164] and has been originally investigated by [159].
As described in these works, the data comprise 1500 general liability claims from late
settlement lags and were provided by Insurance Services Office, Inc. (frequently referred
to as ISO). Each claim consists of an indemnity payment, indicated as the loss, and an
allocated loss adjustment expense (ALAE). ALAE are categories of insurance expenses
that are specifically attributable to the settlement of individual claims (e.g. lawyers’
fees and claims investigation expenses).

The objective is to describe the joint distribution of losses and expenses using the
PWC estimator. The data set, as its size amounts to only 1500 observations, would not
require per se the application of such a procedure with the characteristics and purposes
of our algorithm. However, performing this exercise is useful to see the result of the
PWC estimator calibration on a smaller sample, and compare our output with the
findings of [159].

It can be noted that the estimation of the joint distribution of losses and expenses
is complicated, from a parametric point of view, by the presence of censoring (see e.g.
[165]). Specifically, in addition to loss and expense information, for each claim, the
policy limit and the maximal claim amount are recorded. With the presence of a limit
in the policy, the loss variable is censored because the amount of claim cannot exceed
the stated cap. No policy limit was assumed for claims coming from policies where the
policy limit was not available. Such elements do not pose a particular problem to the
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PWC estimator.
Table 5.9 summarizes the main characteristics regarding the PWC estimator fitted

with three different values of the parameter α.

Table 5.9. PWC estimators characteristics at different α.

α 0.01 0.05 0.1

Number of rectangles 39 46 55
Number of split along loss 19 21 33
Number of split along ALAE 28 36 56
Ground metric `1-norm `1-norm `1-norm
Execution time (in sec.) 3.78 5.16 16.78
Sample size 1500 1500 1500

The partitions of the final PWC estimators count 39, 46 and 55 (non-empty)
rectangles for significance level α equal to 0.01, 0.05 and 0.1 respectively. Each rectangle
contains on average 38, 32 and 27 data points, approximately.s This aspect exhibits
that also with smaller inputs the PWC estimator is capable of efficiently approximating
the original data set and provide a more parsimonious representation.

Table 5.10 matches PWC estimator mean, standard deviation (SD), coefficient of
variation (CV) and skewness against their empirical counterparts. It can be argued
that the shape of the sample distribution is preserved and the PWC estimator has
characteristics very similar to the sample, although it necessarily drops part of the
information contained in the data.

Table 5.10. Comparison of PWC estimator and sample statistics.

Mean SD CV Skewness

Sample (41208.42, 12588.16) (102713.46, 28136.26) (2.49, 2.24) (9.15, 9.24)
α = 0.01 (44512.43, 13632.95) (108024.03, 29768.55) (2.43, 2.18) (8.78, 9.31)
α = 0.05 (43787.90, 13265.79) (103002.29, 28971.82) (2.35, 2.18) (8.53, 9.43)
α = 0.1 (43019.04, 13187.12) (100557.51, 28944.82) (2.34, 2.19) (8.55, 9.45)

Moreover, Figure 5.15 illustrates the comparison of the cumulative distribution
function of the PWC estimator marginals with the ecdf of the sample and the cumulative
distribution function of the models fitted by [159]. In this work, the authors fitted
the indemnity claims marginals with Pareto distributions. The parameter estimates
obtained are θ = 1.122 and xm = 14.036 for the loss component, and θ = 2.118 and
xm = 14.219 for ALAE. In Figure 5.15, Losses are displayed in the chart on the left side
of the plot; ALAE are shown on the right side. The two bottom charts zoom in on a part
of the probability distribution curves. It can be noted that, for both dimensions, the
three different models, i.e. the PWC estimator margin, the Pareto, and the empirical
distribution functions, lie close to each other and have a very similar behaviour, also
considering the distinct and different aspects of each single approach.

In the final stage of our algorithm aimed at ensuring the TVaR admissibility of the
PWC distribution, the tolerance threshold has been set using Algorithm 4.4, i.e. the
explicit approach, so that the discrepancy between the TVaR, at level q = 0.99, of the
PWC estimator and the sample is at most equal to 0.1% of the original sample TVaR.
Figure 5.16 depicts the absolute TVaR deviation and the Wasserstein distance bound.
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Finally, we investigate the copulas extracted from the PWC estimators and, similarly
to what has previously done, we check them against both the empirical copula and the
copulas fitted in [159]. The authors of this work selected a Gumbel-Hougaard’s copula
with parameter 1.453 and a Frank copula with parameter 3.158. Figure 5.17 shows
the scatter plots of the copula models. The bottom charts refer to the implicit PWC
estimator copulas. Each plot considers 1500 points to be consistent with the sample
size on which is based the empirical copula. Axes of abscissa represent loss quantiles,
whereas ordinates report ALAE quantiles. It can be noted that the PWC estimator
captures the dependence behavior appearing in the data set between loss and ALAE in
a manner similar to what the Archimedean copula does.

Figure 5.15. Comparison, on a marginal level, of the PWC estimator (blue dashed line) with
the sample (orange solid line) and the Pareto models (black solid line). The top charts show
the cdf and the bottom charts give a more detailed focus on a part of it. A base-10 log scale
is used for all x-axes.

Figure 5.16. The absolute TVaR deviation (solid line) and the Wasserstein distance bound
(dashed line) for loss and ALAE at different α.
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Figure 5.17. Scatter plots of copula models derived from the data set. Loss quantiles are
reported on the x-axis, ALAE quantiles on the y-axis. Plot a) shows the empirical copula of
the sample, plots b) and c) display the Gumbel and the Frank copulas with parameter 1.453
and 3.158 respectively. Plots d-f) illustrate PWC estimator implicit copulas with different
values of α.
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Conclusion and discussion

The work moves away from more traditional actuarial research topics such as Property
& Casualty General Insurance, Pension, Mortality and Longevity, Risk Management
and Predictive Analytics & Modeling [166] and lies between the areas of expertise
of actuarial science, computational & data science, and statistics. The purpose is to
introduce a nonparametric density estimation algorithm that finds application in all
those situations where multivariate problems arise, and that can be adopted within the
insurance context, which has recently undergone major changes, as a result of constant
technological breakthroughs, business developments and financial regulatory framework
modifications. As compared with other long-established methods for estimating the
density generating a sample, the methodology presented hereby is focused on some
of the latest scientific challenges and factual problems encountered by actuaries. The
density estimation algorithm is specially intended to:

• Provide an efficient scheme that works in case of large data sets and considers
more flexible distributions to model empirical data without being constrained
within the set of parametric models.

• Compress the original sample, i.e. to be able to concisely represent the information
contained in the data (without losing too much of this information).

These aspects are emerging in today’s actuarial science environment characterized by
an increasing complexity, interconnection and availability of data, all of which require
having procedures designed for situations where the information contained in large-sized
multivariate samples needs to be preserved, conveyed or analysed.

Additionally, our algorithm can be linked to dependence analysis and integrated with
the application of copula methodology (see e.g. [167]), since it is possible to separate
out of the resulting PWC estimator distribution function its implicit copula. In this
respect, from an actuarial point of view, the major advantage of our procedure is that
it can be embedded within the standard approach of analyzing multivariate phenomena,
whereby the dependence structure and the one-dimensional marginal behaviours are
modeled separately, by using (although not necessarily) parametric models, which are
often assumed by practitioners for a matter of both convention, regulatory constrains,
and historical evidence, to be then unified in a second phase. The PWC estimator can
comply with the common actuarial practice inasmuch as the user who decides to adopt
specific parametric models for describing the margins and the dependence structure,
might:

a) Calibrate the PWC estimator and derive its implicit copula.

b) Find the parametric copula which best approximate the resulting implicit copula
of the PWC estimator.



6.1 Discussion 74

c) Use the parametric marginals in combination with the selected parametric copula
to jointly represent the data.

Figure 6.1 schematizes the above-mentioned plan, which allows us to reconcile the PWC
estimator based proposal with the standard approach of modelling dependence.

Figure 6.1. Scheme to consolidate the PWC estimator with the standard application of copula
methodology and parametric marginals to model multivariate probabilistic phenomena.

Further to the above, the algorithm also ensures a similarity at the marginal level, as it
enforces a bound on the error (measured as absolute deviation) between the estimator
and original sample marginal distributions, in terms of tail value at risk.

6.1 Discussion
From a technical and statistical point of view, as opposed to other piecewise constant
density estimators with a tree structure (refer to e.g. [40, 168, 43]), our methodology
centres on the idea of assessing uniformity within each partition element using a
hypothesis test based on the Wasserstein distance. As a result, the learning of the tree
is implicitly defined by the hypothesis test, and its significance level establishes the
stopping rule controlling the partition growth process. On top of that, our algorithm
is not prone to overfit the data, because, as the cardinality of the partition grows, the
power of the hypothesis test in each new partition element, resulting from the bisection,
decreases with lower sample size. Hence, in the calibration phase, there is no arbitrary
threshold to select or error function to minimize, and it is not necessary to consider
any techniques to penalize complexity and lessen the chance of overfitting, such as
regularization, cross-validation, early stopping and pruning.

In addition, our Wasserstein distance based hypothesis test for assessing uniformity
provides also a comprehensive method, in sense that it works for any dimension and for
any type of distribution. Other candidates that would fit in a scheme similar to ours
are the Kolmogorov-Smirnov (K-S) and Pearson’s chi-squared (χ2) goodness-of-fit tests.
The former, however, poses non-trivial obstacles in more than one dimension, and there
is currently no single approach which is universally applicable (see e.g. [169]). The χ2

test, although it may theoretically be applied for testing any multivariate distribution,
is sensitive to the set of non-overlapping bins chosen to reduce the observations to
a set of counts. The greater the number of bins, the more accurately the local data
behaviour will be quantified. Nevertheless, the test may give invalid results if not all
expected frequencies are sufficiently large (greater than 5 is the usual rule of thumb)
and, as a result, the test cannot be trusted in high dimensions [170]. On the other hand,
when using a small number of bins, the test loses power. This, in our algorithm, would
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increase the chance of having hyperrectangles where data are not adequately uniform.
The authors have compared the empirical rejection rates of the Wasserstein distance
based hypothesis test with K-S and χ2 goodness-of-fit tests. Results are displayed in
Appendix B and show the value of our approach.

Finally, referring to the comparison of density estimation methodologies carried
out in [40] when introducing Density Estimation Trees (DET), we summarize some
properties of our approach in Table 6.1.

Table 6.1. Qualitative characteristics of the PWC estimator.

Methodology Accuracy Interpretability Adaptability Speed

COD VI Rules ABD AWD Calibration Query

PWC estimator medium X X X X X slow O(n2 log(n)) fast O(D)

Despite the cost of having relatively less accuracy in prediction, our PWC estimator
enjoys adaptability, interpretability and the efficient querying like other DET-based
approaches [147]. Flexibility applies in terms of adaptability between dimensions (ABD)
and within dimension (AWD). The former means that dimensions are treated differently
according to their impact on the density; the latter implies that the estimator, in a
given dimension, adjusts to the local behaviour of the observations. The estimator we
present also benefits from interpretability since:

• It is able to detect clusters and outliers (COD).

• It provides variable importance (VI), i.e. identify dimensions that significantly
affect the density.

• It produces rules for specifying subsets of the data which might represent a cluster
or outliers.

Although the calibration phase is more onerous than other methodologies, this cost
is compensated by the efficient queries. The computational cost for fitting the PWC
estimator is dependent on the complexity of the algorithm adopted for computing
the Wasserstein distance in the admissibility condition verification phase; in our case
O(n2 log(n)). The query time for the PWC estimator is O(D), the same of DET, where
D is the depth of the diagram tree representation.

6.2 Implementation
An implementation of the algorithm in Python is available under the permissive free
software MIT license. It can be obtained through the author.

The Python implementation considers a class that symbolizes PWC distributions,
and its main method to run the algorithm generating the PWC estimator on the observed
data. An instance of the class is initiated by providing the sample as a list, Pandas
DataFrame or numpy array. The calibrating method takes as a primary argument
the significance level α. Other arguments allow the user to select other algorithm
specifications and parameters such as the ground metric c within the Wasserstein
distance, the methodology for setting the tolerance threshold ε and level q of the TVaR
on which to get the requested tolerance limit. For all these arguments, a default value
is provided. Listing 6.1 outlines a basic code example of our algorithm run.
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1 # import modules
2 import pwc as pwc
3 import numpy as np
4

5 # create sample
6 mean = [0, 0]
7 cov = [[1, 0], [0, 100]]
8 sample = np. random . multivariate_normal (mean=mean , cov=cov , size =10000)
9

10 # run algorithm
11 my_pwc = pwc. PWCDistribution ( sample )
12 my_pwc . PWCEstimator (alpha =0.01)

Listing 6.1. Minimal code example in Python

6.3 Summary
This work introduces an algorithm that computes a piecewise constant estimator to
approximate the underlying probability density of a multivariate sample, with possibly
hundred of thousands or millions data points.

The PWC estimator is determined using a recursive procedure that generates a
partition of the sample domain constituted by hyperrectangular regions where the
sample is sufficiently uniformly distributed. Uniformity is assessed using a Wasserstein
distance based hypothesis testing. In addition, the PWC estimator, as a result of the
final phase of the calibration, is such that, in all margins, a tail value at risk error,
compared to the original sample, is not exceeded. This means that our algorithm allows
the user to decide the maximum possible discrepancy, introduced by approximating
the data with our methodology, between the empirical tail value at risk and the one
given by the piecewise constant estimator. The Wasserstein distance is adopted also in
this phase, ensuring a consistent approach. In fact, it is possible through this distance
function to set an upper bound on the absolute difference of the tail values at risk.

The algorithm is memory efficient since the resulting distribution can be concisely
represented and requires a significantly smaller number of element to be saved than the
original sample. Instead of storing all data, one can only know the estimate for each
nonempty hyperrectangles, which are typically fewer in number than the sample size
[2]. Moreover, because of the hierarchical and recursive bisection scheme, the PWC
estimator can be conveniently represented through a tree diagram, in which the root
is the starting bounding box, each node represents a bisection of the domain, and
the leaves are the final partition elements associated to the resulting admissible PWC
distribution.

Lastly, as highlighted in [10], using PWC distributions constitutes a favourable
approach when information on empirical distributions should be preserved or transferred
between systems, because of its memory and bandwidth efficiency, and because it
does not distort shape or statistics of the sample. Therefore, our algorithm can be
advantageous in applied environments where empirical distributions are repeatedly used
and transferred among different users.
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Appendices

A Order of convergence check
The following analysis examines the order of convergence of the empirical Wasserstein
distance outlined in Lemma 3.5, for `1-norm and `2-norm cases.

Table A1. Order of convergence check

`1-norm `2-norm
d = 2 d = 2

sample size 5 25 50 100 500 5 25 50 100 500
mean 0.0679 0.0534 0.0513 0.0497 0.0502 0.0549 0.0443 0.0424 0.0414 0.0431
std 0.0112 0.0079 0.0071 0.0063 0.0051 0.0092 0.0067 0.0060 0.0054 0.0043

median 0.0657 0.0526 0.0500 0.0486 0.0493 0.0533 0.0431 0.0413 0.0404 0.0423
0.80 qnt. 0.0762 0.0598 0.0564 0.0543 0.0539 0.0620 0.0493 0.0468 0.0454 0.0463
0.90 qnt. 0.0830 0.0645 0.0606 0.0581 0.0570 0.0675 0.0534 0.0505 0.0487 0.0489
0.95 qnt. 0.0894 0.0691 0.0646 0.0617 0.0598 0.0724 0.0572 0.0538 0.0517 0.0513
0.99 qnt. 0.1031 0.0787 0.0737 0.0694 0.0659 0.0825 0.0649 0.0609 0.0579 0.0564

d = 3 d = 3
sample size 5 25 50 100 500 5 25 50 100 500

mean 0.1267 0.1254 0.1247 0.1239 0.1236 0.0802 0.0742 0.0752 0.0776 0.0882
std 0.0119 0.0082 0.0069 0.0057 0.0036 0.0079 0.0054 0.0046 0.0040 0.0029

median 0.1248 0.1243 0.1238 0.1231 0.1231 0.0790 0.0734 0.0746 0.0770 0.0878
0.80 qnt. 0.1356 0.1316 0.1298 0.1282 0.1264 0.0863 0.0783 0.0787 0.0806 0.0904
0.90 qnt. 0.1426 0.1363 0.1337 0.1314 0.1284 0.0908 0.0813 0.0814 0.0829 0.0920
0.95 qnt. 0.1489 0.1404 0.1373 0.1344 0.1302 0.0948 0.0840 0.0838 0.0849 0.0935
0.99 qnt. 0.1631 0.1499 0.1451 0.1410 0.1342 0.1032 0.0899 0.0889 0.0894 0.0967

d = 6 d = 6
sample size 5 25 50 100 500 5 25 50 100 500

mean 0.6505 0.6090 0.5950 0.5828 0.5624 0.1403 0.1613 0.1802 0.2050 0.2908
std 0.0297 0.0129 0.0091 0.0063 0.0029 0.0069 0.0040 0.0032 0.0027 0.0018

median 0.6480 0.6080 0.5942 0.5823 0.5623 0.1399 0.1610 0.1800 0.2048 0.2908
0.80 qnt. 0.6745 0.6194 0.6023 0.5879 0.5648 0.1460 0.1645 0.1829 0.2071 0.2923
0.90 qnt. 0.6900 0.6260 0.6068 0.5911 0.5662 0.1495 0.1665 0.1845 0.2085 0.2931
0.95 qnt. 0.7037 0.6320 0.6109 0.5939 0.5674 0.1523 0.1683 0.1859 0.2097 0.2939
0.99 qnt. 0.7306 0.6442 0.6190 0.5996 0.5698 0.1583 0.1719 0.1887 0.2120 0.2953

Table A1 compares the test statistic distribution derived from samples of size 500 to
the test statistic distributions derived from samples of sizes 5, 25, 50 and 100, adjusted
according to the order of convergence. The values of mean, standard deviation, median
and quantiles (0.80, 0.90, 0.95, 0.99 levels) are reported. All distributions concern the
hypercube [0, 1]d, where d is equal to 2, 3 and 6, and each one has been achieved via a
50000 run simulation.

B Rejection rate analysis
The performance of the Wasserstein distance based test, herein referred to as Wasserstein
test, has been analyzed through a simulation study, whose design is similar to those
in [171, 172]. We quantified the empirical type I error rate and the power of our test
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statistic, and compared with other procedures used to test the uniformity of random
samples.

We evaluated rejection percentages along 5000 independent runs based on samples
drawn both from the null and from the alternative hypothesis; this provide us with the
empirical type I error rate (false positive) and the power (true positive) of the tests.
The analysis considers increasing sample sizes of 25, 50, 100 and 500, and nominal
significance levels of 0.01, 0.05 and 0.10. Simulation outputs are displayed in Tables B1,
B2 and B3.

All the models have support on the hypercube [0, 1]d, where d = 1, 2, 3. The
null hypotheses refer to samples drawn from the corresponding uniform measure. The
alternative hypothesis models are devised for taking into account complementary aspects
of non-uniformity: the one-dimensional case especially evaluates the ability to ascertain
marginal deviations from uniformity; the multidimensional setting is useful to assess
the capacity of detecting departures from independence, keeping the uniformity of
marginals.

With regard to the one-dimensional setting, the Wasserstein test (WASS) has been
compared with the K-S and the χ2 goodness-of-fit tests, and the following alternative
hypothesis models have been considered.

• The (univariate) uniform contamination models (UC): the observed sample is
drawn from a mixture of type (1 − v) U[0,1] + v U[1/2,1/2]. The parameter v has
been set equal to 0.1 and 0.2 respectively.

• The arcsine distribution (AS).

• The beta models (B) with parameters (1.3, 1.3), (5, 2) and (0.8, 0.8) respectively.

• The truncated Standard Normal distribution (TZ).

In the multidimensional context, three statistics have been considered: the Wasser-
stein distances with `1-norm and `2-norm cost functions, and the χ2 statistics. As for
alternative distributions, we have checked the following distribution families:

• The (multivariate) uniform contamination models (UC): The observed sample is
drawn from a mixture of type (1 − v) U[0,1]d + v UDd

, where Dd denotes a cube
with the same centre as [0, 1]d and measure 1/2. The parameter v has been set
equal to 0.1 and 0.2 respectively.

• Meta-type uniform distributions: These are the distributions obtained from
transformed Rd-supported elliptically distributed random variables. The tran-
sformation applied is the relevant probability integral transform, to guarantee
that marginals are uniformly distributed. MUT is derived from a multivariate
Student’s random variable with 5 degrees of freedom, MUC is obtained from a
Cauchy variable and finally MUN results from a multivariate Gaussian centred
at the origin N(0,Σ), where Σ = (σi,j), σi,i = 1, σi,j = 0.5 for i 6= j.

• The beta independent models (B): All the marginals are independent, identically
distributed according to a beta models with parameters (1.3, 1.3) and (0.8, 0.8).

The uniform contamination and the beta models, with parameters (1.3, 1.3) and
(0.8, 0.8), are considered in both experiments as they should represent circumstances of
non-uniformity hard to detect. The former specifically represents a deviation from the
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theoretical model associated with the presence of "inliers" [172]. Either one of them has
independent marginals, as in the case of the null distribution.

The results of rejection rates simulation indicate that:

• The empirical type I errors of the Wasserstein test have converged to the signifi-
cance levels.

• In both the one-dimensional and multidimensional setting, the Wasserstein test
hardly detects the uniform contamination models.

• In the one-dimensional setting, the K-S test shows overall a better performance
than the other two tests. Nevertheless, the Wasserstein test is the most powerful
for the arcsine and the truncated normal distributions. In the multivariate case the
Wasserstein test exhibited, in general, the highest power figures. The Wasserstein
statistics with `1-norm and `2-norm cost functions exhibit a similar behaviour.

• In the multivariate setting the Wasserstein test is able to classify samples from
multivariate distributions with uniform marginals. This, along with the favourable
power revealed by Wasserstein test when d = 1, suggests that the process of testing
marginal admissibility condition at first, and subsequently the joint admissibility
condition, should succeed in picking out non-uniformly distributed sample.
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Table B1. One-dimensional setting rejection rates; sample size n = 25, 50, 100, 500.

Test α U UC(0.1) UC(0.2) AS B(1.3, 1.3) B(5, 2) B(0.8, 0.8) TZ

n = 25

WASS 0.01 0.0082 0.0066 0.0046 0.0600 0.0062 0.9928 0.0146 0.0244
WASS 0.05 0.0508 0.0428 0.0348 0.2356 0.0400 1.0000 0.0748 0.095
WASS 0.10 0.0992 0.0872 0.0872 0.4024 0.0982 1.0000 0.1400 0.1610

K-S 0.01 0.0078 1.0000 1.0000 0.0694 1.0000 1.0000 1.0000 0.0168
K-S 0.05 0.0424 1.0000 1.0000 0.2044 1.0000 1.0000 1.0000 0.0722
K-S 0.10 0.0848 1.0000 1.0000 0.3360 1.0000 1.0000 1.0000 0.1324

χ2 0.01 0.0078 0.0108 0.0154 0.2244 0.0182 0.9062 0.0164 0.0128
χ2 0.05 0.0452 0.0554 0.0824 0.3688 0.0762 0.9910 0.0702 0.0640
χ2 0.10 0.0930 0.1068 0.1434 0.4978 0.1402 0.9986 0.1274 0.1216

n = 50

WASS 0.01 0.0100 0.0070 0.0048 0.1426 0.0064 1.0000 0.0176 0.0442
WASS 0.05 0.0558 0.0466 0.0466 0.4748 0.0538 1.0000 0.0814 0.1632
WASS 0.10 0.1042 0.0922 0.1144 0.6754 0.1148 1.0000 0.1552 0.2508

K-S 0.01 0.0080 1.0000 1.0000 0.1476 1.0000 1.0000 1.0000 0.0362
K-S 0.05 0.0462 1.0000 1.0000 0.3952 1.0000 1.0000 1.0000 0.1270
K-S 0.10 0.0914 1.0000 1.0000 0.5574 1.0000 1.0000 1.0000 0.2088

χ2 0.01 0.0118 0.0140 0.0256 0.5056 0.0242 0.9998 0.0262 0.0222
χ2 0.05 0.0468 0.0620 0.0996 0.6572 0.0940 1.0000 0.0952 0.0856
χ2 0.10 0.0998 0.1168 0.1888 0.7394 0.1810 1.0000 0.1758 0.1528

n = 100

WASS 0.01 0.0108 0.0070 0.0100 0.4904 0.0088 1.0000 0.0180 0.1118
WASS 0.05 0.0512 0.0472 0.0730 0.8618 0.0698 1.0000 0.1036 0.2802
WASS 0.10 0.0984 0.1054 0.1772 0.9484 0.1676 1.0000 0.1986 0.3914

K-S 0.01 0.0082 1.0000 1.0000 0.4014 1.0000 1.0000 1.0000 0.0852
K-S 0.05 0.0412 1.0000 1.0000 0.7522 1.0000 1.0000 1.0000 0.2300
K-S 0.10 0.0896 1.0000 1.0000 0.8872 1.0000 1.0000 1.0000 0.3404

χ2 0.01 0.0094 0.0196 0.0526 0.8276 0.0406 1.0000 0.0468 0.0248
χ2 0.05 0.0504 0.0738 0.1586 0.9192 0.1410 1.0000 0.1374 0.0918
χ2 0.10 0.0982 0.1312 0.2506 0.9514 0.2284 1.0000 0.2278 0.1588

n = 500

WASS 0.01 0.0092 0.0118 0.1672 1.0000 0.1622 1.0000 0.1220 0.7192
WASS 0.05 0.0470 0.0930 0.6096 1.0000 0.6148 1.0000 0.4666 0.8838
WASS 0.10 0.0976 0.2172 0.8112 1.0000 0.8144 1.0000 0.6810 0.9334

K-S 0.01 0.0080 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.6220
K-S 0.05 0.0452 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.8324
K-S 0.10 0.0970 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9012

χ2 0.01 0.0100 0.0260 0.1806 1.0000 0.1470 1.0000 0.2088 0.0536
χ2 0.05 0.0502 0.0962 0.3878 1.0000 0.3432 1.0000 0.4106 0.1720
χ2 0.10 0.0932 0.1758 0.5206 1.0000 0.4864 1.0000 0.5418 0.2824
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Table B2. Two-dimensional setting rejection rates; sample size n = 25, 50, 100, 500.

Test α U UC(0.1) UC(0.2) MUT MUC MUN B(1.3, 1.3) B(0.8, 0.8)

n = 25

WASS `1 0.01 0.0110 0.0084 0.0086 0.0400 0.045 0.0418 0.0062 0.0244
WASS `1 0.05 0.0488 0.0402 0.0384 0.1738 0.2212 0.1790 0.0420 0.0986
WASS `1 0.10 0.0960 0.0838 0.0904 0.3132 0.3888 0.3224 0.0876 0.1674

WASS `2 0.01 0.0112 0.0090 0.0076 0.0674 0.0916 0.0666 0.0054 0.0252
WASS `2 0.05 0.0446 0.0430 0.0354 0.2346 0.2758 0.2316 0.0364 0.0944
WASS `2 0.10 0.0956 0.0920 0.0840 0.3684 0.4334 0.3744 0.0768 0.1644

χ2 0.01 0.0084 0.0076 0.0080 0.092 0.0798 0.0848 0.0088 0.0090
χ2 0.05 0.0398 0.0386 0.0386 0.2262 0.2136 0.2288 0.0416 0.0432
χ2 0.10 0.0864 0.0851 0.0846 0.3604 0.3406 0.3562 0.0934 0.0918

n = 50

WASS `1 0.01 0.0098 0.0068 0.0072 0.1396 0.2292 0.1452 0.0058 0.0272
WASS `1 0.05 0.0514 0.0412 0.0432 0.4765 0.602 0.4658 0.0522 0.1112
WASS `1 0.10 0.1012 0.0916 0.0943 0.6632 0.7692 0.6502 0.1178 0.1981

WASS `2 0.01 0.0118 0.0066 0.0054 0.2402 0.3254 0.2384 0.0056 0.0262
WASS `2 0.05 0.0504 0.0402 0.0402 0.5466 0.6386 0.5408 0.0456 0.1036
WASS `2 0.10 0.1036 0.0902 0.0936 0.7094 0.7864 0.7064 0.1004 0.1936

χ2 0.01 0.0114 0.0126 0.0134 0.1212 0.3762 0.0908 0.0202 0.0244
χ2 0.05 0.0464 0.0485 0.0568 0.2612 0.5796 0.2218 0.0762 0.0716
χ2 0.10 0.1162 0.1234 0.1346 0.4078 0.7273 0.3658 0.1664 0.1556

n = 100

WASS `1 0.01 0.0125 0.0114 0.0114 0.6475 0.8178 0.6384 0.0188 0.0436
WASS `1 0.05 0.0534 0.0482 0.0636 0.9163 0.9716 0.9120 0.1026 0.1581
WASS `1 0.10 0.1062 0.099 0.1256 0.9661 0.9913 0.9684 0.1978 0.2732

WASS `2 0.01 0.0122 0.0082 0.0104 0.7592 0.8572 0.7578 0.0158 0.0392
WASS `2 0.05 0.0576 0.0458 0.0542 0.9346 0.9744 0.9340 0.0862 0.1438
WASS `2 0.10 0.1106 0.096 0.1118 0.9713 0.9912 0.9766 0.1736 0.2576

χ2 0.01 0.0182 0.0194 0.0310 0.2140 0.6534 0.1450 0.0381 0.0376
χ2 0.05 0.0484 0.0492 0.0776 0.3410 0.7782 0.2608 0.0846 0.0898
χ2 0.10 0.1256 0.1242 0.1722 0.4998 0.8748 0.4170 0.1774 0.1880

n = 500

WASS `1 0.01 0.0094 0.0118 0.0671 1.0000 1.0000 1.0000 0.4866 0.3618
WASS `1 0.05 0.0424 0.0656 0.2566 1.0000 1.0000 1.0000 0.8224 0.6874
WASS `1 0.10 0.0844 0.1302 0.4182 1.0000 1.0000 1.0000 0.9162 0.8268

WASS `2 0.01 0.0114 0.0138 0.0548 1.0000 1.0000 1.0000 0.4124 0.3151
WASS `2 0.05 0.0470 0.0648 0.2412 1.0000 1.0000 1.0000 0.7932 0.6684
WASS `2 0.10 0.0992 0.1386 0.4104 1.0000 1.0000 1.0000 0.9163 0.8226

χ2 0.01 0.0176 0.0226 0.0280 0.3128 0.9218 0.1564 0.0344 0.0362
χ2 0.05 0.0486 0.0554 0.0724 0.4736 0.9648 0.2928 0.0921 0.0982
χ2 0.10 0.0798 0.0860 0.1084 0.5532 0.9774 0.3754 0.1286 0.1452
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Table B3. Three-dimensional setting rejection rates; sample size n = 25, 50, 100, 500.

Test α U UC(0.1) UC(0.2) MUT MUC MUN B(1.3, 1.3) B(0.8, 0.8)

n = 25

WASS `1 0.01 0.0108 0.0078 0.0065 0.2062 0.2916 0.2093 0.0034 0.0342
WASS `1 0.05 0.0488 0.0412 0.0372 0.4584 0.5732 0.4551 0.0243 0.1314
WASS `1 0.10 0.0948 0.0848 0.0766 0.6028 0.7158 0.5998 0.0584 0.2202

WASS `2 0.01 0.0108 0.0078 0.0066 0.2655 0.3522 0.2512 0.0028 0.0334
WASS `2 0.05 0.0492 0.0368 0.0322 0.5074 0.6128 0.5011 0.0214 0.1308
WASS `2 0.10 0.0986 0.0858 0.0722 0.6456 0.7414 0.6374 0.0492 0.2204

χ2 0.01 0.0096 0.0092 0.0081 0.2748 0.2776 0.2728 0.0086 0.0068
χ2 0.05 0.0410 0.0431 0.0458 0.4862 0.4902 0.4818 0.0486 0.0452
χ2 0.10 0.0856 0.0871 0.0882 0.5942 0.5968 0.5828 0.0932 0.0872

n = 50

WASS `1 0.01 0.0098 0.0066 0.0054 0.6778 0.8174 0.6534 0.0058 0.0402
WASS `1 0.05 0.0472 0.0426 0.0346 0.8824 0.9572 0.8798 0.0355 0.1610
WASS `1 0.10 0.1008 0.0872 0.0761 0.9432 0.9812 0.9374 0.0782 0.2688

WASS `2 0.01 0.0102 0.0066 0.0078 0.7308 0.8358 0.7172 0.0036 0.0390
WASS `2 0.05 0.0496 0.0421 0.0346 0.9032 0.9614 0.9022 0.0288 0.1536
WASS `2 0.10 0.1016 0.0883 0.0771 0.9524 0.9814 0.9494 0.0648 0.2568

χ2 0.01 0.0116 0.0112 0.0106 0.6532 0.7966 0.6252 0.0236 0.0202
χ2 0.05 0.0480 0.0523 0.0506 0.8098 0.9074 0.7938 0.0826 0.0705
χ2 0.10 0.0992 0.0962 0.0891 0.8766 0.9456 0.8666 0.1438 0.1222

n = 100

WASS `1 0.01 0.008 0.0094 0.0072 0.9908 0.9992 0.9894 0.0114 0.0624
WASS `1 0.05 0.0484 0.0444 0.0497 0.9992 1.0000 0.999 0.0776 0.2244
WASS `1 0.10 0.0934 0.0902 0.0864 1.0000 1.0000 1.0000 0.1606 0.3626

WASS `2 0.01 0.0088 0.0062 0.0084 0.9932 0.9992 0.9938 0.0086 0.0584
WASS `2 0.05 0.0498 0.0434 0.0394 0.9992 1.0000 0.9996 0.0578 0.2146
WASS `2 0.10 0.0954 0.086 0.0864 1.0000 1.0000 1.0000 0.1264 0.3454

χ2 0.01 0.0124 0.0112 0.0116 0.9414 0.9975 0.9282 0.0432 0.0266
χ2 0.05 0.0465 0.0524 0.0598 0.9842 0.9994 0.9796 0.1362 0.1046
χ2 0.10 0.0976 0.1122 0.1192 0.9934 1.0000 0.9898 0.2242 0.1858

n = 500

WASS `1 0.01 0.0082 0.0108 0.0214 1.0000 1.0000 1.0000 0.5408 0.5759
WASS `1 0.05 0.0424 0.0538 0.1074 1.0000 1.0000 1.0000 0.8338 0.8436
WASS `1 0.10 0.0839 0.1028 0.1932 1.0000 1.0000 1.0000 0.9218 0.9274

WASS `2 0.01 0.0114 0.01205 0.0192 1.0000 1.0000 1.0000 0.4564 0.5343
WASS `2 0.05 0.0474 0.0574 0.0944 1.0000 1.0000 1.0000 0.8019 0.8322
WASS `2 0.10 0.0954 0.1124 0.1794 1.0000 1.0000 1.0000 0.9106 0.9184

χ2 0.01 0.0136 0.0172 0.0330 1.0000 1.0000 1.0000 0.1266 0.0876
χ2 0.05 0.0571 0.0636 0.1122 1.0000 1.0000 1.0000 0.2972 0.2378
χ2 0.10 0.1006 0.1144 0.1818 1.0000 1.0000 1.0000 0.4122 0.3483
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