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Abstract

We use a collocation method in refinable spline spaces to solve a lin-
ear dynamical system having fractional derivative in time. The method
takes advantage of an explicit differentiation rule for the B-spline basis
that allows us to efficiently evaluate the collocation matrices appear-
ing in the method. We prove the convergence of the method and show
some numerical results.

Keywords: Fractional differential problem, Projection method, Col-
location method, B-Spline

1 Introduction

In recent years fractional differential models have been used to describe a
great variety of physical phenomena, such as the anomalous diffusion in bio-
logical tissues, the viscoelastic properties of smart materials, the population
dynamics of interacting species (see, [10, 22, 24| and references therein).
Even if there is a great effort in developing the theory of fractional calculus
|6, 14, 21, 22|, the analytical solution of fractional differential problems can
be obtained in a very few cases. This is the reason why the literature on
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numerical methods to solve these kinds of problems is growing rapidly (see,
|2, 13] and the detailed bibliography in the more recent papers [12, 19]).
The nonlocality of the fractional derivative is the main challenge when con-
structing efficient numerical methods to solve fractional differential problems.
For instance, finite difference methods are very popular since they are easy to
implement but they require high order difference formulas to achieve a good
accuracy so that these methods could be computationally demanding |7, 12].
A more efficient approach is given by spectral methods that approximate the
solution to the differential problem by expansion in a global basis, whose
fractional derivative can be evaluated explicitly. However, the coefficients
of the expansion are obtained by solving a dense linear system so that its
numerical solution could have a high computational cost |12, 13|. Expansion
in local bases, such as polynomial B-splines [23], could be used to overcome
this problem. The advantage of polynomial B-splines is that their fractional
derivative can be evaluated explicitly by a differentiation rule that involves
the backward finite difference operator [25]. Then, the expansion coefficients
can be obtained, for instance, by collocation methods. A collocation method
based on polynomial splines was considered, for instance, in [3, 15]. The
method proved to be particularly effective and easy to apply also in case of
nonlinear fractional differential problems [16].

In [17] two of the authors introduced an efficient collocation method to numer-
ically solve fractional differential problems in refinable spaces. The approxi-
mating function is assumed to belong to a refinable space and its expression is
determined by solving the differential problem on a set of collocation points.
Thus, the method is both a projection method and a collocation method.
In the present paper we use this method to solve a linear dynamical system
having fractional derivative in time. We assume the approximating function
belongs to refinable spaces generated by the polynomial B-splines and we
take advantage of the explicit differentiation rule for the B-spline basis that
allows us to efficiently evaluate the collocation matrix. As a consequence,
the nonlocal behavior of the fractional derivative can be easily taken into
account.

The paper is organized as follows. In Section 2 we recall the definition of the
Caputo fractional derivative and describe the fractional dynamical system
we are interested in. We give also its analytical solution in terms of the ma-
trix Mittag-Lefler function. In Section 3 we describe the B-spline basis we
use to construct the approximate solution to the differential system and give
the explicit expression of the fractional derivatives of the basis functions. In



Section 4 we analyze the refinability properties of the B-spline basis. The
collocation method is described in Section 5 where its convergence is also
proved. Finally, some numerical tests are provided in Section 6 while some
conclusions are drawn in Section 7.

2 Fractional dynamical systems

Let X(t) : R — R™ be a real-valued vector function, X, € R™ be a real
vector and A € R™ ™ be a real matrix. We consider the following linear
dynamical system:

DX (t)=AX(t), t>0, 0<~vy<l1,
(2.1)
X(0) = X,

having time derivative of fractional, i.e. noninteger, order ~. In this context,

the operator D] denotes the Caputo fractional derivative with respect to the

time ¢. For a sufficiently smooth vector function X (¢) = [x1(t), z2(t), ..., zm(1)]7,

the Caputo derivative is defined as
DX (t) = [D]1(t), D]as(t), ..., Dizm(t)] ", (2.2)
where

D) a(t) = (J*Va®)(#), k—-1<y<k, keN, t>0, (2.3)

and

TPz (t) = 1) /Ot< #(7) dr, (2.4)

INGY t—71)=

is the Riemann-Liouville integral operator. Here, I'(7) denotes the Euler’s
gamma function. For details on fractional calculus see, for instance, [6, 10,
14, 22].

The existence of a unique solution to (2.1) was proved, for instance, in
|6, §7.1]. A detailed analysis of positive linear systems of type (2.1) and of
their properties can be found in [9] where the analytical solution in terms of
the Mittag-Leffler function is obtained by the Laplace transform. Its explicit
expression is

X(t)=E,1(t",A) Xo, (2.5)



where (2 )"
S Ak
E. 5(z,A) = _ zeC, AeR™™, 2.6
is the matrix Mittag-Leffler function. We observe that the evaluation of
E. 5(z, A) is rather cambersome (cf. [8]). An alternative expression of the
analytical solution not involving the matrix Mittag-Leffler function can be
found in [6, §7.1].

3 The B-spline basis and its fractional deriva-
tive

In this section we describe the polynomial B-spline basis we will use to ap-
proximate the solution to Equation (2.1) and give the analytical expression
of its fractional derivative.

The classical cardinal B-splines are piecewise polynomials of integer de-
gree having breakpoints on integer knots (see [4, 23| for details). For our
purposes, it is convenient to define the cardinal B-splines through the trun-
cated power function

To(t) == (max(0,1))", neNUO, (3.1)
and the backward finite difference operator
A" f(t) =) (-1) (") flt—¢), neN. (3.2)
=0 ¢

Then, the cardinal B-spline of integer degree n > 0 is defined as
1
B,(t) :== - AT (1), neNUO. (3.3)
n!

The cardinal B-spline B,, is a piecewise polynomial of degree n with break-
points on the integers, it is compactly supported on [0, + 1] and belongs to

" 1(R).

On the semi-infinite interval [0, 0c0) the set of the integer translates

B,={B(t—0),-n<(}, t>0, (3.4)



forms a function basis for the spline space so that any spline function of
degree n, J,(t), can be represented as

In(t) =D cBut—0), t>0. (3.5)

>—n

As a consequence, the fractional derivative of J,(t) can be evaluated as

D}3,(t)= Y aD]B,(t—1), k-1<y<k 1<k<n-1 (3.6)
{>—n
Thus, to compute the fractional derivatives of J,, we need the fractional

derivatives of the functions belonging to the B-spline basis B,,.
Let us denote by B, ¢(t) the (-translate of B,, i.e.

Boot) =Bt —0), (> —n.

First of all, we notice that when ¢ > 0 the functions B, ; are interior functions
having support [¢, {+n~+1] all contained in [0, c0). Their fractional derivative
can be evaluated by recalling the differentiation rule for cardinal B-splines
[17, 25]:

1

P = =

A", (1), n>v>0, (3.7)

where

T,(t) = (max((),t))v, ~ >0, (3.8)
is the fractional truncated power function. From (3.7) it follows that the
fractional derivative of a polynomial B-spline is a fractional spline, i.e. a
piecewise polynomial of noninteger degree. Details on fractional splines can
be found in [25]. For —n < ¢ < —1, the functions B, are left edge functions
having support on [0,n + ¢+ 1]. Their fractional derivative can be explicitly
evaluated using definition (2.3) and the differentiation rule (3.7).

Theorem 3.1. For 0 < v < 1, the fractional derivative of the B-spline basis
functions B, 4, £ > —n, n > 1, is given by

1

D;anj(t) - m An+1Tn,7(t - f) 5 g Z 0, (39)
and
AT, (t — () 1 ~  B(7)
DYB. ,(t) = n—y _ I Ch S a— —m </ < -1
) = SR Ty G it el
(3.10)



Proof. The differentiation rule (3.9) immediately follows from (3.7). Now,
consider the case —n < ¢ < —1. From definition (2.3) one has

v _ 1 " B (1) _
DiBnelt) = r(l—w/o o 7=

1 "B (7) B, (1)
= / ’ dT _/ . dT .
F1=v) \Je (t=7) ¢ (t=T)
The first integral is the fractional derivative of the /-translate of B,, and can

be evaluated by the differentiation rule (3.9).
As for the second integral, we get

1 OB 1 "Byr—0, _
F(l—’Y)/z (t—T)”dT_F(l—”y)/g (t—7) dr =

so concluding the proof. O

In the following theorem we explicitly evaluate the integral appearing in the
right hand side of (3.10).

Theorem 3.2. For —n < { < —1, the explicitly expression of the integral in

(3.10) is
LY B : G N
F(1_7>/0 G—t—7p =
——1
m Zo (_1)7(”;r 1) ((t mEeTT (3.11)
B ) Gt et K e Sl i =
(n—1—p)! 1;[1(7—8))

p=0

Proof. We recall that B/ (t) writes:

/ n+1 / s 7’L—|—1
B (t) = A T'(t —n_l'z Thr(t—7).



Substituting the expression of B/ in the integral in the left hand side of
(3.11), we obtain

n+1 iy
n+1 T (T —r B
NG n—l'Z ( )/0 (t—K—TVdT_

n—1 -1 —pn=l-p

(n—1)! )i
et )R Gy o

! s=1 =0
ﬂ (t _ g)n_’y + tl_’y nzl (_1)n—p(_€)n—1—p(t _ g)p nﬁp( B )
o6 9) D Tl | KU
and the claim follows. -

4 Refinable B-spline bases

The B-spline basis B,, is refinable, i.e. the function system
B]:{wn,j,é(t)véz_n}7 j€Z7 tZO,

where
Onjet) =222 B, (27t — 1), (4.1)

forms a basis for the refined spline space V,, ; of degree n having breakpoints
on the knots 277 k, k € NUO0, and support on [279¢,279({ +n + 1)] N[0, 00).
Thus, any spline function 4, ; € V;, ; can be represented as

Gi(t) =D Cupngult), >0, (4.2)

>—n



where {c; ¢} € l2(Z). Once again, the basis functions ¢,, ;, with —n < ¢ < —1
are the left edge functions, while for £ > 0 ¢, ;, are integer translates of
B,(27-). The computation of the fractional derivatives of 4, ; requires the
evaluation of the fractional derivatives of ¢, ;j,. This can be done using
Theorem 3.1 and the following lemma.

Lemma 4.1. The Caputo derivative of order v of the 2/-dilate of a function
f(t) is given by:

Dl f(27t) =2VD}, f(2t), k—1<~y<k, keN. (4.3)
Proof. Let F(t) = f(27t), then F(™(¢) = 27 f(™)(27) m € N. By definition

- B 1 Lo p®(r)
DE = g | e

_ Lo [f (@)
e /o(t—T)”"““dT

By the change of variables 2/7 — 7, we get

L e [ M)
¥ = ojk-1)
R = g [ G

o2t (k)
= ;Q’YJ/ f (7) dr
fE—) Jy @i—rpe

and the claim follows. O]

In the next section we will describe how to apply the collocation method
introduced in [17] to numerically solve the differential problem (2.1) in the
refinable spline spaces. For easy notation, in the following sections we will
drop the subscript n.

5 The fractional collocation method

We look for an approximating vector function X;(¢) = [z1;(¢), z2,;(t), ..., Tm; ()],
z;; € Vj, 1 < i < m, that solves the differential problem (2.1) on a set of
collocation points.



Let Z = [0,7] be a finite interval. Without loss of generality we assume
T € N. Since the basis functions ¢;, £ < —n, have compact support, for
t € T any x;; can be represented as a finite sum so that

21T—1

X;(t)= Y Ciepult), Cje€R" tel. (5.1)

l=—n

For the sake of simplicity, we choose as collocation points the dyadic nodes
in which ¢;, can be efficiently evaluated through well-known recursive algo-
rithms [5]. Let us denote by {t, = p/2°,0 < p < 2°T'} the collocation points
in the interval Z. Substituting (5.1) in (2.1) evaluated at the collocation
points gives

D X;(tp) = AX(tp), 1<p<2T,

(5.2)
X;(0) = Xo.

This is a linear algebraic system that can be written in matrix form as follows
(Im ® Gj,s - A ® Hj,s) Fj,s == Os 5
(5.3)
L, ®®,,0)T;, =X,

where [, is the identity matrix of order m, 0, is the null vector having
dimension m2°T,

Hjs=lpjty), 1 <p<2°T,—n <L < PT —1] (5.4)
and A
Gjs = [D] 9julty), 1 <p < 2°T,—n < € < 2T — 1] (5.5)
are the collocation matrices of the refinable basis B, ;,
®;4(0) = [©je(0), —n < € < 2T —1], (5.6)
and ‘ r
Ljs = [Cje,—n <L < 2PT —1] (5.7)

is the unknown vector. Here, the symbol ® denotes the Kronecker product
of matrices. The Caputo derivative D] ¢;,(t,) appearing in (5.5) can be
evaluated explicitly by using Theorem 3.1 and Lemma 4.1.

We notice that the linear system (5.3) has m(2°T + 1) equations and
m(2'T 4+ n) unknowns. To guarantee the existence of a unique solution we
set 2°T +1 > 2T + n.



Theorem 5.1. For 2°T + 1 > 2/T + n the linear system (5.3) has a unique
solution.

Proof. Using definitions (2.2)-(2.4) the differential problem (2.1) can be writ-
ten as a system of integral equations:

Z(t) =AJD Z(t) + Xo, (5.8)

where Z(t) = [21(t) = D] z1(t), 22(t) = D as(t), ..., 2m(t) = D]z, (t)]T and
JOVZ(t) = [JD 2(t),...,JD2,(t)]". The system above is equivalent to the
differential problem (2.1) (cf. [11]) and has a unique solution [26] so that the
associated integral operator is invertible. Thus, the linear system (5.3) has
a unique solution, too (cf. [1]). O

Finally, we prove the convergence of the collocation method (5.2).

Theorem 5.2. The collocation method is convergent, i.e.

lim [|X () = X;(t)[|ec = 0,
Jj—o0

where || X (t)]oo = maxi<i<m (maxieor) |2:(t)]). Moreover, the approzima-
lion order s v, i.e.

1X(#) = Xj()][o < K277, 0<y<L
where k is a constant independent from j.

Proof. Since the collocation method can be used also to approximate the
solution to the system of integral equations (5.8), the equivalence implies
that the approximation error || X — Xj||o is the same as the approximation
error ||Z — Zj|| (cf. [1, 11]). Now, Z; is a projection operator in the spline
space so that the convergence is guaranteed with approximation order at
least v in the case when Z is sufficiently smooth [4]. O

We notice that since the equality 25T + 1 = 27T + n can be satisfied just
in a few special cases, in practice we choose s and j so that 2T +1 > 27T +n.
Thus, the system (5.3) results is an overdetermined linear system that can
be solved in the least squares sense.

For the convenience of the reader, in the following we list all the steps
needed to implement the collocation method described above:

10



e Assign the input variables for the dynamical system (2.1): A € R™*™
XO € Rm7 Y € (07 1)7

e Assign the discretization interval 7' € N and the time step 27, s > 0,
and define the collocation points {t, = 27°p,0 < p < 2°T'};

e Choose the B-spline degree n and the refinement level j such that
2T +n < 2T + 1;

e Define the basis functions ¢;,(t) (cf. (4.1)) and their fractional deriva-
tive D] @;,(t) (cf. (3.9), (3.10), (4.3)) for —n <€ < 2T —1;

e Construct the collocation matrices G, 5, H; ; and the vector ®;4(0) (cf.
(5.5-5.6));

e Construct the coefficient matrix

I,®Gs— A® Hj,
M —
In ® ®;(0)

(%)

e Compute I'; ; by solving the linear system MTI'; ; =Y

and the known term

of the linear system (5.3);

e Construct the coefficient vectors Cjj 5, —n < j < 29T — 1, using (5.7);

e Evaluate the approximation X;(t) using (5.1).

6 Numerical results

In this section we show the numerical results we obtain when using the pro-
posed collocation method to solve some test problems. In the tests we use
the splines of degree n = 3 and n = 4 as approximating functions and we set
s = j + 1. The functions belonging to the cubic B-spline basis B3 and their
fractional derivative are shown in Figures 1-2 for different values of 4. The
ordinary first derivative is also displayed.

11
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Figure 1: The cubic B-spline basis B; (left panel) and the ordinary first
derivative of the first four basis functions (right panel). The three boundary
functions Bs(t — 3) (cerulean line), Bs(t —2) (orange line), Bs(t — 1) (yellow
line) and the first interior function Bj(t) (violet line) are displayed as solid
lines.

To check the accuracy of the approximations obtained by the proposed method,
we evaluate the componentwise Lo-norm of the error &;(t) = X (t) — X;(1),
ie.
(Do = () —zy(t)],  1<i<m.
6501 = max [z(0) = a3, (0) i<m

Moreover, we evaluate the numerical approximation order p.(j) defined as

H&',j(t)Hoo) 1
1€ 41 () lloc ) Tog(2)

p~(7) =1og<

6.1 Example 1

First of all, we check the accuracy of the collocation method by solving the
following simple fractional differential equation (cf. [6, pg. 137]):

2—y

DVx(t) = —x(t) +t* +2 TB-~)

z(0) = 0.

t>0, 0<~y<l, (6.1)

whose exact solution is z(t) = t2. In this case the cubic spline approximation
is exact. We numerically solve Equation (6.1) in the interval Z = [0, 1] for
~v = 0.10, 0.25, 0.50, 0.75. The table below lists the L, -norm of the error
E;(t) = x(t) — x;(t) obtained by the collocation method when j = 7:

12
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Figure 2: The fractional derivative of the boundary functions (cerulean, or-
ange, yellow lines) and of the first interior function (violet line) for v = 0.10
(left top panel), 0.25 (right top panel), 0.50 (left bottom panel), 0.75 (right
bottom panel).

7| 1ED]
0.10 | 2.15e-16
0.25 | 3.16e-16
0.50 | 3.77e-16
0.75 | 6.42¢-16

As expected, the error is in the order of the machine precision.
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6.2 Example 2

In the second test we solve the fractional dynamical system

DYa(t) = —§a(t) + 5y(b),
t>0, 0<y<1,
Dy(t) = 52(t) — 5y(t), (6.2)

The exact solution is [6, §7.1]

o(t) = $ By (—1) — 1B, (-2),

where

ok
EL(t) = Z k1)’

k>0

is the one-parameter Mittag-Lefler function. We notice that the matrix

1 -3 1
4=3 { 1 -3 }

associated with the dynamical system (6.2) has negative eigenvalues, so that
the stability of the dynamical system is guaranteed [9].

We solve the differential problem (6.2) by the collocation method described
in Section 5 for v = 0.10, 0.25, 0.50, 0.75, and for different values of j.
To evaluate the analytical solution we compute the matrix Mittag-Leffler
function by the procedure proposed in [8]. In Figures 3-6 the numerical
solution and the approximation error are displayed in the case of the cubic
spline approximation and for j = 8. The numerical solution and the error
obtained when solving the classical problem with integer first derivative are
displayed in Figure 7. The plots show that the proposed method gives a
good accuracy that increases as 7 increases, i.e. as the smoothness of the
analytical solution increases. In Figure 8 the numerical approximation order
p(j) is displayed as a function of j for different values of v and n = 3
and n = 4. The plots show that the numerical approximation order is in
accordance with the theoretical one. Moreover, the error is lower when using

14



the spline of degree 4 as approximating function. Finally, in Figure 9 the
numerical approximation order p.(j) for n = 3 and n = 4 is displayed in the
case of ordinary first derivative. We observe that in this case the theoretical
approximation order is n + 1 (cf. [4]).

1 10°
0.8
x;(t) K Ix(t)-x,()]
0.6
10°
0 0.5 1 0 0.5 1
t t
2 10°
1.5
y;® ly(®)-y; (0l
1 L 10'5
0 0.5 1 0 0.5 1
t t

Figure 3: The numerical solutions z;, y;, for j = 8 (left panels) and the
approximation error (right panels) obtained for v = 0.10 when using the
cubic spline as approximating function.

7 Conclusions

We used a collocation method based on an interpolating projection operator
on refinable polynomial spline spaces to approximate the solution of a linear
fractional dynamical system. We provided an explicit formula that allows
us to evaluate the fractional derivatives of the approximating function in an
accurate and easy way. The method can be used to solve several differential
problems of fractional order and, in particular, nonlinear problems [19, 20|
or boundary value problems [18]. We notice that higher approximation order

15



0.9
0.8
x,(t) 07 Ix(t)-x,(1)]
0.6
107
0 0.5 1 0 0.5 1
t t
2 10°
t 1.5 ly(®)-y; ()|
y,(0) 05
1
0 0.5 1 0 0.5 1
t t

Figure 4: The numerical solutions z;, y;, for 7 = 8 (left panels) and the
approximation error (right panels) obtained for v = 0.25 when using the
cubic spline as approximating function.

methods can be obtained by using different types of collocation points (cf.
[1, 11, 15]). This will be the subject of a forthcoming paper.

Acknowledgment
This work was partially supported by: grant of University of Roma “La

Sapienza”’, Ricerca Scientifica 2017; INAAM-GNCS 2018 Project “Sviluppo
di modelli e metodi computazionali per I’elaborazione di segnali e immagini”.

References

[1] U. Ascher, Discrete least squares approximations for ordinary differential
equations, STAM J. Numer. Anal., 15 (1978) 478-496.

16



1 102

0.8
x(1) Ix(0)-x,(0)
0.6
107
0 0.5 1 0 0.5 1
t t
2
102
1.5
yi(t) ] Iv(t)-vi(t)l
0.5 104
0 0.5 1 0 0.5 1
t t

Figure 5: The numerical solutions z;, y;, for 7 = 8 (left panels) and the
approximation error (right panels) obtained for v = 0.50 when using the
cubic spline as approximating function.

[2] D. Baleanu, K. Diethelm, E. Scalas, J.J. Trujillo, Fractional Calculus:
Models and Numerical Methods, World Scientific, 2016.

[3] L. Blank, Numerical treatment of differential equations of fractional or-
der, Nonlinear World 4 (199) 473-492.

[4] C. de Boor, A practical guide to spline, Springer-Verlag, 1978.
[5] C.K. Chui, An introduction to wavelets, Academic Press, 1992.

[6] K. Diethelm, The analysis of fractional differential equations: An
application-oriented exposition using differential operators of Caputo
type, Springer Science & Business Media, 2010.

[7] K. Diethelm, J.M. Ford, N.J. Ford, M. Weilbeer, Pitfalls in fast numeri-
cal solvers for fractional differential equations, J. Comput. Appl. Math.,
186 (2006) 482-503.

17



x107

1 5
4
3
0.8 5
x,(t) Ix(t)-x,(1)]
0.6 1
0 0.5 1 0 0.5 1
t t
2
15
v Iy(0-y,(0)1
0.5 10
0 0.5 1 0 0.5 1
t t

Figure 6: The numerical solutions z;, y;, for 7 = 8 (left panels) and the
approximation error (right panels) obtained for v = 0.75 when using the
cubic spline as approximating function.

[8] R. Garrappa, M. Popolizio, Evaluation of generalized Mittag-Leffler
functions on the real line, Adv. Comput. Math., 39 (2013) 205-225.

[9] T. Kaczorek, K. Rogowski, Fractional linear systems and electrical cir-
cuits, Springer, 2015.

[10] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo, Theory and applications of
fractional differential equations, North-Holland Mathematics Studies,
Vol. 204, Elsevier Science (2006).

[11] M. Kolk, A. Pedas, E. Tamme, Smoothing transformation and spline
collocation for linear fractional boundary value problems, App. Math.
Comput., 283 (2016) 234-250.

[12] C. Li, A. Chen, Numerical methods for fractional partial differential
equations, Int. J. Comput. Math., 95 (2018) 1048-1099.

18



0.8 Ix(t)-x,(1)]

xj(t) 108
0.6
0 0.5 1
t t
2
1.5 108
(t
e Iy(®-y,0|
0.5 10710
0 0.5 1 0 0.5 1
t t

Figure 7: The numerical solutions z;, y;, for j = 4 (left panels) and the
approximation error (right panels) obtained with the cubic spline approxi-
mation for the classical problem having ordinary first derivative.

[13] C. Li, F. Zeng, Numerical Methods for Fractional Calculus, A Chapman
& Hall Book/CRC Press, 2015.

[14] K.B. Oldham, J. Spanier, The Fractional Calculus, Academic Press
(1974).

[15] A. Pedas, E. Tamme, On the convergence of spline collocation methods
for solving fractional differential equations, J. Comput. Appl. Math.,
235 (2011) 3502-3514.

[16] A. Pedas, E. Tamme, Numerical solution of nonlinear fractional differ-
ential equations by spline collocation methods, J. Comput. Appl. Math.,
255 (2014) 216-230.

[17] L. Pezza, F. Pitolli, A multiscale collocation method for fractional dif-
ferential problems, Math. Comput. Simul., 147 (2018) 210-219.

19



0.5 035
045 03

0.35 0.2

Figure 8 The numerical approximation order p,s for v = 0.10 (left top
panel), 0.25 (right top panel), 0.50 (left bottom panel), 0.75 (right bottom
panel) and n = 3 (red line), n = 4 (blue line). The line with the theoretical
slope 7 is displayed as a black dashed line.

[18]

[19]

[20]

[21]

L. Pezza, F. Pitolli, A fractional spline collocation-Galerkin method, for
the fractional diffusion equation, Commun. Appl. Ind. Math., 9 (2018)
104-120.

F. Pitolli, A Fractional B-spline Collocation Method for the Numerical
Solution of Fractional Predator-Prey Models, Fractal and Fractional, 18
2 (2018) 13, doi:10.3390/fractalfract2010013.

F. Pitolli, L. Pezza, A fractional spline collocation method for the frac-
tional order logistic equation, in Approzimation Theory XV: San Anto-
nio 2016, Proceedings in Mathematics and Statistics, G. Fasshauer, L.
Schumaker (Eds.), vol. 201, Springer, 2017, pp. 307-318.

I. Podlubny, Fractional differential equations: An introduction to frac-
tional derivatives, fractional differential equations, to methods of their
solution and some of their applications, Elsevier (1999).

20



Figure 9: The numerical approximation order p; , for the classical problem
with ordinary first derivative. Left panel refers to n = 3 while right panel
refers to n = 4. The line with the theoretical slope n + 1 is displayed as a
black dashed line.

[22] S.G. Samko, A.A. Kilbas, O.I. Marichev, Fractional Integrals and
Derivatives: Theory and Applications, Gordon & Breach (1993).

[23] L.L. Schumaker, Spline functions: Basic theory, Cambridge University
Press (2007).

[24] V.E. Tarasov, Fractional dynamics. Applications of fractional calculus
to dynamics of particles, fields and media, Nonlinear Physical Science.
Springer (2010).

[25] M. Unser, T. Blu, Fractional splines and wavelets, STAM Rev., 42 (2000)
43-67.

|26] G. Vainikko, Multidimensional weakly singular integral equations, Lec-
ture Notes in Mathematics, vol. 1549, Springer (1993).

21



