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We analyze some relevant semiclassical and quantum features of the implementation of polymer
quantum mechanics to the phenomenology of the flat isotropic Universe. We firstly investigate a
parallelism between the semiclassical polymer dynamics of the flat isotropic Universe, as reduced to the
effect of a modified simplectic structure, and the so-called generalized uncertainty principle. We show how
the difference in the sign of the fundamental Poisson bracket is reflected in a sign of the modified source
term in the Friedmann equation, responsible for the removal of the initial singularity in the polymer case
and for the survival of a singular point in the Universe past, when the generalized uncertainty principle is
concerned. Then, we study the regularization of the vacuum energy of a free massless scalar field, by
implementing a second quantization formalism in the context of polymer quantum mechanics. We show
that from this reformulation naturally emerges a cosmological constant term for the isotropic Universe,
whose value depends directly on the polymer parameter of the regularization. Finally, we investigate the
behavior of gravitational waves on the background of a modified dynamics, according to the semiclassical
Friedmann equation. We demonstrate that the presence of a bounce in the Universe past naturally removes
the divergence of the gravitational wave amplitude and they can, in principle, propagate across the
minimum volume turning point. This result offers an intriguing perspective for the detection of

gravitational signals coming from the pre-big-bounce collapsing Universe.
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I. INTRODUCTION

Modern quantum gravity approaches are mainly based
on the use of Ashtekar-Barbero-Immirzi variables [1,2],
which constitute the starting point for the construction of
loop quantum gravity theory [3,4]. The main success
obtained by this reformulation of the quantum gravitational
field morphology is, from a phenomenological point of
view, the derivation of a big-bounce cosmology [5,6]. In
fact, despite the minisuperspace model associated with
homogeneous cosmological universes [7] prevents a full
implementation of the SU(2) symmetry, at the ground of
the discretization of the geometrical operators (areas and
volumes) [8,9], a notion of cutoff on the Universe volume
and then a maximum critical density for the Planck era is
recovered with a suitable procedure, recovering the general
theory prescription and formalisms.

Actually, the regularization procedure of the minisuper-
space dynamics allows the construction of semiclassical
equations for the Universe evolution, which turns out to be
closely related to the metric approach in the polymer
representation of canonical quantization [10]. In particular,
in [11], the cubed scale factor, i.e., the Universe volume,
has been identified as the natural variable in which the
correspondence between the two semiclassical theories
(i.e., semiclassical loop cosmology and semiclassical
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polymer dynamics) are better linked to each other. In fact,
for such a choice, the polymer parameter (the discretization
step of the cubed scale factor) turns out to be directly linked to
the Immirzi parameter. The peculiarity of such a configura-
tional variable choice relies on the possibility to define a
critical density depending on fundamental constants only,
exactly like in loop quantum cosmology. For a discussion on
the use of the cubed scale factor in more general cosmo-
logical models, like the generic inhomogeneous solution,
see [12] and on the different phenomenological issue in the
mixmaster chaos of Bianchi IX, see [13].

In this paper, using the polymer quantum mechanics
framework, we study the phenomenology of the flat
Robertson-Walker geometry, by adopting the cubed scale
factor as configurational variable.

In particular, we consider three different questions: one
of conceptual relevance about the meaning of polymer
quantum mechanics on a perturbative level, and two
phenomenological implications concerning the vacuum
energy of a massless scalar field (i.e., the value of the
cosmological constant as vacuum energy) and the propa-
gation of gravitational waves through the big bounce.

Firstly, we study the semiclassical polymer dynamics on
a perturbative limit, when the cutoff parameter is small
enough and the modified Hamiltonian formulation can be
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restated as a standard Hamiltonian constraint associated
with modified Poisson brackets. This analysis puts the
semiclassical polymer dynamics on the same level of
the so-called generalized uncertainty principle [14], with
the nontrivial difference of a sign on the right-hand side
of the brackets [15]. The polymer and generalized uncer-
tainty principle reformulations can then be seen as the
phenomenological low-energy limit of, respectively, loop
quantum cosmology [16] and string theory [14,17-19],
implemented as a modified simplectic structure.

We study the behavior of the flat isotropic Friedmann-
Robertson-Walker Universe (dominated by radiation and
stiff matter, respectively) for both the cases mentioned above,
demonstrating that, while in the polymer approach the
singularity is still removed as in the exact (nonperturbative)
case, the generalized uncertainty principle dynamics is still
associated with a big bang, i.e., the cosmological singularity
survives. Furthermore, analyzing the structure of the
Friedmann equation in these same cases, we show that they
coincide, respectively, with those of exact polymer semi-
classical mechanics (i.e., semiclassical loop quantum cos-
mology) and brane cosmology approach, when the Universe
density is sufficiently small with respect to the critical one.

Hence, we restrict our attention to the exact polymer
quantum physics only and, as a first step, we study the
vacuum energy of a massless scalar field living on the flat
isotropic Universe. Despite a complete scheme of second
quantization of the field being forbidden because it is no
longer possible to define suitable creation and annihilation
operators, we demonstrate that, due to polymer regulari-
zation, the vacuum energy no longer diverges. This result
provides a nonzero cosmological constant to the Universe
dynamics, whose value is, however, dependent on the value
of the discretization parameter. A discussion of the possible
fine-tuning required to deal with a “dark energy candidate”
is developed, but, for a Planckian discretization step,
the resulting values of three dimensionless parameter of
the model are still very peculiar. This investigation on the
vacuum state of a free massless scalar field has an important
conceptual value, since it demonstrates that a cosmological
constant rigorously emerges in the polymer quantum
mechanics framework. However, we do not identify a
mechanism for the reduction of the cosmological constant
value to the actual one. A qualitative implementation of the
upper limits for a polymer cutoff on the physical space [20]
provides a vacuum energy density many orders of magni-
tude greater than the one requested by the Universe
acceleration. We can only stress that the calculated ground
state of the scalar field Hamiltonian function is not a state
for the quantum dynamics of the system and, therefore, we
dynamically have to deal with a time dependent expectation
value on the vacuum state of the scalar field.

The analysis of the gravitational wave propagation on a
bounce cosmology offers a new point of view on the
possibility to observe pre-big-bounce features. In fact, the

presence of the bounce regularizes the wave amplitude
which no longer diverges as in the big-bang model. Thus, it
is, in principle, possible that gravitational waves produced
in the collapsing Universe remain in linear regime across
the bounce and they could be today detected. In particular,
we study the polymer deformation of the wave spectrum
and consider the propagation of peaked wave packets, i.e.,
burst signals. It is interesting to notice that, in the limit of
wavelengths of the ripples that are large with respect to the
cutoff parameter, the standard properties [21] are recovered.
In other words, the gravitational wave morphology is
sensitive to the discretization parameter, although it lives
in the configurational space and not in the physical one.
The point is that the discretization of the scale factor of the
Universe is clearly reflected on the nature of any physical
spatial scale, including the physical wavelength.

The paper is structured as follows. In Sec. II we
present the standard Friedmann-Lemaitre-Robertson-
Walker (FLRW) cosmological model in its Hamiltonian
formulation, using as configurational variable the volume
V = a*. In Sec. III we introduce the polymer representa-
tion of quantum mechanics in the momentum polariza-
tion; moreover, we present a way to treat both quantum
and semiclassical states in the polymer framework. In
Sec. IV we analyze the FLRW Universe in the polymer
framework, firstly with an “exact” approach, and secondly
in a perturbative approach, confronting the latter with the
generalized uncertainty principle approach. In Sec. V we
recall the theory of the quantum harmonic oscillator in
polymer representation and then we evaluate the vacuum
energy density for a massless scalar free field in a flat
FLRW background in the polymer framework. In Sec. VI
we discuss how, in terms of the semiclassical formulation
of polymer quantum mechanics, the introduction of a
cutoff regularizes the amplitude of gravitational waves
propagating through a flat FLRW universe. We also study
the spectrum of such waves and the time evolution of a
Gaussian wave packet and we compare it to the classical
case. Finally, in Sec. VII we sum up the main result of the
paper with concluding remarks.

II. STANDARD COSMOLOGY

The standard cosmological model relies on the
Friedmann-Robertson-Walker isotropic and homogeneous
expanding Universe. This model is based on the cosmo-
logical principle (i.e., at large scales the Universe is
isotropic and homogeneous, as confirmed by the cosmic
microwave background spectrum), on the perfect fluid
approximation of the matter-energy content and on general
relativity, and its geometry is described by the Robertson-
Walker metric:

d 2
ds> = di* — d*(1) % + r2d6* + r’sin*0dg*|, (1)
r

1-—
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where a(t) is the scale factor through which the whole
expansion history of the Universe is parametrized. Our
study will be focused on the flat Universe, so from here on
we will use K = 0. Besides, we will use natural units
h=c=1

A. Cosmological dynamics

The evolution of the Universe is described by cosmologi-
cal equations, which are derived by using the metric (1) in the
Einstein equations, together with the energy-momentum
tensor of the perfect fluid T}; = diag(p, —P,—P,—P).
The 00-component of Einstein equations results in the first
Friedmann equation:

d2
H =" =%p. @)
which describes the relative velocity of the expansion as
function of the matter-energy density of the Universe. Here
x = 8xG is the Einstein constant.

The jj-components are all equivalent and, combined
with Eq. (2), reduce to the second Friedmann equation, also
known as the acceleration equation:

28— Ly 3p), (3)

which describes the relative acceleration of expansion.
Finally, combining these two Friedmann equations, the
continuity equation is obtained:

p=-320+p) @)

It can be solved by using a polytropic constant equation of
state P = wp, where w is a parameter that can take values in
the interval w < 1 (greater values would result in a super-
luminal sound velocity and are therefore nonphysical).
The solution is p(a) = poa=>('*?) and it holds even with
the semiclassical modifications that we will apply in the
following chapters [11].

These three equations completely describe the dynamics
of the Universe. Actually, since any one of the three can be
derived from the other two, only two of them are strictly
necessary. Usually in the literature the first Friedmann and
the continuity equations are chosen.

1. The content of the Universe

The matter-energy density p that appears in the first
Friedmann equation (2) receives contributions from differ-
ent kinds of cosmological fluids, each characterized by its
own value of the polytropic parameter w:

pla) = Zpi(a) = Zﬂoa‘3<”“’f>, (5)

where the subscript i indicates the type of fluid: we have
W = 1 for stiff matter, o, = % for radiation, w,, = 0 for
baryonic matter, and w, = —1 for the cosmological con-
stant (note that this is also the minimal physical value,
because smaller values predict weird phenomena).
However, since each contribution makes the others negli-
gible for certain values of a(t), the thermal history of the
Universe is usually divided into different “domination” eras
during which only the relevant fluid is considered. For
example, near the singularity only stiff matter and radiation
are relevant, while observations lead us to believe that
today’s Universe is going through a cosmological constant
era. This case of negative pressure is rather interesting, and
will now be expanded upon.

B. The cosmological constant problem

The acceleration equation has been written in Eq. (3).
From this equation, one can deduce that the Universe
decelerates during its expansion if p + 3P > 0, while it
accelerates if p + 3P < 0.

The first condition seems to be always satisfied by
ordinary fluids. Yet, in 1998, two independent groups, led
by Riess [22] and Perlmutter [23], showed that the Universe
is actually accelerating during its expansion.

The discovery may lead to two different conclusions:
(a) it might be wrong to use general relativity because the

dynamics is modified [24];
(b) there could be a component of the Universe with a
unusual equation of state, such as

1
P<——p, 6
<=3 (6)

which is currently dominating the Universe dyna-
mics [25].
Without considering corrections to general relativity, one
can justify the measured acceleration of the Universe by
adding a cosmological constant A in the Einstein field
equations:

G;w - Ag;u/ = )(T;uw (7)
If one shifts this new term to the right-hand side as
proposed by Weinberg in [25], it is interpreted as a physical

phenomenon and not as a bare property of space-time. The
field equations become then

G;w = )((T/w + pAg;w)v (8)

where p, = % is the energy density related to the cosmo-
logical constant, and it is such that

TY = —Pg" = prg" (9a)

and from the continuity equation (4) we obtain
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pr=0 (9b)

and thus p, is a constant energy density.

Before the first evidence of acceleration of the Universe,
the strong observational upper bound, i.e., A < 107120, led
many particle physicists to suspect some fundamental
principle to exist, in order to have A =0, as discussed
in [26]. Such a principle does not exist and the attempt to
set the cosmological constant to zero has failed.

Many tried to explain the presence of a constant energy
density as the result of the vacuum state of the quantum
fields that fill the Universe. This approach leads for the
scalar field to

_ k?nax (10)
PA= 1622
where k., 1S the momentum cutoff, i.e., the energy scale at
which the theory is believed to lose its validity. It can be
estimated as the Planck energy, being widely believed that
Planck length is the scale at which both gravitational and
quantum effects need to be simultaneously taken into
account. With this assumption, p, is 10'?? times bigger
than the energy density related to the cosmological constant
measured today: “This is probably the worst theoretical
prediction in the history of physics!” (from [27]).

C. Hamiltonian formulation and the volume variable

We will now restate the dynamics of the FLRW Universe
in the framework of the Hamiltonian formulation of gravity,
using a new variable V = a® that we will refer to as
“volume.” The reason for this choice, as we will see in the
next sections, is that this is the only variable with which the
polymer parameter and the critical density are independent
on the scale factor [11].

The Arnowitt-Deser-Misner line element in the homo-
geneous and isotropic model becomes [7]

ds*> = N*(1)c*dr* — a®(1)[dr? + r*d6* + r* sin® Odg?].
(11)

Due to this, in the presence of an energy density p = p(a)

and substituting the RW metric directly in the Einstein-

Hilbert action, the following Hamiltonian constraint is
obtained:

X Pa
247% a

Herw (@, pa) = — +27%pa® =0, (12)

2
where p, = — D%

By performing a canonical transformation, we rewrite
the Hamiltonian constraint as a function of the volume
variable and its momentum conjugate Py :

aa is the momentum conjugate to a.

B
Herw (V. Py) = —EP%/V +27%pV =0  (13)

with B = %. The independent cosmological equations are
T

now derived from the Hamilton equation V = ém;%z
1V? X
l=—— =%, 14
917 = 37 (14)
) 1% a(pV)
=——|p-——". 15
==y {ﬂ 5y (15)

The former is exactly the same as Eq. (2), while the
latter coincides with the continuity equation (4) under
ApV)

——2 =P and will have solution

the identification 5V

p(V) = poV-t+el.

Substituting the density as a function of V in the
Hamiltonian constraint, the system is analytically solvable
and the evolution of the volume in time is given by

V(1) = [2(1 + )/ (Bpo)"™. (16)

Explicating all the constants and using Planck units

S _ :
pp=1p, T=1 with 7p = /G, we can rewrite our

equations as dimensionless:

w0 = 1A ="0. o="_ 7
3 Ppr

(V) = Zy0, =g (1)

V() = [(1 + w)/6207]77, Q:?.(w)
P

The plots are shown in the following sections (Figs. 1
and 2).

III. POLYMER QUANTUM MECHANICS

Polymer representation is an alternative representation of
quantum mechanics, nonunitarily connected to the standard
Schrodinger representation. The introduction of a funda-
mental area in loop quantum gravity (LQG) leads to a
bounce, i.e., a minimum of the scale factor, removing the
singularity (see [6,28,29]). In analogy to LQG, polymer
representation introduces a fundamental scale in the Hilbert
space. When applied to cosmology, it leads to the appear-
ance of a bounce for the volume of the Universe.

Following [10], we now introduce the polymer repre-
sentation of quantum mechanics.

Given the orthonormal basis |y;) for the Hilbert space
H', where y; € R, i =1, ..., N and such that (u;|u;) = 6, ;,
the Hilbert space H,,, for the polymer representation is
built by the completion of H'. In such a space we can define
two fundamental operators:
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élu) = ulp), (20a)

S u) =+ 2), (20b)
respectively, label and shift operators. §(4) is a family of
parameter-dependent unitary operators. Yet, they are dis-
continuous and, therefore, they cannot be generated by the
exponentiation of a self-adjoint operator.

Let us now consider a Hamiltonian system with canoni-
cal variables ¢ and p. In the momentum polarization, a state
|w) has wave function w(p) = (ply), and then, for the
fundamental states, we have

wu(p) = (plu) = e™?. (21)

Defining the multiplication operator V(1) by

V(Dwu(p) = e™Per =y, ,(p) (22)

we see that V(1) is the shift operator in Hpoty and it is clear
that the momentum operator p cannot exist as the generator
of translations. On the other hand, as regards the coordinate
operator ¢, it can be defined as the following differential
operator,

qy.(p) = —i%wﬂ(p) = uy,(p), (23)

and it is the label operator in Hy .

It is possible to prove that the Hilbert space of the
wave functions in such a polarization is given by
Hpoty = L*(Rp, duy), where Ry is the Bohr compactifi-
cation of the real axis and duy is the Haar measure.

If one wants so study the coordinate polarization, in
which w(q) = (qly), it is possible to see that the funda-
mental wave functions are Kronecker deltas. In this case it
is the translation operator to be discontinuous which again
implies the nonexistence of the momentum operator
and it can be proved that the Hilbert space is Hpqy =
L*(Ry, du.), where R, is the real axis with discrete
topology and du, is the counting measure.

Given the impossibility of well defining both ¢ and p, the
dynamics cannot be directly implemented. For this reason,
we have to approximate the momentum operator by defining
a regular graph vy, = {q € R:q = nu, with n € Z},
where y, is the fundamental scale introduced by the polymer
representation. Consequently, defining u, = ny,, we con-
sider the subspace H},ﬂo C H,o1y Which contains all those

states |y) such that

poly

|l//> = an|ﬂn>7 (24)

where 3", |b,|> < co. Now the translation operator acts only
by discrete steps in order to remain on y,, :

V(/"O)|/"n> = |Iun+1>' (25)

When the condition p <« % is satisfied, we can write

1 1 . ,
p~—sin (pyp) = —— (e'HoP — e7HoP 26
sin (uop) = 5 ) o)

and in return we can approximate the action of the
momentum operator by that of V():

mww3%wwwwwmm
—iwmwmm» 27)

As regards the squared momentum operator, we can
choose two different approximations:

2
s — (1 =cos (uop)) (28a)
Ho
so that
> 1 N N
Piaoltn) = e (2=V(uo) = V(o)) lun)  (28b)
0
or
2 1 : 2
p* ~—sin” (uop) (29a)
Ho
so that
R 1 N N
Priolttn) = = 2= V(2uo) = V(=2p0)) 1), (29b)

4y

which are equivalent through a reparametrization of the
polymer scale.

Now, we can implement a Hamiltonian operator on the
graph:

N 1 N
o =5 P+ 7(2). (30)
where V() is the potential.

If one wants to quantize a system using the momentum
polarization of the polymer representation, one has to
approximate the momentum operator using Eq. (28b) or
Eq. (29b), while the coordinate operator is a derivative
operator, given by

0
q =i — . 31
ay(p) =iz w(p) (31)
Alternatively, one can work with semiclassical states,
1.e., states peaked in their classical value, by operating the
following substitution on the classical Hamiltonian:
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1 .
p — —sin (uop) (32a)
Ho
2 2 2 L.
p? = — (L =cos(ugp)) or p°— —sin*(up).
My Mo
(32b)

IV. SEMICLASSICAL POLYMER
EVOLUTION OF THE UNIVERSE

We will now apply some features of polymer quantum
mechanics to the Hamiltonian formulation of the standard
cosmological model. In the spirit of the Ehrenfest theorem
[11], this will be done at a semiclassical level, meaning that
we will not develop a full quantum theory but will apply
quantum modifications to the classical evolution.

A. Exact approach

The first modification, called exact substitution, consists
of using the approximation of p? as a squared sine (32b) in
the FLRW Hamiltonian, and deriving the dynamics through
the standard Hamilton equations. This has already been
done in [11], and therefore we will only report the main
results.

The Hamiltonian function becomes

B
Hitkw = = 5,2 S0 (uoPy)IV + 225V = 0. (33)
0

Through the Hamilton equations, we find the modified first
Friedmann equation and the volume evolution:

1v? x p B 1
H2:§W:§/)<1—p—”>7 Pu =322 (34)
1

47%p,\ 75 [ B2 T
V(t) = ( ”Bp°> " {Z(l+a))2t2+ﬂ%}l . (35)

First of all, by taking the classical limit y; — 0 and
therefore p, — oo, the standard equations (14) and (16) are
recovered. This can be better visualized by rewriting these
equations in their dimensionless form, with the same
procedure used for the classical case:

2 _ 22_8_71- _g —p_”
w0 - i =Fo(1-2). o= @6

8

(V) = Sy (1 —y=0se) - (37)

It is clear how, since H? can now be zero for a finite value of
the density p = p,, the evolution of the volume as a
function of time will have a critical point, and already
from Eq. (35) we see a nonzero minimum for the volume.
This is shown in Figs. 1 and 2, where the polymer-modified
evolution is compared to the classical one: we see that,
while for low energies (i.e., great volumes and times) the
latter is recovered, for high energies the change is sub-
stantial in that H*> goes to zero for a finite value of the
density and of the volume, and the volume itself reaches a
nonzero minimum and starts to increase again. So, this
deformation, already at a semiclassical level, results in a
big-bounce scenario and effectively solves the singularity.

The minimal volume is easily calculated to be V) = (%)ﬁ
"

which becomes V, = (23ﬁ y%)ﬁ in its dimensionless form.
In Eq. (37) we put Q, = 1, which is equivalent to asking
that V, = 1; this automatically fixes the value of the
. . - 3 ~
(dimensionless) polymer parameter to py = /55~ 0.22,

which corresponds to a polymer lattice parameter of

Had® Q)

FIG. 1. The confrontation between the classical (continuous)
and polymer (dashed) dimensionless Hubble parameter as func-
tion (top panel) of density Q and (bottom panel) of volume V for
@ = 1/3; for the polymer functions the parameters are Q, = 1

and py = /5.
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V(1)

FIG. 2. The confrontation between the classical (continuous)
and polymer (dashed) dimensionless volume as function of 7 with

Ho = % for = 1/3. The minimal volume is highlighted.

Loty = /Mot p ~ 0.60£p. Of course this is just an esti-
mate, and it depends on the definition of Planck density, but
being of the order of the Plank length it is well within the
expectations.

1. The sign of the cosmological constant

Looking at Eq. (34), it is possible to have a negative
cosmological constant.

It is interesting to consider a universe filled with some
kind of energy density p, associated with a source, and a
cosmological constant energy density p,. The Friedmann
equation is then

=L o (1-20)
Pu
The condition
H>>0 (40)
has to be always satisfied. It implies
(Ps +PA) Py — s —pA) 2 0. (41)
Condition (41) is verified in two cases:
{ps S (42a)
Ps = Py = PA

or

Ps 4

P

Pu .
0 PA

C Ps = —pr+ Pu

Ps = —PA

FIG. 3. Study of the sign of the cosmological constant on the
(pas ps) plane. The regions in the plotting are the ones that satisfy
condition (40).

{p o S ~Pa, (42b)

Ps 2 Pu = PA-

While Eq. (42b) has no intersection on the (p,; p, ) plane,
Eq. (42a) identifies three different regions where condition
(40) is satisfied, as shown in Fig. 3.

In region A, ie., (pa <0) A (=pp S py < —pa +p,),
the energy density related to the cosmological constant is
negative but is balanced by matter density; in region
B, ie., (0<pp <p,) A(0<p; <—pp+p,), both the
densities are positive; in region C, i.e., [(0<py <pu) A
(_p/\ Sps < 0)]\/[(p/\ >pﬂ) A <_pA Sps < —PA +pﬂ)]’ the
matter density is negative and then this region is not of
physical interest.

In conclusion, we have found a region where it is
possible to have a negative value for the cosmological
constant.

B. Perturbative approach

Polymer features can be implemented in the cosmologi-
cal model also through another approach. If we consider the
Schrodinger commutation relation [g, p] = i of standard
quantum mechanics and use the polymer approximation
(26), we obtain a cosine that can be expanded in a power
series:

lq.p] = [%M} = cos(op)[q. P]
2.2
= icos(uyp) ~ i(l —%). (43)

At a semiclassical level this modified commutation
rule becomes a rule for Poisson brackets. The polymer-
modified evolution can then be derived from the standard
unmodified Hamiltonian constraint (13) through the

scheme {V, Py} = (1 —”—Z(Z’P‘z/).
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This scheme is made to look similar to the so-called
generalized uncertainty principle (GUP). This approach
states that by modifying the canonical commutation rela-
tions (CCRs) of standard quantum mechanics, it is possible
to obtain the generalized uncertainty principle that was
derived in the low-energy limit of string theory [14]:

lq. p] = i(1+Ap?), (44)

AgAp= 3 (1+AApP (). (49)

where 1 is the GUP parameter. This principle implies a

fundamental minimum uncertainty on position Agy = /4,
and therefore through the simple modification of the CCR it
is possible to implement string features in quantum
mechanics without going too deep in string theory, and
to reproduce a low-energy limit of brane cosmology
[17-19]. Notice how the GUP modification of the CCR,
under the identification A <> ”7‘2), coincides with the polymer
deformation of Poisson brackets apart from a sign. During
this section we will study the “perturbative” polymer
approach and present in parallel the results that would
be obtained with a GUP approach, i.e., by deriving the
dynamics thorough the modified commutation relation
used as a modified rule for Poisson brackets. For a more
detailed mathematical confrontation between the two
approaches, see [30].

The first Friedmann equation in the perturbative polymer
approach takes the form

1V y P>
2 _ 1V _X _ P
H =5 3p<1 2p”> . (46)

The equivalent equation in the GUP framework is H> =

Lp(1+ zim)2 with p; = &1 Notice how the different sign

completely changes the dynamics: now H? does not
become zero for a finite value of the density, and therefore
in this model a bounce is not possible. Thus, we conclude
that the GUP semiclassical deformation does not solve the
singularity. Figure 4 shows the comparison between the

two approaches, with the equations rewritten in dimension-
y-(+)

less form: HZ; =% Q(1 +52)7 = & v=(re)(1 4+ vy,
where the subscript i indicates both y and 4 and in the last
equation we put Q; = 1.

Now, Eq. (46) is slightly different from the exact
polymer substitution case, in that H> goes to zero for
p =2p, instead of p =p,. However, the last factor is

squared, and if we expand it we obtain

20

Hag® (Q)

Had2 (V)

]
]
1
]
1r 1
1
1
1
]
h

0 1 2 3 4 5 6

FIG. 4. The confrontation between the classical (continuous
lines), perturbative polymer (dashed lines) and GUP (dotted
lines) dimensionless Hubble parameter as function (top panel) of
density Q and (bottom panel) of volume V for @ = 1/3; for
the polymer and GUP functions the parameters are Q; =1

2
_ K _ 3
and 1 =7 =i

2

m? X {1_2_p ﬂ_z]

3 20, 4p}

2

X p p
~%) 1__+o(_)] (7
3{ Pu Ph )

We see that the exact equation (34) is recovered in the limit
p < py; already here we can say that this approach is a low-

energy limit of the exact one.
The dimensionless form of the new first Friedmann
equation is

8 2
H(0) =5 Q(l ——2g ) , (48)
"

V—(l+m) 2
I

where in the latter we put Q, = 1 and p = pp as before. In
Fig. 5 we see the comparison between these behaviors and

8
H2,(V) = ?”v—ﬂﬂ') <1 =
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1
1
1
1
[}
1
1

FIG.5. The confrontation between the perturbative (continuous
lines) and exact polymer (dashed lines) dimensionless Hubble
parameter as function (top panel) of density Q and (bottom panel)
of volume V for @ =1/3; the parameters are Q, =1

and py = /5.

the ones coming from the exact approach. We can see how
for low energies they coincide exactly, while for high
energies, where the Q? term becomes relevant and is not
negligible anymore, they are slightly different. In particular,
the values of maximal density and minimal volume are
different, as mentioned before.

Solving the evolution leads to the following implicit
expression for the volume variable as a function of time:

vl B
+=In[1 — A22v-(+e)) = & (1+w)t, (50)

Ay 2 [ i | V24

where A = 2”;”“. This is rewritten as dimensionless,

plotted, and compared with its counterpart from the exact
approach:

I+ A
e +701n [1-A3V-019)] = +(1 + w)Vert (51)

with A3 = Z 2. As we can see from Fig. 6, the difference
between the two is mainly the value of the minimal volume,

10

FIG. 6. The confrontation between the exact (continuous line)
and perturbative polymer (dashed line) dimensionless volume as

a function of 7 for w = 1/3 with uy, = ,/237. The minimal
volumes are highlighted.

. . . 1 3 1
which in this case becomes V = (%)Hm =& u3)o, but

the fundamental character of this model being a bounce
cosmology is unaltered.

We would like to stress that higher orders of expansion in
the polymer parameter are expected to produce no significant
new physics on the bounce cosmology. In fact, the consid-
ered noncommutative formulation of polymer quantum
mechanics must converge on the exact polymer representa-
tion of the cosmological dynamics, actually equivalent to
LQC. On the other hand, the situation for the interesting
analysis in [31] is different. Here, the standard approach
discussed in [6,29] receives corrections from the graph
structure underlying the space representation, in particular
from small terms in the inverse node number. This revised
loop cosmology predicts prebounce oscillations of the
Universe scale factor and its main conceptual merit is to
reproduce the bounce morphology of LQC on a more well-
grounded representation of the space graph.

In the GUP approach the following implicit equation for
the volume as a function of time is obtained:

|ER0)

V= 1o B (1
" _ arctan (CV2") = —ﬂt, (52)

c, i 2

4 Cyarctan(CoV'2) = (1 + w)Voért  (53)

with C; = 27, /’1"% and Cy = \/43i3/1. Figure 7 compares
the evolution in the two approaches. As we can see, in the

Vs
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8

V(1)

0.8

FIG. 7. The confrontation between the classical (continuous
line), perturbative polymer (dashed line), and GUP (dotted line)
dimensionless volume as a function of 7 for w =1/3 and
2
A=0=3

2 T 4

GUP framework the volume V still goes to zero and the
singularity is still present.

In conclusion, we can confirm that while the polymer
deformation solves the singularity by introducing a big
bounce, the GUP deformation does not. Besides, we can
conclude that our perturbative approach is the low-energy
approximation of the polymer exact approach, i.e., it is to
loop quantum cosmology what the generalized uncertainty
principle is to brane cosmology.

V. VACUUM ENERGY DENSITY OF THE SCALAR
FIELD IN POLYMER REPRESENTATION

In this section we study the vacuum state of the scalar
field in polymer quantum mechanics. We derive the energy
spectrum of the harmonic oscillator in polymer represen-
tation, in order to evaluate the vacuum energy density of the
massless scalar field in a flat FLRW universe.

A. Energy spectrum of the harmonic oscillator
in polymer representation of quantum mechanics

The Hamiltonian function of the harmonic oscillator
=24 I mw*3?, due to the substitutions (31) and (28a),

T 2m
leads to the polymer Hamiltonian A e

A

1 1
H, = e [1—cos(up)] — Emwzaf,. (54)

A state of energy E, in momentum polarization, is
described by the wave function y(p). Thus, the following

Schrodinger equation, in polymer representation, can be
studied:

A

H,y(p) = Ey(p). (55)

Through an opportune reparametrization of the polymer
scale x4 and the following variable change,

(56a)

T
uzup—&—E,

9, = ud,, (56b)

Equation (54) turns into

where we have defined
g = moy®, (58)

which is a dimensionless parameter that measures the
intensity of polymer corrections. Equation (57) is the
Mathieu equation that leads to the following even and
odd solutions:

1
Wo(u) = 271 2ce, (—2, u>, (59a)
49
1 g 1
E,, =o|—+ZA,| — 59b
)]
and
-1/2 1
Wons () =7 2sep | 5ou ), (60a)
49
1 g 1
Eyy=o Lg + EBnJrl (492)] ; (60b)

where A, and B, are the Mathieu characteristic value
functions, ce, and se, are, respectively, the elliptic cosine
and sine of order n.

In Fig. 8, the plotting of g vs g for the fundamental state
and some of the first excited states of polymer quantum
harmonic oscillator is shown.

The energy spectrum is degenerate both in the range of
small polymer corrections (small g) and of big polymer
corrections (big g). The fundamental state is the only one
with an energy that does not diverge for g — .

As discussed in [32], y,(u) are z periodic for even n
and 7 antiperiodic for odd n, while y,, (1) are =z
antiperiodic for even n and z periodic for odd n, as shown
in Fig. 8.
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il
0.01 . 100 ¢

FIG. 8. Plotting of g vs g. In this plot, the first states (n = 0, 1,
2, 3) of the energy spectrum of a polymer quantum harmonic
oscillator are shown. They are z periodic (dashed blue lines) and
7 antiperiodic (continuous red lines).

The polymer representation should reproduce the stan-
dard Schrodinger quantization in the limit 4 — 0. In light of
this consideration, it is easy to show that Egs. (59b) and
(60b) tend to the energy spectrum of the standard harmonic
oscillator. Using the asymptotic expansion from [32], in the
limit of small polymer corrections, i.e., for g — 0, we get

1 2n+1)2+1
Eryy~Ey 1~ n+§—%g . (61)

In the opposite limit, i.e., for g — oo, which is the limit of
big polymer correction to standard quantization, it can be
shown that

w
Ey~— -0, 62
0 4g_) (62)

which is the only value of n for which the energy
eigenvalue does not diverge.

Also in polymer representation, the fundamental state is
the one with n = 0. Yet, n has no physical interpretation,
due to the impossibility to define annihilation and creation
operators in polymer representation.

As regards the fundamental state, it is possible to show
that Eq. (59a) reproduces correctly the standard fundamen-
tal state, in the case of n =0 and u — 0. In [33,34],
asymptotic expansions of periodic solutions of the Mathieu
equation have been studied. Using those expressions,
one has

1

ceo(g.u) = Dyfa) + 0(g7) (63)

being

a = 2gicos u, (64a)

1 2 a
Dm(a) = W e_THm (E) s (64b)

where H,, is the Hermite polynomial and ¢ is a parameter
that appears in the standard formulation of the Mathieu
equation.

It can be easily shown that, in the limit g — O,

2
ceg(q, u) ~ e o, (65)

which is exactly the fundamental state of a standard
harmonic oscillator in momentum representation.

B. Evaluation of the vacuum energy density

The aim of this section is to study the scalar field in the
background of an isotropic and homogeneous expanding
flat universe. In particular, we are interested in the
evaluation of the energy density for the fundamental state
of the field, i.e., the vacuum energy density.

Given the metric (1), the action of the theory is

1
Sp= /d4x~/—g§g"”8ﬂ¢8y¢. (66)
The metric tensor can be split as follows:

G = diag(goo, Gan)» (67)

where g, is the spatial metric, and, then, /=g = \/=¢ =
a(t).
We can write the Lagrangian of the field as follows:

1.
Ly =V=q|59" + 4" 0up0) (68)
and, consequently, the conjugate momentum density is

oL, .
- = - 5 69
o5~V qa¢ (69)
and due to the Lagrangian (68) and the momentum (69), we
can derive the Hamiltonian function and density, the latter
of which is defined as H =Tlg — L:

H, - / PEH, (70a)
=L i og00.  (10b)
2/=q 2
It is convenient to change coordinates,
(t,x") = (1,x7), (71a)
x = a(1)x', (71b)
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and then the line element (1) becomes

ds* = di* — (dx* + dy* + dz?). (72)

After this change, the Fourier decomposition of the field
¢ and the momentum IT is analogous to the one developed
in the Minkowski background, as in [35]. One reduces the
Universe in a fiducial box of finite volume V = [ @*x and
then

&@axkgww@, (73a)
ﬁM@Zjﬁkﬁ@ﬂ? (73b)

where ¥ is the three-vector (X, §, 7), k is the Fourier mode in
%, with k being the
comoving frequency. Moreover, ¢, and z; have been
chosen as real functions and they have the dimension,
respectively, of length!'/? and length!/2.

It is easy to define the 6 functions:

! / LreERs,
7

:_Z -y)k

the new coordinates and it is k =

) (74a)

[

\klw
=1

(74b)

Using these definitions in the Hamiltonian (70a), we can
rewrite it as a composition of independent harmonic
oscillators:

(75a)

0= 3 M)
k

Hi(t) = 577 +5 k2¢2, (75b)

2 k

where k2 = £ is the norm of the three-vector k.

We would hke to express this result in the old coor-
dinates (7,x,y,z). In order to do so, the understanding of
how the Fourier components ¢; and 7; are related to the
comoving components ¢, and 7, is needed.

When x — x = ax, the transformation for the field and
the momentum is

$(1.X) = (1, x). (76a)
M(,x) = H(;’f) (76b)

because the field is scalar while the momentum is actually a
scalar density.

Imposing Eq. (76) in Eq. (73), we obtain a relation for
the Fourier components of the field and its momentum for
the transformation x — X = ax:

bi = @y, (77a)
- -
In terms of the old coordinates, we get
Hylt) = S M), (75a)
k

2 2

. 1k
M) =5 5+53 @y, (78b)

where, as already discussed, the three-vector k is comoving
and the cosmological expansion related time dependence is
in the a(¢) terms. This result has been found in [36,37].

Due to the presence of the scale factor a(r), the
Hamiltonian is time dependent. In quantum mechanics, a
physical state described by the wave function y is a
solution of the Schrodinger equation:

H(tw = id. (79)

If the Hamiltonian is time dependent, its eigenstates do
not satisfy Eq. (79), hence they are not physical states.
Nevertheless, in this work, the words “eigenstate,” “eigen-
value,” and “fundamental state” will be used in relation to
the time dependent Hamiltonian.

The polymer quantization of the single Fourier mode is
now implemented through the substitutions (31) and (28a):

¢k - iaﬂk’

a’? UTT
T — ——sin| —= |,
k L 32

where the factor a*/? has been included in order to have
V(u) transforming as a scalar during the expansion of the
Universe.

It is essential to say that the physical results that we
obtain here are closely linked to Eq. (80b). This choice of
7 in polymer representation is not unique and it has been
inspired by [37,38]. This new ambiguity deserves attention
and further investigation.

(80a)

(30b)
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The polymer Hamiltonian operator becomes

., 1 UTT), 1 k> 9?

We solve the following equation, in order to evaluate the
eigenvalues and eigenstates of the operator (81):

Hy (it ) = Ex(Dwi(t, 7). (82)

Solutions of such an equation are given by the results of
the previous section, once we define

_ M T
9= kit =—p?, (83b)
we obtain
Wi (1, u) = 7V, (iz u), (84a)
4g

k{1l g 1
() == |——4+ZA 84b
Fo-tfn)]

and

W2n+l (t,u) = ,T—l/zsen+l <12’ u>, (85a)

4g

k{1 g 1
() == | —+ 2B, | — ) |. 85b
5k ( ) a |:4g+2 n+1 492 ( )
The fundamental state is then
w(t,u) = 271/ 2ce (Lz u), (86a)
4g

k[1 ¢ 1
) ==|—+ZA4,—]]|. 86b
=7 [4g+2 °<4gz)] (86b)

The vacuum state |0) is defined as
10) = [ T10)s (87a)
I3
D HID[0) = > EN)[0) = Eo(1)[0),  (87b)
k

k

and we define the energy density of the vacuum as

pat) =——. (88)

By means of Eq. (86b), the energy density of the vacuum
becomes

wo-blin(B) o

where, for convenience, the sum is expressed in terms of E
It is important to remember that there is a factor ™! in the
definition (83b) of g, and then g is thought of as a function
of k.

Using the prescription §; > ¢ — ﬁ [ d3k to develop the
continuum limit and switching to the variable k, the energy
density of the vacuum can be evaluated over all space:

a2
i)

(90a)

A RN T
palt) = / 2n)d {4;¢(k)2jL 242

With the quantization of the single modes being inde-
pendent from one another, there is no a priori reason to ask
for the polymer scale to be the same for each mode. From
now on, we will consider a mode-dependent polymer scale
u(k), which needs to satisfy the following condition,

W (k)k - 0, for k — 0, (90b)
in order to correctly reproduce the standard propagator of
the scalar field, as shown in [35].

The dependence of the energy of the fundamental state
for the single mode is all in the magnitude k and not in the
direction or versus of the vector k. Thus, it seems
reasonable to choose u(k) = u(k). We choose the following
polymer scale:

_ 5 _ s k2
u(k) = at%k® = af};, (90c)
where Zp is the Planck length and a is a dimensionless
constant. This choice is the simplest polymer scale that
makes the integral above converge. It satisfies the condition
(90b) and it has the correct dimension of length!/2.
Defining the adimensional parameter ¢ = a*/°¢pka™"
and noticing that the dependence from the frequency is all
in k and then [ d*k = 4x [° k?dk, the energy density of

the vacuum is in the end calculated:

Iy
= -0 i 91
PA = on2dies el

where [,, is the adimensional integral defined by
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® 1
Iy = / dq {251‘2 + 4484, (4_1 q‘m)} ~2.776. (92)
0

In the general definition (88), p, is clearly a function of
time. In fact, not only is the Hamiltonian explicitly time
dependent, but the energy density has to be evaluated in the
fiducial box of volume V = a’V,, with V, being the
comoving box. The volume of the box is a function of
time due to the expansion of the Universe. These two
different contributions do cancel in the evaluation of the
energy density (91), which is a constant. This energy
density does behave as an actual cosmological constant.
Moreover, one can observe that the polymer scale (90c) is
Planckian if @« = O(1). In [20], an upper bound on the
polymer scale is discussed. Moreover, the polymer quan-
tization is here implemented on the single Fourier mode
and the coordinate variable is the Fourier component ¢; of
the scalar field: there is no a priori direct link between the
polymer scale and a length scale in the physical space. If the
polymer scale in the configuration space and lengths in
the physical space were related, and if we asked a to make
pp = 107120 je., the measured cosmological constant, the
polymer scale would not be small, but comparable to the
Hubble horizon. We would then observe macroscopical
polymer corrections we clearly do not measure in the
Universe we live in. The cosmological constant problem is
then not solved by an opportune choice for the parameter o.

C. Cosmological dynamics with polymer scalar field

Despite the time dependence of the Hamiltonian, it is
worth studying what happens when we consider the
vacuum energy density evaluated above inside the equa-
tions for the cosmological dynamics.

A modified Friedmann equation (34) has been found. An
effective energy density p°f has been introduced by the
presence of the damping factor 1 — /}’i, due to the polymer

corrections to the semiclassical cosmological dynamics.
We now express the polymer scale y as

Ho = ﬂfpz x> (93)

where f is an adimensional constant, £p is the Planck length,
and p has the dimension of the inverse of Py. Then, in the
hypothesis that the energy density p, of the scalar field is the
dominant component of the Universe, we explicitly evaluate
the damping term that appears in the corrected Friedmann
equation, by means of Egs. (91) and (34),

2[ 2
P 7 Mﬂgs, (94)
Pu 3 a¥
and one should ask this damping term to be 10~!? in order to

solve the cosmological constant problem that has been
presented. Despite the fact that this could be a mechanism
for the reduction of the cosmological constant value, there is

no physical reason for such a fine-tuning for the parameter «,
which is related to the polymer scale y of the scalar field, and
f, which is related to the polymer scale p of the metric.
In conclusion, the cosmological constant problem is not
automatically solved, even considering polymer corrections
to the cosmological dynamics.

VI. PROPAGATION OF GRAVITATIONAL WAVES
ON A FLAT SEMICLASSICAL POLYMER
FLRW BACKGROUND

In this section we investigate the propagation of gravi-
tational waves when the cosmological background is
described by a semiclassical polymer dynamics. We firstly
recall the standard behavior of cosmological gravitational
waves and then study the effects induced by a modified
Friedmann equation.

A. Gravitational waves on a classical
flat FLRW background

In order to study the propagation of gravitational waves
on a classical FLRW background with null curvature [21],
we use perturbation theory by taking into account the
following perturbed metric:

9w = gﬂv + hmn |h/w| <1, (95)

where g,, is the metric tensor corresponding to the line
element (1) for the flat FLRW Universe on a synchronous
reference frame.

We then write the Einstein equations as

1
R/w :)(S/w = T/w - ig/wTﬁ (96)

so that the equation of propagation for gravitational waves
is found by writing the first order linearized equations that
will be indicated with the following notation:

SR, = 58, (97)

At this point, a suitable infinitesimal transformation of

coordinates can be chosen in order to have hy; = hyy = 0. It

is then necessary to write the linearized Christoffel sym-
a a a H

b.ols, I, = I, + 61, where I} is the ('Zhrlstoffe.:l at the

first order in h,,. The only ones that survive are given by

1.
61“?]- == ihij’ (98)
) 1
O = =55 (hijx + i = Rjii): (99)
_ 1 /. 2a
ooy =—573 (hii_;h'j)' (100

It is then possible to write the linearized Ricci tensor
OR,, whose nonzero components are

123509-14



SEMICLASSICAL AND QUANTUM POLYMER EFFECTS ...

PHYS. REV. D 99, 123509 (2019)

1 /. 2a. at a
SRop = —=  h ——h; +2(==)n; ), (101
00 2(12 ( ii a ii =+ (ag Cl) ll) ( )
1 1
5R0i - Eé‘t ?(8,}1]] - a]hl]) N (102)
1. a .. a’ 1
OR;; = _Ehij t5, (hij = hidij) +t3 (_2hij + Ehkk‘sij)

1
+ 2_(12 (aké‘khij - 8kajhki - 8kaihkj - a,-a,-hkk).
(103)

We consider a perfect fluid whose energy-momentum
tensor on a synchronous reference frame is given by 7, =
diag(p, —P,—P,—P) and we can perturb the physical
quantities:
p=p+dp, P=P+5P, u, = it, + ou (104)
Recalling that the normalization of the four-velocity has to
be maintained, it is found that 6u® = 0 for a synchronous
reference frame where u, = (16) is always a solution of

the geodesic equation and the components of the linearized
energy-momentum tensor will be

8T, = a*5P5;; — Phy, (105)
8Toi = (p + P)du;. (106)
so that

1 _ -
5Sij = E (612(5,0 - 5P)5lj - hij(p - P))’ (108)
S0 = (p — P)ou,, (109)

1

8800 = 5 (6p + 36P). (110)

We are now ready to write the first order Einstein equations
which read

2

.. as d
2 _E> hii = ya*(6p+36P), (111)

24
(00): hii——“hi,-+2(
a

a

(0i): %ar (%(aihjj _ajhij)> =x(p = P)du;, (112)

. a - a?

(ij): hij— P (hij = higd;j) + 2? (2h;; = hyib;;)
1
+ _; (8k6kh,~j + 8iajhkk - 8,-8khkj - akajhik)

= x(=a*(8p — 6P)6;; + hyj(p — P)). (113)

The above equations take into account three types of
modes: scalar, vector, and tensor modes.

With another infinitesimal coordinate transformation, we
impose the transverse-traceless gauge that is obtained by
the conditions =0 and h;;; =0, where repeated
indices have to be summed over. In this gauge only the
tensor modes, in which we are interested, appear and we
obtain the following equation of propagation for the
gravitational waves:

a. a’ 1 -

Using the acceleration (3) and Friedmann (2) equations
for the flat FLRW, the equations above can be rewritten as
follows [21]:

a- a 1
j - ;I’ll] - 2;}111 - ;8k8khij - O,

(115)

which can be again written for a monochromatic wave with
wave number k:

k2
a2

a -

.. a

Since the physical wave has to satisfy the condition

i
g;w

<1, (117)

i.e., the condition of smallness compared to the background
which becomes

hi;
a_g <1 (118)

for a synchronous reference frame~, it i]s found that the
physical wave is the rescaled one, h;; = % for which the
propagation equation reads as

o+ 380+
it P ,-jJr;hij—O. (119)
The solution, displayed for the radiation dominated
Universe (a(t) « v/f) in Fig. 9, appears as a damped
oscillator with a divergence toward the singularity, as
shown in Fig. 10. This shows that, just as any other
physical quantity, even the amplitude of gravitational
waves diverges toward the big bang, in particular as the
amplitude grows larger than 1, perturbation theory can no
longer be valid and the model is nonpredictive.
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FIG. 9. Solution for the rescaled perturbation ; ; with wave
number kfp = 1, where ¢, is the Planck time, as a function of the
evolution parameter 7 = i

B. Gravitational waves on a semiclassical
Polymer flat FLRW background

As shown previously in Sec. IV A, the modification of
the FLRW metric by the semiclassical Polymer theory
causes the singularity to be removed so that a bounce, i.e., a
minimum for the scale factor, appears. It is then expected
that, just as any other physical quantity, also the amplitude
of the gravitational waves in such a background will be
regularized. To see this, it is first necessary to write the
equation of propagation in terms of the volume V for the
monochromatic wave:

1V. 4Vv? K2 L
012 —hij = xhij(p = P)

V3

(120)

and then in terms of the nondimensional quantities 7 = i,

q=ktp, Q= [% = %, where pp = é—’; and y is the poly-

tropic constant:

d*h;; 11dvdh

d? 3Vdr dr

41 [dV\? q2
+§W <dr> hij"‘%hij_S”Q(z_Y)hij:O'

(121)

Next we write the equation for the radiation dominated
Universe, but this time using the polymer-modified
Friedmann equation (34):

d*h;; 1 0\ dh;;
it oang(1- £ ) i
a2 3 ”Q( Q,,) dr

32 0 7
= 1= \h.+Lh . —
+3ﬂQ< Qu> ,,+V% i

16z 1
T%hi./‘ — O

(122)

Where the equation with the minus sign concerns the
expanding Universe while the equation with the plus sign
concerns the collapsing Universe. With appropriate initial

0.04

0.03 -

0.02 -

0.01 ¢

-0.01

-0.02
FIG. 10. Solution for the rescaled perturbation fzij with wave
number ktp = 1, where ¢p is the Planck time, as a function of the
evolution parameter 7 = i, the divergence toward the singularity

is shown.

conditions, Eq. (122) can be solved numerically and
the two branches can be joined. The results that will be
described are those of the rescaled perturbation, ; = %,
for it represents the physical wave.

It is seen in Fig. 11 that both branches are damped
oscillators that grow toward the time of the bounce where,
as expected, the amplitude takes a finite value as shown in
Fig. 12. Clearly, this could mean that gravitational waves
can propagate from the collapsing Universe to the expand-
ing one through the bounce and measures of gravitational
waves that come from events that happened before the
bounce could be made possible. This theoretically implies
that we could get information about the Universe before the
time of the bounce. This is not possible by means of
electromagnetic measures.

It also needs to be specified that the described model
holds only when perturbation theory holds, i.e., when the
amplitude of the gravitational wave in question remains
smaller than 1; if this condition is not satisfied, Einstein

W\/\/\/\/\/\.,
kA

FIG. 11. Solution for the rescaled perturbation 7; ; with wave
number k7p = 1 and Q, = 1, where 7p is the Planck time, as a

function of the evolution parameter 7 = é

123509-16



SEMICLASSICAL AND QUANTUM POLYMER EFFECTS ...

PHYS. REV. D 99, 123509 (2019)

Ay

0.010 -

0.005 -
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FIG. 12. Solution for the rescaled perturbation 7; ; with wave
number k7p = 1 and Q, = 1, where 7p is the Planck time, as a
function of the evolution parameter 7 = é, the elimination of the

singularity at the bounce is clear in this graph.

equations must be solved exactly. Nonetheless, the model
remains valid for all those perturbations that are born close
enough to the bounce that they would not have time to grow
in amplitude and exit the range of validity of perturbation
theory.

We can also study how varying the parameters g and Q,,
changes the appearance of the solution.

Keeping in mind that Eq. (122) looks like a damped
oscillator with nonconstant coefficients, it is clear that the
period of such oscillations will depend on the inverse of
the wave number, in a way that the greater ¢ is the denser
the oscillation will be, as shown in Fig. 13.

On the other hand, changing the parameter Q, corre-
sponds to changing the polymer scale p and in the limit
0, — oo the classical limit is recovered. For this reason, we
expect that by increasing the value of Q, the solution
reaches greater values around the bounce so that it can

hij
0.0003 -

0.000

UL AT AN

L RN AR
—10000/ IIVIVIIVILSq00

sei0 1111111 §6000"

FIG. 13. Solution for the rescaled perturbation ; ; with wave

number ktp = +/17 and Q,, = 1, where 7 is the Planck time, as a

function of the evolution parameter 7 = é A greater wave

number causes the oscillation to get denser.

hjj

FIG. 14. Solution for the rescaled perturbation fz,-j with wave
number ktp = 1, where ?p is the Planck time, as a function of the
evolution parameter 7 = é Here, the parameter Q, = 10° has
been chosen and it can be seen that the solution grows larger near

the bounce compared to the solution with smaller Q,,.

recover the divergence in the true classical limit, as shown
in Fig. 14.

Furthermore, the above results are compatible with the
analysis carried out in [39], where the gravitational wave
amplitude today as a function of the bounce temperature is
plotted. Here it is found that such amplitude reaches an
asymptotic value as long as a high enough temperature is
assumed. This asymptotic value must be very close to the
classical one since, as we go far from the bounce, polymer
effects are negligible, and, for this reason, the value of the
minimal volume, related to the bounce temperature, will
not influence the amplitude of the gravitational wave
detected today.

C. Spectral dependence and Gaussian wave packet

We can now study the dependence on the nondimen-
sional wave number, g = kfp, of the amplitude at a fixed
time, i.e., the spectral dependence of the amplitude. The
latter corresponds, once again, to a damped oscillator, both

|
%AAApnAﬂﬂﬂﬂnn“ I nnnﬂﬂﬂﬂAAAAAnn \
. WWWVUW | wawvvvvvvuo

FIG. 15. fz,«j as a function of g = ktp at the fixed time 7 = 2,
with Q, = 1.
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FIG. 16. Classic~al (dashed lines) and polymer (continuous
lines) amplitude, h;;, as a function of g = kip at the fixed time

t=2, with 0, = 1.

for negative and positive wave numbers, that grows as
q — 0, as shown in Fig. 15. This is the case also for the
classical solution with which we can compare the polymer
one. As we go close to the bounce, like in Fig. 16, the
classical and polymer cases differ in amplitude around
small ¢ and become very similar for large ¢g. By remember-
ing that the choice O, = 1 implies the polymer scale to be
JHo = O(tp), the above results suggest that polymer
effects are visible mostly for those wavelengths that are
of the order or greater than the polymer scale itself.
Furthermore, by looking at Fig. 17, it is clear that at times
far away from the bounce the polymer and classical waves
tend to be similar even at small ¢ and we find a classical
limit for large times, as we expected.

It is then useful to look at the time evolution of a
Gaussian wave packet during the history of the Universe.
For this reason, we can consider a Gaussian wave packet on

hij
0.00015 +

e

I, ‘;*\\
7/ \}
L\
P \
00010 '\
II‘ [ A
1) F \
1 L \
/ [ \
1/ 0.00005 |- \
P \
) ‘:“
Y W
N, I,I \
N III' \‘ L 7' g
LN \
-2 \‘ —Ij L \1 ”' 2
s, Y, r N, V4
N’ + W’

FIG. 17.  Classical (dashed line) and polymer (continuous line)
amplitude, h;;, as a function of ¢ = kip at the fixed time 7 = 100,
with Q, = 1.
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FIG. 18. Time evolution of a Gaussian wave packet with
parameters ¢ = 0.5 and u =2 in a polymer-modified FLRW
background, pictured at times 7 = 2 (a), = = 1000 (b), and 7 =
9000 (c).

the domain of wave numbers and, by doing the one-
dimensional Fourier transform, it is possible to find the
evolution of the packet in the domain of position. Such a
Fourier transform is given by

ytee) = [ S2hgla.Dg@e e, (123
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FIG. 19. Time evolution of a Gaussian wave packet with
parameters ¢ = 0.5 and ¢ = 2 in a classical FLRW background,
pictured at times 7 = 2 (a), 7 = 1000 (b), and = = 9000 (c).

where £; (g, 7) is the solution of the wave equation and
9(gq) is the normal distribution

1 -(4-2)°
e 22

9(q) = e

with standard deviation ¢ and mean value §. The results are
computed numerically and displayed below in Fig. 18 for

three different times: 7 = 2, 1000, 9000. Such results show
that a Gaussian wave packet in the domain of the comoving
wave numbers corresponds to a Gaussian packet in the
domain of position and it does not spread throughout the
history of the Universe although it does lower in amplitude.
Furthermore, since the shape of 4, ;(q.7) is symmetric for
the collapsing and expanding universes, also the appear-
ance of the wave packet will be symmetric.

In Fig. 19 a classical wave packet is shown and it
can be noted that the evolution looks very similar to the
polymer case, but, as expected, the amplitudes will evolve
differently.

VII. CONCLUDING REMARKS

In this paper, we have developed a detailed analysis
of phenomenological effects concerning the flat iso-
tropic Universe as described in a semiclassical polymer
representation.

We start by studying the perturbative case of a polymer
generalized Hamiltonian dynamics, as restated via modi-
fied Poisson brackets. This paradigm allows a parallelism
with the so-called generalized uncertainty principle formu-
lation, associated, like the polymer procedure, with a
minimal cutoff scale, but being thought of as the low-
energy limit of string or brane theory. We show that the
parallelism is directly reflected into a different structure of
the Friedmann equation: the different signs of the two
approaches correspond to two different signs in the term
modifying the matter source. While the perturbative poly-
mer is associated with a nonsingular cosmology (exactly as
the full polymer scenario and the semiclassical loop
quantum cosmology), the generalized uncertainty principle
still predicts a big-bang cosmology (for a discussion on
quantum level see [40]), just like the brane cosmology
Friedmann equation. Clearly, the modified Poisson brack-
ets approach gives a matter source that is obtained from the
exact one (semiclassical loop quantum cosmology and
brane cosmology), when the ratio between the Universe
energy density and its critical value is expanded up to
first order.

This analysis suggests that, as long as we remain well
below the cutoff energy density, we can use the modified
Poisson brackets’ approach, leaving free choice on the two
signs, and then qualitatively describe string and loop
cosmology, respectively.

An interesting point that could be addressed in a future
analysis is how the background dynamics obtained with the
perturbative polymer approach differs from the standard
LQC results reported, e.g., in [41,42] where the cosmo-
logical Klein-Gordon equation is solved for a massless
scalar field in order to derive the duration of the inflationary
phase compatible with the observed data. However, it is
worth stressing that, as suggested by the smallness of the
tensor to scalar ratio in the primordial perturbations [43],
the inflationary phase has to take place in a purely classical
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region of the cosmological dynamics. Thus the cutoff
physics effects on the background evolution are expected
to be essentially negligible when the de Sitter phase starts at
temperature values 3 of 4 orders smaller than the Planck
scale. Of more physical impact could be the study of the
deformation of the scalar perturbation spectrum induced by
the implementation of polymer quantum mechanics in the
scalar field fluctuations, see for instance the analysis
in [37].

Then, we face the subtle question about the possibility to
regularize the vacuum energy density of a free massless
scalar field by a polymer regularization of its second
quantization.

Actually, we arrive to a finite value of the vacuum energy
density of the scalar field in second quantization, although a
generalization of the creation and annihilation operators is
not possible.

The main merit of this analysis consists of the constant
character of the vacuum energy density which lives on a flat
isotropic universe, whose dynamics is seen in the semi-
classical polymer representation. In other words, we
demonstrate the emergence of a cosmological constant
from the regularized vacuum energy of the scalar field.
Clearly, if the discretization parameter in the adopted
configurational variable, i.e., the Universe volume, is taken
of the order of the Planck scale, the obtained cosmological
constant is still of the cutoff order and it is unable to
account for the present value of the cosmological constant,
presumably accelerating the present day Universe. Yet, a
discussion about the fine-tuning of the model parameters
which provides the right value of the present Universe
acceleration is also discussed.

However, we raise the question about the nonstationary
character of such a vacuum energy density, as a conse-
quence of the fact that the corresponding Hamiltonian
function is time dependent and therefore its eigenstates are
not physical states. Actually, the observed vacuum energy
of the Universe is determined by the projection of a generic
physical state on the vacuum state here discussed. This
problem could be numerically addressed only once all the
excited states have been regularized, according to the
polymer procedure, facing a nontrivial mathematical prob-
lem. Hence, a numerical analysis with different initial
conditions can be performed to clarify the real phenom-
enology of the mean value associated with this cosmo-
logical constant.

Finally, we investigate the question concerning the
behavior of gravitational waves living on the semiclassical
polymer flat isotropic Universe. We analyze the deforma-
tion of the wave amplitude and spectrum and we

demonstrate that the presence of a bounce prevents the
divergence of the wave amplitude, which is typical of the
big-bang cosmology.

In principle, we could observe gravitational waves
emitted before the bounce during the collapsing process
of the Universe. In fact, sufficiently small space time
ripples, produced during the pre-big-bounce phase (for
instance by galaxy crunches), could reach the turning point
of minimal volume, still in the linear regime, and then they
could, in principle (i.e., if not thermalized), reach Earth and
current and future detectors. This possibility opens an
intriguing perspective on the chance to search for infor-
mation of the pre-big-bounce Universe, currently propa-
gating in our expanding branch.

The present formulation of the cosmological dynamics in
a polymer semiclassical representation, closely resembling
the big-bounce features of LQC, calls for a full quantum
implementation of the considered scheme in order to
analyze the cosmological perturbation spectrum. The aim
could be to understand if polymer quantum mechanics is
able to provide results similar to those predicted in [44],
where features of the cosmological perturbation spectrum
are investigated in the LQG framework. Since our polymer
analysis is based on a metric approach the methodology
that could be addressed is analogous to the one proposed in
[45], for the standard WKB formulation to the Wheeler—
de Witt approach. However, two considerations are in
order. Firstly, the methodology proposed in [45], based
on an expansion in the Planck mass of the theory, predicts
nonunitary quantum gravity corrections to quantum field
theory; this question must be primarily addressed before
implementing this procedure in the polymer sector (see for
instance [46]). Secondly, the semiclassical corrections to a
de Sitter phase of inflation, as described by the polymer
formulation, are expected to be very small because inflation
takes place rather far from the Planckian epoch and the cutoff
physics effects are essentially vanishing. Nonetheless, once
fixed a predictive unitary formulation of quantum perturba-
tion dynamics, it would be relevant to perform a study of
quantum gravity corrections to the spectrum of fluctuations
that led to the late Universe structure formation.

Altogether, the results discussed in this manuscript show
how the presence of the bounce, due to a cutoff physics, can
alter our investigation and interpretation of the present
Universe. The presence of a nonsingular turning point of
minimal volume in the past of our Universe does not
correspond simply to a cutoff on a diverging energy
density, making the theory of the big bounce physical,
but it also gives a completely new point of view on the
present cosmological phenomenology.
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