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ABSTRACT. We solve the reachability problem for a coupled wave-wave system
with an integro-differential term. The control functions act on one side of the
boundary. The estimates on the time is given in terms of the parameters of the
problem and they are explicitly computed thanks to Ingham type results. Nev-
ertheless some restrictions appear in our main results. The Hilbert Uniqueness
Method is briefly recalled. Our findings can be applied to concrete examples
in viscoelasticity theory.

1. Introduction. Controllability and observability of distributed system have been
studied for a long time because of their possible applications, see e.g. [25, Ch.V],
[36] and their references.

A number of physical problems are modelized by coupled systems, see [17], hence
many works were devoted to the controllability of such problems. In the literature
coupled wave-wave equations were investigated by studying boundary stabiliza-
tion, see [31]; exact synchronization for a coupled system of wave equations with
Dirichlet boundary conditions was successfully treated by Li and Rao [23] in the
n—dimensional case with general coupling matrix. However, their method does not
allow to get precise estimates on the controllability time.

The twin-wave system without memory terms has been recently investigated by
Avdonin et al. [2]. They have established the optimal controllability time by acting
only on one of the equations, thereby improving a special case of an earlier theorem
of [1].

By the way in the case of equal coupling coefficients controllability results may be
obtained from the well-known results for the scalar case by replacing the unknown
functions v and w by u + w and v — w, and applying the available simultaneous
controllability results. Another more general way to obtain controllability results is
to apply an abstract theorem (see [12, 13, 16]) concerning compact perturbations.
This theorem states in a general framework that if the uncoupled system is control-
lable in some time T, then the coupled system is controllable in each time 77 > T.
In particular, the critical controllability time is the same for the coupled and the
uncoupled system. On the other hand, the direct approach of [2] allowed them, by
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taking into account the specificity of their example, to establish the controllabil-
ity also in the critical time 7V = T = 4w by acting only on one of the equations
(as in [1] where a two-level energy method for indirect boundary observability is
applied for general hyperbolic systems). However this argument does not apply to
the model we are going to consider. Evolution equations with memory terms have
also been investigated by many authors because they appear in many important
physical models, see e.g. Dafermos [6, 7].

Justified by the above discussion, our aim will be to investigate the reachability
for a system constituted of a wave equation with a memory term and another wave
equation coupled by lower order terms. For given a,b € R we consider the following
system

t
Uttt (t, ) — Urae (t, @) + / k(t — $)U122 (s, x)ds + aua(t,z) =0,
0

te(0,7), =€ (0,m),
et (t, ) — Unge (t, @) + buy (t,2) = 0.
(1)
In this work we will treat smooth kernels on [0, 00). For example, decreasing expo-
nential kernels arise in the analysis of Maxwell fluids or Poynting -Thomson solids,
see e.g. [32, 35|, that is one can consider

k(t)=pBe"™  (0<pB<n).
It is also noteworthy to observe that such kernels satisfy the principle of fading
memory stated in [5]. The system is subject to the boundary conditions
up(t,0) =uz(t,0) =0, wi(t,m)=¢g1(t), uz2(t,m) = ga(t) te (0, 7), (2
and with null initial conditions
u;(0,2) = ui(0,2) =0 ze(0,m), i=12. (3)

We will solve a reachability problem for 1 of the following type: given T" > 0 and
taking (u?,u}), i = 1,2, whose regularity we will specify later, one has to find
g; € L?(0,T), i = 1,2, such that the weak solution u of problem 1-3 satisfies the
final conditions

ui(T,x) = ud(x), wuy(T,x)=ul(zr), =€ (0,7), i=1,2.
In our case the compact perturbation method does not apply any more, even if we
use two control functions. We are going to prove the controllability for system 1 by
using two controls. Our method can be adapted to the case of one control function
too, but the proof becomes much longer for technical reasons.

In the following we will assume that the eigenvalues related to the integro-
differential operator are all distinct.

i —2m 0 4!
Theorem 1.1. Let 0 < § < min{1/2,n}. For any T > T and (uj,u;) €
L2(0,7) x H=Y(0,7), i = 1,2, there exist g; € L*(0,T), i = 1,2, such that the weak
solution (u1,us) of system

t
ultt(t7 l‘) - ulwﬂ?(t7 JI) + 6/ e_n(t_S)ulww(Sa $)d$ + GUQ(t, J?) = Oa
0

te(0,7), z € (0,m)
gt (t, ) — Ugge (t, @) + bus (t,z) =0,
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with boundary conditions
ui(t,0) = ua(t,0) =0, wi(t,m) =g1(t), wa(t,m)=ga(t) te(0,7),
and null initial values
u;(0,2) = ui(0,2) =0 x € (0,m), i=12,
verifies the final conditions

uwi(Tyx) = ud(x), up(T,x)=ui(z), =< (0,7), i=1,2.

Our proof yields a sufficient controllability time T3 that converges to the critical
controllability time Ty as the parameter 5 tends to zero. However, we cannot pass
to the limit to recover the corresponding result in the case without memory, because
the eigenvalues of the integro-differential operator are not bounded for 3 — 07, as
formulas 41 and 42 clearly show. It remains an open question whether this can be
done and whether the critical controllability time is independent of the parameter
8. A partial answer to the last question is given by Theorem 5.9 below.

Also, the controllability time T = 47 obtained by Avdonin et al. [2] may suggest
us that the same critical time holds for the system with memory, as we proved in
the case of one equation, see [27]. However, the estimate we obtain on the critical
time shows the peculiar role of the memory term. Indeed, for § sufficiently small the
value T = 27 /4/1 — 432 is smaller than T = 47, showing an unexpected damping
effect of the memory. This is a new feature of the analysis, in which the presence
of memory may contribute to get reachability in a smaller time.

In this framework Ingham type estimates, see [11], play an important role, see [36,
14, 15]. We already used this approach to study the reachability for one equation,
see [27], and to treat the case of a wave—Petrovsky system with a memory term, see
[28].

Further analysis can be done modifying the convolution integral, see [8]. However
modification of the type of memory changes the spectral analysis, so a different
investigation has to be done.

The plan of our paper is the following. In Section 2 we give some preliminary
results. In Section 3 we describe the Hilbert Uniqueness Method. In Section 4
we carry out a detailed spectral analysis to give a representation formula for the
solution of the wave-wave coupled system with memory. In Section 5 we prove the
observability estimates. Finally, in Section 6 we give a reachability result for the
coupled system with memory.

2. Preliminaries. Throughout the paper, we will adopt the convention to write
F = G if there exist two positive constants ¢; and ¢ such that ¢; F < G < o F.

Let X be a real Hilbert space with scalar product (-, -) and norm || -|. For
any T € (0, 00] we denote by L'(0,T; X) the usual spaces of measurable functions
v:(0,T) — X such that one has

T
ol = / ()]l dt < oo.

We shall use the shorter notation [|v||; for ||v||l1,cc. We denote by L} (0,00; X)

loc
the space of functions belonging to L'(0,T; X) for any T € (0,00). In the case of
X =R, we will use the abbreviations L'(0,T) and L}, (0,00) to denote the spaces
LY(0,T;R) and L} (0, 00;R), respectively.

loc
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Classical results for integral equations (see, e.g., [9, Theorem 2.3.5]) ensure that,
for any kernel k € L} _(0,00) and v € L}, (0, 00; X), the problem

loc loc

o(t) —kxp(t)=v(t), t=0, (4)
admits a unique solution ¢ € L}, .(0,00; X). In particular, if we take ¢ = k in 4,

we can consider the unique solution gy € Lj, (0, 00) of
Qk(t)—k’*gk(t)Zk(t), t>0.

Such a solution is called the resolvent kernel of k. Furthermore, for any v the
solution ¢ of 4 is given by the variation of constants formula

o(t) =v(t) +onxv(t), 20,

where p;, is the resolvent kernel of k.
We recall some results concerning integral equations in case of decreasing expo-
nential kernels, see for example [27, Corollary 2.2].

Proposition 1. For 0 < 8 <n and T > 0 the following properties hold true.
(i): The resolvent kernel of k(t) = Be™" is o (t) = feP=ME,
(ii): Given ¢ € L}, (—00,T; X), a function ¢ € L}, (—00,T; X) is a solution of

loc

T
o(t)— B / e D p(s)ds = () t<T,
t
if and only if

T
o(t) = () + ﬁ/ eBmE=Ny(s) ds  t<T.
t

Moreover, there exist two positive constants ¢y, ce depending on B,n,T such
that

01/0 ()2 dtg/o IGIE dtgcz/o l(t)|? dt. (5)

We state and prove a result, that will allow us to give an equivalent way to write
the solution of our problem.

Lemma 2.1. Given \,8,7 € R, a € R\ {0} and b € R, a couple (f,g) of scalar
functions defined on the interval [0,00) is a solution of the system

t
JEEPY Y. / e ) f(s)ds + ag = 0,
0

gd"+Ag+bf =0,
if and only if f is a solution of the equation
FOnfO 22"+ M@= )" +(\ —ab) f'+ (X (n—F) —nab) f =0, ¢ >0, (7)
the condition

FO(0) = =2A1"(0) + ABS'(0) + (ab — A8 — A*) £(0) (8)
is satisfied and g is given by

o= (rear—aa | -9 (5)ds) ©)
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Proof. Let (f,g) be a solution of 6. Differentiating the first equation in 6, we get

t
"4+ X +n\B / e =5 f(s)ds — M\Bf +ag =0, (10)
0
whence

ag'(0) = —f"'(0) = Af'(0) + AB(0). (11)
Substituting in 10 the identity

t
A8 [ €0 f(s)ds = 7+ A + ag
0

we obtain
" nf" M+ A = B)f +ag’ +nag =0. (12)
Differentiating yet again, we have
PO 4 nf" A"+ A0 = B)f +ag” +nag’ =0,
whence, by using the second equation in 6, that is ag”’ = —abf — Aag, we get
PO 4 nf" + Af" + A — B) " — abf +nag’ —Aag = 0. (13)
Thanks to 11 and ag(0) = —f”(0) — Af(0), we have

FO(0) = =nf"(0) = Af"(0) = A = B)f'(0) + abf (0) — nag'(0) + Aag(0)
= —nf"(0) = Af"(0) = A(n — B)f'(0) + abf(0) +nf"(0)
+0Af(0) = nABF(0) — Af"(0) = A*£(0)
= —2Xf"(0) + ABS'(0) + (ab —nAB — A*) f(0),
so formula 8 for f(*)(0) holds true. Moreover, by differentiating 13 we obtain
FO 4+ fS LN+ Mo — B)f" — abf’ +nag” — ag' =0.
By using again ¢” = —bf — \g we get
FO 4 nf@ L X" 4 A — B)f" — abf’ — nabf — Xag’ —nhag =0.
From 12 it follows
—ag' —nag = " +nf" + Af'+An—-B)f,
and hence we have
FO 0 fO 20"+ M2 = B)f" + (W — ab)f' + (N(n — B) — nab)f =0,

that is f is a solution of the differential equation 7. Finally, from the first equation
in 6 we deduce that g is given by 9.

Conversely, if f satisfies 7 — 8, multiplying the differential equation by ¢ and
integrating from 0 to ¢, we obtain

t t

t t
/ e fO)(s) ds + 77/ e fD(s) ds+2x [ e f"(s) ds+ 20\ [ e f(s) ds

0 0 0 0

-8 /O t e f"(s) ds+(A\2—ab) /0 t € f(s) ds+(\2(n—B)—nab) /0 ' ¢15 f(s) ds = 0.
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Integrating by parts the first, the third, the fifth and the sixth integral, we have
" = F(0) + 22 [ = 2Af"(0) = ABe™ '+ NS (0) +nABe™ f
t
—nABf(0)—n )\B/ e f(s) ds+ (N> —ab)e" f — (N? —ab)f(O)—)\QB/ e”f(s)ds=0
0

Using the condition 8 and multiplying by e~"¢, we obtain
O 2N = ABF + ABF — A8 / I f(s) d

+ (N2 —ab)f — )\26/ =) f(s) ds=0. (14)

Moreover, by 9 it follows
ag' = —f" = Af' + ABf —nAB /t ™17 f(s)ds
and hence i
"= =[O X ABS = nABf 4+ 0P AB /Ot e 179 f(s)ds .

Therefore, thanks to the previous identity and 14 we have

t
ag’ = A"+ (\* —ab)f — /\26/ e =3 £ () ds,
0
whence, in view of 9 we get
ag’ = —Xag — abf .

Finally, by 9 and the above equation, it follows that the couple (f,g) is a solution
of the system 6. O

The following lemma is analogous to that of [27, Lemma 2.3]. For the reader’s
convenience we prefer to state and prove it the same.

Lemma 2.2. Given \,3,7 € R and h € C(R), if g € C3(R) is a solution of the
third order differential equation

+n9" +Xg +AXn—PB)g=h in R, (15)

then g is also a solution of the integro-differential equation

t t

g”—i—)\g—)\ﬁ/ e =9 g(s)ds = e_”t(g”(O)—i—/\g(O))—i—/ e 1= n(s)ds teR.
0 0

(16)

/ll

Proof. Multiplying the differential equation 15 by e and integrating from 0 to ¢,
we obtain

Ateﬂs /I/( )dS—I—ﬂ/tenS //()d8+AAt€ns /( )d8+>\(77 ﬂ)/otensg(s) dS

t
:/ e"h(s) ds.
0

Integrating by parts the first term and the third one, we have

emg” —g"(0) 4+ Xe™g — A\g(0 /\ﬁ/ eg( ds—/ e h(s) ds.
0
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Finally, if we multiply by e~ then we obtain 16. O

3. The Hilbert Uniqueness Method. For reader’s convenience, in this section
we will describe the Hilbert Uniqueness Method for coupled wave equations with a
memory term. For another approach based on the ontoness of the solution operator,
see e.g. [19, 37].

Given k € Llloc(O7 o0) and a,b € R, we consider the following coupled system:

it (6, @) — e (t, ) + /t E(t — $)u1ze (s, x)ds + aua(t,z) =0,
’ te(0.1), we(m 17
Ut (t, ) — Ugga (t, @) + bus (t,2) =0,
subject to the boundary conditions
ui(t,0) = uz(t,0) =0, wui(t,m) =g1(t), wua(t,m) = ga(t) te(0,7), (18)
and with null initial conditions
u;(0,2) = ui(0,2) =0 x e (0,m), i=1,2. (19)
For a reachability problem we mean the following: given 7' > 0 and taking

(u?,u}), i = 1,2, in a suitable space, that we will introduce later, find g; € L?(0,T),

(R 3

1 =1, 2 such that the weak solution u of problem 17-19 satisfies the final conditions

ui (T, ) = ud(x), wuy(T,x)=ul(zr), =€ (0,7), i=1,2. (20)

One can solve such reachability problems by the HUM method. To see that, we
proceed as follows.

Given (z9,2z1) € (C(0,7))%, i = 1,2, we introduce the adjoint system of 17,
that is

T
211t (6, @) — 2122 (8, ) + / k(s — t)z102 (s, x)ds + bza(t,z) =0,
¢

te(0,T), ze€(0,m) (21)
zott(t, @) — 2oz (t, @) + az1(t,x) =0,
z;(t,0) = z;i(t,m) =0 tel0,T], i=1,2,
with final data
z(T,) =2, zu(T,)) =2}, i=12. (22)
The above problem is well-posed, see e.g. [32]. Thanks to the regularity of the final

data, the solution (z1,29) of 21-22 is regular enough to consider the nonhomoge-
neous problem

t
011 (t, ) — ©122(t, ) +/ k(t — 8)p1az(s, x)ds + apa(t,z) =0
0
te (0, 7), =ze(0,m),
@2tt(t7x) - @23032(757%) + b@l(ta .T) =0

0i(0,2) = it (0,2) =0 z e (0,m), i=1,2 (23)

01(t,0) =0, @1(t,7) = z15(t, ) —/t k(s —t)z1.(s,m)ds
t €10,T],

P2 (t7 0) =0 y P2 (ta 7T) = 22z (ta 7T)'



94 PAOLA LORETI AND DANIELA SFORZA

As in the non-integral case, it can be proved that problem 23 admits a unique
solution (p1,p2). So, we can introduce the following linear operator: for any

(29,21 € (CSO(O,W))Q, i = 1,2, we define
\II(Z% Z%? Zga 221) = (—p1t(T, ), p1(T, ), —p2u (T, ), 02(T, ) - (24)
For any (£9,¢}) € (C(?O(OJT))2, 1 =1,2, let (£&1,&2) be the solution of

T
1 (t, @) — &1z (t, ) + / k(s — t)&1z2(s, x)ds + béa(t,x) =0
t te(0,T), ze€(0,m),
Son(t, ) — opa(t, ) + &y (t,x) =0 (25)

El(t,O):gl(t,Tf):O t e [O,T‘}7

We will prove that

<\I/(Z(1)v Z%a 23725)7 (5?75%35&521)>L2

= /OT 1(t,m) (fu:(t, W)—/tT k(s—t) &1.(s,m) ds) dt+/0T pa(t, )€y (t, ) dz;. |
26

To this end, we multiply the first equation in 23 by &; and integrate on [0, T] X [0, 7],
so we have

s T T -
/o /o o1 (t, )& (L, ) dt dx —/0 /o P12 (t, )& (t, o) do dt
i T ¢ T T
+/0 /O /O k(t—8) 01005, ) ds &1 (t, ) dt da:+a/0 /0 o (t, )&, (t,2) dndt = 0.

If we take into account that

/OT /Ot k(t — 8)p1az(s,x) ds & (t,x) dt = /OT O122(8,T) /ST k(t — s) &(t,z) dt ds

and integrate by parts, then we have
T T T
| eumog@ - exrog@) o+ [ [ ottt e ds
0 o Jo
T T T
1) (t, ) dt — t,2)E10n(t, ) dz dt
+/0 o1 (1 M) (1, ) /0 /0 o1 (t,2)€ 1 (b, 7) o
T T
7/ gol(s,w)/ k(t —s) &1.(t,m) dt ds
0 s
T T T
) k(t — vz(t,T) dt ds d
+/0/0<p1(sx)/s (t—8) &1uz(t, ) s dx
T T
Jra/o /0 wa(t, )& (t,x) de dt =0.

As a consequence of the above equation and

T
fltt - glxw + / k‘(S - t)glxw(sv )dS - _b£2 5
t
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we obtain

/7T (p1:(T, 2)€0(x) — 1(T, )1 (2)) da

0

T / i) (6rttm) - / " (s ) aal,m) ds) dt

T T
—|—/ / (aps(t, )1 (t, @) — b1 (t, )2 (t, @) do dt =0. (27)
o Jo
In a similar way, we multiply the second equation in 23 by &5 and integrate by parts
on [0,T] x [0, 7] to get
T T T
| el 0)g@) - et a)gh@) dot [ [ patto)ten(to) dt do
0 o Jo
T T ™
+ / ()02(t7 ’/T)é.Zz(tv 7T) dt — / / 902(@ x)&?xm(ta fﬂ) dx dt
0 o Jo

T T
+ b/ / ©1(t,x)€(t,x) do dt =0,
0 0

whence, in virtue of
Sott — Eoza = —ala,
we get

™ T
| (eamog@ - prog@) det [ et mgem @
T ™
—|—/ / (b1 (t, 2)&2(t, ) — apa(t, )& (8, 2)) de dt =0. (28)
o Jo
If we sum equations 27 and 28, then we have
<\IJ(Z(1J7 Z%a ng Z%)v (f?v 5%7 53, 521)>L2

= /07r (= o1e(T,2)E)(x) + 1 (T, 2)&1 () — ot (T, 2)EY(x) + (T, 7)€ (2)) da
:/o e1(t,m) (§1x(t,7r) —/t k(s —1t) &1.(s,m) ds) dt

T
+/ wa(t, 7)o (t,m) dt, (29)
0
that is, 26 holds true.
Taking & = z? and £} = 2}, i = 1,2, in 26 yields

<\I](Z?’ zh ZS,Z%% (Z?7 z%’ Zg>Z%)>L2

— /OT ‘le(t,ﬂ) B /tT k(s —t) z12(s, ) dé“z dt+/0T [z2a(t,m)[* dt. - (30)

As a consequence, we can introduce a semi-norm on the space (Cé’o (Q))4. Indeed,
for (29,2}) € (CSO(Q))Q, i = 1,2, we define

177

H(Z?’ Z%’ng Z%)HF =
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T

(/()T’le(tmr)_/tT k(s —t) z12(s,7) d“"r dt+/o ’ZQw(t,ﬂ-)‘Q dt)1/2_ (31)

In view of Proposition 1, || - ||F is @ norm if and only if the following uniqueness
theorem holds.

Theorem 3.1. If (21, 22) is the solution of problem 21-22 such that
212(t, ) = 204 (t, m) =0, vt € 10,77,

then
z1(t,x) = z2(t,2) =0  VY(t,z) € [0,T] x [0,7].

If we are able to establish Theorem 3.1, then we can define the Hilbert space F
as the completion of (C’é>o (Q))4 for the norm 31. Moreover, the operator ¥ extends
uniquely to a continuous operator, denoted again by ¥, from F' to the dual space
F’ in such a way that ¥ : FF — F’ is an isomorphism. In conclusion, if we prove
Theorem 3.1 and, for example, F' = (H&(O,ﬂ) x L2(0, 7r))2 with the equivalence of
the respective norms, then, taking (uY,u}) € L?(0,7) x H=1(0,7), i = 1,2, we can
solve the reachability problem 17-20.

4. Representation of the solution as Fourier series.

4.1. Spectral analysis. The aim of this section will be to give a complete spectral
analysis for the coupled system.

We will recast our system of coupled wave equations with a memory term in
an abstract setting. Indeed, we consider a self-adjoint positive linear operator L :
D(L) c H — H on a Hilbert space H with dense domain D(L). We denote by
{An}n>1 astrictly increasing sequence of eigenvalues for the operator L with A,, > 0
and )\, — oo and we assume that the sequence of the corresponding eigenvectors
{wy }n>1 constitutes a Hilbert basis for H.

We fix two real numbers a # 0, b and consider the following coupled system:

( )+LU1 5/ n(t= é)L’Uzl( )dS-i—(J,’U,Q(t) =0

ug (1) + Lug(t) + bua (t) =
u;(0) =ud, ui(0) = ul, 1=1,2.

K3

If we take the initial data (u?,u}), i = 1,2, belonging to D(v/L) x H, then we can
expand them according to the eigenvectors w,, to obtain:

oo
ud = Zamwn, Qin = (U, wy,) , HuZHD(\F) Zam)\n,

- (33
uj = Zpinwnv pin = (ui,wn),  |uil% = prn

n=1 n=1

Our target is to write the components u, us of the solution of system 32 as sums
of series, that is

=3 fin®wn,  filt) = (wi(t),wn), i=1,2.
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To this end, we put the above expressions for u; and usy into 32 and multiply by
Wy, so for any n € N (f1n, fon) is the solution of the system

4 Anfin — B / == £, (8)ds + afon = 0,

t
’ (34)
é/n + )\ann + bfln =0,

fin(0) =i, f1.(0)=pin, i=1,2.

Thanks to lemma 2.1 with A = \,,, (fin, fon) is the solution of problem 34 if and
only if fy, is the solution of the Cauchy problem

O nf A+ 20 fln 4 An(20 = B) i + (X% — ab) £l + (\n(n — B) — nab) fin = 0,
J12.(0) = ain,
f{n (O) = Pin,

1n(0) = =Xpain — acan,
filrlz(o) = —Anpin + BAnQin — ap2n,

®0) = (A2 = nBAn + ab)arn + 2aAnazn + BAnpin ,

and fo, is given by

1 1" ! —n(t—s)
fon = = ($l + Mafin = Bha | 7707 fio(s)ds )
a 0

If we introduce the linear operator Y,, defined by

T, (v)(t) := 1 (v”(t) + Au(t) — BA, /Ot e_"(t_s)v(s)ds) t>0, (36)

a

then f5, can be written as

an(t) = Tn(fln)(t) t=>0. (37)
We also note that for any z € C
1 BA BAn _
zty _ _ — 2 _ n zt n nt
T.(e*) = a{(z + A 77+Z)e +777+Ze . (38)

4.2. The fifth order ordinary differential equation. We proceed to solve the
Cauchy problem 35. To this end, we have to evaluate the solutions of the 5*"-degree
characteristic equation in the variable Z

Z5 4 nZ 420, 2% + \a(2n — B)Z% + (N2 —ab)Z + N2(n— B) —nab=0. (39)

By means of the singular perturbation theory we get the five solutions of 39: one
is a real number r,, and the other four iw,, —ity,, i¢,, —i(, are pairwise complex
conjugate numbers. Moreover, r,, w, and (, exhibit the following asymptotic
behavior as n tends to oco:

B(B—n)
A

2
= VA GG gl - (5 )]+ o)

\/E+¢§+0(\/1Tn), (41)

=B +0(55) =8-n+0(5). (10)

n
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2b2

\ﬁ+ 3/2 -(225\"—'—2%3)\%)4_0( 51/2) ‘/»Hzm (é/?)

Therefore, we are able to write the solution f1,(¢) of 35 in the form
fin(t) = Rue™t 4+ Cpetnt 4 Cre™™nt 4 D, e¥nt 4 Do nt | (43)

where the coefficients R,, € R and C),, D,, € C are unknown. Since the function
f1n(t) have to satisfy the initial conditions in 35, to determine R,, C,, and D,, we
will solve the system

R, +C,+C,+ D, + D, = f1,(0),

raRy —wpCn — w20y — (2 Dy — 2Dy, = f1,,(0), (44)

T?an - Zw’icn + Zw’rg‘LCTL - ZCgDn + 'LC%Dn = {” (0),

n

rdRy, 4 wiCp + wiCp + CAD, + 3D, = £2(0).

Indeed, we obtain that the coefficients have the following asymptotic behavior as n
tends to oco:

Ro = D-(0an(B =)+ pia) + (aan + p1o + a0 +02)0(55) (49)
c, = dn i(ﬁ%q +2Bp1, + 2a0 ) 1 1 ((ab— B3(8 — n))en
"2 4B " " " 1/2 232 "
- 5(52p1n + naaa,) — BQPZn) i + (1n + p1n + a2, + pQH)O(L) (46)
)\n )\i/Q

. alion

a
”W+ﬁ<

1
+ ﬁ (2a baon — nB>apan + 2nBabayy, + 5abp1n) W
n

1
Bnoon + Bpan — bouy) =

1
+ (aln + Pin + Q2n + p2n)0<)\72> . (47)

Accordingly, we can write f1,(t) by means of formula 43, where the coefficients R,,,
C, and D,, are given by formulas 45-47 respectively. Moreover, thanks to 37, we
can also get the expression for fy,(¢), that is

fon(t) =T, (Rner”t + Cpetnt 4+ O e @t 4 D, etnt + ﬁne_iat) . (48)
We will observe that the function fs,(t) can be written in a more handleable form.
To this end, first we recall the following result (see e.g. [27, Section 6]).
Lemma 4.1. Approximated solutions of the cubic equation

Z° +nZ% + MZ 4+ M(n—pB) =0, (49)

are given by

B(8—n)’

P= o= +O()\—2), (50)
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e g+ L G- g rolm) . o

Therefore, comparing 40 with 50, we have that the numbers r,, are approximated
solutions of 49, and hence the function t — R,e™! is a solution of the third order
differential equation

9" +ng" + g +A(n—pB)g=0  in R. (52)

Lemma 4.2. The numbers iw,, with w, defined by 41, are approximated solutions
of the cubic equation

. b
Z34nZ2 + MZ + M — B) = f% .
Proof. The comparison of 41 with 51 yields
iw + ab
" 268\,
Since
(iwn)® + n(iwn)? + Apiwn + An(n — B)
) ab a’b? a3b?
:zi+nzfl+/\nzn,+>\ (n— ﬂ)+3zn26)\ +3zn452)\2 + SFN
nogn, T Tapzaz T 2p”

and in virtue of Lemma 4.1 we have
23 4 m22 + Azn + M(n—B) =0,
then we get
3ab ab 1 ab 1
. 3 . 2 .
n n )\n n >\n - - — =5 — 40— ) =——+0|—).
(ion)* + (i) + Anieon-+ M=) = — 55+ 55 +0( =) +0(—=)

that is, our claim holds true. O

Thanks to Lemma 4.2, the numbers iw,, and their conjugate numbers —it,, are
approximated solutions of the cubic equation

ab

/8 b

so, it follows that the function t — C,ent + Cre™ ™"t is a solution of the third
order differential equation

734022 4+ M Z + A — B) = —

ab

g"+ng" + Mg + X(n—B)g = ~ 59 in R. (53)

In virtue of 52 and 53, the function
gn (t) = Rnernt + Cneiwnt + Cfneiimt

is a solution of the third order differential equation
ab

g/// +779"+)\ng/ +)\n(77_5)g _

5 (Cpe“nt 4 Cre™™nt) in R. (54)
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Therefore, we can apply Lemma 2.2 with h(t) = f%b(C’nei‘”"t + Cpe~®nt): thanks
to 16 and 36, we have

1 b [ , SN
Tn(gn(t)) = _ge*nt (gx(o) + /\ngn(o)) + B/O e*ﬁ(tfs)(cnezwns + Cneizw”s)ds.

(55)
From 44 and 35 it follows that
g;L/(O) = {In(o) + C’VQLDTL + (2D = —Apa1n — aa, + CZDn + (2D
)\ngn(o) = )‘nfln(o) - )\nDn - >\nD7n = )\naln - )\nDn - A’rLDin
Thanks to 42 we have (2 — \,, = O(\/%T), so we see that
1
g;{(o) + /\ngn(o) = —aoqg, + (aln + pin + Qop + p2n)0<)\7> .
Moreover
t ) 1 )
/ efn(tfs)ezwnsds — : (ezwnt - 6*7715) )
0 1+ wwn
Set
' (56)
Cp=——"7"<,
" 5(77 + iwy,)

from 55 we obtain

Tn(Rner"t+Cnei“’"t+Cinefi‘T"t) = chnei“’"tJrchne*iT"t+(agan%(chn))e*”t .

(57)
Moreover, thanks to 38 we have
. 1 BA - BA _
T, iCnty — — (2 _ A n iCnt __ n nt
(™) a(C" + n+i<n)e a(nJriCn)e
Therefore, if we define
1 BA
dn=—(C2 -\, “— ), 58
a (C" * n+ z{n) (58)
and
28 D,
E, = agy — 2R(c,Cr) — R - , 59
“ (e ) a (77 + lCﬂ) (5)

thanks to 48 and 57, fa,,(t) can be written in the following form
fon(t) = dpDpent + anne_iat 4+, Cre™nt 4 ¢, Ce™ @t - B e™ . (60)
We also note that

M
|dn| = ‘Cn| = v /\na |Cn‘ < — (61)

|wn|
The proof of the following lemma is straightforward in virtue of 47 and 61, so we
omit it.

Lemma 4.3. Set

there exists a constant M > 0 such that

S e (et ant)
n=1 n=1
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Now, we state and prove some properties about the coefficients, that show some
differences with respect to the analogous ones in [27, 28]

Lemma 4.4. The following statements hold true
(i) For anyn € N one has

1

(ii) There exists a constant M > 0 such that for any n € N one has

Ry < Al/g(lcPH )",
Proof. (i) From 46 it follows that
1

21
2 _ 2
|Cn| - 7 + 16&2 (6 a1n+2ﬁp1n+2aa2n) x

+ ﬁ((ab - B*(B—n))ain — B(B%p1n %

1
+ (0 + ph +ady +3)0(55) - (69)

+ naOQn) - 5GP2n)

S

Moreover, from 47 we deduce that

1/2 aagn 1
N/2Du =i 2ﬁ2 (Bicvzn + Bpan — bann) 7

n

1
253 (2@ ba2n+2nﬁabaln+6abl)ln 775 ap2n)

1
)\n +(a1n+p1n+a2n+p2n)o (W)v

n

whence

2 a2a§n 2 2 1
)\n|Dn| = 462 4B4 (ﬁnaQH +Bp2n _baln) rn
alion

1
551 (2a2ba2n + 2nBabay, + Pabpry, — nﬁQapgn) o

+

1
n
Now, putting together 64 and 65, we have

2

R )

|Cn|2 + )‘n‘Dn|2 =

1 91 Pin
+ 1652 (6204177. + 2aa2n) N + ﬁ(ﬂ?aln + Q(IOLQn)

=

a1 .
+ 5 ((ab = 828 = m)aun
a2 2
21 a®pay,
+ rﬁél(ﬂﬂam — bory) . + 55 (Bnogn — baiy)
a2 2 2 1 2 2 2 2 1
551 (2a bag,+2nBabay,+Labpr,—npb apgn))\—+(a1n+p1n+a2n+p2n)0()\—2) .
We can neglect the indices n € N such that ay, = p1, = @2, = p2, = 0, because

= )
the present evaluation will be used in summing series. So, we can assume that for

- ﬁ(ﬂ Pin + 77a042n) — Bapay,

N———

1
An

1
An

+



102 PAOLA LORETI AND DANIELA SFORZA

any n € N (a1n, p1n, @an, p2n) # (0,0,0,0), and hence by the previous formula we
obtain

[Cnl? + An| D2

2 2
2 Pin a? 2 Pan
O T X5 T B <O‘2n + An)

1 (0F+ (@10 +az0)(p1n + a2+ p2))O (1)

L, :

4
A1nP1in _ A1n Pln a%n + p%n
An AL/B 2B T 2B T AT

In conclusion, 62 holds true.
(ii) From 45 we have

as n — oo,

2 2
2 Pin a? 2 Pan
a71n + An + BZ (a2n + An

taking into account, for example, that

B2 2 1
|Rn|2 = )\7% (aln(ﬁ - 77) + pln) + (aln + pln) (aln + Pin + Qop + p2n)0(g) .
Moreover, thanks to 62, there exists a constant ¢ > 0 such that
c
|Cn|2 + )‘n‘Dn|2 > T(O‘%n)‘n + P%n + O‘%nAn + p%n) .
n

Therefore, from the above formulas we get

R[>
|Cnl? 4+ An|Dn|?
1 52(0‘1n(6 - 77) + pln)2 + (aln + pln)(aln + pin + a2n + p2n)0($>
<
N C)\n a%n)\n + p%n + a%n)\n + p%n ’
that is, 63 follows. O

In conclusion, taking into account of any result of the present section we have
proved the following representation formula for the solution of the coupled system.

Theorem 4.5. The solution of problem 32 can be written as series in the following
way

u(t) = i (C’nei“’"t + Cre ™t 4 Re™! + D,ent 4 Dine*iat)wn ’
no=01 B
w(t) =3 (d"Dneic"t + dpDpe” " + ¢, Cre’r’ + ¢, Cre” ™ + Ene_"t>wn ;
- (66)
where

rnzﬁ—n—#O(%),

wn—\/ﬂ+i§+0(\/l)\7),

o=V iz +0( ).
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M 1/2 > 2 ©
Bal < 17z (102 4 1nDaP) ™ |3 Bn| < M3 (G + |dnDal?)
n n=1 n=1

M
|dn|x\//\n7 |Cn|§\/77 (M>O)

S A (ICal? + dnDal?) =< 112,z + et + NI,z + e -
n=1

5. Ingham type estimates. Our goal is to prove an inverse inequality and a
direct inequality for the pair (u1,uz) defined by

o0

wi(t) = Z (Cneiwnt 4+ Cre @t 4 R ™t 4 D, ¢ilnt +ﬁne—i§t) ’
! (67)

o0
us(t) = Z (anneiC"t +dp,Dpe St 4 ¢, Cpent + chne_i‘T"t> +Ee M,
n=1
with wy, ,Ch , (s Dpydp, ¢, € Cand ry, , Ry, , € € R. We will assume that there exist
v>0,a,x €R, 7 €N, u>0,v>1/2, such that

lirginf(%wnﬂ — Rwy,) = liminf(R¢,41 — REG) =7, (68)
n oo n—00
lim Sw, =a >0,
n—roo
nhﬁ\rr;o r,=x <0, (69)
lim 3¢, =0,
n—r oo
M

jwn|
1/2 1/2
(Bal < L (ICuP+dnDal?) " ¥z 0’y |Ral < (|l +]dnDul?) " V< 0.
(71)

5.1. Outline of the proof. Before to proceed with our computations, we will
outline briefly our reasoning. Firstly, to shorten our formulas we introduce the
following notations

oo ) o
UT () = 3 (Cue™t + Tre™@), UP (1) = Y (Dae! + Dye™01),

—

n=1 . n= (72)
UR(t) = Y Roe™",
n=1
UP () =D (dnDue™" 4 &y Dye ), US (1) = Y (enCre™! + 0, Cre™ ™t
=1 =1
n n (73)

so we can write the functions uy, us as
D - D
w =US +UP + Ul uy — e =UP +US.

If k(t) is a suitable positive function, see 76 below, our first goal will be to estimate
(o)

/ T ROC () +UP @)+ UR@? di + / K(OUP (1) + US (1)? dt
0 0

unless a finite number of terms in the series.
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By reason of 2ab > —1a? — 2b% we have |a + b|> > 1a® — b?, so we can observe
that

U (@) — [P (1) + Ul ()]

l\D\F—‘

UE () + UL () + UL @) >

1
> S OF =2 (0] - 2 O,

1
U (1) + U5 (1) > Sl () — U ()]
Bearing in mind 71, since k(t) is positive from the above inequalities we can deduce

o0

/ T ROWUE @)+ UP(6) + UP @) di + / R(OP (1) + US (1) di
0 0

> / TR (SUE O 2P0 dt+ / TR (SUPOP - S W)

_ > Rp\|2
2/0 k()P t))? dt .

In virtue of 70 we can control the term fooo (MOUP (t)dt (vesp. [~ k(U (t)dt)
by means of fo (OUP (t)dt (resp. [~ k(UL (t)t). Therefore, it is convenient to
write the previous formula in the followmg way

o

| e D @ U a [T rOUP 6+ us OF a
0 0
>3 [ RO (UEOF 28 OF) a5 [ kO (UPOR P 0)F)
72/0@ k@)Ul ())? dt. (74)
0

We will give a lower bound estimate for [;° k(t)[U (t)|2dt and fo (O)|UP (t)|%dt,
and, on the contrary, an upper bound estimate for [J° k(t)|Us (t)|?dt,
I kOUP (t)>dt and [ k(t)|UF(t)[>dt. So, thanks to 74, we will be able to
prove an inverse estimate.

Moreover, if we will assume an additional condition on the coefficients of the
series, we will be able to prove an inverse inequality with a better estimate for
the control time. Indeed, the additional assumption will allow us to control all
terms fooo OUP @©)2dt, [° k()| (t)]2dt and [ k(t) U ( )|2dt by means of
IS k()| UP (t)[dt. In this way the estimate of the term [J° k(¢)|U{ (t)|? dt can
be done with the help of an idea used previously in [27]. In fact in this case we will
use the following inequality

o0

/ T ROWE @)+ UP (1) + UR @) di + / R(OP (1) + US (1)? di
0 0
>5[ Oue O

/0 RO (P OF - AP OF - 2 OF - uf@R) . (75)

DN | =

_|_
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5.2. Technical results. In order to avoid repetitions and simplify the proofs of
the main theorems, we prefer to single out some lemmas that we will employ in
several situations. For this reason, in this subsection we collect some results to be
used later.

Let T > 0. We introduce an auxiliary function defined by

sin %t ifte [0,77],
k(t) := (76)
0 otherwise .

In the following lemma we list some useful properties of k.

Lemma 5.1. Set
Tr

the following properties hold.
(i) For any w € C one has
Kw)=K@w), |K(w)| =|K@)], (78)
/ E(t)e™dt = (14 ™)K (w). (79)
0

(ii) For any z;,w; € C, i =1,2, one has
o . .
/ E(t)R(z1e™ )R (20e" 2" dt
0

1 ) . _
- 5%(2122(1 e e T fe () 4wy + 21 75(1 + €T K (wy — @)) .
(80)
(#ii) Let¥ >0 and j € N. Then for T > 2w /5 and w € C, |w| > 7j, one has
4

A ST

(81)

Proof. (i) The proof is straightforward.
(ii) We note that for any z,w € C

/ k(t)R(ze™")dt = R(2(1+ e™T) K (w)) .
0
Therefore, taking into account
. . 1 . . __
%(zlezwlt)%(zzezwzt) — 5%(212,261(11)1—‘,-1112)t + le—Qez(wl—wg)t) ,

it follows 80.
(iii) We observe that

T _ 4
a2l e w2 omy2|
Tl - (3)°]  Ta(2)" - (&)
Since |w| > 7j and %—’% < 1, we have
2 2 2 2
() - (F) =0 - () =0
7 Ty gl Ty

and hence 81 holds true. O

K (w)] =
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Lemma 5.2. If v > 0 is such that
linIr_1>i£f (?Ran_H — §Ran) =7,
then for any € € (0,1) there exists ng € N such that
IRy — Roy| > V1 —eln —m], VYn,m > ng,
Ro, >vV/1—en, Yn >ng.
Proof. For € € (0,1) there exists ng € N such that
Rop41 — Rop, > W1—¢ Vn > ng,

whence 82 follows. Moreover, in view of

.. +1 ..
> _
linin ST 2 i (Rons = Row)

see [4, p. 54], 83 holds true.

Lemma 5.3.  (i): For any ng € N and n > ng we have
- 1
- <1.
Z 4m—n)2 -1~
m=ng
m#n

(ii): Fized a,b > 0 and ¢ > 0, there exists ng € N large enough to satisfy

a > 1
It gaogse Mz

m=ng

(86)

(iii): Fized a > 0, v > 1/2 and e > 0, there exists ng € N large enough to satisfy

=1
QZng

n=no

Proof. (i) We have

00 1 n—1
Z:O 4m —n)2 -1 - Z 4(n—m)?—1 + Z
Tn;ﬁiz m=ng m=n+1

(ii) We observe that for n > ny we have
An? — 1> 4n®?n}/?* —1 > n)/*(4n3/? — 1),

and hence

1 1
e am Z < 1/2(a+b243/2

m= no

In conclusion, if one takes ng € N such that

1 > 1 2
> I
ng = 62 (a+brnzl4m3/2_1> )

then 86 holds true.

(87)

)
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(iii) For 0 < § < 2v — 1 we have

oo
Z n2u — 6 Z nQV 67
n=ng n=1
1/6
whence, for ng > (‘E‘ P n23_5) we have 87. O

Lemma 5.4. Suppose that
lim inf (§R0n+1 — §R0n) =~v>0.

n—oo

Then for any € € (0,1) and T > \/7 there exists ng = no(e) € N such that for
any n > ng we have

= . = 4 > 1
mzn |K(O’n_0'm)|+ Z |K(Un+0'm)| S W(1+ Z 4’rn21> 5 (88)
m;nn m=no m=ro

Proof. As regards the first inequality, we observe that, thanks to 82 and 81, for
e € (0,1) there exists ng € N such that

> A > 1
|K(on —om)| € 55— YA T—
,%: T72(1—¢) m%;) 4(m—n)2—1

whence, in view of 85 we get our statement.
Moreover, concerning the second estimate, thanks to 83, we have

lon + om| = Rop > yV1—em, Ym > ng .
Therefore, using again 81 we obtain the required inequality. O
The following result is an useful tool in the proof of the Ingham type inverse
estimates. For the sake of completeness we prefer to give a detailed proof, although
it could be deduced from previous papers, see [14].
Proposition 2. Suppose that
lim inf (%0n+1 — %an) =7v>0

n—oQ

and {F,} is a complex number sequence such that > - | |F,|? < 4o0.
Then for any € € (0,1) and T > ij: there exists ng = ng(e) € N independent
of T and F,, such that we have

e} e ) 2
/ k()] D2 et + Frem ™| at
0

n=ngo

4
> 27T _ 1 1 —280,T F, 2
" Z( +4T2 oE T el +e>)< +e 2, (89)

e} o ) o 2
k()] D2 Pt + B ™| at
D>

n=ngo

1 4 —2%0,T 2
< 27T Z <W2+4T2( 2 +T272(1+a)>(1+e NEL 2. (90)

n=no
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Proof. Let us first observe that

oo

=4 Y R(F.e ) R(Fpe'omt),

%) _ e
’ Z Fnezant+Fnefm'nt

n=nogo

n,m=no

where ng € N will be chosen later. From 80 we have

o i ) 2
/ k(t)‘ Z Fnezdnt+Fn67107Lt

0

dt

n=ng

=2 ) m[Fnﬁ(Hei(“n*mT)K(an7m)+FnFm(1+e“0n+“m>T)K(an+am)].

n,m=ng

T
Since 77 gives K (o, — 0,) = T

o0 oo
/ k;(t)‘ Z Feort + F e~ tont
0

n=no

W 5 it follows that
s Yo

2 o0
dt — 27T Z
n=no

14 e—QSUWT

L — 2
w2 4+ 472 (Sop,)? [l

=2 Z %[an(l + ei(Ur,L—Tm)T)K(Un B ﬂ)]

n,m=ng
n#m

+2 i R[Fn

n,m=ngo

Thus

o oo
/ k(t)‘ Z F,eiont 4 F e~ it

0

n=ngp

2 o0
dt — 27T Z
n=ng

Frn(1+ ei(anJram)T)K(o'n + Um)] :

1 + 6—23UHT

— _|F, 2
w2+ 4T?(Sop,)? [l

<2 3 |RIFnl(1+ e 30T K (o, — )|

n,m=ngo

n#m

+2 ) |EIEL(

n,m=ngo

By 78 we have

+ e Sonton)Ty K (g, + 0] -

(91)

|K (00 —0m)| = |K(om —T0)l,
hence
oo L 1 oo o
Z |Fn||Fm||K(Jn_0m)|§§ Z (|Fn|2+|Fm|2)|K(Un_Um)|
n,rzv;bé:n:m n,:;;:blo
1 o0 o0 L 1 o0 o0 o
= S IEE Y K-y S 1l Y Ko - o)
n=no m=no m=ng n=no
= > IR Y K (on—Tm)l.
n=ng m=no

m#n
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In the same manner we can see that

o0 o0 o0
Z ‘Fn||FmIei(\y(gnJram)T‘K(Un_ﬁ)‘ < Z e 2%onT Fn|2 Z |K(0n—0m)|,
Y n=no "mn
> 1BallFnl (14 eI K (0 + o)

n,m=ng

o0 o0
<> A+ e3P Y K (o +om)l.

n=ngo m=no

Substituting these inequalities into 91 yields

o0 oo
/ k(t)‘ Z Fneia"t +Ee—iant
0

1 —2S0, T
G-y 3 e

w2 +4T2(Soy,)
n=ng n=ng
<2> 1+ eQ%”nT)|Fn2< > IK(on—Tm)l+ > |K(on+ am)|> .
n=ng m=no m=ng
m#n

Fix now € € (0,1) and T > ﬁAsfors € (0,¢) one has T > ﬁtoowe

can employ Lemma 5.4 with ¢ replaced by ¢’. Thus taking ng as in Lemma 5.4 and
applying 88 we obtain

/ ’ Z F eZU”t—i-F e ZO’,Lt

1_’_672SU7LT 9
n=ng

n=ngo
< i (14 e 2D 1+ i L
~Ty2(1—¢) " dm2 —1 |-
n=ngo m=ngo
By Lemma 5.3-(ii) with a = 0 and b = 1 one can pick ny € N large enough to satisfy
PR
4m2 —1 —
m=ngo
Therefore
1_’_67260'"’1—'
Foeont 4 Bt dt— 27 S AT T g,
/ !Z et 4 Fre ™ z ey ol
81 1+¢ 2% o (2
§ﬁ1_5,2(1+e ) Fnl?.
n=no
Taking ¢’ € (0,¢) such that £ 5o

1 —2S0, T
dt — 27T Z ke

1ot —zant 2
‘ZF@ +F€ 2—|—4T2\yo' )2|Fn|

n=mno

o0

8 —2%0, T 2
< ﬁ(1+5) Z (I+e ™,

n=ngo

which gives 89 and 90. O
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5.3. Inverse inequality. Following the outline shown in Section 5.1 we have to
estimate all three integrals on the right-hand side of 74. For this reason, for any
term to bound we will establish a corresponding lemma.

Lemma 5.5. For any ¢ € (0,1) and T > 7\/2% there erists ng = no(e) € N
2
) at

independent of T and C,, such that we have
> T i 1—c _ 4 (1+¢)|(14e25T)C, 2. (92)
- = w2 4+ 4T%(Swy, )2 T242 e

/O T k) (I ,2; S —

o0
2‘ E cnCpe“rt + ¢, Cpe“nt
n=no

Proof. Fix ¢ € (0,1) and T > ij:. Let us apply Proposition 2 with o, = w,.

Indeed, for ¢’ € (0,¢) to be chosen later there exists ng independent of T' and C,,
such that from 89 with F,, = C,, and 90 with F),, = ¢, C), respectively we have

2
/ ‘ Z C ezwnt_’_c e —iwnt dt

n=ng

1 4 —28w
2201 3 (rimmay )0 ==, ©3)

n=no

dt

[e’e] 0 ) - 2
/ k;(t)‘ Z enCretnt + ¢, Ce~@nt
0

n=ng

- 1 4 —28w, T 2
<2l S (e + s+ ) A e PGl (91)

n=ngo

Combining these inequalities gives

/oo (‘ Z C e'Lwn —l—C e—zwnf 2‘ Z CnC emn —I—CnC e—vwwt
0

2
) dt
n=no n=no

1_2|C’ﬂ| 4 —2S%w
> 2nT Z ( NE T272(1+5')(1—|—2|cn|2)>(1+6 2enTy )2

w2 4+ 47?2 (Sw
n=no

We will choose ¢’ in a suitable way to obtain our statement. Thanks to 70 for ng
large enough we have 2|c,|? < &’ for n > ng. Hence

(T4+e)(1+2lc,]?) < (1+€)? <143 Vi >ng.
Taking ¢’ < £/3 yields
(14N (142[cnl?) <1+e Vn > ng.

Moreover, since 2|c,|? < & we get 92 and the proof is complete. O

To estimate the second integral on the right-hand side of 74 we state the following
result, that may be proved in much the same way as the previous lemma by means
of Proposition 2 with o,, = {,, and 70. For this reason we omit the proof.
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Lemma 5.6. For any ¢ € (0,1) and T > ’ij: there exists ng = ng(e) € N

independent of T and D,, such that we have
— 4‘ Z Dt + ﬁne_iat

[ H0(| S apest s | ) a
0 n=n n=no

1—¢ 4 -
> orT 1 1+ e 23T q, D, |%.
i Z ( 2 + 4T2 \’C ) Tz,yz ( + 5)> ( +e )| | (95)

Finally, we will give an estimate for the last integral on the right-hand side of 74.

Lemma 5.7. For any e € (0,1) and T > 0 there exists ng = no(e) € N independent
of T and R,, such that we have

/ ‘ Z R, er"t

n=ngo

[Cnl? + |dn Dn|?
dt <enT Z e (96)
no

Proof. Our proof starts with the observation that 79 leads to

/ ‘Z Ruemt| dt = Z Ry Ry, / Jelratrmlt g

n=ng n,m=ng

Z R, R, (1+ e(r"”’")T)K(irn +irm),

n,m=ngo
where ng € N has to be chosen later. By the definition 77 of K we have

T
w2+ T2(ry + 7 )?

K(iry, +iry) =
Let us apply 7, < 0 for n > n’ to obtain
1+ elrmtrm)T <9

Consequently, taking ng > n' we get

| B[ B

rnt
/ ‘ZR@ dt < 2T Z e e
n=ng n,m=ng
From 71 we see that
/ ‘ Z R, er"t dt
n=ng
1/2
P G |2+\d D) (ICnf? +1dn D) !
U n;no nv T2+ T2(rp + rm)?
Using again 69 yields
1/2 1/2
= (ICu2 +1daDal?) " (ICwl? + dn Drn?) |
Z mY nv W2+T2(Tn+7am>2

n,m=no
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1o 1 |Cul? + ldn Dn|® o~ 1o [Cwl? + |dm D
§§Z m2uz 72+ T2r2 +QZWZ 72+ 122,
m=ngo n=nogo n=ngqo m=ngo
_y ! Z [Cul? + |dy. D
n2v ™+ 122
n=ng

Combining these inequalities we deduce that

/ ‘ Z R, er"f

n=no n=no

5 |Co|? + |dn Dy |?
N

Applying Lemma 5.3-(iii) we conclude that 96 is proved. O

We will establish the main result to obtain the inverse inequality. To simplify
our notations, in the following we will use the symbols

oo

Wlo(t) i= Y (Cuet 4 Coe™ ™ 4 Rye™n' 4 Dyt 4 Dye 1)
ul®(t) := Z (anneiC”t +d,Dye "t 4 ¢, Cpent + chne_imt) .
n=no

Theorem 5.8. Assume v > 4a (see 68 and 69). Then, for any e € (0, %)

2 ; _ :
and T > e e m T there exist ng = ng(e) € N, independent of T and all

coefficients of the series, and a constant ¢(T,e) > 0 such that

oo s . . . )
/ k(t)‘ Z C, et + Che ™@nt 4 R et + D, et + D,e "t dt
0

n=ngo

e’} o0 ) 7 — ) - 2
+ / k(t)’ Z dyDype'rt + d, D,e %t 4 ¢, Cre™nt + ¢, Cre” @t dt
0 n=mno
> o(T,e) Y (14 2 T)(|Cul? + [dnDuf?) . (98)
n=no

Proof. Fix € € (0,1), in view of 97 our goal is to evaluate the following sum

/Oookos)(lu? () + [u2o(5)?) dt (99)

where the index ny € N depending on ¢ will be chosen suitably. To this end, we
bear in mind the comments given in Section 5.1. Indeed, we observe that

oo s . . . !
/ k(t)‘ Z C, et + Che™™@nt 4 R et + D, e’ + Dye St dt
0

n=ngo

dt

1 00 o0 2
Twnt —iwnt

n=ng
—2/00 ‘ZDeK"—i—De_’C" dt—/ ‘ZRe’“”
0

n=ngo n=ng

dt
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and

) o0 , L 4 .,
/ k?(t)‘ g anne'LCnt + anne—lfnt + cncnezwnt + Cncne_zw”t dt
0

n=ng
1 [ © ) I
7/Cnt _'LCnt

25/0 k(t)‘E dyy De’nt + d, Dye

n=no

o'e) o0
- [T HO| Y et e
0

n=no

2
dt

2
dt.

Combining these inequalities we obtain
| rO @ + g oF) d
1 [ > . 2 2
30 (| 3 g g - 1) a
0 n=ng

1 o oo . 9 [eS) _ 9

+5 / k(t)(‘ 3" duDcnt 4 d Dyt —4‘ 3" Dyeint + Dyemicent ) dt
0 n=ng n=ng

/ ’ZR@”

n=mno

oo
2‘ E cnCpe“rt + ¢, Cpe ™n
n=ngo

dt.

to estimate the first two integrals on the rlg‘ht hand side.

We now take T" > \/7

We introduce €’ € (0,¢) to choose suitably later. We also have T > \/7 S0 we
can use 92 and 95 respectively to obtain
o ° 2 > 2
/ k(t)(’ Z C,eint 4 C e @nt| — 2‘ Z e Crent + ¢, C e @nt ) dt
0 n=n n=n

1-¢ 4 / —28w, T 2
>2wTZ ( N ST )2—T272<1+a>><1+e )| Cuf?,

oo s , 2 i . 2
[ H0(] 5 aopest s e ] 5 pucer s )
0 n=ngo

n=no

1-¢ 4 —29¢, T 2
> 27T Z ( AT, T272(1+g')>(1+6 )|dn Dyl

By 69 we get |S¢,| < Swy, for n > ng with ng sufficiently large. Hence

—23¢, T —2Sw, T
e e
VYn>ng.

>
72+ AT2(S(,)2 = n2 + AT%(Swy, )2

Therefore
/0 () (ju2 ()2 + o (1)) dt

1-¢ 4 —9%w
> 7T Z ( )2 _ T2,y2 (1—1—5’)) (1+€ 2 nT)(|Cn‘2 + ‘ann|2>
no

w2 4+ 472 (Sw
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/ ’ZRGM

n=ngo

dt.

Applying 96 we obtain

/0 TR (e () + o (1)) de

1—5 € 4
> T — _ 1 /
' Z <”2+4T2 MR i el +5)>><

x (1 + e~23nT) (|Cn\2 + \ann|2) . (100)

Now, we will choose &’ € (0,¢) such that for n > ng

1—¢ e 1—¢

_ > 101
72 +4T2%(Swy,)2 72 +T2%r2 = 72 +4T2(Swy,)?’ (101)
that is
e—¢ e’
_ >0,
w2 +4T2(Swy,)? w2+ T?r2 —
(e —2¢') + T?[(e — €')r} — 4¢' (Swn)?] > 0.
To this end, we need to have that
e—2'>0, (e — &2 — 4¢'(Swy)? > 0. (102)

By 69 for ng sufficiently large we have

2
3
r2 > %, (Sw,)? < 5042.
Hence
(e —er? —4e' (Swp)? > (e — )2 — 6.
Therefore taking

<min {5 iz e
5 min —————5 (€
27 x2+12a2

we deduce 102, and consequently 101. So, from 100 we have

/0 TR (i ()P + o (1)) de

l—e¢ 4 —2Swn T 2 2
= Z <7r2—|—4T2 (Swn)? - T2,yz(1+5)> (1+e )(\Cn| + |dn Dyl )

Since the previous inequality holds for any e € (0, 1), in particular it can be written

1+&’ 1
—e! 1—¢?

for & < 5=, because this implies §

L= 1 1+eH>1-¢) ! s
2 +4T2%(Swy)?  T2%42 - 2 +472%(Swy)?  T?92(1—¢) )
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Therefore, taking also into account that (Swy)? < a?(1+¢€), n > ng, for ng large
enough, we can write

/O TR (i ()P + e (1)) de

1 4
> 7T (1—¢ -
=g €)<7r2—|—4T2042(1—|—5) T272(1—5)>X

X i(1+e—2%nT)(|cn\2+\ann|2). (103)

n=no

The constant
1 4

12 4+4T20%(1+¢) T?~2(1 —¢)

is positive if

T?[y*(1 —¢) — 16a*(1 +¢)] > 4>, (104)

Since v > 4a we have 4%(1 —¢) — 16a%(1 +¢) > 0 if e < %. If we assume the
< g I 27 . 2

more restrictive condition 7' > (=0 1622 (175) with respect to that T" > Vi

then 104 holds true. Finally, from 103 and the definition 99 of Z,,, we obtain 98. [

We now observe that we can obtain a better estimate of the control time 7" under
an additional condition on the coefficients of the series. Assuming |C,,| < M|d,, D],
we can follow the procedure sketched out at the end of Section 5.1 by using esti-
mate 75. In particular, to evaluate the term [ k(t)|U{ (t)|*dt we will employ the
same trick used in [27], giving first an estimate for [ e2*'k ()| (t)|?dt, with

a = lim Sw,, and then, multiplying by e 2T, we will obtain the requested in-
n—oo
equality.

Theorem 5.9. Assume

|Cn| < M|d,,D,| Vn € N. (105)
Then, for any e € (0,1) and T > 7;% there exist ng = no(e) € N, independent of

T and all coefficients of the series, and a constant ¢(T,e) > 0 such that

oo s . . . !
/ k(t)‘ Z Cpent 4 Che @t 4 R e™! + D, e' + D,e "t dt

0

n=ngo

o0 ad , [ — . 2
+/ k(t)’ Z d,Dpe'rt + d, D,e %t 4 ¢, Cre™nt + ¢, Cre @t dt
0 n=mno
> (Tye) Y- (ICal + 1daDuf?) . (106)
n=no

Proof. If a = lim Sw, (see 69) since
n—oo

oo e . 2
/ €2atk(t)‘ Z Cnelwnt + Cne—lwnt dt
0

n=no

= /OO k;(t)‘ Z C, eilwn—ia)t _i_cfne—imt 2 dt
0

n=no
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thanks to 89 we have

o0 0 ) - 2
/ eQatk(t)‘ Z Cnezwnt + Cne—zwnt dt
0

n=no

- 1 4 S
> 2T o 1 / 1 —2(Swp—a)T Cn 2
= Z (W2+4T2(%wn—a)2 T272( Jrs))( te ICnl"
n=ngo
where ¢’ € (0,¢) will be chosen later. Therefore, multiplying by e~2°7" and taking

into account the definition 76 of the function k, we get

oo > , 2
/ RO 2 G+ T ™| at
0

n=no
= 1 4
—2aT _ ’ —2(Swy,—a)T 2
> 21Te Z <7r2 T Gw, —a)p T2 (1+e )) (1+e NCnl|”.
n=mno
We can take 4(Sw, — a)? < y*¢/8 for n > ng and 1+ ¢’ < —7 5/2 for ¢’ < 55, to
have
1
— 1 /
w2 4+ 472 (Sw, — )2 T242 (1+€)
1 4 B T%42(1 — €) — 472

> — =
w2+ T242¢/8  T242(1—¢/2) (n?2 +T?%v%¢/8)T?v2%(1 —¢/2)

and T%292%(1 —¢) — 47% > 0 for T > \/7 So, we get

o0 > , 2
/ RO 2 Cue + T ™| at
0 n=no
2,201 _ 2\ _ A2 o
> 27TTe—2aT T 2 (1 8) ar

1 —2(Swy,—a)T 2 ) 1
T e R e 2 (L NG (107)

On the other hand, from 90 it follows

e} o0 ) - 2
/ k(t)‘ > et + ¢, Cre™ =t
0

n=nqo

dt

4 —2Sw,
< 2T Z ( + 4T2 ) + TQFYZ (1 + 5’)) (1 +e 2 ”T)|Cncn|2

1 4
2 ! —29 2
<2rT E M]ey| <7r2+4T2(S<n)2 +T272(1+s)>(1+e "TYd,D,|?,

n=ngo

thanks also to Sw,, > |S¢,| and |C),| < M|d,,D,|. Moreover, again by 90 and the
previous inequality we have
) dt

/oo (‘ZD&ZC” +Dye ot
0

1 —2S¢, T 2
< 27T Z (|d 7+ Meal )(w2+4T2(%c 7t 2(1+g)>( +e )|dn D .

n=ng

+) E cnCre®™t + ¢, Cre” ™t

n=ngo
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Choosing ng sufficiently large such that ﬁ + M|c,|? < € for any n > ng, from
the above estimate we deduce
oo 2
/ H(2| Z D, 4 Dyt ) at
0

1 4 —2%¢, T 2
< onTe' Z (772+4T2(\SC) T272(1+5/))(1+e TV, Dpl?.  (108)

—l—‘ Z cnCre’rt + ¢, C e nt

n=no

n=no

In addition, from 96, using again |C,,| < M|d,, D, | and 69 we get

/ ‘ Z R, eT”t

n=no

dt

|d D,|? |d D,|?
< .
ﬂ—T Z 7T2+T27’2 - T Z 71-2_|_4T2 \SC ) (109)

= n=ngo

Combining 108 and 109 (with ¢’ replaced by £’/2) we obtain

2/ k(t)‘ Z D, ent —l—Dine_iat
0

n=no

T H0 5 s o] 3 )
0 n=ng n=ng

1 4 N
< 2nTe 14N )1+ e 2T d,,D,?. (11
mle Z (772+4T2( 3G )2 +T272( "‘5))( +e ) | (110)

2
dt

n=no

In virtue of 89 we get

/ ‘ Z d, D, it 4+ @ D e int
0

n=no

dt

4 —23
> 2nT Z <7r2+4T2 SBE T272(1+5’)>(1+6 26Ty d, D%

n=nogo

From the above formula and 110, taking &’ < &/3 but writing again ¢’ instead of &,
we have

[e’s) o0 ) 7 2 e’} 0 ) _ _
/ k(t)’ Z d,, D"t +d, D, e ¥nt dt—4/ k(t)‘ Z D, et 4D, e nt
0 n=no 0 —

—2/00 (‘ZcC@’“”—l—chew"t +2‘ZR€T" 2)dt
0

n=no
1-¢ 4 -
> 2nT 14+ |14 e2%T)d, Dy .

T Z < 2—|—4T2 \SC) TQ,YQ( +5)>( +e )| ‘

2
dt

for &’

Lo 4 gL 1 - 4(1+s’)
T AT2(SG)2 T2 S T U TSN\ AT (3G T TRR(1 - &)

Taking 4(3¢,)? < y2%e/8 for n > ng and }fi: <73 5/2
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, 1 4
=(1-e )<7r2 ¥ T292/8  T?92(1— 5/2)>

R T%42(1 —¢) — 4x?
={ ’(w TR R TR - e/2>> ‘

Therefore, for T' > V\;{T: we obtain

2

/O k(t)‘ > duDpe’rt +-d, Dyt dt

n=no

00 9]
— 2/ k(t) (‘ Z CnCpetnt + ¢, Ce nt
0 n=no

2 00 00 4 o .
dt—4/ k(t)‘ Z DnelCnt_'_Dne—lCnt
0 n=ngp
2
) at

T?~4%(1 —¢) — 4n? 25
> — —23¢. T D |2
> 2rT(1 €)<(7r2 + T242¢ /8)T2~2(1 — 5/2)) Z (L+e )lnDn|

n=ngo

’ + 2‘ i R, et

n=no

27

Wie

In conclusion, for any T > combining the previous estimate with 107 gives

/0 TR (O + 2o (1)) di

o T%72(1 —¢) — 4r? . 2 2
> 7T min{e~ 2T, (1_5)}((772 n Tgyz(s/S);)z’yQ(l — 5/2)) Z <|Cn| +|dn Dy ) )

n=no

that is 106. O

5.4. Direct inequality. As for the inverse inequality, to prove direct estimates we
need to introduce an auxiliary function. Let T" > 0 and define

cos 5% if|t|<T,
K (t) := (111)

0 if || >T.

For the sake of completeness, we list some standard properties of £* in the following
lemma.

Lemma 5.10. Set
4T

the following properties hold for any u € C
/ E*(t)e™dt = cos(uT)K*(u), (113)
K*(u) = K*(@), |K*(u)|=|K*®). (114)
Set Kr(u) = ——E— we have
K*(u) = 2Kor(u). (115)

Moreover for any z;,w; € C, i =1,2, one has
o . .
/ E* ()R (211 )R (29e" 2" ) dt
— 00

= %?R(zlzg cos((wy + wa)T)K (w1 + we) + 2122 cos((wy — w2)T) K (wy — 172)) .
(116)
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From now on we will denote with ¢(T") a positive constant depending on 7.

Proposition 3. Let v > 0. Suppose that {c,} is a complex number sequence
satisfying
lim inf (%onﬂ - §Ron) =, {So,} bounded.

n— oo

Then for any complex number sequence {Fy,} with Y oo, |F,|*> < +o0o, £ € (0,1)

and T > W\/{: (T) > 0 and ng = no(e) € N independent of T and F,
such that
o0
/ k*( Z Fpent + Fre it gy <o) Y |Fa. (117)
n=no n=no

Proof. Let us first observe that

’ Z F,eiont 4 Fe—iont 2 —y4 Z R(Fpe ) R(Fpeint) |

n=ngo n,m=ngo

where the index ng € N depending on € will be chosen later. From 116 we have

/ k'*(t)’ Z Fneiont +F7n€_iﬁt

—oo n=ng

2
dt

=2 ) m[ancos((an —E)T)K (00 — )

n,m=ng
+ FpFpcos((on + 0m)T)K* (0p + 0m)| -

Applying the elementary estimates Rz < |z| and |cosz| < cosh(Sz), z € C, we
obtain

e} 0 ) o 2
/ k*(t)’ Z Fnezant_’_Fne—w'"t

n=no

dt

<2 S |FlIFnl cosh(S(on + 0,)T) [|K* (00 — 5| + K™ (0 + 0] -

n,m=ngo

Since the sequence {0, } is bounded we have

cosh(S (o, + 0)T) < e2TsuPISonl VYn,m € N.
Hence
o0 2
/ (1) Z Fpeiont 4+ Fpe | dt
- n=ng
< 2e”TowSonl N B || [| K (00 — Tm)| + [ K (00 + 0m) ] -
n,m=ngo

Thanks to 114 we get |K*(0y, — 0m)| = |K*(0m — 5)| . Therefore

[ k0] S Rt s T

n=no

12
dt

oo

262Tsup|$an\ Z |Fn|2 Z [lK*<UH_ﬂ>|+|K*(O‘n+0m)|] .

n=no m=ngo
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Since 112 gives
47T 4T

K*(O'n _Tn) = 7r2 m 16T2(%0n)2 S

7 B}
it follows that

/ k(t Z F,eont + F, eﬂ""t

oo
dt < 2Tsup|\san|T Z |Fn|2

n=ng n=no
92T sup [Son| Z |, 2 [ Z K (00 —T)| + K*(on+om)]- (118)
n=ng m=no m=ng
m#n

Note that by 115 we can apply Lemma 5.4: for any ¢ € (0,1) and 2T > ,ij: there
exists ng € N such that

K*(on — T K* (o m<7(1 7)

m;m' (o =7 )Hm; (on +o )*TVQ(l—e) +;14n2—1

m#n - a
Substituting the previous estimate into 118 gives 117. O
Proposition 4. For any ng € N, ng > n/, and T > 0 there exists ¢(T) > 0 such
that

/ Z P > (162 +1duDa) . (129)
n=ng n=ng

Proof. Fixed ng € N, ng > n’, we observe that 113 leads to

/ k*( Z Rye™ Z R, Ry, / k* (t)erntrm)t g

n=ngo n,m=ngo

Z R Ry, cosh((ry, + 1) T)K* (it + it -

n,m=ngo

By the definition 112 of K* we have

K*(irp +irm) = — sl < 4T )
w2+ 4T (r + 1) — @
In addition, since the sequence {r,} is bounded we have
cosh((ry 4 ) T) < e2TsuPlml Vn,m € N.
Consequently,
AT op, =
/ nzn:OR er"t dt < —e*Teuelr] n;ﬂ | Rl R -

Since ng > n’, by 71 we have that

/ ZR@”

n=ngo

dt

2 2 1/2 2 2 1/2
< £62Tsup|rn| Z <|Cn| + |an’n| ) (|Cm| + |dem‘ )
oo mY nv

n,m=ngo
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Moreover

s (10 + \annP)”Q (102 + \demP)”Q

2. o o

n,m=ng
<3 2 w2 (1OF+1dDal) 45 37 o 3 (G +1daDul)
m=ngo n=no n=no m=ngo
—Z 2 (0P D).
n=no
Combining these inequalities we conclude that 119 is proved. O

Theorem 5.11. For any ¢ € (0,1) and T > \/7 there exist ng = no(e) € N and
c(T) > 0 such that

T fe%e] 2
/ Z C,e™nt + Che”™nt 4 R.e™ + D, e'nt + Dye "t dt
-7

n=no

T o) o ) L o 2
+ / Z d,D,pe'rt +d, D, e %t + ¢, Cre™nt + ¢, Cre @t dt
=T n=ng
<) Y (ICal +1dnDal?) . (120)
n=no

Proof. Since the function k*(t) is positive, for ng € N to be chosen later we have
0o o] ) L . ) L _ 2
/ Z Cnezwnt + Cnefzwnt + Rnernt + Dnezgnt + Dnefzcnt di

n=nogo

<4/ k( ZC@“"” + Cpeont dt+4/ k¥ ( ZR@ dt
n=ng n=no
+4/ K ()| D Dner! + Dype | dt.

n=no

We can apply Proposition 3 to the first term and to the third one and Proposition
4 to the second term. Therefore, fixed ¢ € (0,1) and T > 5 \/’{: there exists

no = ng(e) € N such that, thanks to inequalities 117-119 and in view also of 70, we

/ K

2
dt

Z C,e'nt + Che”™nt + R,e™ + D, e’"t + D, D, e~ int

n=no

o0
<o) Y- (ICal +1daDuf?) . (121)
n=no
Moreover, in a similar way applying again Proposition 3 and taking into account
70 we have

[

= 2
Z anneiCnt +me—icnt +Cncneiwnt+m€_imt di

n=no
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oo

<o) Y (1dnDal® +1Cal?).

n=ngo

Combining 121 with the above inequality and recalling the notation 97 yields

| @@ + [ F) de<o1) S (162 + ldaDaP)

- n=ng

Now, we can consider the last inequality with the function k* replaced by the
analogous one relative to 27" instead of T'. So, taking into account 111, we get

2T (o]
T g2 no (412 2 2
[zTcos TP + g (]?) di < e(2T) n§:n:0 (104 + 1 Da?),

whence, thanks to cos % > % for [t| < T, it follows

T oo
[ (e @F +103°0P) dt < Vaetn) 3 (1Cu +1du D).
=T n=ng
This completes the proof. O

Based on the approach performed in [10], the next result states that we can
recover the finite number of missing terms in the inverse and direct estimates. We
omit the proof, because it may be proved in much the same way as Proposition 5.8
and Proposition 5.20 of [28]. We advise the reader to keep in mind formulas 67 and
97.

Proposition 5. Let {w,}nen, {rntnen and {(ntnen be sequences of pairwise dis-

tinct numbers such that wy, # Cm, Wi Z Cmy Tn 7 1Wm, T # ©Cm, T™h Z —1, Cu # 0,
for anyn,m € N, and

lim |w,|= lim |{,] = +o0. (122)
n—oo n—0o0

Assume that there exists ng € N such that

oo

|G @F + g 0F) @< 3 (10.F + 14,0, )

n=no

Then, for any sequences {Cy}, {Rn}, {Dn} and € € R we have

T 0
/0 (O + us()?) di = 3 (1Ca? + daDal?) + 167 (123)

n=1

5.5. Inverse and direct inequalities. We recall that

o0
ui(t) = Z <Oneiwnt £ Cre @t 4 R ™t 4 D, eint +D7"67i(nt) 7

n=1

oo
Z (anneiC"t +d,Dpe %t 4 ¢, Cpent + chne*iT”t> +Ee

n=1

u (t)

where

P <MY (ICu* +1duDaf?), (M >0). (124)
n=1
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Theorem 5.12. Let {wy fnen, {Tn}nen and {Cn}nen be sequences of pairwise dis-

tinct numbers such that wy, # Cn, Wn #Z Cny Tn 7 W, Tn 7 Cm, T™h Z =1, G # 0,
for any n,m € N. Assume that there existy >0, a,x €ER, ' e N, p >0, v > 1/2,
such that

lim inf (Rwp 41 — Rwy,) = lirginf(%(n_‘_l —RE,) =7,

n— oo

lim Sw, =a >0,
n—oo

lim r, =x <0,

n—oo
lim $¢, =0,
n— o0
M
dn| < [Cnl, len| < —

|wn |’

1/2 1/2
IR,| < %(\CnﬁﬂannF) Va>n', |Rl gu(|Cn|2+\ann|2) V<
27

/0 ()P + us(®)?) dt = 3" (1Caf + D) (125)

n=1

Then, for v > 4o and T > we have

2 fot o . 21
Proof. By T > Neasrre there exists 0 < € < 1 such that 7" > Y aEE T eTcwt
Therefore, thanks to Theorems 5.8 and 5.11 we are able to employ Proposition 5

obtaining

T oo
| (a®F +1uaF) @t < 3 (108 +14,D,) + P

n=1
Finally, by 124 we can get rid of the term |£|? in the previous estimates, and hence
the proof is complete. O

If we assume the condition |C,| < M|d,D,| on the coefficients of the series
instead of v > 4a, then we can make use of Theorem 5.9 instead of Theorem 5.8,
obtaining the observability inequalities with a better estimate for the control time:
T> 277' Precisely, the following result holds.

Theorem 5.13. Let assume the hypotheses of Theorem 5.12 and the condition
ol < Md, Dy (126)

Then, for T > 27” we have

T oo
/0 (lur (O + [ua(t)]?) dt <Y (|Cn|2 + |ann\2) : (127)

6. Reachability results. This section will be devoted to the proof of some reach-
ability results for wave—wave coupled systems with a memory term. In the following
we will assume that the eigenvalues defined by 4042 are all distinct. Notice that
this assumption is satisfied asymptotically.



124 PAOLA LORETI AND DANIELA SFORZA

Theorem 6.1. Let 0 < § < min{1/2,n} be.
For any T > —22— and (ul,u}) € L?(0,7) x H=Y(0,7), i = 1,2, there exist

gi € L?(0,T), i = 1,2, such that the weak solution (uy,us) of system

t
w1t (6, %) — Uige (8, ) + ﬁ/ e_"(t_s)ulm(s,x)ds + aug(t,x) =0,
0

te(0.T), ze(0mx (128

Uzt (L, ) — Ugpy (T, ) + bur(t,2) =0,
with boundary conditions
wi(t,0) = ua(t,0) =0, wi(tm) = gu(t), ws(t,m)=golt)  te(0,7), (129)
and null initial values
u;(0,2) = ui(0,2) =0 ze(0,m), i=1,2, (130)
verifies the final conditions
ui(Tyx) =ud(x), uy(T,z)=ui(x), =xc(0,7), i=1,2. (131)

Proof. To prove our statement, we will apply the Hilbert Uniqueness Method de-
scribed in Section 3. Let H = L?(0,7) be endowed with the usual scalar product

and norm
T 1/2
lu|lL2 == (/ lu(z)|? dx) u € L*0,7).
0

We consider the operator L : D(L) C H — H defined by Lu = —uy, for u €
D(L) := H?(0,7) N H}(0,7). It is well known that L is a self-adjoint positive
operator on H with dense domain D(L) and

D(VL) = H}(0, 7).

Moreover, {n?},>1 is the sequence of eigenvalues for L and {sin(nz)},>1 is the
sequence of the corresponding eigenvectors. We can apply our spectral analysis, see
Section 4.1, to the adjoint system of 128 given by

T
211t (t, @) — 2122 (8, ) + / k(s — t)z122 (s, x)ds + bza(t,2) = 0,
¢
te(0,T), e (0,7)
201t (t, ) — 2942 (t, @) + azi(t, ) =0, (132)
Zl(t,()) = Zi(t,’/T) =0 te [O,T],
i=1,2,

Zi(Ta ) = Z?? Zit(T’ ) = Zzl )

where the final data exhibit the following expansion in the basis {sin(nz)},>1
2D(x) = Z Qinsin(nz), z}(z) = Z Pin sin(nx) , i=1,2.
n=1 n=1
If we take (2),2}) € H}(0,7) x L*(0,7), i = 1,2, then one has

L) o
12205 = D ain® el = ph,  i=12 (133)
n=1 n=1
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The backward system 132 is equivalent to the forward system

t
Uret (b, ) — Urge (E, ) + / k(t — $)u1,2 (s, x)ds + bua(t,z) =0,
0
te (0,T), z €(0,m)
U'Qtt(ta .13) - UQIJJ(t? .73) + a'ul(t7 x) = Oa (134)
ui(t,0) =u;(t,7) =0 te€]0,T],
i=1,2,

UZ(O, ) = 21'07 uit(07 ) = 211 )
that is, if (u1,u2) is the solution of 134, then the solution (21, z2) of 132 is given by
z1(t, ) = u (T — t, x), zo(t,x) = ue(T — t, ).

Therefore, thanks to the representation for the solution of 134, see Theorem 4.5, we
can write (21, 22) in the following way, for any (¢,z) € [0,7] x [0, 7]

z1(t,x) = Z (CneiW”(T_t) —|—Cine_im(T_t)) sin(nz)
n=1
+ Z (Rner"(T_t) + D, (Tt 4 ﬁne_ia(T_t)> sin(nx),
n=1
2(t,x) = Z (anneiC"(Tft) + annefi?"(TftU sin(nx)

Il
-

+ Z (chnew"(T*t) + chne*i‘T"(T*tO sin(nz) + e~ 1(T=t) Z E, sin(nx).

n=1 n=1

In particular, thanks also to 133 we get

o0
S 02 (ICal? +1dnDal?) = 12003 + 12332 + 12813 + 1313 (135)

n=1
Moreover, for any t € [0, T

o0

2ratm) = D (=1)"n(Cren T o e (T=0)
n=1
0 —
+ Z(—l)”n(Rner"(T_t) + D, el (T=1) 4 ﬁne_iC”'(T_t)) ,
n=1
220ty ) = D (<1)"n(dn Dy T 4 @, Dy T0)
n=1
+ 3 (1) 0 (enCre =0 4 0, Cre™ @ T=0) 4 100 3 (1) B,
n=1 n=1

We can apply Theorem 5.12 to (214 (t,7), 22, (¢, 7)). Indeed, thanks to the above
expressions for z;,(¢t,7), ¢ = 1,2, and 125 we have

T oo
| (eraltmP o+ Joan(t.m)P) = S w2 (1o + 10D )
0

n=1
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and hence by 135 we get

T
/ (lera(t, M + |220 (t, ™) %) dt < 12913 + 12 122 + 12213 + lI22ll72 . (136)
0

Therefore, we have proved Theorem 3.1. Furthermore, we consider the linear oper-
ator ¥ introduced in Section 3 and, thanks to 24, defined by
\11(2(1)7 Z117 Zg’ Z%) = (_ult(T7 ')? U1 (T7 ')7 _u2t(Ta ')7 ’LLQ(T, )) 3
where (u1,us) is the weak solution of system 128. So, we have that the operator ¥
is an isomorphism from the space HE(0,7) x L2(0,7) x HE(0,7) x L?(0,7) to the
space H=1(0,7) x L*(0,7) x H=1(0,7) x L?(0, 7). Therefore, for u? € L*(0,7) and
uj € H71(0,7), i = 1,2, there exists one and only one (27, 21) € H}(0,7) x L*(0, )
and (29,23) € H}(0,m) x L*(0,7) such that
\I](Z?7 Z%, Zg, Z%) = (_UL u(l)v _uév uO) :
Finally, if we consider the solution (21, z2) of system 132 with final data given by

the unique (29, 21, 28, 21), then the control functions required by the statement are
given by

T
9 (t) = le(t 7T') - B/ ein(s*t)zlx(sa 7T)d8, gz(t) = ng(t, ﬂ-) )
t
that is, our proof is complete. O

Appendix. In this section we will give some cases of polynomial P, (z) defined by
Po(2) = 22402t 420,22 + 0, (20— B) 22+ (A2 —ab) 2+ A2 (n—B)—nab, =z € C, (137)

having all distinct roots.
The case ab = 0 is obvious, because

Pu(2) = (2* + 022 + Auz + Mt — B) (2% + \n)

and hence the roots of P,(z) are all distinct, see [27].
For the case ab # 0 we first study

P(x) = 2’ +nz 20,23+ N, (20— B) 22 + (N2 —ab)x+ )2 (n—B)—nab, x € R. (138)
We compute the derivatives of P(z):
P'(z) = 52t 4 4na® + 60,22 + 20, (20 — B)x + \2 — ab,
P"(z) = 2(102® + 6n2® + 6Xnz + A, (20 — B)),
P"(z) =12(52 + 20z + \p).

For n < v/5\; we have that P"/(x) > 0 for any x € R. Therefore, there exists a
unique zo < 0 such that P”(z¢) = 0, P"(x) < 0 for z < x¢ and P"(z) > 0 for
x > xo. As a consequence P’(x) attains its absolute minimum in .

Now we have to distinguish four cases depending on the sign of the numbers
P(0) and P’(0). We note that, thanks to 8 > 0, we have A\2(n — 3) — nab # 0 or
A2 —ab # 0, and hence P(0) # 0 or P’(0) # 0.

First case. P(0) > 0 and P’(0) > 0. If the value of the minimum P’(z() is greater
or equal to 0, we have that P(z) has a unique real negative root. In the case
P’(z9) < 0, there exist 1 < 29 < x2 < 0 such that P'(z1) = P'(z2) =0, P'(z) >0
for x < x1, P'(x) <0 for 1 <z < 22 and P'(z) > 0 for & > zo. If P(z1) < 0 and
P(xz3) < 0or P(z1) > 0 and P(z3) > 0 P(z) has a unique real negative root, see
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e.g. Figures 1 and 2. Instead, if P(z1) > 0 and P(z2) < 0 then P(x) has three

FIGURE 2. P(z) when P(0) >0, P(z1) > 0 and P(z3) >0

distinct real negative roots, and hence the five roots of P(z) in C are all distinct.
We also note that we have to assume

P(z1) #0 and P(zz) #0, (139)
because otherwise 21 or zo would be a double real root for P(x).

Second case. P(0) > 0 and P’(0) < 0. The discussion is similar to that of the
previous case, the only difference consists in the value of the minimum P’(z() that
must be negative.

Third case. P(0) < 0 and P’(0) > 0. The discussion is similar to that of the first
case, but we have to note that P(x) admits either a only positive root or three real
roots, one positive and two negative.

Fourth case. P(0) < 0 and P’/(0) < 0. As in the third case with the value of the
minimum P’(z¢) less or equal to 0.
In all cases we have to assume 139 to avoid the double root.



128 PAOLA LORETI AND DANIELA SFORZA

To establish that the roots of P(z) are always all distinct we will use the Routh-
Hurwitz theorem, see [33]. First, we compute the real and imaginary parts of the
polynomial i P(iy), y € R, that is

iP(iy) = Po(y) +iPi(y), y€ER,
Po(y) = —y° + 20,y° — (A2 — ab)y, (140)
Pi(y) = ny* — A\n(2n = B)y* + A2(n — B) — nab.

The generalized Sturm chain obtained from Py(y) and P;(y) is given by

y) = éAny(y — An)s

P

Ps(y) = Ma(B —n)y* + X, (n — B) — nab,
(
(

Bab (141)

Y,
B—n
Ps(y) = X%(n— ) — nab.

If w(x) is the number of variations of the generalized Sturm chain (Py(y), P1(y),
P (y), P3(y), Pi(y), Ps(y)), for ab < 0 or ab > 0 and P(0) > 0 we have

w(+00) —w(—00) =3-2=1,

3

y) =

and hence by the Routh-Hurwitz theorem the difference between the number of roots
of iP(z) with negative real part and those with positive real part is 1. Therefore,
in the case P(z) has a unique negative real root necessarily the other four complex
roots are different, because two have negative real part and two have positive real
part.

In the case ab > 0 and P(0) < 0 we have

w(+00) —w(—o0) =2—-3 = —

and hence if P(z) has a unique positive real root necessarily the other four complex
roots are different, because two have negative real part and two have positive real
part.

Moreover, to compare the roots of the polynomials P,(z) and P, (z) given by
137 with n # m we have to introduce the Bézout matrix Bs(P,, P,,), since P, (z)
and P,,(z) have no common roots if and ounly if Bs(P,, P,,) is nonsingular. The
matrix Bs(P,, Py,) is 5 x 5 and symmetric, whose terms b;;, 4,5 = 1,...,5, unless
the common factor \,, — A\, are given by

bll = ab5<)\m+)\n); b12 = (5—277)()\771)\7;(5—77)—@177]), b13 = 2(Gb77+)\m)\n(77—5))7

bia=-nB—=mAn+ ), bis=—(8—n)(Amn + M),
b22 = —ab(ﬁ — 477) + )\m)\n(477 — 35),
bsz=—(B—20)Am +An), baa=An+ A +02n—0), bss=2n—-7,

by =4n—B, bis=2, bss=0.

In conclusion, if the coupling constants a, b are such that det Bs(P,, Pp,) # 0, then
the roots of P,(z) and P,,(z) are different.
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