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ABSTRACT  

The assessment of maximum displacement demand is a crucial point in the design of seismic isolating systems, in particular 

when the non linear behaviour of devices is modeled through visco-elastic equivalent schemes, as common in the design 

practice. Several phenomena influence the maximum demand assessment, among which the torsional and earthquake 

directionality effects can be of great impact. International codes use some formulations which allow to consider torsional effects, 

while the impact of the other phenomena is commonly assessed through time-history analyses. In this paper an innovative design 

method is developed based on an exact linear elastic formulation with response spectrum, which keeps in count both torsional 

and directivity effects considering natural and accidental eccentricity and by using the CQC3 (Menun and Der Kiureghian, 

1998) as directional combination rule. The method models the seismic action through the response spectra of a set of natural 

recorded ground motions, properly oriented along their principal axes to assess the correct ratio between the horizontal 

components of spectral accelerations; thus accounting for the site-specific earthquake source, without the need to perform time-

history analyses. A specific formalization of the dynamic problem is presented to emphasize the parameters which more affects 

the response (e.g. torsional factor, eccentricity, geometrical aspect ratio) and simplify its interpretation. Results obtained on two 

case studies are compared with time-history analyses to show the effectiveness of the procedure. 

 

1 INTRODUCTION 

The determination of maximum displacement demand on seismic isolation devices is a very important point to ensure 

both the effectiveness and affordability of seismic isolation systems (Kelly 1999; Warn and Whittaker 2004; Roussis et 

al. 2013). Underestimating the displacement capacity of devices can lead to the loss of their bearing capabilities resulting 

in heavy structural damages, yet excessive caution in demand estimation can lead to unjustified high costs of a system. 

Torsional and directionality effects and their mutual influence can have a major impact on the maximum displacement 

demand and the availability of effective prediction methods is a key point for effective seismic isolation design (Pant et 

al. 2013). 

International building codes allow using linear and non-linear analysis methods for design and check of seismically 

isolated structures, both new and existing. As it is known, in general considering the non-linear behaviour of structures 

implies to keep in count several aspects and phenomena, such as those inherent to structural damage and non-ductile 

mechanisms (Calvi et al. 2002; Braga et al. 2009) infills-frame interaction (Mohammad et al. 2016) rebars bond-slip 

(Laterza et al. 2017 a,b; Caprili et al. 2018, Mohammad et al. 2018), complex structure-isolation interaction in dynamic 



2 

 

conditions due to devices nonlinearity (Braga et al. 2005), and complex dynamic behavior due to irregularity and 

eccentricity in conjunction with earthquake directionality (Faggella et al. 2018). These may lead to increased modelling 

and computational effort and likely uneasy interpretation of results, making nonlinear modelling approaches often 

unpractical for day-to-day design purposes by professional engineers. In particular, for base isolated structures, the 

development of reliable linear analysis methods that take into account torsional and directionality effects with reasonable 

accuracy would greatly simplify the design and proportioning process. In fact, an inherent simplification of seismic 

isolation systems relies in the fact that they are usually designed to obtain an elastic or almost elastic behaviour of the 

structural portion that they intend to protect, with nonlinearities concentrated in the devices, whose behaviour is easier to 

predict and control. This makes seismic isolation attractive compared to other techniques that often require the nonlinear 

behaviour assessment of the whole structure (Formisano et al. 2008; Dall’Asta et al. 2017; Morelli et al. 2017; Laguardia 

et al. 2017; Formisano and Massimilla 2018; Braga et al. 2019). In general, linear analyses through the use of a proper 

linearization procedure can be performed, provided that some applicability conditions are met, as requested by the main 

international codes (CEN 2004; NTC 2008; ASCE 2010; NTC 2018). Linearization procedures reproduce the nonlinear 

behaviour of devices through an equivalent lateral stiffness, Keq, and an equivalent damping ratio, ζeq, so to determine the 

maximum displacement demand of the devices and the maximum force transmitted to the superstructure with linear 

analysis.  

Torsion of buildings due to non-symmetric or non-regular distribution of stiffness is commonly described as “natural 

torsion” (Chopra and De la Llera 1996), while other torsional effects may occur due to several additional aspects, such as 

irregular distribution of masses, torsional earthquake input component, asymmetries due to constructive errors or other 

(Koren and Kilar 2011). These effects are commonly considered as “accidental torsion” (Chopra and De la Llera 1996). 

Usually, seismic isolation systems can be designed to minimize the “natural torsion” through a proper selection and 

distribution of stiffness. Nevertheless, uncertainties about the actual distribution of masses, presence of torsional 

components of motion or unexpected behaviour of isolating devices require to consider some accidental torsional effects. 

Normally, the accidental torsional effects are taken into account by using an “accidental eccentricity”, by placing the 

centre of mass at a certain distance from its original position. In the main international codes (CEN 2004; NTC 2008; 

ASCE 2010; NTC 2018) this distance is taken as ± the 5% of the plan dimension of the building. Torsional effects can 

then be modelled by explicitly considering the accidental eccentricity in the model or, as an alternative, by applying an 

equivalent torque to the system. The first approach is more appropriate if the goal is to model the eccentricity due to 

uncertainties on mass distribution, while the second is more appropriate if the interest is in modelling the earthquake 

torsional component.  

In the literature several works have been carried out on this topic and the discussion is still open (Nagarajaiah et al. 

1993; Chopra and De la Llera 1996; Menun and Der Kiureghian 1998; Jangid and Kelly 2000; Ryan and Chopra 2004; 

Athanatopoulou 2005; Trombetti and Conte 2005; Tena-Colunga and Zambrana-Rojas 2006; Tena-Colunga and 

Escamilla-Cruz 2007; Trombetti et al. 2008; Palermo et al. 2013; Faggella et al. 2013, 2018; Basu et al. 2014; Wolff et 

al. 2014; Faggella 2014a, 2014b; Basu et al. 2015; Basu and Giri 2015; Faggella et al. 2017). In particular, (Chopra and 

De La Llera 1996) carried out a study on the dynamic response of several single-storey and multi-storey structures 

subjected to a rotational component of the earthquake, evaluating the effectiveness of the method proposed by ASCE 7 

(ASCE 2010) for the assessment of effects related to accidental torsion. The rotational component of the earthquake input 

has been calculated on the basis of recorded horizontal Ground Motions (GMs). The results obtained were in good 

agreement with the ASCE 7 method. Jangid and Kelly (2000) performed an analytical study on the effects of torsion for 

base isolated systems, providing a description of physical parameters that influence most the structural response. They 
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propose a comparison with the ASCE 7 formulation and common rules of combination (Absolute, SRSS, CQC). Palermo 

et al. (2013) conducted a careful analysis on the dynamic equation of motion of torsionally coupled elastic systems and 

developed a simplified method for predicting the maximum rotation of the system. Wolff et al. (2014) analysed the 

formulation proposed by ASCE 7 to evaluate the torsional amplification factor also through a comparison with 

experimental tests. Given the relevance of the results obtained, they suggested a change to the ASCE 7 simplified method. 

Basu et al. (2014) proposed an alternative approach for assessing the effects of the single torsional component, excluding 

the uncertainties related to the masses distribution in order to find a relationship with accidental eccentricity. Torsional 

effects related to the earthquake rotational component were evaluated analyzing the response of a structure subjected to 

concurrent rotational and translational time histories; they concluded proposing a different accidental eccentricity value, 

according to the response of the structure to the torsional component of the earthquake. Faggella (2014a, b) and Faggella 

and et al. (2017) proposed a number of “Graphic-Dynamic” methods for predicting maximum torsional displacements, 

of which the Mohr Circle response spectrum analysis is particularly suited to base isolated systems and one-way 

asymmetric systems in general. A more comprehensive Graphic-Dynamic method is formulated by Faggella et al. (2018) 

incorporating torsion and earthquake directionality under a common graphic rational prediction rule, applicable also to 

two-ways asymmetric systems. 

Beside torsional effects, a number of other works addressed the influence of bi-directional earthquake. Warn and 

Whittaker (2004) showed that, for both near fault or far fault earthquake, the formulations available in the codes did not 

provide an accurate estimate of the maximum design displacement if equivalent linear methods were used. Several other 

works followed on this topic and a complete review is given by Pant et al. (2013) who state that linear equivalent methods 

provide good accuracy in determination of maximum displacement demand in almost all cases. Further, even though it is 

beyond the objectives of this work, it should be noted that several works were carried out on near-fault effects, 

emphasizing the relevance to the maximum displacement determination (Jangid and Kelly 2001; Dicleli and Buddaram 

2007; Lu and Lin 2009). For both near fault and far fault events, it should be stressed that the uncertainty regarding the 

actual seismic demand is one of the critical aspects in the maximum displacement determination. In this sense, all the 

existing methods based on linear analyses do not consider this aspect. Therefore, there is currently no method that allows 

the designer to carry out analyses by varying the seismic demand, adapting it to the specific characteristics of the site 

through appropriate earthquake source studies and therefore modeling the seismic action with natural ground motion 

records. 

The scope of this work is to provide an analysis method based on linear elastic analyses, allowing to determine the 

maximum displacement demand of seismic isolation systems by explicitly considering the torsional and bi-directional 

earthquake loading effects and representing the seismic action through the response spectra of natural ground motions 

instead of traditional code spectra. Through an appropriate definition of an asymmetric dynamic system, this paper 

highlights the influence of the structural properties (expressed through the torsional factor Ωs) on the maximum 

displacement amplification due to torsional effects, emphasizing the limitations of the currently available international 

codes methods. Further, this displacement amplification is investigated considering a concurrent two-directional 

earthquake loading by using the CQC3 directional combination (Menun and Der Kiureghian 1998). The advantages of 

the CQC3 in assessing the maximum displacement are shown by considering the critical angle of incidence for each 

structural configuration and the influence of the ratio between the spectral accelerations adopted for the two considered 

input directions. Given the possibility of the CQC3 rule to account for different ratio of spectrum components, the 

proposed methodology can be used representing the seismic input through the response spectra of natural ground motions 

properly oriented along their principal axes, thus allowing to consider with good accuracy and completeness, the 
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uncertainties related to seismic action in an explicit way. A comparison with time-history analyses performed on two case 

studies, shows how the proposed methodology allows a very close estimate of the maximum displacement retaining the 

design-oriented practicality and reduced modeling and computational effort, requiring only an appropriate selection and 

modification of natural ground motions. 

2 EARTHQUAKE RESPONSE OF TORSIONALLY COUPLED STRUCTURES 

2.1 Uni-directional earthquake loading 

The problem of an asymmetric isolated structure subjected to mono-directional earthquake loading is investigated 

highlighting the theorethical aspects of the structural response for torsionally coupled systems. 

Torsional effects depend primarily on the mass and stiffness distribution of the system, and on the characteristics of the 

seismic action. One of the most significant parameters governing the seismic behaviour of buildings is the torsional factor 

Ωs, which represents the ratio between the purely translational and purely torsional modal periods of the structure. The 

dynamic problem of a system with two degrees of freedom and subjected to a single-component earthquake is formalized 

to explicit the definition and the influence of Ωs. In Fig. 1 a generic asymmetric dynamic system is represented, with an 

eccentricity ex between the centre of mass G and the centre of stiffness K. Such eccentricity likely results in a torque 

acting on the system, as shown in Fig. 2. By considering the centre of mass as the origin of the system and the two degrees 

of freedom, uy and uθ, as the translation in the y-direction and rotation about the z-axis, respectively, with the assumption 

of equal stiffness and equal masses of the system along X and Y directions, rigid diaphragm behaviour and small rotations 

uθ, the dynamic problem is governed by the following equations: 

𝟎 =  𝑭𝒎 + 𝑭𝒆 = 𝑴�̈� +  𝑲𝒖 (1) 

𝒖 =  {
𝑢𝑦

𝑢𝜃
} (2) 

𝑭𝒎 = 𝑚 [
1 0
0 𝜌2] {

�̈�𝑦

�̈�𝜃
} (3) 

𝑭𝒆 = 𝐾𝑦 [
1 𝑒𝑥

𝑒𝑥 𝑒𝑥
2 + 𝜌𝑦

2] {
𝑢𝑦

𝑢𝜃
} (4) 

where Fm is the vector of inertial forces, Fe  is the vector of elastic forces, M is the mass matrix, K is the stiffness matrix, 

m is the total translational mass of the system, Ip is the rotational mass, is the mass gyrator, Ky is the total 

translational stiffness of the system, Kθ is the total torsional stiffness, is the stiffness radius in the y-

direction.  

I mp 

y yK K 
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Fig. 1 Asymmetric dynamic system with eccentricity between the centre of mass G and the centre of stiffness K 

 

 

 

Fig. 2 Representation of seismic forces acting on a generic asymmetric dynamic system with eccentricity between the 

centre of mass G and the centre of stiffness K  

 

By dividing and multiplying the second row by ρ, the equations of motions (Eq. 4) can be expressed as follows 

(Faggella 2014a) 

𝑰�̈�𝝆 +
1

𝑚
𝑲𝒑𝒖𝝆 = 𝟎 (5) 

1

𝑚
𝑲𝒑 = 𝜔𝑦

2  [
1 휀𝑥

휀𝑥 𝑞2] (6) 

where: ωy is the circular frequency of the translational mode for an idealized non-eccentric structure,   is 

the coupled stiffness radius, is the normalized coupled stiffness radius,  is the 

dimensionless eccentricity,  is the torsional factor of the non-eccentric system and is 

the vector of equivalent translational degrees of freedom. 

From the theoretical model shown above, it is clear that the structural response is strictly related to the Torsional factor 

Ωs, which is a characteristic parameter of the uncoupled structure. Generally, when Ωs>1 structure is defined as 

torsionally-rigid, while when Ωs<1 the structure is called torsionally-flexible. 

2 2

x yd e  

2 2

x sq d     x xe 

s y   [ ]T

yu u u  
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In order to study the free vibration with no damping of the structural system described through Eq. 5 and Eq. 6, the 

modal properties of the system are obtained by solving the following eigenproblem 

[
1

𝑚
𝑲𝒑 − 𝑰𝜔2 ] 𝝓 = 𝟎 (7) 

where 𝝓i are the eigenvectors solution to the problem and ωi are the eigenfrequencies. 

The circular frequencies of the i-mode, ωi, and the dimensionless frequencies of the i-th mode, αi, can be expressed as 

follows 

𝛼1,2 =
𝜔1,2

2

𝜔𝑦
2

=
1

2
(1 + 𝑞2) ∓  √(

1 − 𝑞2

2
)

2

+  휀𝑥
2

 

 
(8) 

Alternatively, the periods of the two modal shapes, Ti, can be expressed as follows  

𝑇1 =
𝑇𝐿

√1
2

(1 + 𝑞2) −  √(
1 − 𝑞2

2
)

2

+  휀𝑥
2

 

 

𝑇2 =
𝑇𝐿

√1
2

(1 + 𝑞2) + √(
1 − 𝑞2

2
)

2

+ 휀𝑥
22

 

 

 

(9) 

where TL is the period of the uncoupled system. 

The eigenvectors are obtained imposing the condition that at least one component of each vector is unitary  

𝝓𝒊 =  [
𝜙𝑖1

𝜙𝑖2
] (10) 

𝝓𝟏 =  [

휀𝑥

𝛼1 − 1 
1

] 

 

(11) 

𝝓𝟐 =  [

휀𝑥

𝛼2 − 1 
1

] (12) 

Using the same notations, the modal contribution factors,  can be expressed as follows 

�̅�1 =
1

1 +  (
𝛼1 − 1

휀𝑥 
)

2 

�̅�2 =
1

1 +  (
𝛼2 − 1

휀𝑥 
)

2 

 

(13) 

 Once the properties are known of the free vibration system in terms of modal shapes and frequencies, the structural 

earthquake response can be determined by using the response spectrum method with the SRSS or CQC modal combination 

rules. 

In the case of SRSS the maximum displacement of the center of mass,is determined as 

iM
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𝑢𝐺,𝑆𝑅𝑆𝑆 = √∑ 𝑢𝐺,𝑖
2

2

𝑖=1

 =  √𝑢𝐺,1
2 + 𝑢𝐺,2

2  

 

(14) 

𝑢𝐺,𝑖 = 𝑆𝑑𝑖
(𝑇𝑖)𝑀𝑖

̅̅ ̅ 

 

(15) 

where: uG,i is the maximum displacement of the center of mass of the i-th modal shape, Ti is the period of the i-th 

modal shape, Sdi(Ti) is the spectral displacement for a period Ti. 

Alternatively, the maximum displacement of the center of mass can be determined through the CQC combination rule  

𝑢𝐺,𝐶𝑄𝐶 = √∑ ∑ 𝜌𝑖𝑗

2

𝑗=1

𝑢𝐺,𝑖𝑢𝐺,𝑗

2

𝑖=1

 =  √𝑢𝐺,𝑆𝑅𝑆𝑆
2 + 2·𝜌12𝑢𝐺,1𝑚𝑎𝑥 ∙ 𝑢𝐺,2𝑚𝑎𝑥 

 

(16) 

where 𝜌𝑖𝑗  is the correlation factor between i-th and j-th mode expressed as a function of damping coefficients 𝜉𝑖 and 𝜉𝑗  

and modal frequencies ratio 𝛽𝑖𝑗 =
𝜔𝑖

𝜔𝑗
=

𝑇𝑗

𝑇𝑖
  : 

𝜌𝑖𝑗 =  
8√𝜉𝑖𝜉𝑗( 𝜉𝑖 +  𝛽𝑖𝑗𝜉𝑗)𝛽

𝑖𝑗

3
2  

(1 − 𝛽𝑖𝑗
2 )

2
+ 4𝜉𝑖𝜉𝑗𝛽𝑖𝑗(1 + 𝛽𝑖𝑗

2 ) + 4(𝜉𝑖
2 + 𝜉𝑗

2)𝛽𝑖𝑗
2

 
(17) 

The maximum displacement of a generic point P of the system can be determined through CQC and SRSS combination 

rules once the position of the rotation centre Ci of the i-th mode, xc,i is defined, and the displacement of point P for each 

mode, up,i, 

𝑥𝑐,𝑖 =
𝑒𝑥

1 − 𝛼𝑖

 (18) 

𝑢𝑃,𝑖(𝑥) = −𝑆𝑑𝑖𝑀𝑖
̅̅ ̅ (

𝑥

𝑥𝐶𝑖

− 1) (19) 

𝑢𝑃,𝑆𝑅𝑆𝑆(𝑥) =  ∑ √𝑢𝑃,𝑖𝑚𝑎𝑥
2 (𝑥) + 𝑢𝑃,𝑗𝑚𝑎𝑥

2 (𝑥)

𝑖

 (20) 

𝑢𝑃,𝐶𝑄𝐶(𝑥) = ∑ √𝑢𝑃,𝑖𝑚𝑎𝑥
2 (𝑥) + 𝑢𝑃,𝑗𝑚𝑎𝑥

2 (𝑥) + 2·𝜌𝑖𝑗𝑢𝑃,𝑖𝑚𝑎𝑥(𝑥) ∙ 𝑢𝑃,𝑗𝑚𝑎𝑥(𝑥)

𝑖

 (21) 

where: x is the coordinate of the generic point P. 

2.2 Maximum displacement amplification factor 

In order to determine the influence of the torsional effects, the maximum displacement ratio between eccentric and non-

eccentric system, namely the torsional amplification factor Rw, is defined as  

 (22) 

Where uec is the displacement of the eccentric system, obtained through Eq. 20 or Eq. 21 and uNec is the displacement 

of the non-eccentric system. 

Fig. 3 shows the amplification factors for an eccentric system subjected to a single-component earthquake. The 

maximum amplification factors of the stiff and flexibleside of the system, as depicted in Fig. 1, are shown with solid and 

ec
w

Nec

u
R

u
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dashed lines, respectively. The results obtained through SRSS and CQC modal combinations are compared with the 

amplification factors provided in some international codes, such as NTC (2008) and ASCE (2010) and in Wolff et al. 

(2014).  

 (23) 

 (24) 

 (25) 

where: 𝛿𝐸𝐶  is the amplification factor obtained through NTC (2008), 𝛿𝐴7  is the amplification factor obtained through 

ASCE (2010) and 𝛿𝐴7𝑚   is the amplification factor proposed by Wolff et al. (2014), rx
2 is the torsional radius of the system, 

y is the distance from the center of stiffness, b and d are the plan dimension of the system.  

It can be notice that simplified formulations provide conservative estimates of maximum displacement at the stiff side, 

with the exception of torsionally-flexible systems (Ωs<1) with ex=5% and ζ<10%. As for the flexible side, all the 

simplified formulations underestimate the maximum displacements in the case of torsionally-rigid structures (Ωs>1). 

Specifically, the method proposed by NTC (2008) and by Wolff and Constantinou (2014) provide lower amplification 

factor than method proposed herein in almost all the analysed cases, while the method proposed by ASCE (2010) only 

for 1<Ωs<1.5 and ζ<10%.   
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Fig. 3 Amplification factor RW for eccentric systems subjected to single-component earthquake, evaluated with CQC 

combination for the stiff side (SS) and the flexible side (FS) for several values of equivalent damping ξ 
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2.3 Bi-directional earthquake loading 

For practical design purposes, all the three seismic component, two horizontal and one vertical, should be taken into 

account. The combination rules commonly suggested in the international codes are the SRSS or, as an alternative, the 

100-30 combination rule (Wilson et al. 1981). These combination rules don’t allow to take explicitly into account the 

directionality effects and the actual ratio between the two seismic component.  

In order to consider these effects, the CQC3 combination rule (Menun and Der Kiureghian 1998) is adopted here. This 

combination rule take into account the incidence angle of the earthquake on the building, θ, and the ratio of principal 

seismic components in the horizontal direction, γ. The maximum effect, Rmax, is obtained by combining the maximum 

effects obtained through simple single-direction dynamic analyses for each direction of loading j, Rj, then combined 

through the following expressions 

   
2

2 2 2 2 2 2 2

max 1 2 3 1 2 122

1 1
1 sin 2 sin cosR R R R R R R


   

 

   
         

   
 (26) 

𝛾 =  𝑆2𝑖/𝑆1𝑖 (27) 

where: Rm is the response obtained through Eq. 21 for the m-th component of the earthquake, Rml is the cross term of the 

response between m-th and l-th direction as defined in (Menun and Der Kiureghian 1998) and Smi is the spectral ordinate 

of m-th direction for the i-th period. 

As an alternative, Eq. 26 can be expressed, as suggested by Menun and Der Kiureghian (1988), as follows   

2 2 2 2 2 2 2 2 2 2

1 2 3 1 2 12( ) (1 )( )sin 2(1 ) sin cosR R R R R R R              (28) 

where and are the response obtained by considering the l-th component of the earthquake acting along the m-th 

direction (i.e. 2 2R R  and 12 12R R ) 

In general, the angle that maximizes the response is unknown, however, by differentiating Eq. 28 with respect to theta, it 

is possible to identify the critical angle, θcr, for which each effect is maximized, in the following way 

 (29) 

It should be stressed that the γ coefficient is intended to be constant between the two horizontal components in Eqs. 27-

29. Therefore, the assessment of such coefficient is straightaway if code spectra are used, while some assumptions need 

to be made for the assessment of such coefficient by using the spectra of natural recorded GMs, as it is discussed later in 

the numerical examples of section §4. As an alternative, some rules for the general case of  different spectral shape may 

be found in (Smeby and der Kiureghian 1985; López and Torres 1997).When two-directional earthquake loading is 

considered, the eccentricity should be taken into account in two directions, namely 𝑒𝑥   and 𝑒𝑦   shown in Fig. 4(a). Ryan 

and Chopra (2004) showed how this system can be reduced to a system with a single resulting eccentricity 𝑒𝑥
′ = √𝑒𝑥

2 + 𝑒𝑦
2 

through a rotation of the reference system, as shown in Fig. 4(b). The other dynamic properties of the system are not 

affected by this rotation, in the hypothesis that the isolating system stiffness is the same in both directions. Thus, the two-

way dynamic system of Fig. 4(a) can be solved as a single-way dynamic system with equivalent one-way eccentricity 𝑒𝑥
′  

through the procedure and the expressions described in the previous paragraph. 

mlR mR

1 12

2 2

1 2

2
0.5tancr

R

R R
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Fig. 4 Dynamic system with two-ways plan eccentricity with earthquake loading acting along x’ and y’; single-way 

eccentric system with earthquake acting along the x and y directions. 

By using the equivalent single-way eccentric system defined in Fig. 4, the displacement of the system with the CQC3 

rule can be determined through Eq. 28. In order to assess the maximum demand on isolators, the resultant displacement 

is needed. Herein, such maximum demand is determined as the resultant of the two maximum displacement obtained 

along two orthogonal direction (e.g. ux and uy), assessed by considering the same angle of incidence, θ, for both.  

In Fig. 5 are shown the Rw values calculated as the ratio between the maximum resultant displacement of the eccentric 

system subjected to two-components input and the maximum displacement of the idealized non-eccentric system 

subjected to single-component input for different values of the eccentricity, ex, and different values of the maximum ratio 

between input components, γ. The trends are very similar to the ones obtained through monodirectional analyses, with a 

slight amplification on the stiff side for the torsionally-flexible systems (Ωs<1) and on the flexible side for torsionally-

rigid systems (1<Ωs<1.4). The absolute values of Rw are sensibly higher, as an example for ζ=10%, L/B=1 and ex=5%, 

the amplification factor is about 1.15 for monodirectional earthquake (see Fig. 3), while in the same conditions it assume 

values from 1.32 (γ=0.2) to 1.64 (γ=1) by considering bi-directional earthquake (Fig.5).  

It should be observed that the high difference between bi-directional and monodirectional analyses is partially due to 

the assessment of the resultant displacement of two non contemporary maximum effects, even if assessed by considering 

the same angle of incidence, θ. In this regard, Clough and Penzien (1993), by using a probabilistic approach, suggest to 

amplify the results of monodirectional analyses by a factor of 1.12 (for γ=0.85) and 1.18 (for γ=1), providing lower 

maximum displacement in respect to those obtained herein  
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Fig. 5 Amplification factor RW for eccentric systems subjected to bi-component earthquake, evaluated with CQC3 

combination for the stiff side (SS) and the flexible side (FS) and several values of equivalent damping ξ 
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3 PROPOSED METHOD FOR MAXIMUM DISPLACEMENT DETERMINATION 

The results described in section §2.2 and §2.3 point out that simplified methods available in the main international 

codes may not yield an accurate estimate of torsional effects for both single-direction and two-directions earthquake 

loading. In general, Time History (TH) dynamic analyses allow to highlight such inconsistencies and to improve the 

maximum displacement determination, however, performing TH analyses is not often viable in practical design 

conditions. Therefore the need emerged to develop a design method based on elastic linear analyses with an explicit 

modeling of the system eccentricity, which can comprehensively keep into account the torsional effects and the different 

ratio of input components, to correctly estimate the displacement amplifications due to two-direction earthquake loading.  

To this goal, the method proposed herein can provide an improved demand estimate while retaining the use of the 

CQC3 combination rule, as discussed in section §2.3, joined with a representation of seismic action through response 

spectra of natural ground motions. This can provide a realistic estimate of the ratio between input components and allows 

to keep into account the specific seismic characteristics of the site, thus overcoming the limitations of design code spectra 

(Somerville 1998). Overall the method can yield a reliable assessment of maximum displacement including a higher level 

of information and model variables, yet retaining the simplicity of elastic linear analyses without the need to perform 

computationally intensive TH analyses. 

3.1  GMs selection and determination of ground motions principal directions 

The GMs records selection has a great impact on the final displacement computation, as described in the scientific 

literature in a number of available approaches for selecting and scaling ground motions records (Baker and Allin Cornell 

2006; Baker and Cornell 2006; Faggella et al. 2013; Kohrangi et al. 2016; Faggella et al. 2016; Morelli et al. 2018). 

Nevertheless, there is no commonly recognized optimum method and, in general, the most commonly recommended 

strategy is to choose on a case-by-case basis, depending on the different design objectives. To correctly apply the proposed 

method, beside the GMs compatibility with earthquake source magnitude-distance and spectrum matching rules, it is of 

great interest to highlight some aspects regarding the assessment of the ratio between GMs components, or rather about 

the γ ratio to be used in Eq. 28. As known, the GMs are recorded according to two arbitrary axes, commonly positioned 

alongside east-west and north-south directions. The ground motion incidence angle at a certain site is unknown and then, 

in general, the two records are correlated to each other. This means that the use of ground motions “as-recorded” is 

inappropriate to determine the correct γ ratio. This problem was firstly analyzed by Penzien and Watabe (1974) who 

proposed to manipulate the records in order to determine the principal direction, defined as the direction where the 

correlation between the two components is null, in analogy with what commonly done for the stress states. 

Limiting the interest to the two horizontal components, the principal directions are the directions along which, once 

the two horizontal records are projected, the correlation of the two histories is null (Rezaeian and Der Kiureghian 2010): 

𝜌𝑎1(𝑡),𝑎2(𝑡) =
∫ 𝑎1(𝑡)𝑎2(𝑡)𝑑𝑡

𝑡2

𝑡1

√∫ 𝑎1(𝑡)2𝑑𝑡 ∫ 𝑎2(𝑡)2𝑑𝑡
𝑡2

𝑡1

𝑡2

𝑡1

 (31) 

where ρ is the correlation factor, ai(t) is the acceleration of the i-th component at time t, tj are the extremes of the time 

interval analysed. 

The two horizontal components projected on the principal axes are defined as “principal” and “intermediate” (in the 

assumption that the “minor” component is vertical, as likely for the most cases). 
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3.2 Maximum displacement determination procedure 

On the basis of what already shown about the structural response computation and ground motions selection, the 

maximum displacement of an isolating system considering torsional effects can be determined through the procedure 

depicted in Fig. 6, according to the following steps: 

Step 1 - Definition of the isolation system: 

Calculation of the normalized coupled stiffness radius, q, and the dimensionless eccentricity, εx, by the means of 

translational and rotational masses (m, Iρ), translational and rotational stiffness (Ky, Kθ) and system eccentricity 

(e’x=√𝑒𝑥
2 + 𝑒𝑦

2) as described in Section §2.1 

Step 2 – Modal analysis of the system: 

Determination of the modal periods, Ti, the modal participation factors, , and the rotation centres, xc,i, of each 

modal shape through Eq. 9, Eq. 13 and Eq. 18, respectively. 

Step 3 – Ground motions selections and principal direction: 

Selection of a ground motions set and determination of principal direction as described in section §3.1. Determination 

of the spectral accelerations, Sd,k(Ti), and the γ,k ratios the between principal and intermediate components for each 

ground motion. 

Step 4 – Modal response: 

Determination of the response due to the mode i for the earthquake acting along the direction h, up,ih, through Eq. 19. 

Step 5 – Critical angle: 

Determination of θcr, for the considered effect through Eq. 29. 

Step 6 – Maximum displacement: 

Determination of maximum displacement, Rmax,k, for the k-th GM through Eq. 28. 

 

 

 

iM
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Fig. 6 Flowchart of the proposed procedure 

 

4 CASE STUDY APPLICATIONS 

The proposed procedure has been applied to two case studies, a first simpler case study characterized by high regularity, 

and a second, more complex, which is a real newly designed seismically isolated hospital building in Italy in the site of 

Lagonegro. The first case study will show and compare the results obtained with monodirectional and bidirectional 

analyses in order to highlight the main features of the procedure, while the second case study will be used to show the 

effectiveness of the procedure even in presence of complex seismic isolation systems of irregular structures. 
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For both case studies the results of the procedure will be compared with dynamic time-history analyses performed with a 

set of 7 GMs selected for the design of the Lagonegro hospital (Lat 40.13, Lon 15.76). The GM histories have been 

extracted from a bin of records with a limited interval of magnitude (6<Mw<7.5) and source distance (0<R[km]<40) in 

order to respect the seismic source properties of the site while, due to the rarity of records with such characteristics, it was 

not possible to select records with a single fault mechanism. The selected records have been scaled in order to obtain the 

spectrum-matching on the code spectrum for a probability of exceedance of 5% in 100 years requested by the Italian code 

(NTC 2008) for rock soil and then modified to account for local site effects. The scaling factor are chosen in order to 

obtain the spectrum-matching of the mean spectra of only one component of the selected ground motions records, then 

the second component is scaled by the same factor in order not to alter the spectral acceleration ratio between horizontal 

components. Afterwards, each ground motion record has been rotated along the principal axes through the procedure of 

section §3.1.  The selected records and their properties are shown in Table 1 and Table 2. It should be emphasized that, 

due to the use of gagged spectra of natural ground motions, the assessment of γ ratio should be carefully performed 

because it may significantly change even by considering slightly different periods. 

In the following examples, with the aim of showing the simplest application of the procedure, the γ coefficient in 

correspondence of the purely translational period of the system is used, however, based on the dynamic characteristics 

of the various application cases, a γ coefficient assessed in correspondence of other spectral ordinates, or an average 

coefficient in a significant interval of periods, could be used. Furthermore, some differences in the determination of the γ 

parameter can be obtained by further manipulation of the accelerograms (such as the use of conditionally simulated 

ground motions with the use of phase spectra or random phases), however, these evaluations go beyond the scope of this 

work and are not treated here. In Fig. 7(a) and Fig. 7(b) are shown the records spectra of principal and intermediate 

components respectively, and in Fig. 7(c) is shown the comparison between the mean spectra of principal and intermediate 

components. It should be noted that the spectral ordinates of the principal components are significantly higher than the 

intermediate only for high frequencies (i.e. T<1s) while the two mean spectra are very similar for the spectral ordinates 

of interest for seismic isolating systems (i.e. T>1s). 

Table 1 GMs records characteristics 

Database 
Station 

name 

Earthquake 

name 
Date Mw 

Fault 

mechanism 

Epicentral 

distance 

[km] 

Waveform PGA[g] 

EC8 

site 

class 

ESD Gebze 
Izmit 

(Turkey) 
17/08/1999 7.6 strike slip 47 

001228XA 0.238 
Rock 

001228YA 0.135 

ESD Izmit 
Izmit 

(Turkey) 
17/08/1999 7.6 strike slip 9 

001231XA 0.161 
Rock 

001231YA 0.224 

ESD Bingol 
Bingol 

(Turkey) 
01/05/2003 6.3 strike slip 14 

007142XA 0.497 
Rock 

007142YA 0.311 

ESD Ulcinj Montenegro 15/04/1979 6.9 thrust fault 5 
000198XA 0.18 

Rock 
000198YA 0.22 

PEER-

NGA 
IWT010 Iwate (Japan) 13/06/2008 6.9 reverse 23 

5618-EW 0.289 
A 

5618-NS 0.226 

PEER-

NGA 
IZMIT 

Kocaeli 

(Turkey) 
17/08/1999 7.5 strike slip 5 

1165-090 0.23 
A 

1165-180 0.165 

PEER-

NGA 
VASQUEZ 

Northridge 

(USA) 
17/01/1994 6.7 reverse 38 

1091-000 0.151 
A 

1091-090 0.139 
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Table 2 GMs records, rotation angle of principal components, β, scale factors and PGA of scaled principal components 

Waveform β[°] 
Principal 

Components 
S.F. PGA[g] γ(T=3s) 

001228XA 
63.08 

001228_pr 
1.908 

0.309 
0.647 

001228YA 001228_im 0.676 

001231XA 
83.63 

001231_pr 
2.025 

0.575 
0.788 

001231YA 001231_im 0.425 

007142XA 
10.29 

007142_pr 
0.913 

0.555 0.605 

 
007142YA 007142_im 0.390 

000198XA 
34.91 

000198_pr 
2.064 

0.482 
0.934 

000198YA 000198_im 0.748 

5618-EW 
29.95 

5618_pr 
1.573 

0.552 
0.610 

5618-NS 5618_im 0.472 

1165-090 
5.62 

1165_pr 
1.972 

0.572 
0.623 

1165-180 1165_im 0.413 

1091-000 
88.97 

1091_pr 
3.006 

0.547 
0.822 

1091-090 1091_im 0.711 

 

 

   
(a) (b) (c) 

Fig. 7 GMs spectra of the principal component (a), intermediate components (b), and comparison of mean spectra of principal and 

intermediate components (c). 

 

4.1 Case study 1, example base isolated structure. 

The first case study structure is characterized by a geometric ratio L/B=1, a Torsional factor Ωs=1, an eccentricity ex=5%, 

an equivalent damping ζeq=10%, and equal stiffness in the X and Y direction with a structural period of translational and 

rotational mode of the non-eccentric system T=3s. In Fig. 8 is represented the case study 1 with the considered 

configuration for the position of the center of mass in the case of monodirectional analyses (Fig. 8 left) or bidirectional 

analyses (Fig. 8 right). 

 



18 

 

   

Fig. 8 Representation of case study 1 with eccentricity considered for monodirectional analyses (left) and for bidirectional analyses 

(right). 

A number of time-history analyses have been performed using first only the “principal” components of the GMs set and 

rotating the records by an interval of 15° in order to change the angle of incidence of the record. The results are compared 

with those obtained through the Eq. 28 by considering different θ angles and γ=0. The analyses were conducted using 

Sap2000 (Computers and Structures Inc. 2015), modeling the isolator devices with a linear spring (K=1275kN/m) and a 

damper (c=1943kN/m). In Fig. 9 are shown the displacements, u,in the X-direction (UCQC3) and the displacements, v,in 

the Y-direction (VCQC3) for six different points of the system shown in Fig. 8 (i.e. I1, I2, I4, I13, I14 and I16). A good 

agreement can be seen between the results of time history analyses and the proposed method, both in terms of absolute 

values and critical angle of incidence. For the X-direction the maximum displacement is about 30cm for a critical angle 

of incidence included between -7° and +7°. The displacement in the Y-direction instead, varies significantly from the stiff 

side of the system (I4 and I16) where it is about 26cm at the flexible side, with maximum displacement over 34cm. By 

considering that the displacement of the non-eccentric system is 30cm, the observed results are coherent with the 

maximum amplification factor shown in Fig. 3 which is about 1.15 for L/B=1 ζ=10% and Ωs=1. 
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Fig. 9 Directional analyses with single-component earthquake, maximum values of the u, v displacement components 

evaluated through CQC3 analyses (solid lines) and compared with results of time history analyses (Dashed lines). 

     In Fig. 10 are shown the results of bi-directional analyses executed on the case study structure of Fig. 8, by considering 

a bidirectional earthquake loading and an eccentricity of 5% in both X and Y direction as shown in Fig. 8 right. Both 

“principal” and “intermediate” records of the set have been used for TH analyses while the γ ratio (evaluated for each 

couple of records for the pure translational period of the system (i.e. T=3s) (Table 2)) has been used in the Eq. 28 in order 

to assess the maximum displacement through linear analyses. The results show a good agreement between the two 

analyses in terms of absolute values, with a maximum displacement of 41.5cm for linear analyses and 42 cm for TH 

analyses. A slightly difference can be observed about the critical angle of incidence which is zero for linear analyses while 

it is about 25 degrees for TH analyses.  

The parameter of interest for the design of seismic isolation systems is, however, the maximum resultant displacement 

at each device. In Fig. 10 are shown the values of the maximum vector sum displacements obtained from TH analyses 

and from the proposed procedure. It can be seen that the proposed method tends to slightly overestimate the maximum 

displacement of about 15% in almost all the cases, since maximum displacements u and v computed through linear 

analyses are not contemporary and their resultant is quite conservative, as already observed in section §2.3, if compared 

with TH analyses results.  

   

   
 

Fig. 10 Directional analyses with two-components earthquake, maximum values of the u, v displacement components 

evaluated through CQC3 analyses (solid lines) and compared with results of time history NL (dashed lines) 
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Fig. 11 Maximum resultant displacement w obtained through CQC3 combination (solid lines) and nonlinear time 

history analyses (dashed lines) 

4.2 Case study 2, base isolated Lagonegro Hospital, Italy. 

This case study is a newly designed isolated structure, intended for hospital use. It is characterized by a significant 

plan dimension (200x104m at the foundation level) and a number of stories variable from 2 and 8, as shown in Fig. 12 

and in Fig. 13 from the transversal section of the Lagonegro hospital building, with max dimension of 112m. The 

isolation system is characterized by 353 devices of which 247 elastomeric bearing, 53 flat sliders and 53 dissipators, 

whose plan distribution is shown in Fig. 14. The flat sliders are modeled through a friction element, the dissipators are 

modeled with an elastoplastic behaviour while the elastomeric bearing are modeled with a viscoelastic model with various 

stiffness and damping coefficients based on the bearings dimensions, and the characteristics of the different devices 

adopted are shown in Table 4. The linear equivalent characteristics of the system are shown in Table 3 by considering an 

action level with a probability of exceedance of 5% in 100 years. 

 

 

 

 
Fig. 12 Longitudinal section of the Lagonegro Hospital building, with max dimension of 200m 

 

  

 
Fig. 13 Transversal section of the Lagonegro hospital building, with max dimension of 112m 
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Table 3 Lagonegro hospital, total weight of building, W, Period, Teq, Spectral acceleration, Se(g), Equivalent lateral 

stiffness, Kesi, and equivalent damping, ζesi, of the isolation system  

Total weight of building (kN) W 1115321 

Teq(s) Se(g) Kesi 

(kN/mm) 

ξesi(%) 

2.715 0.142 695.7 21.1 

 
 

 

Fig. 14 Plan pattern of devices and response control points of the isolation system  

Table 4 Characteristics and modeling parameters for the devices of the seismic isolation system of the Lagonegro hospital 

building 

Tag Type K[kN/mm] c[kNs/m] μ[%] Fy[kN] dy[mm] 

A1 Elastomeric 1.4       136.4  / / / 

A2 Elastomeric 1.8       154.7  / / / 

A3 Elastomeric 2.4       178.6  / / / 

A4 Elastomeric 2.9       196.3  / / / 

A5 Elastomeric 3.6       218.8  / / / 

C1 Friction / / 2 / / 

D1 Elastoplastic / / / 640 10 

 
For each of the 4 control points shown in Fig. 14 the maximum displacement obtained with the proposed method 

based on linear analyses is compared with that obtained via Non-Linear (NL) time history analyses. The agreement 

between the two methods is good for the points P1 and P2 while the simplified method is slightly conservative for the 

point P3 and P4. Some differences were observed for the P3 point, in particular the simplified method provides a 

displacement of 34.6cm while the NL analyses gives a maximum displacement of 31.2cm with an overestimate of the 

first of about 11%.  

These results indicate that the proposed method is viable and effective even in the case of a complex structure, due to 

its good agreement with NL analyses. Further, the overestimation of the maximum displacement compared with NL 

analyses shown in this case is not higher than the one observed for the simpler case study 1, and in particular, in this case, 
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with a higher complexity and practice relevance, the overestimate is lower than 10% and practically tolerable for the 

design purpose. 

  

 

Fig. 15 Maximum resultant displacement obtained through NL dynamic analyses (average) and through the proposed 

method at the control point P1, (left), and P2 (right) 

  

 

Fig. 16 Maximum resultant displacement obtained through NL dynamic analyses (average) and through the proposed 

method at the control point P3 (left), and P4 (right) 

 

5 CONCLUSIONS 

This work proposed a method for predicting the maximum displacement of seismic isolation systems by using elastic 

linear analyses and by modeling the seismic action through natural ground motions response spectra. The method allows 

keeping into account the displacements amplification due to torsional effects by explicitly considering the eccentricity 

between centers of stiffness and mass in the dynamic response, through a specific representation of the dynamic properties 

of the system. Based on the CQC3 combination rule for bidirectional earthquake loading, the method allows to properly 

account for some aspects regarding the seismic action that are commonly neglected, which  have a significant importance 

on the final displacement assessment, such as the directionality effects, by evaluating the critical angle of incidence of 
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the earthquake, and the specific ratio of ground motion components using natural ground motions response spectra. The 

comparison with the already available design methods of main international seismic codes show how such methods are 

often inaccurate, in particular when bi-directional earthquake loading is considered, leading to unrealistic maximum 

displacement estimates. The comparison of results obtained through TH analyses on case studies has shown a very good 

agreement in terms of maximum response prediction with the proposed method, both for simple and more complex 

structures. In particular, for the realistic case study structure of the Lagonegro hospital building, the proposed method 

leads to a maximum displacement of 11% higher than that obtained via the NL dynamic analyses. In conclusion, the 

proposed method allows a reliable prediction of maximum displacement demand of seismic isolation systems through 

simple linear elastic analyses compared to more complex and computationally intensive time history analyses. This 

features make it useful for design and proportioning seismic isolation systems, providing more accurate predictions 

compared to current code-based simplified formulations.   
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