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A B S T R A C T

In this paper a multiperformance optimization procedure to design dissipative bracing systems controlling the
structural performance while minimizing the intervention cost is proposed. The procedure allows dimensional
and topological optimization of bracing, considering inelastic behaviour of braced structures through properly
developed visco-elastic equivalent linearization schemes. The structural behaviour is controlled through con-
straint functions on interstory drift ratio (IDR) while the intervention cost is explicitly encountered by consider-
ing real costs that mainly influence it. The procedure is suitable for both new and existing structures, however
the objective function is specialized on typical costs of retrofit interventions. A numerical example on a mul-
tistory frame has been developed in order to show the effectiveness of the procedure to provide the optimal
characteristics and arrangement for the braces, while the suitability of linear equivalent schemes to predict the
structural response is investigated through Nonlinear dynamic analyses. Further, a comparison of the estimated
intervention costs by asking for different performance levels is performed, showing how the proposed objective
function is able to help the designers to identify the ideal performance levels and acceptance criteria to reduce
the cost-benefit ratio.

1. Introduction

The scientific interest on the seismic protection of existing buildings
is continuously growing in these years, mainly due to the need of adapt-
ing the existing retrofit design methodologies to the modern approaches
based on seismic risk assessment. In the recent years many seismic
events hit densely populated areas (L’Aquila 2009, Italy; Christchurch
2011, New Zealand; Tohoku 2011, Japan; Emilia 2012, Italy; Centro
Italia 2016, Italy), causing very high economic losses, besides fatal-
ities and injuries [1–5]. The reconstruction costs of damaged build-
ings have been very high [6–8] and in some cases non-sustainable by
communities [9]. Such relevant sequence of seismic events has shown
up the inadequacy of the existing building heritage and the conse-
quent need of extensive retrofit interventions or demolition and recon-
struction. The lack of financial capacity for both public and private
investments lead to the need of developing decision making tools to
help authorities and stakeholders to assume decisions through risk as-
sessments. For these reasons, in the recent years, new methodologies
based on seismic risk assessments are substituting traditional perfor-
mance based approaches [10–13]. The aim of seismic risk assessment
is to estimate the economic losses during the lifecycle of an asset (i.e.,
building, bridge, productive activity, infrastructure, city, country etc.).

From a practical point of view, in the case of buildings, this usually
means the calculation of structural response and consequent economi-
cal losses due to events with several frequencies of occurrence. In this
logic, a retrofit intervention is profitable only if its cost is adequately
proportional to the foreseen reduction of damages, in other words, the
choice of type and properties of retrofit interventions should be made by
explicitly considering the cost-benefit ratio. With this aim, a design pro-
cedure able to control both structural response for several action levels
and intervention cost is needed, also due to the lack of methodologies
aimed at controlling both these aspects at the same time.

The development of a design methodology with these features is fea-
sible, in general, with several intervention techniques, however, brac-
ing intervention has the advantage of being broadly adaptable to any
performance request and it is therefore one of the most suitable tech-
nique to find an optimal trade-off between invasiveness (even in terms
of cost) and structural performances. Retrofit interventions through
bracing elements allow to stiffen the structural behaviour and to re-
duce the demand on the structural elements that need to be protected.
Traditional design strategies aim to reduce such demand below dam-
age thresholds, even for ultimate limit states action levels. As an al-
ternative, design strategies that admit low or null damage for ser-
vice limit states and moderate damages for higher action levels can be
adopted. Therefore, through an appropriate selection of acceptance cri
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Fig. 1. Brace configuration: (a) Brace sketch, Li is the length of the brace, L1i is the length of the steel truss, L2i is the length of the dissipative device; (b) Monotonic force-displacement
relationship, is the stiffness of the steel truss and Es is the elastic modulus of the steel.

Fig. 2. Sketch of the force-displacement relationship expressed through the independent
variables.

teria for the engineering demand parameters, it is possible to define an
intervention balanced in terms of invasiveness and effectiveness, that
can also avoid the need of local intervention reinforcements.

In the recent years, many new retrofit techniques and technolo-
gies based on stiffening and energy dissipation have been developed
[14–16] highlighting the strong interest on this technique which allows
to work on limited portions of the structure with low invasiveness. Be-
cause of its high potentiality, numerous design procedures and method-
ologies are available in the scientific literature for bracing systems. In
some cases, the design of the bracing system is obtained by pursuing
an optimality criterion (e.g., maximizing dissipated energy, minimiz-
ing interstory drift or base shear) while, in other cases, the design is
performed through simplified methods (e.g. SDOF equivalent model).
Among the methodologies which foresee an optimization, the most in-
teresting, in terms of used techniques or effectiveness, can be listed as
follows: Filiatrault and Cherry [17] proposed a procedure in order to
obtain the design of friction devices with the goal of maximizing a dam-
age index (RPI); Braga and D’Anzi [18] proposed a method to control
the maximum displacement and the stress distribution in the structural
elements while minimizing the steel volume needed for the interven-
tion; Ciampi et al. [19] developed a procedure to control the kinematic
ductility of the structure, maximizing the ratio between dissipated and
input energies; Takewaki [20] used, as objective function, the modu-
lus of the transfer function of the sum of the interstory drift valued
at the natural frequency of the structure while constraining the max-
imum dissipated energy; Levy et al. [21] developed a two-step itera-
tive method, optimizing damping and stiffness values and controlling
the maximum displacement of the structure; Lavan and Dargush [22]
proposed a multi-objective optimization method based on the use of

Fig. 3. Iterative linearization procedure, force displacement relationship: (a) Elastic brace,
(b) Inelastic brace. Where Ki

A is the stiffness of the steel truss, Ki
D is the equivalent stiffness

of the dissipator, Ki is the equivalent stiffness of the brace and Ei is the energy dissipated
by the brace.

genetic algorithms and controlling interstory drift and peak floor ac-
celerations; Pollini et al. [23,24] proposed an optimization procedure
based on minimization of intervention costs that take into account
topology and sizes of dampers and constraining the interstory drift ra-
tios; Lavan and Wilkinson [25] proposed an optimization procedure
based on the minimization of the moment capacity of all seismic mem-
bers and by controlling the maximum interstory drift ratios for several
action levels through a multiperformance approach. Among the proce
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Fig. 4. Scheme of the initial stiffness matrix assessment, based on final displacement ud.

dures that doesn’t consider any optimality criterion, the following
should be considered of interest: Inaudi et al. [26] proposed a prelim-
inary design method for dampers based on an equivalent linearization
of structural behaviour; Fu and Cherry [27] proposed a quasi-static pro-
cedure based on dedicated design spectra which allow to control maxi-
mum displacement and maximum base shear of the structure; Ramirez
et al. [28] developed a procedure which uses an equivalent lateral force
method where several vibration modes are kept in count through the
use of a “residual” mode; Mazza and Vulcano [29] proposed a proce-
dure which allows to limit maximum displacement of the structure and
suggests to distribute the bracing characteristic along the height bas-
ing on the first modal shape of the existing structure; Wen et al.[30]
realized several design spectra in order to obtain the sizing of elasto-
plastic or viscoelastic devices controlling maximum displacement, base
shear, residual drift and maximum accelerations. These design proce-
dures have been, in general, developed within a traditional performance
based approach where the performance and optimization criteria are ex-
pressed in terms of traditional engineering demand parameters (EDP)
such as interstory drift ratio (IDR), maximum roof displacement, maxi-
mum base shear or dissipated energy. Nevertheless, only few of the de-
scribed methodologies allow to consider explicitly the cost intervention
and there is a lack of methods aiming to seismic risk mitigation and
cost-benefit analysis. Furthermore, among the procedures that foreseen
an optimality criterion, the inelastic behaviour is kept in count through
an explicit modelling and executing nonlinear analyses.

The proposed procedure aims to partially fill the gap between exist-
ing bracing design procedures and the most modern performance-based
approaches, with this aim it allows to overlap a traditional multiperfor

mance approach with a specific assessment of cost intervention. The fi-
nal objective is, thus, to identify which bracing system configuration
guarantees the structural performances required by the different action
levels and corresponds to the lowest final cost. This goal is achieved by
developing an optimization procedure with an objective function that
explicitly describes the intervention costs and by modelling the struc-
tural behaviour through equivalent linear schemes, considering brace
yieldings and slight damages on the frame. In this way, reliable assess-
ments on the structural behaviour of retrofitted structures can be ob-
tained by defining few parameters and by performing simple elastic lin-
ear analyses with low computational effort, as it is desirable for a design
method. Finally, beyond the linearizations, no further modelling simpli-
fications are done and the specific formalization of the procedure allows
to obtain the plan and elevation arrangement of the braces and their
mechanical properties, with a topological optimization too. These prop-
erties, joined with the intervention cost assessment, help the designer to
easily analyse many possible performance strategies, in order to find an
optimal trade-off between invasiveness and effectiveness of intervention
for each analysed building.

2. Optimization procedure

The proposed optimization procedure aims to define the mechanical
properties and topological distribution of dissipative braces in order to
obtain the desired structural performance with the least cost solution.
Such procedure aims to solve an optimization problem, Eq. (1), where
the objective function describes the real intervention cost and the con-
straint functions limit the values of the Interstory Drift Ratio (IDR)

(1)

where O.F. is the objective function, x is the vector of the independent
variables, hu is the vector of constraints, IDR is the vector that collects
the IDR of each floor of the structure for a given seismic action and
IDRLim is the vector of acceptance criteria on IDR for each floor.

In this section, the principal parts of the procedure are formalized.
The independent variables of the problem (i.e. the quantities objective
of the design) are presented as first. Then, the structural models adopted
for the braces and for the reinforced concrete frame are shown, with
particular regard to the linearization schemes adopted and with focus
on the assembly of the stiffness matrix and equivalent damping ratio.
Subsequently, the constraint functions of the problem and the proposed
objective function that allows the minimizations of intervention costs
are presented.

Fig. 5. Example of global matrix assembly. Braced structure stiffness matrix, K, unbraced structure stiffness matrix, K0, and contribution of the single braces, ΔK1 and ΔK2.
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Fig. 6. Flowchart of the procedure.

2.1. Independent variables

The independent variables of the optimization problem are chosen
in order to describe the backbone curve of the brace and to be similar
to the commonly required parameters for braces design in engineering
applications. The adopted bracing scheme is composed by a steel truss
pinned to the frame in series with an elastoplastic dissipative device
(Fig. 1a). The monotonic force-displacement relationship of the brace
is evaluated considering a bilinear behaviour of the dissipating device
while the truss is assumed to behave elastically (Fig. 1b). Given a struc-
ture with n braces, the independent variables can be formalized as

(2)

(3)

(4)

(5)

The i-th component of AK, Fy
D and uy

D describes the characteristics
of the generic i-th brace of the structure, respectively as the area of each
steel truss, Ai, the yielding force, Fyi

D, and the yielding displacement,
uyi

D of each dissipator, while the hardening ratio r is fixed.

4
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Fig. 7. Case study adopted for the numerical example.

Fig. 8. Initial Brace arrangement.

2.2. Brace model and linearization

By using the hypothesis and notations adopted for the definition of
the independent variables, the complete force-displacement relationship
of the brace (sketched in Fig. 2) can be expressed through the following
equations

(6)

where: Fyi
A is the yielding force of the i-th steel truss, σyd is the yield-

ing stress of the steel adopted for the truss, ηi is the ratio between the
yielding force of the i-th dissipating device and the steel truss respec-
tively, uyi

B is the yielding displacement of the i-th brace, uyi
A is the

yielding displacement of the i-th steel truss, Fui
D is the maximum force

Fig. 9. GMs adopted for NL dynamic analyses. Single records, average and reference spec-
tra for Tr =975yrs.

Table 1
Scale factors adopted for each hazard level.

Tr [yrs] 975 475 101 30

S.F. 1.012 0.752 0.362 0.187

Table 2
GMs characteristics.

Tag
Earthquake
name Mw

Fault
mechanism

R
(kM)

Site
class Date

GM
–
Dir

GM1 South
Iceland

6.40 strike slip 5 A 2000 X

GM2 Montenegro 6.90 thrust 25 B 1979 Y
GM3 Erzincan 6.60 strike slip 13 B 1992 Y
GM4 Gazli 6.70 thrust 11 D 1976 Y
GM5 Izmit 7.60 strike slip 20 C 1999 X
GM6 South

Iceland
6.50 strike slip 5.25 A 2000 Y

GM7 Duzce 7.10 strike-slip 5.27 C 1999 X
GM8 Darfield 7.10 strike-slip 17.82 C* 2010 X
GM9 Imperial

Valley
6.50 strike-slip 27.03 C 1979 X

GM10 Loma Prieta 6.90 oblique 7.1 B 1989 X
GM11 Northridge 6.70 reverse 20.25 C 1994 X

of the i-th brace, uui
D is the maximum displacement of the i-th device

and uui is the maximum displacement of the i-th brace.
The non-linear behaviour of the brace is described through a lin-

ear equivalent scheme. Given the maximum displacement of the brace,
uui, the stiffness properties of the brace are described through its secant
stiffness, Ki, while the dissipating properties are described by its dissi-
pated energy, Ei. If the displacement demand on the brace is lower than
the yielding displacement (Fig. 3(a)), the brace behaves elastically, its
stiffness can be determined through Eq. (7) and the energy dissipated
is null. Contrarily, if the displacement demand is higher than the yield-
ing displacement (Fig. 3(b)) the secant stiffness and the dissipated en-
ergy are calculated through Eq. (8). It should be noticed that the desired
brace behaviour can only be obtained if the yielding force of the dissi-
pator, Fyi

D, is lower than the yielding force of the steel truss, Fyi
A, i.e. if

the parameter ηi is lower than 1.
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Fig. 10. Nonlinear dynamic analyses on the unbraced structure: average values of IDRs (a) and displacements (b) for each considered action level.

Fig. 11. Simplified Force-displacement relationship for the bare frame.

Such linearized properties depend on the independent variables val-
ues and on the displacement demand, uui, obtained from the structural
analysis performed within the procedure. The linear equivalent charac-
teristics of the brace are updated during the procedure and the conver-
gence of the stiffness, the dissipated energy and the displacement de-
mand is provided by specific sub-iterations, as summarized in Section
2.9 and in Fig. 9.

2.3. Unbraced frame model and linearization

For the reinforced concrete frame a bilinear behaviour is assumed,
nevertheless, in order to perform linear analyses a linearization is fore-
seen and its behaviour is described within the procedure through an
equivalent stiffness matrix, K0, and an energy dissipated, E0. The stiff-
ness matrix K0 depends upon the final desired displacement of the retro-
fitted braced structure. If the desired deformation level keeps the struc-
ture mainly elastic, K0 can be considered as the initial elastic stiffness
matrix, Kel, while if the final deformation level foresees some dam-
age on the frame, the starting stiffness matrix should properly describe
the stiffness reduction (Fig. 4). The definition of the secant stiffness
for the unbraced structure elements can be obtained through an iter-
ative procedure or, as an alternative, through the Eq. (9), which is
based on the global expected ductility demand Eq. (10). This latter
method is very effective if used on new structures conceived with ca-
pacity design rules and where the collapse mechanism and the elements
subjected to plasticization are known and specifically designed [31].
Clearly this is not the case of existing structures where the collapse
mechanism is, generally, unknown, plasticizations are widely spread
and brittle failures may occur. However, in the most common appli-
cation cases, even for small ductility demands, the contribution of the
unbraced frame to the global stiffness is very limited and therefore,
even with an approximate evaluation, reliable results can be obtained.

Fig. 12. Results of the optimization procedure. Structural behaviour of the braced structure obtained with elastic linear analyses for each considered action level: (a) IDRs, (b) floor
displacements.
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Fig. 13. Results of the optimization procedure. (a) Energy dissipated by device (∑Ei) and by the unbraced frame (E0) for each action level, (b) brace arrangement.

Table 3
Results of the optimization procedure. Numerical values of independent variables.

N° A uy Fy N° A uy Fy N° A uy Fy

\ [cm2] [mm] [kN] \ [cm2] [mm] [kN] \ [cm2] [mm] [kN]

1 35.41 0.22 256.18 13 23.00 0.20 138.78 25 26.30 0.22 162.75
2 0.00 – 0.00 14 0.00 – 0.00 26 0.00 – 0.00
3 0.00 – 0.00 15 20.56 0.22 97.19 27 0.00 – 0.00
4 0.00 – 0.00 16 20.56 0.22 97.19 28 0.00 – 0.00
5 0.00 – 0.00 17 0.00 – 0.00 29 0.00 – 0.00
6 35.41 0.22 256.18 18 23.00 0.20 138.78 30 26.30 0.22 162.75
7 38.14 0.20 289.09 19 0.00 – 0.00 31 0.00 – 0.00
8 0.00 – 0.00 20 0.00 – 0.00 32 0.00 – 0.00
9 0.00 – 0.00 21 30.58 0.20 241.64 33 14.72 0.22 77.55
10 0.00 – 0.00 22 30.58 0.20 241.64 34 14.72 0.22 77.55
11 0.00 – 0.00 23 0.00 – 0.00 35 0.00 – 0.00
12 38.14 0.20 289.09 24 0.00 – 0.00 36 0.00 – 0.00

Fig. 14. Comparison of IDR (a) and floor displacement (b) obtained through elastic linear analysis in the optimization procedure (solid lines) and the average values obtained through NL
dynamic analyses (dashed lines).

Table 4
Cost amount of various items and total cost of intervention.

Total cost Steel Dissipators Foundation Masonry

[€] [€] [€] [€] [€]
40444 7047 22026 2544 8827
[€/M2] [€/M2] [€/M2] [€/M2] [€/M2]
59.91 10.44 32.63 3.76 13.07

Further, the problem of brittle failures is not discussed here and it is
hypothesized that for the deformation levels required there are none.
However, in future developments they may be taken into account or by
evaluating the cost of local reinforcements or by using of appropriate
constraints on forces/stresses as already proposed in [39].

7
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Fig. 15. Total intervention cost for different maximum IDR (a), Cost division for different maximum IDR (b).

(7)

(8)

(9)

(10)

where: Ec is the elastic modulus of concrete, Iieq is the equivalent iner-
tia of the i-th section, Ii is the inertia of the i-th section, μ is the global
ductility demand, ud is the final displacement and uy is the yielding dis-
placement of the frame.

2.4. Assembly of the global stiffness matrix

In order to be able to assess the structural response (i.e. the IDRs)
of the braced structure, it is necessary to define how the stiffness ma-
trix of the structure changes in the presence of the braces and with the
variation of their characteristics. The advantage of adopting linear elas-
tic models is that the stiffness contribution of the braces can simply be
added to the terms of the frame stiffness matrix, considering appropri-
ately the degrees of freedom on which they act. Thus, the stiffness ma-
trix of the braced structure, K, is formalized as the sum of the stiffness
matrix of the unbraced structure, K0, and the influence matrices, ΔKi,
which represent the contribution of each brace to the global stiffness
matrix [32]. These influence matrices ΔKi, whose components are all
zero except for the components on which the brace has influence (Fig.
5), provide topological and dimensional information about the braces,
as the matrix shape indicates the brace location in the structure while
stiffness values are related to the equivalent stiffness, of each brace, Ki,

obtained after the linearization procedure as exposed in Section 2.2.

(11)

2.5. Equivalent damping ratio assessment

By considering the sum of the energy dissipated by each brace and
the energy dissipated by the unbraced frame the equivalent damping ra-
tio of the system is evaluated as follows

(12)

where Edi(x) is the energy dissipated by the i-th brace, E0 is the en-
ergy dissipated by the unbraced frame, Ep(x) is the elastic energy of the
braced structure and ζv is the added viscous damping. Once known the
damping ratio of the system, ζeq, the seismic action is reduced using the
following reduction factor .

2.6. Acceptance criteria

The acceptance criteria for the engineering demand parameters
(EDPs) must be defined on the basis of the desired structural perfor-
mance, in order to correctly formalize the constraint surfaces. In the
proposed procedure, the interstory drift ratio (IDR) is considered. As
known, the IDR is well correlated with damage on structural elements
due to ductile mechanisms and with damage on non-structural elements
(i.e. infills). The values of these IDR acceptance criteria are available
in principal international codes [33–37] for both operating and ulti-
mate limit states. However, such values arise from subjective and em-
pirical evaluations and they do not result correlated with the effective
building damages and repair costs, as pointed out in [11,38]. For these
reasons acceptance criteria may be defined through consideration on
economic losses and seismic risk levels obtained after the intervention
as suggested in [39], or through considerations related to the building
characteristics (e.g. operational requirements, properties of non-struc-
tural elements, brittle failures, maximum ductility capacity of structural
elements).

In order to properly formalize the procedure, the acceptance criteria
for IDRs are expressed by

(13)

where: IDRi
Lim is the maximum IDR for the i-th floor and p is the num-

ber of floors.
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2.7. Constraints

The constraint functions correlate the EDPs with the acceptance cri-
teria must be expressed as a function of the independent variables, thus
the formalization of such functions depends upon the selected analy-
sis method. In the following, the proposed formalization for a response
spectrum linear dynamic analysis is shown, given a structure with p
floors and by assuming a rigid diaphragm.

For each iteration step the stiffness matrix of the braced structure
Eq. (11) is known, while the mass matrix is given as an input data.
Modal participation factors, Γj Eq. (14), the accelerations, aj, and the
displacements, uj,can be computed for the j-th modal shape through
modal shapes, ϕj, and periods Tj

(14)

(15)

(16)
where: is the transpose vector of the j-th modal shape, M is the mass
matrix, B is the Boolean matrix, Sa and Sd are the spectral accelerations
and displacement respectively.

The IDRs for the j-th mode can be calculated through Eq. (17) and
collected for the k-th floor as expressed by Eq. (18)

(17)

(18)

The components of matrix Eq. (18) obtained for each mode are com-
bined through a Complete Quadratic Combination (CQC) and recol-
lected in Eq. (19)

(19)

(20)

where: ρlm is the correlation coefficient between the l-th and the m-th
mode, ξl and ξm are the viscous damping of l-th mode and m-th mode
respectively and βlm is the ratio between the circular frequencies of l-th
and m-th mode. For the sake of brevity, the dependence on independent
variables is omitted in Eqs. (19) and (20).

By introducing Eqs. (13) and (19) in Eq. (1), the constraint equations
can be expressed by means of the general optimization procedure defin-
ition Eq. (1).

2.8. Objective function

The objective function describes explicitly the cost of materials and
works that influence the final cost of the intervention. It should be no-
ticed that the final assessment of the total intervention cost is complex
and goes beyond the goal of this work, however the proposed objective
function keeps in count the principal items which have most impact on
the intervention cost [40], and it is proposed as a useful tool in order
to obtain an optimal bracing solution with a cost estimate close to real-
ity, as well as a basic tool to perform a cost-benefit analysis for seismic
risk assessments. By assuming the absence of brittle failures, therefore

neglecting the need for local reinforcements, the considered cost items
are the following: (a) steel elements (mainly truss and connections), (b)
dissipative devices, (c) masonry works (removal and reconstruction or
drillings and traces on infills), (d) foundation system improvement.

(a) Steel elements

By assuming the braces as reported in Fig. 1(a), the cost of the steel
truss can be calculated by considering the total steel volume needed and
its relative cost as

(21)

(22)
where: Ci

S is the cost function of the steel elements, β1i is the cost coef-
ficient for the i-th steel element, γs is the volume weight of the steel and
ca is the cost for weight-unit of the steel.

(b) Dissipative devices

The cost of a dissipative device strictly depends on its characteristics.
In the case of elastoplastic devices, their cost depends on their dimen-
sion and dissipative capacities. An effective parameter to describe such
characteristics is the yielding force of the device, as similarly proposed
by Pollini et al. [23] for viscous fluid dampers. The cost function, pro-
posed herein, can be expressed as

(23)

where: Ci
D is the cost function for dissipative devices and β2i is the cost

coefficient for the i-th dissipative device.

(c) Masonry works

Introducing new brace elements in existing reinforced concrete
frames means, usually, the demolition and reconstruction of the in-
fills. Due to the very high cost of such works, alternative solutions are
adopted, as external bracing systems or bracing inserted inside the ex-
isting infill through the realization of drillings and traces. The latter so-
lution is here adopted. In general, the cost of masonry works should be
linked to the presence or not of the brace, leading to a non-continuous
relationship (a zero function if the area of the brace is zero, conversely
equal to the construction cost of the trace). However, in order to favour
the problem convergence, an exponential function has been chosen. This
function, although not convex, allows to consider a low cost for slen-
der braces (whose area are as small as not to be significant in the de-
sign solution) and almost constant cost for larger braces. This approach
is similar to the one proposed in Pollini et al. [23] that use an Heavi-
side function to minimize the number of different damper size-groups
and the related cost of factory production test asked by modern seismic
codes.

(24)

where: Ci
M is the cost function for masonry works β3i is the cost coeffi-

cient for the i-th brace and αM is a coefficient which rules the shape of
the function which has the dimension of the inverse of an area.

(d) Foundation system

One of the biggest issue when realizing a bracing retrofit interven-
tion is the increment of the forces transmitted on the foundation sys-
tem. Usually, the existing systems have not enough capacity to bear
such increments. Among the different retrofit interventions on founda-
tions, the insertion of micropile is one of the most adopted because of
its effectiveness. In order to assess the cost of such intervention, it is as

9
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sumed that the overload due to seismic action is totally supported by
the micropiles, neglecting the reserve of capacity of existing foundation
system. In this hypothesis, the cost of a single micropile is fixed and the
number of micropiles needed is established on the basis of vertical dis-
charge on each column. Given a structure with np column, the relations
between axial force at each base node, Nm

S, the resultant axial force of
the braces converging at the base of each column, δNr, the axial force
at the base of each column, Nr

f and the relative cost function Cr
f are de-

fined as

(25)

(26)

where: β4r is the cost coefficient for the r-th column.
By using Eqs. (21), (23), (24) and (26), the global cost function can

be expressed as

(27)

(28)

2.9. Resolution algorithm

The resolution scheme adopted for the procedure is exposed in Fig.
6. The input data of the procedure are the initial stiffness, the energy
dissipated and the mass matrix of the reinforced concrete frame (i.e. K0,
M0, E0)); further it is necessary to define an initial values vector for in-
dependent variables, x,0, to be used as a trigger for the procedure and
to assess an initial structural response. From this starting point, the pro-
cedure searches the independent variables x,j solution of the problem.
Within the procedure and for each iteration, the interstory drift ratios,
IDR, and local brace displacements, uu, are calculated. The local dis-
placements are used to find the linearized properties of the brace and
some sub-iterations are needed in order to find convergence between
the estimated displacements, and equivalent stiffness and damping .

The problem of the Eq. (1) is solved through the "Active-set" al-
gorithm available in MATLAB™ [41], which is based on a Lagrange
multiplier strategy and a quasi-Newton iterative method, while the
Karush-Kuhn-Tucker (KKT) conditions are used for the solution to be
optimal. By using this gradient-based algorithm, some convergence is-
sues may arise, due to the non-convexity and non-linearity of the prob-
lem, thus some precautions must be taken in order to ensure the ro-
bustness of the solution. In general, the dependence of the final solution
on the inital conditions x,0, should be verified by varying widely and
randomly x,0. However, for many practical cases, in order to avoid the
convergence to a local minimum, for the choice of x,0, it is possible to
adopt a two-step solution strategy. The first step consists in the resolu-
tion of a reduced problem with an objective function that includes only
the steel costs (Ci

S, Eq. (21)). By minimizing such function a first indi-
cation on the brace arrangement that minimizes the added stiffness (i.e.
the brace dimensions) on the system is obtained [42]. The solution ob-
tained through this reduced problem is then used in the second step as
the trigger for the resolution of the complete problem.

3. Multiperformance design

The optimization procedure exposed so far allows the sizing of a
bracing system to obtain the desired structural performance and mini

mizing the cost of intervention for a given seismic action. However, the
procedure can be easily extended to fulfil multiperformance design cri-
teria, by controlling structural response for several action levels and by
ensuring different acceptance criteria for each of them. Usually, one of
the main challenges in these problems is to leave the same number of in-
dependent variables while resolving a higher number of structural prob-
lems. The definition of the independent variables allows to solve easily
such problem and change the “singleperformance” optimization prob-
lem Eq. (1) into a “multiperformance” one.

The first step is the definition of the acceptance criteria, IDRLimMP,
for several action levels, in order to define the secant stiffness matrices,
K0

MP, and the energy dissipated by unbraced frame, E0MP.

(29)

(30)

(31)

where: h is the number of considered action levels, IDRh
Lim is the vec-

tor of maximum drift for the h-th action level, K0h is the initial stiffness
matrix for the h-th action level and E0h is the energy dissipated by the
frame for the h-th action level.

By using these input terms, within the optimization procedure, sev-
eral global stiffness matrices for the braced structure, Kh, are assembled.
The advantage of this representation is that the number of variables re-
main fixed and the stiffness matrices vary only by the way they are lin-
earized, both for the fixed part K0h and the variable part ΔKhi. In par-
ticular, the influence matrices ΔKhi are assembled through the lineariza-
tion procedure exposed in Section 2.2 by considering different displace-
ment demands uui on the braces while the independent variables are the
same for each considered action level.

(32)

Once known the global stiffness matrices, the structural response can
be computed as already shown in Section 2.7, to define the EDPs for
each action level Eq. (33) and consequently formalize the constraint
equations Eq. (34) and the multiperformance optimization problem Eq.
(35).

(33)
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(34)

(35)

4. Numerical example

In order to verify the effectiveness of the proposed optimization pro-
cedure, a six-story frame structure has been chosen as a case study (see
Fig. 7). The case study represents a typical situation of existing struc-
tures, designed only for gravity loads and without capacity design prin-
ciples, in which the tapering of the columns causes irregularities in el-
evation and potential formation of a weak plane at a level superior to
the first. The story height is 3m, the beam span is 5m, the consid-
ered vertical load is P=10kN/m2, and the considered floor mass is
112.5kNs2/m. The beams have a 30×50cm section, external columns
have a 30×30cm section and central columns are tapered along the
building height: a 30×60cm has been considered for the first three
floors while a 30×30cm section has been considered for the other
three floors. The initial brace arrangement, shown in Fig. 8, foreseen 36
braces. The structure has been modelled in Sap2000 [43] in order to ex-
trapolate geometric, stiffness and mass properties of the bare frame to
be used as input for the optimization procedure. Furthermore, a specific
model has been developed in OpenSees [44] in order to perform NL dy-
namic analyses. This model adopts concentrated plasticity elements (i.e.
BeamWithHinges) to describe flexural nonlinear behaviour of beams
and columns, steel elements are modelled through elastic truss and dis-
sipating devices are modelled through Nonlinear link elements with hys-
teretic behaviour (i.e. Steel02). The effects of the brittle mechanisms, in
particular of the beam-column joints, and the bond slip effects are not
taken into consideration. Despite the relevance and the wide possibili-
ties of modelling these aspects [45–50], it has been chosen to develop
a numerical model coherent with the proposed procedure which, as dis-
cussed above, does not currently consider such phenomena. Moreover,
unidirectional analyses are carried out without considering 3D effects.
Regarding this aspect, it should be noticed that the design procedure
allows the execution of 3D analyses by providing an appropriate set of
constraints (i.e. constraints on floor drifts in two directions and/or floor
rotations). The procedure is asked to find the optimal brace characteris-
tics and disposition by considering 4 different action levels and perfor-
mance levels. The initial conditions are first defined as uniform for all
braces (i.e. Ai =10cm2, Fyi

D =263kN, uyi
D =0.1cm), then these initial

conditions are made to vary randomly in order to check the robustness
of the final solutions and the independence from the initial trigger vec-
tor. In this case, given the small size of the problem, the two-step solu-
tion strategy is not adopted.

The reference elastic spectra are elaborated as defined by the Italian
seismic code [36] by considering the hazard data of the site of “Reg-
gio Calabria” (LAT 38.11, LON 15.66) for the return periods (Tr) of
30, 101, 475 and 975years, soil C and T1 site conditions. The “Reg-
gio Calabria” site has been chosen as reference due to its high level
of hazard and the availability of a GMs set properly selected in or-
der to guarantee spectrum matching over an high range of frequen-
cies (0 s<T<4s) [51]. Because of its characteristics, this set of 11
accelerograms has the advantage of being usable on structures whose
behaviour is also very different, as commonly occurs on as-built and

retrofitted buildings, giving the possibility to compare the structural re-
sponses in a more robust way. The GMs set has been selected consid-
ering a Tr=949yrs, in order to obtain the spectrum coherence for the
hazard levels considered herein, the records have been linearly scaled.
GMs spectra, scale factors and characteristics of the records are exposed
in Fig. 9, Tables 1 and 2, respectively.

In order to correctly define the desired performance of the braced
structure, NL dynamic analyses have been performed on the unbraced
structure. Fig. 10 shows the IDRs (Fig. 10a) and floor displacements
(Fig. 10b) for the four different considered action levels. The displace-
ment profile is not linear, producing an irregular IDR profile along the
building height. In particular, the IDR at fourth floor (z=9–12m) is
significantly higher than in lower and upper floors due to the columns
tapering and leads to a soft story mechanism. This effect is more signif-
icant for higher action levels with Tr =475yrs and Tr =975yrs, where
IDR at the fourth floor reaches values higher than 3% and 5%, respec-
tively. For these higher action levels, IDR profiles are irregular at lower
floors too, where other soft story mechanisms may occur.

Basing on the unbraced structure behaviour assessment exposed
above, the optimization procedure to design the bracing system has
been defined as follows.

The initial stiffness matrices K0
MP are defined through the simplified

model exposed in Section 2.3, the stiffness reduction coefficients μMP

and the initial dissipated energies Eo
MP are evaluated by considering the

yielding rotation θy, in this case equal to 0.3%, and the target displace-
ments derived from target drifts Eq. (37) as shown in Fig. 11.

(36)

(37)

The objective function Eq. (38) is a specialized expression of Eq.
(28), by considering β1=0.032€/cm3 (γs =7850kg/m3,
ca =4.07€/kg), β2 =8.71€/kN, β3 =625€, β4 =1.65€/kN,
αM =−0.5cm−2. These unitary costs are evaluated with the price list of
the Regione Abruzzo (Italy) [50].

(38)

Fig. 12 shows the results obtained through the optimization proce-
dure in terms of IDRs, floor displacements, brace arrangement and en-
ergy dissipated, given the uniform initial conditions. The solution was
found after 47 iterations and 5319 function evaluations. The displace-
ment profile (Fig. 12b) is almost linear for all the considered action lev-
els, leading to an IDR profile (Fig. 12a) almost constant, ensuring a reg-
ular structural behaviour and removing all the weak story mechanisms
found at first and fourth floor in the analyses of the unbraced structure.
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Absolute values of IDRs are very close to the imposed limit, apart
from the action level with Tr =101yrs where IDR values vary between
0.2% and 0.3%, lower than the requested value of 0.4%. This is due to
the need of a very high stiffness to obtain the desired IDR for Tr =30yrs
that lead to the impossibility to obtain a much higher drift for a slightly
higher level of action. In Fig. 13(a) the hysteretic energy dissipated cal-
culated within the procedure by the devices (∑Ei) and the energy dis-
sipated by the frame (E0) are shown. It can be noticed that the hys-
teretic energy dissipated by braces increases for higher action levels and
displacements, in particular both devices and frame remain elastic for
Tr =30yrs while already for an action with Tr =101yrs the devices dis-
sipate a small quantity of energy even if the frame behaves almost elas-
tic. In this regard, it should be noted that the stiffness and the energy
dissipated by the braces are evaluated in step within the procedure and
are then coherent with the real deformation level of each brace, while
stiffness and energy dissipated by the frame are imposed upstream. Fi-
nally, Fig. 13(b) shows the brace arrangement obtained through the pro-
cedure: of the 36 braces initially assumed only 14 are considered for
the optimal solution, their disposition is characterized by single diago-
nal braces in external spans and cross diagonal braces in central spans
at higher floors. The numerical solution is shown in Table 3. From the
results, it can be seen that brace areas (A) and yielding forces (Fy) re-
duce along the height of the building, except for the fourth floor where
the braces are slightly stiffer than in the adjacent floors, in order to con-
tain the elevation irregularity. The yielding displacement (uy), remains
almost constant for all the braces leading to an almost contemporary
yielding of the devices, considering the uniform drift profile and span
lengths.

In order to check the effectiveness of the linearization procedure and
validate the results of the optimization procedure, NL dynamic analyses
have been performed on the braced structure. Fig. 14 shows the com-
parison, in terms of IDRs and floor displacements, between the results
obtained with the optimization procedure and the average values ob-
tained through NL dynamic analyses on the braced structure. Displace-
ment profiles (Fig. 14b) are almost linear for all the action levels lead-
ing to almost uniform IDRs (Fig. 14a) along the building height. Nev-
ertheless, absolute values of displacements and IDRs are in good agree-
ment between the two different analyses. These results show how the
linearization procedure allows a reliable assessment of the structural
performance.

The proposed procedure allows to obtain the desired structural per-
formance by limiting the IDRs values and suggests an optimal plan and
elevation brace arrangement by minimizing the intervention costs. With
this regard, more observations can be made on the usefulness of the pro-
cedure.

Table 4 shows the final intervention cost for the case study structure
both in terms of absolute values and cost per unit of area (i.e. €/m2).
The voice that has a major impact on the final cost is the cost of dissipa-
tors (i.e. 32.63€/m2), followed by masonry works (i.e. 13.07€/m2), steel
trusses (i.e. 10.44€/m2) and new foundation systems (i.e. 3.76€/m2).
The impact of energy dissipation devices is particularly high due to
the high unitary cost of the devices provided by the adopted price
list [52] which is, anyway, one of the fewer reference for cost assess-
ment of such devices in Italy and Europe. Masonry works impact for
over 20% of the total cost, even if only the making of a narrow trace
to insert the brace is considered, instead of a complete removal and
rebuilding of the panel. Such a result confirms that, when possible,
external bracing is useful to mitigate intervention costs even if, as a
counterpart, external bracing needs more complex connections to the
frame that may increase their costs, besides several architectural issues.
Steel cost impacts for 17% and foundation systems interventions im-
pact on only 6% of the total cost. This can be explained by considering
that the brace arrangement obtained through the procedure distribute
the vertical load among the 4 columns and concentrate the axial load
on external columns. This specific brace arrangement allows the mini-
mization of “rocking” effects and consequently the reduction of maxi

mum axial load on foundations, providing an optimal solution in this
sense, too. Further, it should be observed that, due to the relative higher
cost of the dissipating devices, the optimization procedure automatically
leads to solutions with exuberant truss dimensions with respect to the
dimensions of the dissipator, guaranteeing in such a way the linear be-
haviour of the truss without the need of a specific constraint.

Considering the significant performance improvement described
above, the intervention cost seems to be reasonable and sensibly lower
than other bracing interventions realized in Italy [53–54] even if it
should be noted that the estimated cost does not consider many other
cost items (e.g. other local reinforcements, connections to building, ex-
cavations and drillings, transport to landfill etc.). Despite this neces-
sary clarification, the proposed objective function allows to make crit-
ical evaluations of relationship between interventions cost and perfor-
mance improvement. Fig. 15 shows a comparison between the total in-
tervention cost (Fig. 15a) and its percental distribution among the dif-
ferent cost items (Fig. 15b) obtained with the multiperformance opti-
mal design (“MP”) and five other singleperformance design obtained
on the same structure, asking for the achievement of an unique per-
formance level (i.e. IDR=0.2%; 0.4%; 0.7%, 1%; 1.5%) for an action
level with Tr =975yrs. It can be noticed that the cost variation is ex-
tremely high. In particular, in order to obtain an elastic behaviour of
the concrete frame (i.e. IDR 0.2%) the intervention cost is higher than
350€/m2, about 7 times higher than the cost obtained through multi-
performance design. By reducing the requested performance level (i.e.
increasing the requested IDR) the costs are gradually lower. It should
be observed that an IDR=1% for a Tr =975yrs is obtained through the
multiPerformance problem, with a cost of about 59€/m2, while by solv-
ing a singleperformance problem with the same IDR request the cost is
about 50€/m2. It is noticeable that the cost repartition among the vari-
ous items is significantly different, even though the final cost is similar,
as it can be seen by comparing the results of “MP” and “1%” problem
(Fig. 15b) where the steel cost is significantly higher in the case of the
multiperformance problem due to the high stiffness request for lower
action levels that leads to stiffer and heavier steel trusses. With a small
cost increase it is possible to control the structural performance for other
three action levels, in particular, it is possible to explicitly control that
the structure behave elastic or almost elastic for more frequent action,
compatibly with operational and reduced damage limit states perfor-
mance request, while allowing moderate yieldings for rare action lev-
els guaranteeing life safety and collapse prevention, all through a mini-
mally invasive, lighter and cheaper intervention. Furthermore, the pro-
posed objective function allows to made a comparison in terms of cost/
benefit ratio between the requested performance and the intervention
costs, by considering the easiness of input data and its reduced compu-
tational effort for multiperformance problems too.

5. Conclusions

The proposed procedure allows the design of a bracing system by
controlling the structural response through a multiperformance ap-
proach while minimizing the intervention costs. This procedure is based
on elastic linear analysis, keeping in count the nonlinear behaviour of
both braces and frame through visco-elastic equivalent linear schemes.
The results of the numerical example show how the procedure finds
the characteristics of a bracing system in order to obtain the desired
structural response, using simple elastic linear analyses, on an irreg-
ular structure, too. The comparison with NL dynamic analyses has
proven the effectiveness of such schemes to predict the structural re-
sponse, guaranteeing a reliable bracing design but strongly reducing the
computational effort. Further, on the basis of an initial brace arrange-
ment, the procedure is capable to find the optimal brace disposition,
besides the mechanical properties of each brace. The cost interven-
tion analysis has highlighted how the proposed objective function pro-
vides useful indications for the choice of target performance
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level, allowing a rapid comparison between structural behaviour and in-
tervention invasiveness. In this regard, it has been observed that the in-
tervention cost may vary up to 7 times by varying the target IDRs. Fur-
thermore, it has been show how, given a small cost increment (less than
20%), while guaranteeing the same performance in terms of life safety
or collapse prevention, the multiperformance problem allows to obtain
an explicit control of the structural response for more frequent events
which mostly impacts the seismic risk assessment of the building.

In conclusion, the proposed procedure allows to obtain an optimal
bracing design through a traditional multiperformance approach, based
only on checking of structural performance through a comparison be-
tween engineering demand parameters and acceptance criteria with a
computational effort more suited to a design procedure, without the
need of NL analyses. Moreover, by using the intervention cost as an
optimality criterion, the procedure allows to perform a cost-benefit as-
sessment and opens up to its use also in the context of risk-based de-
sign methodologies. Finally, it should be noted that such methodologi-
cal approach which overlaps older and newer performance based design
approaches to design is adaptable to many other fields or applications
other than braces and can therefore be understood as a general design
approach.

Appendix A. Supplementary material

Supplementary data to this article can be found online at https://
doi.org/10.1016/j.engstruct.2018.12.034.
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