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For X a hyperkéhler manifold of Kummer type, let J3(X) be the intermediate Jacobian
associated to H%(X). We prove that H?(X) can be embedded into H?(J3(X)). We show that
there exists a natural smooth quadric Q(X) in the projectivization of H3(X), such that
Gauss—-Manin parallel transport identifies the set of projectivizations of H*!(Y), for ¥
a deformation of X, with an open subset of a linear section of Q*(X), one component
of the variety of maximal linear subspaces of Q(X). We give a new proof of a result of
Mongardi restricting the action of monodromy on H?(X). Lastly, we show that if X is

projective, then J%(X) is an abelian fourfold of Weil type.

1 Introduction
1.1 Background and motivation

Let X be a hyperkahler manifold, that is (for us) a simply connected compact Ké&hler
manifold carrying a holomorphic symplectic form whose cohomology class spans
H?9(X). The Kuga-Satake construction [5, 12] associates to X a compact complex torus
KS(X) and an inclusion of Hodge structures H?(X) c H!(KS(X)) ® H!(KS(X)Y). The
definition of XS(X) is transcendental: one constructs a weight 1 H.S. out of the weight 2

H.S. on H?(X). If X is projective with ample line bundle L, the Kuga—Satake construction
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2 X.G. O'Grady

applied to the primitive cohomology H? (X)pr produces an abelian variety XS(X,L) and

an injective homomorphism of H.S.’s
H*(X),, C H'(KS(X,L)) ® H' (KS(X, L)). (1.1.1)

One might wonder whether it is possible to relate the geometry of X and that of KS(X)
or of XS(X,L). A famous instance of such a relation is provided by Deligne’s proof of
the Weil conjectures for (projective) K3 surfaces starting from the validity of the Weil
conjectures for abelian varieties [5]. In this respect we notice that if X is projective,
the Hodge conjecture predicts the existence of a Kuga—Satake algebraic cycle on X x
KS(X,L) x KS(X, L) realizing the homomorphism of H.S.’s in (1.1.1).

There are very few families of hyperkdhler manifolds for which one has a
geometric description of the corresponding Kuga-Satake varieties and a proof of
existence of a Kuga-Satake algebraic cycle: Kummer surfaces [18] and K3 surfaces
obtained as minimal desingularization of the double cover of a plane ramified over
6 lines [21].

The present paper grew out of the desire to understand the Kuga—-Satake torus
associated to hyperkdhler manifolds of Kummer type, that is deformations of the 2n-
dimensional generalized Kummer manifold associated to an abelian surface (for n > 2).

Among known examples of hyperkdhler manifolds, those of Kummer type are
distinguished by the fact that they have non-zero odd cohomology. Let X be such
a manifold. Then b;(X) = 8, and hence there is an associated four dimensional
intermediate Jacobian J3(X). Most of our paper is actually concerned with J3(X). Our
starting point is the proof that there is an analogue of the key cohomological property
of the Kuga-Satake torus (see (1.1.1)) valid with J3(X) replacing the Kuga-Satake torus.
From this, it follows that if X is projective with polarization L, then KS(X, L) is isogenous
to J3(X)*. Thus, J3(X) is a smaller dimensional version of the Kuga-Satake torus.
Moreover, it is easier to relate geometrically X to J3(X) than it is to relate it to KS(X) (or
KS(X, L)), for example via the Abel-Jacobi map.

We will give an explicit recipe that produces the weight 1 H.S. on J%(X) in terms
of the weight 2 H.S. on H%(X).

One fact that we discovered is that if X is projective, then J3(X) is an abelian
fourfold of Weil type. More precisely, as (X, L) varies in a complete family of polarized
hyperkéhlers of Kummer type with fixed discrete invariants, the corresponding polar-
ized intermediate Jacobians J3(X) sweep out a complete family of polarized abelian

fourfolds of Weil type with fixed discrete invariants. Notice that the number of moduli
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Tori and Hyperkédhlers of Kummer Type 3

for both families is equal to 4. This result suggests that we will be able to describe
explicitly locally complete families of projective hyperkahlers of Kummer type starting
from the locally complete families of abelian fourfolds of Weil type, which are known
[22]. In this respect, we notice that several locally complete families of projective
hyperkéhlers have been explicitly described, but the varieties in those families are all of
K3 type (deformations of the Hilbert scheme of length n subschemes of a K3 surface).

There is a series of papers related to the present work. The 1st one is [27].
Following the proof of Theorem 9.2 of that paper, one shows that the Kuga-Satake
KS(X, L) of a polarized HK of Kummer type (X, L) is the 4th power of an abelian fourfold
of Weil type. Since KS(X, L) is isogenous to J3(X)4, it follows that J3(X) is of Weil type.
However, we would like to stress that we have precise results on the integral Hodge
structure on J3(X), not only up to isogeny. Another paper related to this work is [13].

Lastly, the recent preprint [15] is strictly related to our work.

1.2 Main results

Let X be a hyperkdhler manifold of dimension at least 4, deformation equivalent to
a generalized Kummer variety (following established terminology, we say that X is of
Kummer type). Then b3(X) = 8, see [9], and of course H3?(X) = 0. Thus,

J(X) = H3X)/(H*'(X) + H(X; 2)) (1.2.1)

is a four dimensional compact complex torus. If X is projective and L is an ample
line bundle on X, then J%(X) is an abelian fourfold (all of H3(X) is primitive because
H'(X) = 0), and we let ®; be the polarization defined by L.

Recall that, given an HK manifold X, there is a class q}’( IS Hé’z(X) that corre-
sponds to the Beauville-Bogomolov-Fujiki (BBF) quadratic form of X (see Subsection 2.2
for details). Now assume that X is of Kummer type, of dimension 2n. Then gy :=
2(n+ 1)qy is an integral class (see Definition 2.4). Let

2
¢: \HX) — H*X)" (1.2.2)

be the composition of the map

NHX) —  H72X)

yAY by =y =gy

and the map H*"~2(X) — H?(X)" defined by cup product followed by integration.
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4 K.G. O'Grady

Theorem 1.1. Let X be an HK manifold of Kummer type of dimension 2n.

(1) The map ¢ is surjective, and hence its transpose defines an inclusion of

integral Hodge structures

2
H*X) C /\HI(J?’(X)). (1.2.3)

(2) The set
QX) = {lyl e PE3(X)) | p(y AH3(X)) # H*(X)"} (1.2.4)

is a smooth quadric hypersurface in P(H3(X)).

(3) The projectivization of H?>!(X) is a maximal linear subspace of Q(X).

If X is an HK manifold of Kummer type, let Q" (X) be the irreducible component
of the variety parametrizing maximal dimensional linear subspaces of Q(X) containing
P(H?1 (X)) (this definition makes sense by Theorem 1.1). We recall that

e: 0T (X) = P(ST (X)), (1.2.5)

where ST(X) is one of the two spinor representations of O(Q(X)). Recall also that ST (X)
is 8 dimensional. Since H3(X) has an integral structure, so does St(X). There is a
unimodular integral quadratic form qjg on ST(X) (unique up to multiplication by +1)
such that Q" (X) is the set of zeroes of q;g. Moreover, if 7: 2~ — B is a family of HK
manifolds of Kummer type, the flat connection on R37,Z induces a flat connection on

the fibration S*(7) — B with fiber St (7 ~1(b)) over b. Next, we make following.

Key observation 1.2. Let ¢ be the map in (1.2.2). Then ¢( A? H*!(X)) is equal the one-
dimensional subspace AnnF!H?(X).

In fact, qb(/\ZHZ'l(X)) is contained in AnnF!'H?(X) because ¢ is a morphism of
Hodge structures, and equality follows from surjectivity of ¢. Notice that Item (3) of
Theorem 1.1 follows from the Key observation 1.2.

The result below is motivated by the Key observation 1.2.
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Tori and Hyperkédhlers of Kummer Type 5

Theorem 1.3. Let X be an HK manifold of Kummer type of dimension 2n, and let ST (X)
be the spinor representation of O(Q(X)) such that we have the embedding in (1.2.5). There
exists a monodromy invariant codimension 1 subspace TT(X) c ST (X) defined over Z
such that the following hold:

(1) Given a 4 dimensional vector subspace I' ¢ H3(X), the subspace qb( /\2 F) has
dimension 1 if and only if P(I') = €([o]) for a point [¢] € P(T* (X)) N Q" (X),
where ¢ is the embedding in (1.2.5). If this is the case, then ¢( /\2 ) = [o]
(this makes sense because of the description of S*(X) in Subsection 3.6).

(2) There exist an isomorphism i: H2(X)" —5 T*+(X) defined over Q, invariant
up to sign under monodromy, and a choice of “sign” for q};, such that the

pull-back via i of q;; is equal to the dual of the BBF quadratic form.

Item (1) of Theorem 1.3 amounts to an explicit description of the weight 1 Hodge
structure on H'(J3(X)) in terms of the weight 2 Hodge structure on H?(X).
The result below was first proved by Mongardi by other methods. We will show

that it is a simple consequence of Theorem 1.3.

Corollary 1.4 (Mongardi [17]). Let X be an HK of Kummer type. Let p € O(H?X; Z), qx)
be a monodormy operator. Then either p acts trivially on the discriminant group
H?(X; 7)Y /H?(X; Z) (here H%(X; Z) is embedded into H%(X; Z)" by the BBF quadratic form)
and it has determinant 1 or it acts as multiplication by —1 on the discriminant group

and it has determinant —1.
Below is our last main result.

Theorem 1.5. Let X be a hyperkahler variety of Kummer type, of dimension 2n, and
let L be an ample line bundle on X. Then (J3(X), ©;) is of Weil type, with an inclusion

Qv/=2(n + 1)gx(D) C End(J°(X), ©p) ¢,

where gy (L) is the value of the BBF quadratic form on ¢, (L). By varying (X, L), one gets
a complete (up to isogeny) family of four dimensional abelian varieties of Weil type
with associated field Q[,/—2(n + 1)gx(L)] and trivial determinant (i.e., the discriminant
of the associated hermitian form is the norm of a non-zero element of the field
Ql/=2(n + 1)gx(L)], see Subsection 5.1). Moreover, the Kuga-Satake variety KS(X, L) is

isogenous to J3(X)%.

Remark 1.6. Underlying Theorem 1.5 is a (classical) isomorphism between the period

spaces for polarized HK's of Kummer type and polarized abelian fourfolds of Weil type.
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6 X.G. O'Grady

In particular, we have an infinitesimal Torelli Theorem for polarized HK’s of Kummer
type in terms of the Hodge structure on H3. A careful study of the monodromy on the
integral H® of HK's of Kummer type should produce a Global Torelli Theorem in terms

of the Hodge structure on H°.

1.3 Organization of the paper

Most of Section 2 is devoted to the proof of results on the cohomology of HK's of Kummer
type. After recalling the definition of generalized Kummers and establishing basic
notation, we compute the constants that enter into the formula for certain integrals on
an HK of Kummer type (see Proposition 2.3). In Subsection 2.3 we describe explicitly the
integral 3rd cohomolgy group of a generalized Kummer. In dimension 4 this was done
by Kapfer and Menet [11]. We extend their result to arbitrary dimension by adapting
arguments of Totaro [24]. In Subsection 2.4 we show that, by invariance under the
monodromy group of compact complex tori, the map ¢ in (1.2.2) for 2n-dimensional
HK's of Kummer type has a “shape” that depends on an apriori unknown & (g" %) e Z3.
In Subsections 2.5, 2.6 and 2.7 we compute the 1st two entries of 9(g"2) (the 3rd entry
will be determined up to sign in Subsection 3.4). Most of the effort goes in a painful
computation of the cup product of certain cohomology classes on a generalized Kummer.
In order to do this we rely on the explicit description of the cohomology ring of Hilbert
schemes of smooth projective surfaces with trivial canonical bundle given by Lehn and
Sorger [14]. The last subsection of Section 2 contains the proof of Theorem 1.1.

In Section 3 we prove Theorem 1.3 and Corollary 1.4. Actually we discuss an
“abstract” map, which has the same shape as ¢, depending on a choice of ¥ € Z2 with no
vanishing entry. In such a set-up, we have a way of explicitly associating to a weight-2
H.S. of K3 type a weight-1 H.S. If the weight-2 H.S. is polarized, then the weight-1 H.S.
is also polarized.

In the short Section 4 we compute the elementary divisors of the natural
polarization of J3(X) for a polarized HK fourfold X.

Section 5 is devoted to the proof of Theorem 1.5. Actually we prove, more
generally, that the polarized weight-1 H.S.’s constructed in Section 3 (depending on a

¥ € Z® with no vanishing entry) are of Weil type.

1.4 Conventions

We work over C: projective varieties will be complex projective varieties.

Throughout the present paper, A is an abelian surface.
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Tori and Hyperkédhlers of Kummer Type 7

Notation: in dealing with cohomology, we omit to mention the ring of coefficients when
we consider complex coefficients.

Let A be a lattice. The divisibility of a non-zero v € A is the positive generator
of (v, A); we denote it by div(v).

Let n € N, . The double factorial of n is equal to

n—1
n!!:=n~(n—2)-...-(n—2{ 2 J) (1.4.1)

It is convenient to set 0! !:=1 and (—1)!!:=1.

2 Generalized Kummers and their cohomology
2.1 Hilbert schemes parametrizing subschemes of finite length

Let S be a smooth projective surface. Let S™ be the Hilbert scheme parametrizing length-
n subschemes of S, and let S™ be the symmetric n-th power of S. Let [Z] € SI™. We let |Z|
be the cycle be associated to [Z], that is the image of the Hilbert-Chow map En: sl
S™. Let A, (S) c S™ be the prime divisor parametrizing non-reduced schemes. The
divisor class of Zn(S) is divisible by 2. We let En (S) e HZ(SM; Z)/Tors be characterized by

28,(S) = ¢ (O (A,(S))). (2.1.1)

Let 7: S* — S™ be the quotient map and p;: S® — S be the i-th projection. Given
a € H™(S;R), let ™ e H™(S"™; R) be characterized by the formula

n
m*a™ =" pla. (2.1.2)
i=1

(Here R is a commutative ring.) Let

H™(S; R) Jm - gm (si; R)

2.1.3
a - o™, ( !

Forn > 2, let

r,S) :={w,2es? xs™|wea, wcaz}. (2.1.4)
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8 X.G. O'Grady

Then I',,(S) is irreducible of dimension 2n — 1. Let p: I',,(S) — S be the map sending
(W, Z) to the support of W, and let q: T,,(S) — S"™ be the projection. We let

H™2(S;R) H™(S": R) 015
B —  PD(q, (I, (SINp*B),

where PD means Poincaré dual.

2.2 Generalized Kummers

Let A be an abelian surface. Let 0,: A” — A be the summation map (in the group A).

The n-th generalized Kummer variety is
K,(A) = {1z e A" o, (2)) = 0}.

Beauville [1] proved that K, (A) is a hyperkahler variety of dimension 2n. Let

Ap(A) i= A, 1 (A) NK,(A), E,(A) =E, 1Dk, a) (2.2.1)
and
H™(4;R) % H™(K,(A);R) H"2A;R) =5 H™(K,(ANR) .
o = ﬁm(a)lKn(A)' p = Um(ﬁ)lKn(A)' -

Now suppose that n > 2. We recall some well-known results on the cohomology of K, (4)

(a reference is [3, pp. 6-12]). We have a direct sum decomposition
H*(K,(A); ) = 15 (H(4; 1)) @ L&, (A). (2.2.3)

Moreover, the map p, for R = C is a homomorphisms of integral Hodge structures. The

BBF bilinear form (,) is given by
(o (@) + X5, 1y (B) + ¥E,) = (/Aa A ,3) —2(n+ Dxy, «,BeH?*A), x,yeC, (2.24)
and the normalized Fujiki constant of K,,(4) equals n + 1, that is

/ " =m+1)2n - D! (a,@)" Vae H*(K,(A);C). (2.2.5)
Kn(4)
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Tori and Hyperkédhlers of Kummer Type 9

Remark 2.1. Let W be a complex vector space, equipped with a bilinear symmetric
form (,). Let us say that two permutations o, v € .%,, are ~-equivalent if we have equality

of multilinear symmetric functions

(%(1)'%(2)) Tt (%(Zr—l)r%(zr)) = (“r(l):ar(z)) et (“r(Zr—l):af(zr))- (2.2.6)

Let .7,, be a set of representatives for ~-equivalence classes, and let P: W?" — C be the

multilinear symmetric function defined by

P(Oll, . ,azr) = Z (C{U(l),aa(z)) et (a(’,(zr_l),ao.(zr)). (2.2.7)

oeSor

Then P is the polarization of the polynomial « — (2r — 1)!! (¢, ®)", that is

Pla,...,0) =C2r—D!!(a,a)". (2.2.8)
In particular, we have
/ A — =gy =M+ 1) Z (g o) oo (g, o). (2.2.9)
Kn(4) 0€Som

In fact, both the left- and the right-hand side of (2.2.9) are multilinear symmetric
functions H?(K,(4))?" — C, and by (2.2.5) and (2.2.8) they are equal when computed

on diagonal elements (e, ..., «).

Now let X be a 2n-dimensional hyperkédhler manifold of Kummer type. The
bilinear form (,) defines an isomorphism H2(X) — H2(X)". The inverse H2(X)" = H2(X)
defines an element in Sym?H?(X), whose image by the cup-product map Sym?H?(X) —
H*(X) is a class in Hé’z (X) that we denote by gy, or g" if there is no danger of misunder-
standing. An explicit expression for qI\gn(A) is obtained as follows. Let ey, f}, e, 15, €5.f3
be a standard basis of H2(4; Z), that is

/e? =0, /ei — fi=1, (e, f; is orthogonal to (ej,fj) if i#]. (2.2.10)
A A

610z Jaquieldas €0 uo 18nb AQ 6171 85GS/99 L ZUJ/UIWI/SE0 L 0 | /I0P/1oBIISqe-8d1lIe-00UBAPE/UIWI /W02 dNo olwapeae//:sdjjy Wol) papeojuMo(]



10 K.G. O'Grady

(Notice that each (e;, f;) is a hyperbolic plane.) Then

1 2
- S (2.2.11)

3
qI\én(A) =2 Z ACHIAG )

i=1
Before proving a result on powers of ql\gn @) We need an identity whose proof was kindly

provided by Ruggero Bandiera.

Lemma 2.2 (Ruggero Bandiera). Let k and ¢ < n be natural numbers. Then

L0\ (20 + 20011 (20 — 20 — D! (2n + 2k + 1)
Z() = . (2.2.12)
l 2!l 2n—-2¢-1!! 2n — 22+ 2k+ 1!

i=0

Proof. For fixed natural numbers k, ¢ the left- and right-hand sides of (2.2.12) are
polynomials in n (of degree ¢), that we denote p’g and q’g, respectively. In particular,
p’g(x) and qlg(x) makes sense for any x, not only for x an integer greater than ¢. One
proves that p’; = qlg by induction on ¢ arguing as follows. First, plg = q’g because they are

both equal to the constant polynomial 1. A straightforward computation shows that
pi(n+1) —pfn) =2tp{_,(n), qf(n+1)—q{(n) =2Lg_ (), =1,
and hence by the inductive hypothesis the difference operators of plg and of q’g are equal.

20— 1 20— 1
pFn) (T) = q’Z(n)( 5 )

it follows that pf = q’g. |

Since

Proposition 2.3. Let X be a 2n-dimensional hyperkdhler manifold of Kummer type.
Then, for all y € H?(X)

(2n +5)!!

/(qV)Z — y2n—26 — (n + 1)
[x]

Proof. By a theorem of Fujiki (see Remark 4.12 in [8], or 1.11 in [10]), there exists a

rational number CY (independent of X) such that

/(qv)e <2t g™t Wy e BAX). (2.2.13)
x1
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Tori and Hyperkédhlers of Kummer Type 11

In order to determine Cf;, it suffices to compute the left-hand side of (2.2.13) for one X
and one y € H?(X) such that g(y) # 0. We will do the computation for X = K, (A) and
y =§&,. Let

3
On = Zuz(ei) — () € Hy* (Ky (A)).

i=1

Thus,

. »
(@)’ = (200 — 587 K=Z Mot (- L) " gi gz
Kn(4) no2(n+1)" —\i 2(n+1) noen

1%

A straightforward computation shows that
. . 1 )
/ oy — E,zln_m =n+ I)Ei! C+2)({+1D(—2(n+1)""2n—2i—1)!!.
Kn(A)

With some manipulations, it follows that

14
o . - .
/ @) = &2 =+ DgE)" " D] —((+2)((+ D27 2n - 20 - D!,
Kn(A) (=)
Thus, it remains to show that
ﬁ © irarn2l@n—2i-ni=—2rEop a1y
=10 o (2n4+5-20!!

The above equality follows at once from the case k = 2 of Lemma 2.2.

Definition 2.4. If X is a 2n-dimensional hyperkdhler manifold of Kummer type, let

qx == 2(n+ 1)qy.
The point of the above definition is that g Hé'z(Kn(A)) (by (2.2.11)).

2.3 On the integral cohomology of generalized Kummers

We will prove the following two results.

Proposition 2.5 (Contained in [11] for n = 2.). Let B € H'(4;Z). Then v4(B) is divisible
by 2 in H3(K,,(A); Z).
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12 K.G. O'Grady

Remark 2.6. Let 8 € H'(A;Z). By Proposition 2.5, there is a well-defined v3(B)/2 €
H3(K, (A); Z)/Tors

Theorem 2.7 (Proposition 6.2 in [11] for n = 2.). The map

H3A) @ H'(A)(-1) —> H3(K,(A))/Tors
(a,B) = ugla) +v3(B8)/2

(2.3.1)

is an isomorphism of integral Hodge structures.

We recall that A is naturally stratified, with strata indexed by partitions of
r. The stratification of A" defines a stratification of A" via pull back by the Hilbert—
Chow map. Let A = (A,...,A,) be a partition of r, where A; > A, > ... > A,. The stratum
A[{] is equal to the set of Z such that |Z| = A,a, +...4+ A a;, where the points a,,...,a;, € A

are pairwise distinct. Each stratum is irreducible, and
dimA7 =7 4+ (2.3.2)
Since {Akr]}xewr is a stratification, the dimension formula (2.3.2) shows that

. alrl [r] . alrl [r] [r] [rl
Uri=Aq, nyHAz1,. 1 Vr=4g, HUA uAa uAa

@1,..,1) 3,1,...,1) 2,2,1,...,1) (2.3.3)

are open dense subsets of A", Notice that V, 5 U,.
Lemma 2.8. The restriction map H3(A"; Z2) —» H3(Ur; 7) is an isomorphism.

Proof. The complement of V, C A has codimension 3; it follows by a standard
argument that the map H3AM:7) > H3(Vr; Z) is an isomorphism. Thus, it suffices to
prove that the map H3(Vr,Z) - H3(Ur,Z) is an isomorphism. If r < 2, then V, = U,, and

there is nothing to prove. Assume that r > 3. We have the exact sequence
H3(V,,U,;7) — H3(V,;Z) — H*(U,; Z) — H*(V,, U,;7) 25 H*(V,; Z)
By excision and Thom's isomorphism, HS(VT, U,;Z) =0, and

: _ [r] : _
HAV. U T) = Z if r=3, Imp. — <[A(3,1 ..... 1)]), if r=3,
rrYrr - -

r
7% if r>4, (Al LA, o, if r>4,
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Tori and Hyperkéahlers of Kummer Type 13

where [AEQ],I ..... 1] and [A[(Z],Z,l,‘..,l)] are the fundamental classes of A£r3],1,...,1) and Azrzl,z,l,,..,n
respectively. In order to finish the proof it suffices to show that p, is injective, that is
that [A[(r3],1,4..,1)]' [A[(rz],z,l,...,l)] are independent over Z (if r = 3 this is to be interpreted as

stating that [AES],I _____ 1)] is not a torsion class). We may assume that A = E x F, where E, F
are elliptic curves. Given g € F, we let i;: E < E x F be defined by i (e) := (e, ). Let
D c E® be a generic very ample divisor. Then D meets the curve {3p | p € E} in a finite
non-empty set. Ket x;,...,x,_3 be pairwise distinct points of A \ iq(E). Let = c A be
defined by

T = {iq(Z) U{xy,...,x,_3} | Z € D}.

If r > 4, let q;,q, € F be distinct, and let y;,...,y,_, be pairwise distinct points of
A\iy (E)\ i, (E). Let ¢: E — P! be a degree 2 map. We let D C E® be the g} defined by
¢, that is D := {¢*(p) | p € P'}. Let 2 c A" be defined by

Q= {iql(W) Uig, @ ulyy,- Vra) | W, Z€ Dg}.

Both ¥ and Q are projective and have pure dimension 2. Thus, we may evaluate the

classes [Airzl,z,l,...,m] and [Ag'1 ..... 1)] on ¥ and Q. Notice that X meets A[(g],l,.,,,l)
[r]

non-empy set, and that Q meets A5, ) in a finite non-empty set, and it does not

meet A[(g] 1,..1)- 1t follows that the 2 x 2 matrix describing the evaluation of the classes

[A[(g],1 ..... 1)], [A[(rzl,z,l,...,l)] on X and 2 is non-degenerate. (If r = 3, this is to be interpreted
[r]

as stating that the evaluation of the class [A(3 1o1)

p, is injective. |

in a finite

] on ¥ is non-zero). This proves that

Proof of Proposition 2.5. It suffices to prove that v;(8) € H® Al+1. 7y is divisible by 2.
Let U, ., c A" be the open dense subset defined in (2.3.3); by Lemma 2.8 it suffices to
| is divisible by 2 in H3(U,,,; Z). Let B € H'(A; F,) be the reduction
modulo 2 of g; thus, vy (B) is the reduction modulo 2 of V3(B). We must show that

prove that v3(8)ly, .

§3(E)|Un+1 =0. (2.3.4)

A piece of the long exact sequence of cohomology with F, coefficients for the couple

U1, AGSY 1) Teads

d
112(‘4&7,1,1.]..,1#]}2) - Hs(UnJrl'A[{ll,l,l.]..,l)?]Fz) = H¥(Upy1iFp) — 113('4[(7,1,1.],.,1>?]F2)
(2.3.5)
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14 K.G. O'Grady

Thom's isomorphism gives an identification

H3 (U,

n

[n+11 . ~ g7l (aln+1] .
+1!A(Y1L,1 ,,,,, 1),]F2)=H (A(z,l,...,l)'FZ)‘ (2.3.6)

Let 7: A[('Z‘J{” 1y = A be the composition of AEZJ;” ) = A x AV (the restriction of

Hilbert-Chow) and the projection A x A™®~D — A. Then
7 (T () = V3(B)ly,,,- (2.3.7)

(The above equation makes sense by (2.3.6)). By Lemma 3.1 in [24] (Totaro’s Lemma is
stated for n = 1, but the same proof gives the statement in general), 7*(8) € Im(d), and
hence (2.3.4) holds. |

Proof of Theorem 2.7. The map in (2.3.1) is a morphism of Hodge structures, integral
by Proposition 2.5, hence we are left with the task of proving that it defines an
isomorphism between H3(4;Z) ® H'(A;Z) and H3(K,,(A); Z)/Tors. We proceed as in the
proof of Proposition 6.2 in [11].

Let {n;, 12, 13,14} be an oriented basis of H(A;Z), that is such that N~ ...~y

is the orientation class. Let {771’, el nZ} be the dual basis. The isomorphism
H3A) — H'(A)Y
@) @) (2.3.8)
o - (,B = fpa— ,3)
allows us to view each n;’ as an element of H3(4; Z). Let %,,..., X4 C Abe generic smooth
oriented 1-manifolds representing the Poincaré duals of ny,...,n;, and let Q,,...,Q, C

A be generic smooth oriented 2-manifolds representing the Poincaré duals of 5, —
N1: M1 ~ Ng. Ny ~ N3, M3 — Ny. Choose generic distinct points xy,...,X,_ 5, V1,...,V,_o € A.
LetI'y,...,T4,©,,...,0, C K, (A) be the smooth oriented 3 manifolds

I, = {Couixy,. ... x,_0D) €K (A) | ZgNE; # 0, Zy N Q; # 0},

©; = {@Zu{yi- Vn2)) €Ky(A) 129l =2p+q, p € T}

A straightforward computation shows that the 8 x 8 matrix whose entries are the
evaluations of the classes us(ny),...,n3(ny), v3(n,/2),...,v3(ns/2) on the 3-homology
classes represented by X;,...,%,,0,...,0, is a matrix (024 ;), where C, D are diagonal
matrices with entries +1 on the diagonals. This proves that the image of H3(4;Z) @
H'(A;Z) under the map in (2.3.1) is a rank 8 saturated subgroup of H3(Kn(A);Z)/Tors.

By Gottsche [9] the rank of the latter is 8, and hence Theorem 2.7 follows. [ |
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Tori and Hyperkéahlers of Kummer Type 15

2.4 Structure of ¢ for X a generalized Kummer

c H%n—4,2n—4

Let X be an HK of Kummer type, of dimension 2n. Let iy (X) be an integral

Hodge class which remains of Hodge type for all deformations of X. Thus, iy might be

"2, where g is as in Definition 2.4, or a weight 4n — 8 poynomial in the Chern classes

of X. We let
2
) NH3X) — HA(X)Y (2.4.1)

be the composition of the map

NHX) —  H™2(X)
YAy by =y =ty

and the map H**~?(X) — H?(X)" defined by cup product. Then ¢ (tly) is a morphism of
Hodge structures, flat for the Gauss—Manin connnection.

Now let A be an abelian surface, and let il = 8l (,,. By Proposition 2.5 have the
isomorphism F: H3(4) @ H'(A) — H3(K,,(4)). We let

A2@E3 Q) @ H'(A) 2 H2(K, (A)"

(a, B) A (e, B) P ¢ (F(a, ) AR, BY)

We will describe the general structure of ®(4l).

Notation 2.9. Let H*(K,,(A))" = H?(A)Y @ C&, be the direct sum decomposition dual
to (2.2.3) (tensored with C). (Note: &, takes the value 1 on §,,.)

The codomain of ®(4) is identified with H2(A4)Y @ Cg). On the other hand H?(A)
is naturally identified with /\ZHI(A), hence H?(A)V is naturally identified with
A?H'(A)V. Let A be the inverse of the isomorphism in (2.3.8). We have the isomorphism
A2x: AN2HY(A)Y S5 A?H3(A), hence we may write

2 2
oh: A\ (H @ e H @A) — /\ B 4) o Cty. (2.4.2)
Definition 2.10. Let:: /\zH1 A4) — /\2H3(A) be the composition
2 2 A% 2
/\HI(A) = /\Hl(A)V AN /\HS(A), (2.4.3)

where the 1st map is defined by wedge-product A? H'(4) x A\?H'(4) — C.
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16 K.G. O'Grady

Proposition 2.11. There exists (L) = (9, (1), 9, (LD, P53 (L)) € 72 such that
D (a, B) A (', ) =0 (Wha Aa’ + D, (DB A B) + 938D (, B') — (&, B))E,  (2.4.4)

for all («, B), (/, B’) € H3(A) @ H'(A), where (¢, B), (B, ) make sense by (2.3.8).

Proof. Let @;(4l) be & (L) restricted to the i-th summand of the decomposition

2 2 2
NE @ e H 4) = N\ A @ /\ H'(4) 6 H*A) @ H' (A4).

Each ®;(4l) is equivariant for the natural action of the monodromy group of 2D compact
complex tori on domain and codomain. This makes sense because the generalized
Kummer K,,(T) is well defined for an arbitrary 2D compact complex torus. Since the
images of the monodromy group in H'(4;Z) and H3(A;Z) are the full integral special
linear groups, each of the maps ®;(4{) is equivariant for the natural actions of the groups
SL(H'(A)) and SL(H3(A)). It follows that there exist U (D, 9,1, 9540 € C such that
@, (1) = (9, (HId, 0), Dy (8l) = (¥, (L)1, 0), and D4(L) (e, 0) A (0, B')) = V3(8) (a, B)E) . Since
® (4l is integral, one gets that each v;(l) is an integer. |

Definition 2.12. Let X be an HK manifold of Kummer type of dimension 2n. Deforming
X to K,,(A), we may set unambiguously ﬁ(ﬁ?‘,_z) = 19(61'554)), where l?(ﬁﬁ.;(ZA)) is the triple

of integers defined in Proposition 2.11.

2.5 The cohomology ring of A",

Let S be a smooth projective surface with torsion canonical class. Lehn and Sorger
[14] have identified the cohomology ring of S!™ with a ring functorially associated to
H(S), the cohomology ring of S. In the present subsection we recall the construction
for an abelian surface A—there is one simplification, because the Euler characteristic
vanishes. Throughout this subsection we will adhere to the notation of [14] (with the
exception that they consider rational cohomology). Accordingly, we shift the grading of
H(A) by 2:

degHP(A) :=p — 2, (2.5.1)

610z Jaquieldas €0 uo 18nb AQ 6171 85GS/99 L ZUJ/UIWI/SE0 L 0 | /I0P/1oBIISqe-8d1lIe-00UBAPE/UIWI /W02 dNo olwapeae//:sdjjy Wol) papeojuMo(]



Tori and Hyperkéahlers of Kummer Type 17

2.5.1 The ring H(A)M

Let I be a finite set. One sets
HA)® = HAT). (2.5.2)

Suppose that I has cardinality r. Let [r] := {1,2,...,7}. A choice of bijection f: [r] = I
defines an isomorphism H(A4)®" = H(A)®!. We define a grading of H(A)®! according to
(2.5.1), that is

degHP'(A)® ... HP"(A) =p, + ...+ p, — 2. (2.5.3)

The degree of a homogeneous element o« € H(A)®! is denoted |«|. One defines

HA)®...@ HA) -5 C

r

0 ®...0a, B (= faay) (= [yap)

(notice the minus signs). Given a finite set I of cardinality r, we may define T;: H(4)® —
C by choosing a bijection [r] — I, and T; is clearly independent of the bijection. Notice
that T} is a non-degenerate bilinear form.

Let I, J be finite sets, and let f: I — J be a surjection; by taking the cup-product
map H(A}ffl(") — H(A) for every j € J (see p. 307 of [14]), one defines a map

f*HA® - HA)®. (2.5.4)

Let
o HA® - HA™! (2.5.5)

be the adjoint of f* with respect to the non-degenerate bilinear forms T; and T;. In
particular, let A.: H(A)®" — H(A) be the multiplication map. Then A, ,: H(A) — H(A)®"

is the adjoint of the multiplication map:

T(Ar'*(oz)o,B1®...®ﬂr)=—/avﬁlv...vﬁr. (2.5.6)
A
Next, let
HAS,,) = QB HA)BTNM o (2.5.7)
TeSm

Here (7)\[m] is the set of orbits in [m] of the subgroup of .7, spanned by n. If ¢ €
H(A)®™N\IMl js homogeneous, the degree of {7 is defined to be ||.
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18 K.G. O'Grady

One defines a multiplication on H(A){.#,,} proceeding as follows (see Proposition
2.13 of [14]). Let &, p € .%,,. The graph defect g(x, p): (7, p)\Im] — N is the function (see
Lemma 2.7 in [14]) defined by

g(m, p)(B) = (IBI+2—| 7\B| = [(p)\BI| = |(p)\BI).
The surjections (7 )\[m] — (7, p)\[m] and (p)\[m] — (7, p)\[m] define maps
Fr) s gayRENml _y gra)@moNiml gomo) s gra)®enNiml _y pra)@ el
(see (2.5.4)), and the surjection (p)\[m] —s (x, p)\[m] defines
For gy HCAYSTNIMI s g @ o),

as in (2.5.5). One defines u, ,: HA)®"N\M @ H(A)®PNM 5 F(4)®TPNM by setting

Ty PPN @) - foAT0N D)) g, p) = 0,

Kr,p(@® D)=
0 otherwise.

The multiplication on H(A){.7,,} is defined by setting
$m - §p =y , (8, 8)Tp.
The group ., acts on H(A){.”,,}, see p. 310 of [14], and one sets
(m] Fm
HA™ = (HASp) ™. (2.5.8)

The restriction of multiplication to H(A)" is graded commutative and homogeneous of

degree 2m, see Proposition 2.13 and Proposition 2.15 of [14]. Let
o
EB HA)M L, P (™) = (2.5.9)
m=0

be the isomorphism of vector spaces defined on p. 318 of [14].

Theorem 2.13 (Lehn-Sorger [14]). The map in (2.5.9) is an isomorphism of graded

commutative rings, provided we define deg HP(A") := p — 2m.
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Tori and Hyperkéahlers of Kummer Type 19

2.5.2 Product of certain elements of H(A){-m}
Let T € .%,,. We define a total ordering < on the orbit set (z)\[m] by setting I < J
if min(I) < min(J). Thus, letting p be the cardinality of (z)\[m], we have a preferred

isomorphism
H(A)®P S H(A)B N (2.5.10)

Definition 2.14. Keep notation as above, and let ,31,...,,Bp € H(A). We may view
f1 ® ... ® B, as an element of H(A)®™\Ml hecause of (2.5.10). This understood, we let
Bri®...Q Byt be the corresponding element of H(A){.7,,}.

Givena e HA) and 1 <i < m, we let

Pia)=1®...01®a®1®...0 1 HA)®™. (2.5.11)
13

Definition 2.15. Let&é e HA).Forl <i<j< (m+1),let Aij(é) € H(A)®™ be the image
of A, ,(£) under the homomorphism H(A)®? — H(A)®™ mapping a ® b to pi(a) -p;(b).
Similarly, for1 <h <k <l < m,let Ai’kl(é) € H(A)®™ be the image of Az (&) under the
homomorphism H(A)®® — H(A)®™ mapping a ® b ® ¢ to p},(a) - pj(b) - p; (c).

Letl <i<j<mandl <h <k <m. Then (cf. Example 2.17 in [14]):

AY(p - pH1d if (i,j) = {h k),
(p;k ('3)(”)) ' (p;(ﬂ/)(hk)) = p:nin{i,j,h,k}(ﬁ — BH() - (hk) if |{i,jiN{h k}| =1, (2.5.12)
Zini (B, B) (@) - (hk) if {i,j}N{h, k} =9,

where

p;B-pp’ if i<h<jorh<i<k,
Zyn (B, B) == {piB -p;_,B if i<j<h, (2.5.13)
pi B-pif if h<k<i.

Let1 <i<j<k < m. Then (cf. Example 2.17 in [14]):

(p: (B (k) - (01 (B (KjiD) = AT*(p — g)1d. (2.5.14)
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20 K.G. O'Grady

Lastly,let1 <i <j<mandl < h <k < m.Let 8,8,v,y € HA), with y and g’

homogeneous. Then

(P:(B)@D)) - (DL (BYRK)) - (DE () E) - (P () (BK)) = (=DIFMIAT (B — y) - AR (B — y1d.
(2.5.15)

2.5.3 Cohomology classes and Grojnowski-Nakajima operators
We describe elements of H(A)™ that correspond to classes in H(A™) that are relevant
for our computations. In order to avoid misunderstandings, we let ﬁ[r’"]: H'(A) —
H"(AM) be the map that was previously denoted by i, (we add the superscript
[m]), and similarly we let 'ﬁﬁm]: H™2(A) — H"(A"™) be the map that was previously
denoted by v,.

Notice that >, p}(e)Id € H(A)™.

Proposition 2.16. Keep notation as above, and let @« € H"(A). Then

F(Zp;f(a)ld) = 1M (). (2.5.16)
i=1

Proof. Given £ € N and y € H(A), let p_,(y): H — H be the Grojnowski-Nakajima
operator, see p. 315 in [14]. Let 1 € H°(A") be the function {#} — C with value 1 (the

vacuum). By definition of T, the proposition follows from the easily verified equality

P p_ (D) Py (@) -1 = (m = D! EM ().

m—1

For B e H(A), let

cnB) = D PHBED. (2.5.17)

1<i<j<m

(This is the only place where our notation differs from that of [14], our c,,(1) is denoted
—€m.20 S€€ p. 319 0p. cit.) Notice that ¢, (8) € H(A)M,

Proposition 2.17. Let 8 € H2(A), and keep notation as above. Then

L, (B) = ~m(p) (2.5.18)
m 2 r . oD

610z Jaquieldas €0 uo 18nb AQ 6171 85GS/99 L ZUJ/UIWI/SE0 L 0 | /I0P/1oBIISqe-8d1lIe-00UBAPE/UIWI /W02 dNo olwapeae//:sdjjy Wol) papeojuMo(]



Tori and Hyperkédhlers of Kummer Type 21

Proof. By definition of I, the proposition follows from the equality

Po(D) - p (D p_p(B) - 1= (m — 215 ()

m—2

Let B, 8’ € H(A). The following formula (which holds by (2.5.12)) will be handy:

enB) CnB)= D AVB—Id++ D PhinmyBU B RKD)

I<i<j<m (h.klc{1,....m}
[{h,k.[}|=3
+ > zga(B B (k). (2.5.19)
1<i<j<m
1<h<k<m
{L.f}N{h,k}=0

(Note: in the 2nd summation every order 3 cyclic permutation appears 3 times.)
Let nym € H*™ (S be the fundamental class; it follows directly from the

definition of I" (see the definition of ® on p. 311 of [14]) that

1
L (™) = — i1 qm. (2.5.20)

2.6 Computation of v, (6;‘(_2)

Let X be a 2n-dimensional hyperkdhler manifold of Kummer type, and let 19(6?(_2) be as

in Definition 2.12.

Proposition 2.18. Let X be a 2n-dimensional hyperkédhler manifold of Kummer type,
where n > 2. Then

01(gy ) = 2"+ i

(2.6.1)

We notice that, in order to prove Theorem 1.1, it suffices to know that v, (q;";z)
and 192@?(_2) are non-zero (but we do not know how to establish non-vanishing of
ﬂi@;}_z) without actually computing it), while in the proof of Theorem 1.3 we need to
know that 9, (g% 2)/0,(@% ) =n+1.

The proof of Proposition 2.18 is given at the end of the subsection. We start
by going through some preliminary results. Let H(K,(A)) ) C HEK,(A)) be the graded
C-algebra generated by H?(K,,(A)). By a Theorem of Verbitsky [2, 25], the restriction
of the Poincaré pairing to H(K,,(A)), is perfect, and the kernel of the natural map
SymH?(K,,(A)) — H(K,(A)), is generated by all elements «™*!, where g(a) = 0. Now
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22 K.G. O'Grady

suppose that p < n. Then the map Symsz(Kn(A)) - H(Kn(A))g is an isomorphism,

and hence we have a direct sum decomposition
2p P2 1\
H? (K, (4)) = SymPH? (K, (4) & (HEK,(A)G)
where orthogonality is with respect to the Poincaré pairing. Let
M, : HP(K,(A)) — SymPH?(K,(4))

be the projection. Let ¢ be as in Definition 2.10.

Lemma 2.19. Let n > 3. There exist C;(n),D;(n) € Q for i € {1,2,3} such that for all
a,0’ € H3(A) and B, 8/ € H (4),

C,(n)q" — u, (L_l(Ol Aa')) + Dy (n)u, (L_l(ot Aa')) — £2,

Cy(1)qY — y(B — B') +Dy(m)py(B — B) — &2,

Cs3(n) (/Aavﬁ)qvvéjn—i—Ds(n) (/AWVﬂ)SS-

I, (Hs (@) — g (a/))

I, (Vs (B) — v3 (/3/))

H3(M3(05) ~ V3(,3))

Proof. Let W,: A?H3(A) — SymPH%(K,(A)), ¥,: A?H'(A) —» Sym3H?(K,(A)), and
W,: H3(A) ® H'(A) —» Sym®H?(K,,(A)) be the linear maps which have values I15(u5(a) —
(), TI3(v5(B) — v4(B")) and I5(us() — v4(B)) on decomposable vectors « Ao/, B A B

and o ® B, respectively. Because of (2.2.3), we write the codomain of ¥, as
sym*H?(4) @ (Sym?H?(4) ® C¢,) & (H*(4) ® C&2) @ C&;. (2.6.2)

The map ¥, is equivariant for the action of the monodromy group of 2D compact
complex tori on domain and codomain. Since the monodromy group is SLH®(4; Z), ¥,
is equivariant for the action of SLH3(A). The domains of ¥; and W, are irreducible
representations of SLH®(A). Decomposing each summand of (2.6.2) into a direct sum of
irreducible SLH3(A) representations, one gets the 1st two equations. The decomposition
into irreducible summands of the domain of ¥, is EndO(H3 (A)) ® CIdys,,. Of these two
representations, only the trivial one appears in the decomposition of (2.6.2), and the

third equation follows.
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Tori and Hyperkéahlers of Kummer Type 23

Throughout the present subsection we let {;,...,n,} be an oriented basis of

H'(A), that is such that  := n; — ... — n, is the fundamental class of A.

Proposition 2.20. Leta,o’ € H3(A), and y € H%(A). If n > 2, then

n—-2
/ pa(@) — pg@) — py ()™ =2 =—(2n—3>!1(/A rl(am’)vy)(/A yz) . (2.6.3)

Kn(4)

Proof. The required computation is done on A™*! by the following argument. Let
Ot AMY 54, G A 5 A
be the summation maps, and let

W, 1 (A) ==0,}(0), W, 1(A) :=3G,1,(0). (2.6.4)

The restriction of the Hilbert-Chow map to K, (A) is a map b,,: K,(A) - W,,,(4) of

degree 1 and, for A € HX(A), the class u.(3) is equal to h:‘l(k(”“)anH(A)). Hence, the

computation may be done on W, (A). The natural map W, ;(A) — W, ,(A) has degree

(n+1)!, and therefore the computation may be done on T/IA/n+1 (A). Lastly, we may compute

on A™1 because the relevant classes on T/IA/n+1 (A) are the restrictions of classes on A™+1.
Let p;: A™"! — A Dbe the i-th projection. Then

n+1 n+1 n+1 n+1

®:= > pan)U D Py U D palng) U D pi(iy) (2.6.5)
a=1 b=1 c=1 d=1
is the Poincaré dual of Wn+1 (4). Thus, (2.6.3) is equivalent to the following equality:
n+1 n+1 n+1 2n—3
[(Er)-(E)-(5) -
r=1 s=1 t=1

An+l
n—2
=—(n+1)!'(2n—3)!!(/ L_l(a/\o/)vy)~(/yvy) . (2.6.6)
A A

By Lemma 2.19, it suffices to prove that (2.6.6) holds for

o =11~ Ny~ 13, o = Ny~ Ny~ N4. (2.6.7)
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24 K.G. O'Grady
Notice that
Tla ad) =0y < . (2.6.8)

The integrand in the left-hand side of (2.6.6) is the sum of monomials given by products

of the addends of the factors. Each non-vanishing monomial is equal to

Pila—ng) — pi@ —n3) — p;, (v — ... =i,y —p; _ (v —n —ny), (26.9)

where {r,s,t;,....t,_1} ={1,....,n+1}.
By (2.6.8), the integral over A™+! of the class in (2.6.9) equals

(o) ()

Since (n + 1)! (2n — 3)!! such integrals appear, the proposition follows. |

Proposition 2.21. Let o, o’ € H3(A), and y € H%(A). If n > 3, then

/ (@) — pg (@) — py ()2 — g2
Knp(A)

n-3
:2(n+1)-(2n—5)!!(/ L—l(aAa’)vy).(/ yz) . (2.6.10)
A A

Proof. Let Q be the number such that

-5

n+1 n+1 n+1 2n
Cpyr (D? (Z p; <a>1d) : (Z p?(a’)ld) : (Z p?(y)ld)
i=1 i=1 i=1

J] Rimtd + ... + pjyy (n9)1d) = Q=Y. (2.6.11)

s=1

By the results recalled in Subsection 2.5, the integral in the left-hand side of (2.6.10)
is equal to Q/(n + 1)!. Now consider Equation (19) for 8 = 8’ = 1, and plug it into the
left-hand side of (2.6.11): the terms in the right-hand side of (19) that involve non-trivial
permutations will give zero when multiplied by the other factors, hence we get that the
left-hand side of (2.6.11) is equal to the sum, for 1 < i < j < (n + 1), of the products
obtained by substituting cn+1(1)2 with Aij(l)Id in the left-hand side of (2.6.11). Since

there are n(n + 1)/2 such terms, and each contributes (by symmetry) the same amount
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Tori and Hyperkéahlers of Kummer Type 25

to Q, it follows that

1 n+1
J R e e T I (pr(a))

Kn(4A) An+l i=1
n+1 n+1 2n-5 4
- (Zp?(a’)) - (Zp}‘(y)) ~[I@ia+... 45 (). (26.12)
i=1 i=1 s=1

Notice that —A™ ™1 (1) is the Poincaré dual of

An+1 — -~ A"
{a € | an an+1} - (2.6.13)
a = (@y,...0a).
Letting v be the cohomology class on A given by
2n—5 -
vi= (P + .+ D5 ) +2050)) T = [ (P10 + -+ o1 (1) + 2D, (n))
s=1
(2.6.14)

it follows that the integral in the right-hand side of (12) is equal to

- / (Pi@) + ...+ pjh_ (@) + 2Py (@) — (P} @) + ...+ pj_ (@) + 2P} (@) — v. (2.6.15)
An

The integrand in (2.6.15) equals

n—1 n—1
> Pi@ = pi@) —v+2D pi@) — py@) —v+2 D pha) - pie) —v.
i#f i=1 j=1
1<ij<(n-1)
(2.6.16)

Since v is .,,_;-invariant, it follows that the integral in (2.6.15) equals

(n— 1)(n—2)[4in(a) — p3(@) —v+2(n-— 1)[qin(a) — pp@) —v

+2(n — 1)/ () — pi(@) —v. (2.6.17)
AN
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26 K.G. O'Grady

By Lemma 2.19, it suffices to prove that (2.6.10) holds for «, o’ as in (2.6.7). Expanding v

as a sum of monomials, one gets that

n—1
pi(@) — p3@) —v= 24(71 —3)1(2n = 5! pj(a — ny) — p3@ — n3) — p5(y*) — ...
=3
* 2 * * 2 * 2
=D 1(v) = p;(y =0y —=1n) = pi1(¥) — ... = pp(y)
+8(n—3)1(2n — 5! pi(a — ny) — Py — ng) — p5(y?) — ...

< Dh (YD) = Dy — 1y — ny). (2.6.18)

Thus, recalling (2.6.8), Equation (18) gives

n-3
/ pPi(@) — py(@) —v=—4(n—1)(n—23)! (2n - 5)!! /y — THaAd) /)/2
4 A A
(2.6.19)
Similarly (see [20]), one gets that
/p’{(a) — pp@) —v = /np;;(a) —pi@) —v
An 4
n—3
= —2(n—-2)!(2n —5)!! /y — 1T HaAd) /yz
A A
(2.6.20)
By (2.6.17), the integral in the right-hand side of (12) is equal to
n-3
4n+1)(n—1)!@2n —5)!! /yvt_l(a/\a’) /7/2
A A
|

Corollary 2.22. Let n > 3. Then (notation as in Lemma 2.19)

1

O =T hen 15

D;(n) =0.
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Tori and Hyperkéahlers of Kummer Type 27

Proof. By Lemma 2.19, we have

/ 13 (@) — pg(@) — puy()* 3 = ¢ (n) / q" — (TN A d)) — ()34
Kn(A) Kn(4)

+D,) [ @ na) < 8 - (0, (2621
Kn(4)

and

/ [g(@) — pg(@) — ()2 — £2 = C(n) / q" — (T Ha A )
Kn(A) Kn(4)

— uy()*° — &L + 4D, (n) / o A e)) =y ()" — . (2.6.22)
Kn(4)

Each of the integrals appearing in the right-hand side of the above equations may be
computed by invoking the case ¢ = 1 of Proposition 2.3 or Equation (2.2.5) (see also
Remark 2.1). By Proposition 2.20 and Proposition 2.21, it follows that C,(n) and D, (n)

are the solutions of the system of linear equations

—2n=3)!! = (m+1)2n+5)-2n—-23)!1C;(n) —2(n+1)2- (2n —3)!1D,(n),
2+1)-2n-5)t = —2(n+1)%2@2n+5)-(2n—5)!1C;(n) +12(n+1)% - (2n —5)! 1D, (n).
(2.6.23)
Solving for C,(n) and D, (n) one gets the formulae of the proposition. |

Proof of Proposition 2.18. We must prove that if «,«’ € H3(A) and y € H?(A), then

2 1
/ fa(@) — pg(@) — @72 — uy(y) = —2""4(n+ 1)”_2%/f1(a na) —y.

Kn(A) A
(2.6.24)

If n = 2, Equation (2.6.24) follows directly from (2.6.3). If n > 3, first recall that
Gx = 2(n + 1)gy by Definition 2.4. Next, one applies Lemma 2.19. In fact, one assigns to
C;(n) and D, (n) the values given by Corollary 2.22, and then one applies (2.2.5) (see also

Remark 2.1) and Proposition 2.3 in order to carry out the required computations. |

2.7 Computation of 95 (g" 2)

We will prove the following result.
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28 K.G. O'Grady

Proposition 2.23. Let X be a 2n-dimensional hyperkahler manifold of Kummer type,

where n > 2. Then

2n + 3)! 1
9y (qy %) = -2""2(n+ 1" 1@n I n;!) . (2.7.1)

The proof of Proposition 2.23 will be given at the end of this subsection.
Throughout the subsection, {»;,...,7n,} is an oriented basis of H'(A), that is 5 := Ny ~—

..~ 1, is the fundamental class of A.

Proposition 2.24. Let 8,8 € H'(A) and y € H?>(A). If n > 2, then

n—2
/ v3<ﬂ>vv3(ﬂ’>vuz<y>2"—3=—4(n+1>(2n—3>!!(/Aﬂvﬁ’vy)~(/Ay2) .

Kn(4)
(2.7.2)
Proof. Let M be the integer such that
n+1 n=3 4 [np
Cps1(B) - Cry1 (B) - (Z P} (y)Id) J1( 2o pio1d | = Mp®+h1d. (2.7.3)
s=1 \ j=1
By Proposition 2.16, Proposition 2.17 and (2.5.20), we have

aM

/ b (B) = vg(B) = a1 = E (2.7.4)
Kn(4)

Let us compute M. By (19)

n+1 =3 4 [nn
u- 3 faveen—(Zao) I Zrw
=1

I<h<k<(n+1)gn41 s=1 \ j=1

n(n+1) ntl =3 4 [np1
/Alz(ﬂ ﬁ)v(Zpl(y)) ~TT( 2Py ). (2.7.5)

antl s=1 \ j=1

Since

AZ(g_ B)=—pi(B—p)— PD.{ac A" |a, =a,},
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Tori and Hyperkédhlers of Kummer Type 29

(here P.D. stands for “Poincaré dual”), it follows that

/ v3(B) — v3(B) — np()*" % = — (n_l)!/p’{(ﬂvﬂ’)v(Zp’{(y)+p§(y)+...

Kn(A) An

4
+ 05?2 — [ @pi(y) +P5(ny) + ... + D ().

s=1
(2.7.6)
By Lemma 2.19 it suffices to prove that (2.7.2) holds for
B =y, B = Ny- (2.7.7)

The integrand in the right-hand side of (6) is equal to

2(n-2)! (2n —3)!! [Zpi(ﬁ S O 0% N Y 20 B HY (o R
=2

n

— Ph(®) —pi+ D _2pi(B — B) — p3(yD) — ... — Pi_ 1 (¥?)
=2

—Pi(y — 0y =) = Pr(r?) — ... = PhL(y?) — Di(ng — 1y

+ > 2B B =) = DPyD — ... =P D) — DI ()

2<i<j<n

R T C 5 NS L O B H DR HEY (O R

~ P:L(VZ) ~ Vij:| ' (2.7.8)

(do not overlook the square brackets!) where

vii= > (=DPTpim, — ) — Pl (g — ng)- (2.7.9)
1<a<b<4
1<c<d<4

{a,b,c,d}={1,...,4}

Thus,
4
/ pi(B— B) — 2pi() + D51 + ... + PR — [ [ 2Pi(ny) + P5(n5) + ... + P} (n))
An s=1

n—2
=2(n+1)(n—1)!(2n—3)!!(/ﬁvﬂ’vy)~(/yvy) ,
A A

and the proposition follows from (6). |
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30 K.G. O’Grady

Proposition 2.25. Let 8,8’ € H'(A), and y € H?(A). If n > 3, then

n-3
/ vg(ﬂ)vvg(ﬂ’)vuz(y)zn_své,f=8(n+1)2(2n—5)!!(/Aﬁvﬁ/vy)-(/Ayz) :

Kn(4)
(2.7.10)

Proof. Let P be the integer such that

n+1 2n=5 4 /pt1
cn+1<ﬁ>-cn+1</3’>~cn+1<1>~cn+1<1>-(Zp?(y)ld) 11 Zp,(nsnd = py®"*V1d.

i=1 s=1 \ j=1
(2.7.11)
By Proposition 2.16, Proposition 2.17 and (2.5.20), we have
4P
Va(B) — v (B) — m=8 g2 __— 2.7.12
/ 3(B) 3(B) — ua(y) &n CES ( )
Kn(4)
Let us compute P. By (19) and the formulae in Subsubsection 2.5.2, we have
Cri1(B) Cop1(B)  Crn (D) -Gy (W= > A% — ) A% 1)Id
1<a<b<(n+1)
1<c<d<(n+1)
+18 > A opd|+2| D AFE) - AMBHd | +2,
1<h<k<I<(n+1) 1<r<s<(n+1)
1<t<u<(n+1)
{r.sin{t,u}=0

where the remainder # is a sum of terms involving non-trivial permutations.

Let 7 := (Z"“ p; (y)Id) -]_[?:1 (Z;”ll pj (ns)Id), where p; is projection to the
i-th factor. Since 7 is .}, | ; -invariant,

=m+nn-1) /Alz(ﬂvﬁ/)vAls(l)vr

An+l

14 D= (- 2) / A2 — gy < a¥(1) < T

An+l1

13+ nm—1) /Aizs(ﬁvﬂ’)vf

An+l1

+%(n+1)n(n—1)(n—2) / A2@g)y — A%y < 7 |. (2.7.13)

An+l

(Notice that Affb(ﬂ - B - A‘jb(l) = 0 for dimension reasons.)
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Tori and Hyperkédhlers of Kummer Type 31

Next, notice that A, (1) is the Poincaré dual of the small diagonal in A"
multiplied by (=1)"*!. Moreover, if y € H(A) then A, (y) = pi(y) — A, .(1). It follows
that the integrals in (13) are equal to integrals over the subset {(x,x,x,y;,...,¥V,_2} C
A™1 or the subset {(x,X,y,y,2),...,2,_3} C A""!. More precisely, let 73 and 7, , be the

cohomology classes on A"~! given by

n—1 2n—5 4 n—1
(Sp’f<y)+2p;‘<y>) ~ [T (8pito + D pitne) |,

T3 -
n-1 2n=5 4 n-1
Ty = (Zp*;(y) +2p5(y) + pr(y)) ~ [T 22509 + 2050n9) + D_ i (ny)
i=3 s=1 j=3
Then (13) reads
P=(n+Dnm—1) / PiB = B) - 75
An—1
]' * /
+ Z(n + Dnn—1)(n —2) / P1(B—PB) — 19,
An-1
+3(n+nn—1) / pi(B— ) — 13
An—1
1 * *
+ E(n +1nn—-1)(n—-2) / pi(B) — pz(,B/) — Ty, - (2.7.14)
An-1
By Lemma 2.19, it suffices to prove that (2.7.10) holds for
B=m, B =mn,. (2.7.15)

Straightforward computations (see [20]) give that

n—3
/p’{(ﬂvﬁ’)vfs=3(n+1)(n—2)!(2n—5)!!(/A/3vﬂ’vy)-(/Ayvy) .

An—l
(2.7.16)
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32 K.G. O'Grady

n—3
/pT(ﬁvﬁ’)vfz,z=8(n+1)(n—1)(n—3)!(2n—5)!!(/Aﬁvﬁ’vy)(/Ayvy) :

An—l
(2.7.17)
n—3
/ P1(B) — p3(B") — 155 = —16(n+1)(n—3)! (2n—>5)!! (/ B~ B — V)(/ Yy~ y) .
. A A
(2.7.18)
Thus, P = 2(n + D! (n + 1)2(2n — 5)!'! by (14), (2.7.16), (2.7.17), and (2.7.18), and the
proposition follows from (2.7.12). |
Corollary 2.26. Let n > 3. Then (notation as in Lemma 2.19)
C =, D =0.
2 =~ s 2()
Proof. By Propositions 2.20, 2.21, 2.24, and 2.25 we have
/ 13(B) — v3(B) — (NP2 = A+ [ ps@—us@)—ua ()3,
Kn(A
Kn(4) :
V3(B) — v3(B) — Uy (PP — EE = am+D) [ pa@—na(@)—uz(n) P02,
Kn(A)

Kn(4)

Thus, going through the proof of Corollary 2.22 one gets that C,(n) and D, (n) satisfy the
system of linear equations obtained from (2.6.23) by multiplying the left-hand terms by
4(n + 1) and replacing C,(n) D,(n) by C,(n), D,(n), respectively. Hence, C,(n) = 4(n +
1)C,(n) and D,(n) = 4(n + 1)D,(n). Hence, the result follows from corollary 2.22. |

Proof of Proposition 2.23. We must prove that 9,(g" %) = (n + 1)9,(g"?). This holds
because C,(n) = 4(n + 1)C;(n) and D,(n) = 4(n + 1)D,(n). (Recall that F(0, 8) = v(B)/2,

where F is the isomorphism in (2.3.1).) |

2.8 Proof of the 1st main result

We prove Theorem 1.1.

Let us prove Item (1), that is surjectivity of ¢. Since ¥, (ﬁ;}_z) and 192(6?(_2) are
non-zero, the map ¢ is non-zero. Let X, be very general. Then there is no non-trivial
sub Hodge structure of H2(X,)", and hence ¢ is surjective. Since ¢ is flat for the Gauss-
Manin connection, it follows that ¢ is surjective for every X.

Before going to Item (2), we note the following.
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Tori and Hyperkéahlers of Kummer Type 33

Lemma 2.27. Let X be an HK of Kummer type, of dimension 2n. Then v @}‘2) is non-

Z€ero.

Proof. We may assume that X = K,,(4). Since ¢ is surjective, it follows that ¥, (ﬁ;‘z) is

non-zero. u
Remark 2.28. We will compute 94 @;‘(—2) up to sign, see corollary 3.7.

In proving Item (2), we may assume that X is a generalized Kummer K, (4),
Identify H3(A;Z) & H'(A;Z) with H3(K,(A);Z) via Theorem 2.7, see (2.3.1). Identify
H(A;Z) with H3(A; Z)V via (2.3.8). Given these identifications, we define the following

integral unimodular quadratic form:

3 A&n (4)
H° (K, (A))/Tors — C (2.8.19)
(o, B) = 28(@)
Let y € H® (K, (A)). Then, since the components of 19(6"_2) are non-zero,
0 ify =0,
dime¢(y AH3(K,(A) =14 ify #0and dx,a)(¥) =0, (2.8.20)

7 if dx,a)(v) # 0.

Item (2) of Theorem 1.1 follows.

Lastly, we prove Item (3). Let 0 # y € H*Y(X). Then ¢(y A H* (X)) C
Ann(F'H?(X)), and hence dim ¢ (y A H3(X)) < 5. Thus, [y] € Q(X).
3 Reconstructing H3(X) from H?(X)

3.1 Summary

In the present section we will prove Theorem 1.3. We assume that we are given an

abstract version of the map in (2.4.4), that is a linear map

2 2
@

AVea v =5 AveaC, (3.1.1)

depending on a choice of ¥ = (¥,,0,,03) € 73, where V is a free Z-module of rank

4. Assuming that all the components of ¥ are non-zero, we determine for which 4D
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34 K.G. O'Grady

subspaces I' of the domain the image <I>ﬂ(/\2 I') is one-dimensional. The motivation
is the Key observation 1.2. Next, we equip the codomain of ¢, with a non-degenerate
quadratic form modelled on the BBF of generalized Kummers, and we get a correspond-
ing open subset of a quadric, call it &, parametrizing weight 2 Hodge structure of K3
type. We show that for I' as above, clr'ﬁ(/\2 I') is an element of 2, and that conversely
every element of 2 comes from a unique I'. Thus, associated to each point of & there is
an integral effective weight 1 Hodge structure, and hence a compact complex torus. In

the last subsection we prove Theorem 1.3.

3.2 Setup

Keeping notation as above, let vol: A\* V — Z be a volume form. Let (,) be the bilinear
symmetric non-degenerate form on /\2 V defined by («,8) := vol(a A B). We extend

bilinearly (,) to /\2 V¢, where Vi := V ®, C, and we denote it by the same symbol. Let

2 2
e AVE— A\ Ve (3.2.1)

be the isomorphism defined by (,).
We define the map &, in (3.1.1) to be the one induced by the bilinear antisym-

metric map

VedVH x (VedVy) — AN Ve®C
(v, 9), (w, h)) B (VAW 495G A h), 93(g(w) — h(V)))

(3.2.2)

Remark 3.1. Let X be an HK manifold of Kummer type of dimension 2n. By
Proposition 2.11, there exist isomorphisms H3(X; Z) = VoV and H2(X; Z)¥ = (\? Va7Z),

such that ¢ (see (1.2.2)) gets identified with ®§@;_z).

Notation 3.2. Keeping notation as above, we let ¢ := (0,1) € (/\2 Ve @ C).

3.3 Aresult in linear algebra

Let f: Vo — V¢ be a linear map. We let oy € N2 V¢ be the antisymmetric form defined
by f, that is

1
wf(vl W) = E ((f(W),V) - (f(V),W)) ’ (3—3-1)

where (,) denotes the natural pairing between V¢ and V.
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Tori and Hyperkéahlers of Kummer Type 35

We let f = f, + f_ be the decomposition into the sum of a symmetric and an
antisymmetric linear map. Notice that wp = of.

Now assume that f is antisymmetric. The Pfaffian of f is the Pfaffian of (any)

matrix associated to f by the choice of a basis {v, ..., v,} of V of volume 1, and the dual
basis {vy,...,v]} of V. We denote the Pfaffian of f by PE(f). If wp = 31 .; ;g ayvy AV,
then

Pf(f) == a12a34 - a13a24 + a14a23. (3.32)

Proposition 3.3. Keep notation as above, and assume that ¢;, ¥, and ¢, are non-
zero. LetT" C (Vo @ V(E) be a vector subspace of dimension 4. Then <I>ﬂ(/\2 I') is a one-
dimensional subspace of A%V @ C if and only if one of the following holds:

(1) There exists an antisymmetric non-degenerate linear map f: V¢ — V¢ such

that
9, =, - PEC), (3.3.3)
and
[i={v,f()|ve V) (3.3.4)
If this is the case, then
2
D, (/\ r) = span{Vyt(wf) — 205¢}. (3.3.5)

(2) T=U®UL, whereU C V¢ is a 2D subspace, and Ut c V(\C’ is the annihilator
of U. If this is the case, then

q)ﬂ(/z\F)Z/z\U=t(/2\UL). (3.3.6)

Proof. Suppose that (3.3.4) holds. Then decomposable elements of /\2 " are given by
W, fW) A (w,f(w) for v,w € Vg, and

Dy (v, f (V) A (W, f(W)) = v AW + Dpt(F(V) Af(W)) — 20306 (v, w)E. (3.3.7)

It follows that

2 2
if f #0,then <I>19(/\ ') contains a vector o + s¢ where « € /\ Veands#0. (3.3.8)
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Now, we do a case-by-case analysis - always assuming that (3.3.4) holds.

(1) f_ is non-degenerate. Let v, w,a, b € V; then
Pf(f_)vol(vAwAanb) = wf(v, w)~cuf(a, b)—wf(v, a)~a)f(w, b)+a)f(v, b)-a)f(w, a),

that is

PEf v AW =1 (a)f(v, w) - wp — (V) /\f_(w)) .

By hypothesis Pf(f_) # 0, hence

vAw = PN (a)f(v, w) - wp — (V) /\f_(w)) . (3.3.9)

It follows that

Dy (v,.f (V) A (W, f(W))) = 9y - PEF) " op (v, wi(wy) + 99t (fy (V) A fr (W)
+ (W) Af_(W) + f_(V) A fi(w))
+ Oy — 0y - PR T (V) A (W)
— 2030p(v, W)C. (3.3.10)

Next, we distinguish between the two subcases: f antisymmetric or f not

antisymmetric.

(@ f, = 0. Equation (10) shows that if (3.3.4) and (3.3.3) hold, and f is
antisymmetric non-degenerate, then @ ( /\2 I') is one-dimensional, given
by (3.3.5).

(a) Let us prove that if <I>l9(/\2 I') is one-dimensional, (3.3.4) holds, and f
is antisymmetric non-degenerate, then (3.3.3) holds. Let v,w € V be
linearly independent, and such that ws(v,w) = 0. Then the right-hand
side of (10) is equal to

(@, — 0 - PECL) DU () AF_(w)).

Since f (v) A f_(w) is not zero (recall that f is non-degenerate by
hypothesis), the above vector and the vector in (3.3.8) are linearly
dependent only if ¢, — ¢, - Pf(f_)~! = 0, that is (3.3.3) holds.
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(b) f, # 0. Assume that <I>,9(/\2 I') is one-dimensional; we will reach a

(b)

contradiction. Let v, w € V be such that a)f(v, w) = 0. By (10), d>l9(/\2 )

contains the vector

Ol(f (V) Ay (W) + FL (V) A (W) + f_(v) A f (W)
+ (0, — Oy - PR O (V) Af_(w). (3.3.11)

By (3.3.8), we get that the vector in (3.3.11) is zero. Multiplying the vector
in (3.3.11) by f_(v), we get (recall that by hypothesis ¢, # 0)

FrW) Af_(v) Af(w) =0. (3.3.12)

We claim that this is a contradiction, that is that there exist v,w € Vg
such that wp(v,w) =0, and f, (v),f_(v),f(w) are linearly independent.
In fact, since f_ is non-degenerate and f, is non-zero, f, (v),f_(v) are
linearly independent for generic v. Now suppose first that f is non-
degenerate. Let v be such that f (v),f_(v) are linearly independent. Let

vt

C V¢ be the orthogonal to v with respect to w;. Then vt is 3D, and
hence so is f(v1). Thus, there exists u € f(v')\span{f, (v), f_(v)}. Letting
w = f~1(u), we get that wp(v,w) =0, and f, (v),f_(v),f(w) are linearly
independent.

One argues similarly if rkf e {2,3} (since f. = (f — f*)/2 is non-
degenerate, rkf > 2). More precisely, if rkf = 3, and kerf is generated
by v,, we repeat the argument above, with v a generic vector not in Ve
If rkf = 2 we let v be a generic vector in V. Then f_(v) ¢ Imf, the span
of f,(v) and f_(v) intersects Imf in a one-dimensional space, and vt

l .

does not contain ker f. In particular f(v') = Imf, and hence if w € vt is

generic, then f(w) is not contained in the span of f, (v), f_(v).

rk(f_) = 2. Suppose that clr'ﬁ(/\2 I') is one-dimensional; we will reach a

contradiction. Let v,w € V be such that wr(v,w) = 0; then &, ((v,f(v)) A

(w,f(w))) = 0 by (3.3.8). Let a,b € V; multiplying the 1st component of
D, ((v, f(V) A (w, f(w))) (as given in (3.2.2)) by a A b, we get that

vvol(vAwAaAb)+9,(f(v),a)- (f(w),b)—(f(v),b)- (f(w),a)) =0. (3.3.13)

610z Jaquieldas €0 uo 18nb AQ 6171 85GS/99 L ZUJ/UIWI/SE0 L 0 | /I0P/1oBIISqe-8d1lIe-00UBAPE/UIWI /W02 dNo olwapeae//:sdjjy Wol) papeojuMo(]



38 K.G. O'Grady

Now let v € Vi be a non-zero element of the (2D-) kernel of f_, that is such
that f(v) = f!(v). Then f~!Ann(v) has dimension at least 3, hence there exist
a,b € f~'Ann(v) such that v, a, b are linearly independent. Complete {v, a, b}
to a basis {v,a, b, w} of V. Then the left-hand side of (3.3.13) is non-zero.
In fact (f(v),a) = (f(a),v) = 0 because f(v) = fi(v) and a € f~'Ann(v).
Similarly (f(v),b) = 0. Hence, the left-hand side of (3.3.13) is equal to
v, vol(v A w A a A D), which is non-zero because {v,a, b, w} is a basis of V¢
(and ¢; # 0). On the other hand wp(v,w) =0 because v is in the kernel of f .
That is a contradiction, and hence ®( /\2 I') is not one-dimensional.

(3) f_ = 0. Then f is symmetric, and hence we may diagonalize f. An explicit

computation shows that d>19(/\2 I') is not one-dimensional.

Suppose that there does not exist a linear map f: Vo — V¢ such that (3.3.4) holds.
Thus, I' N (V, 0) is non-trivial. An easy case-by-case analysis shows that Item (2) holds.
Viceversa, it is clear that if Item (2) holds, then d>,9(/\2 I') is one-dimensional, given
by (3.3.6). [ |

3.4 From weight 2 to weight 1

Let m € Q. We let (,) be the bilinear symmetric non-degenerate form on (/\2 Ve ®C) x
(A? V¢ @ C) defined by

(¢ +x¢,B8+y¢) :=vol(x A B) — mxy. (3.4.1)

Example 3.4. Let A be an abelian surface. Let vol: /\4H1(A; 7) —> 7 be defined by
the orientation of A, and let V = H'(4;Z). Then A\?V is identified with H2(4; Z). If we
let { =&, and m = 2(n + 1), the BBF quadratic form on HZ(Kn(A)) is identified with
(3.4.1), see (2.2.4).

Example 3.5. Let A be an abelian surface. Let V = H3(4;Z) = H'(A;Z)Y, where
the isomorphism is defined by (2.3.8). Let { = &/, see Notation 2.9. Then we have an
isomorphism

2
/\ Ve ® C¢ — H* (K, (4))". (3.4.2)

Since the BBF bilinear symmetric form is non-degenerate, it defines a dual BBF rational
quadratic form on H? (K,(A)Y.If m = m, the dual BBF quadratic form is identified
with (3.4.1), see (2.2.4).
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Complex conjugation defines a conjugation operator on /\2 Ve @ C. Let

@:[[alep(f\%@c)

Then & is a connected complex manifold of dimension 5. We recall that & parametrizes
integral weight 2 Hodge structures (A% V & Z, HP9) of K3 type as follows. Given [o] € Z,

(0,0)=0, (o0,0)> O] . (3.4.3)

we let

HY :=lol, H}) :=(o,5}, HY =[5l (3.4.4)

Proposition 3.6. Suppose that ¥, 9,, and ¥¥; are non-zero. Let [0] € 2\ ¢+, and assume
that there exists an integral (effective) Hodge structure (V & VV, HP'9) of weight 1 such

that ¢, is a morphism of Hodge structures. Then

9, - 9, = 2moZ. (3.4.5)

2,0

Proof. Since ®, is a morphism of Hodge structures, d>19(/\2H[17'?(z9)) C Hjy, and we

have equality because &, is surjective. Since H[lg'?(ﬂ) is a 4D subspace of Ve @ V[,
and H[i]o is one-dimensional, we may apply Proposition 3.3; we get that there exists

an antisymmetric non-degenerate map f: Vi — V¢ such that

2
H) = @, (/\HLO) = span{d(wp) — 205¢}.
Thus,
0 = (Pyt(@yp) — 293¢, Dp1(wp) — 2047) = 1922V01(L(a)f) A Uwp)) — amv3. (3.4.6)

LetvolY: A* |24 —5 C be the volume form dual to vol. Since vol(u(wp) At(wp)) = volv(wf/\
wp) = 2P{(f), Equation (3.4.5) follows from (3.4.6) and (3.3.3). |

Corollary 3.7. Let X be a 2n-dimensional hyperkéhler manifold of Kummer type, where
n > 2. Then

2 3!
(g% %) =-2""(n+ 1)”‘2%(1, (n+1),(~D"(n+1), (3.4.7)

for some ¢, € {0, 1}.
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Proof. The values of 9,(g% %) and 9,(g% ?) are given by Proposition 2.18 and
Proposition 2.23, respectively. It remains to compute 193(qX ) up to sign. By

Lemma 2.27, ¥3(qy 2) is non-zero. By Example 3.5 and Proposition 3.6, we get that

o 19, (@) 0, (@) = 0, (a )
and hence 05(qy %) = 2" 2(n + 1)1 2, =
Remark 3.8. Leta € H(A) and B € H'(A). A straightforward computation (similar

to the computations carried out to prove Propositions 2.21, 2.23, and 2.25, but much

simpler) gives that

/ [a(@) — va(B) — & = —6/ a— B. (3.4.8)
K2 (A) A

Thus, 95(1) = —3. Equivalently €, = 1.

Theorem 3.9. Suppose that 9, ¥,, and ©#; are non-zero, and that (3.4.5) holds. Let

o] € 2 (see (3.4.3)). There exists a unique integral effective Hodge structure
p.q
(vo v, mfw) (3.4.9)

of weight 1 (effective means that hP”'2 = 0 if p or g is negative) with the property that @,
is a morphism of integral Hodge structures, and it is described as follows:

(1) Ifo ¢ ¢ (see Notation 3.2), rescale o so that o = ¥,a—20,¢, wherea € A\? V.

Thus, o A« # 0 because o is isotropic. Let f: V¢ — V¢ be the antisymmetric

non-degenerate map such that (o) = «. Then
20 ={w.fo) Iveve),  HY @) =H o). (3.4.10)
(2) If o € ¢, thatis o is a decomposable element of /\2 Ve, then

B0 =UeUt,  HY®)=H W), (3.4.11)

where U € Gr(2, Vi) is the unique element such that /\2 U=lol

Proof. Suppose that there exists an effective integral weight 1 Hodge structure (3.4.9)

such that &, is morphism of Hodge structures. Then d>19(/\H o] (19)) C H[ and we have

a]’
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equality because @, is surjective. Since H&;?(z‘}) is a 4D subspace of Vi & V¥, and H[i? is
one-dimensional, we may apply Proposition 3.3; we get that either (1) or (2) holds.

Next, we show that (3.4.9) does indeed define an effective integral weight
1 Hodge structure, and that ®, is morphism of Hodge structures. If ¢ e ¢*, the
verification is straightforward. Thus, we assume that o ¢ ¢1. The proof of Proposition
3.6 gives that (3.3.3) holds. Thus, by Proposition 3.3

@, ( A H[};f(ﬁ)) — H2Y, (3.4.12)
Since @, is real, it follows that &, (/A H[%]1 (%)) = H[%]z Let us prove that

o, (H[};]O(ﬁ) A HO (19)) c HYL. (3.4.13)

It suffices to prove that

(WL(wp) — 2030) LD, (Hl'?(ﬂ) ANHY (19)) . (3.4.14)

[o

Let (v,f(v)), (w,f(w)) € H) (). Then

(921(@p) — 2038, @5 (V. F V) A (T F(W)))
— v, (ﬁzvolv (0p AF (V) AF(W)) = 0y 05 (v, w)). (3.4.15)
The right-hand side vanishes because of the formula (proved by a straightforward
computation)
volY(wf A f(a) Af(b)) = Pf(f)wz(a, b). (3.4.16)
It remains to prove that
HD (@) N (Vg & V) = {0}, (3.4.17)

Suppose the contrary. It follows that there exists a basis {v;, v,, v3, v4} of V such that
wp = vy Avy +cvy Av). By (3.3.3), PI(f) is real, and hence c € R. It follows that (¢,7) =
(0,0) =0, and that contradicts the hypothesis that [0] € 2. [ |

Example 3.10. Let K,,(A) be a generalized Kummer of dimension 2n. We adopt the
identifications of Example 3.5, and we set © = (g 2). Let T C (Ve @ V) be the graph of

a non-degenerate linear map such that there exists an HK of Kummer type of dimension
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2n and a Gauss-Manin parallel transport operator H3(X) — (Ve @ V) sending H*!(X)

to I'. By Key observation 1.2 and Proposition 3.3, f is skew-symmetric and

9@ 1

= . 3.4.18
9@ @+ ( )

Pf(f) =

Conversely, let f be a generic skew-symmetric map as above, such that (3.4.18) holds,
and let I be the graph of f. Then by Theorem 3.9 there exists an HK of Kummer type
of dimension 2n and a Gauss-Manin parallel transport operator H3(X) SN Ve ® V(E:’)
sending H*!(X) to TI".

3.5 The compact complex torus associated to a point of
Definition 3.11. Keep notation and hypotheses as in Theorem 3.9. We let

Jo1(®) 1= (Ve @ VO /HY () + (V& VY)). (3.5.1)

Thus, Ji,;(?) is a compact complex torus of dimension 4.

Example 3.12. Setm =1/2(n+1),and 9 = ﬁ@;‘(_z), where X is an HK of Kummer type,
of dimension 2n. Going through the identifications in Example 3.5, we may identify
AnnF!(X) with a point [0] € 2. We recall that the integral cohomology H3(X;Z) is

identified with V @ VV, see Theorem 2.7. Thus, we have an isomorphism
Jig1 () — J3(X). (3.5.2)

For a very general [0] € & the torus J|,;(¢#) is not projective. We will prove that
if there exists a rational class of positive square in the orthogonal ¢+, then Jip1(?) is an

abelian variety.

Definition 3.13. Let h € (A*V & Z)" be non-zero. We let
9= {lole 71 (h,o) =0},

where (,) is the duality pairing.
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Definition 3.14. Since the bilinear symmetric form defined in (3.4.1) is non-

degenerate, it defines a rational isomorphism

2 v 2
(/\VCGB(C) —L(/\VC@C), (3.5.3)

and hence also a rational bilinear symmetric form on (/\2 Ve @ €)Y, that will be
denoted (,)V.

Remark 3.15. Leth e (/\2 V & Z)" be a class of (strictly) positive square. Then %, is
not connected, in fact it has two connected components, interchanged by conjugation.

Each connected component of %, is a Type IV bounded symmetric domain.

Proposition 3.16. Leth € (\? V& Z)" be a class of strictly positive square. Let o € Dy,
Then

(i®y(@ @), k) #0 Yo e HLL )\ {0}, (3.5.4)

Proof. First of all, notice that i®,(a¢ A @) € (/\2 Vi @ R). Suppose that (3.5.4) does not
hold, and that o € H[}T']O(ﬂ) provides a counterexample, we will arrive at a contradiction.
Let £ € (A?V @ Q) be the class corresponding to h via the isomorphism in (3.5.3). The
restriction to ( /\2 Vi ®R) of the bilinear symmetric form (, ) has signature (3,4). The real
subspace W C (/\2 Vi ® R) spanned by ¢ and {co + ¢o | c € C} is 3D and the restriction
of (,) to W is positive definite because (¢,¢) > 0. Since ¢, is a morphism of Hodge
structures, and since (3.5.4) does not hold, i®, (o Aw) is orthogonal to W. It follows that
(IPy(x A@),iPy(x Aw)) < 0, with equality only if i®y(ax A@) = 0. Let o = (v, g), where
v e Vi and g € V. By Theorem 3.9

g(v) = 0. (3.5.5)

We have
(0 AW) =V AT+ Dyu(g AG) + 20531 Img (V)¢ (3.5.6)

(In the above equation Img(V) is the imaginary part of g(v).) Thus,

(IPy(x A@), 1Py Aa)) = —VOI(HV AT+ DG AG) A([HV AT+ TG AgG))
— 4mv2(Img(v))?

= 20,9,|9(¥)|* — 4mdZ(Img(v))? = 20,0,(19(¥)|*> — (Img(¥V))?).
(3.5.7)
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(The 2nd-to-last equality follows from (3.5.5), the last equality follows from (3.4.5).)
Since (i®y(x A @), iP,4(x A @) < 0, with equality only if ®4(¢ A @) = 0, it follows that

gv) = 0, (3.5.8)

HVAV+ugAg) = O. (3.5.9)

By (3.4.17) one (at least) among v A V and g A g is non-zero. Since ¢, and ¥, are both

non-zero, it follows that
VAV #DO, gAg#0. (3.5.10)

Either Item (1) or Item (2) of Theorem 3.9 holds. We deal separately with the two cases.

Suppose that Item (1) holds. There exists a basis {v;,...,v,} of V such that
v =v; +iv, and vol(v; A... Avy) = 1. Let A = (a;j) be the matrix of f: V¢ — V¢ with
respect to the bases {v,,...,v,} and {vy,...,v)}. Thus, A! = —A. The linear function g is

equal to f(v). Since (f(v), V) = 0, we have a,, = 0. Thus,

%

Pf(f) = a14(123 - a13a24 = 19_2 (3.511)

(The 2nd equality follows from (3.3.3).) Next we notice that by (3.4.5), the inequality
(Dgt(wp) — 2038, Vyt(wy) — 2038) > 0 is equivalent to

N
(L(a)f),t(a)f)) > ﬁ—;. (3.5.12)

We will write the above inequality in an equivalent form. Straightforward computations

give

A3 — Q13 Qu—a —_
13718 T T o PR(F) — PE() + 2Re(a14855 — @1585s)

Qg3 — QA3 Qgq — Apy

2%, _ _ 294 —
= — 19—2 + 2Re(a14a23 - a13a24) = _19_2 + (t(wf)rt(wf)) .

(3.5.13)
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Let D be the real number such that

A, —a A, —a
4D — 13 13 14 14

Qg3 — Q3 Qg4 — Ay

By (3.5.12) and (13), we have

D> 0. (3.5.14)
Straightforward computations give
VAV = =2iv; AVy,
LFWAFW) = 20 (Re(@14893 — A13004) + IM(Q1314 + Ap3n,)) Vi A Vy.

Using (13), we get that (3.5.9) holds if and only if

2D + Im(a13614 + a23524) == 0. (3.5.15)

Now let

Qi3 =X1 + 1Yy, Qg =Xy +1Yy, Q3 = X3+ 13, Qoq = X4 +1Vs, X, Vx € R

Writing (3.5.15) and the equation ImPf(f) = O in terms of x;, ..., X4, ¥}, ..., V4, We get that

X1¥, —X¥1 = —X3Va+Xy3+2D, (3.5.16)
X1Va —XV3 = X3¥Vp — X4V (3.5.17)
By Cramer’s formula
Dx, = —X3V3Va+XaV5 — Xa¥1Va + Xa¥i + 2Dy3, (3.5.18)
Dx, = —X3Vj+X4V3Va— X3V + X4¥1V2 + 2DV, (3.5.19)

Writing out the equation RePf(f) = ¢, /¥, in terms of x;,...,%,,y;,..., V4, multiplying it
by D, replacing Dx; by the expression in the right-hand side of (3.5.18), and Dx, by the
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expression in the right-hand side of (3.5.19), we get that

2 2 4
— (D = X3y, +X4¥3)" — (X3Vy — Xu¥1)" = o (3.5.20)
2
Since D and ¢,/9¥, are strictly positive by (3.5.14) and (3.4.5), respectively, the above
equation is absurd. We have reached a contradiction if Item (1) of Theorem 3.9 holds.
Now suppose that Item (2) holds. By (3.4.17) both v A ¥V and g A g are non-zero.

Complete v to a basis {v, w} of U. The inequality (¢,7) > 0 translates into

vol(vAWAVAW) > 0. (3.5.21)
Since g(v) = g(v) = 0, we have
@gAg) =rv AT, reR". (3.5.22)
Moreover,
VOIAV AT AW AW) = (gAG, W AW) = g(w) - G(W) — g(w) - gW) = —|gW)|* < 0.

(Recall that g € U'.) By (3.5.21) it follows that A > 0. This contradicts (3.5.9) because ¥,
and ¥, have the same sign by (3.4.5). |

Let h € (/\2 V & 7Z)¥. We define the following skew-symmetric bilinear form on
Ve ® Ve

(@, By p = (h, @yl A B)). (3.5.23)

Note that (,) in the right-hand side of the above equation denotes the duality pairing.

Definition 3.17. Let h € (/\2 V @& Z)'. Let 0 € 2. Restricting the skew-symmetric
bilinear form in (3.5.23) to H(;]l () x Hlo']o(z‘}), that is the product of the tangent space at
the origin of J,;(¢) and its complex conjugate, we get a translation invariant rational
(1, 1)-form on Jj,;(¢). We let

O () € Hy' (Jpp) (1)) (3.5.24)

be the corresponding cohomology class.
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Tori and Hyperkéahlers of Kummer Type 47

Proposition 3.18. Let h € (A*V & Z)Y be a class of positive square. For one of the
two connected components of 7, call it @;’ , the following holds. Let [o] € @,’: ; then the
cohomology class ©,(#) is ample on Jj,; ().

Proof. Let @,1, .@ﬁ be the two connected components of &;,. The set 7 of couples ([o], o)
where [0] € @,’1 and 0 # «a € H[?T]l (¢) is the complement of the zero section in a complex
vector bundle over the connected space .@;l Thus, #7 is connected. By Proposition 3.16,

the real number
(i®y (¢ A@), h) (3.5.25)

is either strictly positive for all ([o], &) € "//}{ , or always strictly negative. Conjugation
(Io],) — ([o],@) maps bijectively #! to #?2. Since conjugation changes sign to the

number in (3.5.25), the proposition follows. |

Example 3.19. Let us go back to Example 3.12, and assume that X is projective. Let
L be an ample line bundle on X. Referring to Example 3.5, c¢; (L) gets identified with an
element of h € (/\2 V, ®Zt)Y (see (3.4.2)) of positive square. By Remark 3.1, the bilinear

form (3.5.23) is identified, via the isomorphism in (3.5.2), with the bilinear form

H3(X) x H3(X) — C

s (3.5.26)
(0[113) g f[}ﬂa\"ﬁvqx \-/CI(L).

It follows that if n = 2, the isomorphism in (3.5.2) matches ®,,(#) and the polarization

©; of J3(X). Later on we will show that an analogous statement holds also for n > 2.
3.6 A rank 7 sub local system of the local system with fiber ST (X)

Let q be the integral unimodular bilinear symmetric form on V¢ @ V{ defined by

VeVl - C
W, 0 > 2v)

(3.6.1)

(See (2.8.1).) Let Q := V(q) C P(V¢ & V) be the zero locus of the quadratic form q.
One of the two spinor representations of O(q) may be identified with ST := A® V. =
C @ A*V: @ A\*V;. We recall the identification of a specific quadric hypersurface in

P(S*) with one of the two irreducible components of the variety parametrizing 3D linear
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48 K.G. O'Grady
subspaces of Q, see §20.3 in [7]. Denote elements of A®” V¢ as follows:
2 4
a+n+p,  aeC e \V pe Ve (3.6.2)

Let g* be the integral unimodular bilinear symmetric form on A\’ V. defined by

ATV 5 C
C
a+n+p = vol(nAn—2aB)

(3.6.3)

Let @t c P(A®" V) be the set of zeroes of q.
Given ¢ € V¢ and n € A°® V¢, we let £(y) be the contraction of ¢ and 7. Given
[ +n+BleQf, welet

Ziaanp) = {[(v, 0 € P(Ve ® V) | av + £(n) + 1 A v+ £(B) = 0}. (3.6.4)

In other words, Z, ., 4 is the projectivization of the subspace of V@ V" (embedded in
the Clifford algebra Cl(V¢ @ V%, q)) of vectors, which kill the element (o« + 1 + ) € ST.

Lemma 3.20. Let[e+7n+p8] € QF, and suppose that n Ay # 0. Then Ziy1n+p 18 the graph

of a non-degenerate skew-symmetric map f: Vi — V¢ such that
vol(B)u(wp) = —1. (3.6.5)
Proof. A straightforward argument shows that
Zigiepy = (7,01 € (Ve @ V) | av + €)= 0} (3.6.6)
From (3.6.6) we get that Z, ., | 4 is the graph of a non-degenerate map f: V¢ — V. Since
0 = L(av + £(n)) = al(v), the map f is skew-symmetric.
Lastly, we prove (3.6.5). We may choose a basis {vy,...,v,} of V of volume 1 such
that n = v; Av, + tvy Av,, for some t € C*. A computation gives that
wr=—av) AVy — gvg AVy.
f t
Equation (3.6.5) follows from the above equality. |

The (well-known) result below follows easily from Lemma 3.20.
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Proposition 3.21. Let [x + n + 8] € Q. Then Ziy1y+p) is @ 3D linear subspace of Q,
and it is the graph of a non-degenerate skew-symmetric map f: Vs — V¢ if and only
if n An # 0. The map assigning Zy, ., 4 to @ +n+ Bl € Q' is an isomorphism between
Q' and one of the two irreducible components of the variety parametrizing maximal

dimensional linear subspaces of Q.

Remark 3.22. Let U C V be a 2D subspace. Let 7 be a generator of A?U c A? V.
Then [0, 7,0] € QF, and Z;,; = P(U & U™).

The following definition makes sense by the Key observation 1.2, Proposition 3.3,
Lemma 3.20, and Remark 3.22.

Definition 3.23. Let X be an HK of Kummer type, of dimension 2n. Let TH(X) C
S*(X) be the minimal vector subspace such that P(T*(X)) contains all x € Q7 (X)
parametrizing a 3D linear space P(I') ¢ Q(X) for which there exist an HK ¥ of Kummer
type of dimension 2n, and a parallel transport operator g: H3(Y) — H3(X) such that
gH>' (X)) =T.

Remark 3.24. Letn: 2 — Bbe afamily of HK's of Kummer type. Let by, b; € B and let
Xy = ot (by), X, = bty (b;). Let A be an arc starting in b, and ending in b,. By Definition
3.23 the induced isomorphism S*(1): ST(X;) —» St (X;) maps T*(X,) to TT(X;).

Proposition 3.25. Keeping notation as above, the following hold:
(1) Suppose that X = K,(A). As usual, identify H3(4;Z) & H'(A;Z) with
H3(K,,(A); Z) via Theorem 2.7, and identify H!(4; Z) with H3(4; Z)" via (2.3.8).
Then

TH(K,(A)) = [(a +n+p) e NH* @A | (n+Da—vol(f)=0r.  (3.6.7)

(2) If r: £ — B is a family of HK's of Kummer type, then there is a sub local
system of rank 7 of St () with fiber T*(x~1(b)) over b € B.

Proof. Let us prove Item (1). Suppose that Zigpntp = PD) where I' ¢ (Ve @ V) is
as in Definition 3.23. By Proposition 3.3, either I' is the graph of a non-degenerate
antisymmetric map f: Ve — V¢ such that Pf(f) = 1/(n + 1) (see Example 3.10 for the
last equality), or I' = U @ U', where U C V. is a 2D subspace. In the 1st case, by (3.6.5)
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we have

1
n+1)

1
= Pf(f) = Evol(a)f A wp) = vol(n A ) =

1 o

2vol(B)? vol(8)’
Thus, [ + 1+ B] belongs to the right-hand side of (3.6.7). In the 2nd case, the same holds
because « = B = 0. This proves that T*(K,,(4)) is contained in the right-hand side of
(3.6.7). On the other hand (see Example 3.10) there is a dense (in the Zariski topology)
open (in the classical topology) subset of P(T* (K, (A))) NQ* (K, (A)) parametrizing I''s as
in Definition 3.23. Item (1) follows.

As noticed in Remark 3.24, there is a sub local system of ST(x) with fiber

T*(x~1(b)) over b € B. It has rank 7 by Item (1). [ |

3.7 Proof of the 2nd main result

Item (1) of Theorem 1.3 follows from Definition 3.23 and Item (2) of Proposition 3.25.

Next we proceed to prove Item (2) of Theorem 1.3. Assume first that X =
K, (A). As usual identify H%(K,(A)" = A*H3(A) ® C&), see Example 3.5. With this
identification, S*(K, (4)) = Cd A\*H3(4)® A* H3(A). Let t € A*H3(A) be the element of
volume 1. We let

AZH3(A) @ CEY <5 S*(K,, (A))

(=D)nx ) x

1 (3.7.1)
v —
T]+X~’;‘_n (axd 2(n+1) +n+ 2 T,

where ¢, € {0,1} is as in corollary 3.7. By Item (1) of Proposition 3.25, the above
map defines an isomorphism between H?(K,(A))" and T*(K,(A)). Let q;;n(A)) be the
quadratic form on S*(K,,(A)) defined by (3.6.3) with V = H3(A;Z). One checks easily
that the restriction of qIJgn(A)) to H2(K,(A))" is the dual of the BBF. This proves Item (2)
of Theorem 1.3 for X = K, (4).

In order to prove Item (2) of Theorem 1.3 for an arbitrary HK of Kummer type,

we first give the auxiliary result below.
Claim 3.26. The map i in (3.7.1) is equivariant up to sign for the action of monodromy.

Proof. Let n: 2 — B be a family of HK's of Kummer type, with the fiber 7~1(b,)
isomorphic to K, (A). Let A be a loop in B based at b,. Then XA defines a diffeomorphism
A Ky (A) = K, (A). Let H2(x,)! be the action of A, on H?(K, (A))Y, and let St(1,) be the
action of A, on S*(K,,(4)). We must prove that

ST(r,) oi==4ioH2(x,)L (3.7.2)
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First, ST(1,) maps T+ (K, (A)) to itself, see Remark 3.24. Next, let I' ¢ H3(K,(A)) be
a 4D vector subspace such that ¢(/\2 ') has dimension 1. Then, ST(1,) o i(¢(A2 ) =
ioH? ()»,,()t¢>(/\2 ') by Item (2) (which has been proved for X = K,,(4)). The set of elements
of i(H2(K, (A))¥ N Q*(K, (A)) of the form ¢>(/\2 I') for I' as above is an open dense subset
of i(HZ(Kn(A))v NQ*(K,(4)). Equation (3.7.2) follows. |

Now we may define i: H2(X)V <l% S*(X), for X an arbitrary HK of Kummer type,
acting by parallel transport on the map i in (3.7.1). The map is well-defined up to sign,
that is independent (up to sign) of the chosen path connecting K,,(4) to X (in a connected
family of HK's in which both K, (A) and X are fibers), because of Claim 3.26. Item (2) of

Theorem 1.3 for X follows from the corresponding statements for K, (4).

Proof of Corollary 1.4. We may assume that X = K,,(A). Thus, we have the identifica-
tions of Proposition 3.25. Let 7: 2~ — B be a family of HK’s of Kummer type, with fiber
P (by) isomorphic to K, (A). Let A be a loop in B based at by, and let 1, : K,,(4) = K, (A)

be the associated diffeomorphism. We have associated maps
H%(),) € O(H*(K,(A); 2), Qi a): ST(A,) € O(ST (K (A)), dF 4))-

By (3.7.2) we have

H2(\ )t =+i"' oSt (1) ol (3.7.3)
Next, we notice that the map i in (3.7.1) embeds Hz(Kn(A); 7Z) as a saturated sublattice
of ST(K,,(A); :=Z & /\2 Ve /\4 V. In fact, we have a chain of maps

H%(K,(A); Z) = H*(K,(A); Q) — H?(K,(A);Q)¥ — ST (K, (4)). (3.7.4)

(The 1st map is the natural embedding, the 2nd map is defined by the non-degenerate
BBF quadratic form, and the last map is defined by i.) The composition of the maps in

(3.7.4) is an isometric embedding
Jji H (K, (A); Z) = ST (K, (A))y.

The image of j is described as follows. Let 7 € /\4H3(A,' Z) be the element of volume 1.
Let
u=1-m+hr, w:=14+m+ 1. (3.7.5)

Then u, w € ST(K,(4));, Im(j) = ut N ST (K, (A));, and w € Im()).
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Thus, we examine the restriction of S+(A*) to ut. In order to simplify notation,
we let p := ST (1,). Since p maps Im(j) to iself, we have p(u) = +u. Next, we notice
that Detp = 1, because by Item (3) of Theorem 1.1 monodromy does not exchange the
two irreducible components of the variety parametrizing maximal linear subspaces of
Q(K,,(A)). It follows that the determinant of H?%(),) equals 1 if p(u) = u, and it equals
(-1 if p(u) = —u.

Moreover the discriminant group of H?(K, (A);Z) is generated by &Y, and is

isomorphic to Z/(2n + 2). Since i(§,)) = w, we must prove that

(W) = Q+4+2an+1)w+2n+1l)y, aec?Z, yelm() if p(u) = u, (3.7.6)

(=14 2an+1)w+2n+1)y, a€Z, yeIm() ifpu)=—u.

Suppose that p(u) = u. Then p(w) —u = p(w — u) = p(2(n + 1)) = 2(n + 1)p(7). Since
p(t)Lu, we get that there exist a € Z and y € Im(j) such that p(r) = aw + t + y. Thus,

pW)=u+2m+ Dt +2am+Dw+2m+ 1Dy = (1 +2an+ 1)w+2n + y. (3.7.7)

This proves (3.7.6) if p(u) = u. The proof in the case p(u) = —u is similar. [ |

4 Polarization Type of J3(X) for X of Dimension 4

If X is a polarized HK of Kummer type, then J3(X) is a 4D abelian variety, with a
polarization associated to the polarization of X. In the present subsection we compute
the discrete invariants (elementary divisors) of the polarization of J3(X), for X of

dimension 4.

4.1 Setup

Let X be an HK fourfold of Kummer type, and let L be an ample line bundle on X. The
skew-symmetric form
H3X) x H3(X) - C
(v, B) = fxa—B—c @)

(4.1.1)

defines a polarization ®; of J°(X) by the Hodge-Riemann bilinear relations. We may

assume that X is a generalized Kummer K,(4). We recall that (2.2.3) and the map F in

610z Jaquieldas €0 uo 18nb AQ 6171 85GS/99 L ZUJ/UIWI/SE0 L 0 | /I0P/1oBIISqe-8d1lIe-00UBAPE/UIWI /W02 dNo olwapeae//:sdjjy Wol) papeojuMo(]



Tori and Hyperkéahlers of Kummer Type 53

(2.3.1) give identifications

2
H*(K,y(A);Z) = NH'(AZ) ®LE,, (4.1.2)
H3(K,(A);Z) = H(A;Z)®HY(A; 7). (4.1.3)

We identify H!(4; Z) with H3(4; Z)" via (2.3.8), and we set V := H>(4; Z). Let {vy,...,v,}

be a basis of ¥ such that vol(v; A v, A V3 A v,) = 1. We may write
c;(L) =clevy Avy +vy Avy)+sgY, (4.1.4)

where

ceN,, seZ, gcdics}=1. (4.1.5)
Let (w,f), wW',f") € (V& VV). By corollary 3.7 and Remark 3.8 we have
(W, ), W', f) = (=w AW =3u(f Af) =3((w,f') = (W, )L, clevy Avy +vi Avy)+stY).

In the above equation, the angle brackets in the left-hand side denote the polarization

form in (4.1.1), those in the right-hand side denote the duality pairing. Let

oy :=(0,v)), ay := (v,,0), ag := (v4,0), ay :=(0,v3),

By = (0,—vy), By = (v},0), By :=(v3,0), By :=(0,—vy). (4.1.6)

Then {«, ..., B,} is a basis of V & VY, and both the span of the ¢;'s and the span of the
B;'s are {(,), p-isotropic subgroups of V @ V". The intersection matrix between the ¢;'s
and the g;'s is equal to
3c 3s O
3s c-e O 0
(etgs By ) = 0 0 c 3s (4.1.7)

0 0 3s 3c-e

Let X be a 4 dimensional generalized Kummer. By Corollary 4.8 in [16] (the proof is
in [15]), non-zero elements « € H%(X;Z) up to monodromy are classified by the value
gx(e) and by the divisibility div(x) (see Subsection 1.4 for the definition of div(«)). The

divisibility is an element of {1, 2, 3, 6}. Thus, we distinguish four cases.
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4.2 Divisibility 1
Suppose that
c,(L) =evy vy +vi AV, (4.2.1)

that is c = 1 and s = 0 in the notation of (4.1.4). Then (c, (L), ¢, (L)) = 2e, and div(c, (L)) =
1. Let g := gcd{3, e}, and let x, y be integers such that 3x + ey = g. A basis of V@ V" is
given by

{0531 Xal +Y052/ (eal - 30{2)/9! 054/ /331 /gl +ﬁ21 (eyﬂl - 3X,32)/g, :34}

0
The matrix of (,) in the above basis is equal to (

A
), where A is the 4 x 4 diagonal
0

matrix with entries 1, g, 3e/g, 3e.

4.3 Divisibility 2
Suppose that
ciL)=2(ev) Avy +vy Av))+¢Y, (4.3.1)

that is ¢ = 2 and s = 1 in the notation of (4.1.4). Then (c,(L),c;(L)) = 2(4e — 3), and
div(c,; (L)) = 2. Let g := gcd{3, e} = gcd(3, 2e}, and let x,y € Z be such that 3x + 2ey = g.
A basis of V& VV is given by

{az, Xy +yay, (2ea; —3w;)/g, (6e—=3)az—ay, By— B3, By (9B — (6X+3y)B,)/g, 3B3 =284}

0 A
The matrix of (,) in the above basis is equal to A 0), where A is the 4 x 4 diagonal

matrix with entries 1, g, 3(4e — 3)/g, 3(4e — 3).

4.4 Divisibility 3
Suppose that

¢, (L) =3(ev)y AVy +viAv))+¢Y, (4.4.1)
that is ¢ = 3 and s = 1 in the notation of (4.1.4). Then (c,(L),c;(L)) = 6(3e — 1), and

div(cy (L)) = 3. Abasis of V& V" is given by

{053, oy, 0g — 03, €0] — Uy, ﬁ3: ﬁzz /34 _,33: ,31 - 3,32}-
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0 A
The matrix of (,) in the above basis is equal to ( 0), where A is the 4 x 4 diagonal

matrix with entries 3,3,3(3e—1),3(3e—1).

4.5 Divisibility 6
Suppose that
c (L) =6(evy Avy +vi Avy)+¢Y, (4.5.1)

that is ¢ = 6 and s = 1 in the notation of (4.1.4). Then (c,(L),c;(L)) = 6(12e — 1), and
div(c, (L)) = 6. A basis of V& V" is given by

{al, (13, 2(13 —Ol4, 260(1 _az, ﬁz, ﬂ4, ﬁg - 66,34, /31 - 6/32}.

0
The matrix of (,) in the above basis is equal to (

A
0), where A is the 4 x 4 diagonal

matrix with entries 3,3,3(12e — 1),3(12e — 1).

5 Weil Type
5.1 Abelian varieties of Weil type

We recall that a compact complex torus T of dimension 2g is of Weil type (see [30]) if

there exists an endomorphism ¢: T — T such that the following hold:

(1) ¢ o¢ = —DIdy, where D is a strictly positive integer.
(2) The restriction of ¢* to H'%(T) decomposes as the direct sum of ++/—D

eigenspaces of the same dimension g.

Such a torus T has a 2D space of classes in H%’g(T), which are not in the ring generated
by H%'I(T) unless g = 1. Voisin [29] proved that they provide counterexamples to the
extension of the Hodge conjecture to compact Kdhler manifolds. On the other hand, for
certain families of abelian varieties of Weil type it is known that the Weil classes are
algebraic [22]. As references for what follows, we recommend [26] and [23].

If A is an abelian variety of Weil type, with endomorphism ¢, there exists a
polarization ® such that ¢*® = dO. If this is the case, one says that (4,¢,®) is a
polarized abelain variety of Weil type. Let us view the polarization ® as a bilinear
alternating function E: H;(4; Q) x H;(4; Q) — Q. The endomorphism ¢ gives H,(4; Q)
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the structure of a vector space over the quadratic field K := Q[+/—D]. One defines

H(4Q) xH 4,0 K 511
(o, B) =  E(o,¢,8) +v-DE(,p)

As is easily checked H is K linear in the 2nd entry, and H(8,«) = («, ). Thus, H

is a non-degenerate Hermitian form on the K vector space H;(4; Q). The determinant

of the Hermitian matrix associated to H by a choice of K-basis of H;(4;Q) is well-

determined modulo multiplication by elements of Nm(K*). Thus, we may associate to

H its determinant DetH € Q*/Nm(K*). We denote DetH by Det®.

Given an imaginary quadratic field K, and an element of Q*/Nm(K*), one may
construct a complete up to isogeny irreducible family of 2g-dimensional polarized
abelian varieties of Weil type (4, ¢, ®) with associated field K, and assigned Det of
the polarization, of dimension g?. Complete up to isogeny means that every polarized
abelian variety of Weil type (4, ¢, ®) with the given field and determinant is isogenous
to one of the varieties in the family (of course the isogeny matches the endomorphisms

and the polarizations).

5.2 The abelian variety associated to a point of 7, is of Weil type

We suppose that ¢ = (¢, ¥, ¥3) € Z3, with all entries non-zero. We suppose also that m
is a (strictly) positive rational number, and that Equation (3.4.5) holds. We will adopt the
notation of Section 3 without further notice. In particular (,)" is the bilinear symmetric
form on (/\2 Ve ®C)Y dual to (,) (see Definition 3.14), and (, ) denotes the natural perfect
pairing between (A? Ve @ C)¥ and (A2 V@ C).

Theorem 5.1. Leth € (/\2 V @ Z)V be a vector of positive square, and assume that
o € @,j (see Proposition Proposition 3.1 for the definition of 9;). Let Ji,;(?) be the
compact complex torus in Definition 3.11, and let ©;(¥) € Hé’l(J[(,](ﬁ) be the ample
class in Definition 3.17. Then (Ji,;(¥), ©,(¥#)) is of Weil type, with an embedding

Q[\/ —m(h, h)\/] C End(.][o.](l?), ®[U](ﬁ))(@ (521)

The determinant of the polarization ®,(¥}) is 1. By varying o € @;{ , one gets a complete
(up to isogeny) family of 4 dimensional polarized abelian varieties of Weil type with
associated field Q[«/—m(h, h)V], and Det = 1.
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Before proving Theorem 5.1, we will go through a few elementary results. The

proof of the next lemma is a straightforward exercise.

Lemma 5.2. Let X = (x;)) be a 4 x 4 invertible antisymmetric matrix with coefficients
in a field K. Then

0 —x34 Xoa —Xo3
x~1 = pr(x)~! X34 0 —xy4 X3
—X24 X14 0 —xp

Xp3 —Xi13 Xy 0

Lemma 5.3. Let X,Y be 4 x 4 antisymmetric matrices over a field K (if charK = 2, a

matrix X = (x;;) is antisymmetric if X’ = —X, and x;; = 0 for all ). Then
1
(X -Y)?% - E'I‘r(X- Y)X - Y 4 Pf(X) - Pf(YV)1, = 0. (5.2.2)
(Note: 3Tr(X - Y) = — 2 1<i<j<a X;j¥;j, hence it makes sense even if charK = 2.)

Proof. This is the content of the main result of [6], in the case of 4 x 4 matrices. In fact,
let p € Zlx;;, yipllAl be equal to Pf(X) - Pf(AX~! — Y). In [6] it is proved that p(X - ¥) = 0
(we replace A by X - Y). Expanding Pf(X) - Pf(AX~! — Y) (Lemma 5.2 will be handy), one

gets the lemma. |

Proof of Theorem 5.1. By the Theorem on elementary divisors, there exists a basis
B ={vy,...,vs} of V (of volume 1) such that

h=hy+st", hg=c(ev) Avy + vy AV)), c,eeN,, sel. (5.2.3)

Let g: Vo — V¢ be the antisymmetric map such that wg = hy. Notice that g(Vg) = Vé.

For N,b € Q, let
\'2 v \'2
Ved Ve — Ve ® V¢

(5.2.4)
v, &) = (g7 —bv,bt — Ng(v))

Then ¥(V, @ Vé) =Vp® VY, and

VoW =—(N - b)ldy gpy- (5.2.5)
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The map ¥ induces an endomorphism of J,(#) if

v (HY) c =Y. (5.2.6)

If [0] € ¢*, then (5.2.6) holds for any choice of N, b. In fact, by Proposition 3.3,
there exists a 2D subspace U C V such that H[IU']O(I‘}) =U®U"', and [0] = /\2 U. Since
(hy, o) = 0 (because [o] € ¢1), and wg = hy, the subspace U is isotropic for the symplectic
form Wg; it follows that g(U) = U'. This shows that ¥(u,0) C H&T’?(ﬁ‘) for all u € U.
Similarly, one checks tht ¥(0,¢) C H,) () for all ¢ € U+. This proves that (5.2.6) holds if
[o] € ¢+ and N, b are arbitrary.

Now let us assume that o ¢ . By Theorem 3.9, we may assume that
o = y(wp) — 205¢, H)) ={(v.f(v) | veVe) (5.2.7)

where f: Vi — V¢ is an invertible antisymmetric map, and oy € /\2 VV is the symplectic

form associated to f. In particular (5.2.6) holds if and only if
g ltofoglof—2b(g! of)+NIdy, =0. (5.2.8)

There exist N,b € Q such that (5.2.8) holds because of Lemma 5.3. In fact, let X, Y be
the matrices of g and f respectively (with respect to the bases %, %"). Because of the
equality (h, Dyt(wp) — 203¢) =0, we have

9
Tr(X~! - ¥) = 2¢7' 7! (712 + €yz0) = 20727 (ho, t(ep)) = 40 %! s 2 (5.2.9)
2

Equation (5.2.9) is the key point: the trace on the left-hand side is rational because
o] € 2. Next, we have
D
PfX Y =c%e”!, Pf(Y)=-2.
h
By Lemma 5.3 it follows that (5.2.8) holds if we set
D 1%
N:=c 211, p:=c2els-3, (5.2.10)
Uy P

We have proved that if N, b are as above, then ¥ induces an endomorphism

¢ Ji1(F) = Ji (D) (5.2.11)
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such that ¢ o ¢ = —(V — b?)Id. Using (3.4.5), we get that

2 2
N-b*=c*e?2202mc*e—s*)=c*e ?=m, h". (5.2.12)
93 93

Thus, ¢ defines an embedding Q[/—m(h, h)V] C End(J[U](z?))Q. In order to prove (5.2.1),

it remains to show that
(W(@), ¥(B))yp =N —b*) e, By (5.2.13)
Let N,b be as in (5.2.10), and let
a=b+iVN—b2 1,:=b—i/N—Db2

Let Eii«/NTbZ C Ve @ V¢ be the W-eigenspace with eigenvalue +iv/N —b2. An easy

computation gives that

Ei«/ﬁ ={(v, 0 g() | v eV}, E—i«/ﬁ ={(v,2,9(v)) | v € V}. (5.2.14)

We claim that

<,>19,hIEi =0, (5.2.15)

in/ N—b?

and that for v, w € V¢, we have
((V, 1)), (W, hyg(W)) 1, = D16 %€ (R, )Y g (v, w). (5.2.16)

In order to prove (5.2.15), let j,k € {1,2}, and let v,w € V. Then (keep in mind that

= sU3(4; + Ay (v, w). (5.2.17)
We have (w,, v A W) = wg(V, w), and a simple argument shows that

g’

(g, L(g(V) A g(W))) = PRy (v, W) = c®ewy(v, w).
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Thus, (17) reads

(v, ,9(7)), (W, Ay g(W))) g, = w0, (v, W) (DyC?ehjhy — $93(h; + Ay) + D). (5.2.18)

A minimal polynomial of A; is equal to x? — 2bx + N. By (5.2.10) we get that Equations
(5.2.15) and (5.2.16) follow from (5.2.18). Equation (5.2.13) follows at once from (5.2.15)
and (5.2.16).

We must also prove that the +iv/N — b2-eigenspaces of the action of ¥ on Hﬁr’]o(ﬁ)
have dimension 2. Since .@;{ is irreducible, the dimensions of +iv/N — b2-eigenspaces are
independent of [o] € @;{. Hence, we may assume that [o] € {L. Thus, there exists a 2D
subspace U C V such that H[L’]O(ﬁ) = U @ U'. The statement about eigenspaces follows
at once from (5.2.14). This finishes the proof that (5.2.1) holds.

Next, we prove that Det®,;(#) = 1. Let H be the Hermitian form defined by
(5.1.1). We must compute the determinant of the Gram matrix of H relative to a basis
of VQ &) V(é as vector space over Q[i\/ITbZ]. Let # = {v,,...,v,} be the basis of V
such that (5.2.3) holds. Then {(v,,0),...,(v4,0)} is a basis of Vo & Vé as vector space
over Q[iv/N — b2]. A computation gives that the Gram matrix of H relative to the chosen
QIliv/N — b?]-basis is equal to

0 i, cev/N — b? 0 0

—iv,cev/N — b? 0 0 0
0 0 iv,cv/N — b2

0 —i9,cvV/N — b? 0

Thus, DetH € Nm(Qliv/N — b2]).

It remains to show that, by varying o € 7}, one gets a complete (up to isogeny)
family of “polarized” tori of Weil type with fixed discrete invariants. Let (V & VY, HP'9)
be a weight 1 Hodge structure such that ¥ induces a homomorphism of (VCGBV(E’)/(HI'O—F
V @ V7Y), that is such that W(H!?) c H!9, and such that the restriction of ¥ to H!? has
eigenspaces of equal dimensions (i.e., of dimension 2). Then dim(H° N Eiim) = 2.
Moreover, since H'? is isotropic for (), 5, we have

1,0 _ (g0 1
H ﬂE_i b2 =H ﬂEi ’_N—b2) .
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(Recall that (, ), ; gives a perfect pairing between Ei\/m and E_im.) Letm: (Vo &
V&) — V¢ be the projection. Let

- 1,0
W:t.—JT(H mEj:i\/m).

Then W, are 2D subspaces of V, and by (5.2.16) they are orthogonal for the symplectic
form wg- Thus, either W, N W_ = {0}, or W, = W_. In the former case H!O is the graph
of a non-degenerete skew-symmetric map f: Vo — V¢ such that Pf(f) = ,/9,, in the
latter case H''® = U @ U*' for a 2D subspace (equal to W, = W_) of V. Hence, in both
cases H0 = H[la'?(z‘/‘) for some [o] € 2. Since H'? is isotropic for (, ), ,, we have [o] € Z,

and actually [o] € .@;{ by the ampleness of ©,;(¥). |

5.3 Proof of the 3rd main result

We prove Theorem 1.5. The isogeny between KS(X,L) and J3(X)* follows from Item (1)
of Theorem 1.1, and results of van Geemen, Voisin, and Charles. In fact, assume that
the Hodge Tate group of the primitive Hodge structure c,(L)* c H?(X) is the special
orthogonal group of ¢;(L)* equipped with the BBF quadratic form. Then, by Theorem
9.2 in [27], KS(X,L) is isogenous to B*, where B is a simple abelian fourfold of Weil
Type. On the other hand, by Item (1) of Theorem 1.1, and by Proposition 6 of [28] (see
also [4]), there exists a non-trivial homomorphism J3(X) — B, which is an isomorphism
because B is simple. This proves that KS(X, L) is isogenous to J%(X)* if the Hodge Tate
group of ¢;(L)* c H?(X) is the special orthogonal group of ¢, (L)*. Since the very generic
polarized (X, L) as above has Hodge Tate group equal to the special orthogonal group, it
follows that KS(X, L) is isogenous to J3(X)* for all (X, L).

Next, we prove the other statements of the theorem. There exists an isomorphism
¢ o) — I,

where [0(X)] = H??(X) is the period point of X, and ¢ = # (g% ?). If n = 2, then ¢*©; =
O x)(?), and hence Theorem 1.5 follows from Theorem 5.1. Now let n > 2. Since the
definitions of ¢*®; and O, x)(?) are different (see Example 3.19), we argue as follows.
For a very generic X the Néron-Severi groups of J, x,(#) and of J3(X) have rank 1, and
hence there exists ¢ € Q such that "0, = O, x) (). Thus, Theorem 1.5 follows from
Theorem 5.1.

610z Jaquieldas €0 uo 18nb AQ 6171 85GS/99 L ZUJ/UIWI/SE0 L 0 | /I0P/1oBIISqe-8d1lIe-00UBAPE/UIWI /W02 dNo olwapeae//:sdjjy Wol) papeojuMo(]



62 K.G. O'Grady

Remark 5.4. The proof of Theorem 1.5 provides the following non-trivial statement.
Let X be an HK of Kummer type, of dimension 2n. Let y € H?(X; Q) be a class of positive
square. Then there exists c, eQr such that for all «, B € H3(X; Q)

\/a\/ﬂ\/yzn_a:Cy/(xvﬂ\—/)/\/(q}()n_z. (5.3.1)
X X

5.4 An example

We work out one example in order to emphasize that our procedure is very explicit.
We assume that (X, L) is a polarized HK fourfold of Kummer type, and that g (L) =
2 and c¢;(L) has divisibility 1. By Theorem 1.5 there exists an injection Q[v—3] C
End(J3(X), 01)q- Since Det®; = 1, it follows that J3(X) is isogenous to the Prym variety
of an étale cyclic triple cover C — C, where C is a curve of genus 3 (possibly a stable
curve), that is examples considered by Schoen [22], see also Section 7 in [26]. We recall
that these abelian fourfolds are of Weil type, with an endomorphism which is a (non-
trivial) cube root of Id, and the determinant of the Weil polarization is 1.

By Remark 3.8, we may identify (J3(X),L) with (Jip1(0), O, (1)), where [o] is the
period point of X, 9 = (=1,-3,-3) and h = v/ AV} + vj A v (we adopt the notation
introduced in the proof of Theorem 5.1). Thus, (in the notation introduced in the proof
of Theorem 5.1) N = 1/3 and b = 0. It follows that

Ved VYl =5 VooV
v,0) = Bg '), —g(v)

defines an endomorphism of (J3(X),L) such that ¥, o ¥, = —3Id. The endomorphism
of (Ve @ V) defined by the cube root of Id given by Q := —(Id + ¥;)/2 does not map
V & VY to itself, and hence does not descend to an endomorphism of (J3(X),L). On the

other hand Q does descend to an endomorphism of

Y :=J;,(0)/{(v/2,9(v)/2) | v € V}.

Now Y is one of the abelian fourfolds of Weil type considered by Schoen, and the

quotient map Jy, () — Y has a kernel isomorphic to IF‘ZL.
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