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ABSTRACT. In this paper, we study existence of solutions for the following elliptic
problem, related to mean-field games systems:

—div(M (2)V¢) + ¢ — div( A(z)Vu) = f  in Q,
—div(M (z)Vu) + u+ 0 A(z)Vu-Vu=¢? in Q,
(=0=u on 0,
where p > 0,0 < 6 <1, and f > 0 is a function in some Lebesgue space.

1. INTRODUCTION

Let € be a bounded, open subset of RN, N > 2 and let M : Q — RNQ, and
A:Q — R be matrices such that

2
(1.1) M(z)§ - & = alg]”,  [M(z)] <8,
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and
(1.2) A(@)e-€>ale?,  |A(2)] < B,

for every ¢ in RV, where 0 < a < /3 are real numbers. Furthermore, M is symmetric.
Let us define the differential operator £ : W, (Q) — W~12(Q) by

L) = —div(M(z)Vv), ve W, ?(Q).

Thanks to the assumptions on M, L is linear, coercive, selfadjoint, and surjective.
In this paper, we are going to study the existence of solutions for a class of elliptic
systems whose main example is the following:

L)+ ¢ —div(CA(z)Vu) = f in Q,
(1.3) L(u)+u+0A(x)Vu-Vu=_¢" inQ,
(=0=u on 0f2.

Here
p>0 0<0<1,

and f > 0 is a function in some Lebesgue space.

Coupled systems similar to (1.3) appear, for example, in the theory of mean-field
games introduced in [23], [24], [25]. In this context, even when the matrices A and
M are smooth, and f is a bounded function, the existence of bounded solutions is
not clear due to the growth of the coupling term (.

In the case of mean-field games systems, it is known from [16] that solutions are
bounded, for any choice of the exponent p, if A(x) = M(x) and f belongs to L>(Q);
this result is proved through a change of variable which transforms the problem into
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a weakly coupled system of semilinear equations. We notice that the same proof of
[16] would also work for problem (1.3) provided § < 1. However, for a general choice
of A(z) and M (z), even possibly smooth, and a general growth p, the question of
boundedness of solutions is still open, only partial results have been obtained so far.
In particular, boundedness (and then smoothness, for smooth matrices) of solutions
is known if the function (? is replaced by a logarithm or if the growth exponent p
does not exceed a certain value, see [19], [20], [21], [22], [25], and the most recent
preprint [26] where the growth limitation for p is p < % Further developments and
estimates obtained with different methods, which especially apply to nonlinearities
which are possibly decreasing with respect to ¢, appear in the recent preprint [17].

In this paper we try to investigate, in general terms, the problem of a priori esti-
mates in Lebesgue spaces and existence of solutions to the system assuming that the
matrices are not smooth and that f itself may be unbounded.

To be more precise, we assume A(z) and M (x) to be only measurable with respect
to x, and satisfying the boundedness and coerciveness conditions above, while the
function f is supposed to belong to some Lebesgue space L™(2), m > 1. The
interest in this condition upon f is related to the study of the evolution problem
with unbounded initial data belonging to some Lebesgue class.

The main purpose of the paper is to find the conditions between the Lebsegue class
L™ of the data f and the growth exponent p of the coupling term which allow us to
find a priori estimates and solutions of the system.

We stress that the main difficulty is due to the fact that A(x)Vu, appearing as
the drift field in the first equation, possibly lies outside the standard Lebesgue class
LN (). This fact makes the analysis of the first equation highly non trivial and
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requires truncation methods in order to get the existence of a solution in some sense.
We recall that the study of the Fokker-Planck type equation

(1.4) L(¢) + ¢ —div(¢b(z)) = f(z)

with only L?*() transport field b, has been recently addressed in [5], [6] for the
stationary case, and in [13] for the evolution case. In those papers the authors
prove a priori estimates, compactness results and the existence of a so-called entropy
solution, satisfying a non linear formulation, introduced in [3], given in terms of
truncations. This formulation allows one to give sense to equation (1.4) under the
quite weak condition b in L?*(2). However, if no extra conditions are given, this
formulation does not necessarily imply the distributional formulation and is possibly
too weak for a robust theory to be developed. On another hand, as shown in [14],
27], equation (1.4) is well posed for distributional solutions such that ¢|b]* belongs
to L'(€). This class is mostly relevant when the equation acts in the coupling with
Hamilton-Jacobi-Bellman equations, as in (1.3). In particular, in [27] it is proved
that mean-field games systems are well posed in this case, which means, specialized
to the stationary problem (1.3), that uniqueness holds for distributional solutions
such that ¢|Vu|? belongs to L'(Q).
On the other hand, the study of Dirichlet problems of the type

uwe Wy (Q): L(u)+ H(z,u, Vu) = g(z) € L )

is nowadays “classic” (see [12] for the general case, and [11], [4] for the case with
“sign condition”); here we only recall the regularizing effect proved in [9] (see also
[10]), where the existence of u € Wy*(Q) is proved even if A = 1.
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On account of the above discussion, in our study of system (1.3) we have both the
case in which solutions of (1.3) can be found in a weaker sense (the first equation is
satisfied in the sense of entropy solutions, see below) and the case in which solutions
are found in a stronger sense, i.e. such that (|Vu|? belongs to L'(Q).

A critical threshold appears to be the value p = % Strictly below this threshold,
even data f in L'(2) can be taken as source terms, and solutions can be found such
that u belongs to L>(2), ¢|Vu|? belongs to L' (2) and the system is nicely dealt with.
If p = %5, we need the slightly stronger assumption of f belonging to L' log L*(£2)
to obtain the same result.

Above this threshold the situation is more involved and we find two kind of regimes:

s 2 2N (p+1)
(1) lfp > N—_2’ and m Z m,
¢|Vul?* belongs to L'(Q).
(ii) if either p < 2* and m = 1, or p > 2*, and m > %, we are still able
to find solutions of (1.3), but the additional property that ¢|Vu|* belongs to
LY(9) is lost.

Before stating the results proved in this paper, we have to define what we mean
for solution of system (1.3); in order to do that, we recall that Tj(s) is the function
defined by

we find again solutions of (1.3) such that

Ty(s) = max(—k, min(s, k)), k>0, seR.

DEFINITION 1.1. For “solution of system (1.3)” we mean a couple (u, () of functions
such that u belongs to W,(R), Tx(¢) belongs to Wy*(Q) for every k > 0, and ¢
belongs to LP(£2); furthermore, we require that ¢ is an entropy solution of the first
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equation, in the sense that
[ M@VEITC- )+ [ (Tic-9)+ [ cAeVuTTic-0) < [ 1TG-0),
Q Q Q Q

for every ¢ in W, *(Q) N L®(Q), and for every k > 0, while u is a weak solution of
the second one, in the sense that

/QM(:E)VU-Vg0+/ﬂuap+9/QA(93)Vu-Vus0:/QCPSO,

for every ¢ in Wy*(Q) N L=(Q).

For a detailed study of the properties of entropy solutions, introduced in order
to study nonlinear elliptic equations with L'(Q2) data, see [3], and [5], where this
definition is used in order to deal with equations similar to the first one of (1.3). The
requirement on the solution ¢ that its truncations T} (¢) belong to Wy*(Q2) for every
k > 0 allows to define a generalized gradient V( (see [3]).

Let us notice that a possibly different notion of solution for mean-field games
systems, standing on the Minty’s weak formulation for monotone operators, is also
introduced in the very recent preprint [18].

We now state the main results we prove in the paper. The first one deals with the
cases in which ¢|Vu|? belongs to L!(Q2). We stress that in this case ¢ is not only an
entropy solution but also a distributional solution of the first equation in (1.3) (see
Remark 3.5).
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THEOREM 1.2. Let p > 0, and let f > 0 be such that

f belongs to L'(Q), if0<p< ﬁ,
f belongs to L'log L'(Q), itp = 3%,
f belongs to L™(2), m = %7 ifp> %5

Then there exists a solution (u, () of system (1.3), in the sense of Definition 1.1, with
u in Wy*(R2), and ¢ in LP*1(Q). Furthermore, we have that

u belongs to L>(Q), if0<p< 4,
(1.5) u belongs to L*(Q2), for every s > 1, ifp= ﬁ;

u belongs to L2(Q), Q = (fVN_(g;l_)Q, ifp> %5

and that ¢|Vul|* belongs to L'(Q). Finally, if f belongs to L™(Q), with
m>1, if0<p< 25,
m >

2N (p+1) . 2
(N+2)(£+1)+N- ifp > 5=

N-2’

then ¢ belongs to Wol’q(Q), q= —223:21)-

The second result deals with the remaining cases, also giving some summability
results on u and (.

THEOREM 1.3. Let p > %5, and let f in L™(Q), with

{ m>1, if%<p<2*,

2Np . *
m> pren s P 2>2%
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Then there exists a solution (u,() of system (1.3), in the sense of Definition 1.1.
Furthermore,

u belongs to L1(Q)), for every 1 < ¢ < @D gy =1,

N Nﬁ_g?(p+1)’ .
u belongs to L2(Q)), with Q = Np#’m, if —(N+2)p1ii-2N <m< %#,
u belongs to L1(Y), for every q > 1, ifm > %#,

and

2 N-1’

¢ belongs to L*()), with s = min (p +1, ’%2771*), ifm > 2P

{ ¢ belongs to L*(Q), for every 1 < s < 22N itm =1,
(N+2)p+2N°

2. PRELIMINARY RESULTS AND APPROXIMATION OF (1.3)

In this section we construct a suitable approximation of the system (1.3). We begin
by recalling some well-known results (see e.g. [15, Theorems 3,4]).

PROPOSITION 2.1. Let p and o be two nonnegative functions in L>(Q2), and let
g : R — R be a continuous nondecreasing function such that

(2.1) g(s)s>0 for every s € R.

Then there exists a unique solution ¢ in Wy(Q) N L=(Q) of

{ﬁ(w) +o(z) g(p) = plz) inQ,
=0 on 052,
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in the sense that o(x) g(¢) belongs to L'(Q) and

Y oy

for every ¢ in Wy*(Q) N L>(Q). Furthermore, ¢ > 0,
(2.2 el oy < € Mol

and

[0y < € ol

L®(Q)
where 2, N +2, for some positive constant C' independent on p and o.

We now recall some results on a problem related to the first equation of the system,

when E = A(z)Vu.

PROPOSITION 2.2. Let E be in (L>°(Q))Y, and let £ > 0 be in L>=(2). Then there
exists a unique solution 1 in W,*(Q) N L>®(Q) of

(2.3) L)+ —div(p E) =¢ inQ,
' =0 on 092,

in the sense that

/QM(:C)V¢~V¢+/Qz/z<p+/QwE-Vsoz/Q€so,
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for every ¢ in W,*(€). Furthermore ¢ > 0,

(2.4) 1l < 5P (CUEN gy + 1)) 1€l
and
. <

for some positive constant C' independent on E and (.

Proof. See the Appendix. O

We are now ready to prove an existence result for an approximation of system
(1.3).

PROPOSITION 2.3. Let n in N and € > 0. Let p > 0, and let f > 0 be in L'(Q).
Then there exists a solution (tne, Cue) in (Wy*(Q) N L=(Q))? of the system

( , A(x)Vupe \ .
L(Cne) + Cpe — div (Cna m) =T,(f) in €2,
£<un€) + Tk(n) (una) +0 1+ 5|Vum|2 - (Tn(Cna)) mn Q’

Cm—: =0= Une on 0f).

\

Furthermore, u,. > 0, and (,. > 0.
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Proof. We divide the proof in two steps. In the first one, we build a solution
(Unes, Cres) in (W2 (Q) N L®(R2))? of the system

( . A(:E)Vung(s o .
L:(Cna?) + Cnsé —div (Cns6 1+ 5|Vun€5|2) - Tn(f) m Q?
(27) < Té(unsé) A<x>vuna6 . vuns(S .
T = (T, p Q
£<uns5) =+ k(n) (un€6) +0 5 1+ 5lvun5§|2 ( n(Cn€5)) m 3z,
\ Cnezi =0= Unes on Of).

where 0 > 0 is fixed. In the second step, we will let § tend to 0 to recover (2.6).

STEP 1. In order to solve (2.7), we will use Schauder’s fixed point theorem. Let
(v,w) be in (W,?(Q))?, and let (V, W) be the solutions of
Ts(W) A(x)Vw - Vw
0 1+ e|Vwl|?

,C(W) ‘I— Tk(n)(W) + 9 = (Tn(v+))p s
and

LOV)+V — div <v%) —Tu(f),

respectively. Existence, uniqueness, boundedness and positivity of W is given by
Proposition 2.1. Note that the extra term T5(W)/d is added, at this step, only to
guarantee that (2.1) is satisfied. Since ||p||Loo(Q) < nP, from (2.2) it follows that
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To prove existence, uniqueness, boundedness and nonnegativity of V', we apply Propo-
sition 2.2, with

A(x)VIW
Trovne d (=%l)
Since
C
< — <

from (2.4) and (2.5) it follows that there exists a constant C' such that
(2.9) HVHW&,Q(Q) <Cn(e2exp(C(e 2 +1))=R;.

As a consequence of (2.8) and (2.9), the closed convex set
K = B(0,R;) x B(0, Rs),

where B(0, R) is the ball in W,*(Q), centered at the origin and with radius R, is such
that, if S : W,2(Q) x Wy (Q) — W, *(Q) x W,(Q) is defined by S(v,w) = (V, W),
one has S(K) C K. Thus, in order to apply Schauder’s fixed point theorem, one has
to prove that S is continuous and compact.

In order to prove the continuity of S, let (v,,, w,,) be a sequence strongly converging
to (v,w) in (Wy*(Q))?, and define the sequence (Vi, Wy) = S(Um,w). Then,
thanks to (2.8) and (2.9), both {V},,} and {W,,} are bounded in W,*(Q2), so that, up
to subsequences, they converge weakly in the same space, and strongly in L9(2) for
every ¢ < 2%, to some functions V,, and W,. Furthermore, since £(W},,) is bounded in
L>=(Q), and therefore compact in W~"2(2), we have that W,, is compact in W, *(Q).
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Therefore we may assume, up to subsequence, that W, strongly converges to W, in
Wy (9).
Now we turn our attention to V,,. Thanks to the strong convergence of W,, to W
: 1,2
in Wy" (), the sequence
_ A(x) VIV,
T 4 | VW2

converges strongly in (L*(Q2))V, for every s > 1, to

 A@) VIV,
14| VW2

Since E,, is also uniformly bounded and V,, converges strongly in L*(Q) to V.,

we deduce in particular that E,, V,, converges to E'V,, in L?(Q)YN. Being L(V},)

converging in W~12(Q), we conclude that V,, strongly converges in Wy*(Q) to Vae.
Note that the strong convergence in Wy*(€) of W,, and V,, (up to subsequences)

has been obtained only using the fact that {w,,} and {v,,} were bounded in W,*(Q).
Using the fact that the sequences

A(z)Vwy, - Vw,
1+ e|Vwp,|

m = ,and  pp = (To(vy,))”

converge to the two explicit functions o and p given by

A(x)Vw - Vw

d :Tn-i-p
T evw] 0 (Tn(v7))P,
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we can pass to the limit in the equation satisfied by W,,, to find that W, is the unique
solution of

We) A(z)Vw - Vw
) 1+ ¢|Vw|?

Similarly, we can pass to the limit in the equation for V,, so that V., is the unique
solution of

L(We) + Tegu(Wie) + 0224 — (L")

+ | VW4
Summing up, we have proved that, up to subsequences, V,,, and W, strongly converge
in VVO1 () to Vi and Wi, which solve the problems with v and w as data. Since the
limit functions V,, and W, do not depend on the extracted subsequences (thanks to
uniqueness), then the whole sequences V;, and W, strongly converge in W,*(€2) to
Vao and W, respectively; in other words, S (v, wy,) strongly converges in (W, 2(Q))?
to S(v,w); i.e., S is continuous.

To prove the compactness of S, we remark that if {v,,} and {w,,} are only bounded
in W,%(Q), then the strong convergence of both V;, and W,, in W,*(Q) has already
been proved (see the preceding remarks), so that S is compact.

Thus, by Schauder’s fixed point theorem, there exists ((nes, Unes), fixed point of S,
and solution of the system.

L(Vy) 4+ Vo — div (VOO

STEP 2. We now let ¢ tend to zero in (2.7). By the previous step, we have that
both {(s} and {un.s} are bounded in VVO1 ’Q(Q), by R; and Ry respectively (see
(2.8) and (2.9)). Since R; and R, are independent on 6, then {(,.s} and {u,s} are
bounded in W01’2(Q) with respect to §. Using the fact that S is compact, we can
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extract two subsequences (still denoted by (,es and uy,es), such that (,.s and s
. 1.2 .
strongly converge in W;*(§2) to (,. and wu,. respectively.
Using these strong convergences, it is easy to see that (e, u,e) is such that

A(2) Vg ) = Tu(f),

1+ &|Vune|?
while some extra care is needed in order to prove that w,. is a solution of the second
equation. Indeed, the sequence Ts(s)/d converges to the discontinuous function which
is equal to 1 if s > 0, and is equal to 0 for s = 0, so that it is not clear what is the
almost everywhere limit of Ts(u,.s5)/0 as d tends to zero. However, we are helped by
the presence of the gradient term, since we can use that Vu,. = 0 almost everywhere
on the set {u,. = 0} by a result by G. Stampacchia, [28]. Thus, let x in Q be such
that u,.s() converges to u,.(z), and Vu,es(x) converges to Vu,.(z): every x in
but in a set of zero measure is such that this happens. If u,.(z) # 0 (which implies
Une(x) > 0 by Proposition 2.1), then
T5(tnes(2)) A(X)Vtnes(x) - Vpes(x)  A(2) Ve (x) - Vg (x)

I -
50 9 1+ £[Vines (z) 2 1+ &V (2)]2

‘C(Cna) + Cna —div (Cna

If, instead, u,.(x) = 0, we only consider those x such that Vu,.(z) = 0; i.e., every
x such that u,.(x) = 0 but in a set of zero measure. In this case, we only use that
| Ts5(unes(x))/d] < 1, but this is enough, since Vu,.s5(z) tends to 0. Therefore, also in
this case,

T5(tnes(2)) A(2)Vtnes(x) - Vpes(x)  A(2) Ve (2) - Vg (x)

I =
530 5 1+ &| Ve (2)[2 1+ e[V (z)]2
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almost everywhere in Q. Now, the limit actually holds in L'(£2) by dominated con-
vergence, as a consequence of the strong convergence of ,.5 to u,. in VVO1 2(Q)
Therefore, we can pass to the limit in the equation satisfied by wu,.s to get

A(2)Vpe - Vg,
1+ e[V, |?

as desired. 0

[’(uns) + Tk(n) (Une) +0 = (Tn(gne))p )

3. PROOF OF THEOREM 1.2

In this section we are going to prove Theorem 1.2. Our aim is to pass to the limit
as € tends to 0 and then n tends to infinity in (2.6). We will divide this task in several
steps.

3.1. STEP 1: & TENDS TO ZERO. Since u,, is the strong limit in Wol’Q(Q) of s,
passing to the limit in the estimates (obtained using (2.8))

< CnP,

(31) Hunas”wol,?(ﬂ) S Cnp7 Hun€6HLoo(Q) —

yields that {u,.} is bounded in W,*(€2) N L>®(Q) uniformly with respect to e. There-
fore, u,. weakly converges to some function w,, in VVO1 2(Q) (and *-weakly to the same
function in L>°(€2)). Passing to the limit as ¢ tends to zero in (2.9) written for (.,
yields

1

[Gnellypr2qy < C (™ exp(Cle™> +1)),
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which is however not uniform with respect to €. Therefore, we need to use another
technique, introduced in [5]. We choose 15:21 - as test function in the first equation of
(2.6): we obtain, using (1.1)

|y /ﬁz%

<n6 A vune V Cnf / (na
. < T _
_F91+Qw1+ﬂVWJ T At O e

Using Young inequality, and dropping the second, positive term, we obtain, also using

_Cne
that s S 1,

Vnel?
(32 [ ames < & [ 19+ 207l

Choosing Ty () as test function, we obtain, using (1.1) as usual

/Wﬂ@ﬁ+/@£ﬂ@

Vuns

From this inequality we obtain

83 L1988 < 25 [ 19l 452 171
. Q Fonell =02 Q ne Q Q)
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Since {up.} is bounded in W;*(2), from (3.2) and (3.3), we obtain the {log(1 +
Coe)} and {Ty(Ce)} are bounded in W, *(€2). Using the compactness of the Sobolev
embedding, we have that, up to subsequences, (,. almost everywhere converges to
some function ¢, in 2. Once we have this convergence, the sequence (7,,((ne))? is
strongly convergent to (7,,(¢,))? in L*(2), for every s > 1. Since, being u,. > 0, the
lower order terms in the left-hand side of (2.6) have the “good sign property” and the
natural growth, we can use classical results (see e.g. [4, Section 2]) and we deduce
that

(3.4) Upe —> Up, strongly in Wy ?(9),
with u, € Wy?(Q) N L>(Q) being a weak solution of
L(tn) + Ty (un) + 0A(2) Vg, - Vu, = (T,(6))7

As for the equation satisfied by (,., we apply Proposition A.2 in the Appendix setting
1

m = 2, and
I3 )

A(2) Vi,

m - ne » Em = PEEAT = R
w Cé 1+€|vum€|2

We can apply Proposition A.2 since, as m tends to infinity, w,, almost everyhwere
converges to w = (,, E,, strongly converges in (L*(Q))" to £ = A(z)Vu, (as a
consequence of the strong convergence of u,. to u, in W, ?(Q)), and £, strongly
converges to £ = T,,(f) in L'(Q2). Furthermore, (A.2) holds, with equality sign, since
Ti(Cne — ) is an admissible test function in the weak formulation of the second
equation of (2.6) (see Proposition 2.2). Thus, we have that ((,, u,) is such that (A.3)
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holds, which in the present case becomes
| M@Ve VG -+ [ GG -
+ [ G AV Til - )s/QT (DTG~ ).

for every k > 0, and every ¢ in W,*(Q) N L>®(Q). Therefore, ((,,uy) is a solution of
the system

L(Gn) + G — div(n A(2)Vuy,) = To(f) in €,
G =0=1u, on 0f).

Furthermore, thanks to the strong convergence (3.4) and to weak lower semicontinu-
ity, from (3.2) and (3.3), we deduce that

VGP B / -
(3.6) / Rt AN = .
and, for every k > 0,
2k2 2
) B , 2
(3.7) / VTG < - / IVl 42 1

3.2. STEP 2: COUPLING THE TWO EQUATIONS. Before letting n tend to infinity,
we will take advantage of the “coupling” between the equations of the system in
order to obtain further estimates on u,, and (,. As we will see, due to the very weak
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formulation of both the equations satisfied by u,, and (,, (distributional and entropic,
respectively), we will have to work with the equations satisfied by wu,. and (,. (which
allow for a wider class of test functions).

LEMMA 3.1. Let ¢ : R — R be a C? function, with ¢(0) = 0. Then

(1-46 /A YV, - Vu, ¢ (uy) n—/M(x)Vun~Vun<p//(un)Cn
Q

(3.8) + [ Gptw) +5 [ TGP PG,

1
1+1

< [T et + [ )

Proof. Let 0 < ¢ < 1 (to be fixed later), 6 > 0 and choose [(Cne + )7 — 8] (tpe + 1)
as test function in the first equation of (2.6). We obtain

Une + 1 ”

q (u A( YVt - Vg,
+/QCH [(Cm"‘(s) _5]( n6+1)+/

© o 14¢e|Vul|?
A(l‘)vung * an&‘ —1
ne ne (5q ne 1
v [ A (Gt 0 e+ )

— [ TDIGoe + 6 = 87 + 1),

Q

Cm[(gne + 5) - 5q]




STRONGLY ELLIPTIC EQUATIONS 21

We now pass to the limit as 0 tends to zero; thanks to Fatou’s lemma (for the first
term), and Lebesgue ’ s dominated convergence theorem (for all the others), we obtain

ne +1
/M ana anau /M VCTLE vun& Cza
A(x2)Viy - Vu
3.9 T (e + 1 / ne T _ne catl
(39) [t e+ | e e g

/A( ) Ve - Vine 4
Q

ne +1) < [ Ta(f)Gre(tne + 1)
P Gl + 1) < [ TG+ 1)

On the other hand, choosing — e 91 as test function in the second equation of (3.5),
we have

1
/ M vune VCHEC +— Tk:( )(uns) Cq+1

qg+1
A(x2)Viy - Vu 1
+ ne ne ~q+1 _ - P q+1.
1 e = iy [

Subtracting, and using the assumptions on A and M, we obtain

|v<m\2(um R (1_ 0 ) / A(2) Ve - Vi, (ot
Q

Q le—q q+1 1+5’Vuns’2
1 p Tk(n) (una)
(3.10) g [Ty + [ (e -ty « f g

< Tn q ne 1 T _Iv—.. |2 Sne
_/Q (f) ns(u + )+q5 Ql+€|vun€|2
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By Young inequality, we have

Ve[V Gel|
—_— -+ 1
) ]_ ‘I’ €|vun5|2 n6<un + )
qa |V€na|2 / |Vun£|2 1
<= 41 T (e + 1
< ), e et DO | g G (e T D)
A(2) Ve - Vg,

qo | CCnsP /
< — Une 1 C ne +1 V
< 2 i, 1—g ( + ) =+ q(’lu HLOO(Q) ) o 1 + 5’ U’nEP

ne

qB

1
G

Recalling that ||un€||Loo(Q) < C'nP (see (3.1)), we may choose ¢ = ¢(n) < 1 small

enough, and independent on &, such that the last term of the right hand side of
(3.10) can be absorbed by the first and second term. Thus, we obtain

|V Cael? / A(2) Ve + Viige
ne +1 o+l
a Caz? (tne +1) + 2 o L+e[Vupl|? e

(3.11) +q+;1 (T (Coe))PCATT + /<q+1< Tk )(un€)> /<q+1

< [ TG+ 1) < nllnl gy + 1 [ Gt ot [

C1

Now we remark that the five terms on the left hand side are positive; hence, we have

/ <q+1 < OnPt! / an < CnPtl </ <q+1) a+1 7
Q
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which implies that {(,.} is bounded in L?"!(Q) with respect to . Using (3.11), we
then have that

IV Cnel? / A(x)Vupe - Vige 0
12 < atl < )

Let now E be a measurable subset of ). Then

/ A(x) Vi - VU"EQ _/ A(2) Ve - Vg,
B 1 +€|VUne|2 " EN{Cne<k} 1 +€|Vung|2

A(2) Ve - Vg, 9
T o < Bk / Vi
/Evm{<ns>k’} 1 + €|Vun5|2 C E ‘ |
C(n)

ka

C’VZE

1
+— | A(2)Vtpe - Ve (3 < 3 k/ (V> +
ke Jo E

Choosing k large enough so that the second term is small, and then the measure of
E small enough so that the first term is small uniformly with respect to e (this can
be done thanks to the strong convergence of up. in W,(€2)), we have that

/ A(2) Ve - Vg,
5 14+e|Vu,|?

lim sup
[E[—0 ¢

Cns:()

which means that

A(2)Vupe - Ve
1 4 €| Vup|?

the sequence { Cna} is equi-integrable.
&€



24 L. BOCCARDO, L. ORSINA, A. PORRETTA

Hence, since it is almost everywhere convergent, by Vitali convergence theorem we
have that

A(2)Vupe - Ve

) - _ . 1

(3.13) alféi T+ evVaLp Cne = A(2)Vu, - Vu, G, strongly in L' ().

Now we choose ——(%t! as test function in the equation solved by wu, (this can be
q+1 ne

done since G is in Wy*(Q) N L®(R)). From the second equation of (2.6) we obtain
that

0 1
1

<— Tncnpg:1+]/MxVun-vcm .|,
g AC() [ M)

We also use ((ne + 0)%u,, with § > 0, as test function in the equation solved by
Cne (first equation in (2.6)). After letting 0 tend to 0, after using Fatou lemma and
Lebesgue dominated convergence theorem as in (3.9), and after dropping two positive
terms, we have that

A(x)VunE : Vun A(x)vuna ' VCne
M \Y ne ’ \% n ! e / q "
/Q (7)V¢ “ "EJF/Q 1+ &V, |? e+ 4 0 1+4eVue "

génm%w.
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Thus,

| / M(2) Vo - Vty €O
Q

|vun6||vun’ |Vun6‘|vcns’
_/(‘2 (f) nel +ﬁ Ql+€‘vuns|2g qﬁ Ql—l—&‘\VumP ne Un »
so that
0 +1 1 41
? A( )vun VUan 1 ( (Cn»pgq
(3.14) 4

|Vuns | ]Vun\ / ‘Vun€| |V e
T ( Uy, ¢att -
+/Q ne +B/1+ Ve T ) Tre ZE e U

Recalling that u, belongs to L>°(£2), and that we are performing estimates with
respect to e, we have, by (3.12),

|Vt | [ V| a+1,, 0 / 1
e IVEl raty, < 7 A(2)Vay, - Y, ¢
Q1+s\wm\2T |2— 26(q + 1) (@)Vttn - Viun
Vu
ne g+l ~ A q+1
+C“‘)/ 1+ eV P 2<q+1>/ﬂ (@)Vtn - Veml™ +Cn),

and

| Vttne| |V G| q Vel / |Vt |?
L el m ehel n<C C q+1 )
0 1+ el v, p o = OO [ OO i e, e = A0
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Thus, (3.14) becomes

0
g+l <
| A( YVuy, - Vu, ¢

< [@merar

qg+1
/ )G+ s / A@) Vit T G221 + ()

/ )V, - Vu, (I + O (n),
Q

q+1

where in the last passage we have used the boundedness of (,. in LI*1(€2). Hence,

/Q A(2) Vi, - Vi (2 < O(n)

and this, again, implies that

(3.15) lim A(z)Vu, - Vu, (e = A(2)Vu, - Vu, ¢,  strongly in L'(Q).

e—0t

Let now ¢ : R — R be a C? function, with ©(0) = 0 as in the statement, and choose
©o(uy,) as test function in the equation for (,.. We obtain

A(z)Vuye - Vu, /
/Q 1+ |V, |? #(n)Gne & | Gne plun)

- /Q To(f) pluy) — /Q M(2)V e - Vupg' (un) -




STRONGLY ELLIPTIC EQUATIONS 27

Choosing ¢'(uy,,) Cue as test function in the equation for u,, we have that

[ M@0 V6 ) = [ (16 0) o = [ T () 0) G

Q
—/ M (x)Vuy, - Vg, @ (un)Cne — «9/ A(x)Vuy, - Vg, @ (un) Ge -
Q Q

Therefore,
A(x)Vup: - Vu,
/Q (1:?— Eq‘j/vun€|2u 4 (u”)CnE * /ana @(un)
(3.16) =Anmww—£m&mwwm%+émmwwwmw

+/ M(x)Vu, - Vuy, SO”(un)Cns + 9/ A(z)Vu, - Vu, Sol(un> Cne -
Q Q

Since we have (by Young inequality) that

A(2)Vupe - Viipe
<
> C(?’L) 1 +€|Vum\2

A(x)Viupe - Vu,
1+ e|Vup|? # (tn) e

Cne + C(n)A(2)Vu, - Vuy, Gue

and since, from (3.13) and (3.15), the right-hand side are dominated sequences, we
conclude that

A .
Iim (ﬁV;WT;‘ & (1) Cne = A(2) Vit - Vit ()G strongly in L1(2).
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This convergence, and (3.15), allow to pass to the limit as e tends to zero in (3.16),
obtaining

(1-10) /A( YWy, - Vu, ¢ (uy) n—/QM(x)Vun-Vunap"(un)Cn
(3.17) + [ Gt + [ (TGP )G
= [T o)+ [ T (w) ¢ (1) 6o

In order to obtain (3.8) from (3.17), we split the last integral on the sets

{2Tk(n) (un) < (Tu(Gn))"},  and  {(Th(G))" < 2T (n) (un)},
so that

B18) [ i) (0) 6 < 5 [ OGP )6t [ Tuw(u)e () .

{(Tn(Cn))P <2The () (un) }

We now recall that k(n) = 2°; therefore, on the set where (7},((,))? < 2Tk (un), We

4
have
p

n

(Tn(gn))p < 2Tk(n)<un) < 5
which implies that ¢, < n. Therefore, T},(¢,) = G, in the set {(T5,(¢,))P < 2Tj(m) (un) }
and we thus have (¥ < 2T}, (uy,) < 2u,,, which implies ¢, < (2un)%

/ Ti(m) ()" (1) G S/ Tty ()0 (1) 1, < /Q('D A

{(Tn(¢n))P <2Tyo(n) (un) } {(Tn(Cn))p<2Tk(n)(Un

Therefore
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Putting together this inequality with (3.18), and recalling (3.17), we obtain (3.8), as
desired. ]

3.3. STEP 3: A PRIORI ESTIMATES ON u, AND (,. We begin with the estimates
which will lead to the existence result and we will take advantage of the “coupling”
between the equations of the system. To give the feeling of the “coupling”, we
formally explain the key estimate (3.22) below: the idea is the use of the duality
method in nonlinear problems. In (1.3) we use u as test function in the first equation
and ( in the second one. Then we have (recall that 0 < 6 < 1), if % + =1,

2q**
thanks to an adaptation of the Stampacchia summability theory,
Pl < < -
Jor s [zl gl e |
1 E
< P2 < Pq
< Ol 67 < Col e [ 7)™
Then the choice ¢ = ’%1 gives
_1
L) sa;
QC = O )
Our first case deals with the “large p” values.
. rm : 2N (p+1
LEMMA 3.2. Let p > ﬁ, and let f in L™ (), with m = %. Then

{T.(¢,)} is bounded in LP*1(Q), {u,} is bounded in W,*(Q) N L2(R),
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with Q = (fVN_(g;;l_)g, and

{¢a|Vu,|*} is bounded in L*(2).
Proof. We choose ¢(s) = s in (3.17) to obtain

(3.19) (1—0) /Q A@) Vit -Vt o+ /Q G G (1) + /Q (Tu(C))? o = /Q To(f)

Dropping the first two terms which are positive, and observing that m > 1 since
p > ﬁ, we then have that

(3.20) l@ﬂ@W“gUﬂ@Wgé/ﬂmmsw

Q Lm/ (Q) *

L'm(Q) “un
Let now 1 < s < % and use u? 7% with v = 2;—, as test function in the second
equation of (3.5). Reasoning as in [2], we have that there exists a constant C' such
that

2

il
(3.21) ol ey < TGP -

Choosing s = ’% in (3.21), which can be done since 1 < s < § by the assumption
p > ﬁ, we then have that

) D
il gy < CUTGIP I g = ([T ) ™
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We now suppose that m’ = 25, which (recalling the definition of s) is true since
— __2N(p+1)
M= N 2)(p+1)+N

[ < e, [aer)™.

Since ﬁ < 1, we have thus proved that there exists C' > 0 such that

(3.22) /Q (To(G))PT < O,

as desired. Once we have this estimate on the right hand side of the second equation
of (3.5), the results of [9] imply that {u,} is bounded in W;*(2), while the estimate in
L2(Q) follows from (3.21), and the choice s = 1%1. Finally, the estimate on (,|Vu,|*

in L'(Q) follows from (3.19) (dropping again positive terms). O

by our assumption. Therefore, from (3.20) we have that

We now deal with the “small p” cases.

LEMMA 3.3. Let 0 < p < %5, and let f belong to L'(Q2). Then we have that

{T,(¢,)} is bounded in LP*1(Q), {u,} is bounded in W,*(Q) N L®(),

and
{¢u|Vun|?} is bounded in L*(9).

Proof. We choose Gi(u,,) = (u, —k)* as test function in the second equation of (3.5):
we obtain, dropping two positive terms (the second and the third), and using (1.1),

o [IVGuu)P < [ (16 Gulu).
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Setting Ay = {u, > k}, we therefore obtain, by Sobolev and Hélder inequalities,

2
=

o fer) < (/QG’“(“”V*);( / (Tn(Cn))p“)pL]Ak\lJ*;ﬁl,

Note that Holder inequality can be applied since the assumption p < % implies

Thus, reasoning as in [28], if h > k we have (after simplifying equal terms)

1 P+l _1__p
(h— k) | Ay sc( / <Tn<cn>>p+1) A
Q

which then implies

Q*p

C P+l 1 2%
0 < S ([mears) a2
Since
2* —1— 2’p >1 <— < 2
p+1 PSN—o

a result of [28] implies that u, is in L>(€2) (which was already known), and that

LPH1(Q) :

il = € ([ @i6r) " = C il
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Recalling (3.20), we then have

p+1 p

From this inequality it follows an a priori estimate on T,(¢,) in LP™(Q2), hence an
a priori estimate on wu, in L*(Q2) and, using the second equation, in VVO1 2(Q). The
estimate on (,|Vu,|? is then obtained as in the proof of Lemma 3.2. O

LEMMA 3.4. Let p = and let f belong to L'log L*(2). Then we have that

et
{T.(¢,)} is bounded in LP*1(Q), {u,} is bounded in Wy*(Q) N L3(1),
for every s > 1, and
{¢u|Vun|?} is bounded in L'(9).
Proof. Here we follow the proof (contained in [7]) of the Stampacchia exponential

summability theorem (see [28]). Let A > 0, and choose exp(2Au,) —1 as test function
in the second equation of (3.5). Dropping positive terms, and using (1.1), we obtain

20\ /Q IV, |? exp(2Au,) < /Q (To(C)) =2 (exp(2Auy,) — 1)

<2 [ ()™ (ool ~ 0P+ [ ().

Q
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Using Sobolev inequality on the left, and Holder inequality on the right, we get

2
=

([ ) s f0%) ()

2

vo( [men=)"

Define now
2 _N_
=5 [@men?),

so that the previous inequality becomes

0s G - yn) (/Q[exp()\un) _ 1]2*)22* < Chyn.

Choosing A = y% we thus have

(3.23) aS(/Q [exp (%) - 11 2>2 <.

Using again (3.20) as in Lemma 3.2, we have

yi =/Q<Tn<<n>>w”2 s/ﬂfun.

st <slog(l+s)+e —1, Vs, t>0,

2

Recalling that
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we have

n

< Yo f log(1 + (yn + 1)f) + exp <%) -1

Yn

Ftn =y f = <y £ log(1+ ya T (f)) + exp (;ﬁ) -1

< g £ [l08(1 + 3) + log(1 + £)] + exp (“—) 1

n

Therefore, integrating on 2 and recalling (3.23), we have

ot = [T < Tos(1+ 1) 1]y o [ £ 10801+ 1)+ Co

From this inequality, and since N > 2, we obtain that {y,} is bounded in R, so that
{T:,(¢,)} is bounded in LPT1(Q2). Once this estimate has been proved, it then follows
from (3.23) that {w,} is exponentially bounded (hence it is bounded in L*(2) for
every s > 1), and that it is bounded in W,*(€Q). As in the previous lemmas, the
estimate on {(,|Vu,|*} is obtained from (3.19) dropping positive terms. O

3.4. STEP 4: PROOF OF THEOREM 1.2. Thanks to Lemma 3.2, Lemma 3.3, and
Lemma 3.4, we have that {u,} is bounded in I/VO1 (2); hence, up to subsequences, it
converges to some function u weakly in Wy*(Q). Thanks again to Lemmas 3.2-3.4,
u is such that (1.5) holds. Using the boundedness of u, in Wy*(Q), from (3.6) and
(3.7) it follows that the sequences {log(1+¢,)} and {T(C,)} are bounded in Wy*(Q),

so that (, almost everywhere converges to some function (.
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This fact and the estimates on {T,,((,)} in LP*(Q) (proved in Lemmas 3.2-3.4)
imply that
(T,,(¢,))P — ¢ strongly in L'(€).
Using [9, Theorem 1], one can pass to the limit in the second equation of (3.5), proving

the strong convergence of u,, in I/VO1 2(Q). Therefore, the limit u of u, satisfies the
second equation in the sense that

/M(x)Vu~V<p+/ugo—l—@/A(m)Vu«Vucp:/(pgo, Vi € WI2(Q) N L2(9).
Q Q Q Q

Once we have the strong convergence of u,, in I/VO1 ’2(9), we can apply Proposition A.2
with E,, = A(x)Vu,,, which is strongly convergent in (L*(Q2))", and ¢,, = T,,(f), to
prove that ( is an entropy solution of the first equation, in the sense that

/QM(ch-vn(c—@w/gch<<—¢>+/Qmum-vm—@) < /Qka(C—w),

for every ¢ in Wy*(Q2) N L®(2), and for every k > 0. Finally, the fact that ¢|Vul|?
belongs to L'(Q) follows from the estimate

/cn\wny? <c
Q

proved in Lemmas 3.2-3.4, and from Fatou lemma.
We now choose k = 1 and ¢ = T((), with A > 0, in the entropy formulation of
the first equation in (3.5); if we define A, = {¢ > h} and B, ={h < { < h+ 1} we
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obtain, after dropping a positive term, and using (1.1),
o [ e [ cawvaves [ g
B, B Ap,

We now remark that we have, by Young inequality, and since (* < (1 + h) ¢ on By,

CA(x)(u~VC‘§%/ IVCP2+C (14 h) C|Vul?.
By, By,

By,
Therefore, since 1+ > 1+ h on By,

(3.24) / VP 1 V¢ <O [ ¢|Vul* + b f
Bh1+C_1+h By, o By, 1+h Ah
Since we have
—+o00 “+o00
Ah_UBh7 and UBhIQ,
k=h h=0

summing (3.24) with A ranging from zero to infinity, we get

ol+¢ ™~ 7 Jq ~ h+14 Jp '

Exchanging summation order, we have

+o0 1 +00 +oo k 1
Sy [ [ ()

h=0
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Since
k k k dx
;h Z/hll—l—x /0 Tz sl +h),
we have
+oo
Z hHZ/ fSZ/ f1+log(1 + k)]
<Z f + log(1 + ()] /fl+10g(1—l—()]
Therefore,
2
|1V_E|< < /C]Vu|2 /fl—i—log (1+ Q).

We now recall that f belongs to L™ (), with m > 1, that z belongs to LP™(2), and
that ¢|Vul|? is in L'(Q); therefore, if C' > 0 is such that log(1 +¢) < 1+ et we

have that
L < o oy )+ Wl ( c) <c.
al+¢ @)\ Jq

Therefore, if ¢ = pj;) as in the statement we have, by Holder inequality,

[rwar= [ AT or< (Y (farom) T
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Since ;qu = p+ 1 by the definition of ¢, we have

[1var<c.
0
so that ¢ belongs to W, 9(Q), as desired. O

REMARK 3.5. If m > 1, we can also prove that { is a distributional solution of the
first equation of (1.3).
Indeed, from the first inequality in (3.12), we have (recalling that ¢ = ¢q(n) < 1),

2 2
o L+ G o Goe!
Therefore, the sequence {(1 + (,.)2 — 1} is bounded in W;*(Q2), so that {C,.} is

bounded in L%(Q2), with ¢ = N]i 5 by Sobolev embedding. But then, by Hélder

inequality, we have (see also [8])

V ne % __N
\/|v<na|N]il :/ ‘ C ’ N (1+§n5)2(1\]—1>
Q Q (1 + <ns)27(N_1)

N N-—2
w@$>wm</ =)
< — 14+G,)~v—2 <C.
(91+Cn Q( )

Thus, {¢u.} is bounded in W,(Q), with ¢ = 5,

convergent to ¢, in the same space, and strongly in L'(€Q); furthermore, since {(,.}

which means that it is weakly



40 L. BOCCARDO, L. ORSINA, A. PORRETTA

is bounded in L*(2), with s = we have, by Holder inequality, and by (3.13),

N2’

[ Getvuna® < [ G5+ [ Guvup <c.

Therefore (using the almost everywhere convergence of (,,c V. to CnVun) we have
that (,.Vu,. weakly converges to ¢,Vu, in (L1(Q))N, with ¢ = . Thanks to all
the convergences proved so far, we can pass to the hmlt in the ﬁrst equatlon of (2.6)
to prove that ¢, is a distributional solution of the first equation of (3.5), in the sense
that

B2) [ M@V6 Vet [(Ge+ [GawVu- Vo= [ T(e,

for every ¢ in C°(£2). If we now repeat the same calculations as in the proof of
Theorem 1.2, but starting from ¢,, we get

VGl
St

/ Gl + /Q f log(1+¢,).

Recalling the boundedness of {(,|Vu,|*} in L*(), proved in Lemmas 3.2-3.4, we
then have

1
7

419106t =1 = [ <ol g+ Ol ([ 6) 7 <O
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Using Poincaré inequality it is then easy to prove that {¢,} is bounded in L'(Q), so

that
/ VGl _
1+ Cn
Repeating the same calculations done above for (,. we thus have that {(,} is bounded
in Wy(Q), with ¢ = &5. Therefore, ¢, weakly converges to ¢ in W,(2), with
q= =, and strongly in Ll(Q). Moreover, reasoning as above, {(,Vu,} is bounded
n (L9(Q))Y, with ¢ = <5, so that it weakly converges to ¢ Vu in the same space.

Therefore one can pass to the limit in (3.25) to prove that

/M VCV¢+/C¢+/CA )Wu -V = /fsm

for every ¢ in C°(£2). Therefore, ( is a distributional solution of the first equation
of (1.3), with the property that ¢|Vu|? belongs to L'(2). This is a relevant class for
uniqueness, both for the single Fokker-Planck equation and for the mean-field games
systems, see [27].

Note that the property ¢|Vu|* € L'(2) has been proved using the coupling between
the equations of the system: in general, it is not true for the single equation.

4. PROOF OF THEOREM 1.3.

The result of Theorem 1.2 deals with the case in which (|Vu|? belongs to L'(Q);
in some sense, with the case in which “( can be chosen as test function in the second
equation”. Note that ¢ does not belong to L>(Q) (nor to W,?(Q)), so that the
fact that it can be chosen as test function in the equation satisfied by u is a rather
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surprising property. However, the fact that ¢ belongs to LP™1(Q) is not the only case
in which one can prove an existence result for the system. Indeed, in order to do that
it is enough to prove that {7),(¢,)} is bounded in L*(2) for some s > p. This result
will be proved in what follows under weaker assumptions on m. As before, we begin
with the case of “large p”.

LEMMA 4.1. Let p > 25, and let f belong to L™ (), with

N-2
2Np N »p
1 _—.
maX((N—i—Q)p—i—QN’ > Sy
Then
{u,} is bounded in Wy*(Q) N L9(Q),
with Q = 2t g

Np—2m(p+1)’
{T.((,)} is bounded in L*(12),

pt2

with s = min(p + 1, Z5=m*).

REMARK 4.2. The assumptions on m of the previous lemma can be split as follows:

N _p_ if -2 *
1<m<2er1 if ¥ <p< 27,
2Np N p «

NiopraNy <M< S fp>2%

We remark that, if m > %, then we also have that {¢,|Vu,|?} is bounded

in L'(Q2) by the result of Lemma 3.2.
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Proof. Let ~ > =, let B > 0, and define

B (S_i_B)Q'yfl - BZ'yfl

so that
P(s)=(s+B)"%, and  ¢"(s)=(2y-2)(s+B)"".
With this choice of ¢, (3.8) becomes

(1-20) /Q A(2)Vuy, - Vg (u, + B)*72¢,

—(2y-2) / M (2)Vu, - Vu, (u, + B)*73¢,

n B2fy 1 B2’y— 1 -
[l @GP+ B
< [t B . [
Q - Q

We estimate the first two terms as
(1—10) / A(2)Vuy, - Vg (u, + B)*72¢,
Q
—(2v—12) / M(z)Vu, - Vu,(u, + B)27_3Cn
Q

> /QM(x)Vun Vg (u, + B3¢, [%(1 —0)(u, + B) — (2v—2)|,
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. —_92t+
and we remark that if B = g%, then

(1-0)(u,+B)—(2y—-2)>(1—-0)u, >0,

so that the sum of the first two terms is positive. So is the third term, which we can
drop off; we then deduce that:

4D [ TGPt B2 6= C [ 1) (w4 B +Ca [ (BT

Q

Let now p > 1, 6 > 0, and use (u,, + )72 — §27=2 as test function in the second
equation; we have

20-2) [ M)V T 025+ [ Tuy () (0 +0)72 = 207
—i—@/QA(:L')Vun -V, (u, +6)*°~
= [T (8772 7.

Using (1.1) and (1.2), and dropping the first two terms, which are positive, we have,
as 0 tends to zero,

(4.2) ol /Q (Vi 2022 < /Q (T (C))P 122



STRONGLY ELLIPTIC EQUATIONS

For the right hand side, we have

/(Tn(én))p uip—2 < /(Tn(Cn))p<un+B)2p_2
Q

Q
Q

which implies, by Holder inequality and (4.1)

A(Tn(Cn))puiﬁ—2 < </Q(T”(Cn))p+1(un+B)27—2)pi1

1

(4.3) Q
- (Cl / To(f) (un + B>+ 02/
Q

Q

1
X (/(un + B)(Zp—2)(p+1)—(2—y_2)p> p+1 |
Q

_Dp
(un + B)271+;17) o

45
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Thus, by Sobolev inequality, by (4.2) and (4.3), and by Holder inequality (recall that
m > 1), we have

2

([we) < [1vap e [ vupars <o @
Q Q Q Tt Q
<Gl [T+ 5P [ 5"
Q Q

X (/(Un + B)Zr= 2+ -(2y-2p o
Q
p

A\ ™ 1\ P
S C5(||f||Lm(Q)</Q(Un—I—B)(Q’Y—l)m) +/52(un+B)27 1+p)

%
X (/(un + B)(QP—2)(p+1)—(2v—2)p) .
Q

Let now p and v be such that

2p=(2y—-1m'=(2p-2)(p+1)— (2v—2)p.

After some calculations, we obtain

N 2

. Q
- = 2 — 1= "2
Np—2m(p+1) @ 7 m'
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o1 (1 [08) " [ ) (1 )™
L Q 0 Q
<ol (1+ [ 19)

o m T5Q\ P o\
<Gl 1+ 1) (1 [ 8 v [

o wrtrg) it
<G+ Gl (1+ [ ) ,

Thus

(%)

N
*"‘3

where we used that Q —|— < @ (which is true since @ > 7). Note that

2 ( ) P N p
— = m< ———,
2% pQ/)p+1 p+1 2p+1
while
2Np N »p

>1 «<— <m< ——-.
P (N+2pt2N " S 2p+1

and the latter inequalities are true by the assumptions on m. Therefore, {u,} is
bounded in L?(Q), with Q as in the statement.
If v > 1, which corresponds to the case

2N
(p+1) cme NP |
(N+2)(p+1)+N 2p+1
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from (4.1) follows an estimate on {7,((,)} in LP™1(Q) (note that the case v = 1 was
proved in Lemma 3.2), so that we only have to deal with the case

which corresponds to % < v < 1; in this case, if s < p+ 1 we have, by (4.1), and by
Holder inequality,

ey = [ G B

([ N fip ) B

We now choose ¢ and s such that a’%l = 2—2v and % = @; in this way, the right
hand side of the above inequality is bounded with respect to n, yielding an estimate
on (75,(¢,))*. Recalling the values of v and @, and after some calculations, we have

that s = Z22m*. Since we are interested in estimates for which s > p, and since

2
2N
p 1) <m < 2N(p+1) ’
N +2)p+2N (N+2)(p+1)+N

which is our assumption, we have that {T},(¢,)} is bounded in L*(Q), with s = Z-2m*,
as desired. Since s > p, we have therefore proved that the right hand side of the
second equation in (3.5) is bounded (at least) in L'(2). By the coercivity of the
matrix A(zx), this immediately implies that {u,} is bounded in Wy*(€). O

p<s<p+1l <= max<<
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REMARK 4.3. Note that in the final part of the previous proof we have proved that
{T,,(¢,)} is bounded in L*(Q), with s = 2£2m*, which is greater than 1 for every
m > 1 and p > 0. However, such an estimate cannot be used in order to prove further
properties on {u,}; indeed, if s < p the right hand side of the second equation in
(3.5) is not bounded in L'(Q), while if s = p it may not be compact in L'(Q) (a

property which is needed in order to pass to the limit as n tends to infinity).

REMARK 4.4. If f belongs to L™(2), and

the only estimate we can prove on {u,} is that it is bounded in L*(2) for every s > 1;

this is due to the fact that the value of Q) = % diverges as m tends to %[%.

We conjecture that, under the assumption m > & -2- the sequence {u,} is

2 pri°
bounded in L>(2).
The final case we have to deal with is the one in which ﬁ <p<2and m=1.

LEMMA 4.5. Let 25 < p < 2%, and let f belong to L*(2). Then
{u,} is bounded in W,*(Q) N LI(Q),

N(p+2)
prg(pH) , and

{T.((,)} is bounded in L*(12),

forevery 1 <q<Q =

p+2 N

for every 1 < s < Fo=57.
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REMARK 4.6. Note that, under the assumption on p of the previous lemma, we have

% < 1, so that there is “continuity” between the results of Lemma 4.1 and

Lemma 4.5.

1

5, and repeat the calculations of the proof of Lemma 4.1

Proof. Let us choose 7 <
to obtain that

44 [ TG+ B0 < Ol + Co [ (o BT

Starting from this inequality, and reasoning as in the proof of Lemma 4.1, we obtain
that, for evey p > 1,

([ue)" (Il + [ )
(4.5) Q Q )

X </(Un + B)(Qp—2)(p+1)—(27—2)p) . _
Q

Now we link p to v by requiring that

(4.6) 2'p=(2p—-2)(p+1)— (27— 2)p,

that is,

29p + 2
2(p+1) — 2
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We now remark that p is increasing with respect to v, and that we can choose any
v < 3 to have p > 1. Due to the choice of p, (4.5) becomes
2

p 1
* 141\ pH1 p+1
2%p < 2y l+p 2%p
(/Qun ) - CG(HfHLI(Q) " /Qun Qun '

Since, for 7 close to %, we have 0 < 2y — 1+ % < 2*p, Holder inequality implies that

V)

9 2y—1+41

2 27 p o L
2 2% 2 p 2%p  p+1 ' p+l
u,, S 07 + Cg U, s
Q Q

so that, in order to obtain an a priori estimate on {u,}, we only have to check that
if (4.6) holds, then

2 2y—1+ 1

— > p Py :

2% 2*p p+1 p+1
This inequality is easily seen (using (4.6)) to be equivalent to

20p+1)>2p=2)p+ 1)+ (+1)=2p-1(p+1),

. . . . . . *
which is clearly true. Hence, we have an a priori estimate on u, in L?*(2), for every

p given by (4.6) with v < % As 7 tends to %, we have that 2*p tends to ]\,;V_(g—?;zl).

However, such value cannot be attained, which implies that we have an estimate on

u, in LI(Q), for every 1 < g < ]\[]])Vg’—(ﬁl), as desired.

We repeat now the same arguments as in the final steps of the proof of Lemma 4.1
in order to prove an estimate on {7,,(¢,)}. Starting from (4.4), and taking s < p+1,
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we have that

@iy < ( / HQ( / (B+u)))

o(p+1) N(p+2)
pt+l—s Np—2(p+1)’

Choosing s and ¢ in such a way that a’%l = 2 — 27v, and
obtain an estimate for every s such that
Np+2)(p+1)
(2—29y)(Np—2p—2)+ Np—2N "~
Letting v tend to 3, we thus obtain an estimate on {7,,(¢,)} in L*(Q), for every s
smaller than 2222 Since

we

s <

2 N-1"
pt2 N <p—+1 < 2 <p< 2N = 2"
2 N—1°7F N_2 PSN2T

which is our assumption, we have thus proved that {7,((,)} is bounded in L*(2)
with s as in the statement. Once the right hand side of the second equation in (3.5)
is bounded in L'(Q) (and actually better), the estimate on {u,} is W;>(€) then
follows as before. g

Once we have the a priori estimates on u,, and (,, the proof of Theorem 1.3 follows
using the main ideas of the proof of Theorem 1.2.

Proof of Theorem 1.3. Thanks to Lemmas 4.1 and 4.5, the sequence {u,} is bounded
in W,*(Q), and this yields (for example) that the sequence {log(1+¢,)} is bounded in
W,y*(Q) (using (3.6)). Thus, and up to subsequences, ¢, almost everywhere converges
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to some function (. This almost everywhere convergence, and the boundedness of
{T((,)} in L#(2) for some s > p, proved in Lemmas 4.1 and 4.5, imply that (7,((,))?
strongly converges to (P in L'(Q). Using [9, Theorem1]| we deduce both the strong
convergence of u,, to u in VVO1 2(Q), and that u is a solution of the second equation
of (1.3). Using the strong convergence of A(x)Vu, to A(x)Vu and Proposition A.2
then implies that ¢ is an entropy solution of the first equation of system (1.3).
Finally, using the a priori estimates proved in Lemmas 4.1 and 4.5, we get the
summability properties of u and ( stated in the theorem. U

APPENDIX A

We give here, for the sake of completeness, the proof of Proposition 2.2.

Proof of Proposition 2.2. The proof of both existence and uniqueness of ¥ can be
found in [28]. To see that 1 is nonnegative, we follow [6] and choose, for 6 > 0,
Ts(v7)/d as test function in the equation. Here ¢p = ¢+ + ¢~ so that ¢~ is a
negative function. We obtain

(a1) /M YV - VTs(¢ /¢T5

5/¢E VT (¢ 5/€T5
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By Young inequality, and since the integral is on the set where || < 0, we have

1 a C
- E-VT:( )| <= Ts(p)]? + =2 2|E)?
5 [ervnw|<g [vnwore G [ in

f??/W%W7F+%§/Wﬁ

Therefore, the first term of the previous inequality can be absorbed by the first term
of left hand side of (A.1), which in turn is positive. Hence,

5 [eme<cus [ 1Be.

Letting 0 tend to zero, we get
/ [ <0,
Q
so that 1) > 0, as desired.
As for the L>*(Q) estimate, we repeat in detail the proof in [5] since we wish

to specify the dependence of the norm of @ from the data of the problem. We
may assume below that [|€]| @ = 1 and then recover the general case by setting

=6/l - et k>0, and define

_ (¥ E\"
n_(1+w_1+k> '
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Choosing 7 as test function, and defining A, = {¢ > k}, we have

P b Ve
/Ak TERDE /A,f”’” LT ol Tre

Using Young inequality, ellipticity, the fact that [¢] @ = 1 and the fact that
0<n<1, we get
V[ 2 a/ V[
« < Cu||E Al + = | =5 + |4l
[ e SO A+ 5 [ 1A

Therefore, setting v = log(1 + v), h = log(1 + k), and B, = {v > h} (note that
By, = Ag), we have

Vol <C(|E|? . +1)|Byl.
[ 1ver <cuB  + s
Starting from this estimate, and reasoning as in [28], we get

o] CUEN, . + 1)z,

L Q)

which then implies estimate (2.4) since v = log(l + ).
To obtain the VV0 () estimate, we choose v as test function, thus obtaining

/M v¢v¢+/¢+/ij /w

Using again ellipticity, Young inequality, and dropping positive terms, we get

2 2 2 a 2
@ [ VU < Clll 191y + Call B 012, + 5 [ (90

L ()
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and from this estimate (2.5) easily follows. O

If E belongs to (L?(2))Y, the notion of distributional solution might be no longer
applicable; therefore we use the nonlinear notion of entropy solution.

DEFINITION A.1. A function ¢ € L'(Q) is an entropy solution of (2.3) if Ty(v))
belongs to W, () for every k > 0 and
[ u@ve-viw =g+ [onw-e+ [vE-Tiw-¢) < [ (T,

for every k > 0, and for every ¢ in Wy*(2) N L=(Q).

We are now going to study the stability of the entropy solutions with respect to
convergence of the data; the result is essentially contained in [5], but we repeat its
proof here for the sake of completeness.

PROPOSITION A.2. Let w,, be a sequence of solutions of

L(wp) + wy, — div(w,, Ey) =4, in €,
Wy, = 0 on 0f2.

Here, for solution, we mean a function w,, such that Tj,(w,,) belongs to Wy*(Q) for
every k > 0, and such that

/QM(x)Vwm VT (W — ) + /me Ti(wm — @)

(A.2)
Q Q
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for every k > 0, and for every ¢ in Wy>(Q) N L>®(2). If we suppose that E,, strongly
converges to E in (L?())Y, that £, strongly converges to { in L'(Q), and that w,,
almost everywhere converges in ) to some function w, then w is a solution of

L(w)+w—diviwE) ={ inQ,
w =0 on 0f),

in the sense that

/QM(x)Vw'VTk(w—gp)—l—/ﬂwTk(W—‘P)
+/QwE~VTk(w—90)§/Qng(w—80)7

for every k > 0, and for every ¢ in Wy*(Q) N L®(Q).

(A.3)

Proof. Taking ¢ = 0 in (A.2), we find, after using (1.1), and dropping the positive
second term,

a/Q|VTk(wm)\2+/meEmVTk(wm) g/EmTk(wm).

Q
Using Young inequality, it is easy to obtain, from this inequality, that

2k

k?
2 < 2 -

Thus, {T;(w,,)} is bounded in W, *(Q); since w,, almost everywhere converges to w,
Ty (w,,) weakly converges to Ti(w) in W,?(Q). Once we have this convergence, we
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can pass to the limit in (A.2) to obtain (A.3). We will deal separately with each term
of (A.2). Adding and subtracting

/QM(q:)Vgo VT (wm — )

to the first one, we obtain
| M@V~ ) Vi — )+ [ M)V Vi — ).
Q Q

Using the weak lower semicontinuity of the norm in W;?(Q), and the fact that ¢
belongs to VVO1 ’2(9), we obtain, after canceling equal terms,

m——+00

(A.4) / M(z)Vw - VT (w — ¢) < lim inf/ M (x2)Vwy, - VI (W, — @) .
Q Q
For the second term, we add and subtract

Q
obtaining
/Q<wm ) Talwm — @) + /Qm(wm ).

Using Fatou lemma, and the almost everywhere convergence of w,, to w, we thus
obtain (once again canceling equal terms) that

/wTk(w — ) < liminf [ wy, Ti(w, —¢).
Q

m——+00 Q
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The right hand side passes to the limit without problems, so that

(A.5) /QETk(w —¢) = lim Co T (W, — )

m——+00 Q

Thus, it only remains to deal with the third term of (A.2): we begin by observing

that the integral is only on the set {|w,, — ¢| < k}. If M = ||g0||LOO(Q)7 we have

{lwm — | <k} C{0<w, <k+ M},
so that

/ Wy By - VT (W, — @) = / Tisnr (W) By - VI (wy, — @)
Q Q

Since Ty (W) By, is strongly convergent in (L?(€2))”, using also the weak conver-
gence of Tj,(w, — @) in W,?(Q) we have
/wE-VTk(w—go): lim Wy By - VT (W, — @) .
Q

m——+00 Q

Putting together this result and (A.4)—(A.5), we have that w satisfies (A.3), as de-
sired. O
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