Sapienza University of Rome
Department of Basic Sciences applied to Engineering,

Multiscale Methods for Traffic Flow on Networks

Raul De Maio

Supervisors: Prof. Fabio Camilli (Universita di Roma, Sapienza), Prof. Andrea Tosin
(Politecnico di Torino)

Submitted in part fulfilment of the requirements for the degree of
Doctor of Philosophy in Mathematical models in Engineering, Electromagnetism and
Nanosciences of the University of Rome La Sapienza,
October 2018






Abstract

In this thesis we propose a model to describe traffic flows on network by the theory of measure-based
equations. We first apply our approach to the initial/boundary-value problem for the measure-valued
linear transport equation on a bounded interval, which is the prototype of an arc of the network.
This simple case is the first step to build the solution of the respective linear problem on networks:
we construct the global solution by gluing all the measure-valued solutions on the arcs by means of
appropriate distribution rules at the vertices.

The linear case is adopted to show the well-posedness for the transport equation on networks in case of
nonlocal velocity fields, i.e. which depends not only on the state variable, but also on the solution itself.
It is also studied a representation formula in terms of the push-forward of the initial and boundary
data along the network along the admissible trajectories, weighted by a properly defined measure on
curves space. Moreover, we discuss an example of nonlocal velocity field fitting our framework and
show the related model features with numerical simulations.

In the last part, we focus on a class of optimal control problems for measure-valued nonlinear transport
equations describing traffic flow problems on networks. The objective is to optimize macroscopic
quantities, such as traffic volume, average speed, pollution or average time in a fixed area, by controlling
only few agents, for example smart traffic lights or automated cars. The measure-based approach
allows to study in the same setting local and nonlocal drivers interactions and to consider the control
variables as additional measures interacting with the drivers distribution. To complete our analysis,
we propose a gradient descent adjoint-based optimization method and some numerical experiments in

the case of smart traffic lights for a 2-1 junction.
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Chapter 1

Introduction

Transportations and related issues have always been a key issues in every society. The technological
progress and the increase in world population only made more evident its relevance and impact nowa-
days. Even if the improving of transportation facilities has progressively led to many benefit, such as
speed and efficiency, it has simultaneously led to many issues: pollution, economical costs, incidents,
inadequate infrastructure, maintenance, etc.

All these difficulties have attracted in the last century the attention of the scientific community, such
as mathematicians, physicians and engineers; however thanks to the modern technologies and big
amount of data nowadays, researchers have the opportunity to study and manage information from
multiple sources ( sensors on the highways, traffic lights, GPS data, smartphones, tech companies,
etc.) to build new models in dependance on the kind of data and problem and then apply them to
solve one or more issues in real situations.

The mathematical community has mainly focused on the definition of several models with the ambi-
tion to describe and predict vehicular traffic on roads. For these purpose, there have been proposed
different approaches: microscopic models [50, 53, 42, 55|, macroscopic ones [4, 38, 10, 26], kinetic
models [34, 28, 27|, etc. Since the literature on vehicular/pedestrian traffic is wide, we suggest [6, 49]
for a detailed review on this topic.

All these approaches have successfully highlighted some features related to vehicular traffic such as
congestions and “stop 'n go” waves; however they do not sufficiently deal two issues: scalability and
wide variety of data from different sources.

The choice of the scale would depend on the phenomena we need to describe, based on the average
number of involved drivers, number of junctions, network complexity, etc. However, the microscopic
interactions at a junction have a big impact on the macroscopic dynamic in a large network. For this

reason is important to tackle with multiscale modeling and to take advantage of all available data.



A first answer to these issues has been provided by the theory in [2, 54], then applied in [24] to the
problem of pedestrian motion in euclidean spaces. With the above cited approach, the dynamic of

pedestrian is described by a transport equation:

8t,ut + vz : (U[Nt]:ut) = Oa (l’,t) € Rz X [OvT]a (1 1)
fhi=0 = Ho, po € P2(R?),

with the nonlocal velocity field defined as

v[p] = va(z) + K(|lz —yl)du(y),
D(z)

where vy is the free flow speed, D(z) C R? is the visual field for an agent in z € R? and K(|z — y|)

the interaction strength between two agents in x and y whose distance is |z — y|.

The main idea behind this thesis is to apply this approach, used for pedestrians, to drivers and
vehicular traffic. In this way, we would be able to work with different scales and degrees of certainty.
Our aim is to build a model able to describe vehicular traffic over any kind of networks and still able
to show classical features such as congestions, “stop 'n go” and drivers’ interaction.

If our network is equivalent to the real line, the model would immediately derive from the results
in [24]. However, due to its geometric structure, the transport of a measure of a network deserve a
deeper analysis to be defined properly. For this purpose, we decided to adopt a constructive approach:
starting from the definition of measure transports on a single bounded road, we define the problem

on networks by gluing its arcs thanks to a fixed a-priori transmission rule.

A first attempt with the measure-based approach on a single road can be found in [32, 33] in which
Evers et al. describe traffic dynamic on a single (bounded) road and the behavior of drivers crossing

the junction by a decrement of mass,

Oppus + O (vlpel ) = f - pue, (,2) € [0,1] x 0, T (1.2)

where f :[0,1] — R is a piecewise bounded lipschitz function which act as a sink/source term for the
mass distribution p.

In particular, the authors assume that drivers always stop at the junction and the term f - u; is used
to model the outflowing/inflowing of mass; this approach has as a consequence an exponential decay
of the mass at the vertex = 1 which implies that, for every ¢t > 0, there is positive probability to

be blocked at the junction until time ¢. for example, chosen f = —axyqy, where a > 0 is a decrement



rate, and denoted with 4 the mass in x = 1, from the previous equation follows

v = pe({1H)v(1) — ar,

which implies an exponential decay for v4.

Even if this is a valid hypothesis and realistic in some scenarios, we believe it too restrictive and
difficult to deal with on networks and in numerical schemes.

To allow an instantaneous flow of mass at the junctions, we decided to introduce measures to describe
the outflowing mass along time. The dynamic of drivers on a single road is still described, as in [2, 24],

by a transport equation

O+ Vg - (vepe) =0, (x,t) € [0,1] x [0,T7,
Ht=0 = MO, Ho € P([()? 1])> (13)
Mz=0 = 00, oo € P([O,T])

where ug, og are, respectively, the initial distribution of cars along the road and the distribution of
inflowing car along time through x = 0.
Here p is not a continuous map in C([0,T]; P2(R)) but a positive measure, with bounded mass, in

MT([0,1] x [0,T]) such that the measure p can be “sliced” horizontally, i.e.
wu(dzdt) = p(dx)dt,

with p—9 = po, and vertically, i.e.

m(dxdt) = p,(dt)dx,

with pz—o = 0g.

Since the outflow/inflow of mass is allowed, the measures p; does not have fixed mass along time.
Hence it is necessary to adopt a different distance respect to the usual Wasserstein’s one.

The existence and uniqueness of such measure, in particular of the family {p}cpo,7) derives from
the theory in [2, 54] and it is possible to build explicitly, from the initial/boundary data pg, op, the
distribution up € M™([0,1]) of cars along the road at time T and the distribution p,—1 € M™*([0, 7))

of outflowing cars at the junction along time.



The transport equation on networks is then defined

Op+ V- (v[pe)p) = 0, (x,t) e T x [0,T],
=0 — ) GP Fa
Hi=0 = Ko po € Po(T) (1.4)
fizes = 00, oo € P(S x [0,T7),
Wy = Y ketme(y) Phi - Mresys Vej € Out(y),Vy € V'S,

where p is the initial distribution of drivers on I' and o is the data of drivers inflowing in our network
along the time interval [0, 7] from a finite number of sources x € S. We will see that to define properly
this problem on networks it is necessary, as expected from [38, 46], to add a condition.

In particular, we have chosen the transmission condition in the third line which is the key ingredient
in the gluing procedure to obtain the solution on networks. Indeed, fixed a topological order of the
network, the outflowing data introduce in the single road case can be used as inflow data for the next
roads. Since we assume a conservation of mass at the junction, the transmission has to be weighted
by distribution weights represented by a stochastic matrix P = (pj;) which describes the percentage

of drivers flowing across roads.

We remark that this is not the only way to define and build a transport of measure on networks
to model vehicular traffic; indeed, we could adopt two other choices: direct definition and a multi-
population model. In the first case, we could directly directly proposed a definition of the problem
constrained on a network; however, it would have been more difficult to motivate and choose a trans-
mission condition at the vertices, while our approach allow us to justify and introduce new ones with
buffers. Otherwise, we could choose to describe driver dynamics by a multi-population based model
constrained on the real line R where every population of drivers is characterized by paths “depar-
ture/destination”. This approach is simpler and immediate from a theoretical point of view, however
it adds several practical difficulties. Indeed, the geometrical complexity of a network would be trans-
ferred into the topological interactions between cars and the full knowledge of departure/destination

of every driver, which is the assumption at the basis of this model, is not available in practice.

Once the model is defined, we study some applications to traffic management. Indeed, many im-
portant problems, such as pollution, car incidents’ frequency, congestions, travel cost, etc., can be
mathematically describe as optimal control problems where our problem (1.4) is the main constraint,

i.e.

min {/OT L) dt + g(uT)} ;



where p is solution of (1.4) which depends on controls in © a class of controls, fOT L{j]dt a time
average cost w.r.t. u and g a target function.
In particular, we used this framework to study the problem of optimal traffic light setting and the

impact of few moving agents, such as autonomous cars, police, etc., to influence other drivers.

This thesis is organized as follows: in Chapter 2, we recall the background theory on metric space of
measures, transport equation in R¢ and multiscale modeling; in Chapter 3, it is defined the transport
equation on networks in case of linear velocity field; while in Chapter 4 and 5, we investigate analyti-
cally and numerically some problem in case of (anisotropic) nonlocal velocity fields. Lastly, Chapter
6 deals with optimal control problems on networks and show applications of the proposed models to

mobility optimization.
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Chapter 2

Background Theory

The aim of this chapter is to introduce the theoretical tools and results, introduced in [2, 29, 43, 54],
that we will use in this thesis. We recall the basic notion about spaces of measures with a particular
focus on probability measures. We highlight the connection between a fundamental operator, such
as the pushforward of measures, and the transport equation. This is reinforced by the superposition
principle which we will find again in the next chapters. Lastly, we focus on the possibility to build

multiscale models thanks to the transport equations for measures.

2.1 Spaces of measures

Let (X,d) be a Polish space, i.e. a complete separable metric space, and B = B(X) the associated
Borel o—algebra; we denote with M (X) is the set of all finite, real-valued, countably additive (signed)
measures on B. By the well-known Jordan’s decomposition theorem, a measure p € M(X) can be
decomposed into two non-negative measures pu*, u~ such that it can be uniquely written as p =
pt =

In particular, we focus on the set of Borel positive measures with finite mass M1 (X) and its subset
P(X) of probability measures, i.e. the positive measures y € M+ (X) with u(X) = 1.

Since M(X) is a subspace of the dual of bounded continuous function space Cy(X), we endow it
with the weakest topology, called weak* topology, over Cy(X)* which makes continuous all the linear
functional P — P(f), with f € Cy(X).

Once we have fixed this topology, we provide a notion of convergence for measures: we say that a



sequence {u,} C M(X) narrowly converge to u € M(X) as n — oo, shortly p, — p, if

lim/fdn:/fd,

for every f € Cp(X).

In many applications, a relevant set of measure is given by positive measures with compact support,

i.e p € M*(X) such that the set

Supp(p) :={zr € X :x € N, € B(X)= put(N,) >0}

is compact. This property is extended by the following:

Definition 2.1. A finite positive measure p is tight if for every e > 0 there exists a compact set
K¢ C X such that u(S\ K¢) < e.

A family of measures M C M™(X) is uniformly tight if for every e > 0 there exists a compact set
K. C X such that u(X \ K¢) < € for all p € M.

The tightness property is essential for our purposes. Since it is not always easy to verify the condition in
the previous definition, we observe that it is equivalent to the existence of a function ¢ : X — [0, +00),

whose sublevels are compact in X, such that

5;1]\13[/X¢(x)du(:c) < +o00. (2.1)

Indeed, let {€,} be a sequence such that ) €, < +00 and K (€,) is an increasing sequence of compact

sets such that pu(X \ K(e,)) < €, for every pu € M. Define the function

d(x):=inf{n >0:2 € K(e,)} = ZXX\K(en)(ﬂU)-
n=0

Then, ¢ satisfies (2.1). Conversely, if M satisfies the integral condition for a function ¢, then its
sublevels satisfies the properties cited in the tightness definition.

More information about a measure can be obtained by representation/comparison with another one.

Definition 2.2. Given p,n € M*(X), we say that p is absolutely continuous respect to n, p <K n, if
u(E) =0, for E € B(X), whenever n(E) = 0.
We say that u,n are mutually singular, w 1 n, if they are concentrated on two disjoint measurable

sets.

10



These concepts are necessary to give a result on the representation of a measure p with respect to a

fixed one 7.

Theorem 2.1. Let u,n € M (X) be o—finite measures. Then

e there exists a unique pair of measure fig, ps € MT(X) such that p = pg + ps, with p, < 1 and
ps Lom;

o there exists a unique non negative function p, integrable on X with respect to u, such that
ta(E) = [gp(x)dn(z), for any E € B(X). The function p, also denoted by dd%, is called the

density of g respect to n;

e lastly, there exists measures iy, e € M1(X) such that us = pp + pe where p, is a discrete

measure concentrated on a countable set and p. is the Cantor part.

The theory previously exposed is still not complete because it does not give us any information or
estimates about many useful properties such as the barycenter, the variation of the distribution or the
cost functional since they can not be described by a pairing between a measure p and a function in
Cy(X). We need to extend the pairing to function which are unbounded or semicontinuous. In this
way we can define the p* momentum or functionals relevant in modeling. Let p,, € M(X) with

L — W, then
lim in /X 9(@)dun(z) > /X g(w)du() (2.2)

n—o0

for every lower semicontinuous function g over X.
In particular, choosing ¢ as a characteristic function we obtain,

liminf p, (A) > u(A),

n—00 -

for any open set A in X, and

lim sup pin (C) 2 p(C),

n—o0

for any closed set C' in X.

Definition 2.3. A borel function g : X — [0, 400] is uniformly integrable w.r.t. a set M C M(X) if

lim g(x)du(x) =0, wuniformly for p€ M.

k=00 J{w:g(z)>k}
Definition 2.4. For p > 0, a measure p € M(X) has finite p* momentum if for one, hence any,
xg € X

(1 d(-20)P) = /X d(z, zo)Pdp(x) < +oo.

11



Then, we denote with M (X) the set of positive measure with finite p* momentum and with P,(X
P P

the set of probability measures with finite pt* momentum.

For p > 0 we define M,f(X) and P,/ (X) as the sets of positive measures and probabilistic measures

with finite p* moment, i.e. for some (hence any) z¢ € X,

/ d(x,z0)Pdu(x) < 4o0.
X

Lemma 2.1. Let {u,} C M(X) be a sequence which narrowly converges to u € M(X). If f € C(X),g

l.s.c. and |f|, g~ are uniformly integrable w.r.t. to the sequence {p,}, then

liminf/ gd,unZ/gd,u

lim fdun:/ fdu.
X X

n—oo

2.1.1 Pushforward over M(X)

In this subsection we introduce the pushforward of measure, one of the main object in measure theory.
It has a relevant role in optimal transport theory and a deep connection with the transport equations.

Let X,Y be separable metric spaces, u € M(X), and ¢ : X — Y a p—measurable map.

Definition 2.5. The pushforward ¢p#pu € M(Y) of a measure p through ¢ is defined by
o#u(E) = (¢~ (E)), EcB(Y),

or, equivalentely,

(i, ) = /X Fd(#n) = /X foddu = f o),

for every bounded Borel function f:Y — R.

It is easy to verify that the pushforward operator satisfies the following hypothesis:

o if u < m— dF#u < ¢, for any p,n € P(X);
e (Composition rule) (¢ o ¥)#u = ¢#(W#u), for v : X =Y, ¢0:Y — Z, and p € M(X);

e if : X — Y is continuous, then ¢# is continuous w.r.t. the narrow convergence; in particular

¢(Supp(u)) C Supp(dp#p) = ¢(Supp(u))-

12



The following result provides an interesting link between sequence of maps ¢,, and {u,} C M(X).

Lemma 2.2. Let ¢, : X = Y be a sequence of Borel maps uniformly converging to ¢ on compact
subsets of X and let {un} C M(X) a tight sequence narrowly converging to p.
If ¢ is continuous, then ¢p#p, narrowly converge to ¢p# .

Proof. We restrict w.l.o.g. to sequences {u,} C M*(X). Taken f € C(Y) positive, for any compact
set K C X, by the uniform convergence of ¢,, to ¢ follows the same result for f o ¢,, and f o ¢.
Then, by (2.2) it follows

lim inf/ fodnduy, > lim inf/ fodndu, =lim inf/ foddu,

> (= sup ) sup (X \ K) + limint [ f o ddu
n n—eo Jx

> (—supf)sglpun(X\K) +/Xf0¢du-

By the tightness of {y,}, the first term in the last inequality can be controlled by an arbitrary e > 0.
Then,

lim inf /X f o bndiin > /X fo¢du.

n—o0

The thesis follows replacing f in the previous argument with — f. O

2.1.2 Disintegration of measures

Let X > 2 — pz € MT(Y) be a measure valued map. We are now interested in studying the map

reX > /Yf(af,y)dux(y),

for a bounded and nonnegative Borel function f: X xY — R.

In particular, for v € M™(X), it is uniquely defined the measure p = v ® y,, i.e.

() = /X /Y F (s y)duaa (y)dv ().

This representation is justified by the following theorem.

Theorem 2.2. Let X1, X2 be Radon separable metric spaces, i.e. separable metric space on which

every probability measure is a Radon measure. Given p € M*(X1) and a Borel-measurable map
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¢: X1 — Xo, let v = ¢#u € M1 (X3). Then there exists a v — a.e. uniquely determined Borel family
of probability {piz}zex, C P(X1) such that

pe(X1 \ 7 Hz)) =0, for v—ae x€ Xo,

and

[ @)= [ ( L. f(Z)duz(Z)> (),

for every Borel-measurable map f : X1 — [0,400).

A particular case of the previous theorem is the following: let X1 = X xY, Xo =X, pe P(X xY),
v = 7l#pu, where 7! : X x Y — X is the projection map on the first component.
We can identify each fiber (7!)~!(z) with Y and find a family of probability measures {p; }zex C P(Y)

v — a.e. uniquely determined and p := v ® pi,.

2.1.3 Metrics on space of measures

In recent years, the research of appropriate definition of a metric over a space of measures has been
extremely vivid. In literature (see for example [2, 9, 29, 30, 43, 54, 57]) there exist a wide range
of metrics which could be studied and adopted to build mathematical models. The choice strongly
depends on the problem itself. In this subsection, we will discuss a small range of metrics and stress

the main properties of the related metric space.

The most used metric on space of measure is the Wasserstein distance which has recently found
many successful applications such as image classification, pattern recognition, deep learning, optimal
transport or parameter calibration.

Given a metric space (X, d), we start with the following:

Definition 2.6. The p'" Wasserstein distance over Pp(X) between two probability measure p,n €

Pp(X) defined as

mell(p,m)

Wy = (e | XXd(x,deP(x,y))l/p,

where (p,n) ={P € P(X x X) : m#P = p, m#P =n}.

Any measure P € II(u,n) is called transference plan between p and n. This is due to the interpretation
of W, as global cost for transporting a mass represented by v into a mass distribution 7. Moreover

the infimum is a minimum; indeed it is well known that there exist plans P, € II(u,n), called optimal

14



transference plans such that

Wi = ([ d(m)ﬂdmx,y))w.

The following result shows the importance of this distance.

Theorem 2.3. For any p > 1, the Wasserstein distance W), is a metric on Pp(X). Moreover, if

(X, d) is complete and separable then (Py(X),W,) also is a complete separable space.

In this thesis, it has a central role the 15 Wasserstein distance over P;(X)

W = inf d dpP .
) = nt [ d@)aPla.y)

This choice is due to the Kantorovich-Rubinstein’s duality which states that it can be also written as

Wi(nm) =  sup /X f(@)d(u — v) (). (2.3)

f€eLipy (X)

where Lip;(X) := {f : X — R : f is Lipschitz continuous with Lip(f) < 1}. This formulation will be
largely preferred since it relies on the definition of measures as distributions. This is extremely useful
to obtain continuity inequalities about our problems.

Another choice is the 2-Wasserstein distance

Wa(u,n) =  inf (/Xxx d(sv,zJ)zcilj(:Jﬁ,@/))é

Pell(p,n)

This choice is preferred for a variational approach for the transport equation studied in [2, 18, 51].

The relationship between W7 and Ws is generalized by the following result.

Proposition 2.1. For 1 < p < q > +oo, it holds Wy (1, m) < Wy(p,n) for every p,n € Pp(X).

The Wasserstein distance is not the unique choice. Indeed, since we want to work on M™(X) where
measures have different total mass, the Wasserstein distance is not anymore a suitable choice. Here we

propose an alternative metric introduced by Dudley [29, 30] and chosen in [32, 33, 43] for the models

therein.

Let BL(X) be the subset of bounded functions in Lip(X). Then, defined the bounded Lipschitz
or Dudley norm || f||sr := ||flloc + |f|L, it follows that (BL(X), || - |pL) is a Banach space.
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Observe also that M(X) embeds naturally in the dual space BL(X)*, thanks to the linear map
M(X) > p— 1, € BL(X)*, where

L) = (. f) = /X f(@)dp(z).

It is necessary to observe that the topological space, denoted with M(X) gy, which derives from M (X)
equipped with the norm topology induced by || - || gz is not generally complete.

On the other side, the space M™*(X) is clearly a convex cone in M(X) and it is closed and complete

with respect to the dual norm || - ||, defined as
Il i= s [ p@duta)).
feBL(X):|fllpL=11/X

It is easy to observe that, for p € M™(X), it holds |||, = llullry = w(X).
From the Prokhorov’s Theorem, if (X, d) is a complete separable metric space, a set of Borel measures

M C P(X) is tight if and only if it is a precompact in P(X)pr.

Theorem 2.4 (see [29, 43]). Let (X,d) be a complete separable metric space. Let {u,} C M(X) be a

sequence such that sup,, n(X) < oo and for every f € BL(X), (un, f) converges. Then,

o (i, f) converges for every f € Cp(X);
e there exists pp € M(X) such that ||p, — pl|5, — 0.

Theorem 2.5. Let (X, d) be a metric space and {p,} C M(X) a tight sequence. If p, weak® converges
to p, then |[pn — pl, — 0.

The previous theorems imply the following results.

Corollary 2.5.1. Let (X,d) be a complete separable metric space and M C M(X) such that

sup,ens |1[(X) < oo and M is uniformly tight. Then the weak”™ and the |||/, -norm topology coincide.

Proposition 2.2. Let (X,d) be a complete separable metric space and M := {u € M(X) : |u|(X) =
1}. Then, the weak topology and the || - ||, coincide.

Thanks to these results, we can recover all the benefits obtained in the dual representation formula
(2.3). On the other side, if we restrict on P;(X), or equivalentely on a set of positive measures with
constant mass, we have already observe that generally || — 7|5, < Wi(i,n). The equality is clearly
taken for any compact space X , however it is not generally true. Indeed, the following result clarifies

this difference.
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Theorem 2.6. Let jin, p C Py(X), withp > 1; then Wy(pin, 1) = 0 iff iy — p and [y d(z, 20)Pdpin (x) —

Jx d(z, zo)Pdpu(x).

Proof. Since W1 < W), for every p > 1, the W-convergence implies the || - ||;;;-convergence and the

weak-*. The convergence of p momentum follows noticing, fixed zy € X

/ d(, 20)Pdpn () = W, (tn, 620) = Wh(H, 0zy) = / d(x,zo)Pdu(x).
X X

We prove the opposite. Let u, be a sequence of probability measures weakly converging to p satisfying
also [y d(x,x0)Pdpn(x) = [y d(x,z0)Pdu(x). Fix R > 0 and consider the truncated function ¢(z) =
(max{d(z,z0), R})? € BL(X). Then,

/X(d(a:,xo)p—qﬁ)d,un:/d(x x0)Pdpy, — /¢dun%/ x, xo)Pdp(x /¢ Ydu(x

— [ oy~ du< [ dlewordn
X Bp(xo)©

Due to the last inequality, for ¢ > 0 we can choose R so that fBR(wo)C d(z,wo)Pdp < 5, hence

Jx(d(z, 20)P — ¢)dpy, < § for n>> 1.
Since (d(x, ) — R)? < (d(z,x0)P — ¢(x)), it follows

[ (a0 = oG )din, [ (@wm — o) < e > 1.
X

X

Let mr : X — Br(x) be the projection over Br(xo) and observe that d(x,mr(x)) = d(z,z¢) — R.
Then

W (u, TritH) < /X(d(x, zo) — R)Pdp < e

W (b, TR# ) < /X(d(ffaxO) — R)Pdun <.

Due to mpg, these measures are concentrated on a compact set, then the weak convergence over Br(x¢)

implies the W), convergence. We can conclude:

lim sup W (pin, 1) < Hmsup(Wy(pn, Tr# tn) + Wp(Tr# tin, TRFI) + Wy, TRH 1))

< 2eYP 4 lim Wy (T r#Lin, TRHFI) = 2e1/7.

Since this is valid for any € > 0, we have the limsup,, W}, (pn, ) =0. O
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2.2 Transport equation in R?

This section is devoted to the transport equation in case of X = R? in measure-valued sense, which
has been largely studied, for example in [2, 7, 18, 24, 48, 51, 54]. This equation has a central role in

many applications such as optimal transport and mean field game. The problem is given by

8tMt + V- (Utﬂt) =0, (J,‘,t) € R? x [O,T},

(2.4)
[ht=0 = o po € MT(RY),

where v : (t,2) — vi(x) € R? is a Borel-measurable velocity field which satisfies

T
//!vt(x)\dut(w)dKoo- (2.5)
0 R4

Our aim in this section is to show the existence of solutions for such equation in the following sense:

Definition 2.7. A measure-valued solution to (2.4) is an absolutely continuous map p : [0,T] —

MT(R?) which satisfies (2.4) in sense of distribution,i.e.

;i/Rd [t x)dpy () = /Rd(atf(t’ z) +vi(z) - V(t, z))dpe(z)dt, (2.6)

or, equivalentely,

T
L 1@ adurta) ~ [ 10.mau@ = [ [ @)+ o) Irea)du@ae @)

v f e CH([0,T); C=(RY).
Observe that in (2.7) appears the first order partial differential equation

8tf+vt'vf:¢v

whose solution depends on the characteristics associated to v;. A key feature of this problem is related

to the characteristics associated to the velocity field vy:

Lemma 2.3 (see [2] - Characteristics of v;). Let vy be a Borel-measurable vector field such that

v € LY[0,T]; LS. (RY) N Lipy,.(RY)). Then, for every x € R and s € [0,T] there exists a unique

loc

maximal solution to
%@t(az,s) = v (Py(z, 8)), tes,T]

O (x,8) =,

(2.8)
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defined over an interval, relatively open in [0, T] and with s € I as internal point. Moreover, if |®(x, s)|
is bounded over this interval, then it is defined over all [0,T.

Finally, if v € L([0,T); L(R?) N Lip(RY)) then there exists a constant C > 0 such that

sup  Lip(®4(-, 5), RY) < .
$,t€[0,T]

Under the hypotheses of the previous lemma, we can provide a fundamental representation formula

for (2.4). In (2.7), we have the weak form of the adjoint backward equation to (2.4):

atf +Ut : Vf = d}a (t’ :E) € [OaT] X Rd?
f(T,2) = fr(z), z€RY,

where fr € CL(R?), v satisfies (2.5) and 1 € C.(R?).
By the semigroup property of the characteristics, the solution of the adjoint backward problem is
given by
T
F(@u(2.0).6) = fr(@r(,0) — [ 6(@,(,0))ds.
t

Proposition 2.3 (see [2]). Let v; be a Borel velocity field satisfying all the hypotheses in Lemma 2.3
and the global bound (2.5). Denoted with ®y the associated characteristic to vy, solution of (2.8), the

map t — py := Oi#uo is a continuous solution of (2.4) in [0,T] in sense of Definition 2.7.

Proof. By the continuity in t—variable of ®;(z,0) for gg—a.e. x € R? and the dominated convergence

theorem, for every continuous and bounded function f : R¢ — R we have

s—t s—t

fim | f@)dn(o) =l [ @ 0)dota) = [ F(@ula0)duoe) = [ Fa)diute

For any f € C'([0,T]; C*(R%)) and for pg—a.e. x € R? the maps t — f(®(z,0),t) are absolutely

continuous and

%f(q)t(xv 0)’t> = 8tf((1>t(x’0)’ t) + Ut(q)t(xv O)) : Vf(q)t(l‘, 0)’t) = A((I)t(x’ O)vt)'
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Then,

d

T
31 @@.0,0)| duatyie = [ [ 14,0, 0ot

- [ / A, 0l dpe(w)it
<ler (74 [ [ et < o

I

Therefore,

0= /Rd f(z, T)dur(z / f(z,0)duo( ):/ (f(®r(xz,0),T) — f(x,0)) duo(x)

/Rd/ 72 (@4(,0), D)dtdno

_ /0 [ (OuF(at) + @)V (o 1)) ().

The previous result states that the pushforward of the initial distribution via the characteristics of
v is a solution of a transport equation. The next one that the sign of the solution is preserved by
the transport equation. A corollary of this result is the uniqueness of the solution which implies that

every solution is characterized by a pushforward.

Proposition 2.4. Let oy be a (narrowly) continuous family in M(R?) solving 8,01 + V - (vi0¢) = 0
in R% x (0,T), with o9 <0, such that

T
/ / |vg|d|ot|dt < oo,
0 R4

and the local boundness property

T
/ <|crt|(K) + sup |ve| + Lip(vt,K)> dt < oo,
0 K

for any compact K C R?. Then oy < 0 for every t € [0, T].

Proof. Fix ¢ € C®(R? x [0,T]) with 0 > ¢ > 1, and, for R > 0, xg a smooth cut-off function, such
that
OZXRE 1) |VXR| ZQ/R)

Xr =1on Br(0), xr=0on R? \ B2r(0).
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Let w; be such that w; = v, on Bag(0) x (0,7),w; =01if ¢t € [0,7T] and

sup [wy| + Lip(w;, R?) > sup |ve| + Lip(ve, Bar(0)), V¢ € [0,7].
R4 Byr(0)

Let w§ be the double mollification of w; respect to both time and space variable. Then, w® €
L([0,T], L>=(R%) N Lip(R%)) for any € € (0, 1).

By the characteristics method we can build a smooth solution to
o +wi - Vot =9

with ¢“(¢,2) = 0. It follows that 0 < ¢¢ < —T and |V¢9| is uniformly bounded with respect to €,
and x.
Choose now ¢¢x g as test function in the continuity equation and take into account that oy < 0 and

¢¢ > 0 to have

T
0=- /d " Xrdoo = / /d XRO:9 + v - (XRV " + ¢°VxR)dodt
R 0o JR
T T
N / / XR(Y + (v — wi) - V§©)doydt + / vy - VX rdoydt
0 JRI 0 JRd

T T
S/ / Xr(Y + (v —wt)-V¢€)datdt—/ / |V xR||ve|d|o|dt.
0 R4 0 R4

By the uniform bound on |V¢€| and since w; = v; on Supp(xr) X [0, 7], we get, for € — 0

T T 2 T
/ / XRYdodt > / / IVxg||ve|d|o|dt > / / |vg|d|og|dt.
o Jrd 0o Jre R Jo JRr>|z/>2R

For R — oo we obtain that fOT tdo¢(x) which concludes the proof. O

An immediate consequence of the previous result is the conservation of total mass: for every t € [0, T

(R = /R () = /R (@ o) (@) = /R duo() = po(RY)

For this reason, if we assume that ug € P(Rd), the same holds for p;. We now prove some estimates

for more regular flows.

Proposition 2.5. Let v be an autonomous vector field in BL(R?) and p,n € P(R?). Then,

W (Y #u, DYHn) < ellLtW (u,m), (2.9)
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and

Wi, @ # 1) < [|v]loot. (2.10)

Proof. Let f € Lip(R?) such that |f|;, < 1. Then,

[ @i < [ - @i < [ [ 1@

t
s/wmw=MMt
0

Taking the supremum over Lip(R%), we get (2.10). In a similar way,

[ st - o) = [ F@a)d - e

< /R f@)d(p— / v|r, / d(P #p — P #n)(x)ds

Since v is Lipschitz, taking the supremum in the previous inequality we get

t
W(®7#u, ®)#n) < W(ujn)+/0 [o| W1 (®g#u, Po#n)ds

Then, by Gronwall’s Lemma follows the thesis

W (D) #41, Y #n) < eIty (1, ).

With a similar argument, it is possible to prove the next result.

Proposition 2.6. Let v,w be vector fields, bounded and Lipschitz, with L = |v|p = |w|r. Let u,n €

P(R?), then
Lt

-1
o = @l (2.11)

e
W (@) #p, D #n) < e"Wi(u,n) +

Remark 2.6.1. The previous results can be generalized to measurable in time flows v. In this case

we have to apply the same argument and substitute ||v — wl|oo with sup,cio 11 [|ve — willeo or [v|Lt with

fg lvs|rds.

This theory on the transport equation does not cover several situations. For example, the hypothesis
about Lipschitzianity and boundness are excessively strong because excludes collision and concen-
tration of masses. Indeed, even if under these hypotheses the characteristic maps are well-defined,

the transport equation can not describe many dynamical system in biology, social sciences and finance.
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In the last decade, starting from the weakening of Lipschitz condition and new consistent definition
of characteristics, many generalization of (2.4) have been provided and studied such as One-Sided-
Lipschitz vector field [7, 51], convolution with pointy potentials [18, 17, 48] or bounded variation flows
2].

Driven by the interest in pedestrian traffic and swarming, it has also been studied in [24, 36] the case
of nonlocal velocity vector field, i.e. v : P(RY) — BL(R?).

Since our intention is to adapt the same approach to study vehicular traffic on networks, we conclude
this section focusing on the nonlocal case with the methods exposed in [24]. Hence we consider

Oupie + V (Wlpelp) = 0, (t,2) € [0,T] x RY, (2.12)

=0 = [0, 1o € P(R?),

where v[y] is uniformly bounded and Lipschitz for every u € P(R?) and Lipschitz in p—variable, i.e.

there exists a positive constant L such that for every u,n € P(R?) holds
[o[p)(x) = v[n)(z)| < LWi(u,m), VxR

We have previously seen that the transport equation is deeply connected with characteristics induced

by the Cauchly problem
%¢t(x7 S) = ’U[:U’t](q)t(m? S))a te {Sa T]a

(2.13)
O (x,s) =z, r € RY.

The existence of charactistics is not obvious due to the dependence on the present state p; of mass
distribution. To overcome this obstacle, it is necessary to assume more hypothesis over the initial

condition pyg.

Theorem 2.7. Let jg be an element in P1(RT) NPy (RY). Then, there exists an unique measure-valued
solution to (2.12). In particular it is characterized by py = Py po, where Oy is solution of (2.13).
Moreover, given two different initial data pi € P1(RY) N Pa(R?), for i = 1,2 and denoted with ui the

respective solution, there exists a constant C' = C(T') > 0 such that

Wilui, 1) < CWilpg, i), Yt € [0,T]. (2.14)

We prove the uniqueness and continuity on initial data first for simplicity.
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Proof. (Uniqueness) Let f € Lip;(R?), then for ¢ € [0, 7]
[ttt =) = [ s@has— [ @b
= [ @b - s@hyan+ [ r@di - ).
R4

Due to Lipschitz continuity of f and ®2, we can control the second term at the right-hand side:

g F(®D)d(pg — 115) < Wi (pg, 15)-

About the first term, we can observe that f(®;(x,0)) — f(®?(x,0)) < |®}(z,0) — ®7(z,0)]| for every
z € RY. By definition,
t
Bi(e.0) =+ [ old)(@0)ds, P12
0

Hence
1 2 ! 1/l 21762
|®; (x,0) — @3 (z,0)] < /O [vps] (s (2,0)) — v[p](P5(x, 0))|ds
¢
| 20T 2) + 19 (2.0) = 92, 0) .
Applying the Gronwall’s Lemma, we have
t
|®; (2,0) — ®F(x,0)| < Le™ / Wi (g, p3)ds, vt € [0,T).
0
It finally follows, taking the supremum over Lip;(R%)

t
Wt ui) <C </O Wi (s, 12)ds + Wi (g, u%)) :

where C' = max{1, Le*"} > 0. Applying again the Gronwall’s inequality we obtain

W(N%a#?) é CWl(:u(l)nu?))v vt € [OvT]

To prove the existence of solution, we introduce a semi-discrete scheme in time and prove its con-

Ny,

vergence to a weak solution. Denote with k € N the index of refinement of a lattice {tf},'¥, in the

interval [0, 7] where t& = 0, tNk =T and tF , —t& = Aty, such that At¥ — 0 for k — +o0.
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Given po € P1(R?) N Py(R?), we define the scheme by:

pk o =@kl OF () =z 4+ o[pl](z)At*, ne{0,...,N,—1} (2.15)

u = po,

where p¥ is denoting ufk. By a piecewise linear interpolation, we extend our scheme over the interval
n

[0, 7] and construct a measure-valued map in C([0, T]; P;(R9)) :

P AW
pi= > [(1- Ak ) Fn T AR Haeen | Xtk k) (2.16)

n=0

Given the scheme, to prove the existence we need to show that {u*} converges to an element u €

C([0,T]; P(R%)) which is solution of (2.12). To prove the convergence, we need the next results.
Lemma 2.4. Let yy € P1(RY) N P2(RY) and {u*}ren be defined in (2.16). Then, the maps t — pf
are Lipschitz continuous uniformly in k € N.

Proof. Let f € Lip1(R%), then by construction

L rdha =) = [ e+ o)) ad) = p@)dnk
< [ Aol (o)l
R4
< VA,
where in the last inequality we have used the uniform bound of v, i.e. |v[u](z)] < V,¥u € P(RY),z €

R, Then, by definition in (2.16), it follows the thesis. O

Lemma 2.5. Let pg € P1(RY) NPo(RY) and {u*}ren be defined in (2.16). Then, the first and second

moments of ¥ are uniformly bounded respect to both t and k.

Proof. If we prove the result for puf = uf”k, the thesis is consequence of (2.16).
First of all, we can observe that since o € P(R?) and the scheme (2.15) is defined via pushforward

by linear maps, then p* € P(R?) for every n, k.

25



We now prove by induction that the first moment is uniformly bounded. By definition

/ j2ldk (z / &+ AFuljuo) (2)]dyso )
S/Rd llduo(z) + VAL

g/ ldpo(x) + VT,
Rd

where we have used the uniform bound for v. Since ug € P;(R%), the same follows from the last
inequality for u¥ for every k € N.
We state that

[ Jaldits < [ Jaldualo) + natv,
R4 R4

for n € {0,..., Ny — 1} and k € N. Assume it holds until a choice of n. Then,

[ Jeldk@) < [ laldnko) + vt

/ |z|dpo(x) + (n + 1)AtFV.
Hence, by construction of the lattice {t£}, it holds

/ |lz|duk < VT—I—/ |z|dpo, Vn € {0,...,Np}, keN.
R R

With a similar argument, we prove the same property for the second moment. First observe that, for

any k

[ JaPaid(o) = [ o+ atofuol@)Pdpo(e)
Rd Rd

g/ ]az\Qduo(m)—i—2VAtk/ (ldpo(z) + (AL)2V2.
R4 Rd

In general we have that

[ JaPaids < [ laPauls v 2vadt [ faldu@) + a2V
Rd Rd Rd

Since we have prove the first moment is uniformly bounded in n and k, then it follows there exists a

positive constant C' > 0 such that

/ |lz[Pduk ;< / 22 dpo + 2VOALF (n + 1) 4 (n + 1) (AtF)2V2,
R4 R4

26



Since Atk < T and At*(n +1) < T, it follows the uniform bound of second moments. O
We can now prove the existence of solution for the transport equation in the nonlocal case.

Proof. We can to prove that the sequence {u*}rcn is relatively compact in C([0,T]; P1(RY)). For
this purpose, we want to use the Ascoly-Arzeld’s Theorem, which states that it is consequence of
equicontinuity of {4*}ren and relative compactness of {uf}ren in Py (R?) for any fixed t € [0, T).
Equicontinuity is a direct consequence of Lemma (2.4); on the other side, relative compactness in
P1(R%) is equivalent to tightness and uniform integrability of first moment.

As we have previously shown, the tightness property is implied by the existence of a function f : R —
[0, +00], with compact sub-levels such that supysq [pa fduf < +oco. This follows from Lemma (2.5)
for f(x) = |z|.

The same lemma implies also the uniform inegrability of first order moment; indeed, a sufficient
condition for the uniform integrability is that there exists p > 1 such that supyq [ga [2[Pduf < +o0.
Taken p = 2, this follows from Lemma (2.5).

It follows that {u*} is relatively compact, i.e. there exists a measure-valued map g : t — p, such that
(up to a subsequence)

lim sup Wi(uf, ) = 0.
k‘>+O°tE[OT]

To conclude we need to show that the limit map u satisfies (2.6). Using the definition of the scheme
(2.16), we find out that for f € C°(R?)

Ni—1 i
G [t = [ s eotubiant = S {5 [ 0@l ik

n=0

(%)
. (tj>2 [ ola] = ol

t—th
(Atk> / VI (lpg] = vlsn s b xgs o s

R
VI o[pkld(pk  — uk)

where T is a point of the segment with extremal points z and x + AtFv[uF](z).

By the estimates previously obtained, we have

/Ot <j8 /Rd feps — /Rd Vf-v[ﬂ'i}du's“) ds

< CAtF,
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where C' is a positive constant. This implies,

lim =0.

t
fd(pg — o) — / V- o[ufldpids
k—0 | Jrd 0 JRrd

Lastly, since limg—, 4 o0 SUPeo,7] Wi (u¥, ) = 0, it follows directly

tim [ fdut = [ fd
k—oco JRrd R4

and, by dominated convergence theorem,

t t
lim / Vf-v[pFdutds = / Vf-olpsldusds.
0 JR4 0 JRd

k—o00

2.3 Superposition principle

An interesting result on the continuity equation is the superposition principle (see in Section 8.2 [2])
which gives a probabilistic representation for solutions of the transport equation. It has an important

role in the proofs for uniqueness and stability of Lagrangian flows, also in case of not regular vector
field.

The representation formula for the solution of the transport equation is

/ ful! = / FOH(E)dn(z, ), Vf € CORY), t € [0,T] (2.17)
R4 RexT

where € P(R? x I'7) and I'y := C([0, T]; R?). In case of n = (z,®.(x))# w0, the previous formula
reduce to the standard pushoforward p; = ®:#p0.

More generally, we introduce the evaluation maps
et : RYx Tp — RY, fort € [0,T),

where e;(x,v) := v(t), then

i = er#n.

Theorem 2.8. Let p; : [0,T] — P(RY) be a narrowly continuous solution of the transport equation for
a suitable vector field vy(z) which satisfies (2.5). Then there exists a probability measure n € P(RIxT'7)
which is concentrated on the set of pairs (z,v) such that v € AC([0,T];R?) is solution of the ODE

28



F(t) = vi(y(t)) for a.e. t € [0,T] and v(0) = x. Moreover, s = p; for any t € [0,T].
Conversely, any n whose support is concentrated on solution of ODEs with vector field v, and which

satisfies

/ / lvg(y(2))|dn(z, ~v)dt < +o00
RdXFT

induces by (2.17) a solution of the transport equation with initial condition pg := eq#n.

Remark 2.8.1. Observe that it is possible to use the Disintegration theorem on n. Indeed, given
po = eo#n, there exists a family of measures n, € P(I'ry), where 'ty := {y € I'r : v(0) = z}, such
that

[t = [ [ roem @,

where, in our case, Ny = 0g.(z)-

2.4 Multiscale modeling

In the previous sections we have studied the transport equation for a measure u € M™*(R?%) moved
along trajectories defined by a characteristic map ®. We now give an interpretation of our approach
and explain more in detail one of the benefit of the measure based approach, i.e. multiscale modeling.
Consider a set of N particles {X Z}fil modeling the positions in time of agents of a given system. The

trajectories of every particle is expressed as a map
t— X'(t) = ®(2%,0), i=1,...,N,

where 2 € R? is the initial position of the i — th particle.

Since in many applications, such as vehicular traffic, pedestrian movement and machine learning, the
initial positions are not deterministically known due to the nature of available data, we need to treat
{2}V, as a set of random variables. Indeed instead of the exact solution we often have a statistical
estimate of their initial configuration in a given area.

Let P be a probability measure on R? and 1y the probability measure representing the particles’
distribution, i.e.

no(E) =P(z' € E), VE C R? measurable.

If we assume that the particles are independent and identically distributed and denoted with pg the

measure which represent the configuration of particles, we have a proportionality between g and 79:

:Nn(b
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such that po(RY) = N. At time ¢ > 0, we have the following

P(X(t) € E) = P(®(a*,0) € E)
=P(z' € o7 1(F))

= no(; H(E)) = &tno(E),

for every E C R¢ measurable. Hence the common law of the i — th particle at time ¢ is determined by
a pushforward, i.e. 1, := ®y#mng. It follows that u; = N7n:. In the previous section we have seen that
M, consequently iy, is related to a transport equation for regular maps ®.

This probabilistic interpretation is extremely important for modeling purposes and comprehension of
mathematical models. In particular, it allow us to use the same theoretical framework to describe

systems with different scales.

In microscopic modeling, we are interested in the deterministic dynamic of every particle. In our
framework, this is equivalent to assume that the whole mass is concentrated on a finite number of
points and represent it with an atomic measure.

Assume that the initial configuration {2}, is deterministically known. The mass in a set E C B(R?)
is the number of particles in E and py; is represented as sum of Dirac measures centered in X*(t),i =

1,...,N,ie.
N

pe= ) 0xi.
=1

Denoted v as the derivative in time of ® and taken f € C°(R?), we have

d A N A :
pr DFXNE) =D u(X(1),) - VX (1)),
i=1 i=1
which is equivalent to
N . . . .
DX —u(X (1), 1)) - V(X (1) = 0.
i=1

The arbitrariness of the test function f implies that X(t) = v(X*(t),t) for i = 1,..., N. This means
that a microscopic modeling in the measure framework is equivalent to a system of ordinary differential
equations for the X*(t),i =1,..., N.

Another class of models we could be interested is the macroscopic one, which aims to describe the
average distribution of particles rather than the individual dynamic. For this reason we assume
that the matter is continuous and that there exists a proportionality between mass and volumes.

From the Radon-Nikodym’s Theorem, under suitable hypothesis, we have the existence of a function
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p(t,-) € L} (R?) such that

loc

dut = p(x,t)dx,

where p > 00,V (z,t) € R? x [0,7].
The weak formulation of the measure-based transport equation is by definition the weak form of the

continuity equation
atp+ V- ('Up) = 07

p(0,2) = po().

Once we have recovered classical models, we show that we also are able to build hybrid, or multiscale,
models in order to account simultaneously discrete and continuous dynamical effects and handle with
deterministic or statistical data of a dynamic system.

Denoted the discrete and continuous measures respectively as

N
my = Z(Sxi(t), dM; = p(z,t)dx,
i=1
for 0 € [0,1], we define the multiscale measure by convex combination:
My = th + (1 - Q)Mt

Observe that 6 can be interpreted as a control parameter to weight the role of a scale respect to
the other one. In particular, for § = 0 we have a fully-macroscopic description while for § = 1 a
fully-microscopic one.

Since # is constant it follows immediately that also p; is solution of a transport equation:
at,ut + V- (v,ut) =0.

The benefit of this approach is to reduce a hybrid ODE-PDE system to a single equation.
More in general, in case of nonlocal vector fields v = w[u|(t,z) which are weakly linear in the

p—variable, the measure valued equation derives from the coupled system:

LX(t) = v[0my + (1 — 0)M)(X(t),t) i=1,....,N (t,x)€[0,T] x R?
atp + V. (U[Gmt + (1 — G)Mt]p) = O,

Xi(t=0) =2, rt e RY,

p(t =0, ) = po; po = 0, fRd podr = N.
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Other multiscale models can be derived starting from different assumptions on the single-scale models
or the multiscale parameter. Indeed, in place of the transport equation for m; and M;, we could
assume transport equation with sources or second order systems.

Moreover, in many applications it would be interesting and fundamental to study the case of non
constant multiscale parameter; for example, to model pedestrian traffic in closed environment, it is
reasonable to assume 6 as function of (z,t) or of the state of the system (my, M;). For a more detailed

reading on multiscale models in euclidean space, we refer to [8, 13, 23, 24, 32, 33].

32



Chapter 3

Transport equation on networks

In recent times there has been an increasing interest on the measure theoretic approach for modeling
purposes because, compared to standard approaches, it allows one to better describe some interesting
phenomena such as aggregation, congestion and pattern formation in a multiscale perspective. Several
of these phenomena occur in applications such as vehicular traffic, data transmission, crowd motion,
supply chains, where the state of the system evolves on complex geometries such as networks, see

e.g. [16, 26, 34, 38, 46].

In order to extend the measure-valued approach to these particular geometric structures, we first study
measure-valued solutions to a linear transport process defined on a network. For classical and weak

solutions to transport equations on networks we refer the reader for example to [31, 38, 52].

In the previous chapter, we have seen that the measure-valued approach in Euclidean spaces relies on
the notion of push-forward of measures along the trajectories of a vector field describing the trans-
port paths. The study of these problems in bounded domains poses additional difficulties, especially
concerning the behaviour at the boundaries of the transported measure. For problems on networks

similar difficulties arise at the vertices.

The analysis proposed in this chapter is inspired by the results in [32, 33], where measure-valued
transport equations are studied in a bounded interval. We also refer to [41], where the authors
consider instead measure-valued solutions to non-linear transport problems with measure transmission

conditions at nodal points, i.e. points where the velocity vanishes.

We will consider a network I' = (V, £), where V is the set of vertices and £ the set of arcs. We also
assume that I is oriented and that a strictly positive, autonomous and Lipschitz continuous velocity

field v is defined on each arc. Our aim is to describe the evolution of a mass distribution on the
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network I' transported by the velocity field. Observe that a generic measure p can be written as the

superposition of elementary Dirac masses, i.e.

= /6 dp(a), (3.1)

where supp p denotes the support of p belonging to an appropriate o-algebra.

Equation (3.1) suggestes us to first define the transport of an atomic measure J, over the network
and then, by superposition, the transport of the whole distribution . Hence, let us assume that
po = 0z, With xg € e € ¢; for some j € J. If we postulate the conservation of the mass then in the
time interval (0, 7) where the mass remains inside the arc e; the evolution of pg is governed by the
continuity equation

Outed + O (v (x)pf) = 0, (3.2)
with /1,{ being a spatial measure denoting the mass distribution along the arc e; at time ¢.

For t < 7 the solution to (3.2) is given by the push-forward of up by means of the flow map
B0, 20) =0+ [ 03(@0, 20)) ds,
0

which describes the trajectory issuing from the point xy at time ¢ = 0 and arriving at the point
@{(xo, 0) € e; at time t. Consequently, ,ug is characterized as ,ug(A) = uo((fbg)*l(A)) for any measur-

able set A C e;. Hence if g = 6, then ,uz = 5(1,{(%,0) for t € (0, 7).

At t = 7 the trajectory t — @g(xg, 0) hits the final vertex V' of the arc e;. Assuming that mass
concentration at the vertices of the network is not admitted, fractions pj; of the mass carried by

0

® (20, 0) have then to be distributed on each outgoing arc E} which originates from V;.

This preliminary discussion sketches the main ideas that we intend to follow in order to tackle the
global problem on the network. In this chapter, we first consider a local problem, namely a transport
equation on each single arc with a measure acting as a source term boundary condition at the initial
vertex and for this local problem we formulate an appropriate notion of measure-valued solution. Then
gluing all the solutions on single arcs by means of appropriate mass distribution rules at the junctions,
we define the solution for the linear problem over networks. Lastly, by a semi-discrete in time scheme,

we extend our problem to nonlocal velocity terms.
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3.1 Measures on network I

Definition 3.1. A network I' is a pair (V, £) where V := {V;}icr is a finite collection of vertices and
& = {ej}jecs is a finite collection of continuous non-self-intersecting oriented arcs whose endpoints
belong to V. FEach arc e; is parameterised by a smooth function 7j : [0,1] — R™. We assume that the

network is connected and equipped with the topology induced by the minimum path distance.

Given a vertex V € V, we say that an arc e; € £ is outgoing (respectively, incoming) if V' = m;(0)
(respectively, if V' = m;(1)). We denote by Inc(V') (respectively, by Out(V')) the set of incoming

(respectively, outgoing) arcs in V.

We denote by Z the set of internal vertices, by S the one corresponding to the sources and by W the

one corresponding to the sinks.

In particular, w.l.o.g., we assume that for every source vertex there exists only one outgoing arc in

our network.

Definition 3.2. Given a network I' = (V, &), a distribution matriz for T is a function P : [0,T] —
[0, 1]IEIXIE1 such that, denoted P(t) = (pi;(t))i;, for t >0 it holds

pij(t) >0
€]

> pi(t) = 1. (3.3)
j=1

Here p;;(t) represents the fraction of mass which at time ¢ flows from the incoming arc E; to the
outgoing arc ej. Condition (3.3) corresponds to the fact that, unlike [32, 33, 41], the mass cannot

concentrate at the vertices of the network.

Definition 3.3. On each arc e; € £ we assume that a strictly positive, bounded and Lipschitz contin-
uous velocity vj : [0, 1] — (0, Umaz] s defined, with 0 < Ve, < +00. We denote by v = Zjej VjXe,

the velocity field on the network with x.; being the characteristic function of the arc e;.

As initial and boundary data, we prescribe an initial mass distribution over I' as a positive measure
Ho = icy u% with supp ug C e; and ,ué € M*(e;), for all j. Furthermore, at all the source vertices
V € 8, we prescribe an inflow measure oy with o9 € M+T({V} x [0,T]) = MT({V} x [0,T]), with

T > 0 being a certain final time.

To define the transport of the initial measure pg and of the inflow measures {05 } ses on the network I

we describe their evolution inside an arc. On each arc e; we take into account the inflow mass coming
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from the initial vertex m;(0) and we describe how the outflow mass leaving from the final vertex m;(1)
is distributed to the corresponding outgoing arcs. In detail, we fix a final time 7' > 0 and we consider

the following system of measure-valued differential equations on I" x [0, T7):

Oupt? + Oy (vj(x)p?) =0 r€ej,te€(0,T],e;€€

Hi—o = 1 z € ¢,
[ 3 '
} kzl Phj My, 1y Hm(0) €T
Hx:ﬂj(O) = B

agj(o) if 7;(0) € S,

where by ,uj __ oy We mean the measure flowing into the arc e; from its initial vertex m;(0) = V while
x=m;(0) J J

by ,u];:m (1) We mean the measure flowing out of the arc Ej, from its final vertex W = m;(1). Moreover,

k

by p;j - ,u];:ﬂk (1) We mean a measure (in time) which is absolutely continuous with respect to Hgery (1)

with density p}; >

For an internal vertex, the inflow measure is given by the mass flowing in e; from the arcs incident to
V' = m;(0) according to the distribution rule given by the matrix P = (py;). For a source vertex, the
inflow measure is given by a prescribed datum o entering e;. The outflow measure, i.e. the part of
the mass leaving the arc from the final vertex 7;(1), is not given a priori but depends on the evolution

of the measure p inside the arc.

By retracing the same approach used in the previous chapter, we introduce a space of measures with
an appropriate norm where we consider the solutions to our measure-valued transport equations. Since
the notion of solution is based on the superposition principle (3.1), we briefly describe the measure-

theoretic setting which guarantees the validity of this formula. We refer for details to [2, 32, 9, 57].

Let T be a topological space with B(7) the Borel o-algebra in 7. We denote by M(T) the space of
finite Borel measures on 7 and by M™(T) the convex cone of the positive measures in M(T). For

p € M(T) and a bounded measurable function ¢ : T — R we write

{1, o) = /Tsodu-

Given a metric d : T x T — Ry in T, we denote by BL(T) the Banach space of the bounded and

Lipschitz continuous functions ¢ : 7 — R equipped with the norm

lelipr = 9l + 101L
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where the semi-norm |-|; is defined by

lp(y) — ()]
pl; == sup ——"———.
| |L z,ye€T d(:L’, y)
TH#Y

Furthermore, we introduce a norm in M(7) by taking the dual norm of ||-|| 5, :

lellpr == sup  (u, ¢).
weBL(T)
lell gL <1

It is easy to see that if p € M™*(T) then |ul5, = u(T).

In particular, we recall that the space (M(T), ||-|5,) is in general not complete, hence it is customary
to consider its completion WH'HEL with respect to the dual norm. However, the cone M™(T), which
is a closed subset of M(T) in the weak topology, is complete, although it is not a Banach space because
it is not a vector space. Since in our model we will consider only positive measures, we restrict our

attention to the complete metric space (M™*(T), ||-||5,) with the corresponding distance induced by

the norm.

Remark 3.0.1. If T is bounded the Kantorovich-Rubinstein’s duality theorem implies that the norm

|-l 5, induces the 1-Wasserstein distance in M™(T).

Remark 3.0.2. The distance induced in M(T) by the total variation norm:

lullpy == sup (u, ),
weCy(T)
llello<1

where Cy(T) is the space of bounded continuous function on T, is another metric frequently used for
measures. However, we observe that it may not be fully suited to transport problems where one wants
to measure the distance between flowing mass distributions. Indeed, if we consider two points x, y € T,

x #y, and the corresponding Dirac mass distributions 8y, 6, € M™(T) centred at them we see that
10y = b2l < d(z,y), N0y = 0allpy = 2.

Hence the two measures are closer and closer in the norm ||-||z; as the points x, y approach, which
18 consistent with the intuitive idea of transport of mass distributions; while they are not in the total

variation norm, no matter how close the points x, y are.

As alredy anticipated, for the subsequent development of the theory we will extensively use the fol-

lowing fact linked to the concept of Bochner integral [9, 57]: any u € M™(T) can be represented as
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a (continuous) sum of elementary masses in the form

N:/T(S:ch:u(x)

as a Bochner integral in (M(T)H'”BL, -1 5.)-

We specialize the previous definitions to the case 7 = I' x [0, T], where I' C R™ is a network. In
particular, we will call z the variable in each arc of I" and ¢ the variable in the interval [0, T]. We

equip I' x [0, T with the distance
dlz, y)+t—sl,  (z, 1), (y,s) €L x[0, 1],

d being the shortest path distance on I'.

We consider the Borel o-algebra B(I'x [0, T) given by the union of the Borel o-algebras B([0, 1]x [0, T7)
corresponding to each arc e; of I'. Thus A € B(I" x [0, T1) if (w;l, Id)(AnN(e; x [0, T7)) € B([0, 1] x

[0, T']) for all j € J, where Id denotes the identity mapping.

A measure z belongs to M(T x [0, T) if each of its restrictions p/ := p_(ej x [0, 7)), j € J, is a finite
Borel measure on e; x [0, T]. We define the cone M (T x [0, T]) analogously.

For € M™T(T x [0, T]) and a bounded measurable function ¢ : T x [0, T| — R we write

(1, ) = Z/ . (3.5)
jeJ e;x[0,T]

For a function ¢ : I' x [0, T] — R, we denote by ¢; : [0, 1] x [0, T] — R its restriction to e; x [0, 17,
ie.:

oz, t) =y, t) forxzecej, y= 7'(';1(.75), t e |0, T).

A function ¢ belongs to BL(I" x [0, T) if it is continuous on I' and ¢; € BL([0, 1] x [0, T]) for every
j € J. For ¢ € BL(I' x [0, T1) the norm [|¢[| gy py o, 77y 18 defined by

HSDHBL(FX[O,T]) = ?1611; ||90j||BL([0, 1]x[0,T)) *
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The corresponding dual norm |||, of a measure p € M(T" x [0, T) is given by

ullp, == sup (1, ).
@EBL(I'x[0,T])

H%O”BL(FX[Q T])Sl

3.2 Transport equations on networks

3.2.1 Linear transport on single roads

In this section we study the transport equation in a bounded interval. Actually, we start by focusing
on the problem of prescribing appropriate initial and boundary conditions to the differential equation
in RT x R™, which is an unbounded domain with boundary; then we will restrict the results to a truly

bounded domain such as [0, 1] x [0,T].

Consider the conservation law
Ot + Oz (v(z)p) = 0, (z,t) € RT x RT, (3.6)

where v : R™ — R is a strictly positive, bounded and Lipschitz continuous velocity field, so that the
flow is one-directional and depends only on the space variable x. Given p € /\/(‘F(]Rar X Rar ), where
R := [0, +00), owing to the disintegration theorem [2, Section 5.3] we can decompose this measure

by means of its projection maps on the coordinate axes:

e using the projection with respect to the space variable we can write
w(dz dt) = p(dr) ® dt, (3.7)

where dt is the Lebesgue measure in time in Rf and p; € MT (RS x {t}) = MHT(R]) for a.e.
te R(T . The measure p; is called the conditional measure, or trace, of u with respect to t on the

fibre Ry x {t};
e similarly, projecting with respect to the time variable we can write

vy (dt)
v(x)

wu(dz dt) = ® dz, (3.8)

where dz is the Lebesgue measure in space in RO+ and v, € MT({x} x Ra') = M*(Ra') for a.e.
T e Rg . The measure v, is called the conditional measure, or trace, of p with respect to x on

the fibre {z} x R{.
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Remark 3.0.3. The coefficient ﬁ in the decomposition (3.8) is considered for dimensional reasons,

so that v, represents actually the mass distributed on the fiber {z} x Ry .

We incidentally notice that if u solves (3.6) then the mapping x — v, solves the equation Oyv,+ 0w, =
0, where 0; 1= ﬁ@t. As far as the decomposition (3.7) is concerned, the mapping t — u; solves instead

the equation Oy + Oy (v(x)pe) = 0.

Relying on the concept of conditional measures, we formulate the following initial/boundary-value
problem for (3.6):
O+ Op(v(z)p) =0 (z,t) € RT x R
pi—o = po € MRS x {0}) (3.9)
Ve=o = 1o € MT({0} x Ry)

with € MT (RS x RJ), where:

e agssigning an initial condition at ¢ = 0 amounts to prescribing the trace of u on the fibre Rg x {0}

according to the decomposition (3.7);

e assigning a boundary condition at x = 0 amounts to prescribing the trace of pu on the fibre

{0} x R according to the decomposition (3.8).

In order to give a suitable notion of measure-valued solution to (3.9), we preliminarily introduce
integration-by-parts formulas useful to deal with the initial and boundary data. Let C}(R{ x R{)
be the space of continuous functions in Rg X ]Rar which are differentiable in RT x Rt and vanish for

x,t — +00. For p € MT(Rf x RY) and ¢ € CH(R x R{) we set:

@ ) =~ 91) = [ ol 0) dpo(o),

Rg

@uo@)n) 9) = =, v(@)0e0) ~ [ 0(0, ()

Rg

where (-, ) denotes the duality pairing between measures and test functions in R x Rd, i.e. (i, ) =
ffRoerR(T o(x, t)du(x, t). Notice that if ¢ is compactly supported in R* x R* then the previous

formulas agree with the usual definition of the distributional derivatives of u.

Remark 3.0.4. With a slight abuse of notation, in the following we will denote

[ ela O duola) = o, 0h [ o(0, O dn(®) = (o, )
R R

0 0
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the difference between duality pairings in R x Ry and in R x {0} or {0} x Ry being clear from the

measures used.

Thanks to these formulas, we are in a position to introduce the following notion of measure-valued

solution to (3.9):

Definition 3.4. Given py € M (R x {0}) and vo € M ({0} x R}), a measure-valued solution
to (3.9) is a finite measure p € M (RE x RY) such that

(1, O + v(2)Bep) = — (o, ©) — (W0, ¥), Vo € Co(RE x RY). (3.10)

Since (3.9) is a linear problem, its solution can be obtained from the superposition of two measures
ut, p? e /\/lJr(]Rar X ]Rar), where p! is the solution to (3.9) with data p;—g = po and vz—g = 0 while
u? is the solution to (3.9) with data pi—o = 0 and v;—9 = vp. This is doable in a standard way in
terms of the push-forward of the initial and boundary data by means of appropriate vector fields in
Ra“ X Rar , cf. [2]. With this approach time and space play the same role, the former being understood

in particular as an additional state variable of the system.

However, for the next purposes it is convenient to characterise the solution p to (3.9) by means of the

traces of pu! and p? over the fibres Ry x {t}, t > 0; i.e.
ulde dt) = (i (de) + (o)) @ db,

where pf, u? are given by the transport of g, v, respectively, along the characteristics generated in

R* x RT by the velocity field v.

In order to obtain a formula for u}, let ®; = ®;(x, 0) be the position at time ¢ > 0 of the particle

which is in # € R} at time ¢ = 0 and which moves following the velocity field v = v(z):

d
—®y(z, 0) = v(Py(x, 0)), t>0
Sz, 0) = o(®i(z, 0)) -

Oy(z, 0) = x.
By standard results, it is well known that
P = +(R+
it = ttio = [ B0y dun(e) € MYRS x (1)),
0

where # is the push-forward operator, ¢ is the Dirac delta measure, and the integral at the right-hand

side is understood in the sense of Bochner.
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Likewise, to obtain a formula for ;7 we consider the characteristic lines issuing from the ¢ axis. In
particular, we denote now by ®.(0, s) the position at time ¢ > 0 of the particle which is in x = 0 at

time s € Rf and which moves following the velocity field v = v(z):

L 5,0, 5) = v(®y(0, 5)), > s

dt (3.12)
®4(0, s) = 0.
By transporting the mass v along these characteristics we can write
pi = /[0 }5<I>t(o,s) dwg(s) € M*(Rg x {t}),
N
where the integral is again meant in the sense of Bochner.
Summing up, we consider the following representation formula for u:
p(dx dt) (/ o, (¢, 0)(dz) dpo(§) + [ ]5@(07 s)(dx) dl/()(s)) ® dt (3.13)
0,t

and we check that it actually defines a solution to (3.9) in the sense of Definition 3.4. To this

purpose we preliminarily observe that, since u} = ®;# ug, for every (bounded and measurable) function

f Ry — R it results

@) dn) = [, 0) (o) (3.14)
RO

We can obtain a similar formula for u? by observing that, given a simple function f : R(‘)" - R,

f(z) = Zi\/ﬂ arxa, (x), where {Ag}Y | is a measurable finite disjoint partition of Ry, it results

/]R+ 2) dp (o Zakut Ay) Zak/ o (0,5) (i) o (3)
—Zak/ XA, (®:(0, s)) dvo(s)
b1 [0,¢]

/ Zam ®1(0, s)) dvo(s)

(0,7 .=

= F(®4(0, s)) dry(s).

[0,1]

Approximating a measurable function f with a sequence of simple functions we get in general

@ dui()= | S0, 5)) dvnls). (3.15)

[0, 1]
Interestingly, an integral with respect to the z variable is converted into one with respect to the ¢
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variable.

Plugging (3.13) into the left-hand side of (3.10) and using (3.14), (3.15) we discover:

(1, Orp + v(2)Orp)

= Opp(®¢(x, 0), t) + v(P¢(x, 0))0r(P¢(x, 0), t) ) dpo(z) dt
L )

+ / (Orp(@1(0, 5), 1) + v(P(0, 5))0up(Pe(0, 5), 1)) dro(s) di
RE J0,]

d d
— /]Rar /R(T acp(q)t(az, 0), t) duo(x) dt+/]R§ /[O,t] @go(q)t((], s), t) dvg(s) dt,

where in the last passage we have invoked (3.11), (3.12). By switching the order of integration in view

of Fubini-Tonelli’s Theorem we further obtain

/R+/R+dt (®¢(x, 0), t) dt duo(x /R+/[8+oo P74 o(®4(0, ), t) dt di(s)
_/w[ (@l 0. 1)] ) o) + /R+ [o(@.(0, 5), 6]~ duo(s)

=S

== | el 0 diota) = [ ol0. 5)dms)

0 0

— (1o, ) — (o, ©),

which confirms that (3.13) is indeed a measure-valued solution to (3.9). Uniqueness of such a solution
is a consequence of continuous dependence estimates on the initial and boundary data, which can
be proved by standard arguments in literature, cf. [2]. In conclusion, for the transport problem in

R* x RT we have the following well-posedness result:

Theorem 3.1. For g € MT(R{ x {0}), vo € MT({0} x RY) there exists a unique measure-valued

solution to (3.9) in the sense of Definition 3.4, which can be represented by (3.13).

We now pass to consider the transport problem on the bounded domain @ := (0, 1) x (0, T), T' > 0,
ie.
Opr + Oz (v(x)pe) =0, (x,t) €@
p=0 = po € MT([0, 1] x {0}) (3.16)
Va—o = v € M*({0} x [0, T7)
for a given bounded, strictly positive and Lipschitz continuous velocity field v : [0, 1] — (0, vmax]-

The solution to this problem can be obtained by restricting to () the measure p solving (3.9) (with

the velocity field v possibly extended to the whole R as, e.g. v(z) = v(1) for x > 1). Therefore we
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are going to consider the restriction of p to () defined as the measure pL@Q) such that

pQ(E) = p(ENQ)

for every measurable set F C Rar X R(')" .

In particular, in view of the application of this problem to a network, it is important to characterise
the traces of uL@ on the fibres [0, 1] x {T'} and {1} x [0, T'], which depend on the transport of py and

Vo inside Q.

Let us introduce the exit time:
O(z,s) :=inf{t > s : Oz, s) =1}, =x€]0,1],s€ 0, T (3.17)

corresponding to the time needed to the characteristic line issuing from either (z, s) to hit the boundary
x = 1. Since the considered transport problem is linear, in particular the velocity field v does not

depend on the measure p itself, both 7 := 6(-,0) and ¢ := (0, ) are one-to-one, thus invertible.

Recalling (3.13) and using 7, o we write the trace of uL@ on the fibre [0, 1] x {T'} as (cf. Figure 3.1)

pr ;:/ 0@ (,0) dﬂo($)+/ 00, 5) dvo(s) (3.18)
[0, max{0,7—1(T)}] [max{0,0-1(T)},T]

whereas, following the characteristics, we construct the trace on the fibre {1} x [0, T as

v = / 5.,.(35) duo(l') + / (50(5) dl/()(s). (3.19)
(max{0,7=1(T)}, 1] [0, max{0,0—1(T)})

We incidentally notice that the first term at the right-hand side of (3.18) is the push-forward of 1 by
the flow map ®7 then restricted to z € [0, 1] while the second term at the right-hand side of (3.19) is

the push-forward of vy by the mapping o then restricted to ¢ € [0, T7.

The relationship between these traces and the transport of ug, 1 inside @ is rigorously stated by the

following theorem, which represents our main result on problem (3.16):

Theorem 3.2. Given g € M*([0, 1] x {0}), vy € MT({0} x [0, T]), the measure u.Q € M*(Q),

p € MRS x RY) being the solution to (3.9), is the unique measure which satisfies the balance

<M|—Q7 at@ + ’U(x)am > = <,UT — Mo, @) =+ <V1 - o, ()0>7 V(p € Cl(Q)7 (320)
where ur € MT([0, 1] x {T}), 1 € M ({1} x [0, T]) are the traces defined in (3.18), (3.19), respec-
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47(0) =0(0)

t t )
O (0, s) @1 (0, s) —»<—<I/>;(é, 0)
T ah | T n
o(s)
7(0){=0(0)
£ A 7(z)
o~ Y(T) 7(z)
~1(T) 0 Ho 1z 0 T Y(T) ro 1z

o (T}

Figure 3.1: Sketch of the characteristics of problem (3.16) in the two cases 7(0) = o(0) < T (left)
and 7(0) = 0(0) > T (right). For pictorial purposes we imagine a constant velocity field, so that the
characteristics are straight lines in the space-time.

tively.

Moreover, for uf € M*([0, 1] x {0}), v§ € MT({0} x [0, T)), k = 1,2, there exists a constant
C =C(T) > 0 such that

i = bl + 13 = w1 < € (1 = bl + 18 = 3, ) - (3.21)

We also give a result about the dependence on time.

Theorem 3.3. Given pg € M*1([0, 1] x {0}), vy € MT({0} x [0, T]), there exists a constant C' =
C(T) > 0 such that

Hut - .u’t’H*BL + ||l/1|_[0, t] - 7/1‘—[0’ t/]H*BL <C |t - t/| + VO([t/v t]) (3'22)

forallt', t €10, T) with t' < t.

Remark 3.3.1. Theorem 3.3 states virtually that the traces p; and vi [0, t] of u @ are Lipschitz

continuous in time, a part from the presence of the term vy([t', t]) in the estimate (3.22).

If the boundary datum vg is absolutely continuous with respect to the Lebesgue measure in the interval
¢, 4] then for t — ' we get actually [ — oz + |10, 8] =140, ][5y — 0. If instead vy
contains singularities in [t', t] then the distances || — pell g, |v1c]0, 8] — 1[0, ¥']|| 5, between two

traces on horizontal and vertical fibres are in general not proportional to the time gap |t —t'].
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In the applications, a Lebesque-absolutely continuous vy corresponds to a macroscopic inflow mass
provided with density. A Lebesgue-singular vy corresponds instead to microscopic point masses flowing

from the boundary x = 0 during the time interval [t', t] and then propagating as singularities across

Q.

Proof of Theorem 3.3. We begin with the estimate of ||y — py|| ;. Let ¢ € BL(Q) be such that

lellsr < 1.
By (3.18), since

we can write:

/ o(Py(z, 0), t) duo(z) —/ o(Py (z, 0), t') duo(x)
(=00, 771(¢))N[0, 1) (=00, 771(#))N[0, 1)
-/ (o(@u(a. 0), 1)~ o(@p (. 0). ) dpo(z)
(=00, 771(1))N[0, 1]
- / (@ (x, 0), ') duo(x)
[r=1 (), 7= ("))N[0,1]
< ,u,()((—OO, Tﬁl(t)) N [07 1)) HvHoo |t - t/‘ _/ (p(q)t’(xv 0), t,) d/j,()(l').

[r=1@®), 7= 1(#))N[0, 1]

Likewise, assuming for simplicity that o=1(t) < ¢,

/ P(@1(0, 5), ) dns) ~ | (®4(0, 5), 1) do(s)
(e=1(1),t]n(0, T] (e=1(t"),t']N(0, T
-/ P(@0(0, ), ) dn(s) + [ (@0, ). )~ (B0 (0, 5), ) dn(s)
(e=1(t"), 0= 1(t)] (o=1(1), 1]
—l—/( }cp(q)t(o, s), t) dvy(s)
tt

< wo(t' 1) + wo((t = 7(0), #]) ol £~ ¥] - /( gy P09 £ ().
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Hence

e = s )] < (¢(@0 (2, 0), ) = o1, 7(a)) ) dpo(a)

/(Tl(t)v =L ()]N[0, 1]

+

/(al(t/),al(t)] (%0(1, a(s)) — (P (0, s), t’)) dvo(s)

< (10, 7NN 10, 1) el £ = €]+ o0 (¢), o O ol ¢~ ¥
< [0l (1o(10, 1) + vo([0, ) ) [¢ = '] + wo (¥, 1)

<Clt=¢|+w(lt, 1))
and finally, taking the supremum over ¢ at both sides,
e = el < Ot =] +vo([t', 1]).

We now consider the estimate on the outflow measures. Taking again ¢ € BL(Q) with ||¢| 5, <1,

we compute:

([0, 8] — 1[0, 1], @) = /

[0, N[~ (), 1)

- / o (1, 7(2)) dpsolx) — / o(1, 0(s)) dvo(s).
[0, )N[r=1(t"),1)

(0,IN(0, =1 (¢")]

(1, 7()) dpaol) + / o (1, o(s)) dvp(s)

(0,£J0(0, 0= (1))

We point out that if ¢~1(¢) < 0 then the interval (0, o~1(t)] is actually understood as [c~1(¢), 0) and,
in this case, (0, t] N (0, o~1(t)] = 0. Moreover, since t > t' we have 7-(t') > 771(¢), which implies

[T, 1) = [+~Y(¥), 77 (t)) U [r71(¢), 1). Then

/ o (1, 7(2)) dpaol) — / (1, 7()) dpaol)
[0, 1)N[r—1(t),1)

(0, )N[r=1(#), 1)

p(1, 7(x)) dpo ().

/[(L DN[r=t(e), 7= 1(#))

Moreover,

/ (1, o(s)) duo(s)
(0,0=1(t)]N(0, t]

- / o(1, o(s)) do(s) + @(1, o(s)) dro(s),
(0,02 (¢)]N(0, ]

/(U‘l(t/% o= H(B)]N(0, ]
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which gives

/ o(1, 0(s)) dvo(s) - / o(1, 0(s)) dvo(s)
(0,0=1(t)IN(0, t]

(0, 0= 1(¢")IN(0, t']

o(1, o(s)) dvy(s).

/(U‘l(t/% o= H(B)]N(0, 1]

Therefore

(1[0, t] = 1[0, ], ¢) = p(1, 7(2)) dpo() +/ (1, a(s)) dvo(s)

/[o,l)mwm,ﬂ(t')) (e~ (), o= ()N(0,1]
< w((t', ) + wo (@™ (), ) [[vll [t =¥

+ po((—o0, 71 () N[0, 1)) o]l [t = ¢

)

whence, taking the supremum over ¢ at both sides,

13| ) - ) ! =~ - o ) .
|10, ¢] — v [0, t <Clt—t]+w(lt, t])

[

Summing the estimates obtained so far for ||, — p |57, [|v10]0, t] — v10[0, '] 5, we finally get (3.22).

O]

Proof of Theorem 4.2. We observe that p can be obtained, by linearity, as the sum of the solutions
of two transport problems with vy = 0 and pug = 0, respectively. We begin by considering the
case g = 0 and assume, without loss of generality, that 77 < 7(0). Then 7=!(T) > 0 whence,

recalling (3.18), (3.19), we obtain

T = / 6‘I)T($10) duo(l‘), vVl = / 57'(x) d,tto(l‘) (3.23)
[0, 7=1(T)] (r=H(T),1]

)

and we have to show that

<,U,|_Q, at(P + 'U(«T)az > = <,uT — Mo, 90> + <V17 (,0>; VSO € Cl(Q): (324)

where f is the measure (3.13). Following the characteristics, its restriction to @ writes as

peQrd) = [ o) @ o
, T (L

=peQ(dx)

/
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thus for ¢ € C*(Q) we discover:

T
(1LQ, B + v(2)Duip) = /0 /[O (060 (@00) dpuc QL)

T
_ /0 /[O _l(m(atso(@(:c, 0), 1) +v(®e(x, 0))dusp (@il 0), 1)) daolz) dt

T
d
- / / L (@i, 0), t) dyuo(x) dt,
0 Jio,r1( dt

where in the last passage we have used (3.11). Switching the order of integration, we continue the

calculation as:

min{7(x),T}
-] Sol®i(z, 0), 0) deduoz)

[ e 0 Dt
(@) g
+/(T—1<T),11/o 7P ( @@, 0), ) dt dpo(x)
_ / (¢(@r(x, 0), T) ~ o(@o(z, 0), 0)) dpo()
[0, 7= 1(T)
+ /(T—I(T),l] (@(‘I)T(z)(x, 0), 7(x)) — ¢(Po(z, 0), 0)) dpio(z)

- / o(Pr(x, 0), T) dup(x) +/ o(1, 7(z)) dpo(x)
[0, 7=H(T)] (=1(T), 1]

(i) (if)

- / (e, 0) dpo(z)
[0,1]
(iii)

From (3.23) we recognise that the term (i) is indeed f[o, 1] o(z, T) dur(x) = (ur, ¢) and that the term
(i) is f[o 7] ©(1, t) dvi(t) = (v1, ), while the term (iii) is clearly (1o, ¢). Consequently (3.24) follows.
We consider now the case pg = 0 and assume, without loss of generality, that T > ¢(0). Then

o~ 1(T) > 0 whence, recalling again (3.18), (3.19), we find

Hmr = / 5¢T(07 s) dl/o(s), vy = / 50(5) dl/()(s) (3.25)
[o=1(T), T] [0,0=4(T))

and we have to show that

(1Q, Brp +v(2)0ap) = (ur, @) + (1 — 10, ), Vo € CHQ), (3.26)

where u is again the measure (3.13). Following the characteristics we see that pu @ is now expressed
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as

pLQ(dz dt) = / 0a,(0,s)(dz) dro(s) @ dt,
[max{0,0-1(t)}, 1]

=0 Q(da)

hence for ¢ € C1(Q) we obtain:

(W@, Opp + v(x)Opp)

//01 (Op + v(2)Ozp) dp Q(x) dt

_ /0 / (e (@400, 5), 1) + (@0, 9))Ducp(@e(0, 5)1)) don(s) i

[max{0,0-1(¢)}, ]

T
- / / L (@40, s), 1) duo(s) dt,
0 Jmax{0,o-1(t)},4 dt

where in the last passage we have used (3.12). We now switch the order of integration to discover:

min{o(s), T}
/[OT/ d (<I>t(0 s), t) dt dvy(s)

o(s) d
- /[O’UI(T)]/S dt ((I)t(o 5) )dt dl/o(s)
T d
! /(al(T),T]/s ¥ (2:(0, 5), 1) dt do(s)
_ /[0 . (#(®@o(0)(0, 5), 7(5)) — £(24(0, 5), 5)) dwo(s)
+ /(o'l(T),T] (SO(‘I)T(O, $)T) — (®s(0, s), s)) dvy(s)
- / e(1, a(s))duo(s)+/ (D7(0, 5), T) duo(s)
0,0-1(7)]

(o= 1(T),T]

N~

(1) (i)
— / (0, s)dry(s) .
[0,T]

~~

(iii)

Thanks to (3.25) we recognise that the term (i) is f[o ) ® o(1, t)dvy(t) = (11, ¢) and that the term (ii)

is f[o,l] o(x, T)dur(z) = (ur, ), while the term (iii) is clearly (vp, ). Hence (3.26) follows.

To conclude the proof, we show the continuous dependence estimate (3.21). We consider two problems

of the type (3.16) with respective initial data ,u(l), u% and source data 1/3, Vg.

We begin by estimating the term Hu% — ,U,%H*BL. Let ¢ € BL(Q) with ||¢|lpr, < 1. Recalling (3.18)
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we have:

(1 — by @) /& o, T) (3 — ub) (@)
/ o(@r(z, 0), T) d(d — ub)(a)
[0, max{0, 7= 1(T)}]

1 R CEOR AT

< [ — ] ([0, max{0, 7 (7))

+ [ = | (Imax{0, o= 1(T)}, 7))
where here |-| stands for the total variation of a measure. Thus

< O (g = sl + 18 — 13

and consequently, taking the supremum over ¢ at both sides,

[0 bl < © (U3~ bl + 195~ )

Proceeding in a similar way for ||V} — Vlle 1> from (3.19) we have:
i-vho) = [ ell 0det -
[0, T]
-/ }(Lﬂ@ﬂ@%ﬂ%@

+/ o1, o(s)) d(vZ — vb)(s)
[0, max{0,0—1(T)})

< | — pg| (max{0, 7~ H(T)}, 1])

+ [ — w5 ([0, max{0, o ™H(T)}))

< C (Jlad = w5, + 178 = 8351 -
hence, taking the supremum over ¢ at both sides,

I8 vl < € (102~ bl + 15~ 150

Summing the two estimates just obtained yields finally (3.21).

1 1

Moreover, for p = pi, vt = v the estimate (3.21) implies uk = p%, v{ = vZ, hence the uniqueness

of (3.18) and (3.19).

o1
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3.2.2 Linear transport on networks

We now return to the study of problem (3.4). In order to make the notation consistent with the one

introduced, we set

Vo= M0y V1 Moy
and we rewrite (3.4) as
! + 0z (vj(x)p?) =0 ree;,te(0,T],e €&
Hi—g = 15 z € ej,
(3.27)
z pkj'Vf ifV:ﬂ'j(O)EI
v k:V=my(1)
o5 if SeS.

Let ¢ € CY(T x [0, T]). Given ) € MT(ej x {0}), v} € M*T({0} x [0, T]), owing to Theorem 4.2
there exists u/ € M™T(e; x [0, T]) such that

(1, Dpp +v;(2) D) = (i — pid), ) + (V] — 1, ) (3.28)

for every e; € £. Similarly to (3.18), (3.19), the traces ,uzp, V{ are

J o_ J J
i = / s o o) diid(x) + / 5s 0 di(s) (3.29)
T [O,max{O,T{l(T)}] ®7(x,0) [max{0, o YTy, T ®7(0,5)
]/{' — / ) 5Tj($) dlu,“g)({ﬁ) +/ 50’j(8) dl/g(s), (330)
(max{0, 7 (1)}, 1] [0, max{0, 07 (T)})

where the flow maps @{(x, 0) and @{(O, s) are defined like in (3.11), (3.12), respectively, using the

velocity field v;(z) on the arc e;. Likewise, 7; and o; are defined like in (3.17).

Summing (3.28) over j and recalling (3.5) we deduce

(11, Onp + v(2) D) = (pr — 0, ) + Y (A — 4, @), (3.31)
JjeJ

where
po=> 1, pr=> . (3.32)
7 7

In particular, the last term at the right-hand side in (3.31) can be rewritten in more detail by summing
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on the vertices of the network:

j Vel \j:V=m;(1) j:V=m;(0)

=1 > vlheo- > e

VEL \j:V=m;(1) j:V=m;(0)

Z(V{_ng 90>:Z Z <V{7 @) — Z <V8730>)

DI IR HOED DD DERUE

VeWw j:V=r;(1) VeS j: V=mr;(0)

For an internal vertex V' € Z, using the corresponding boundary condition prescribed in (3.27) we

obtain:
ool DY W= D W= DY > Pyt @)
J:V=m;(1) j:V=m;(0) j:V=m;(1) j:V=m;(0) k:V=m(1)
= > we- D > byt e
j:V=m;(1) k:V=ni(1) j:V=m;(0)

whence, taking (3.3) into account in the second term at the right-hand side,

oo — D o= DY we - D ke

j:V=m;(1) j:V=m;(0) j:V=m;(1) k:V=m(1)

=0.

This is the conservation of the mass through the internal vertices of the network.

For a source vertex V' € S, we use the corresponding boundary condition prescribed in (3.27) to find:

Y o= (). o) = (o0, ¥

VES j:V=r;(0) ves

where we have defined the measure g := Y gc504 € MT(Us{V} x [0, T]). This is the total mass

flowing into the network from the source vertices up to the time 7.

Finally, for a sink V' € W, we define

wV = Z V{ € M+({V} x [0, T7),
§:V=m;Q) (3.33)

= Z Wwoe M+(Uw{v} x [0, T1),
vew

which represents the total mass flowing out of the network up to the time 7. Equation (3.31) takes
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then the form

(1, Bp +v(2)z0) = (pr — po, @) +{w =00, ), Ve CHT x [0, T]), (3.34)
thereby expressing the counterpart of (3.20) on the network.

Using the formulation just obtained, we are in a position to establish the well-posedness of the transport

problem over networks.

Theorem 3.4. Given pg € MT(I'x{0}) and o9 € M1 (Us{V'}x[0, T]), there exists a unique measure
p € MT(T %[0, T)) which satisfies the balance (3.34) with ur € M+ (L' x{T}) defined in (3.29)-(3.32)
and w € MT(Uw{V} x [0, T]) defined in (3.30)-(3.33).

Moreover, for g € MT(T x {0}), oo € MT(Us{V} x [0, T]), k = 1, 2, there exists a constant
C =C(T) > 0 such that

lpr2 — prallpy + llw2 — willpr < C (lroz — poallp + llooe — ooallpy) - (3.35)

Proof. We treat separately the cases in which the set of the source vertices is or is not empty.

i) Assume S # (). We introduce a partition of the set £ = {e;};c; based on the distance from the
By

source set:

& ={ej : Vi =m;(0) is a source}

Em = {ej cdep € Ep_g 8.t V = 7'(']‘(0) = ﬂk(l)}, m=1,2, ...

We first apply Theorem 4.2 to the problem defined on each arc in &, i.e for each e; € & such

that V = 7;(0) € S, we consider

Hi—o = 1 € MT(ej x {0})

vy =ot e MT({V} x [0, T)).

Since 1/} is prescribed, we obtain the existence of u/ € M*(e; x [0, TY), ,uéﬂ € Mt(e; x {T})

and 1 € Mt ({r;(1)} x [0, T]) satisfying the balance (3.20). Next we proceed by induction on
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m =1, 2, ... considering the problem on e; € &,, with V' = 7;(0):

O + Oy (v (2)p?) = 0 in e; x (0, T

=g = 1 € MT(ej x {0})

v = §pkj e MT{VY x [0, T)).

Since the arcs e belong to &,,_1, the solution to the transport equation on them is known by the
inductive step (using the case m = 0 as basis), hence the boundary measure 1/8 is well defined
because so are the outflow measures 1/{“ . Therefore we can apply again Theorem 4.2 to fulfil the

balance (3.20) on e; € &p,.

In this way, after a finite number of steps we build arc by arc the measures p € M™ (T x [0, T1]),
pr € MT(T x {T}) and w € MT(Uw{V} x [0, T]) which globally satisfy the balance (3.34).

(ii) Assume now S = (). Fix an arbitrary internal vertex V € Z, and choose

to < min 75(0).
o<, im0

From (3.30) we see that, up to the time ¢y, on all the arcs e; such that V' = 7;(1) the outflow

measure v is given by

V] :/ Ori(x dM{)@%
(75! (t0), 1] o
because 7';1(750) > 0 while 0]71(150) < 0 (cf. Figure 3.1, left). Hence v/ depends only on the

initial datum ,u% and not on the inflow measure 1/8. Let us consider the initial/boundary-value

problem (3.27) for ¢t € (0, o] with V' as source vertex and corresponding source measure

Yo = Z V{ = Z / . 67']'(1:) dué(ﬂ?)
(7 (to), 1]

J:Vi=m;(1) J:Vi=m;(1)

From the case S # () we know that we can construct u € M™(e; x [0, to]), e, € M(e; x{to}) and
w e MT(Uw{V} x [0, to]) which satisfy the balance (3.20). Moreover, the inflow measures 1/8 of
all the arcs e; such that V' = 7;(0) coincide with those of the original problem without sources,
because they are actually determined only by the initial datum. Hence p is also a solution of
the original problem in [0, ¢o]. By repeating this argument on the intervals (to, 2to], (2to, 3to],

..., with initial data p,, pot,, ..., after a finite number of steps we obtain the solution of the

problem without source in any interval [0, T, T" > 0.

Finally, the estimate (3.35) is in both cases an immediate consequence of the corresponding esti-
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ra2(01(to))

YV
o1 (to) Sy’
/ ?)‘L
tos “’
By > va3(o1(to))
i Va
%

Vi

Figure 3.2: The 1-2 junction with a sketch of the characteristics along which the solution propagates.

mate (3.21) holding on each arc. O

3.2.3 Examples on junctions

In this section we write explicitly the solution to problem (3.27) for two typical junctions which occur
frequently for instance in traffic flow on road networks. It is worth pointing out that, since in our
linear equation the velocity depends only on the space variable but not on the measure pu itself, the
transport model that we are considering may provide an acceptable description of the flow of vehicles
at most in the so-called free flow regime. In fact, in such a case the number of vehicles is sufficiently

small that their speed is almost independent of the presence of other vehicles on the road.

The 1-2 junction — Atomic inflow distribution. Let I' be the road network shown in Figure 3.2
formed by 3 arcs, viz. roads, E1, Fo, F3 and 4 vertices Vi, ..., V4 such that E; connects the source
vertex V) to the internal vertex V5 while F5 and E3 connect the internal vertex V5 to the well vertices
V3 and V. This gives also the orientation of the arcs. In practice, beyond the junction V5 the road Fy
splits in the two roads Es, F3. We assume that the network is initially empty. At some time ¢y > 0 a
microscopic vehicle enters the network from the vertex V; and then travels across it. At the junction
Va we prescribe a flux distribution rule stating that a time-dependent fraction p = p(t) : [0, T] — [0, 1]

of the incoming mass flows to the road F5 while the complementary fraction 1 — p(t) flows to the road
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FE3. Taking T' = +00, the problem can be formalised as:

Oupi? + 0 (vj(x)?) =0 w €ej t RV, j=1,2,3
1o :O X GF

Ve = 8, t€Ry

v =p(t)- v teRg

(B =0-p0) vl teR],

where the velocity fields v; : e; — (0, vﬂlax], 0< v?nax < 400, are given Lipschitz continuous functions

of x.

The solution on each road has the form p/(dx dt) = /,L{(dx) ® dt, where ,u{ is the trace of u/ on the
fibre e; x {t}. Using (3.29), (3.30) we determine explicitly the expression of 4 for all ¢ > 0 and that
of the outflow masses 1/{ on the fibres {m;(1)} x R} (notice that m1(1) = Va, ma(1) = V3, m3(1) = V4).
We find (cf. Figure 3.2):

M% = 5q>t1(o,t0)><[to,al (to)] (t)
Vll = 50’1(750)

17 = p(01(0))082(0, 01 (10)) Xlo (t0), o2(c (t0)] ()

1/12 =wd = p(o1 (tO))éaz(Ul(to))
i = [1 = p(01(0))1083 (0, 04 (1)) Xlor (t0), o (on (2] (£)

vy = wl = [1—p(o1 (tO))]éas(Ul(to))‘

Furthermore, using Bochner integrals in the product space e; x Rar we can possibly write the solution

) on each road as

1 Ul(to)
o= /t 0(@1(0, 10),1) At
0

) o2(o1(to))
ju ZP(Ul(to))/gl(tO) 0(@2(0, 01 (t0)), t) U
5 a3(o1(to))
p” = [1 = p(o1(to))] /al(to) O(@3(0, 01 (t0)), £) G-

Remark 3.4.1. By carefully inspecting the expressions of ,u{, 7 =1,2, 3, we see that the unit-mass
Dirac delta prescribed at the source vertex Vi splits in two Dirac deltas beyond the junction Va, cf.

also Figure 3.2, each of which carries a fraction, p(o1(ty)) and 1 —p(o1(to)), respectively, of the initial
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mass.

Unlike the Dirac delta entering the road Ey from Vi, the two Dirac deltas propagating in the roads
FE>, E5 do not represent physical microscopic vehicles. Rather, each of them is the same microscopic
vehicle coming from the road E1 and the coefficients p(o1(to)), 1 — p(o1(to)) have to be understood as

the probabilities that such a vehicle takes either outgoing road beyond the junction Va.

This approach differs from the one proposed in [25], which instead assigns a path to each microscopic

vehicle through the network in the spirit of the multipath traffic model introduced in [11, 12].

The 1-2 junction — Continuous inflow distribution. We now consider the same network as
in the previous example but we prescribe an inflow measure Vé which is absolutely continuous with

respect to the Lebesgue measure:

vo(dt) := p(t) dt,

where p € Ll(Rar) with suppp C R(J{ is the density of the vehicles entering the network from the

vertex Vj.

Recalling that the network is initially empty and using (3.29), we obtain that for each ¢ > 0 the trace

pi of the solution u! in the road Fj is

t t—max{0,o7 ' (t)}
= / dp1(0,5)P(s) ds = /0 da1(0,0)0(t — 1) dr,

1
t
max{0,0; L)}

7

where in the last passage we have set r := t — s after observing from (3.12) that ®; (0, s) = ®}__(0, 0)

for all 0 < s < t. Likewise, recalling (3.30) we find that the outflow mass v{ at the vertex V3 is

+oo

+oo
’/11 = / 501(s)p(5) ds = / 5,~p(7‘ - 01(0)) dr,
0 a1(0)

where in the second passage we have set r := 01(s) = s + 01(0). In view of the Bochner representa-

tion (3.1) and considering that supp p(- — 01(0)) C [01(0), +00), we deduce in particular

vi(dt) = p(t —01(0)) dt.

According to our transmission conditions, this mass is distributed to the outgoing roads F», E3 as
2 1 3 1
vy = p(t)r, vy = (1 —p(t)v,

which, owing to (3.29), implies that the traces u?, u} of the solutions p?, 2 in the outgoing roads are
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respectively given by

t

i = L Bg2(0,5P(5)p(s — 01(0)) ds
max{0,05 " (t)}
t—max{0,05 " (t)}

-/ 020,00t — T)p(t = — 01(0)) dr
and by

3 t

i= [ G (L= (s — o (0) ds
max{0,05 " (t)}

t—max{0, 051 )}
::A 80,0 (1 — p(t — ))p(t — 1 — 07 (0)) dr.

It is interesting to note that, since in general the density p is split asymmetrically in the roads F» and
Es5 (unless p(t) = %), the corresponding measure solution, even if possibly continuous inside the arcs

of the network, is discontinuous across the vertex Vs.

2

Finally, the outflow masses 17 = w?® and 13 = w?

are recovered from (3.30) as

+oo
=t = [ sp(s)ols = (0)) ds
—+00

:/ drp(r — a2(0))p(r — 1(0) — 02(0)) dr

2(0)

and

+oo
ﬁzwﬂaé bty (1 = p(5))p(s — 01(0)) ds
+oo

= / 9 (1 — p(r — 03(0)))p(r — 01(0) — 03(0)) dr.

3(0)

Observing that supp p(- — 01(0) — ¢;(0)) C [01(0) 4+ ¢;(0), +00) for j = 2, 3, from the Bochner

representation (3.1) of a measure we further deduce

VA(dt) = w¥(dt) = p(t — 3(0))p(t — 01 (0) — 72(0))

V(L) = wi(dt) = (1= p(t — 73(0))p(t — 1(0) — 05(0)) dt.

Remark 3.4.2. The transport problem being linear, the case of an inflow measure V& carrying both

an atomic and a Lebesgue-absolutely continuous part can be addressed by simply superimposing the

solutions obtained in the previous examples.

The 2-1 junction. We consider now the road network I' illustrated in Figure 3.3 with again 3 arcs,
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o3(02(t2))

o3(01(t1))

Vi

Figure 3.3: The 2-1 junction with a sketch of the characteristics along which the solution propagates
in the space-time of the network.

viz. roads, F1, Fo, F3 and 4 vertices V1, ..., V4. However, in this case both vertices V7, V5 are sources
and are connected by roads E7, Fy to the internal vertex V3. The latter is finally connected to the
well vertex V4 by road Fs5. In practice, beyond the junction V3 the incoming roads F;, F2 merge into

the outgoing road Ej.

Like in the previous examples, we assume that the network is initially empty. At two successive time
instants 0 < t; < t9 two microscopic vehicles enter the network from the sources Vi, Va, respectively.

Their propagation across the network for ¢ > 0 is then described by the problem:

Oup? + 0z (vj(x)p?) =0 x€ej, t eRT, j=1,2,3
o =0 zel

Ve =6 teRS

Vg = b, te RS

v =i +1v3 te Ry,

where the velocity fields v; : e; — (0, vﬂlax], 0< vﬂlax < 400, are as usual given Lipschitz continuous
functions of x. Notice that, for mass conservation purposes, the flux distribution coefficients at the

junction V3 are necessarily p3;(t) = p35(¢) = 1 for all t > 0.

Relying again on (3.29), (3.30) we write explicitly the solution u/ € MT(e; x R) on each road as
well as the outflow measures v/ € MF({mj(1)} x RY), with 71 (1) = m2(1) = V3 and 73(1) = V. We
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find (cf. Figure 3.3):

= O} (0, 1) X[t1, 0 (11)] (t), vi = 0o (1)
Hi = 092(0,12)Xtz, 02(12)) (1), Vi = Ooy(ta)
1 = 003(0, 00 (42)) Xl (1), o3 (1)) (1) W = 6t = Bogon0)) T Doaoa(ta))

+ 093(0, 0 (t2)) X[oa(t2), o3 (02(£2))] ()

whence, using Bochner integrals in the product spaces e; x ]RSF, j=1, 23,

1 0’1(t1)
o= / O(@1(0,t1),¢) 4t

t1

5 0'2(752)
pe = / 0(@2(0, 1), 1) At

to

5 3(o1(t1)) 3(o2(t2))
p= / O(@3(0, 01 (t1)), 1) U T / O(@3(0, 2(t2)), 1) -
O'1(t1) O‘2(t2)
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Chapter 4

Nonlocal interactions on Networks

Aim of this chapter is to study a nonlinear transport equation on an oriented network where the
velocity field depends not only on the state variable, but also on the solution itself. We also provide
a representation formula in terms of the push-forward of the initial and boundary data along the
network and discuss an example of nonlocal velocity field fitting our framework.

We also refer to [5, 17, 24, 36, 48] for applications of the measure-theoretic approach to the study of
various complex phenomena. Short and long range interaction mechanisms are efficiently taken into
account by a velocity field depending on local terms, determined by the geometry of the space, and
nonlocal terms, depending on the whole support of the measure solution or on a part of it; aggregation
phenomena, leading in the classical setting to blow-up of the solution, are plainly taken into account

by the measure setting.

We consider the nonlinear transport equation
Opr + Oz (vl ) = 0, in T x [0, 7], (4.1)

where the velocity v still depends on the state variable, but also on the distribution u; at time ¢. In
this case, the evolution equation does not only depends on the portion of mass inflowing/outflowing
from each arc, but also on the global distribution u; at time ¢.

This assumption adds several difficulties which have to be studied: to show the well posedness of
(4.1), we approximate the nonlinear transport equation by a sequence of linear problems obtained via
semi-discrete in time approximation of (4.1). We define a partition of the time interval [0,7] in a
family of subinterval [t, t; + At] and on each of these intervals we solve the linear problem (3.4) with
the nonlinear velocity v[pu] replaced by the linear one v[us, ]. In such a way we obtain a sequence of

measure {2t} defined on [0, T]. Using the results on the linear problem, we prove that for At — 07,
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the sequence {u”'} converges (upon to subsequence) to a measure in p € M*(T x [0,T]) which is
a solution of (4.1). A continuous dependence result and a representation formula in terms of the
push-forward of the initial and boundary data along the admissible paths on the network complete

the study of (4.1).

In the model discussed in the previous chapter, the sources represent the vertices where agents enter
in the network, while the sinks the vertices where they exit from the network. Since the velocity term
may depend on the distribution of the agents on all the network, in order to simplify the notations we
prefer to consider a network without sinks, i.e. the terminal arcs always have infinite length. In any
case, at the expense of an heavier notation, is not difficult to include in the model also the contribution

of the sinks.

4.1 The nonlinear transport problem

This section is devoted to the study of the nonlinear transport problem

Opr + Oz (v]pe]) = 0, onT x [0,T7,

Ht=0 = MO,‘ (42)
He=x; = 0-67 \V/CCZ € 57

Mzﬁ:ﬂfh‘ - ZkeInc(zi) Dij - /“L];:xp vej < Out(‘ri)? Va; € V \ S,

with v[u], po, oo satisfying the assumptions in the previous chapter. In particular, thanks to the

integration by part formulas, with v(x) replaced by v[u](x), we can state

Definition 4.1. A measure-valued solution to (4.2) is a finite measure m € M™ (T x [0,T]) such that

for every f € CY(T x [0,77),
(=1 — po, f) — (o0, ) = (1, Ocf + v[mu]0: f), (4.3)
andV x; € V\ S, V e; € Out(z;),

(Mg::xia f) = Z <:u":;:xi7 pkjf>‘ (44)

ex€Inc(z;)
We assume a nonlinear velocity field v : MT(T') x I' — R with the following properties

(H1) v is nonnegative and bounded by a positive constant Vy,qz;
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(H2) v is Lipschitz continuous with respect to the state variable, i.e. on each arc e; € £

[olp)(z) —vlpl(y)] < Llz —y|,  Ype M), z,y € ¢

(H3) v is Lipschitz continuous with respect to the measure variable, i.e.
0[] (x) = vlpa](2)] < Ll — p2llpy Vo €T, pr, pp € MF(T).

When considered on a single arc isomorphic to R, the previous assumptions coincide with the ones for
the corresponding nonlinear transport model in [24], while, for a fixed y € M™(T), the velocity field
v[p] satisfies the hypotheses of linear transport problem considered in the previous chapter.

We conclude this section with a notion of p-moment for finite measures on networks. Even if it is
a straightforward generalization of the corresponding concept in the Euclidean space, we give some

details for reader’s convenience.

Definition 4.2. Fized p € N and x € T', the p—moment centered at x of a finite measure p € M™(T)
1s defined by
(o o)) = [ e a)an). (15)

Lemma 4.1. A finite measure p € M™(T) has finite p—moment iff it has finite p—moment on every

arc ej € € such that the length ((e;) is infinite.

Proof. Assume w.l.o.g. that z = z; € V and set d(-) = dr(-,x;). Given a measure u € M™(T),

=72 s w with supp{p’} C e; , we can write

)= 3 )+ Y ).

jeJ jeJ
L(ej)<+oo L(ej)=+o00

If e; € € has finite length, then d(-) has its maximum value d; on e; . Then defined

we have

g s dP) Z dj - W (ej) <d-pu().
jeJ jeJ
L(ej)<+o0 l(e)<+oo

On the other side, if ¢(e;) = +o0 and e; = 7;([0,+00)) with z;, = 7;(0) € V, by Jensen’s inequality
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we have

(s d) — / (Iy| + d(we))Pdid (y) < 27 / P dd () + 22\ d ()l ).
[0,400) [0,400)

By the last inequality, the statement easily follows. O

The finite p-moment property for a measure y is clearly independent of the point = € I' chosen in the

Definition 4.2.

To prove the core result of this chapter, i.e. existence of a measure-valued solution to (4.2), we
introduce a semi-discretization in time procedure which allows to approximate the nonlinear problem
by a family of linear problem. Fixed N € N, set AtY := T/2V and define a partition of [0, 7] by the
intervals IY := [t} ;¢2,,] where t} := nAtY ,n=0,...,2" (in the following we write ¢, in place of
when it is clear by the context). We consider the 2N problems iteratively defined, Vn =0,...,2Y —1,
by

Ot + Oy (v]ue, ) =0, onl x IV

Ht=t, = Hty,

Ha;eS = O0LIN

M]%:xi = ZkeInc(zi)pkj ) :u’];:xi? vej = Out(a?i%vwi eV \ S,

where ogLzn is the restriction of o¢ to the interval IN. We remark that on I' x IV the velocity term
[y, | is linear. Therefore, thanks to Theorem 3.4, there exists a unique solution ™" € M* (T x IV)

which satisfies the balance equation

o
oy = 1y £) = {ooery, ) + /t ol @ olug10w) - f( 1)), (4.6)

n

and the transition condition

(e, ) = (g (1™ )impirys £, Yej € Out(ay), Va; € VS (4.7)
ke€Ince(z;)

for every f € C§°(I" x 7,]:[) We denote by p : [0,7] — M™*(I') the map defined by
,uivzuiv’" forteIN n=o0,...,2Y 1. (4.8)

We first give some regularity properties of the map p?.

Proposition 4.1. For any t € [0, 7], the measure pl¥ is bounded in (MT(T), || - |I%5.), uniformly in
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N, i.e. there exists a positive constant C' = C(T) such that
I 52 < Cllmoll s + lloollBL), vt € [0,T], N eN. (4.9)

Moreover, there exists a positive constant C = C(T) such that
|l — uN 5 < oo(ls,t]) +Clt—s|, V0<s<t<T,NeN. (4.10)

Proposition 4.2. Assume that g has finite p—moment over I', p = 1,2. Then, for any t € [0,T],
the measure u{v has finite p—moment, p = 1,2, over I', uniformly in N, i.e. there exists a positive

constant C' = C(T) such that
(uN, dP) < C, vt € [0,T], N € N.

Proof of Proposition 4.1. Let t € [0,T] and n € {0,...,2Y — 1} such that ¢ € I)V. Then, by the

representation formula (4.31), we write

(' / Z F(®/(,tn), t)py (2, 0) th,L )+ Z

yEA(z z; €S

/ F(®] (1, ), Ops (a1, 0) oy s).
0.7)

yEA(z

Hence, for every f € BL(I' x [0,T]) such that || f||pr <1, it follows

Y, 1)) < /F e [ S py@,0) | du o)+ 3 / e [ S5 py(@s0) | dois)

~yEA(x) ;€S yEA(z;)
N
<l e + Y 100 nalir = il s + 11(00) e, e
;€S

where we have used the property Zwe Az pv(a:,O) = 1, for all x € I". Taking the supremum over
f € BL(T x [0,T]), we get

”Mt 15 < i, Iz + I(o0) (tn,t]H*BL;
Applying the previous inequality recursively for u € {0,...,n}, we get (4.9).
We now prove (4.10). Fixed N € N, let s,t € [0,7] such that s < ¢t with s € IYV,¢t € IV for i
n,k €{0,...,2Y — 1}, n # k. This means that

b <8 <tpy1 <...<tp <t<tp.
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We can clearly write

k
N_ N N_ N N N N N
pr = = (=) (el =)+ D (el = ed).
l=n+1
This implies
N N
ld = 2 5z < et Ntk||BL+ H/itn+1 s L + Z [k, — 14, D5 (4.11)

l=n+1

We need to estimate Hugﬂ w5 Let f € BL(T x [0,T]) such that | f||, < 1. Then, for every

teIN,

[t — mitys £
<[ X 1@t~ fe bl @+ 13 [ @) o)
veA(x) z; €S (tnt] (4.12)

< /F S 5y (@,0) | (@@ (2, ), @) + [t — tadiul (@) + 1(00) o, g

vEA(z)

By definition of ®7, it follows d(®] (z,ty),z) < ft N(®Y(x,t,))ds < |t — tn|Vinaz. Then, applying

(4.9) and taking the supremum over f € BL(I" x [O,T]) such that || f||pr < 1, we can write

i = w5 < Clt = tul + o0 ([tn, 1)), (4.13)

where C' = (1 + Vinaz)([lmoll 5. + llooll i) > 0. Using (4.13) and (4.12) in (4.11), we get (4.10).

Proof of Proposition 4.2. For z; € V fixed, we set d(-) := dr(-,z;). Fixed N € N, we denote v[,utN%\,]

with v and we consider ¢ € [0,7] and n € {0,...,2Y — 1} such that ¢t € IV ;. By Lemma 4.1,
N e M*(T) has finite p—moment over T' iff it has finite p—moment on every arc e; € &€ such that

l(ej) = +o0.

First consider the case p = 1. If e; € £ is such that /(ej) = +oo, there are two possibilities

i) dx; € V such that e; € Inc(x;);

ii) Jz; € V such e; € Out(z;).
If (i) occurs, we parametrise e; € £ as (—o0;0]. For every ¢ € IV |, we denote with ®,” the flow over
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e; with respect the velocity vY ;. By the definition in (3.17), we have
o () = inf{t > ¢8| : & (2, 1)) = m;(0)}.

Then, the first moment over e; of pd¥ can be estimated by

[ el = [ e e, o)
(—0030] (=007, ()]

) n,j

< /( | j2ldp (@) + i (=005 7 1 (2)]) Vinaae ALY

-1
2J

<[l () A Vi
(—o0;0]

Applying iteratively the previous argument for k € {0,1,...,n — 1}, we get

/|$’dﬂt /mdﬂo ) + Vinaz ALY Zﬂtk €5)

k=0
2N 1

T
/‘x’dﬂo masz Z Mtk 6]

By Lemma 4.1 we have

/ 2ldu (z) < / |l () + Vi TC. (4.14)

For the measure ui\];mi € M™*([0,T]), projection of ™™ at z;, by (3.19) we estimate

112 W = 22, ([0, T)) < 42 ((=Vinao T, 0]) < pip(ey). (4.15)

If (ii) occurs, we have a similar proof. Indeed, thanks to the characterization (3.19), we can write

N,j j N,j j j
[ @ = [ et @ [ (0, 9ld, ()
[0,4-00) [0,400) 51 (),1]
The first integral on the right side can be estimated as in (4.14), while for the second one we have

[ o 808, () < Vinas [ sl (9)
[oc " (8)t] [oc " (¢)t]

< Vmax AtNﬂé:mi (IerV—l ) ’

which is finite and bounded by a constant which only depends on T', thanks to (4.15) and Theorem
3.4.
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To conclude the proof, we need to show an analogous statement for p = 2. However, we can observe

that
€j t
B (@t ) = 224+ | [ o)y (B ()2 + 2

ti—1

<|z? + (Viae AY)? + 2V ALY |2,

t
/ o (B (2, )
tn—1

and, for s € [gj_l(t),t],

t
1B57(0,5)[2 = | / o (850, ) duf < (Vinas AEV)2.

Then, we can repeat the argument used to estimate the first moment to obtain a similar uniform

bound for the second moment. O

Inequality (4.10) shows that the map ¢ + uf¥ is not Lipschitz continuous in ¢ if the source measure o
is not absolutely continuous with respect to the Lebesgue measure. To prove the convergence of p?,
we need to assume that op € MT(S x [0,7')) is absolutely continuous with respect to the Lebesgue

measure L£(dt) on [0,T) for every source x; € S, i.e.
ol < L(dt)  Vax; €S. (4.16)

Theorem 4.1. Assume g has finite p-momentum for p = 1,2 and (4.16), then the sequence {MN}NGN
defined in (4.8) converges (up to a subsequence) to a map p : [0,T] = M™T(T) in C([0,T); MT(T)),
1.€.

lim  sup [l — il — 0. (4.17)
N%+oot€[0T]

)

In addition, the measure p := fOT Jr 0z dui(x)dt is a solution of (4.2) in sense of Definition 4.1.

Proof. Step (i): Convergence.

To show that {u™} ey is relatively compact in C([0,T], MT(I)), it is sufficient to verify that the
sequence satisfies the conditions of the Ascoli-Arzela criterion in the space of measures (see [2]):
equicontinuity, tightness and uniform integrability.

Equicontinuity is consequence of Proposition 4.1, taking into account that by (4.10), (4.16) {u" }nen is
uniformly Lipschitz continuous in . The other two properties, tightness and uniform integrability, are
implied by the uniform estimates on the first and second moments of the measure )" in Proposition
4.2. Hence we conclude that that, up to a subsequence, there exists u € C([0,T], M™(T')) such that
(4.17) holds.
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Step (ii): p satisfies the balance equation (4.3)
We now show that the measure p € M1 (T x [0,7]) defined by

T
u(dzdt) := p(de) @ dt = /0 Aé(x,t)dﬂt(f)dta (4.18)

where j1; is as in(4.17), satisfies (4.3). Set vY = U[,ui\][\]]. Summing over n the identities (4.6) and (4.7),
we get that the measure ¥ = pf¥ (dr) @ dt € MT(T x [0,T]) satisfies

2N 1
G =po )= {foorp = 30 [ G, @+ 00n) - f0ar (419)
n=0 n

for every f € C§°(I' x [0,T]). Passing to the limit for N — +o0 in (4.19), we first observe that by
(4.17) we have the convergence of the left hand side of (4.19) to the one of (4.3), i.e

<H¥_:U’07f>_><:U’T_MOaf> for N — oo.

We show the convergence of the right hand side of (4.19) to the one of (4.3) by estimating

oN _1 T
> / (6 @ o) ttna = [ s 00+ uludon) - 5,00
- (4.20)
= [ = i @ olpdon) - £ )+ )3 3 = el e
For f € C5°(I x [0,T]) by (4.17)
Z / Y, (0 + ol]0n) - (D)t
(4.21)
ST sup [(pe—pf', (0 + o[ 0s) - f( )] < CT sup |lpy — pel B
te[0,T] t€[0,7]
Moreover, fixed n =0,...,2N — 1, for t € Iflv and z € I', we have
lon () = vlpd (@) < Lllpgy — el < Ly — w1 5 + Llud = mellbe- (4.22)

By (4.10), we estimate

ey — e B < oo([ty,t]) + Clt — 471,
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and therefore

tN AN
/t (s (v = ol f (- 1))dt <

N
n

tN+ALN
< / [Crloo[tN,8) + [t =t + 1 = el o) il B f ()] dt

N
n

1 . )
<Gy (Uo(fév)AtN n 5(AtN)2 + AN sup [ MtHBL> sup I 5L
tell tell

where C1 = max{L,CL}. By (4.9), we have the estimate

sup " [, < D
t€(0,T)

for a positive constant D independent of N. Hence

1
/INW?’, (v = v[ue]) 0 f (-, t))dt < DCLAEY (00(15) + A+ sup g — utH*BL> ,

terly

n

and therefore

2N -1
Y [ @ @ = old)on) - 70
n=0 "o (4.23)
T
< DGy (AtNao([o,Tn FIAN AT sup [l - utn*BL) .
2 t€[0,T]

Substituting (4.21) and (4.23) in (4.20) and passing to the limit for N — oo, we finally get that the

measure / satisfies the balance equation (4.3).

Step (ii): | satisfies the vertex condition (4.4).
We have to show that the restrictions of u to the vertices, defined by the identities

T A .
Wi, f) = / (i (D + o)) fdt — 4 — 11, £), (4.24)
if e; € Inc(x;), or
iy f) = /0 i (0 + vludl0a) )it — G — i, £), (4.25)

if e; € Out(z;), satisfy that the vertex condition (4.4). By (4.19), we have that

oN_1

W =i 5 =to0 o+ S [l @k olu)n) - £t (4.26)
n=0 “tn
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Let f € C3°(I" x [0,T7]) be such that there exists a unique vertex x; € V which belongs to the support
of f(-,t), for every ¢ € [0,T]. Then, taking into account that the support of f does not contain source

vertices, we have

2N 1

<u — o, f Z/ ,ut, at—H) Oz) f(-,t))dt

Moreover, by (4.6) and (4.7), if supp(f) C e; x [0,T] and e; € Inc(z;), then

2N 1

s )= 3 / (Ot o 0) ot — (T i f; (4.27)

otherwise, if e; € Out(x;), then

2N 1

s )= 2 [ G @ o)y = (i b ). (128)

Passing to the limit for N — +oo in either (4.27) or (4.28), by (4.17) we get that there exists measures
i, € M({z;} x [0,T]) which satisfy (4.24) or (4.25), and such that ||id,, — phes, |l — O for
N — +o00. Since by construction ui«vﬁmi = Zke Ine(ay) Phe - #xéxm we get that the same transmission

condition (4.4) is satisfied by the limit measure pu. O

Remark 4.1.1. For traffic flow problems on road networks, the assumption (4.16) excludes the pres-
ence of atomic terms in the source measure og. Recall that (4.16) gives the uniform continuity with
respect to t of the maps ,u,{v, t € (0,77, necessary to apply the Ascoli-Arzela criterion. We now explain

how to partially overcome this difficulty if the source measure is of the type

00= (0ht0 +05p) (4.29)
z; €S

where oy; o < L(dt) and o)y is an atomic measure in MT(S x [0, T]) with a finite number of atoms.
Consider first the case of a source measure oo = 64, ry, for v; € S and 7 € (0,T). We can apply
Theorem 4.1 in [0, 7] where o9 = 0 is absolutely continuous with respect to L(dt) to obtain the existence
of a solution p to (4.2) in [0,7]. Then we consider (4.2) in [1,T] with initial condition pir + 0y, ) and
boundary measure (00)(-71= 0. Again, since oo = 0 is absolutely continuous with respect to L(dt) in
[7,T], we obtain a solution of the problem in [7,T|. Gluing together the solutions previously obtained
in [0, 7] and [1,T], we obtain a piecewise continuous solution of (4.2) on [0,T]. Clearly this procedure
can be repeated if the source measure oy contains a finite number of atoms. The resulting solution of

(4.2) is piecewise Lipschitz continuous on a finite number of disjoint intervals in [0, T].
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4.2 Superposition principle on networks

The next result is a representation formula which characterizes the solution p for the linear transport
equation on networks in terms of the distribution matrix P(t) and of the push-forward of the initial

and boundary data on the paths over I'.

Definition 4.3. Given x € I', a path v starting from x is a sequence of edges (€j,,€j,,-..,€j4,,---)
where, fori € N, ej; Nej., = x5 €V, €, — €., €j, 18 the sub-edge with endpoints v and x;, € V

and the length () of v is infinite. We denote with A(x) the set of paths vy starting from x.
Since the network I' is oriented and & finite, a path + is necessarily of one of the following types

e 7 is composed by a finite number of arcs and the last one e;, has infinite length.

e 7 is composed by an infinite number of arcs and there exists ng, kg € N such that for n > ng, v

is given by a cycle (€, ,---:€j, ) With e, =¢€j, .

We denote by ®7 the flow map associated to the velocity field v restricted to v, i.e. ®](z,s) = x and

there are tg:=s < t; <--- <t, <...such that for any p € N, we have ®7([t,, tm11]) C €;,, and

d
$<I>Z(x, s) = v(®] (z,s)), t € [tm,tmt1)-

We define the exit times from the arc ej, = 7, ([0, Lj,]) of v as

0] (z,s) =inf{t > s: ®(x,s) =7, (Lj,)}

0} (x,s) =inf{t > 0] ,(z,s): ®"(x,s) =m;,(L;,)} keN, k>0,
and we associate to each (z,s) € I' x [0, T and to each v € A(x) a coefficient p,(z,s) € [0,1] defined

by
pv(xa S) = Hpjkjkﬂ((gz(a:, S)) (4‘30)
k

where pj, j, ., are the entries of the distribution matrix P defined in (3.3). The coefficient p,(z, s) can
be interpreted as the fraction of the total mass transported along the path . Due to the properties
of P, it follows that

0 <py(z,s) <1, Z py(x,s) =1, Vxel, sel0,T].
veA(z)
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Theorem 4.2. If € M™(T x [0,T]) is a solution of (3.4), then for any t € [0,T)], s is given by

e = / S 60 (e 0y (5 O)dmo(z) + 3 / Z mosmmo Odo(s).  (431)

vyeA(x) ;€S [04] yeA(x

We preliminarily recall a characterization of the traces of the solution p of (3.27) on the fibers e; x {t}
and {z} x [0, t], where x = 7;(L;) is the terminal point of e;, in dependence of the initial and boundary

data inside e; (see [14]).

Proof of Theorem 4.2. At first, we consider a simple network with V' given by two vertices {S,V},
where S is a source and V an internal vertex, and £ given by an arc e; connecting S to V and by
n — 1 unbounded arcs ej € Out(V).

Due to this choice, we can observe that the structure of paths is simplified. Indeed, a path v € A(z)
is either a subset of (e1,ex) if © € e; or a subset of ey, if x € e.

The solution can be written as m = fOT O(z,pydmy(z)dt, where py = 371, pk. If k = 1, by (3.18) with

S =m1(0) and V = m1(L1), the solution restricted on e; is given by

1

My = 5@?1 (x,O) dﬂé(l‘) + / (S(I)fl (0’ s) dUO(S);

/[07 max{0, (r1) =1 (t)}] (max{0, (1)~ (1)}, 4]

otherwise for k € {2,...,n}, by (3.18) with V' = m;(0), on ey it is given by

k L i
fe = / Ogck (4, 0) B0 (T) + / Sgck (g o dii_y(5).
b Jpmax(omry @Y (max{0,(5) 1 (Opa] ¢ )

Observe that the first term on the right hand-side of the previous equation is the pushforward of the
mass //5 which is at time £ = 0 on e;; the second term is the fraction of the mass which flows from e;

in e;. Using the transmission condition u*_,, = p1; - ul_,, and recalling that by (3.19) we have

fyy = / 87y () dptg () + / 0, (s) doo(s)
(max{0, (11) ()}, L1] [0, max{0, (s1)~1(t)}]
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we get for f e C3°(T" x [0,T7])

/ F@E(0, 5), )ity (s)
(max{0,(sx) "1 (¢) },t]

/ F@E(0, 71 (2)), Opug (1 (2))dpsd ()
(max{0,(r1)~1(¢t)},L1]

+ / F@E(0,1(s)), O)par (<1 (5))doo(s)
[0,max{0,(s1)~1(¢)}]

- F(@FH(DT 1y (2,0),71(2)), t)prr(T1(x))dpg () (4.32)

/(maX{O,(Tl)_l(t)}:Ll}
+ / F( 21" (P, (5)(0, 8), 51(5)), )prk (i (s))doo (s)
[0,max{0,(s1)~1(¢)}]

F(®] (2, 0), )pix (71 (x))dps ()

/(max{o,(n)—l (t)},L1]
+ / F(®7(0, 5), )p1a (s (s))doo(s),
[0,max{0,(s1) "1 (t)}]

We observe that p; can be split in n — 1 parts, in dependence of the distribution terms p1j. Indeed,

if we write pui = > p_o(p1ko6g) - pi, then

= uf +Zut — Z (((p1r 0 63) - 1) + p1f).-
k=2
Concerning the first term, observing that 71 (x) = 6] (z,0) and < (s) = (0, s), we compute for any
fe el < [0,T7)

(ot = [ O 0, Op 0 0

+ / F@1(0, 5), £)p1e (63 (0, 5))doro(s)
(max{0,(s1)~1(t)},1] (4.33)

F(®F (2,0), )pix(mi(2))dug ()

/[Oymax{ov(ﬁ)‘l(t)}]
+ / F@51(0, 5), )pre(ca (s))doo (x).
(max{0,(s1)~1(¢)},1]

By (4.33),(4.32) it follows that, from the parametrization used for each arc,

(1o 69) - by 1)+ G f) /fclﬂxm Dp1 (0 (2, 0))dpb /fqﬂsco ()

+ 0.4 f((I)'Y(Oj 3)7 t)p1k<93(07 S))dUo(s).
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If we sum the previous formula over e € Out(V) we have

(e, f / Z F(@/(0,s),t)p(0, s)doo(s / Z (@] (2,0),t)py(z,0)dpo(z),  (4.34)
0] e A( yEA(x)

Hence we have proved formula (4.34) for the special case of the simple network as above. If we consider
a network with a similar structure but with multiple sources, it is sufficient to sum the contribution
of each source x; € S to get the thesis.

Finally, the case of a general network can be studied in a similar way by taking a test function localized
around a single vertex and repeating the argument used in the previous proof for the simple network

so obtained. O

We extend to the nonlinear transport problem (4.2) the representation formula for the solution of
the linear problem (3.27) proved in Theorem 4.2. Given u € M™* (T x [0,7]), we denote by @7
the flow map associated to the velocity field v[u,] restricted to v, i.e. ®](z,s) = z and there are

to:=s <ty <--- <ty <...such that for any m =0,1,..., we have ®([t,, t;n+1]) C e;,, and

%@7(55 s) = vl (®] (z, 5)), t € [tm,tm+1)-

Proposition 4.3. If p € M (T x [0,T)) is given by (4.17), then for any t € [0,T], u: is given by

= f 2 Geamapn (a0t + 3 [ 30 o O o). (439

yeA(x) ;€S yeEA(z

where the coefficients p., are defined as in (4.30).

Proof. We observe that by (4.22), it follows that

sup |v (x) — v ()| — 0 for N = 400, 5 € J

erJ

The previous estimate implies the uniform convergence of the respective flow maps on a given path ~

and the convergence of (4.31) to (4.35). O

Proposition 4.4. Given initial data pj, p € M*(T x {0}), and boundary data of,03 € MT(S x
[0, T]) satisfying (4.16) and have bounded p — momentum, for p = 1,2, and denoted by u' and p? the

corresponding solutions, then

s it — 15 < Cllug — il + llog — o8l 5.), (4.36)
telo,
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where C = C(T) is a positive constant.

Proof. Fixed x € T, we consider a path v € A(x) starting from x and the flow maps ®!7 and ®>7
associated, respectively, to v[u}] and v[p?]. Let f € BL(T x [0,7]) with ||f||5; < 1, then by formula
(4.35) we have

<,U,% - M?? f>
/ ( > F(@7(@,0),t)ps (2, 0)dpg(z) — > f(®F(,0) )Pv(m»o)dﬂg(x)> +
" \veaw) YEA(®)
I D SR LIRS BND DIV (CAC B BERTAD
;€S 0,71 yeA(z [0.7] vyEA(x
(4.37)
To estimate the right hand side in (4.37), we rewrite the first term as
[ S 7@ 0.0 2, 0)dub(a / > JE60, 00 Ohr) | =
r vyEA(x) yeA(z
- 3 TR0 00t 00 = )+
yEA(x
/ Z 11(,0).1) — F(237(2,0).1)) i (2. 0)dpd ).
yeA(x
Since || f||5, < 1 and E’yE.A py(x,0) =1 for every x € I', we have the estimate
|3 @ .0t o 00 = ))<= (1.33)

yEA(x)

Moreover
f(@17(,0),8) = (877 (w,0),0)] < (D7 (,0), 77 (2,0) < d, (B, (2,0), D77 (x,0))),
where d,, is the path distance d restricted to . It follows that

d (113 (z,0), @77 (z,0)) / ’ (@M (2,0)) — v[p?)(2%7 (x,0)) ‘ds

< /0 (id = 1200 + do (817 (2, 0), 27 (2, 0))) ds.
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By Gronwall’s inequality, we get

t
@100, 08 .0) < L ( [k = s e

and consequently

t
(@17 (2,0),8) — £(277(2,0),)] < L (/0 125 — u?l!ELdé‘) et
The previous inequality implies that

/ Z ;7 (,0),t) — f(<1>t2”(x,0),t))p,y(x,o)dug)(x)
T (4.39)

t
<L ( /0 It — uinngS) .

Proceeding in a similar way for the second term in (4.37), we obtain the inequality

/ 81 (21, ), )ps () dor. / 827 (21, ), O)ps (1) o, (s)
[0,7] 011,

;€S yEA(x €A(x (440)

< llod = o2l + L ( /0 Il u?HELd8> .
By using (4.38), (4.39) and (4.40) in (4.37), we get
1 2 1 2 1 2 t 1 2
ik — 12, F) < b — 130 + lob — 025+ C / b — 2 ds,

where C = Le!T (||d |15, + llod |, ). Taking the supremum with respect to f we get

t
It = 1illse < (o — m3llse + llog — ogllBL) + C/O s = 13l B ds
and applying again Gronwall’s inequality, we finally obtain

C
it = 1l < (i — millie + llog — o5 lL)e"

As an immediate consequence of the continuous dependence result we have

Corollary 4.2.1. The solution of the nonlinear transport problem (4.2) is unique.

Up to this point, we have used a constructive approach to build the solution of the transport equation
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on networks. This approach has had the advantage to induce a natural transmission condition thanks
to a stochastic matrix which distributes the mass at the junction.

Observe that even if the velocity field is regular on every arc we lose this property at the vertices of
I'. It is well known that the loss of regularity implies the lose of the uniqueness of solution.

The transmission condition we have adopted allows us to select a solution to our problem. In partic-
ular, we have selected the transport of mass which is instantaneous at the junctions, i.e. drivers in
our model are not allowed to stop in the junction and have to move to the next roads. This seems
a reasonable hypothesis since the behavior of drivers is influenced by the others or external controls,
such as traffic lights, rather than their will.

However, in many applications, for example to model supply chains or computer systems, other trans-
mission condition are reasonable which includes, for example, buffers or capacities. For this purpose,
it is important to understand how to translate them into the distribution matrix P and which is the
effect on superposition formula (4.35).

An interesting condition is suggested in [32, 33] where it is assumed that the particles stop at the
junction and there’s a positive probability that a driver is stuck at the junction until time ¢, for any
t > 0. This assumption has not still been studied in case of networks and it is place in the research

topic of the admissible conditions at the junction.
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Chapter 5

Numerical aspects of multiscale

modeling on networks

In this chapter we focus on modeling and numerical aspects of the previously defined traffic flow
model; these are relevant for application and calibration based on real data. We will also investigate
the impact of parameters on traffic flow dynamic.

In the first section, we propose an example of nonlocal velocity field, suitable to describe interactions
among drivers; then, we discuss a macroscopic Godunov scheme introduced in [37] and some numerical
tests on simple junctions. Lastly, we discuss perspectives and open problems related to applications

and real traffic forecasting.

5.1 Nonlocal fields on networks

In this section we study an example of nonlocal velocity term v[u] suitable to describe and predict
the evolution of traffic low on a road network. Taking inspiration by similar models for collective

dynamics of crowds (see [24]), we consider a positive velocity fields given by

vlp](z) := max{0, vaes () — vilu](x)}. (5.1)

The function vges : I' — RT is the desired velocity, or free flow speed, representing the speed of a car
over a free road, while v; : MT(I") x I' — R™ is the interaction among drivers due to the presence of
a car distribution € M™(T') over the network I'. Our aim is to identify an appropriate expression

for v[p](x) consistent with the traffic flow model and satisfying hypothesis (H1)-(H3).
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Concerning the free flow speed vges, which depends only on the state variable x, we assume that
it is positive, bounded and Lipschitz continuous on each arc e; of the network I'.
Observing that for every x € T, the interaction term is a map v;[|(z) : MT(I') — R, it seems natural

to define it as the functional

orl(z) = /F K (. 9)du(y),

or, more in general,

orlil(@) = ¢ ( / K(x,wdu(y)) ,

where non-decreasing function ¢ € Lip;,.(R™) such that ¢(0) = 0.

Observe that if K is nonnegative and bounded by a positive constant C, then, for every = € T,
0 < wrlp)(x) < Cp(T),

and therefore (H1) is satisfied.

As in the Euclidean case (see [24, Section 5]) the Lipschitz continuity with respect to x is the most
delicate hypothesis and we need to focus on our application to traffic flow.

We assume the interactions among drivers depend on their position and relative distance, hence the

interaction kernels is the form

K(z,y) = k(dr(z,9))XD() (V) (5.2)

where k£ : RT — RT is a Lipschitz continuous non-increasing function representing the interaction
among cars on road networks in dependence of their distance and xp(,) is the characteristic function
of the set D(x). The crucial point is to properly define the set D(x) which represents the visual field
of the driver.

It is reasonable to assume that a driver has only the knowledge of the distribution of the cars on the
roads adjacent to his/her current position and, on the basis of this information, he/she gives a certain

priority to a possible route. Hence we define the visual field as
Dx)={yel: z—y,dr(z,y) <R},
where R > 0 is the visual radius; moreover, for simplicity we assume
R < min/(e).

ec&
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Observe that the interaction between drivers is different from the Follow the Leader model or the
Zhao-Zang model [55] where driver’s interactions are binary.

In this way, Ve € £ and V = € e, we have D(z) C eU (Uejeout(v) e;) where V = m.(¢(e)). The
previous assumption allows us to study the interaction between drivers as the average of interactions

concentrated on (local) path. For any ey € £, we prescribe weights ay; satisfying
J
0<ag <1, Zakj:L
j=1

apj =0 if either ey Nej =0 orej — ey.

Then, we define the interaction term in = € e as

i) = 3ty [ K 9))xg ) (), (53)
e;€E r

where Dy;(z) = D(z) N (e Uej).
We remark that the difference among the coefficient py;(t) in (3.3) and oy previously defined is that
the former represents the capacity of junction e; U e; to allocate traffic distribution, while the latter
the priority of a given route in the choice of the driver depending on observed traffic distribution. In
this thesis, the weights «ay; are constant and do not depend on time variable or mass distribution on
networks. Even if these hypotheses are reasonable for several applications, a further analysis would

be necessary.

To prove the Lipschitz continuity in the x variable, it is enough to prove this property for the term

/gk%dr(x,y))kaﬂxﬂy)du(y)

Without loss of generality, we assume that e, = [0, Lj| and e; = [Ly, Ly, + L;]; hence
Dij(x) ={y € [z, Ly + R] C [0, L + L;] : « <y, |z —y| < R} =: A(x).

Taken x1,x9 € [0, Lg] with x; < z9 and defined h = |23 — 21|, we can observe that A(x2) = A(z1) + h;

then,

1, if (y—h)e Alx)
XA(z2)(Y) =
0, otherwise
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and therefore

XA(zs) = XA@) (Y — ") = (XA@) © T-1) (V)

where 7_j, is the translation on R with step equal to —h.

It follows

/ B(121 — yl)Xaen (0)dp / k(12 — y)X Aes) (9)diy) =
[+l = oD (o) - / k(121 — (0 — D)X aon) (¥ — W)dpa(y) =
[ Tkl = w0 = (bl = Do () 74(0)] dily) <

/’f(\wl —yDxA@) W d(p(y) — T-n#u(y)) < Kllp — 7-p#pllpr = Kh = Klzg — 21

5.2 Numerical scheme and simulations

The proofs of Theorems 3.4 and 4.1 provide us a semi-discrete in time scheme which is the basis for

the numerical one:

Step 1: define a time grid with step At;
Step 2: define the topologic order of network I' and k£ = 0;

Step 3: while kAt < T : ugy1 = Update(py) for kinN.

In this section we describe the Update(-) function used for our simulations.

5.2.1 Macroscopic description

Given a network I', a time horizon T" > 0 and a velocity field v, we are interested in simulating the
dynamic of distributions (1it):c(o,r) resulting from transport equation, starting from pg € MH().!
Assume that pg can be approximated by an absolutely continuous distribution, i.e. there exists € > 0

and a scalar and positive function py € L'(T') N L°°(T") such that

o — L(p$) L, < e

For absolutely continuous initial data, there are recent papers on hyperbolic equations with nonlocal

flux and related numerical methods in the case I' = R (see [22, 37] and reference therein). We adapt

!To simplify the discussion, we assume w.l.o.g. boundary data oo € MT(S x [0,7T]) be null.

84



these schemes as Update for p* on networks: parametrized every arc e € £ as [0, L], we take a
space step Az > 0 such that for every arc e € £ there exists N. € N such that L. = Az N, and the
interaction radius R = NpAzx, with Nr € N, we denote A = At/Ax. We define the space grid on e

by Tiyl = (j+ %)Am as the cell centers and z; = jAx as the interfaces for j € {0,..., Nc}.

The approximated solution on arc e is denoted by p?f% for (x,t) € (zj,zj11] x [t", "), for j =
0,...,N—1.

In the previous section, we have seen that the nonlocal term is written as the average among one-
dimensional integral.

Fixed a Lipschitz continuous non-increasing function & : Rt — R™, we denote with v; = fx S+ k (r)dr, Vje€

{0,..., N — 1}, the (one-dimensional) nonlocal term is written as

Z'Y]ijrkJr:av (5.4)

it follows the speed v is approximated as

]+1 = Z Qee’ ZVJP?_:;+%a (5.5)

e':e—e!

where pee/ denotes the density restricted to the local path (e, ¢e’).

Then, the numerical flux function of the Godunov scheme introduced in [37] is determined as
F(piiy.p") = Viiells (5.6)
Then, we can initialize the Godunov type scheme defining the initial data as
0e L[ e, v N, -1
p]+é_MA] poax, 36{077 e }
and the finite volume scheme

+17 ’ 5
p?+%€:p;?f%_A(1/]1§p"e V"ep“%) je{l,...,N.— 1} (5.7)

Observe that for j = 0 we need to apply the boundary condition: if there is a source and boundary

data given by o9 € M™([0,T]), then

Fe(p™1, p") := 00([tn, tnt1)) = 0;

2
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otherwise the incoming flux it is determined towards the distribution matrix P

F(p"5.0") = ) Pl <VN"jp7V’:,_é> :

ee!—e
5.2.2 Test 1: 2-to-1 junction.

With the Godunov-type scheme previously introduced, we can test our model in some specific scenarios.
In the first test, we want to observe the dynamic in a 2-to-1 junction, i.e. a network with a central
node, two incoming and one outgoing arc. For simplicity, we assume that each arc has the same length

equal to 1 and no boundary data. We fix vges = 2.5 and the interaction kernel is given by

=2 (1-7).

where R is the interaction radius. In Fig. 5.1 we have plotted the dynamic along every arc (horizontal
axis) during the time interval [0, 1] (vertical axis). The density shows interesting features. The bright
regions indicate congestions, where the density is close to 1 while a darker color means low density
values. We can observe high concentration at time ¢ = 0 due to the choice of the initial condition.
Another high density region is at the beginning of the third arc due to the transmission conditions
and the density coming from the previous arcs.

For t > 0, the density flows towards the third arc but, due to the density distribution, it is possible
to observe the back-propagation of jam on the first arc, where it meets two front-propagation, and on

the second one, which is fastly absorbed.

5.2.3 Test 2: “stop ‘n go” waves.

In Fig. 5.1 and 5.2.3 we can observe the so-called “stop ‘n go” waves, an interesting behavior which
occurs frequently in real situations. The empirical data and previous simulations show that traffic jam
is not necessarily restricted to a precise position but it propagates backward with a speed proportional
£0 Vges-

In our model, these waves are a consequence of the non-local field; to properly understand, we show
in Fig. 5.2.3 the dynamic determined by the nonlocal transport equation over a cycle, i.e. a single
arc with periodic boundary condition. We can observe that smaller is the visual radius R, slower
they dissipate. Indeed, for large R driver’s speed has small variations and the car density reach an

equilibrium value. Otherwise, for small R the driver “sees” high concentration region only when they
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00 02 04 06 08 1.0

Figure 5.1: Traffic density dynamic on incoming arcs (top) and the outgoing arc (bottom).
Parameters: Az =5 x 1073, At =4 x 1074, R = 25Axz.

are too close, leading to sudden variation in their speed.

5.2.4 Test 3: 1-to-2 junction.

In this last test, we focus on a 1 —to — 2 junction, a network with one incoming road and two outgoing
ones. In this test, we will assume the same hypothesis of the first test. Our goal is to understand and
observe the role of the matrix distribution and of the priority rules as (see formula (5.3)). Indeed, for
2 — to — 1 junctions (or n — to — 1, more in general) the transmission matrix is equivalent to a vector
(1 1)T and all weights « are equal to 1. In the 1 — to — 2 scenario (or 1 — to —n more generally) it is
necessary to fix a distribution rule represented by a vector (pia,p13)’ and pririoty rules oz, 3. We

propose three different scenarios following the next table:
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t=0.04

t=0.1

t

0.2

0.8 A1

0.6 1

0.4 1
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1.0 A

0.8 A1

0.6 A
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Figure 5.2: Traffic density dynamic on first (top, continuous line) and second (bottom, dashed line)

incoming arcs at different times. From left to right: ¢ = 0,0.04,0.1,0.2.

Parameters: Az =5 x 1073, At = 4 x 1074, R = 25Az, time horizon T = 1 and arcs’ length L = 1.

Priority rules | Test 3.1 | Test 3.2 | Test 3.3
Q12 D12 0 1
Qai13 P13 1 0
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Figure 5.3: Backpropagation of congestion on a cycle. From left to right: R = 100Ax,25Az, 10Ax.
Parameters: Az =2 x 1073, At = 1074, vges =5, 7T = L = 1.

where
P12 0.6x[0,17 + 0-4x(1 1
Db13 0.4X[0’%] + 0.6X(%’1]

This test is useful to stress the role of parameters in the model like the distribution matrix P and
the priority rules a. These parameters are important since they are able to catch many phenomena
which appears in traffic flow systems. In all the simulation we observe the distribution matrix affects
the distribution of mass crossing the junction. These effects are clearly observed on the outgoing arc
e where at time t = 0.5 we can observe the change in the inflowing mass.

The most interesting consequences follow from the parameters as; indeed, under our assumption, the
junction is a natural point of discontinuity of the velocity field. These affect the density as observed
in Test 3.1 and 3.3 where a congestion borns at the beginning of es; after crossing the junction, the
interaction changes rapidly due to the immediate change of perceived mass.

Test 3.2 does not show the creation of congestion on es thanks to the choice of a. Indeed, the in-
teraction is continuous on arcs e; and es. On the other hand, crossing into es, the interaction has a
negative jump which means an high speed, hence any congestion is created.

This test suggests that the choice of a’s as constant or, generally, functions in BV([0,T]) is a restrictive
hypothesis. A possible solution, which is not covered by the theory developed in this thesis, is the
dependence of « on the distribution u;. This choice would allow a richer description but the lips-
chitzianity is no more guaranteed, even if it would allow us to describe the possible strategies adopted

by drivers depending on congestions and traffic flows.
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Figure 5.4: Test 3.1 (top-left), 3.2 (top-right) and 3.3 (bottom-center), based on 5.2.4, with an incoming
arc and two outgoing ones.
Parameters: Az =5 x 1073, At = 4 x 1074, R = 25Axz, time horizon T = 1 and arcs’ lenght L = 1.

5.3 Monte Carlo method on networks

Up to this point, we have based our analysis on pre-existing numerical methods for PDEs, assuming
that the initial condition is approximated by an absolutely continuous function. These are not always
the proper choice. In real applications, it would be based on the nature of available data. For example,
if the traffic flow on an highway system and data on flux are provided by sensors we would be oriented
towards numerical schemes for PDEs; otherwise, if data of the trajectories of a group of cars, such as
GPS data, are available, then it is reasonable to use ODE-oriented schemes.

In this section, we propose methods useful to handle with deterministic data on the trajectories of

vehicles. These data are necessary for calibration analysis even if their implementation is complex and
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numerically expensive for problems with many drivers and large networks.

Assume that the initial distribution is an atomic measures, i.e.

N
Ho = Z 53:,'7
i=1

where z; € I' are the initial positions of N < +oo vehicles. Then, the dynamic of vehicles is described

by the superposition formula (4.35). Hence the distribution at time ¢ > 0 is given by

M= D 0w w0)nPy (i 0). (5.9)

i yeA(my)

The previous formula highlights how the main ingredient of a particles-based scheme for the transport
equation on networks is a scheme for the trajectories and the path weights p..

Denoted with z* the position of i—th driver at time ¢,, and m] its mass, its speed is determined as

Vi = Vi, ) (@) = max { O,va(ay,) = Y aeeK(dr(af,2f))m] o,

jia €D(a})

where e, e’ are, respectively, the arcs which z!,x} belong to. The position at time n + 1 can be

determined by any kind of scheme for ODEs; for example, in case of first order Euler scheme we have:
~n+1l _ . n n.
T =y + AV (5.10)

if 2" does not cross the junction, i.e. :Z’?H < L., we set x?ﬂ = i‘?“ and m?“ = m[; otherwise, we

need to split the particle on each possible arc by the transmission matrix P. Denoted with e the arc

which z7' belongs to and with eq,...,e; the possible destination, we create new particles ;,,...,x;,
with mass m;,, ..., m;, such that
L _ 1 L _ .l _
mi, = m, Ty, = T, [=0,...,n, (5.11)
+1 _ +1 _ =ntl _ ’
mZ = Pee,my, Ty =3 —Ley, j=1,...k

5

Even if this method is coherent with (4.35), it is not suitable for large networks due to the high
computational costs for large time, proportional to the increasing number of particles.

For example if our network is given by a binary tree with M + 1 layers, with M € N, and the initial
distribution is given by N particles over the first arc then for big times we would have a distribution
with at most N * 2M.

This obstacle could be solved by a “Monte Carlo” approach. We can observe that, chosen an arc
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e € &, the respective row of the transmission matrix P is a probability distribution.

Let C. : © — & be a discrete random variable with probability distribution given Pe = (Peer)ercs
which defines the crossing from arc e to ¢/ = C.(w); instead of splitting the mass of particles crossing
the junction via the transmission matrix rows, we deterministically transport the particles to the
roads determined by samples of C,. A single simulation built with this scheme produce a distribution
p = pu(w) which is not solution of the transport equation on I'" with transmission matrix P but, if
in(w) is properly defined, then the solution of the original problem would be given by the empirical

average
Nsamples

in="Y_ pn(w), (5.12)

i=1
where Nygmpies > 0. In this way the computational cost would be proportional to N * Ngmpies-
From a mathematical point of view, given the exact solution p € C([0,T];P1(T')), we define the

samples p(w) € C([0,T]; P1(T")) as solution of

Dupa(w) + V - (v[uln(w)) = 0,
p=o0(w) = o (5.13)
ooy (W) = Ze’elnc(V) 506/(@6#2/:\/(“)7

where 6;; denotes the Kronecker symbol.

The samples u(w) are solution of the transport equation with velocity field determined by the exact

solution p and by the transmission matrix induced by the random variable (C¢)ces.

Hence the empirical average ji = E[u(w)] satisfies the conservation equation

Ofie + V- (v]pe] fir) = 0,

and the initial condition, since

_ 1 1
Hi=0 = ~ . Mt=0\W;) = ~ Mo = Ho-
Z Nsamples ( Z) ZZ: Nsamples
Moreover, for any vertex V and arc e € Out(V) we have
samples samples
fo—y = Z N ~Hi—v w’t - Z Z N (wi)eM;:V(wi)'

samples amples

e’c€Ine(V)

Thanks to the law of Large Numbers, it follows that the matrix defined by C. converges to P as
Ngampies grows. Thus, by the uniqueness of the solution, ji converges to the exact solution.

We can use this formal argument to build a Monte Carlo type scheme even if we do not know the
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exact solution which is necessary to compute the velocity field. This obstacle can be easily solved
adopting an explicit discrete in time scheme and approximating the exact solution with the empirical
average. Since fi converges to p for Nggmpres — +00 and fig—g = pig, we can define our Monte Carlo
scheme as follows:

Step 1: define a time grid with step At and a number of samples Nygmpies;

Step 2: define the topological order of network I'" and k=0;

Step 3: while kAt < T :

HEk+1 = Update(,uz, ,ak)a forl <i < Nsamplesa

HEk4+1 = ! Zz Mqll‘g_i,-lv k€ N.

Nsamples
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Chapter 6

Optimal control problems on networks

In this last chapter, we focus on a class of optimal control problems for measure-valued nonlinear trans-
port equations describing traffic flow problems on networks. The objective is to minimise/maximise
macroscopic quantities, such as traffic volume or average speed, controlling few agents, for example
smart traffic lights and automated cars. The measure theoretic approach allows to study in a same
setting local and nonlocal drivers interactions and to consider the control variables as additional mea-
sures interacting with the drivers distribution.

As in [1, 56], we show that a small number of external agents can improve the global behavior of the
population and, indeed, the typical examples of control variables we consider are smart traffic lights
and automated cars. Since the external distribution is described by a measure evolving according to
an appropriate dynamics, other control variables, such as information about the behavior of the traffic

on the global network, can be considered.

We also discuss a gradient descent adjoint-based optimization method, obtained by deriving first-order
optimality conditions for the control problem, and we provide some numerical experiments in the case
of smart traffic lights for a 2-1 junction.

The chapter is organized as follows: in Section 6.1 we introduce the control problem from a theoretical
point of view: network structure, transport equation and cost functional; Section 6.2 is devoted to
two examples of control problem: traffic lights and self-driving cars as controls for vehicular traffic,
while Section 6.3 focuses on numerical analysis for these problems: description and properties of the

chosen scheme and numerical tests on some case studies.
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6.1 Problem Formulation and theoretical setting

In this section we recall the main components of the traffic flow model: the dynamics of drivers
motion (velocity, interaction with other drivers, influence of the structural components) and the control

problem which has to be solved in order optimize the traffic flow on the network.

6.1.1 Driver motion

As described in the previous chapters, we use a nonlinear transport equation to describe drivers’
motion. Mathematically, it will act as a constraint for drivers’ distribution p. The components of
the system are the differential equations governing the evolution of the traffic inside the arcs and the
transition conditions at the vertices regulating the distribution of the traffic low at the junctions. It
is important to remark that the velocity term is nonlocal since drivers usually have a local knowledge
of the traffic distribution in a visual area in front of them; moreover they may have a global knowledge

of the traffic distribution on the entire network thanks to appropriate navigation equipments.

We prescribe the initial mass distribution over I'

Ho = ZM{) S M+(F)7

jeJ

where ) is restriction of y1g to ej, and the incoming traffic measure at the source nodes

o0 = Z 0-67 Ué S M+([O,T]),
VieS

where o is the restriction of oy to V;, representing the flow of cars entering in the road network at

the vertex V;. Then, the constraint on u is given by the following;:

Ohtt + D0 (v 1z, meljs) = 0 te(0,T]
Hi=0 = [0
(6.1)
} > Dk (t),“’{c/:ﬂk(l) ifvVel
Py oy = RN i=1,...,[&
o ifveS

Observe that, for each arc e;, if the initial vertex V' = 7;(0) is internal, then the boundary condition
at V is given by a measure representing the mass flowing in e; from the arcs incident to the vertex

according to the distribution matrix P(t); if the initial vertex V' = m;(0) is incoming traffic vertex, the
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inflow measure is the prescribed datum o(‘)/ . The outflow measure, i.e. the part of the mass leaving the
arc from the final vertex V' = m;(1), is not given a priori but depends on the evolution of the measure
w1 inside the arc.

The velocity v depends on the solution pu; itself, as well as on another distribution m; € M™(T),
representing external forces acting on the drivers such as traffic lights and autonomous vehicles (more
details will be given in the next section where we consider specific models). Analogously to the previous

chapters, we assume:

(H1) v is non-negative and bounded by V;,4. > 0;
(H2) v is Lipschitz with respect to the state variable, i.e. there exists L > 0 such that Vz,y € ej,
mi, pi € MT(T), fori=1,2

(07 [p1, ma] (@) = v [n2, m2] (y)| < Ll =yl + m1 — malpp, + 1 — pellir);

Under these hypotheses, the solution clearly exists for every given m € M™ ([0, T]xT"). In this chapter,

we assume a velocity field of the form
ol m)(2) = max{vs(z) — vilpl(x) — vlm], 0} (6.2)

where vy : I' — R* is the free-flow speed, vr[p](z) is the interaction term described in the previous

chapter, while vg[m] is an interaction term with an external distribution m.

6.1.2 Mobility optimization

We introduce a class of optimization problems on networks involving the distribution u, given by the
solution of (6.1), the external distribution m and a control variable w which has to be designed in
order to minimize/maximize a given objective functional, or loss function.

We assume that the set of the admissible controls is given by a Banach space (U, || - |jzr). We also
denote by M7, (I'r) the set of the measures y € M™*(I'r) such that ||u||%,; < M. Then the state space

of the control problem is given by the space (X, || - ||x) where

X = ML(FT) X M?\—/[(FT) X L{,

-l =1 s+ 1 - 1z + 1 - e
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For a given initial distribution pg € M1 (T') and an incoming traffic distribution o9 € M™*([0,T]), we

consider the optimization problem

min{J (g, m,u) : (n,m,u) € X},

(6.3)
subject to the state equation (6.1).
It is convenient to rewrite the previous minimization problem in the following equivalent form
min{J(u, m,u) + La(p, m,u) : (m, p,u) € X'}, (6.4)

where A := {(u, m,u) € X'; msolves (6.1)} and 14 is the indicator function of the set A defined as

0, T €A,
la(x) =
+o0o otherwise.

A straightforward application of the direct method in Calculus of Variations gives the following exis-
tence result for the minima of (6.4).

Theorem 6.1. Assume that

o J: X = RU{+oo} is bounded from below;

e J is lower semicontinuous in X, i.e. for any (fn,Mn,u,) C X such that (mpy, pin, uy) —

(m, p,w), it holds J(m, p,u) < lminf, o0 J(mp, fin, Un);

o the set A is closed under the topology induced by || - || x-
Then the minimization problem (6.4) has a solution.

Even if the first two hypotheses are tautological for the existence of minima, the closure of A, w.r.t.
Il - ||x, is extremely important in our framework and it will be stressed in the next section.

A typical example of functional to be minimized is of the form

T
J(p, m,u) == —/0 /I“U[Mt’mt]d'ut(y)dt—'_/1‘x[0,T] flz, t,u)dp(x)dt, (6.5)

where the first term in (6.5) represents the mean velocity on the network, while the second one is a
feedback term which depends on the choice of f. For example, if f(¢,z,u) = xp(z), where B C T is
closed, the functional minimizes the amount of mass y; in a closed region B during the time interval
[0,7]. Another interesting class of control problems are minimum time control ones introduced, in a

measure theoretic setting, in [20, 21].
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6.2 Smart traffic controls

This section is devoted to applications of the abstract setting previously described with the discussion
of two significative problems in traffic flow optimization which have an increasing interest in the last
years [45, 39, 55, 56] such as the optimization of traffic lights setting in order to improve the circulation
on the road networks or the impact of autonomous car over the global traffic flow.

For both these models we assume that the control variable u influences the traffic flow distribution
only by means of an external distribution m = mfu|. Hence the functional to be minimized in (6.4)
is of the form J(u,u) with p subject to (6.1) and m determined by another dynamical system for a

given initial configuration my.

6.2.1 Smart traffic lights

An important element of a road network model is given by traffic lights: they influence the behavior
of the drivers near the junction and can be used as an external control to regulate the traffic flow.
To model a traffic light, we follow the approach in [40]. Relying on the measure-theoretic setting, we
describe a traffic light as a measure § € M™(I'r), which is a Dirac measure in space and a density
with bounded variation in time.

We assume that there is at most one traffic light for each road and that it is closed to the terminal
vertex V' € V of the arc e;. Since the position is fixed a priori while the activity changes in time, a

traffic light can be represented, with an abuse of notation, as the measure

T
j;) | woswa (6.6)

where u; € BV ([0,T7,{0,1}) is a function representing the state of the traffic light: w;(t) = 1 if the
light is red, u;(t) = 0 if green (for simplicity, we do not consider a yellow phase since the corresponding

driver reaction is strongly influenced by drivers’ culture).

Concerning the light phases, in order to exclude unrealistic scattering phenomena, we fix two positive
times 7%, T¢ > 0 and we assume that the red phase cannot last more then 7% and, analogously, the
green phase must last at least T¢ to guarantee a proper traffic flow. Hence denoted by 71,7 € [0,T]

two consecutive switching times of the traffic light on the arc e; (corresponding to jump discontinuities
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of uj), we assume that

if uj(r{") = 1, then |7 — 7| < TH, 6.7)
6.7
if w;(r) = 0, then |7 — | > TY.

Moreover we assume that a traffic light can be green only for one of the incoming roads in a junction,

i.e.

Djewvyuj +1=N
(6.8)

TR > (N - 1)T¢

where N = #(Inc(V)).

Denote by F C & the set of the arcs containing a traffic light. Recalling (6.6), we consider the
measure dm(x,t) = Z'fz‘l u;(t)dm’ (z,t) on I'y where dm/ (x,t) = 0 if e; ¢ U and dm? (z,t) = Sy (z)dt
if e; € U NInc(V;). The term u;, the phase duration of the traffic light on the road e;, can be

interpreted as the control variable. The set of admissible controls is given by
U={u={uj}jo1,. u : v € BV([0,T],{0,1})and satisfies (6.7), (6.8) } (6.9)

To describe the interaction of the drivers with the traffic lights, we define an external velocity term

vg[m] in (6.2). Fixed an arc e; € U NInc(V), then the restriction of vg[u] to the arc e; is given by

olm](z) = /F H (e, y)dma(y) = u; () H (2, V)b, (2).

We assume that the interaction kernel H is given by

vfmax{(l — %w> ,O} , ifx—uy,dr(z,y) <R,
H(z,y) = (6.10)

0 otherwise,
where vy is the desired velocity and R < Lg is the visibility radius and L the minimal arc length. The
driver interaction with the traffic light, tuned by the signal u;, occurs only if the driver is sufficiently
close to the junction and becomes stronger getting closer.
We need to show that the chosen set of control (6.9) satisfies the hypotheses for the existence of
minima for X = M7} (I'r) x M1, (T'r) x U.

Lemma 6.1. The set of positive measures with bounded mass ML(FT) is compact with respect to
I -
Proof. Assume without loss of generality that M = 1. It is well known that for m € M7, (I'r), |ulry =
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m(Ip) < 1.
By Banach-Alaoglu Theorem it follows the compactness with respect to the weak*-convergence, which

implies the same property with respect to the || - ||;; convergence. O

Lemma 6.2. The set U defined in (6.9) is compact in (BVIEI([0,T1),] - ||11)-

Proof. Since (6.8) is just a condition which defines the dependence among the components of u € U,

we prove the compactness of
U ={ue BV([0,T],{0,1}) and usatisfies (6.7),}.

Let (un)ne C U. Denote by 7/ the switching times of u,,. By (6.7), for every two consecutive switching

times 7', 71!, € [0, 77, if u™(7) = 1, then
I = i < TH,

otherwise,

T = i | > T

Since uy,(t) € {0,1}, we can assume that there exists a subsequence, still denoted by w,, such that
either u,,(0) = 1 or u,(0) = 0 for every n €. Assume now that, w.l.o.g., u,(0) = 1 for every n € and

denote by I, the set of switching times of u,,. It follows that

T T

7r S #(n) < 7

As before, we can assume, w.l.o.g., that that there exists N € such that #(I,,) = N for all n €. Since
I, C [0,T], applying the Cantor diagonal procedure, it follows that there exists a subsequence (Iy,, )ke
such that 7" — 7; for i = 1,..., N. In this way, we define a candidate u as limit for the subsequence
Up, from the switching times set {r,...,7n} and u(0) = 1. To conclude, we only need to show that
Up, — U in L'. By construction,

N

[tny, — ullpr = Z ‘Tznk -7 < NA sup ’Tznk = Til k00 0
i

i=1 =1,

O]

Lemma 6.3. Assume X = M7, (T'r) x M3, (Dr) x U, where U satisfies the hypothesis of Lemma 6.2.

The set A is closed under the topology induced by || - || x.
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Proof. In this case, the distirbution p has no role since it depends exclusively on u. Hence, we reduce
on X = M*(I'y) x U, where U defined by (6.9).

Let (mp, un)ne C A such that (my,u,) — (m,u) with respect the norm || - |5, + || - ||z1-

The closure on the first component derives from the proof of Lemma 4.1 in [8] and the results in
Chapter 4.

Instead, the closure on the second component derives from the compactness of . Indeed, there exists
a subsequence (uy, )re which converges to @ € U, but it also converges to u by assumption. Then, it

follows that u =u € U. O

6.2.2 Regulating traffic flow by means of autonomous cars

In this second application, we aim to optimize the traffic flow by exploiting another distribution of cars,
possibly given by autonomous vehicles, of which we can control the velocity. Indeed some experiments
(see [56]) have shown that it is possible to avoid stop-and-go phenomena regulating the interactions
among drivers by means of external agents (autonomous vehicles, traffic light, signaling panels,etc.).
The approach in this section is inspired to [8] where the authors present an optimization problem for
a transport equation in the euclidean space with the control represented by a second distribution u
evolving according to another transport equation.

The dynamics of the autonomous cars is similar to the ones of rest of the driver, with the difference that
it can be controlled in order to minimize the objective functional. Hence for a given initial distribution
mo (typically mo = }_y. o dv; for some finite set I', C I'), the measure p € I'r representing the

distribution of the fleet of the autonomous car satisfies the nonlinear transport equation

om? + O (u - v7 [y, mylm?) = 0 ree,te(0,T],5=1,...,[
m{zozmg ree,j=1,...,[&
(6.11)
‘ S qkj(t)m@:m(l) ifver
m{/:m(o) — { kere(V) i=1,...,|&
0 ifves,

We assume that the velocity fields v[u, m] in (6.11) is the same of problem (6.1) and it is defined as
in (6.2). Moreover we assume that the drivers are not able to discern between not-autonomous and

autonomous cars and therefore v; = vg. Hence we can rewrite the velocity field (6.2) as

v[n] = max{0, vy — vr[n]},
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where, in our setting, n = m + pu.
On the other side, since we want to regulate the velocity of the distribution p we add a control term

v and we assume that the control set is given by
U = Lip; (T'r, [0,1)), (6.12)

i.e. the set of Lipschitz functions from I" x [0, 7] to [0, 1] with Lipschitz constant L > 0. In this way,
if v[pe, my] satisfies the assumptions (H1-H2), then also w - v[u, m¢] satisfies the same assumptions
and therefore system (6.11), given (4t);c[0,7], admits a unique measure-valued solution. Moreover,
since we require that u(z,t) € [0,1], then the autonomous cars can only slow the traffic distribution.
Observe that system (6.11) also differs from (6.1) for the distribution matrix Q = (qkj(t))f’l.zl at the
junctions. Actually it is reasonable to assume that ) does not coincide with the distribution matrix
P since the autonomous cars can behave differently from the rest of the drivers at the junctions. We
assume that the matrix @ satisfies the assumptions of P. Hence, the existence of solutions (u, m) of
the coupled transport system follows by a standard fixed point argument.

Existence of a solution (u,m) to the coupled transport system (6.1)-(6.11) can be proved by a fixed

point argument.

Given m € C([0,T], M™(T)), consider the map
@y : C([0,T), MT(T)) = C([0,T], MH(T"))

which associates with m the unique solution of (6.11). Similarly, given u € C([0,T], M+ (T)), define
a map

®y : C([0,T), M™(T')) — C([0,T], M™(T))

which associates with p the solution ®9(u) of (6.1). Hence, defined a map ® := (®q, ®3), the solution
of the coupled system (6.1)-(6.11) is given by a fixed point of ®. By an argument similar to the
one already used in [23, 24| for analogous results, it is possible to prove that ® is a contraction and
therefore existence of a unique solution to the system (6.1)-(6.11) is obtained.

We conclude this section with the following Lemma:

Lemma 6.4. Assume X = M} (I'r) x M} (Tr) x U, where U is defined by (6.12). The set A is

closed under the topology induced by || - || x-

This result can be proven as in the proof of Lemma 6.3, using the Ascoli-Arzela Theorem instead of

Lemma 6.2.
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Proof. Tt follows adopting the argument in the previous proof, for X = M} (I'r) x M1, (T'r) x U

endowed with the norm || - |5, + 1| - |5, + || - l|loo- O

6.3 Numerical solution via optimality conditions

In this section we formally derive first-order optimality conditions for the optimization problem (6.3)
in the case of a traffic light for a 2-1 junction. Then we build a gradient descent adjoint-based
method to approximate the solution of the discretized optimality system and present some numerical

experiments.

6.3.1 Optimality conditions

We consider a network I' composed of a junction with two roads converging in a single one, namely
we have €& = {ey, eq,e3}, V = {Vo, V1, Vo, V3} and = {Vp}, S = {V4, Va}, W = {V3}, Inc(Vp) = {e1,e2}
and Out(Vy) = {es}, as shown in Figure 6.1.

W

Vo V3
€9

Va
Figure 6.1: Example of 2-1 junction
To simplify the presentation, we neglect the drivers’ interaction term, since the computation in the
general case is similar but more involved. We place a traffic light at Vj in order to maximize the

average speed on the network. In this setting a single control v € BV([0,77,{0,1}) is enough to

describe the system, indeed we define edge-wise the velocity v by
v ul(z,t) = max{vj(z) — u(t)H(z, Vp), 0},

v [u)(x,t) = max{v%(w) — (1 —wu(t)H(z, Vp),0},
W¥(z,8) = v3(x),

where for j = 1,2,3, v} is the free flow speed on e; and H is defined as in (6.10). It is important to

stress that, in general, our modeling choice about traffic lights, combined with our choice for nonlocal
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speed, does not guarantees that cars stop at the junction since it depends on the proper choice of
parameters. Indeed, in our case, we need to require that, for v = 1, vy(Vo) — H(Vp, Vo) < 0 which is
satisfied since H(Vj, V) = vy by assumption.

Since the switching of the traffic light is intrinsically a discrete process, we translate the control problem
into a finite dimensional setting. More precisely, we consider a vector s = (s1,...,55) € RS, whose
components represent the durations of S — 1 successive switches, where the integer number S > 1 is
fixed a priori. Then the control u(t) is easily reconstructed from a given value u(0) = uy € {0,1} at
initial time and from the switching times 7; = 22:1 s; fori =1,..., 5. Defining recursively u; = 1—u;_1

for i =1,...,.5 and 79 = 0 we set (see Figure 6.2)

S—1
u(t) = u(t) = Z WiX[ry 1) (1)
i=0

up =1

S1 S92 S3 Ss

> 1

0 5! Ty T3 e TS

Figure 6.2: Reconstruction of control u from switching durations s = (s1, ..., Sg)

Following this approach we avoid several difficulties. Indeed, BV ([0,T1],{0,1}) is not even a vector
space and taking admissible variations of a given control or imposing constraints on the switching
durations is in practice not easy at all. One could work instead with the convex subset BV ([0, T7; [0, 1])
of L?(0,T) and look for bang-bang controls. This can prevent unrealistic mixing of mass at the
junction, due to the additional yellow phase for the traffic light (intermediate values in (0, 1)), but
chattering phenomena can occur. In our setting we just work in RS, chattering is not allowed by
construction, and we can easily apply variations/constraints to the switching durations being sure
that the control always remains in BV ([0,7],{0,1}).

Assuming that the measure p has a density, i.e. du = p(z,t)dz dt for some function p: T'x [0,T] — R,

we want to minimize the cost functional

T
J(p,u®) = —/0 /Fv[us](aj,t)u(x,t) dxdt , (6.13)
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subject to
6tﬂj +8x(vjluj) =0 in e; X (O,T), J=123

. 4 (6.14)
1 (-,0) = g in e;
We also assume null incoming traffic in the network during the whole evolution, imposing
oy, =0, pi_y, =0, te(0,T], (6.15)
and the mass conservation condition at the internal vertex Vj
Moyl = Ha—vy + Haevy- (6.16)

We formally apply the method of Lagrange multipliers in order to derive first-order optimality condi-

tions. We define the Lagrangian as

T
L(p,u®, \) := J(u,u®) +/0 /F(—at/\ — VO A\ ) dxdt
4 / (A, (e, T) — Az, O)po(x)) da
T

+ D / L NVE 0 (VE O (VE, )~ N (V] 0 (V] 0 (V] ) de,
j=1,2,370
where V;-I and VJE denote the initial and, respectively, the final vertex of the arc e;. Observe that the
terms involving the Lagrange multiplier A derive from the weak formulation of the transport equation
on I'.
We evaluate the derivates of the Lagrangian with respect to p and s (recall that u = u®). We first

consider an admissible increment w for p which preserves the boundary and transition conditions, i.e.
w'(Vi,t) =0,  w?(Va,t)=0,  w(Vo,t) =w'(Vo,t) +w?(Vo,t)  t€[0,T], (6.17)
and we compute

T
(OuL,w) —/ /(—&)\—vax)\—v)wdxdt—i—/)\(x,T)w(:):,T) dx
T (6.19
s [X 0V 0w (VE ) - N 00V u (V] 1) .
0 =123

Imposing (9, L,w) = 0 for any admissible w, we get the following time-backward advection equation

with a source term

—ON — N =v] in e; x (0,T),j=1,2,3, (6.19)
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and the final condition

M, T)=0 in e;,j=12,3.

Note that for (6.19), V3 is an inflow vertex where a boundary condition has to be prescribed, while V;

and V4 are outflow ones. Writing explicitly the remaining boundary terms in (6.18), we have

T
/ Molw! (Vo, 1) — Molw! (Vi 1) + N202w?(Vp, t)
0

N2 (Va, t) + Mo3wd (V3,1) — X3oPw? (Vo, 1)) dt = 0.

By taking w compactly supported in a neighborhood of V3, we get the boundary condition
XN (Va,t) =0 in [0,7],

whereas for w compactly supported in a neighborhood of Vj, recalling (6.17), we get

T «

/ (0! — X% (Vo, £) + (V0% — XY (Ve 6)} dt = 0. (6.20)
0
The mass conservation condition (6.16) can be rewritten as
0 (Vo, ) (Vo, 1) = o' (Vo, ) (Vo, t) + v* (Vo, ) (Vo, 1) £ € (0,77,

since the control law u models a traffic light which bring to halt the speed of the drivers at Vj in e
and, alternatively, in e, in such a way that there is mass flow either from e; to e3 or from ey to eg. If
I; C [0,T]is an interval where u(t) = 1 (red light for e1), then in this interval the speed v*(Vp, t) is null
and therefore ! (Vp,t) = 0 (recall that mass concentration at the vertices is not admitted). Similarly
if u(t) = 0 for t € Iy (red light for es), we get u?(Vp,t) = 0 for t € I. An admissible increment, in

order to preserve the transition condition for m, has to satisfy the same property and by (6.20) we get
A (Vo, )" (Vo, 1) = A (Vo, )0 (Vo, 1) + A% (Vo, )* (Vo, 1),
or, more explicitly,
M (Vo, )0l (Vo, 1) = X (Vo, )0 (Vo, 1) if £ € {v' (Vo,1) # 0},

N (Vo, ) (Vo, 1) = N3 (Vo, t)0® (Vo, 1) i t € {v®(Vo,t) # 0}
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We now compute the derivative of L with respect to u® for an increment ¢ € RS

T T
(0sL,p) = — / / Osv - P(OpA + 1) ddt + / { > NVFE D)o (VE ) - o (V1)
0o Jr 0 ;23

Tavel 1avel Tavdl
- AJ(V} 7t)asvj(‘/j 7t) ’ (pl'l’](v] 7t>}dt

3

Recalling (6.15) and since v* is independent of u®, we get

T
(0sL,p) = / { - / v’ - (9N 4 1)t da — / D50 - (O N? + 1) da
0 el €2

FAL (Vo 00,0 (Vo ) - o ! (Vo £) + A2 (Ve 0,02 (Vi 1) - 0 % (Vo )}

where
8Svl(x,t) o =—H(xz,V))Vsu'(t) - p, 881)2(1:,15) c = H(x,Vo)Vsu’(t) - ¢
and
S
Vel (t) o= (=1)“10,(t)pi .
i=1
We conclude
S
@uLp) = (1) { [ o Vo) (@ (07 + 1! (7)o = AL (Vo ) H (Vo Vi (Vo )
i=1 €1

- / H (2, Vo) (022w, ) + 1)pa2(, 75) d + N (Vo, 7o) H (Vo, Vo) (Vo, 7) i
e2
Summarizing, the dual problem for (6.14)-(6.15)-(6.16) is

—ON — 019, N =7 ine; x (0,T), j=1,2,3,
N(T)=0 in e,

with the boundary condition

N (V3,t) =0, in [0,7],

and the transmission condition
N (Vo, t)o? (Vo, t) = X (Vo, t)o® (Vo, 1) if t € {v’ # 0}, j = 1,2.

Finally, if we impose box constraints T¢ < s; < T for i = 1,..., S, the optimal solution (m,u®\)

should satisfy, for all 5 € R¥ such that T¢ < 5; < T, the variational inequality

(OsL(pyu®,N), 8 —8) >0 (6.21)
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Remark 6.1.1. If the velocity field contains the drivers interaction term, then the dual problem for

(6.14)-(6.15)-(6.16) is given by
—ON = VION — v (O N) =) +vxp ine; x (0,7),5=1,2,3

N(T)=0 in e;j

with the same boundary and transition conditions, where (v * ¢)(x) = [ K(y,x)¢(y)dy. The addi-
tional terms in the equation represent a time-backward counterpart of the nonlocal term in the forward
equation. Indeed, note that the kernel K is not symmetric by definition and the integration is here

performed with respect to the first variable, looking at y — x and not x — y as in (5.2) .

6.3.2 Discretization

The above optimality system can be discretized using, for instance, finite difference schemes and solved
by some root-finding algorithm. Here we do not solve the whole discrete system at once, we instead
obtain an approximate solution splitting the problem in three simple steps. With a fixed control, we
first solve the forward equation in u, then we solve the backward equation in A, and finally update
the control using the expression we obtained for the gradient 9;L, iterating up to convergence. The

resulting procedure is a gradient descent method, summarized in the following algorithm.

Algorithm [Forward-Backward system with Gradient Descent]

Step 0. Choose £ > 0, > 0 and set J© = 0;

Step 1. Fix an initial guess for s € R, ug € {0,1} and set k = 0;
Step 2. Use s() to build the control u*);

Step 3. Solve the forward problem for u*) with control uw(*);

Step 4. Solve the backward problem for A(*) with control u(*);

Step 5. Compute J*E) = J(u), (k)

If | J*+1) — JK)| < £ go to Step 8, otherwise update J*) < J*+1) and continue;
Step 6. Compute d,L at (u®) u*) \K),

Step 7. Update s¥) « Hyre rry (s(k) — ﬁ@SL(u(k),u(k), )\(k))), k + k+1 and go to Step 2

(ILrc rry denotes the component-wise projection on the interval [T¢, TF));
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Step 8. Accept (¥, u®) A\(¥)) as an approximate solution of the optimal control problem for (6.13).

In the actual implementation of the algorithm, we employ the scheme introduced in the previous
chapter, to solve the forward equation in p. On the other hand, the adjoint advection equation in
A is solved by means of a standard time-backward upwind scheme. We choose the numerical grid
in space and time subject to a sharp CFL condition, in order to mitigate the numerical diffusion
and better observe the nonlocal interactions. Moreover, we compute all the integrals appearing in the
functional J, in the nonlocal terms and in the expression of the gradient 0L, by means of a rectangular
quadrature rule. We also employ a simple inexact line search technique to compute a suitable step
for the gradient update in Step 7. Finally, the application of control constraints is easily obtained by
projection. More precisely, given compatible durations 0 < T¢ < T and the updated s) in Step 7,

we set sgk) — max{TG,min{sgk),TR}} fori=1,..,8.

6.3.3 Numerical experiments

As a preliminary test we compare the local and the nonlocal case. We consider only the evolution of
the density m along the edge e; and we set the control u(t) = 1 to keep the traffic light at the end of
the road activated (red) during the whole simulation. We choose the length £(e;) =1 and Ry = 3 for
the visibility radius of the traffic light. On the other hand, we choose the nonlocal interaction kernel
(5.2) with k(r) = % and visibility radius R = 15dz, where dx is the step size of the space grid.
Finally, we set the free flow speed v} =1 and the initial distribution uo(x) = X[0.1,0.15](*). Figure 6.3
shows the evolution of u and v at different times. Top panels refer to the local case, bottom panels to

the nonlocal one. We represent the density u in black and the velocity v in red, decreasing from vjlf to

zero with a linear ramp while approaching the traffic light, according to the definition (6.10) for H.

In the local case v does not depend on time, since u is constant. The density u proceeds without
changing profile (except some numerical diffusion at the boundary of its support), then starts concen-
trating close to the traffic light. At the final time, all the mass is concentrated at the point closest to
the traffic light.

In the nonlocal case, drivers interactions are clearly visible both in ¢ and v. The initial density readily
activates the nonlocal term in v, and p starts assuming the well known triangle-shaped profile. Close
to the traffic light we observe a slowing-down, that propagates backward up to the beginning of the
queue, preventing mass concentration. At final time the profile becomes stationary, we observe that

v is zero in the whole support of u.
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Figure 6.3: Red traffic light: local case vs nonlocal case

We proceed with a test for validating the proposed numerical method. We consider the case of a single

switching time 7 € [0, 7], namely we choose s = (s1, s2) = (7,7 — 7) without constraints and ug = 1,

so that the corresponding control is just u’(t) = x[o,-(t) (red light on e; for ¢ < 7). This reduces

the optimization problem to a minimization in dimension one, that can be analyzed by an exhaustive

search in 7 and then compared with our adjoint-based algorithm. We set all the parameters as in the
F_ . f

previous test, in particular we choose constant free flow speeds v{ =wvy = vy =1 and set T' = 1.25.

We also assume that, apart from g, no additional mass enters or leaves the network for all ¢ € [0, 7.

We start with po = (g, pd, 1d) = (X[0.1,0.15) (7); X[0.6,0.65) (), 0), i.e. two distributions of equal mass
on e; and ey that arrive at the traffic light at different times (ug first and then ). In Figure 6.4(a)
we plot the corresponding (normalized) mean velocity v(7) = —J(u, u®)/M as a function of 7, where

M = fOT Jrm(x, t)dz dt.

The scenario is pretty clear. If the switch occurs before uo reaches the traffic light, then only g
will move from e; to e3 and the mean velocity cannot improve. For larger values of 7, also uo will
gradually move to es, and 9(7) increases. If now the switch is placed just after us leaves ey and before
(1 approaches the traffic light, we get the best performance, both distributions move as they are on

a free road. Note that, due to the nonlocal interactions, the maximum of v is less than the free flow
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Figure 6.4: Mean velocity for a single switch of the traffic light: well separated (a) vs overlapping (b)
densities

speed. Finally, as 7 keeps increasing up to 7', u1 starts getting stuck at the traffic light, and o(7)

decreases.

Now let us repeat the exaustive computation of the mean velocity v(7) with uo = (ud, u3, 1) =
(X[0.6,0.65) () X[0.6,0.65] (%), 0), two distributions of equal mass on e; and ez, starting at the same distance
from the traffic light. Figure 6.4(b) shows the shape of the corresponding v. We observe that the
maximum of v is lower than in the previous test, and it is achieved at a single point instead of an
interval. This clearly depends on the fact that the two densities are not well separated as before and
it is not possible to place a switch without penalizing the overall traffic flow. Moreover, note that an
absolute minimum appears just after the initial plateau. Interestingly, this means that if the switch
occurs too early both densities slowdown, whereas the optimal choice corresponds to switch just after

2 leaves eg (see Figure 6.4 ).

These two simple examples show that, in general, the numerical optimization of the traffic light is a
very challenging problem, since there is a wide number of local extrema where the gradient descent
algorithm can stop. To overcome this issue, we perform several runs with random initial guesses for

the controls, and we select the solution obtaining the best result.

Figure 6.5 shows the optimal solution at different times in the case of well separated. The solution is
computed by the gradient descent method and achieves the absolute maximum of the corresponding
mean velocity. Similarly, Figure 6.6 refers to the case of overlapping densities. We clearly observe

that on ey the traffic is stopped until my leaves es.

We conclude with a more complete example, also including control constraints. All the parameters are

the same of the previous tests, but we fix to S = 5 the number of switching durations (corresponding
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Figure 6.5: Optimal solution for well separated densities

to 4 switching times) and we start with ug = 0, i.e. green light on e;. Moreover, we set the constraints

T¢ =0.15, T® = 0.3, and my is given edge-wise by

pp(x) = X[0.1,0.15] (%) + X[0.4,0.45) () , pp () = X[0.1,0.15 (%) + X[0.6,0.65 () , po(z) =0,

Note that, with this choice, we are mixing together the two cases analyzed before. Indeed, the initial
density consists of four blocks which are, respectively, pairwise overlapped and well separated. The
optimal solution produced by the gradient descent algorithm is s* = (0.227,0.251,0.259,0.3,0.21).
Figure 6.7 shows the corresponding evolution at different times. We observe that the first switch
occurs before po approaches the traffic light. This allows the first block of ps to proceed without
slowdowns from ey to es. The second switch occurs immediately after this block leaves es, so that
also the first block of p; can leave e; almost undisturbed before the traffic light switches again. Now,
the remaining densities on e; and ey are in overlapping configuration, ps goes first, while p; stops.
Finally, the last switch occurs just after us leaves es, so that also 1 can move to eg for the remaining
time.

The numerical method proposed in this section has many interesting analogies with numerical methods
related to the Pontryagin Principle or the numerical methods adopted for Mean Field Games. In our

context, the complexity arises from the presence of one or more junctions. Moreover, we have focused
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only on smart traffic lights for the simplest (nontrivial) junction and the generalization to more complex
network is not difficult. The case of autonomous cars, i.e. atomic dynamic controls, is difficult and

too complex to be addressed with the before mentioned methods. We think that this problem and the

Figure 6.6: Optimal solution for

overlapping densities

correlated numerical methods offer an interesting perspective for future research.
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Figure 6.7: Optimal solution for a traffic light with 4 switches
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Chapter 7

Conclusion

In this thesis we have introduced a class of measure valued transport equations on networks with non-
local velocity fields to describe vehicular traffic and drivers’ interactions. We have also investigated
model’s features and numerical aspects, useful for applications such as mobility optimization, traffic
light settings and traffic control. The theory exposed in this manuscript covers only partially the
complexity related to vehicular traffic but it can be a first step to investigate further on it. During
the three years of the Ph.D. program we mainly focused on modeling aspects and partially on appli-
cations. However, a complete modeling of vehicular traffic would require a wider recursive process in
four steps: data investigation, model, application and testing.

While we focused on the model phase, i.e. formulating hypothesis and building tools to be used, many
opportunities and research areas are offered by the other three phases. For example, about the data it
is important to understand their sources, characterization, relationships, noises and how to use them
to understand the phenomena and build more efficient models. Once we have introduced a new one,
it is necessary to understand and investigate its application, efficient numerical scheme based on the
task, simulations and control problems; lastly, the testing phase proposes also many interesting chal-
lenges from a mathematical point of view, since it is important to calibrate and quantify parameters,

errors and uncertainty.

Moreover after this last phase we can improve our model repeating the process starting from new data
and informations. This four steps provide us four macro-area of research which could be investigated
with different approaches. We conclude proposing some open questions and good opportunities, related

to each area, for research on transport and traffic on networks:

e Parameters’ estimation: our models depends on many parameters, such as the visual radius,
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priority rules and distribution matrixes, which we assumed given a priori; however, if we desire to
apply such models, we need criteria to fix this parameters. For this purpose, a first opportunity
would be some statistical knowledge from data; another opportunity, more interesting from a
mathematical point of view, is assuming a relationship between this parameters and the state of
the system. For example, we could assume that every driver in our population adopts strategy

to choose the next road at the junction (i.e. P = P[u]) or interact with other drivers (i.e.

o = alu).

Nonlocal in time velocity fields: in this thesis we have assumed that every driver changes
instantaneously its speed based on the present state of the system in front of him; this hypothesis
is necessary to build the model but it does not describe correctly what really happens. Indeed,
drivers’ reactions are not instantaneous and it does not act directly on the car speed, but on
its acceleration and these features are important since are the cause of car’s incidents. For this
purpose we could start from ordinary differential equations with delays or nonlocal acceleration.
Both paths should lead to models with fully nonlocal, in time and space, velocity fields, i.e

models where evolution of the state p; at time ¢ depends on its history in a certain time range.

Relationship with classical models: another area of research would be the investigation of
these model with classical models, such as Follow-the-Leader, LWR or Aw-Rascle-Zhang. These
investigation would lead to a deeper understanding of these models and respective parameters
and, at the same time, lead to new models to be studied mathematically. From this point of
view, there exists recent papers which show interesting connections between nonlocal velocity

fields and the LWR model (see [22, 37]).

Transmission conditions: until now we have proposed just one kind of condition at the
internal vertices by assuming the instantaneous movement across the junctions. However, this
is not the unique choice. For example, it would be possible to assume that every driver stop at
the junction for a given amount of time, leading to shifted transmission conditions. Hence, it
would be natural and important from a mathematical point of view to analyze which are the
admissible conditions at the internal vertex and how they are characterized. A first step, as

written in the Introduction, it is in [32, 33] and its possible extension to networks.

Algorithms and numerical methods: for many applications it is fundamental to analyze
both the accuracy and the computational speed. For this purpose it is important to study
numerical methods and algorithms which can be parallelized in order to provide predictions in
real time. A possible path is offered by the nowadays increasing interest in machine learning, in

particular towards neural networks and GANs ( see [45]).
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A Promise instead of a Dedication

It would be normal to conclude with a short dedication to someone of my past or present. However,
these last years have taught me that we should focus a bit more on the future.

I started this Ph.D. because it was my intention to complete a path even if a little fuzzy and dark. I
feel like I made the right choice and learned many things, reached my targets and found new goals.

I had the opportunity to understand more, learn methods, how to fail and how to look for innovation.
I believe that all the things I’ve acquired are precious and important not just for myself but for the
whole society. Even if it seems that nowadays competence and study are no longer necessary and

respected, I promise I will always study and try to understand the truth.
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