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Introduction

More than a century ago, just one year after the formulation of his revolutionary
theory of gravitation –General Relativity–, Einstein himself predicted the existence
of gravitational waves, tiny spacetime oscillations which propagate through time
and space at the speed of light. Gravitational waves interact so weakly with matter
that Einstein wondered if their detection would ever have been possible. Indeed,
due to their weakness, catastrophic events and ultra-sensitive instruments are
required to produce and observe gravitational waves.

One hundred years later, after decades of experimental and theoretical efforts
this goal has been achieved. In 2015, the gravitational waves emitted from the
coalescence of a binary black hole was detected by the LIGO interferometers [1],
two ground-based gravitational wave detectors. This first gravitational wave event,
dubbed GW150914, has started the era of gravitational wave astronomy, opening a
new window to look at the high-energy phenomena of our Universe.

During the first LIGO observation run (O1), other two gravitational wave
signals produced by binary black hole coalescences had been detected [2, 3]. In
2017, during the second observation run (O2), two binary black hole mergers had
been observed by the LIGO sites [4, 5]. Moreover, the Virgo interferometer finally
joined the quest, greatly improving the capability of the network of detectors to
localize the sky-position of the gravitational sources. This led to the first three-
detector observation of a double black hole system [6]. Recently, the LIGO/Virgo
collaboration has reported the observation of gravitational waves from other four
binary black hole mergers detected in O2 [7].

Lastly, in August 2017, a gravitational wave signal from the coalescence of
a binary neutron star system was detected for the first time by the LIGO and
Virgo interferometers [8]. This event, dubbed GW170817, represents a milestone
in gravitational wave astronomy. Indeed, GW170817 is the first event observed
simultaneously in both the gravitational and electromagnetic bands. Several
telescopes reported the observation of a short gamma ray burst in coincidence
with the gravitational wave signal [9, 10], marking the birth of the gravitational
wave multi-messenger astronomy. Furthermore, few hours after the merger, various
teams (see, e.g., [11]) detected a bright optical afterglow –the so-called kilonova–
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powered by the radioactive decay of heavy r-process nuclei synthesized in the ejecta
of the neutron star merger.

During the next few years (starting with the third observation run (O3) in 2019),
many other gravitational wave signals from the coalescence of compact binaries are
expected by the LIGO/Virgo collaboration [4,8]. This incoming flood of data will be
extremely precious to test gravity in the highly-relativistic/strong-curvature regime,
and to investigate the behavior of matter in extreme conditions. In particular,
with more binary neutron star coalescence signals, it will be possible to explore the
structure and composition of matter at supranuclear densities [12–17].

Indeed, a precise description of matter in this regime is currently unavailable, due
to the lack of experimental data and the complexity of modeling strong interactions
among hadrons above the nuclear saturation point. Therefore, the so-called equation
of state of matter (i.e., the thermodynamical relation between pressure and density)
inside neutron star cores is currently uncertain, and represents an open problem in
nuclear astrophysics. Various theoretical models have been developed so far, which
predict different scenarios for the nuclear matter [18].

As GW170817 has already shown [8, 19–25], gravitational wave detections
from coalescing binary neutron star systems will provide information on neutron
star matter complementary to that coming from electromagnetic observations [26–
28] (see [29] for a review), shedding new light on the neutron star interior and
constraining the equation of state. On this purpose, it is crucial to develop more
accurate models of binary systems in order to best exploit the potentiality of current
second-generation detectors and future third-generation interferometers (such as
the Einstein Telescope [30] and the Cosmic Explorer [31]).

Gravitational wave searches and parameter estimation pipelines rely on gravita-
tional waveform approximants that describe the inspiral, merger, and post-merger
phases of the coalescence. While the early-inspiral (low-frequency) phase is ac-
curately described by the post-Newtonian theory [32–34] (i.e., a weak-field/slow-
velocity expansion of Einstein field equations, see [35] for a review), this description
breaks down when the two compact objects get closer, and finite-size and strong-
gravity effects start to gain importance.

Thus, a major challenge in the parameter estimation of neutron star binaries is
the modeling of the gravitational signal during the late-inspiral, merger, and post-
merger phases. This is typically achieved by using gravitational wave templates
obtained either phenomenologically (the so-called Phenom approximants [36–39])
or using the effective-one-body (EOB) approach [40–43] (the so-called SEOBNR
approximants [44–46]), recalibrated by fitting to numerical relativity solutions [47–
49]. However, though these templates correct the deviations in the high-frequency
regime, they are constrained to recover the analytical post-Newtonian solutions
at low frequencies. Therefore, an accurate description of the early-inspiral phase
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as described by the post-Newtonian formalism is an essential ingredient of these
waveform approximants. Any new post-Newtonian term included in the expansion
would also propagate to the full waveform templates.

Within the post-Newtonian formalism, the inspiralling dynamics of the binary
is driven by the loss of energy through gravitational wave emission, and the two
bodies are modeled as two point-particles [35] endowed with a series of multipole
moments [50,51] and with finite-size tidal corrections [52]. The latter are encoded
in the so-called tidal Love numbers/tidal deformabilities, a set of coupling constants
which characterize the multipolar deformation of the star induced by the external
tidal field generated by its companion [53] (see [54] for a review of the theory of
tidal Love numbers in Newtonian gravity).

The relativistic theory of tidal Love numbers for non-spinning compact objects
is well established in the literature [53, 55–57]. It was shown that the tidal Love
numbers of a Schwarzschild black hole vanish exactly, whereas those of a neutron
star depend on its equations of state. In recent years, the theory of tidal Love
numbers has been extended to spinning objects [58–62]. The coupling between
the tidal fields and the angular momentum introduces a new family of tidal Love
numbers, dubbed rotational tidal Love numbers. Also in the spinning case, it was
shown that the tidal Love numbers of a slowly rotating Kerr black are precisely
zero, while those a of slowly spinning neutron star depend on the equation of state.

Tidal deformations of neutron stars introduce a correction (starting at the
fifth post-Newtonian order [63, 64]) to the waveform phase of the gravitational
radiation emitted from binary systems [52,65–69]. Up to now, this correction was
computed only for non-spinning objects, i.e., neglecting the coupling between the
angular momentum of one body and the tidal field produced by its companion.
The tidal correction is proportional to the star tidal deformabilities, which are
the only parameter that encodes the dependence of the gravitational waveform
on the neutron star internal structure during the inspiral phase. Therefore, the
measurement of the tidal deformability from gravitational wave detections by
ground-based interferometers allows to discriminate among equations of state
proposed in the literature.

The first binary neutron star coalescence detected, GW170817, has already
allowed to constrain the neutron star equation of state (ruling out some of the
proposed models), by extracting the leading-order, quadrupolar tidal deformability
term from the gravitational waveform [8, 19, 20]. With other gravitational wave
signals from coalescing neutron star binaries expected in the next future [8], it
will be possible, through the measurement of tidal deformabilities, to put accurate
bounds on the equation of state [14].

To the present day, systematic studies to infer the features of the neutron
star internal composition from astrophysical observations have been possible only
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in the electromagnetic band, in the so-called relativistic inverse stellar structure
problem [70–73]: namely, reconstruct the microscopical properties of the equation
of state from the measurement of macroscopical neutron star observables. Various
groups exploited electromagnetic observations of neutron star masses and radii
to constrain the high-density region of the equation of state [26–28]. The same
approach is possible also in the gravitational band [15], where the radii, whose
measurements are in general affected by large uncertainties, are replaced by tidal
deformabilities, which can in principle provide tighter bounds as more events are
observed by the advance generation of detectors [14].

In this thesis, I study the tidal deformations of compact objects in binary
systems, and the corresponding gravitational radiation emitted, within two lines of
research. In the first one, I improve the post-Newtonian modeling of inspiralling
compact binary systems, by computing the leading-order tidal corrections to the
dynamics of spinning binaries, and to the corresponding waveform phase of the
gravitational radiation emitted, to linear order in the spin (see section 2.2). So far,
these corrections have been computed only for non-rotating objects.

The corrections arising from the spin-tidal couplings that affect the dynamics
of two orbiting bodies belong to two classes: i) terms coming from the interac-
tion between the ordinary tidal terms and the point-particle terms (namely, the
spins), which depend on the standard tidal Love numbers; ii) terms depending on
the rotational tidal Love numbers of spinning bodies recently introduced in the
literature.

The spin-tidal terms could be included in phenomenological/EOB models to
obtain more accurate gravitational waveform templates. Although neutron stars in
coalescing binaries are expected to rotate rather slowly [8,74,75], neglecting the
spin-tidal coupling might introduce systematic errors in the parameter estimation of
the gravitational sources [17,76]. This is specially important for the estimate of the
tidal deformability, which affects the gravitational signal at relative high frequencies,
where these spin-tidal higher-order corrections are larger. In this regard, I also
estimate the impact of the new spin-tidal terms by analizing the parameter bias
induced on GW170817-like events, assuming second and third-generation detectors
(see section 2.3.2).

Lastly, spin-tidal corrections might be important to improve current tests of the
real nature of black holes (against other models of exotic compact objects (ECO)
proposed in the literature [77,78]) using the tidal effects in the inspiral [79–82].

In the second line of research, I am instead interested in solving the inverse
stellar problem (i.e., constrain the neutron star equation of state) using detections
of gravitational wave signals emitted by coalescing binary neutron stars. I show
the feasibility of reconstructing the parameters of a phenomenological representa-
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tion of the equation of state from measurements of the stellar masses and tidal
deformabilities.

Phenomenological parametrizations [26,83,84] of the neutron star equation of
state provide an effective approach to solve the inverse stellar problem [15,29,71,72],
since they allow to describe a large class of equation of state models through a
relatively small set of coefficients, to be constrained by astrophysical data. These
representations can be used to combine measurements of different neutron star
observables, resulting specially suited to obtain multi-band constraints on the
equation of state. Furthermore, it might be possible that the true neutron star
equation of state differs from the models proposed in the literature so far. Then,
a phenomenological approach would be extremely useful to constrain the main
properties of the correct equation of state.

I perform a Bayesian analysis of simulated masses and tidal deformabilities, mod-
eling the neutron star equation of state through a piecewise polytropic parametriza-
tion [83]. I assume to detect gravitational wave signals emitted from coalescing
neutron star binaries by a network of advanced interferometers at design sensitivity.
My results suggest that a small number of gravitational wave detections would allow
to constrain the equation of state parameters, and to perform a model selection
among various equations of state proposed in the literature (see section 3.3).

The results obtained in this thesis on the spin-tidal interactions are published
in [85] and [86], whereas those on the inverse stellar problem in [87]. Furthermore,
though not explicitly discussed in this thesis, during my PhD I have contributed to
other two publications related to tidal effects, namely Refs. [80] and [88].

The structure of the thesis is the following. In Chapter 1 I review the main
features of neutron stars and their tidal deformations. In Chapter 2 I describe
the tidal deformations in compact binary systems within the post-Newtonian
formalism. I present my results on the spin-tidal interactions, and the following
parameter estimation analysis of spinning neutron star binaries. In Chapter 3 I
introduce the inverse stellar problem, and show the results on the inference of
the phenomenological parameters of the equation of state from gravitational wave
detections. Finally, in “Conclusions and outlook” I draw my conclusions and present
possible extensions of my work.

Furthermore, there are three appendices. In Appendix A I provide some useful
equations to computing numerically mass, radius and tidal deformability of a
neutron star. In Appendix B I summarize the main properties of the spherical
harmonics. Lastly, in Appendix C the reader can find some additional material on
the study carried on in Chapter 3.
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Notation
In this section we summarize the main conventions adopted in this thesis.

However, we explicitly describe any new symbol in the text, when it is introduced
for the first time, or some variation occurs. Also, reminders and links to this section
are often present in the text, when needed.

We use the spacetime metric with signature (-,+,+,+). Greek indices run
over all four-dimensional coordinates, whereas Latin indices run only over three-
dimensional spatial coordinates. We adopt the Einstein convention, i.e., repeated
indices are implicitly summed over. We denote ordinary derivatives by ∂µ ≡ ∂

∂xµ

and covariant derivatives by ∇µ. Derivatives with respect to radial coordinates
are also expressed by primes, and derivatives with respect to time coordinates by
overdots.

We denote the metric tensor by gµν ; the Riemann curvature tensor by Rµ
ναβ,

Rµ
ναβ = ∂αΓµνβ − ∂βΓµνα + ΓµαγΓ

γ
νβ − ΓµβγΓ

γ
να ,

where Γαβγ are the Christoffel symbols

Γαβγ =
1

2
gαδ (∂βgγδ + ∂γgβδ − ∂δgβγ) ;

the Ricci tensor by Rµν = Rα
µαν ; the scalar curvature by R = Rα

α; the Einstein
tensor by Gµν = Rµν − 1

2
gµνR.

The (three-dimensional) Kronecker delta is denoted by δij and the (three-
dimensional) complete antisymmetric Levi-Civita symbol by εijk. Following [89], we
adopt the multi-index notation: we use capital letters as shorthand for multi-indices,
TL ≡ T a1...al . Round ( ), square [ ], and angular 〈 〉 brackets in the indices indicate
symmetrization, antisymmetrization and trace-free symmetrization, respectively.
For instance,

T (ab) =
1

2

(
T ab + T ba

)
T [ab] =

1

2

(
T ab − T ba

)
T 〈ab〉 =T (ab) − 1

3
δabT cc .

We also define uij...k ≡ uiuj . . . uk, where ui is a generic vector.
We denote the speed of light in vacuum by c and the gravitational constant

by G. In Chapter 1 and 3, we mainly use geometric units c = G = 1 (any (rare)
exception is explicitly reported in the text), whereas in Chapter 2 (see below) we
set only G = 1. The reduced Planck constant is expressed by ~ and the solar mass
unit by M�. In this thesis we use “tidal Love number” and “tidal deformability” as
synonyms.
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Notation of Chapter 2

Since in Chapter 2 there are many computations, and the notation is slightly
different from that of the other parts of the thesis, for the sake of clarity we report
in this section a notation especially dedicated to it, and valid only there. The
reader can refer to this section while going through Chapter 2 (therefore, (s)he can
safely avoid reading the following before that time).

We denote the speed of light in vacuum by c and set the gravitational constant
G = 1. Latin indices i, j, k, etc. run over three-dimensional spatial coordinates and
are contracted with the Euclidean flat metric δij. Since there is not distinction
between upper and lower spatial indices, we use only the upper ones. The Levi-
Civita symbol is denoted by εijk. We use capital letters in the middle of the
alphabet L,K, etc. as shorthand for multi-indices a1 . . . al, b1 . . . bk, etc. Round
( ), square [ ], and angular 〈 〉 brackets in the indices indicate symmetrization,
antisymmetrization and trace-free symmetrization, respectively (see above). We
call symmetric trace-free (STF) those tensors T i1...il which are symmetric on all
indices and whose contraction of any pair of indices vanishes

T 〈i1...il〉 = T (i1...il) = T i1...il

T i1...ikik...il = 0 ∀k .

The contraction of a STF tensor TL with a generic tensor UL is TLUL = TLU 〈L〉.
For a generic vector ui we define uij...k ≡ uiuj . . . uk and u2 ≡ uii. Derivatives with
respect to the coordinate time t are expressed by overdots.

For a generic body A, the mass and current multipole moments are denoted by
ML

A and JLA , respectively. We indicate the electric and magnetic tidal moments,
which affect the body A, respectively by GL

A and HL
A. All of them are STF tensors

on all indices.
Restricted to a two-body system, A = 1, 2, we define the mass ratios ηA =

nMA/M , where M = nM1 + nM2 is the total mass and nMA is the mass monopole
MA in the Newtonian limit. The symmetric mass ratio is ν = η1η2 and the reduced
mass is µ = νM . We define the dimensionless spin parameters χA = cJA/(ηAM)2,
where JA =

√
J iAJ

i
A is the absolute value of the current dipole moment. The body

position, velocity and acceleration vectors are denoted by ziA, viA = żiA and aiA = z̈iA,
respectively. We define the two-body relative position, velocity and acceleration
vectors by zi = zi2 − zi1, vi = vi2 − vi1 and ai = ai2 − ai1, respectively. We also
define the relative unit radial vector ni = zi/r, where r =

√
zizi is the orbital

separation. We define the derivatives with respect to the spatial coordinates zi as
∂L = ∂i1 . . . ∂il . In particular, we denote the derivatives with respect to ziA by ∂(A)

L .
We shall denote λl (σl) the electric (magnetic) tidal Love numbers of multipolar

order l, whereas λll′ and σll′ are the rotational tidal Love numbers. For our
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computation, it is sufficient to consider that the multipole moments higher than
the dipole are induced only on the second body by the tidal field produced by
its companion. For this reason, to avoid burdening the notation, we define the
quadrupolar and octupolar moments as Qab ≡ Mab

2 , Qabc ≡ Mabc
2 , Sab ≡ Jab2 and

Sabc ≡ Jabc2 .
Finally, for a binary system in circular orbit we define the post-Newtonian (PN)

expansion parameter x = (ωM)2/3/c2, where ω is the orbital angular velocity.

Abbreviations

APR4 model of equation of state [90]

CGS Centimetre–Gram–Second

COM Center-Of-Mass

ECO Exotic Compact Object

EOS Equation Of State

FIM Fisher Information Matrix

H4 model of equation of state [91]

LHS Left-Hand-Side

MCMC Markov Chain Monte Carlo

NBMT Nonrelativistic Many-Body Theory

ODE Ordinary Differential Equation

PDF Probability Density Function

PM Post-Minkowskian

PN Post-Newtonian

QCD Quantum ChromoDynamics

RHS Right-Hand-Side

RMFT Relativistic Mean Field Theory

SNR Signal-to-Noise Ratio

STF Symmetric Trace-Free

TOV Tolman–Oppenheimer–Volkoff



Chapter 1

Neutron stars and their tidal
deformations

Neutron stars are one of the final products of the stellar evolution. At the end
of the thermonuclear evolution of a star, the matter pressure can not support any
longer the gravitational force, leading the star to collapse. If the progenitor mass
is in the range M ∼ (8 ÷ 30)M�, then the internal temperature is high enough
to ignite the burning of heavier and heavier elements through exothermic nuclear
reactions, up to the formation of 56Fe inside the star core. Together with the heavy
core formation, several mechanisms arise which contribute to destabilize the star
and produce a large number of neutrons.

Neutrinos are produced through the silicon burning

2 28Si→ 56Fe + 2e+ + 2νe + γ ,

and by electron capture in the inverse β-decay

p + e− → n + νe .

Since neutrinos interact weakly with matter, they leave the star undisturbed,
carrying away energy from the core. Furthermore, the replacement of relativistic
electrons by neutrons decreases the pressure of the star. Formation of neutron-rich
elements, heavier than iron, by neutron capture, subtracts more energy to the core.
Lastly, the iron photodisintegration

γ + 56Fe→ 13 4He + 4n ,

that is an endothermic nuclear reaction, removes further energy from the star.
All these processes damage the equilibrium of the star. When the mass of

the core exceeds the Chandrasekhar limit M ∼ 1.4M�, the electron degeneracy
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pressure can not balance the gravitational attraction anymore, and the core collapses,
reaching densities comparable to those of the atomic nuclei, ρ ∼ 1014 g/cm3. At this
point the core is composed mostly of neutrons, and reacts to further compressions
due to infalling matter with a strong shock wave that ejects the outer layers of the
star in the so-called supernova explosion. The remnant of the core is the newly
born neutron star.

Neutron stars are very hot at birth. However, they cool fastly via neutrino
emission, reaching temperatures T < 109 K after just few years. The most efficient
cooling mechanism is provided by direct Urca processes, i.e., direct and inverse
neutron β-decays

n→ p + l− + ν̄l p + l− → n + νl ,

where l represents either an electron or a muon. Direct Urca processes can occur
only in the inner regions of the core, where the densities of protons and leptons are
high enough to satisfy momentum conservation. Others cooling mechanisms are
the modified Urca process

n + N→ p + N + l− + ν̄l p + N + l− → n + N + νl ,

which differs from the direct Urca process due to the presence of an additional
nucleon-spectator N (either a proton or a neutron), and the neutrino bremsstrahlung
due to nucleon-nucleon collisions

N + N′ → N + N′ + ν + ν̄ ,

which can produce neutrinos of any flavour.
The fast cooling justifies the assumption that the matter inside an “old” neutron

star is cold, i.e., it behaves like matter at a temperature T = 0K. Indeed, the
Fermi temperature of neutrons at densities typical of a neutron star is of order
TF ∼ (1011 ÷ 1012)K, which is much larger than the temperature of a neutron star
after just one year from birth. Therefore, the matter is strongly degenerate, and
can be effectively considered as it were at the absolute zero.

In this chapter we review the structure and composition of cold, isolated neutron
stars. In section 1.1 we describe the equation of state of cold nuclear matter and
recall the equations of stellar structure of relativistic stars, taking into account also
the rotation of the compact objects. Then, in section 1.2 we review the theory of
tidally deformed compact objects in General Relativity. We define the tidal Love
numbers and describe the linear perturbations of a spherical background. Finally,
we introduce the tidal deformations of a spinning object and describe some of the
universal relations among the Love numbers.
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Figure 1.1: Schematic plot of the interior of a neutron star. Density range (left) and thickness
(right) of each layer are compared, see the text for details. We remark that the thickness of the
outer and inner core can differ sensibly from those shown here, depending on the neutron star
mass and on how matter is modeled (see section 1.1.2 and Chapter 3).

1.1 Structure and composition of neutron stars
In this section, we mainly use the books of Haensel et al. [92] and Glenden-

ning [93] as references for the description of the internal composition of a neutron
star and its the equation of state.

Neutron stars are astrophysical compact objects with a typical massM ∼ 1.4M�,
radius of order R ∼ 10 km and average density ρ ∼ 1014 g/cm3. The internal
structure of a neutron star is modeled as a sequence of spherical shells with different
density and composition. It can be divided in four main internal regions: outer
crust, inner crust, outer core and inner core.

Outer Crust is thick ∼ 0.5 km, from the surface of the star (where the density
is around ρ ∼ 107 g/cm3), up to a layer of density ρd ∼ 4× 1011 g/cm3, the
so-called neutron drip density. The matter in this region is mostly composed
of a heavy nuclei lattice immersed in a degenerate electron gas. The latter
provides the main contribution to the pressure in this region. Going towards
the center of the star, as density increases, more and more neutrons are
produced by inverse β-decay. At the neutron drip density ρd, all bound states
in the nuclei for neutrons are filled and neutrons start leaking out. The
properties of matter in this region are obtained directly by experimental data
coming from nuclear physics experiments made in laboratory on Earth (for
instance, heavy-ion collisions [94]).

Inner Crust is thick ∼ 1 km and the density ranges from ρd to ρ ∼ ρ0, where
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ρ0 ∼ 2.7 × 1014 g/cm3 is the equilibrium density of nuclear matter. The
matter of the inner crust is composed of a mixture of two phases: neutron-
rich nuclei and a degenerate neutron gas, besides the electron gas required to
ensure charge neutrality. As the density increases, these two phases combine
in different geometric structures, called pasta phases. At density ρ ∼ ρ0,
the two phases are not separated any longer and form a homogeneous fluid.
The properties of matter in the inner crust are based on extrapolations of
the available empirical information, since such extreme densities can not be
reproduced in a stable way on Earth.

Outer Core extends for several km and the density range is ρ0 . ρ . 2ρ0.
All hadronic nuclear physics models generally agree that the matter in this
region is composed of a homogeneous fluid of neutrons (for the most), protons,
electrons and possibly muons in β-equilibrium, the so-called npeµ composition.
Neutrons strongly interact with protons and can no longer be described as
a perfect gas. It is indeed this strong interaction among nucleons the main
source of pressure that prevents the star to collapse under gravitational
attraction.

Inner Core extends for several km in the very central region of neutron stars.
The density is larger than 2ρ0, up to ρ ∼ O (1015) g/cm3 in the center of
the heaviest stars. The inner core can be absent in the lightest neutron
stars, where instead the outer core extends up to the very center. The
composition of matter in this region is very uncertain, and depends strongly
on the underlying microscopic model assumed. Besides plain npeµ matter as
in the outer core, the other main hypotheses are:

• formation of hyperons. Strange particles like Λ0, Σ0 and Σ− baryons
can be produced through weak interactions like

p + e− → Λ0 + νe

p + e− → Σ0 + νe

n + e− → Σ− + νe .

• Bose-Einstein meson condensates, both without strangeness (π mesons)
or with it (K mesons).
• transition to deconfined quark matter, i.e., a new phase where u, d and

s quarks are not confined any longer into nucleons. This may occur only
if the matter density exceeds the nucleon density, ρ ∼ 1015 g/cm3. A
neutron star which is modeled with a phase transition to quark matter
in the very central region is also called hybrid star.

All these exotic models generally predict lower pressures than the plain npeµ
matter ones. It is also possible that different phases are mixed together.
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A schematic plot of the interior of a neutron star is shown in Fig. 1.1. The density
range and the thickness of each region described above are compared.

Finally, according to the Bodmer-Witten hypothesis [95,96], there is the possibil-
ity that strange stars, i.e., compact stars composed (almost) entirely of deconfined
quarks, do exist. This can happen only if free quarks are the absolute ground state
of hadronic matter. Some topics introduced here are discussed in more detail in
section 1.1.2.

1.1.1 The equation of state

The equation of state is a relation among the thermodynamical variables of a
system, for instance density and pressure. It plays a fundamental role in determining
the configuration of the hydrostatic equilibrium of a neutron star (cf. section 1.1.3),
encoding the information on the underlying microscopic nuclear interactions.

In General Relativity, the matter inside a neutron star is modeled as a fluid.
We consider a system composed of different species. In a locally inertial frame
comoving with the fluid element, the first law of thermodynamics states that the
energy dE contained in a fluid element of volume dV 1, evolves according to

dE = −pdV + TdS +
∑
i

µidNi , (1.1)

where p is the pressure, T the temperature, S the entropy and µi and Ni are,
respectively, the chemical potential and the number of particles of each specie i.

Assuming that the total number of particles N is conserved,

N =
∑
i

Ni = const , (1.2)

Eq. (1.1) can be recasted in the form

dε =
ε+ p

n
dn+ nTds+ n

∑
i

µidYi , (1.3)

where ε = E/V is the energy density, n = N/V the total particle number density,
s = S/N the entropy per particle and Yi = Ni/N the particle abundance of the
specie i. This is a reasonable assumption if the star contains a negligible fraction of
mesons and antimatter. Indeed, in this case, since also the contribution to the total
energy coming from the leptons can be neglected, the total number of particles is
the baryon number NB, which is conserved by all physical interactions. In this

1We assume that the fluid element is small with respect to the stellar length scale, but contains
an amount of particles large enough to allow a statistical description of the system.
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way one can express the energy density as a function of the total particle number
density, the entropy per particle and the particle abundances, ε = ε(n, s, {Yi}) 2, the
so-called equation of state. Once the latter is specified, all other thermodynamical
quantities can be derived from this relation through Eq. (1.3).

Furthermore, we assume that the fluid is in chemical equilibrium with respect
to some microscopic reactions which involve all the species of the system. Over
the reaction timescales, the others thermodynamic variables are constant, which
implies ∑

i

µidYi = 0 , (1.4)

and then Eq. (1.3) reduces to

dε =
ε+ p

n
dn+ nTds . (1.5)

This assumption holds for cold neutron stars, where diffusive processes due to
the neutrino flux can be neglected, and the very high pressure speeds up all the
reactions (indeed, for instance, the neutron star matter is in β-equilibrium). This
means that the energy density depends only on the particle number density and
the entropy per baryon, ε = ε(n, s), and the fluid composition is uniquely fixed by
them [97].

As we have said before, the matter inside a cold neutron star can be considered
at T = 0 K. In the latter case, the second term in the right-hand-side of Eq. (1.5)
vanishes. Then Eq. (1.5) further reduces to

dε =
ε+ p

n
dn . (1.6)

In the end, the energy density can be expressed as a function of a single variable
only, ε = ε(n). The latter is called a barotropic equation of state. The pressure is
determined from Eq. (1.6) by

p = n
dε

dn
− ε . (1.7)

Replacing the particle number density in Eq. (1.7), we can directly relate pressure
and energy density, p = p(ε).

Finding the equation of state of cold, ultra-dense matter, i.e., determining the
relation p = p(ε) or ε = ε(n), is an open problem in nuclear physics. In the next
section we discuss some of the models proposed in the literature.

2We note that the particle abundances are not all independent, since
∑
i Yi = 1 by definition.



Neutron stars and their tidal deformations 17

1.1.2 Models of equation of state

The equation of state in the outer crust of a neutron star is based on the theory
of strongly coupled Coulomb systems and it is constrained by data from atomic
nuclei and nucleon scattering experiments. As the density increases, neutronization
sets in, i.e., the nuclei become more and more massive and rich of neutrons through
electron capture. At densities above the neutron drip density ∼ 4× 1011 g/cm3, the
experimental data are not available anymore, since a system with such densities
cannot exist (stable) on Earth. The models used to describe the inner crust are
based on extrapolations of the empirical information obtained in laboratory. The
two matter phases in this regime, neutron-rich nuclei (phase I) and the neutron
and electron gas (phase II) arrange themselves in different geometric structures as
density increases, which are called pasta phases due to a resemblance to different
types of pasta (gnocchi, spaghetti, lasagna, etc.). From lower to higher densities,
recent models suggest that the configurations which minimize the energy are,
respectively:

1) spherical droplets of neutron-rich nuclei surrounded by the electron and
neutron gas,

2) rods of matter in phase I immersed in matter in phase II,

3) alternating layers of matter in phase I and phase II.

At densities above the nuclear saturation density ∼ 2.7×1014 g/cm3, all hadronic
models predict that in the outer core the main composition of matter is the npeµ
composition, a homogeneous fluid of neutrons, protons, electrons and muons in
β-equilibrium. In this phase the nucleons strongly interacts between each other
and can not be modeled like a perfect gas 3. As the density increases, the validity
of these models is more and more uncertain. When the density is larger than 2ρ0

the composition and the interactions are very model dependent, thus the structure
of the inner core is essentially unknown.

In the following we summarize briefly the main theoretical models and ap-
proaches to determine the equation of state of the core of a neutron star (ρ & ρ0),
assuming that the equation of state of the crust is well-known. Describing the
properties of matter in this regime is a difficult problem, involving the complexity of
both the strong interaction and a many-body system, whereas instead the Coulomb
repulsion between protons can be neglected as a first approximation. In principle,
one should start from quantum chromodynamics (QCD). However, even at the
densities reached inside a neutron star core, the energies involved are not high

3Treating protons and neutrons as a perfect gas we would find a maximum mass of about
0.7M�, smaller than the Chandrasekahr limit, and incompatible with all astrophysical observations
of neutron stars (see Chapter 3).
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Figure 1.2: Feynman diagram representing the Yukawa one-pion-exchange process between two
nucleons.

enough to make a perturbative expansion in the strong coupling constant feasible
(cf. section 1.1.2). Thus, it is necessary to use an effective theory, where quark
degrees of freedom are not treated explicitly but are replaced by hadrons. Each
model provides the energy density and the pressure of nuclear matter as a function
of the baryon number density nB only (we recall that the total baryon number
NB is conserved). For a given nB, the particle fraction of each specie is uniquely
fixed by the requirements of chemical (beta) equilibrium and charge neutrality. In
neutron star cores, the neutron fraction is above the 90%.

These models are mainly divided in two groups: nonrelativistic many-body
theory (NMBT) and relativistic mean field theory (RMFT). For the sake of sim-
plicity we start from nuclear matter composed of nucleons only. The interactions
among nucleons are described through phenomenological effective nucleon-nucleon
interactions. After that we briefly discuss the inclusion of hyperons and other
exotic models.

Nonrelativistic many-body theory
In NMBT nucleons are treated like an ensemble of pointlike particles. The

dynamics is described by the non-relativistic Hamiltonian

H =
A∑
i

p2
i

2mN

+
A∑
i>j

vij +
A∑

i>j>k

Vijk , (1.8)

where A is the number of nucleons of the system, pi the three-momentum of
the i-th nucleon and mN the nucleon mass (neglecting the difference of mass
between neutrons and protons due mostly to electromagnetic interactions).
vij and Vijk are two-body (NN) and three-body (NNN) potentials, respectively,
describing the interaction among nucleons.
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Figure 1.3: Schematic plot of the NN potential as a function of the radial distance between
nucleons. At very short distance the nuclear force is characterized by an intense repulsive barrier.
In the intermediate region, where the bottom of the well is around 0.8 fm, bound states can form.
Lastly, at large distance the nuclear force is attractive, but it decays exponentially fast becoming
insignificant beyond 2 fm.

The Argonne v18 potential [98]

vijA18 =
18∑
n=1

vn(rij)Oij
n , (1.9)

is the form of the vij NN potential general enough to reproduce, by constrain-
ing its phenomenological parameters, the experimental data from nucleon-
nucleon scattering and the properties of 2H. It depends on the angular
momentum, on the spin and (weakly) on the isospin of the nucleons through
a set of eighteen operators Oij

n , and it is local in coordinate space (i.e., it
depends only on the relative distance between two nucleons rij).

The NN potential vij can be separated in

vij = vijπ + vijIS . (1.10)

The vijπ term represents the Yukawa potential which describes the long range
part of the NN interaction due to one-pion-exchange processes (see Fig. 1.2)

vijπ ∼ −g2 e−mπrij

rij
, (1.11)

where g is the coupling constant of the strong interaction and mπ the mass
of the π meson. The functional form of the Yukawa potential in Eq. (1.11)
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Figure 1.4: Feynman diagram of the two-pion-exchange process in three-body nuclear interac-
tions. The intermediate double line represents an excited state of the nucleon, the ∆ resonance.

encodes the short-range nature (∼ 1.4 fm) of the NN interaction. The phe-
nomenological potential vijIS in Eq. (1.10) describes instead the intermediate
and short range components of the nuclear force. A schematic plot of the NN
potential is shown in Fig. 1.3.

The three-body potential Vijk has to be introduced to reproduce the
binding energies of 3H and 4He. By analogy with the decomposition of the
two-body potential in Eq. (1.10), also NNN potentials, such as the Urbana
IX model [99], can be written as

V ijk = V ijk
2π + V ijk

IS . (1.12)

The first term describes two-pion-exchange processes at large internucleon
distance (see Fig. 1.4), while the latter one is purely phenomenological and
accounts for intermediate and short range interactions.

Since inside a neutron star the number of nucleons is A ∼ 1057, finding
the ground state of the Hamiltonian (1.8) for nuclear matter is a many-body
problem which requires some approximations. Furthermore, many-body
perturbation theory can not be directly applied, because the repulsive part
of the potential at short internucleon distance is very strong. The solution
is redefining either the interaction potential (Brueckner-Bethe-Goldstone
G-matrix perturbation theory) or the basis states of the system (correlated
basis function perturbation theory) in such a way that the resulting matrix
elements are small. By applying these methods one can calculate the energy
per baryon of the ground state as a function of the baryon number density,
and then find the equation of state of nuclear matter. Non-relativistic many-
body models perform fairy well around the equilibrium density, but, because
of their non-relativistic nature, their validity starts to break down at higher
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densities, where relativistic effects are not negligible.
Relativistic mean field theory

RMFT makes use of the Lagrangian formulation of quantum field theory.
Nucleons are described as Dirac particles, which interact through meson
exchange. These mesons do not need to be real existing particles as the
Yukawa pion, but may be virtual states formed by other mesons. A modern
version of the Lagrangian employed in RMFT calculations is the σ-ω-ρ
model [100, 101], where the dynamics is described using a scalar field σ, a
vector field ωµ and a isospin-triplet vector field ρaµ, with a = {−1, 0, 1}. In
c = ~ = 1 units, the Lagrangian is written as

L = LΨ + Lσ + Lω + Lρ + Lint

LΨ = Ψ̄(i/∂ −mN)Ψ Ψ =

(
ψp
ψn

)
/∂ = ∂µγ

µ

Lσ =
1

2
∂µσ∂

µσ − 1

2
m2
σσ

2 − U(σ) U(σ) =
1

3
bmN (gσσ)3 +

1

4
c (gσσ)4

Lω = − 1

4
ωµνω

µν +
1

2
m2
ωωµω

µ ωµν = ∂νωµ − ∂µων

Lρ = − 1

4
ρaµνρ

µν
a +

1

2
m2
ρρ
a
µρ

µ
a ρaµν = ∂νρ

a
µ − ∂µρaν

Lint = gσΨ̄Ψσ − gωΨ̄γµΨωµ − gρΨ̄γµτaΨρµa ,
(1.13)

where Ψ̄ = Ψ†γ0, with Ψ† denoting the conjugate transpose of Ψ, ψp (ψn) is
the spinor field of the proton (neutron), mσ, mω and mρ the masses of the
meson fields and gσ, gω and gρ their coupling constants with the nucleon field.
b and c are the coupling constants of cubic and quartic self-interactions of the
σ field, respectively. Also, ∂µ ≡ ∂/∂xµ, γµ are the Dirac Gamma matrices
and τa the Pauli matrices.

Unfortunately, the equations of motion derived from the Lagrangian (1.13)
can be solved only within the mean-field approximation, that consists in
replacing the microscopical nucleon density distribution, within a volume
element, by a mean, constant density (for instance, the ground state ex-
pectation value 〈Ψ̄Ψ〉 = const, independent of the coordinates xµ). As a
consequence, the meson fields are replaced by their expectation values in
the ground state of nuclear matter, i.e., they are treated as classical fields
(σ → 〈σ〉, etc.). The equation of state is then derived from the expectation
value of the stress-energy tensor (cf. section 1.1.3)

T µν =
∂L

∂ (∂µΨ)
∂νΨ− L . (1.14)

The free parameters of the model can be estimated fitting the experimental
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properties of nuclear matter such as saturation density, symmetry energy, etc.
The physical meaning of the mean-field approximation is that the dynamics

develops in a dense baryon medium and not in vacuum as in the NMBT.
This approximation holds only in the limit of the baryon number density
nB →∞, which means that the average distance between nucleons has to be
much smaller than the spatial range of mesons. This condition would require
nB � 100n0, where n0 ∼ 0.16 fm−3 is the equilibrium density of nuclear
matter. Clearly, this is not satisfied inside a neutron star. Furthermore, the
quark degrees of freedom would appear anyway at much lower densities. In
this sense, the RMFT approach has to be regarded as an effective way to
parametrize the equation of state.

Hyperons, Bose-Einstein meson condensates and quark matter

The process that may lead to the appearance of hyperons in neutron star matter
is analogous to neutronization. As density increases, the production of heavy
baryons through reactions like those in section 1.1 can become energetically favored.
Since hyperons have larger masses and then are produced with lower kinetic energies
than nucleons, their effect is to lower the pressure of the equation of state (with
respect to models where matter is made of nucleons only). Both NMBT and RMFT
can be extended to include the appearance of hyperons, even the full baryon octet,
in neutron star cores. This is particularly straightforward within the RMFT. On
the other hand, nucleon-hyperon and hyperon-hyperon interactions are poorly
constrained by experimental data, making difficult to estimate their respective
two-body potentials. Recent results suggest that also three-body interactions should
be taken into account.

The hypothesis of the formation of a Bose-Einstein meson condensate is treated
within the relativistic formulation of quantum field theory. In standard conditions
the expectation value of (for example) π or K mesons in the ground state of nuclear
matter vanishes, since the fermionic currents that source them vanish as well. In
the first case this occurs because the pion has negative parity, while in the latter
one because the kaon carries strangeness. However, at higher densities, it may be
possible that different conditions do exist, changing the structure of the ground
state in such a way that the expectation value of the current is finite, yielding as a
consequence a non-vanishing expectation value for the mesons too. Negative π or K
mesons may be energetically favored to ensure charge neutrality in nuclear matter,
replacing the electrons, since the latter are fermions and their Fermi energetic level
increases as density increases, whereas the former are bosons and can condensate
in the lowest energetic level.

Free quarks in deconfined quark matter can not be described within perturbative
QCD, because even the very large densities reached inside a neutron star are
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still too low to apply the QCD in the weak-coupling regime. The first models
consisted in perturbative calculations at very high energy (� 1GeV) 4, followed
by an extrapolation at neutron star densities [102]. A popular phenomenological
approach is instead the MIT bag model [103]. In this model, quarks are assumed
to be confined into a region of space, the bag, from where they can not escape.
Inside the bag the interactions among quarks are weak and can be treated using
perturbative techniques (common values of the strong coupling constant used are
αS ∼ 0.2÷0.5). The volume of the bag is determined by the bag constant B, which
represents the inward pressure of the QCD vacuum that balances the outward
pressure generated by the quarks. Neutron stars composed entirely by deconfined
quarks, i.e., strange stars, are self-bound, which means that they can exist also in
absence of gravity. On the other hand, a star composed only by neutrons can not
survive without gravity, since two neutrons do not form a bound system.

All models of equation of state of neutron stars do no take into account the
gravitational interaction, i.e., flat space is assumed, though neutron stars are
relativistic objects. This is actually reasonable, since the radius of curvature of
spacetime, even around and inside strong gravitating sources, is infinitely larger
than both the size of hadrons and the spatial scale of strong interactions.

Some of the microscopic models of equation of state proposed in the literature
are presented in Chapter 3, where we also discuss their impact on the macroscopic
properties of neutron stars.

1.1.3 The Tolman-Oppenheimer-Volkoff equations

In this section we describe the relativistic equations of the hydrostatic equilib-
rium of a spherical star. We consider a static and spherically symmetric spacetime.
In geometric units G = c = 1, the spacetime metric is given in spherical coordinates
{t, r, θ, ϕ} by the line element

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdϕ2) , (1.15)

with metric tensor

gµν =


−eν(r) 0 0 0

0 eλ(r) 0 0
0 0 r2 0
0 0 0 r2 sin2 θ

 , (1.16)

where ν(r) and λ(r) are unknown functions of the radial coordinate only. According
to the Birkhoff uniqueness theorem, in vacuum the solution must reduce to the

4For comparison, the Fermi energy of neutrons at densities typical of a neutron star is
EF ∼ 30 MeV.
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Schwarzschild metric
eν(r) = e−λ(r) = 1− 2M

r
, (1.17)

where M is the total gravitational mass of the star. Inside the source, the functions
ν(r) and λ(r) are determined solving the Einstein equations (which imply the
conservation law for the stress-energy tensor Tµν) together with the equation of
state of matter (see below), {

Gµν = 8πTµν

∇νT
µν = 0

, 5 (1.18)

where Gµν = Rµν − 1
2
gµνR is the Einstein tensor, whereas Rµν and R are the Ricci

tensor and the scalar curvature, respectively.
To go on with the computation, we need to specify how the matter of the

star is modeled, which means that we have to provide explicitly the expression
for the stress-energy tensor. In the neutron star case, the matter is modeled as
a perfect fluid, i.e. a fluid with zero viscosity and heat flow. Furthermore, the
fluid is isotropic, which means that the strength of the pressure is the same in
every direction. The expression of the stress-energy tensor compatible with these
assumptions is

T µν = (ε+ p)uµuν + pgµν , (1.19)
where uµ = (e−ν(r)/2, 0, 0, 0), ε and p are the four-velocity, the energy density and
the pressure of the fluid, respectively. Indeed, in a locally inertial frame comoving
with the fluid element, the stress-energy tensor in Eq. (1.19) reduces to

T µν =


ε 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 . (1.20)

For comparison, the full structure of T µν in the case of a non-perfect fluid is shown
in Fig. 1.5 [104]. We note that the perfect-fluid approximation is consistent with
the assumption that the matter of cold neutron star is described by a barotropic
equation of state p = p(ε) (cf. section 1.1.1), in which, indeed, there is no heat
exchange 6.

5We stress that the two equations in (1.18) are not independent. The conservation law for the
stress-energy tensor follows from the Einstein field equations and it is considered only to simplify
the calculations.

6In many cases the perfect-fluid approximation holds even if the equation of state is non-
barotropic, i.e., it depends also on the entropy or temperature, like for hot neutron stars. This
occurs when the heat flows through the star on a timescale much larger than the hydrodynamical
scale, i.e., the timescale in which the stars rearranges its own structure reaching the equilibrium.
In these situations the flux of heat is negligible and the evolution of the star is a sequence of
states in thermodynamic equilibrium.
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T µν =


T 00 T 01 T 02 T 03

∗ T 11 T 12 T 13

∗ ∗ T 22 T 23

∗ ∗ ∗ T 33


Figure 1.5: Physical meaning of each component of the stress-energy tensor describing a generic
(non-perfect) fluid. The 00-component (green) is the energy density. The 0i-components (red)
represent the energy (for instance, heat) flow in the i-th direction. The off-diagonal ij-elements
(yellow) are the shear stresses (flux of i-th component of the momentum in the j-th direction),
which vanish for non-viscous fluids. Finally, the diagonal ii-elements (blue) represent the pressures
in each direction. In anisotropic fluids at least one component of the pressure differs from the
others. In perfect fluids all the off-diagonal terms vanishes. If the fluid is also isotropic the blue
terms are all equal. The star denotes the elements obtained by symmetry.

Using the expression of the stress-energy tensor in Eq. (1.19) and defining the
enclosed mass function

m(r) =
r

2

(
1− e−λ(r)

)
, (1.21)

it can be shown that the system in Eq. (1.18) reduces to the Tolman-Oppenheimer-
Volkoff (TOV) equations [105,106]

dm

dr
= 4πr2ε

dp

dr
= −(ε+ p)(m+ 4πr3p)

r(r − 2m)

dν

dr
=

2(m+ 4πr3p)

r(r − 2m)

. (1.22)

The first two of the Eqs. (1.22) are the relativistic generalization of the Newtonian
equations of stellar hydrostatic equilibrium, while the third one refers to the
gravitational potential. The system (1.22) is not closed. We need to specify a
supplementary condition to integrate it, that is the relation between pressure and
energy density, i.e., the so-called equation of state

p = p(ε) . (1.23)
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Once the latter is specified, we can integrate numerically the TOV equations (1.22)
along with the equation of state (1.23), from the center of the star r = 0 to its
surface r = R, with R the radius of the star, where we match the internal solution
to the external Schwarzschild metric. The boundary conditions to impose are:

At the center of the star r = 0

• the enclosed mass must vanish, m(0) = 0

• the central pressure (or equivalently the central energy density) can be freely
specified, p(0) = p0

At the surface of the star r = R

• the pressure (and the energy density) must vanish, p(R) = 0

• the ν(r) function must reduce to eν(r) = 1− 2M/r, with M the gravitational
mass of the star given by

M = m(R) = 4π

∫ R

0

r2ε dr . (1.24)

Additional details on the numerical integration of the TOV equations are given in
the Appendix A.

Since the initial condition on the central pressure, i.e., the value of p0, can be
chosen arbitrarily, the TOV equations admit a one-parameter family of solutions
that depends on the equation of state used to close the system 7. For a given
equation of state, varying the value of the central pressure gives rise to different
equilibrium configurations for the star, which means different values of mass and
radius as a function of p0, {M(p0), R(p0)}. We show this in Fig. 1.6, where we
plot a typical example of different configurations of stellar equilibrium, specified by
the values of mass and radius of the neutron star and parametrized by its central
pressure. The result is a curve M = M(R), the so-called mass-radius diagram of
neutron stars. The main features of the neutron star mass-radius diagram explained
in the following are common to all models of equation of state (cf. Chapter 3).
Larger values of p0 correspond to smaller radii in the plot. We note that, like white
dwarfs, neutron stars admit a maximum mass. Furthermore, we stress that not all
the equilibrium configurations are stable. Roughly speaking, all the configurations
lying on the branch at the left of the maximum mass (dashed line) are unstable,
which means that small density perturbations will grow exponentially in time,
leading the star to collapse or expand. On the other hand, the configurations to
the right of the maximum mass (solid line) are stable, i.e., small deviations from

7We deeply discuss the macroscopic effects of different models of equation of state in Chapter 3.
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Figure 1.6: An example of a neutron star mass-radius diagram. The M = M(R) curve is
obtained integrating the TOV equations for different values p0 of the central pressure with a
given equation of state. The profile of the curve depends in general on the underlying equation of
state, but its main features and the order of magnitude of masses and radii are the same. The
solid line denotes the stable configurations, while the dashed line the unstable ones. The typical
range of values of the central pressure is p0 ∼ (1034 ÷ 1036) dyn/cm

2, or equivalently in geometric
units, p0 ∼ (10−5 ÷ 10−3) km−2.

the state of equilibrium are restored by pressure or gravity 8. We discuss in more
detail the mass-radius diagram of neutron stars in Chapter 3.

1.1.4 Rotation

In this section we extend the previous discussion to rotating neutron stars,
describing the equations governing the structure of a slowly-rotating relativistic
star. We consider an object rotating with uniform angular velocity Ω, as seen by
an observer at rest at some fixed point in the spacetime located by the coordinates
(t, r, θ, ϕ), and solve the resulting Einstein equations perturbatively. For our
purposes (see section 1.2.3 and Chapter 2), it is sufficient to consider only effects
linear in the angular velocity Ω. The spacetime metric is given by [107–110]

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdϕ2)− 2ω(r)r2 sin2 θdtdϕ , (1.25)
8A rigorous study of the stellar stability is more complicated. The criterion explained in the

main text involves only the static equilibrium configurations of a star, and thus it is a necessary
but not sufficient condition. The analysis of the modes of dynamical oscillations of a star is
required to establish its stability.
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with

gµν =


−eν(r) 0 0 −ω(r)r2 sin2 θ

0 eλ(r) 0 0
0 0 r2 0

−ω(r)r2 sin2 θ 0 0 r2 sin2 θ

 , (1.26)

where the function ω(r) is of order O(Ω) and the other terms are those of the
non-rotating configuration in Eq. (1.15). Outside the star, in vacuum, the exterior
solution is given by

eν(r) = e−λ(r) = 1− 2M

r
ω(r) =

2J

r3
, (1.27)

where M and J are the mass and the total angular momentum of the source,
respectively. The stress-energy tensor of the fluid is still given by Eq. (1.19),
but now the four-velocity is uµ = (e−ν(r)/2, 0, 0,Ωe−ν(r)/2). Note that there is no
variation in the pressure or the energy density of the fluid with respect to the
non-rotating case, since we are neglecting terms of order O(Ω2) and higher. As a
consequence, to linear order in the angular velocity the shape of the star remains
spherical and its mass and radius are the same of the unperturbed configuration.
In particular, we stress that there is no spin-induced quadrupole moment (not to
be confused with the tidally induced quadrupole moment, cf. section 1.2).

To first order in perturbation theory the system of equations (1.18) reduces
to the TOV equations (1.22) plus the equation for the perturbative function
ω̄(r) = Ω− ω(r),

d2ω̄

dr2
−
[

4πr2 (ε+ p)

r − 2m
− 4

r

]
dω̄

dr
−
[

16πr (ε+ p)

r − 2m

]
ω̄ = 0 . (1.28)

Here, the quantity ω identifies the angular velocity acquired by an observer freely
falling from infinity towards the star (the angular velocity of the locally inertial
frames), and then ω̄ denotes the angular velocity of the fluid as seen by a freely
falling observer. Thus, Eq. (1.28) describes the dragging of the locally inertial
frames. The boundary conditions to impose are

1) the solution must be regular at the center of the star r = 0. This is always
true in general: a star does not have any singularity, therefore the physical
quantities can not diverge anywhere (cf. section 1.2.2). This request gives

ω̄(0) = ω̄0
dω̄

dr

∣∣∣∣
r=0

= 0 , (1.29)

where ω̄0 can be arbitrarily chosen and its value determines the angular
velocity of the star Ω and its total angular momentum J .
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2) at the surface of the star r = R, the interior solution must be matched to the
exterior one

ω̄(r) = Ω− 2J

r3
r ≥ R . (1.30)

The angular velocity and momentum of the star are then determined by integrating
the TOV equations (1.22) together with Eq. (1.28) and evaluating ω̄ and its first
derivative at the star surface,

J =
R4

6

dω̄

dr

∣∣∣∣
r=R

Ω = ω̄(R) +
2J

R3
. (1.31)

Finally, the moment of inertia of the object is given to first order in Ω by

I =
J

Ω
. (1.32)

1.2 Tidal deformations of neutron stars
The relativistic theory of tidal Love numbers has been developed by Hinderer [53],

Damour and Nagar [55], Binnington and Poisson [56], and Landry and Poisson [57],
and extended to slowly spinning compact objects by Pani, Gualtieri, Maselli and
Ferrari [58, 59] and Landry and Poisson [60, 61, 111]. In this section, and in the
next one, we refer to their works.

Tidal effects are finite-size effects arising on extended bodies when they are
immersed in an external gravitational field. To fix the ideas let us consider a
spherical body exposed to the gravitational field generated by a pointlike source in
Newtonian gravity, as shown in Fig. 1.7. The rigid translational motion of the body
is completely determined by the acceleration of its center of mass. However, the
side of the object which is closer to (respectively, farthest from) the external source
experiences a gravitational attraction larger (respectively, smaller) than that felt by
the center of mass. The overall result is that the structure of the body is deformed
from the spherical shape and stretched in the direction of the gravitational source.
Tidal forces are then due to the gradient of the gravitational acceleration on the
volume of the body, and therefore they vanish for pointlike objects.

We can formally describe the picture depicted above within Newtonian gravity,
explaining the pattern of the field lines plotted in Fig. 1.7. We define the tidal field
acting on a extended body as follows

Ti(x) = gi(x)− gi(0) , (1.33)

where gi(x) = −∂iφ(x) is the gravitational field, φ(x) the gravitational potential
generated by the external source and x the position vector denoting a generic point
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r


Figure 1.7: Schematic representation of the quadrupolar tidal deformation of an extended-body
induced by a pointlike gravitational source at distance r. The original spherical body is stretched
in the source direction, assuming the shape of a prolate ellipsoid. The vector field lines represent
the tidal field in Eq. (1.38).

inside the volume of the body, in a coordinate system with origin in the center of
mass of the object x = 0. The tidal field is then defined as the difference of the
gravitational field in a given point and in the body center of mass. Series expanding
Eq. (1.33) around the center of mass x = 0 we get

Ti(x) = −xj [∂j∂iφ(x)] |x=0 +O(x2) . (1.34)

The potential associated to the vector tidal field is given by

W (x) =
1

2
xixj [∂i∂jφ(x)] |x=0 +O(|x|3) . (1.35)

In the case of a pointlike external source, the gravitational potential is given by

φ(x) = − GM

|x− r|
, (1.36)

where M and r are the mass and the position of the source, respectively, and G is
the gravitational constant. The equations (1.34)-(1.35) read

T(x) = −GM
|r|3

(
x− 3(x · r)r

r2

)
W (x) = −GM

2|r|3

(
3(x · r)2

r2
− x2

)
.

(1.37)
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Without loss of generality we can assume that the external source lies on the z-axis,
r = {0, 0, r}. Thus the above equations further reduces to

T(x) = −GM
r3
{x, y,−2z}

W (x) = −GM
2r3

(
2z2 − x2 − y2

)
,

(1.38)

which correspond to the vector field lines in Fig. 1.7.
The naive description just presented has been deeply extended and studied in

the literature within the theory of the gravitational tidal Love numbers [112]. The
latter are introduced to describe in a rigorous way how the multipolar structure
of an extended body is modified by the presence of an external tidal field. In the
following sections we discuss the full relativistic formulation of the theory.

1.2.1 Tidal Love numbers in General Relativity

Let us consider a static (i.e., non-spinning), spherically symmetric star immersed
in an external stationary tidal field. The object will be deformed by the tidal
forces, developing a multipolar structure in response to the tidal field. As we
largely discuss in Chapter 2, this kind of situation occurs in coalescing binary
systems, where each component is tidally deformed by the gravitational field of
its companion. In this case the tidal field is not stationary. However, if the two
objects are well separated, as it is in the inspiral phase, then the source of the tidal
field affecting each of the bodies is very far away and it is slowly varying in time.
This means that the timescale of the variation of the external tidal field Text, which
in this case is associated to the orbital dynamics, is much larger than the timescale
on which the deformed object rearranges its own structure Tint, that is related to
the internal fluid dynamics of the body [54]. Under the assumption Tint � Text,
the evolution of the tidal field along the orbital motion is adiabatically slow and
we can effectively consider it as stationary. This approximation breaks down close
to the merger of the binary system, when the orbital dynamics is much faster, and
dynamical tides must be taken into account [65,113,114].

Furthermore, consistently with the assumption that the tidal source is far away
from the object, as we said it is in inspiralling binary systems, we make use of the
approximation that the induced multipolar deformation of the star is linear in the
strength of the external tidal field 9. Thus, the tidal Love numbers are defined in

9This statement can be derived (and not assumed a priori) in Newtonian gravity. Applying
first-order perturbation theory to the fluid of a self-gravitating body affected by an external
gravitational field, one finds that the multipole moments developed by the object are linearly
proportional to the spatial derivatives of the external gravitational potential. A derivation,
under appropriate assumptions, is possible also in General Relativity within a Post-Newtonian
framework, through a Lagrangian approach. We show this in Chapter 2.
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General Relativity as the constants of proportionality between the tidally induced
multipole moments of the object and the tidal moments of external gravitational
field (henceforth we use geometric units G = c = 1):

QL = λlGL

SL = σlHL

l ≥ 2 , (1.39)

where QL (SL) are the mass (current) multipole moments of order l of the object,
GL (HL) the electric (magnetic) tidal multipole moments of order l, and we use the
Latin capital letters as shorthand for multi-indices, L ≡ a1 . . . al, see the Notation.
λl (σl) are the electric (magnetic) tidal deformabilities related to the dimensionless
tidal Love numbers kEl (kMl ) through the relations

λl =
2

(2l − 1)!!
R2l+1kEl

σl =
l − 1

4(l + 2)(2l − 1)!!
R2l+1kMl

l ≥ 2 , (1.40)

where R is the radius of the star. The electric and magnetic tidal deformabilities are
the gravitational analog of the electric polarizability and the magnetic susceptibility,
respectively. The quadrupolar ones (l = 2) are the leading-order terms, and give
the main contribution to the stellar deformations (cf. Chapter 2).

The Eqs. (1.39) are called adiabatic relations for the reasons explained above.
The above multipole moments are symmetric and trace-free and are discussed in
more detail in Chapter 2. They can be extracted through an asymptotic expansion
at spatial infinity of the spacetime metric of the stationary object perturbed by
the external tidal source. We use the definition of multipole moments given by
Thorne [89], which has been shown to be equivalent [115] to the definition given by
Geroch and Hansen [116–118]. In asymptotically Cartesian mass centered (ACMC)
coordinates and using geometric units, the time-time and time-space components
of the metric read [119]

g00 =− 1 +
2M

r
+
∑
l≥2

[
1

rl+1

(
2(2l − 1)!!

l!
QLnL + Al′<l

)
+rl

(
2

l!
GLnL + Al′<l

)]
g0i =− 2εijkJjnk

r2
+
∑
l≥2

[
1

rl+1

(
−4l(2l − 1)!!

(l + 1)!
εijalSjL−1nL + Al′<l

)
+ rl+1

(
l

(l + 1)!
εijalHjL−1nL + Al′<l

)]
,

(1.41)
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where repeated spatial indices are summed using the flat Euclidean metric, r =
δijxixj is the radial coordinate, ni = xi/r is the unit radial vector and we have
defined nL = na1 . . . nal , see the Notation. M and Ji are, respectively, the mass
and angular momentum of the central object. The symbol Al′<l denotes terms
independent of r, with angular dependence proportional to spherical harmonics
of order l′ < l. We note that the mass dipole of the object identically vanishes,
being the coordinates mass centered. Also, in our particular case of interest there
is no angular momentum, Ji = 0, since we are working with a non-spinning star (cf.
section 1.2.3). Removing the central object from the problem (i.e., setting M = 0),
it is also possible to express the tidal multipole moments in Eq. (1.41) in terms of
the Weyl curvature tensor and its derivatives [120,121]

GL = − l(l − 1)

2
〈[∇L−2C0a10a2 ]|r=0〉

HL =
3(l − 1)

2
〈εa1ij[∇L−2C

ij
a20]|r=0〉

l ≥ 2 , (1.42)

where

Cµναβ = Rµναβ+
1

2
(Rµβgνα −Rµαgνβ +Rναgµβ −Rνβgµα)+

1

6
R (gµαgνβ − gµβgνα) ,

(1.43)
Rµναβ is the Riemann tensor, Rµν the Ricci tensor, R the scalar curvature and the
angular brackets denote trace-free symmetrization on the L indices (see the Nota-
tion).

We stress that the separation between the multipolar response of the central
object (decaying solution for r →∞ in the metric in Eq. (1.41) and the external
tidal field (growing solution) is not trivial when we relax some of the assumptions
made, for instance in the case of a spinning object (see section 1.2.3), but also
when the tidal field is not weak or when the time dependence of the environment
can not be neglected. In these cases there is no clear separation of the two
solutions, and the definition of the Love numbers is ambiguous [122]. However,
all these ambiguities disappear in the case that we are discussing, i.e., a static
(non-spinning), spherically symmetric object perturbed by a weak, slowly varying
in time tidal field. Furthermore, it was shown that the relativistic Love numbers
are gauge-invariant [56].

Looking at the adiabatic relations (1.39) we see that tidal Love numbers in
General Relativity are divided in two distinct sectors with different parity, electric
(even) and magnetic (odd), related to tidal deformations of mass and current
distributions, respectively. The electric sector is the relativistic generalization of
the Newtonian Love numbers. Indeed, in the Newtonian limit we have

QL =

∫
V

ρ(x)x〈L〉 d
3x GL = −[∂Lφ(x)]|x=0 , (1.44)
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where ρ(x) is the matter distribution of the object, V its volume and φ(x) the
external gravitational potential. The nature of the magnetic sector is instead fully
relativistic, since current distributions do not gravitate in Newtonian theory, and
therefore they can not excite any deformation in the star. This neat separation
between the electric and magnetic sector breaks down when we take into account
the spin of the central object. We describe this case in section 1.2.3. In the next
section we discuss instead how to compute the tidal Love numbers of a non-spinning
object.

1.2.2 Linear perturbations of a non-spinning object

The tidal deformabilities λl and σl depend on the internal structure and com-
position of the object perturbed by the external tidal field. In the neutron star
case, for a fixed compactness C = M/R, they depend only on the equation of
state. Since, as we discuss in the next chapters, the tidal deformability can be
directly measured through the detection of the gravitational signal emitted by
coalescing binary neutron stars, it represents a powerful tool to discriminate among
the models of equation of state proposed in the literature. This possibility is deeply
discussed in Chapter 3. Also, it has been shown that the tidal deformabilities of
any order l, both electric and magnetic, vanish in the black hole limit, C = 1/2. In
other words, the multipolar structure of a black hole is not affected by the tidal
field. This can be view as a corollary of the no-hair theorem, and recently it has
been proved beyond the perturbative level [123] 10.

In this section we describe how to compute the tidal deformabilities, or equiv-
alently the tidal Love numbers, of a non-rotating neutron star. The definitions
of the tidal deformabilities/Love numbers given in Eqs. (1.39) and (1.40) and of
the multipole moments in Eqs. (1.41) coincide exactly with the convention used by
Damour and Nagar [55], who worked in the Regge-Wheeler gauge. Binnington and
Poisson adopted instead the light-cone gauge [56]. They results are in agreement,
which is consistent with the gauge-invariant property of the Love numbers. However,
one has to take care of the different conventions used to avoid spurious overall
constant factors.

10Saying that a black hole does not develop a multipolar response to the tidal field does not
mean that the metric around it is the same as in the unperturbed configuration. Indeed, for
instance, the geometry of the event horizon changes in presence of a tidal field. This is encoded
in the so-called surficial Love numbers [55,124,125], which express how the surface of an object
is affected by a tidal field, and do not vanish even for a black hole. Furthermore, it has be shown
that black holes develop a multipolar response if the tidal field is time-dependent [126,127]. This
is related to the phenomenon of tidal heating [128,129], i.e., the absorption of energy and angular
momentum by the black hole due to the interaction of the tidal field with the horizon, which acts
like a fictitious viscous membrane [130].



Neutron stars and their tidal deformations 35

We start with the unperturbed equilibrium configuration of the star given
by the background metric (1.15), the stress-energy tensor (1.19) and the TOV
equations (1.22), that we report below for convenience

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdϕ2) (1.45)

T 0
µν = (ε+ p)uµuν + pg0

µν uµ = (e−ν(r)/2, 0, 0, 0) (1.46)

dm

dr
= 4πr2ε

dp

dr
= −(ε+ p)(m+ 4πr3p)

r(r − 2m)

dν

dr
=

2(m+ 4πr3p)

r(r − 2m)

. (1.47)

Note that we have added the 0-superscript to the metric and stress-energy tensors
to highlight that now they describe the unperturbed star only. Then, we apply
the techniques of perturbation theory, solving the linearized Einstein equations to
first-order in the perturbations.

The full spacetime metric is given by

gµν = g0
µν + hµν +O(|hµν |2) , (1.48)

where g0
µν is the background metric of the unperturbed object in Eq. (1.45), whereas

hµν is a small perturbation due to the tidal field, that in an appropriate frame
takes the form

|hµν | � |g0
µν | . (1.49)

We decompose the stress-energy tensor of the fluid in the same way,

Tµν = T 0
µν + δTµν , (1.50)

with T 0
µν given by Eq (1.46) and δTµν that depends linearly on the metric per-

turbation hµν and on the Eulerian 11 perturbations of energy δε, pressure δp and
four-velocity δuµ of the fluid. The explicit expression of δTµν reads

δTµν = (δε+ δp)uµuν + (ε+ p)(δuµuν + uµδuν) + δp g0
µν + p hµν , (1.51)

with δuµ = {h00e
−3ν/2/2, δur, δuθ, δuϕ} and δui = dξi/dτ , where ξi is the spatial

displacement of the fluid element due to the perturbations and τ the proper time.
11The variation of any quantity of the fluid as seen by an observer lying at a fixed coordinate

point is called Eulerian, whereas the variation measured by an observer comoving with the fluid
element is said to be Lagrangian.
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Note that all the perturbative functions of the metric/fluid are independent of time,
since we have assumed that the tidal field is stationary. Therefore they depend
only on the spatial coordinates {r, θ, ϕ}.

The Einstein equations to solve read (we recall that the stress-energy tensor
conservation law is a consequence of the field equations){

δGµν = 8πδTµν

δ (∇νT
µν) = 0

, (1.52)

where δGµν is the perturbed part of the Einstein tensor and the δ in the second line
denotes that only the perturbative terms of the four-divergence should be consider.
We can greatly simplify the above system of equations choosing the Regge-Wheeler
gauge [131] 12 and expanding the perturbative functions in spherical harmonics (in
the Appendix B we recall the main properties of scalar, vector and tensor spherical
harmonics). In this gauge the metric perturbation takes the form

hµν =


eνH0,lm(r) H1,lm(r) 0 0
∗ eλH2,lm(r) 0 0
∗ ∗ r2Klm(r) 0
∗ ∗ ∗ r2 sin2 θKlm(r)

Ylm (θ, ϕ)

+


0 0 h0,lm(r)Sθ,lm (θ, ϕ) h0,lm(r)Sφ,lm (θ, ϕ)
∗ 0 h1,lm(r)Sθ,lm (θ, ϕ) h1,lm(r)Sφ,lm (θ, ϕ)
∗ ∗ 0 0
∗ ∗ ∗ 0

 ,

(1.53)

where Ylm and {Sθ,lm, Sφ,lm} = {−∂ϕYlm/ sin θ, sin θ∂θYlm} are the scalar and odd
vector harmonics, respectively, and the sum over the indices l,m is implicit. The
star denotes the components obtained by symmetry. In the same way, we can
decompose the fluid perturbations as [132]

δε = δεlm(r)Ylm (θ, ϕ)

δp = δplm(r)Ylm (θ, ϕ)

δur = Wlm(r)Ylm (θ, ϕ)

δuθ = Vlm(r)Rθ,lm (θ, ϕ) + Ulm(r)Sθ,lm (θ, ϕ)

δuϕ =
1

sin2 θ
[Vlm(r)Rϕ,lm (θ, ϕ) + Ulm(r)Sϕ,lm (θ, ϕ)] ,

(1.54)

with {Rθ,lm, Rϕ,lm} = {∂θYlm, ∂ϕYlm} the even vector spherical harmonics. We
remark that Eqs. (1.53) and (1.54) are independent of time, because we have
assumed that the perturbations are stationary.

12We can use the gauge freedom of General Relativity to set to zero four components of the
metric, corresponding to the four arbitrary coordinate transformations.
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The structure of the above expansion reflects the fact that there are two sectors of
perturbations, polar, or electric, and axial, or magnetic, which are, respectively, even
(Ylm, RA,lm, A = {θ, ϕ}) and odd (SA,lm, A = {θ, ϕ}) under parity transformations.
The polar sector is related to the electric tidal Love numbers, whereas the axial sector
to the magnetic ones. Since the background spacetime is spherically symmetric,
these two sectors are completely decoupled and can be solved independently. The
expansion of the perturbative quantities in spherical harmonics reduces the problem
to a system of equations depending only on the radial coordinate r. Furthermore,
the spherical symmetry of the unperturbed configuration ensures also that: (i) the
radial equations are independent of the index m, (ii) perturbations with different
values of the index l do not couple to each other. Therefore, we can solve the
equations for any given order l of the spherical harmonics independently.

In the end, within the polar sector we obtain a system of ODEs in the radial co-
ordinate r for the functions H0(r), H1(r), H2(r), K(r), δε(r), δp(r),W (r) and V (r),
whereas for the axial one we obtain a system for the perturbations h0(r), h1(r) and
U(r). We have dropped the lm-subscript in the radial functions to not burden the
notation. In the following, we show how to calculate the electric and magnetic
tidal Love numbers solving the polar and axial equations, respectively. Henceforth
we restrict our analysis to l ≥ 2, since no lower-order tidal fields do exist.

The polar sector: electric tidal Love numbers

In the polar sector, we can eliminate the function δε(r) from the problem using
the relation

δε =
dε

dp
δp , (1.55)

which is valid for a barotropic equation of state p = p(ε). Here dp/dε = c2
s, where cs

is the speed of sound in the fluid. Also, the conservation law for the stress-energy
tensor provides the relation

δp =
1

2
(ε+ p)H0 , (1.56)

that we can use to remove δp(r) from the remaining equations. The Einstein
equations also imply that H2(r) = H0(r) (that we use to eliminate H2(r)), arriving
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finally to a single second-order ODE for the function H0(r)

d2H0(r)

dr2
+

(
2 [r −m+ 2πr3(p− ε)]

r(r − 2m)

)
dH0(r)

dr
+

(
4πr2 [p(9− 16πr2p) + 5ε]

(r − 2m)2

+
4πr3 [(r − 2m)(p+ ε)/c2

s − 2m(13p+ 5ε)]− 4m2

r2(r − 2m)2

− l(l + 1)

r(r − 2m)

)
H0(r) = 0 .

(1.57)
Then, the function K(r) is given by a linear combination of H0(r) and its first
derivative

K(r) =

(
−2 {2m2 + 4πr4(p− 8πr2p2 + ε) +mr [l(l + 1)− 4− 8πr2(3p+ ε)]}

[l(l + 1)− 2]r(r − 2m)

+
r

r − 2m

)
H0(r) +

(
2(m+ 4πr3p)

l(l + 1)− 2

)
H ′0(r) ,

(1.58)
where the prime denotes a derivative with respect to r. From the other Einstein
equations, one can see that the function H1(r) vanishes identically in vacuum,
and since the solution is unique, it must vanish everywhere, H1(r) = 0. As a
consequence the fluid velocity perturbations vanish as well, W (r) = V (r) = 0.

The Eq. (1.57) can be integrated numerically, together with the TOV Eqs. (1.22),
from the center of the star towards its surface [53]. Requiring thatH0(r) is regular 13

at r = 0 gives the boundary condition

H0(r) = a0 r
l
[
1 +O

(
r2
)]

r → 0 . (1.59)

The constant a0 can be chosen freely, since the Love numbers are independent of
its value. Indeed, a0 affects in the same way both the strength of the tidal field and
the size of the induced multipolar deformation, and therefore it cancels out in the
Love numbers, which are defined as the ratio of the two quantities. More details on
the numerical integration are given in the Appendix A. At the star surface r = R,
the function H0(r) should reduce to the vacuum solution, which is given by a linear
combination of associated Legendre polynomials with m = 2 14

H0(r) = cP Pl2

( r
M
− 1
)

+ cQQl2

( r
M
− 1
)

r ≥ R , (1.60)

13See the discussion above Eq. (1.29).
14Note that usually the Legendre polynomials are defined on the unit complex disk, while

we work with x = r/M − 1 > 1. This requires that we change the sign in the argument of the
logarithmic terms of Ql2(x), or equivalently, we take their real part.
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where M = m(R) is the mass of the star, and the integration constants cP and cQ
are determined in terms of H0(R) and H ′0(R) by matching to the interior solution.

The asymptotic expansion of the solution (1.60) for r →∞ takes the form

H0(r) =

[
CP r

l + CQ
1

rl+1

] [
1 +O

(
M

r

)]
r →∞ , (1.61)

where we have used the uppercase to distinguish the coefficients CP and CQ
from before, since now they include also the dependence on the mass M and the
numerical factors coming from the expansion. Plugging the above result into the
g00 component of the metric we obtain

g00 ∼ −1 +
2M

r
+
∑
l≥2,m

(
1

rl+1
CQ,lm + rl CP,lm

)
Ylm , (1.62)

where we have restored the lm-subscript in the radial solution. The last step is
comparing the above equation with the asymptotic expansion of the metric in
Eqs. (1.41), which we rewrite as

g00 ∼ −1 +
2M

r
+
∑
l≥2,m

(
1

rl+1

2(2l − 1)!!

l!
Qlm + rl

2

l!
Glm

)
Ylm , (1.63)

where we have decomposed the multipole moments using symmetric trace-free
tensors defined by Thorne [89]

QL =
∑
m

QlmY lmL

GL =
∑
m

GlmY lmL ,
(1.64)

which satisfy the property Y lmL nL = Ylm. Matching Eqs. (1.62) and (1.63), we
identify the growing solution in H0(r) with the tidal field and the decreasing one
with the multipolar deformation of the object, respectively. Then, we extract the
multipole moments of the object and of the tidal field in terms of the coefficients
CQ,lm and CP,lm, respectively. Using the adiabatic relations (1.39), we finally obtain
the electric tidal Love numbers from the ratio

λl =
Qlm

Glm

. (1.65)

Two important comments have to be remarked. First, the LHS of Eq. (1.65)
is independent of the index m by definition, while the RHS seems to depend on
it. Actually, also the ratio Qlm/Glm ∝ CQ,lm/CP,lm does not depend on m. Indeed,
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since the radial equation for H0(r) is independent of m, the only way in which
different values of m can affect the solution is through the initial condition a0, that
can be chosen independently for each value of m. However, as we said, the choice
of the boundary condition at the center of the star contributes in the same way to
both the growing and the decreasing part of metric perturbations at large distance,
cancelling out in the ratio of the coefficients. Therefore, we can restrict without
loss of generality to the axisymmetric case m = 0, which is enough to compute the
Love numbers.

The second remark concerns the match of the asymptotic solution in Eq. (1.62)
to the metric (1.63). Doing so, we have neglected the relativistic corrections in
H0(r), i.e. the terms of order O (M/r) in the square brackets of Eq. (1.61). One
may wonder if the higher-order terms of the growing solution can mix with the
leading-order term of the decreasing solution. If this is the case, the multipolar
deformation would be contaminated by the tidal field, and the definition of the Love
numbers would suffer of ambiguities. However, if the central object is non-rotating,
it has been shown that it is always possible to distinguish the tidal field from the
multipolar response, through an analytic continuation in the number of dimensions
of the spacetime d [133] or in the multipolar index l [134] 15. The result of this
procedure is in agreement with the separation of the two contributions in Eq. (1.62).

The proof that all the electric tidal Love numbers vanish in the black hole case
is given by requiring that the curvature invariants are regular on the event horizon
r = 2M 16. Imposing that the Kretschmann scalar RµναβR

µναβ is regular at the
horizon returns cQ = 0, which kills the decreasing solution corresponding to the
multipolar response of the object. This implies the vanishing of the multipole
moments Qlm, and then of the Love numbers.

15The separation of the two parts of the solution is achieved recognizing that the general
solution of h00 at large distance reads

h00 ∼ Arl(1 + . . . ) +B
1

rl+d−3
(1 + . . . ) , (1.66)

where the ellipsis represents a series in 1/r which may also contain logarithmic terms and A and
B are two integration constants. Comparing the above solution with the Newtonian potential
allows to uniquely identify the first term with the tidal part and latter one with the multipolar
response. Treating the indices d and l as real numbers, the two solutions can never mix, even if
they have common terms in the series expansion.

16In the Regge-Wheeler gauge, requiring that the metric perturbations hµν are regular at
the horizon is not sufficient to prove that the spacetime is well-behaved, since the background
metric itself is singular at r = 2M in this coordinate system. For instance, in this case h00 ∼
(1− 2M/r)H0(r) is regular at the horizon (though the solution of H0(r) given in Eq. (1.60) is
not, due to the presence of Ql2

(
r
M − 1

)
).
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Figure 1.8: (Left) Quadrupolar electric tidal deformability as a function of the mass for a
realistic neutron star equation of state. (Right) Quadrupolar electric Love number as a function
of the compactness for realistic and polytropic equations of state.

Quadrupolar electric tidal Love number Lastly, we give the explicit expres-
sion of the electric tidal Love number for l = 2, which can be obtained through
the procedure outlined above. The quadrupolar one is the main contribution to
the tidally induced deformations of neutron stars, and can be exploited to shed
light on their internal structure, as we discuss in Chapter 3. The result for the
quadrupolar electric Love number is

kE2 =
8C5

5
(1− 2C)2 [2 + 2C(y − 1)− y]

{
2C [6− 3y + 3C(5y − 8)]

+ 4C3
[
13− 11y + C(3y − 2) + 2C2(1 + y)

]
+ 3(1− 2C)2 [2− y + 2C(y − 1)] log (1− 2C)

}−1

,

(1.67)

where C = M/R is the compactness of the star and

y =
RH ′0(R)

H0(R)
(1.68)

is evaluated at the surface r = R integrating Eq. (1.57) in the neutron star interior.
In Fig. 1.8, we show, as examples, the quadrupolar deformabilities and Love

numbers of different equilibrium configurations of a neutron star. In the left panel
we plot λ2 as a function of the mass of the neutron star, for a given equation of
state. The impact of different equations of state is discussed in Chapter 3. In the
right panel we compare kE2 , as a function of the compactness, for “realistic” and
polytropic equations of state (see section 3.1.1 for a review of polytropic equations
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of state). We can see that in the polytropic case the dimensionless Love number
tends to a constant value in the limit C → 0, which corresponds to the Newtonian
limit 17. In the next section instead, we show that the magnetic Love numbers
vanish in the Newtonian limit, since they are a relativistic effect. Note that within
the definition used, the electric deformabilities/Love numbers are always positive.
This is true at any multipolar order (cf. section 1.2.2).

The axial sector: magnetic tidal Love numbers

In the axial sector the Einstein equations (1.52) return h1(r) = 0 and a single
second-order ODE for the function h0(r),

d2h0(r)

dr2
−
(

4πr2(p+ ε)

r − 2m

)
dh0(r)

dr
−
(
l(l + 1)r − 4m+ 8πr3(p+ ε)

r2(r − 2m)

)
h0(r)

=

(
16πr3(p+ ε)eν/2

r − 2m

)
U(r) .

(1.69)
Differently from the polar sector, the problem is not determined: we have to specify
the internal dynamics of the fluid to get the metric perturbation. This passage
is crucial, because h0(r) is the radial part of the time-angular component of the
metric, which will be used to extract the multipole moments. In other words, the
magnetic tidal Love numbers depend on the internal dynamics of the object. Two
different assumptions can be made for the motion of the fluid:

Static fluid

The first assumption is that the fluid remains strictly static also in the
perturbed configuration. A fluid is static if the spatial components of the
four-velocity vanish, as it is in the unperturbed (non-rotating) configuration.
If we assume the fluid to be static also in presence of the tidal field, all the
spatial perturbations of the fluid four-velocity must vanish: U(r) = 0 (we
have seen in the previous section that W (r) and V (r) vanish in any case
because of the Einstein equations). Thus, the tidal field does not excite any
internal motion in the star.

Irrotational fluid

17The limit C → 0 for “realistic” equations of state has no real physical meaning, since no
stable neutron star can form with such low mass. In this case, the fact that the Love number
tends to zero for small values of the compactness is a consequence of the small values assumed by
the adiabatic index Γ = (ε+ p)c2s/p (see section 3.1.1) at small densities. Indeed, when Γ→ 6/5,
the radius of a Newtonian polytropic star tends to infinity, and then the Love number, which
scales with R, vanishes [55].
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In the second case the fluid is assumed to be in an irrotational state. A fluid
is said to be irrotational if the circulation of the spatial part of the four-velocity
around any spatial closed circuit vanishes, i.e., it is vorticity-free [57, 135].
Indeed, the vorticity four-vector ωα = 1

2
εαβµνuν∇µuβ [104] (where εαβµν is the

Levi-Civita pseudo-tensor) vanishes identically in irrotational configurations.
This is surely true in the unperturbed configuration. Furthermore, since
the circulation is conserved, if a fluid is in an irrotational state at a given
time, it remains irrotational at all times, even if the external perturbation is
time-dependent. For these reasons, the assumption of an irrotational fluid
is more realistic. Indeed, static fluids would be compatible only with the
idealistic assumption of a true stationary tidal field, while irrotational fluids
can sustain also a slowly varying in time tidal field. Recent simulations of
binary neutron star mergers from Numerical Relativity assume the fluids of
the stars to be in an irrotational state [136–139].

In the irrotational case, it can be shown that U(r) is given by the expression

U(r) = −e−ν/2

r2
h0(r) . (1.70)

We can see that the difference between static/irrotational fluids does not
affect the polar sector and then the electric Love numbers (W (r) = V (r)
always, whatever the state of the fluid is). However, this is not the case for
the axial sector. The different expressions for U(r) lead the equation (1.69)
for h0(r) to differ in the star interior for the static/irrotational cases. As
we show below, this gives rise to different magnetic tidal Love numbers. In
conclusion, magnetic deformations depend on the state of the fluid. On the
other hand, electric deformation are insensible to the internal motion of the
fluid, determining uniquely (for a given equation of state) the electric Love
numbers.

A last, very important remark concerns the expression of U(r) in the
irrotational fluid case given in Eq. (1.70). If we allow the metric/matter
perturbations to vary in time, the problem is fully determined and the fluid
perturbations are fixed by the metric. In this case, it can be shown that U(t, r),
which now is time-dependent, assumes exactly the same expression as in the
irrotational fluid case, Eq. (1.70). This means that taking the stationary limit
of a time-dependent perturbation put the fluid in an irrotational state [88].
The latter result further supports the choice of an irrotational fluid over a
static one.
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Replacing the static/irrotational expressions for U(r) in Eq. (1.69) we get

d2h0(r)

dr2
−
(

4πr2(p+ ε)

r − 2m

)
dh0(r)

dr
−
(
l(l + 1)r − 4m± 8πr3(p+ ε)

r2(r − 2m)

)
h0(r) = 0 ,

(1.71)
where the plus sign refers to static fluids and the minus sign to irrotational fluids.
The procedure to compute the magnetic Love numbers is analog to that of the
electric sector.

The Eq. (1.71) is integrated numerically, with boundary conditions at the center
of the star given by

h0(r) = b0 r
l+1
[
1 +O

(
r2
)]

r → 0 , (1.72)

for both irrotational and static fluids. As in the electric case, the constant b0 cancels
out in the definition of the Love numbers and therefore its value is irrelevant. More
details are given in the Appendix A. At the star surface r = R, we match the
interior solution with the exterior one, which is given by

h0(r) =dP

( r

2M

)l+1

2F1

(
−l + 1,−l − 2,−2l;

2M

r

)
+dQ

(
2M

r

)l
2F1

(
l − 1, l + 2, 2l + 2;

2M

r

)
r ≥ R ,

(1.73)

where 2F1 (a, b, c;x) is the hypergeometric function. The integration constants dP
and dQ are given by the matching procedure in terms of h0(R) and h′0(R).

For r →∞, the asymptotic expansion of Eq. (1.73) reads

h0(r) =

[
DP r

l+1 +DQ
1

rl

] [
1 +O

(
M

r

)]
r →∞ , (1.74)

where, alike the electric case, we have included the mass dependence and the
numerical factors in the coefficients DP and DQ. Restoring the lm-subscript in the
radial solution, the g0ϕ component of the metric takes the form

g0ϕ ∼
∑
l≥2,m

(
1

rl
DQ,lm + rl+1 DP,lm

)
Sϕ,lm . (1.75)

Finally, we match the above expansion to the time-angular component of metric in
Eqs. (1.41)

g0ϕ ∼
∑
l≥2,m

(
1

rl
4(2l − 1)!!

(l + 1)!
Slm − rl+1 1

(l + 1)!
Hlm

)
Sϕ,lm , (1.76)
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which we have obtained from the time-space components g0i using the relations

SL =
∑
m

SlmY lmL

HL =
∑
m

HlmY lmL ,
(1.77)

and the spherical harmonic properties described in the Appendix B. Comparing
Eqs. (1.75) and (1.76), one identifies the growing solution in h0(r) with the tidal
field, and the decreasing solution with the multipolar response of the object,
respectively. The multipole moments of the object and of the tidal field are
extracted in terms of the coefficients DQ,lm and DP,lm, respectively. By means of
the adiabatic relations (1.39) the magnetic tidal Love numbers are defined as

σl =
Slm
Hlm

. (1.78)

The whole discussion below Eq. (1.65) is equally valid in the magnetic case.
Since the details have been already given in previous section, we only summarize
here the main points. (i) The magnetic Love numbers do not depend on the spherical
harmonics index m, and we can restrict to the axisymmetric case without loss of
generality. (ii) The separation of the growing/decreasing solutions in Eq. (1.74)
defines unambiguously the magnetic Love numbers, without any mixing of the
higher-order terms in M/r. (iii) The magnetic Love numbers of a black hole vanish
at any mulitpolar order l, because the coefficients dQ vanish as well from the
requirement that the Chern-Pontryagin scalar 1

2
εµνγδRµναβR

αβγδ (where εµνγδ is the
Levi-Civita pseudo-tensor) is regular at the horizon.

Quadrupolar magnetic tidal Love number In the quadrupolar case l = 2,
the explicit expression for the magnetic tidal Love number is given by

kM2 =
96C5

5
[3 + 2C(y − 2)− y]

{
2C {9− 3y + C [3(y − 1) + 2C(C + y + Cy)]}

+ 3 [3 + 2C(y − 2)− y] log (1− 2C)
}−1

,

(1.79)
where R and C are, respectively, the radius and the compactness of the star and

y =
Rh′0(R)

h0(R)
. (1.80)

The difference between static and irrotational fluids is encoded in the parameter y,
which changes as a result of the integration of different differential equations in the
star interior.
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Figure 1.9: (Left) Quadrupolar magnetic tidal deformability in the static/irrotational case
plotted as a function of the mass, for a realistic neutron star equation of state. (Right) Quadrupolar
magnetic Love number as a function of the compactness, for realistic and polytropic equations of
state. Static and irrotational fluids are compared.

In Fig. 1.9, we compare the quadrupolar deformabilities and Love numbers
for static and irrotational fluids. Remarkably, the magnetic Love numbers of a
static fluid are positive, while those of an irrotational fluid are negative. This is
a general feature, true at any multipolar order. In the left panel we show the
absolute value of σ2 in the two cases, for a realistic equation of state. Note that
the magnitudes of the tidal deformabilities in the two cases are comparable (less
than a factor 2), and are a factor ∼ 100 smaller than the electric ones, see Fig. 1.8
(cf. also section 1.2.4). In the right panel we show kM2 for the two fluid states and
for realistic and polytropic equations of state. Note that the dimensionless Love
number vanish for C → 0, i.e., in the Newtonian limit (cf. section 1.2.2). This
result is consistent with the relativistic nature of the magnetic deformations.

1.2.3 Rotational tidal Love numbers

The relativistic theory of tidal Love numbers has been extended to slowly
spinning compact objects by Pani, Gualtieri, Maselli and Ferrari [58, 59] and
Landry and Poisson [60, 61, 111]. The effect of the rotation is to couple the electric
and magnetic sectors. To first order in the spin, the electric tidal fields (even parity)
of multipolar order l induce magnetic deformations (odd parity) with multipolar
order l ± 1, and viceversa. The scheme of these relations is shown in Fig. 1.10. A
new class of tidal Love numbers arises from the interaction between the spin and
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Figure 1.10: Scheme of the multipolar deformations induced by the interaction between the
tidal field and the rotation of the central object.

the tidal field, dubbed rotational tidal Love numbers. Working to linear order in the
tidal fields, these new Love numbers are defined as the constants of proportionality
between the induced multipole moments of the object and the tidal multipole
moments of different parity and multipolar order l. The adiabatic relations (1.39)
are then modified as follows

Qij = λ2Gij + λ23 JkHijk

Sij = σ2Hij + σ23 JkGijk

QL = λlGL + λl l+1JkHkL + λl l−1 J〈al HL−1〉

SL = σlHL + σl l+1 JkGkL + σl l−1 J〈al GL−1〉
l ≥ 3 ,

(1.81)

where λl l′ and σl l′ are the new rotational tidal Love numbers. The quadrupolar
case l = 2 is separated from the others, because the coupling can occur only with
the octupolar tidal fields (no dipolar tidal field does exist).

It has been shown that also these new tidal Love numbers vanish in the black
hole case. Furthermore, the extension of the theory to the rotating case has pointed
out a new element to favor the irrotational fluid state over the static one. Indeed,
Landry and Poisson [111] showed that the fluid perturbation induced by a magnetic
tidal field in a rotating star is time dependent, even if the magnetic tidal field is
stationary. The time dependent perturbation is confined in the star interior, the
external spacetime remains stationary. This is not possible if the fluid is imposed to
be in a static state. Indeed, a static fluid would violate the Einstein equations, if the
magnetic tidal field is not axisymmetric. This limitation of the static state further
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suggests that the correct fluid state (in the non-rotating limit) is the irrotational
one.

Taking into account the rotation of the central object, computing the Love
numbers gets more involved. Here we refer to the works of Pani et al. [58, 59],
outlining their procedure without giving all the details of the computation.

First, one derives the linearized Einstein equations arising from a small, station-
ary perturbation of the background metric. The unperturbed configuration is no
longer spherically symmetric like the spacetime in Eq. (1.45), but is given by the
axisymmetric metric of a rotating object. Assuming rigid rotation, the background
configuration to first order in the angular velocity Ω 18 (or equivalently in the spin
of the body) is given in section 1.1.4:

ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdϕ2)− 2ω(r)r2 sin2 θdtdϕ (1.82)

T 0
µν = (ε+ p)uµuν + pg0

µν uµ = (e−ν(r)/2, 0, 0,Ωe−ν(r)/2) (1.83)

dm

dr
= 4πr2ε

dp

dr
= −(ε+ p)(m+ 4πr3p)

r(r − 2m)

dν

dr
=

2(m+ 4πr3p)

r(r − 2m)

d2ω̄

dr2
=

[
4πr2 (ε+ p)

r − 2m
− 4

r

]
dω̄

dr
+

[
16πr (ε+ p)

r − 2m

]
ω̄

. (1.84)

One perturbs the above spacetime exactly like in the previous section,

gµν = g0
µν + hµν

Tµν = T 0
µν + δTµν ,

(1.85)

and expands the perturbative functions in spherical harmonics (Eqs. (1.53) and (1.54)).
Plugging the above decomposition in the system{

δGµν = 8πδTµν

δ (∇νT
µν) = 0

, (1.86)

one gets rid of the angular dependence, and finds the Einstein equations to first
order in the spin for the radial part of the perturbative functions [140]. Several
differences arise with respect to the non-rotating case:

18Pani et al. considered also second-order corrections in the spin, which would give rise to
other rotational tidal Love numbers.
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Figure 1.11: I-Love relation between the dimensionless moment of inertia Ī and the dimensionless
electric quadrupolar tidal deformability Λ2.

i) the radial equations depend on the azimuthal index m, so the degeneracy in
m is removed.

ii) the polar and axial sectors are not decoupled any longer. Polar perturbations
with indices {l,m} couple to axial perturbations with indices {l ± 1,m} and
viceversa (cf. with the discussion above Eqs. (1.81)).

Next, we expand the generic radial function flm(r) of the metric/fluid perturbations
in powers of Ω

flm(r) = f 0
lm(r) + f 1

lm(r) +O
(
Ω2
)
, (1.87)

where f 0
lm(r) is zeroth-order in spin function, which solves the equations in the

non-rotating case, and f 1
lm(r) the first-order correction in Ω. In this way, it can

be shown that system reduces to a set of equations for the unknown functions
{f 1

lm(r)}, with source terms depending on the non-spinning solutions {f 0
lm(r)}.

Then, to compute the Love numbers of a spinning object, one takes the following
steps:

1) integrate numerically the Einstein equations in the star interior.

2) match the interior solution to the exterior one at the star surface.

3) extract the spacetime multipole moments.
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Fluid c0 c1 c2

Irrotational −2.03 4.87× 10−1 9.69× 10−3

Static −2.66 7.86× 10−1 −1.00× 10−2

Fluid c3 c4 c5

Irrotational 1.03× 10−3 −9.37× 10−5 2.24× 10−6

Static 1.28× 10−3 −6.37× 10−5 1.18× 10−6

Table 1.1: Coefficients of the formula in Eq. (1.88), which fits the quasi-universal relation
between quadrupolar eletric and magnetic dimensionless tidal deformabilities.

Note that the last step requires some prescription, because the tidal field and the
multipolar response of the object are not clearly separated in the rotating case,
as anticipated in section 1.2.1. Furthermore, instead of matching the exterior
metric to the asymptotic expansion (1.41), the multipole moments are defined in a
gauge-invariant way following the Ryan approach [141–143].

1.2.4 Quasi-universal relations

In the previous sections we have said that neutron star observables, such as
mass, radius and tidal deformability, depend on the underlying equation of state of
nuclear matter (cf. Chapter 3). Thus, for a given mass, different equations of state
give rise to different radii and tidal deformabilities. In this sense, we say that the
relation between the mass and the radius, or the mass and the tidal deformability,
is EOS-dependent.

In 2013, Yagi and Yunes [144,145] found that the moment of inertia (defined
in Eq. (1.32)), the spin-induced quadrupole moment and the electric quadrupolar
tidal deformability of neutron stars can be linked to each other through three
remarkable, almost EOS-independent relations, the so-called I-Love-Q relations.
This means that the knowledge of one of these quantities determines automatically
the other two 19. The accuracy of these relations is at level of ∼ 1%, and they
hold even for quark stars. In Fig. 1.11 we show, as an example, the I-Love branch,
i.e., the relation between the dimensionless moment of inertia Ī = I/M3 and the
dimensionless tidal deformability Λ2 = λ2/M

5, where M is the mass of the neutron
star.

In the past years, it was found that quasi-universal relations exist also in the
19The I-Love-Q relations hold actually among the dimensionless versions of these observables,

i.e., divided by appropriate powers of mass and spin of the star. Therefore, a measurement, for
instance, of the moment of inertia alone, is not enough to determine the tidal deformability, if
the mass of the star is unknown.
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Figure 1.12: Quasi-universal relations between quadrupolar eletric and magnetic dimensionless
tidal deformabilities.

magnetic sector and for higher-order tidal deformabilities [68,146], and even among
the rotational tidal Love numbers [62] (see [147] for a review of neutron star
quasi-universal relations). Here, we report the quasi-universal relations between
the quadrupolar electric and magnetic tidal deformabilities (both in the static and
the irrotational case)

log (±Σ2) =
5∑

n=0

cn [log (Λ2)]n , (1.88)

where Σ2 = σ2/M
5 and the plus (minus) sign refers to the static (irrotational)

configuration. The coefficients cn are given for both cases in Table 1.1 [86]. We
compare the two relations in Fig. 1.12. We make use of this result in Chapter 2.

Lastly, another useful, even if less accurate, quasi-universal relation exists also
between the electric, quadrupolar tidal deformability and the compactness of a
neutron star [148]. Such relation is given by the fitting formula

C = 3.71× 10−1 − 3.91× 10−2 log Λ2 + 1.056× 10−3 (log Λ2)2 , (1.89)

that we show in Fig. 1.13. If the mass of the neutron star is known, through the
latter relation, it is possible to obtain the radius of the star from a measurement of
its tidal deformability. Indeed, the LIGO/Virgo collaboration used this relation
to estimate the radii of the observed binary neutron star, from the bounds on the
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tidal deformabilities obtained through the detection of the gravitational wave event
GW170817 (see section 2.3) [20].



Chapter 2

Tidal deformations in binary
systems

Coalescences of compact binary systems are an outstanding source of gravita-
tional waves. In particular, stellar-mass compact binary systems, either binary
black holes (up to 50−100M�), binary neutron stars or mixed black hole-neutron
star binaries, emit gravitational radiation detectable by ground-based interfer-
ometers. These phenomena occur inside galaxies. The emission of gravitational
radiation subtracts energy to the binary system, shrinking its orbit. Since gravity
is extremely weak, the emission of gravitational waves can effectively set in, driving
the inspiral of stellar-mass binaries and leading them to merge within an Hubble
time ∼ 14.4 Gyr, only when the orbital separation of the compact objects reaches
the astronomical unit scale [149,150]. At larger scales other dissipative processes
cause the shrinking of the orbit [151]. Regarding this, the two major formation
channels for stellar-mass compact binaries are isolated massive binary stars in
galactic fields [152,153] and dynamical environments in dense globular or nuclear
star clusters 1 [156,157].

From the latest gravitational wave detections, the LIGO/Virgo collaboration
has estimated the merger rates of binary black holes and neutron stars in the local
universe (cosmological redshift z ∼ 0) to be 9.7÷ 101 Gpc−3 yr−1 [3, 4, 7, 158–160]
and 110÷ 3840 Gpc−3 yr−1 [7, 8] at 90% confidence level, respectively.

The coalescence of a compact binary system can be divided in three different
phases: inspiral, merger and post-merger. During the inspiral phase, the orbital
separation of the system d is much larger than the size of the single objects R, i.e.,
the neutron star radius or the black hole horizon. At this stage the compact objects
are effectively modeled as pointlike massive particles, and the orbital dynamics is

1A third channel for the formation of binary black holes comes from primordial black holes in
the early universe [154,155].
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Figure 2.1: An example of the gravitational signal emitted by a GW140915-like black hole binary
(gravitational strain as a function of time). The starting time t = 0 s corresponds to the typical
frequency of the signal when it enters the sensitive band of second-generation interferometers,
∼ 20Hz. The three different phases of coalescence are highlighted: inspiral (red), merger (green)
and ringdown (blue).

described using the post-Newtonian theory (see the next section). As we discuss
extensively in the following, the internal structure of the compact objects enters at
this level only as a small perturbative correction. When the objects make closer,
the approximation d � R breaks down, and Numerical Relativity simulations,
which integrate the fully non-linear Einstein equations, are needed to describe the
merger phase [161]. Here, the internal structure of the objects plays a fundamental
role in determining the characteristics of the emitted gravitational radiation and
the final product of the coalescence. In the neutron star case, this means that there
is a strong dependence on the equation of state. However, due to the high energies
involved in the process, it has to be stressed that in this phase the assumption of
cold nuclear matter is not appropriate. Therefore, a non-barotropic equation of
state, depending also on the temperature, is usually used in the simulations (see,
e.g., [162]).

The post-merger phase is different depending on the nature of the components
of the binary system. For binary black holes, this stage is called ringdown, and
can be treated using perturbation theory methods [163]. The final black hole
resulting from the merger oscillates according to its quasi-normal mode frequencies,
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dissipating energy through gravitational wave emission and relaxing to a stationary
equilibrium configuration. The outcome of mixed black hole-neutron star systems
is slightly different. If the neutron star is compact enough to not be torn apart
by tidal forces, it plunges into the horizon, being absorbed by the black hole [164].
On the other hand, if the star is more deformable, it is tidally disrupted during the
merger and forms an accretion disk surrounding the black hole [165–167]. Finally,
in the case of binary neutron stars, many scenarios are possible, depending on the
masses of the components and the equation of state of matter [19,168,169]. Systems
with larger masses and less deformable matter result to a prompt collapse (∼ 1 ms)
to a black hole right after the merger [170]. Binaries with smaller masses and
more deformable matter lead to the formation of an unstable, possibly long-lived,
remnant. Hypermassive neutron stars [171], which have a mass larger than the
maximum mass of uniformly rotating stars, are supported against gravitational
collapse by fast, differential rotation, and survive for . 1 s before forming a black
hole [172]. Supramassive neutron stars [173–175], whose mass exceeds the maximum
mass of the non-rotating configuration, are supported by uniform rotation, and can
survive on the spin-down timescale (from seconds up to hours) before collapsing to
a black hole [176–178]. Lastly, systems with very low masses form a stable, massive
neutron star.

In Fig. 2.1 we show a typical gravitational signal emitted by binary black holes,
highlighting the three phases of the coalescence. It has to be mentioned that the
full gravitational waveforms can be correctly produced (to a few percent level)
using the effective-one-body (EOB) approach [40, 179]. The EOB method provides
a reformulation of the post-Newtonian dynamics by mapping the original two-body
problem in General Relativity into a one-body problem in an effective metric, which
is also improved using resummation techniques. The dynamics obtained in the
EOB framework is an extension of the perturbative post-Newtonian results. The
EOB waveforms generated are then matched to the analytical waveforms of the
ringdown phase, and calibrated by fitting to Numerical Relativity solutions [180].
In this way, templates which describe the gravitational wave emission during the
entire coalescence are produced with low computational cost. The EOB formalism
has been applied also to binary neutron stars [41,181] (see section 2.2.3).

We have said that tidal effects are dominant during the merger of binary neutron
stars, when the orbital separation is comparable with the size of the compact objects.
However, tidal deformations play a fundamental role also in the inspiral phase,
even if they are subdominant with respect to the point-particle contributions (see
sections 2.1 and 2.2.3). Indeed, as we deeply discuss in Chapter 3, they can be
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used to shed light on the internal composition of neutron stars 2. Therefore, in
this chapter we study only the inspiral phase of the coalescence. Although in the
following we focus on neutron star binaries (see section 2.3), the post-Newtonian
formalism that we use is independent of the internal structure of the compact
objects. Thus, our results can apply as well to other exotic compact objects
(ECO) [77, 78], i.e., models alternative to black holes, whose putative quantum
corrections would prevent the formation of the event horizon. Indeed, it has been
shown that tidal effects in the late inspiral phase can be used to distinguish ECOs
from black holes in supermassive compact binary coalescences [80].

This chapter is organized as follows. In section 2.1 we introduce the post-
Newtonian framework to describe the tidal interactions of a N -body system. In
section 2.2 we present the original results obtained in this thesis, applying the post-
Newtonian formalism to a spinning binary system. We compute the contribution to
the gravitational waveform phase due to the tidal deformations of rotating objects
(Abdelsalhin et al. [85]). In section 2.3 we estimate the impact of these new spin-
tidal effects on the parameter estimation of binary neutron stars (Jimenez-Forteza,
Abdelsalhin et al. [86]).

2.1 Post-Newtonian tidal interactions
The orbital dynamics and the gravitational wave emission of a compact binary

system in the inspiral phase can be described within the post-Newtonian (PN)
framework. The PN approximation consists in an expansion of the Einstein
equations around the Newtonian limit [182], in terms of a small parameter ε of
order

ε ∼ v2

c2
∼ RS

d
� 1 , (2.1)

where v is the scale of velocity of a system with typical size d, and RS = 2GM/c2

is the Schwarzschild radius associated to its total mass M . c and G are the
speed of light in vacuum and gravitational constant, respectively. One may regard
the two ratios in the above equation as independent, attempting to perform
two separated expansions in v/c and RS/d. However, for self-gravitating bodies
the relation (v/c)2 ∼ RS/d follows from the virial theorem. In other words,

2Besides the tidal effects, also the spin-induced quadrupole moment affects the dynamics of
the inspiral phase, and, in principle, it can provide information on the internal composition of
the star too (as we said in section 1.2.4, the spin-induced quadrupole moment can be written
as a function of the electric quadrupolar tidal Love number using the quasi-universal relations).
However, it is hard to extract the information on the internal structure contained in the spin-
induced quadrupole with current gravitational wave detectors, because it is degenerate with other
point-particle contributions. On the other hand, writing the spin-induced quadrupole moment in
terms of λ2, increases instead the accuracy on the measurement of the spins [145].
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Figure 2.2: Partitioning of the space around a PN source (referring in particular to a binary
system) in the Blanchet-Damour approach. The PN expansion holds in the near zone, whereas
the PM expansion is convergent in the exterior region. The two solutions are matched in the
overlap region (in red). The strong field region surrounding the compact objects is shown in gray.
See the text for explanation.

when we consider corrections to Newtonian gravity due to the strength of the
gravitational field (measured by RS/d), we must take into account, for consistency,
relativistic deviations from the classic kinematics (measured by v/c) [183]. The
PN approximation is then suitable to study slowly moving, weakly self-gravitating
systems. The more relativistic the source, the higher the order of the expansion
that we need to correctly describe it. Henceforth, we design a quantity of order
O (εn) ∼ O

(
(v/c)2n) as a term of n-PN order. Thus, the Newtonian limit, ε0, is

the 0PN order, ε1 the 1PN correction, etc. 3

In the past, the computation of higher-order terms in the PN approximation
presented technical and conceptual issues which prevented its application to rel-
ativistic sources. These problems were solved by the groups of Blanchet and
Damour [63, 184–189] and of Will, Wiseman and Pati [190–192]. It was shown

3Note that with such definition, also terms of half-integer order may show up in the expansion.
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that the methods of the two groups are completely equivalent, thus nowadays
PN techniques are successfully applied to study the gravitational emission from
compact binaries.

Here, we briefly outline the ideas of the Blanchet-Damour approach [35,183,193].
Let us consider a source of size d and typical velocity v. Such a system emits
gravitational waves at frequency λGW ∼ (c/v)d. We can then divide the space
around the source in a near zone r � λGW , and a far or wave zone r � λGW (see
Fig. 2.2). Since we are assuming v/c� 1, it follows that λGW � d. We introduce
a length R � λGW to denote the boundary which limits the near zone, r < R.
In this region the effects of time-retardation are negligible, and we can consider
the gravitational potentials as instantaneous. On the other hand, the propagation
of waves occurs in the far zone, where the time delay is significant and retarded
potentials must be taken into account. Furthermore, we call exterior region the
space outside the source, r > d. The partitioning of the space just described has
not to be confused with the spacetime partition that we use in section 2.1.1.

Since we are considering weakly gravitating sources, we can solve the Einstein
equations inside the near zone using a PN expansion. This expansion breaks down
at r ∼ λGW

4. On the other hand, in the exterior region r > d, the matter sources
vanish. In this region we can solve the vacuum Einstein equations performing a
post-Minkowskian (PM) expansion, i.e., an expansion around the flat spacetime in
powers of the gravitational constant G. Within the PM expansion, the velocities
can be arbitrary close to the speed of light, but the gravitational potential is weak.
This expansion is well-behaved in the wave zone, but breaks down at r ∼ d. Let us
now assume that the near zone extends into the exterior region, i.e., R > d (see
again Fig. 2.2). This means that an overlap region d < r < R does exist. In this
region both the PN and the PM asymptotic expansions are regular. Matching the
two expansions in the overlap region, we obtain a solution well-behaved everywhere,
which completely describes the system. In the optimal case, R � d, and we have
a large overlap region for matching the two solutions. However, in general the

4One can understand why the PN expansion fails in the wave zone from the following argument.
Let us consider a generic function of the retarded time, and expand it for a small retardation

f
(
t− r

c

)
∼ f(t)− r

c
ḟ(t) +

1

2

(r
c

)2
f̈(t) + . . .

∼ f(t)

[
− r

c T
+

1

2

( r

c T

)2
+ . . .

]
∼ f(t)

[
− r

λGW
+

1

2

(
r

λGW

)2

+ . . .

]
,

(2.2)

where we have used ḟ ∼ f(t)/T and λGW ∼ c T , with T denoting the typical timescale of the
source. Therefore, the PN expansion is actually an expansion in r/λGW , and then it breaks down
in the wave zone r � λGW .
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extension of the near zone depends on the PN order that we are considering. For
higher PN orders, the near zone falls inside the source, R < d, and the overlap
region does not exist 5. In these cases we are not able to compute the full solution.
On the other hand, the higher PN orders (which we can not evaluate) are not
negligible when v/c→ 1, explaining why the PN approximation fails in this limit.

We have described the PN approximation referring to weakly gravitating systems.
One may wonder if we are allowed to apply the above approach to compact binaries
composed of black holes and/or neutron stars, which are very relativistic sources,
characterized by strong gravitational fields. For a compact binary inspiralling with
slow orbital velocity v � c the answer is yes, and it can be understood looking at
Fig. 2.2. Indeed, even for such a system, the gravitational field is actually strong
only inside a region of radius r0 surrounding the compact objects, with r0 � d
since we are in the inspiral phase. It can be shown that the PN expansion can be
performed also when the near zone, r < R, contains strong gravitational sources.
This is obtained through the evaluation of surface integrals far away from the
strong sources, at a distance r0 � r < d, where the gravitational field is weak.
Another way to see it comes from the strong equivalence principle, which states
that self-gravitating bodies fall in an external gravitational fields as test-particles.
Thus, we can model strong gravitating sources as pointlike particles moving along
the geodesics of a regularized metric 6.

In definitive, we can safely apply the PN approximation to inspiralling compact
binaries. This has been done, computing the phase (amplitude) of the waveform
of the gravitational radiation emitted by a non-spinning binary system in circular
orbit up to 3.5PN (3PN) order 7. Spin-orbit effects (linear terms in the spins) in
the gravitational wave phase are included up to 3.5PN order, whereas quadratic
spin-spin contributions are known up to 2PN order (see, e.g., [36, 39]).

We have said that the PN approximation can be applied to binary systems
whether the component objects are weak or strong gravitating sources. This is
strictly related to the effacement principle, i.e., the fact that the internal structure
of the bodies contributes to the PN series expansion only at very high order. The
difference between a extended-body and a pointlike massive particle is due to
tidal interactions. Contrary to point-particles, extended-bodies are deformed by
tidal forces. We can estimate at which PN order the tidal effects show up. In the
previous chapter, we have shown that the leading contribution is the quadrupolar
deformation. Let us consider two compact objects with typical masses M and radii
R, separated by a distance r. At Newtonian order, the gravitational force which

5The n-th PN order is associated with the emission of gravitational radiation with wavelength
λn ∼ O(1/n)λGW . Thus, for higher PN orders the condition λn � d is not fulfilled any longer.

6The regularization takes care of the divergent gravitational field of a pointlike mass.
7Recently, the conservative dynamics of spinless compact binaries has been extended up to

4PN order [194–197].
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acts on each body reads

F ∼ GM2

r2
+
GMQ

r4
+O

(
Q2
)

∼ GM2

r2
+
GM2R5

r7
+O

(
Q2
)

∼ GM2

r2

[
1 +

(
R

r

)5

+O
(
Q2
)]

,

(2.3)

whereQ is the tidally induced quadrupole moment, and we have used (cf. Eqs. (1.39),
(1.40) and (1.44))

Q ∼ R5d
2U

dr2
U ∼ M

r
. (2.4)

For a compact object, R ∼ GM/c2, and since for the virial theorem GM/r ∼ v2,
the correction to the Newtonian force due to tidal interactions is of order (v2/c2)5.
Therefore, the internal structure of the bodies affects the PN approximation at
5PN order, and it is encoded in the tidal deformations of the compact objects. For
a neutron star, this means that the tidal effects can provide information on the
equation of state.

We stress that the fact that tidal effects enter at such high PN order does not
necessary imply that they are negligible. Indeed, even if the tidal contribution is
a 5PN order term, the series coefficient in front of it is proportional, as we will
see, to the inverse of the star compactness to the fifth power, 1/C5. For a typical
neutron star this factor is of order 103÷ 104, and then the tidal term is comparable
to the 3.5PN order point-particle contributions [66]. For a non-relativistic binary
such as the Earth-Moon system, the above factor is huge, and indeed in this case
the tidal interactions dominate all the PN series.

Although currently we lack a PN expansion up to the 5PN order, in the next
section we show how it is possible to include effectively the tidal interactions in the
dynamics, and in the consequent gravitational emission, of compact binary system.
We follow the works of Vines, Flanagan and Hinderer [52,66].

2.1.1 Post-Newtonian approximation for a system of struc-
tured bodies

In this section we describe the PN theory of a system of interacting, arbitrarily
structured bodies, which has been developed in the works of Damour, Soffel and
Xu [50, 51] and Racine, Flanagan and Vines [52, 198]. Throughout this chapter
we set the gravitational constant G = 1, and keep the speed of light c as the
formal parameter of the PN expansion. We work to the 1PN order, i.e., O(c−2).
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Also, throughout this chapter we contract the spatial indices using the Euclidean
flat metric δij, therefore there is no distinction between upper and lower indices,
and we use the upper ones only. Furthermore, we use the multi-index notation
TL ≡ T a1...al , and for a generic (three-)vector vi, we define va1...al ≡ va1 . . . val and
v2 = vii, see the Notation of Chapter 2.

Choosing conformally Cartesian coordinates 8, the spacetime metric of General
Relativity to 1PN order reads

ds2 = −
(

1 +
2Φ

c2
+

2Φ2

c4

)
c2dt2+

2ζ i

c3
cdtdxi+

(
1− 2Φ

c2

)
δijdxidxj+O(c−4) . (2.5)

The scalar field Φ(t,x) can be decomposed into the Newtonian potential φ(t,x)
and its 1PN correction ψ(t,x), as Φ = φ+ c−2ψ. The three-vector field ζ i(t,x) is
the 1PN gravito-magnetic potential. Adopting the harmonic gauge condition 9, the
Einstein equations for the metric (2.5) reduce to

∇2Φ = 4πT tt + c−2
(

4πT ii + Φ̈
)

+O(c−4)

∇2ζ i = 16πT ti +O(c−2) ,
(2.6)

where overdots denote time derivatives and ∇2 = δij∂i∂j.
Let us now consider a system of N interacting, arbitrarily structured bodies.

Each body A, with A = 1, . . . , N , can have arbitrarily high velocity fields and/or
strong gravity. For each body we assume the existence of a local coordinate system
(sA, y

i
A), which covers the product of an open ball of radius r2, |yA| < r2, with an

open interval of time (s1, s2), s1 < sA < s2. Moreover, we assume that: (i) all the
body matter fields and/or strong gravity regions are contained in a ball |yA| < r1,
with r1 < r2, which we call the worldtube WA. (ii) In the region r1 < |yA| < r2,
which we call the buffer region BA, the gravitational field is weak, the coordinates
(sA, y

i
A) are harmonic and conformally Cartesian and the spacetime metric reduces

to the form in Eq. (2.5), with potentials ΦA(sA,yA) and ζ iA(sA,yA). (iii) The
buffer regions (and thus the worldtubes) of the bodies do not overlap. We call the
coordinate system (sA, y

i
A) body frame or local frame. Furthermore, we assume the

existence of a harmonic and conformally Cartesian coordinate system (t, xi) which
covers the spatial region Bg, composed of all the buffer regions of the bodies as well
as the space among them, i.e., the entire spacetime except for the worldtubes of the
bodies. In the region Bg, the metric can be written in the form shown in Eq. (2.5)

8Conformally Cartesian coordinates are a special case of isotropic coordinates and require
g00gij = −δij +O(c−4) [50].

9The harmonic, or Lorenz, or de Donder gauge is defined by ∂µ(
√
−ggµν) = 0, or equivalently

Γαµνgµν = 0, where Γαµν are the Christoffel symbols. For the metric (2.5), this condition implies
4Φ̇ + ∂iζ

i = O(c−2).
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Figure 2.3: Illustration of the different charts covering the spacetime metric of the N -body
system. The worldtube regions are shown in red, the buffer regions in purple and the space
among them in blue. The global buffer region Bg is the sum of the blue and purple areas. The
left-diagonal lines mark the regions covered by the local frame coordinates (sA, y

i
A), whereas the

right-diagonal lines denote the areas where the global frame coordinates (t, xi) are defined. Note
that the coordinate systems overlap in the buffer region of each body.

in terms of potentials Φg(t,x) and ζ ig(t,x). We call the coordinate system (t, xi)
global frame. A graphic visualization of the above system is shown in Fig. 2.3. Note
that the spacetime partitioning is different from that of Fig. 2.2 (and has not to be
confused with it).

We stress that each body buffer region BA is covered by both the global
coordinates (t, xi) and local coordinates (sA, y

i
A). In these regions the coordinate

transformation between the two frames is given by 10

xi(s,yA) =yiA + ziA(sA) +
1

c2

{[
1

2
żkkA (sA)δij − α̇A(sA)δij + εijkRk

A(sA)

+
1

2
żijA (sA)

]
yjA +

[
1

2
z̈iA(sA)δjk − z̈kA(sA)δij

]
yjkA

}
+O(c−4)

10The coordinate transformation in Eq. (2.7) is the most general transformation between two
harmonic and conformally Cartesian coordinate systems with the metric given by Eq. (2.5). The
functions {zi, Ri, α, β} can be freely specified, with the only condition ∇2β = 0.



Tidal deformations in binary systems 63

t(s,yA) =sA +
1

c2

[
αA(sA) + żjA(sA)yjA

]
+

1

c4

[
βA(sA,yA) +

1

6
α̈A(sA)yjjA

+
1

10

...
z jA(sA)yjkkA

]
+O(c−6) ,

(2.7)

where {ziA, Ri
A, αA, βA} are different functions for each body A, and εijk is the Levi-

Civita symbol. The vector ziA (Ri
A) describes a time-dependent spatial translation

(rotation) between the two frames.
Under the above assumptions, working in the body frame, we have to solve the

vacuum Einstein equations in the buffer region BA,

∇2ΦA = c−2Φ̈A +O(c−4)

∇2ζ iA = +O(c−2) .
(2.8)

The general solution for the potentials ΦA(sA,yA) and ζ iA(sA,yA) is given by

ΦA(sA,yA) =−
∞∑
l=0

1

l!

{
(−1)lML

A(sA)∂L
1

|yA|
+GL

A(sA)yLA

+
1

c2

[
(−1)l(2l + 1)

(l + 1)(2l + 3)
µ̇LA(sA)∂L

1

|yA|
+

(−1)l

2
M̈L

A(sA)∂L|yA|

−ν̇LA(sA)yLA +
1

2(2l + 3)
G̈L
A(sA)yjjLA

]}
+O(c−4) ,

ζ iA(sA,yA) =−
∞∑
l=0

1

l!

{
(−1)lZiL

A (sA)∂L
1

|yA|
+ Y iL

A (sA)yLA

}
+O(c−2) , (2.9)

where

ZiL
A (sA) =

4

l + 1
Ṁ iL

A (sA)− 4l

l + 1
εji〈alJ

L−1〉j
A (sA) +

2l − 1

2l + 1
δi〈alµ

L−1〉
A (sA) +O(c−2) ,

(2.10)

Y iL
A (sA) =νiLA (sA) +

l

l + 1
εji〈alH

L−1〉j
A (sA)− 4(2l − 1)

2l + 1
Ġ
〈L−1
A δal〉i(sA) +O(c−2) .

(2.11)

The above expansion defines the body and tidal multipole moments. The internal
degrees of freedom of each body are described by its mass multipole moments
ML

A(sA) and its current multipole moments JLA(sA), with l ≥ 0 and l ≥ 1, respec-
tively. Mass and current multipole moments take into account the distributions
of energy and momentum inside the source. If the bodies are weakly gravitating
objects, the 1PN approximation holds also inside the worldtube regions WA, and it
is possible to write the body multipole moments as integrals over the source volume.
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On the other hand, if the bodies have a region of strong gravity, this is not possible.
In the latter case, one can express the multipole moments in terms of surface
integrals in the buffer region (cf. with the discussion in section 2.1). The tidal field
due to the other bodies B 6= A is described by the electric tidal moments GL

A(sA)
and the magnetic tidal moments HL

A(sA) (defined for l ≥ 0 and l ≥ 1, respectively).
The tidal moments encode the gravitational fields generated by external sources
and the inertial effects due to the motion of the local frame with respect to the
global frame. Both the body and the tidal moments are symmetric trace-free (STF)
tensors on all indices (see the Notation of Chapter 2 for the definition of STF
tensor). Note that the multipole moments are functions of the time coordinate
alone, they are independent of the spatial variables. Mass and electric moments
are defined up to 1PN order, while current and magnetic moments are defined
just to Newtonian level 11. The quantities µLA, νLA (defined for l ≥ 0 and l ≥ 1,
respectively) are called internal and external gauge moments, respectively, because
they do not contain gauge-invariant information (and indeed they can be set to zero
through a coordinate transformation, see below). Within the 1PN approximation,
the separation between the tidal field and the multipolar structure of the body is
clear and unique (cf. with the discussion in section 1.2.2). In Eq. (2.9), the terms
with negative powers of |yA| (which diverge for |yA| → 0) depend on the body
multipole moments, whereas the terms with positive powers of |yA| (which diverge
for |yA| → ∞) depend on the tidal moments.

We can use the residual gauge freedom in the coordinate transformation (2.7)
to choose the body-adapted gauge for the local frame, which defines the body local
asymptotic rest frame. This is achieved by imposing the following conditions:

M i
A(sa) =0

Ri
A(sa) =0

GA(sa) =µA(sa) = 0

µLA(sa) =νLA(sa) = 0 l ≥ 1 .

(2.12)

The first condition, setting the body mass dipole M i
A to zero, ensures that the

center of mass of the body A is located at yiA = 0. The second condition, setting the
rotation vector Ri

A to zero, fixes the orientation of the local frame spatial axes to
that of the global frame ones. The third condition ensures that, replacing the body
by a freely falling observer at yiA = 0, its proper time is measured by the coordinate
sA. Lastly, we can set to zero all the internal and external gauge moments, revealing

11We stress that there is no inconsistency with the definition of the multipole moments in
Chapter 1, where we said that the current/magnetic multipole moments vanish in the Newtonian
limit. Indeed, here we have already factored out the dependency 1/c2 in the definition of the
multipole moments, thus even if the current/magnetic moments do not vanish in the Newtonian
limit, they can affect the dynamics only at 1PN order.
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their nature of pure gauge degrees of freedom. In the body-adapted gauge, setting
yiA = 0, the coordinate transformation (2.7) yields the equation xi = ziA(t), with
t = sA + c−2αA(sA) +O(c−4). This relation describes the position of the body A
in the global frame, i.e., it parametrizes the location of the local frame of the body
A in the global coordinate system. The function ziA(t) is called the center-of-mass
(COM) worldline of the body A, even if in general it does not parametrize an
actual worldline in the spacetime. Indeed, the global coordinate system (t, xi) is
not defined in the worldtube region WA of the body, and thus it is not defined in
its center of mass. The vector ziA(t) describes a real worldline only if the body is
weakly gravitating and the 1PN approximations holds also inside the worldtube
region.

In the region Bg the Einstein equations take the form in Eqs. (2.8), but for the
global potentials Φg(t,x) and ζ ig(t,x),

∇2Φg = c−2Φ̈g +O(c−4)

∇2ζ ig = +O(c−2) .
(2.13)

Alike in the local frame, we can expand the global frame potentials in terms of
the (mass and current) global body multipole moments ML

g,A(t), ZiL
g,A(t) (defined for

l ≥ 0 and STF tensors on all (the last) l-indices)

Φg(t,x) =−
N∑
A=1

∞∑
l=0

(−1)l

l!

{
ML

g,A(t)∂L
1

|x− zA(t)|

+
1

2c2
∂2
t

[
ML

g,A(t)∂L|x− zA(t)|
]}

+O
(
c−4
)
,

ζ ig(t,x) =−
N∑
A=1

∞∑
l=0

(−1)l

l!
ZiL
g,A(t)∂L

1

|x− zA(t)|
+O

(
c−2
)
. (2.14)

Furthermore, the moments ZiL
g,A satisfy

Z
〈iL〉
g,A = − 4

l + 1
ṀL

g,A(t)

ZjjL
g,A = 0 .

(2.15)

The first relation arises from the harmonic gauge condition, whereas the latter is
equivalent to setting the global gauge moments µLg,A (which we have not introduced)
to zero. This expansion is the sum 12 of the contribution from each body, which
is centered at the COM worldline xi = ziA(t). Note that there are no tidal terms,

12The sum over the bodies is justified by the linearity of the Einstein equations within the 1PN
approximation.



Tidal deformations in binary systems 66

since the global frame extends up to spatial infinity, where the metric reduces to
the flat metric, and no tidal force acts on the N -body system.

However, we can introduce the tidal moments for each body, as the result of
the presence of the other bodies, also in the global frame. In the buffer region BA
of the body, the potentials Φg(t,x) and ζ ig(t,x) can be rewritten in a different way,
including the contributions from the bodies B 6= A in the (electric and magnetic)
global tidal multipole moments GL

g,A(t), Y iL
g,A(t) (defined for l ≥ 0 and STF tensors

on all (the last) l-indices)

Φg(t,x) =−
∞∑
l=0

1

l!

{
(−1)lML

g,A(t)∂L
1

|x− zA(t)|
+GL

g,A(t)[x− zA(t)]L

+
1

2c2
∂2
t

[
ML

g,A(t)∂L|x− zA(t)| +
1

2l + 3
GL
g,A(t)[x− zA(t)]jjL

]}
+O

(
c−4
)
,

ζ ig(t,x) =−
∞∑
l=0

1

l!

{
(−1)lZiL

g,A(t)∂L
1

|x− zA(t)|
+ Y iL

g,A(t)[x− zA(t)]L
}

+O
(
c−2
)
.

(2.16)

Comparing the expansions (2.14) and (2.16), the global tidal moments of the body
A can be expressed as functions of the global body multipole moments of the bodies
B 6= A and their COM worldlines.

Outside the N -body system, far away from all sources, it is possible to rewrite
the potentials of the global frame through an expansion around the origin xi = 0,
in terms of the multipole moments of the entire system, i.e., the mass and current
system multipole moments ML

sys(t) and JLsys(t) (STF tensors defined for l ≥ 0 and
l ≥ 1, respectively)

Φg(t,x) =−
∞∑
l=0

(−1)l

l!

{
ML

sys(t)∂L
1

|x|
+

1

c2

[
(2l + 1)

(l + 1)(2l + 3)
µ̇Lsys∂L

1

|x|

+
1

2
M̈L

sys∂L|x|
]}

+O
(
c−4
)
,

ζ ig(t,x) =−
∞∑
l=0

(−1)l

l!
ZiL
sys(t)∂L

1

|x|
+O

(
c−2
)
, (2.17)

where

ZiL
sys =

4

l + 1
Ṁ iL

sys −
4l

l + 1
εji〈alJL−1〉j

sys +
2l − 1

2l + 1
δi〈alµL−1〉

sys +O(c−2) (2.18)

and µLsys, with l ≥ 0, are the (non-vanishing) system gauge moments. The above
expansion is alike that in Eq. (2.9) for the local frame multipole moments, but
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without the tidal terms (see the discussion above). Comparing the expansions (2.14)
and (2.17), we can express the system multipole moments in terms of the global
multipole moments through the relations

ML
sys =

N∑
A=1

l∑
k=0

(
l

k

)[
M
〈L−K
g,A z

K〉
A +

1

c2

1

2(2l + 3)
∂2
t

(
2M

j〈L−K
g,A z

K〉j
A

+M
〈L−K
g,A z

K〉jj
A

) ]
− 1

c2

2l + 1

(l + 1)(2l + 3)
µ̇Lsys +O

(
c−4
)
, (2.19)

JLsys =
1

4
Zjk〈L−1
sys εal〉kj , (2.20)

where

µLsys =ZjjL
sys , (2.21)

ZiL
sys =

N∑
A=1

l∑
k=0

(
l

k

)
Z
i〈L−K
g,A z

K〉
A +O

(
c−2
)
. (2.22)

We have said that both the local and the global frame are defined in the buffer
region of each body, and they are related by the coordinate transformation (2.7).
This means that the metrics in the two coordinate systems are related by

gAµν =
∂xα

∂yµA

∂xβ

∂yνA
ggαβ . (2.23)

Through this equivalence, and using the expansions (2.9) and (2.16), one can
determine (and eliminate from the problem) the functions αA and βA in the
transformation (2.7), and obtain the relations between the local multipole moments
and the global multipole moments, involving only the worldlines ziA. Henceforth, we
define viA ≡ żiA, aiA ≡ z̈iA and ∂(A)

i ≡ ∂/∂ziA. The global mass and current multipole
moments ML

g,A, ZiL
g,A and the electric and magnetic tidal moments GL

g,A, Y iL
g,A can

be expressed in terms of the local body multipole moments ML
A , JLA as

ML
g,A =ML

A +
1

c2

[(
3

2
v2
A − (l + 1)Gg,A

)
ML

A −
2l2 + 5l − 5

(l + 1)(2l + 3)
vjAṀ

jL
A

− 2l3 + 7l2 + 16l + 7

(l + 1)(2l + 3)
ajAM

jL
A −

2l2 + 17l − 8

2(2l + 1)
v
j〈al
A M

L−1〉j
A

+
4l

l + 1
vjAε

jk〈alJ
L−1〉k
A

]
+O

(
c−4
)
, (2.24)

ZiL
g,A =

4

l + 1
Ṁ iL

A + 4viAM
L
A −

4(2l − 1)

2l + 1
vjAM

j〈L−1
A δal〉i − 4l

l + 1
εji〈alJ

L−1〉j
A

+O
(
c−2
)
, (2.25)



Tidal deformations in binary systems 68

GL
g,A =

∑
B 6=A

∞∑
k=0

(−1)k

k!
MK

B ∂
(A)
KL

1

|zA − zB|
+O

(
c−2
)
, (2.26)

Y iL
g,A =

∑
B 6=A

∞∑
k=0

(−1)k

k!
ZiK
g,B ∂

(A)
KL

1

|zA − zB|
+O

(
c−2
)
. (2.27)

The local electric and magnetic tidal moments GL
A, HL

A can be expressed in terms
of the global tidal multipole moments as

GL
A =FL

g,A − l!ΛL
Φ,A +

1

c2

[
Ẏ
〈L〉
g,A − v

j
AY

jL
g,A + (2v2

A − lGg,A)GL
g,A − (l/2)v

j〈al
A G

L−1〉j
g,A

+ (l − 4)v
〈al
A Ġ

L−1〉
g,A − (l2 − l + 4)a

〈aL
A G

L−1〉
g,A − (l − 1)!Λ̇

〈L〉
ζ,A

]
+O

(
c−4
)
l ≥ 1 ,

(2.28)

HL
A =Y

jk〈L−1
g,A εal〉jk − 4vjAG

k〈L−1
g,A εal〉jk − l!Λjk〈L−1

ζ,A εal〉jk 13 +O
(
c−2
)

l ≥ 1 ,

(2.29)

where

FL
g,A =

∑
B 6=A

∞∑
k=0

(−1)k

k!

[
NK
g,B ∂

(A)
KL

1

|zA − zB|
+

1

2c2
PK
g,B ∂

(A)
K〈L〉|zA − zB|

]
+O

(
c−4
)

(2.30)

NL
g,A =ML

g,A +
1

(2l + 3)c2
[v2
AM

L
A + 2vjAṀ

jL
A + 2lv

j〈al
A M

L−1〉j
A + ajAM

jL
A ] +O

(
c−4
)

(2.31)

PL
g,A =M̈L

A + 2lv
〈al
A Ṁ

L−1〉
A + la

〈al
A M

L−1〉
A + l(l − 1)v

〈alal−1

A M
L−2〉
A +O

(
c−2
)

(2.32)

Λi
Φ,A =aiA +

1

c2

[
(v2
A +Gg,A)aiA +

1

2
vijAa

j
A + 2Ġg,Av

i
A

]
+O

(
c−4
)

Λij
Φ,A =

1

c2

(
−1

2
a
〈ij〉
A + v

〈i
Aȧ

j〉
A

)
+O

(
c−4
)

ΛL
Φ,A = 0 l ≥ 3 (2.33)

Λi
ζ,A =− 2Gg,Av

i
A +O

(
c−2
)

Λij
ζ,A =− 3

2
v

[i
Aa

j]
A − 2v

〈i
Aa

j〉
A −

4

3
Ġg,Aδ

ij +O
(
c−2
)

Λijk
ζ,A =− 6

5
δi〈j ȧ

k〉
A +O

(
c−2
)

ΛL
ζ,A = 0 l ≥ 4 . (2.34)

13Note that Λ
jk〈L−1
ζ,A εal〉jk = O

(
c−2
)
for l ≥ 2, see Eqs. (2.34).
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Note that at Newtonian order

ML
A =ML

g,A +O(c−2) , (2.35)
Gi
A =Gi

g,A − aiA +O(c−2) , (2.36)

GL
A =GL

g,A +O(c−2) l ≥ 2 . (2.37)

Through the above relations, it is possible to express any quantity in terms of
the local body multipole moments ML

A , JLA and the worldlines ziA. Therefore, the
dynamics of the N -body system is completely determined once the equations of
motion for the latter are known.

The equations of motion of the single body A are the laws which govern the
rate of change of mass-energy, momentum and angular momentum of the body, due
to the interaction with the gravitational fields generated by the other bodies. They
were first derived by Damour, Soffel and Xu [51] for weakly gravitating sources, by
imposing the stress-energy conservation law in the body interior, and then extended
to objects with strong gravity by Racine and Flanagan [198], through the 2PN
vacuum Einstein equations in the body buffer region. In the body-adapted gauge,
the equations of motion are written in terms of the local frame body and tidal
multipole moments, and take the form

ṀA =− 1

c2

∞∑
l=0

1

l!

[
(l + 1)ML

AĠ
L
A + l ṀL

AG
L
A

]
+O

(
c−4
)
, (2.38)

M̈ i
A =

∞∑
l=0

1

l!

{
ML

AG
iL
A +

1

c2

[
1

l + 2
εijkM jL

A ḢkL
A +

1

l + 1
εijkṀ jL

A HkL
A

− 2l3 + 7l2 + 15l + 6

(l + 1)(2l + 3)
M iL

A G̈
L
A −

2l3 + 5l2 + 12l + 5

(l + 1)2
Ṁ iL

A Ġ
L
A

− l2 + l + 4

l + 1
M̈ iL

A G
L
A +

l

l + 1
JLAH

iL
A −

4(l + 1)

(l + 2)2
εijkJ jLA ĠkL

A

− 4

l + 2
εijkJ̇ jLA GkL

A

]}
+O

(
c−4
)
, (2.39)

J̇ iA =
∞∑
l=0

1

l!
εijkM jL

A GkL
A +O

(
c−2
)
. (2.40)

The orbital equation of motion for the body A, that is the translational equation
of motion for the COM worldline ziA, can be obtained from the condition M̈ i

A = 0,
which follows from the gauge conditionM i

A = 0. Imposing that the RHS of Eq. (2.39)
vanishes, and replacing the local tidal multipole moments of the body A by the body
multipole moments of other bodies B 6= A, through the relations (2.28)–(2.34),
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yields a second-order ODE for the global frame COM worldline ziA(t),

z̈iA(t) = F iA
(
zjB, ż

j
B,M

L
B , Ṁ

L
B , M̈

L
B , J

L
B , J̇

L
B

)
. (2.41)

The above equation depends only on the worldlines and the local mass and current
multipole moments of all bodies B. Making the same replacement in Eq. (2.38)
and (2.40), yields, respectively, the equations of motion for mass MA(t) and spin
SA(t), in terms of the body multipole moments and COM worldlines,

ṀA(t) =GA
(
zjB, ż

j
B,M

L
B , Ṁ

L
B

)
(2.42)

ṠiA(t) =GiA
(
zjB,M

L
B

)
. (2.43)

The form of the equations of motion (2.38)–(2.40) is valid in any coordinate
frame where the metric takes the form in Eq. (2.5), and the potentials that in
Eq. (2.9). This means that the above equations of motion can be applied also to
the evolution of the entire N -body system (indeed, Eq. (2.9) and Eq. (2.17) have
the same form). Since there are no tidal terms when considering the system as a
whole, replacing the body multipole moments by the system multipole moments in
the above equations, we get

Ṁsys =O
(
c−4
)
, (2.44)

M̈ i
sys =O

(
c−4
)
, (2.45)

J̇ isys =O
(
c−2
)
. (2.46)

The above equations express the conservation of mass-energy, momentum and
angular momentum (at 1PN order) for an isolated system. This result is useful to
check explicitly the correctness of the equations of motion for the single body. In
the following we make use of Eq. (2.45) to check our computations.

Using Eqs. (2.42) and (2.43), we can eliminate the time derivatives on masses
and spins from Eq. (2.41), obtaining

z̈iA(t) = F iA
(
zjB, ż

j
B,MB, J

i
B, Q

L
B, Q̇

L
B, Q̈

L
B, S

L
B, Ṡ

L
B

)
, (2.47)

where we have defined
QL
A ≡ML

A

SLA ≡JLA
l ≥ 2 . (2.48)

Henceforth, we adopt this notation to denote the higher-order body multipole
moments. However, this is not enough to fully determine the dynamics of all bodies.
To close the system, the orbital equation of motion (2.47) has to be supplemented
also by the evolution equations for the multipole moments QL

A, S
L
A, which depend



Tidal deformations in binary systems 71

on the internal dynamics of the bodies. In other words, we need to provide a model
for the interior degrees of freedom. Since we are interested in studying the tidal
deformations of compact objects, we assume that the body multipole moments
are tidally induced by the (local) tidal moments. Therefore, within the adiabatic
approximation, the equations for the higher-order multipole moments in the local
frame are given by the adiabatic relations defined in Eqs. (1.81), that we report
here

QL
A = λ

(A)
l GL

A +
λ

(A)
l l+1

c2
JkAH

kL
A +

λ
(A)
l l−1

c2
J
〈al
A H

L−1〉
A

SLA =
σ

(A)
l

c2
HL
A + σ

(A)
l l+1 J

kGkL
A + σ

(A)
l l−1 J

〈al
A G

L−1〉
A

. (2.49)

Note the peculiar presence of the factor 1/c2 together with the magnetic tidal
moments HL

A. This is due to the fact that we have defined the magnetic tidal
moments to be non-zero also at Newtonian order, i.e., we have factored out the 1PN
order dependence in the metric, by writing the gravito-magnetic potential as ζ i/c2.
In other words, a magnetic tidal field can source the current moments only at 1PN
order. On the other hand, the electric tidal fields can induce (by means of the spin)
current deformations also at Newtonian order, but the current moments would
affect the dynamics only at 1PN order. This means that at Newtonian level, gravity
can affect the internal motion of a body, but instead the momentum distributions
do not gravitate, like it must be. These arguments are in perfect agreement with
the discussion in [62]. In section 2.2 we apply explicitly the adiabatic approximation
to a compact binary.

Newtonian gravity

At Newtonian order, Eqs. (2.38)–(2.40) reduce to (we recall that M i
A = 0 and

GA = 0)

ṀA =O
(
c−2
)
, (2.50)

M̈ i
A =MAG

i
A +

∞∑
l=2

1

l!
QL
AG

iL
A +O

(
c−2
)
, (2.51)

J̇ iA =
∞∑
l=1

1

l!
εijkQjL

A G
kL
A +O

(
c−2
)
. (2.52)

We can see that the mass is conserved at Newtonian order. Imposing the condition
M̈ i

A = 0, and using the relations (2.36) and (2.37), we obtain the translation
equations of motion for the worldlines ziA,

MAa
i
A = MAG

i
g,A +

∞∑
l=2

1

l!
QL
AG

iL
g,A +O

(
c−2
)
, (2.53)
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where the global frame tidal moments GL
g,A are given in Eqs. (2.26). Replacing the

local frame tidal moments through Eq. (2.37), the equation for the spin becomes

J̇ iA =
∞∑
l=1

1

l!
εijkQjL

A G
kL
g,A +O

(
c−2
)
. (2.54)

To fully constrain the dynamics, we need to provide only the equations of motion
for the l ≥ 2 mass multipole moments QL

A. In the adiabatic approximation these
are given by

QL
A = λ

(A)
l GL

A = λ
(A)
l GL

g,A +O
(
c−2
)
. (2.55)

From this, we see that, if the mass moments are tidally induced, the spin is
conserved

J̇ iA =
∞∑
l=1

λ
(A)
l

l!
εijkGjL

g,AG
kL
g,A +O

(
c−2
)

= O
(
c−2
)
, (2.56)

where the last equality follows from the contraction of the Levi-Civita symbol
(which is antisymmetric under the exchange of the j, k indices) with GjL

g,AG
kL
g,A (that

instead is symmetric under the exchange j ↔ k).

2.1.2 Binary systems

In this section, we summarize the steps needed to obtain the phase of the
gravitational waveform emitted by an inspiralling compact binary system, where
the objects are tidally deformed. We start from the equations of motion (2.47)
and (2.49). In the next section, this procedure is applied in details to a spin-
ning binary where the single components have tidally induced, mass and current,
quadrupolar and octupolar multipole moments. Note that we are describing the
dynamics of the system to 1PN order, but the tidal effects start to affect the
waveform at 5PN order. There is no inconsistency in that, because we have defined
the 1PN approximation through the formal parameter 1/c2, which can always be
set to c = 1. The PN order of any term is given by the powers of the orbital
velocity, which is the true small parameter (with respect to speed of light) of the
expansion.

We can define the COM (global) frame as the coordinate system for which the
mass dipole of the system vanishes, M i

sys = 0. For binary systems (N = 2), the
conservation of momentum allows to describe the dynamics in the COM frame as
a function of the orbital separation alone, zi(t) = zi2(t)− zi1(t). Thus, the equation
of motion of the orbital separation takes the form

z̈i = z̈i2 − z̈i1 = F i2 −F i1 . (2.57)
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After the equation for zi is solved, one can go back to the single worldlines zi1, zi2,
using the condition M i

sys = 0.
Within the adiabatic approximation, the equation of motion (2.57), together

with the equations for the multipole moments (the adiabatic relations (2.49)),
can be derived from a generalized action principle, in terms of a Lagrangian
function L(zi, żi, z̈i, QL

A, Q̇
L
A, S

L
A). Since this Lagrangian does not depend explicitly

on time, ∂L/∂t = 0, the total energy E of the two-body system is a conserved
quantity (neglecting the gravitational wave emission 14), which can be obtained
using the standard techniques of Lagrangian mechanics. Indeed, let us consider a
generalized Lagrangian which depends on a set of variables {qi(t)} as well as their
time derivatives up to the n-th order [199],

L = L
(
qi, q̇i, q̈i, . . . , q

(n)
i

)
. (2.58)

The Euler-Lagrange equations of motion read

n∑
k=0

(−1)k
dk

dtk
∂L
∂q

(k)
i

= 0 . (2.59)

Assuming that the Lagrangian does not depend explicitly on time, it can be shown
that the conserved energy is given by

E =
∑
i

n∑
j=1

pi,jq
(j)
i − L (2.60)

where {pi,j} are the j-th order momenta

pi,j =

n−j∑
k=0

(−1)k
dk

dtk
∂L

∂q
(j+k)
i

j = 1, . . . , n . (2.61)

Within the PN approximation, the gravitational radiation emitted by a system
is due to the presence of time-varying multipole moments. Because of the non-
linearity of the gravitational interaction, the gravitational wave flux can be split
in two contributions: an instantaneous term due to the gravitational wavefront,
and a hereditary tail term which arrives later 15. Let us consider the total radiated
energy at infinity at the time t0. The instantaneous term corresponds to the energy

14The emission of gravitational radiation produce back-reaction forces which act on the system,
ensuring that the total energy is conserved. This radiation reaction affects the conservative
dynamics of a system only starting at 2.5PN order, which is well beyond our approximation [35,183].

15We are neglecting the so-called non-linear memory hereditary term, which affects the instan-
taneous flux at 2.5PN order [35,183].
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loss by the system at the retarded time u0 = t0 − r/c (where r is the distance
between the source and the observer). The tail term encodes instead the part
of the gravitational radiation emitted at all times u < u0, which is scattered by
the curved background of the system, and therefore accumulates delay. At 1.5PN
order 16, the gravitational wave flux is given by [35]

F =Finst + Ftail +O
(
c−9
)

Finst =
1

5c5

...
M

ij

sys

...
M

ij

sys +
1

189c7

....
M

ijk
sys

....
M

ijk
sys +

16

45c7

...
J
ij
sys

...
J
ij
sys

Ftail =
2

5c8

...
M

ij

sysU̇
ij
tail ,

(2.62)

where
U ij
tail(U) = 2Msys

∫ ∞
0

....
M

ij
sys(U − τ)

[
log

(
cτ

2r0

)
+

11

12

]
dτ . (2.63)

In the above equation, U = t − r/c − (2Msys/c
3) log (r/r0) is the retarded time

in radiative coordinates, and r0 a gauge-dependent arbitrary constant due to the
freedom of choice of the radiative coordinates themselves.

We turn now to the evaluation of the gravitational waveform phase. At large
distance from the source, the gravitational radiation emitted by a system is described
as a small perturbation hµν of the flat metric. In the transverse-traceless (TT)
gauge, the asymptotic waveform hTTij (with hTT0µ = 0) has only two degrees of
freedom: h+ and h×, corresponding to the two polarizations of the gravitational
waves. The two polarization states are obtained projecting the waveform onto
the orthonormal triad (~er,~eθ,~eϕ), made of the spatial basis vectors of spherical
radiative coordinates (t, r, θ, ϕ) [200]. The (scalar) waveform h(t, r, θ, ϕ) is defined
as the complex scalar h = h+ − ih×. It can be shown that h can be expanded in
spin-weighted spherical harmonics with spin-weight s = −2,

h(t, r, θ, ϕ) =
∑
l≥2

∑
m

hlm(t, r) −2Ylm(θ, ϕ) (2.64)

(see the Appendix B for the definition of the spin-weighted spherical harmonics).
Let us consider now a non-precessing binary system in circular orbit with orbital

frequency ω/(2π). Since the orbital motion is planar, it can be shown that in
16Even if we are working within the 1PN approximation, we need the gravitational wave flux at

1.5PN order to derive the leading-order tail-tidal contribution to the waveform (the only 1.5PN
order term in the flux is indeed the tail term). This is consistent, because other higher-order
corrections to the metric, beyond the 1PN order, would affect the waveform beyond the 1.5PN
order. A similar situation occurs for the spin, whose contribution enters to the waveform at
1.5PN order, but it is derived from the metric at 1PN order. We see this explicitly in the next
section (see also the discussion above Eq. (2.57)).
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this case hl m = (−1)lh∗l−m [35]. We can use the quadrupolar approximation, since
for such a system the contribution of the higher-order modes is negligible. At
the leading quadrupolar order l = 2, only the modes with |m| = 2 are different
from zero, and the gravitational radiation is emitted at twice the orbital frequency,
ωGW = 2ω. Since h2−2 = h∗2 2, besides the angular dependence, we can focus
on the l = m = 2 mode, h ∼ h2 2

17. Thus, the waveform can be written as
h(t) = A(t)e−iφ(t), where the gravitational wave phase φ(t) is given by

φ(t) =

∫ t

ωGW (t′) dt′ =

∫ t

t0

2ω(t′) dt′ + φ0 , (2.65)

where φ0 and t0 are two constants.
The total energy of the binary system and the emitted gravitational wave flux

are related through the energy balance relation

Ė = −F . (2.66)

If the binary system evolves adiabatically slow in time, the gravitational wave
phase can be extracted from the above equation. Assuming that the energy and
the gravitational flux can be written as functions of the orbital frequency (without
any explicit time dependence), we write

dE

dt
=
dE

dω

dω

dt
=

1

2

dE

dω

d2φ

dt2
, (2.67)

that replaced in Eq. (2.66) gives

d2φ

dt2
= − 2F

dE/dω
, (2.68)

which can be recast into the system
dφ

dt
=2ω

dω

dt
=− F

dE/dω

. (2.69)

The above system can be solved through different methods, giving rise to the
so-called TaylorT1–TaylorT4 gravitational waveform approximants [201]. We follow
the TaylorT2 approach. Exploiting the equation

dt = − 1

F

dE

dω
dω , (2.70)

17The spin-weighted spherical harmonics −2Y2±2 ∼ (1 ± cos (θ))2ei2ϕ, where for a binary
system the angle θ is the angle between the line of sight and the normal of the orbital plane, and
we can put ϕ = 0 without loss of generality (it is equivalent to redefine the overall phase constant
of the gravitational waveform, see Eq. (2.65)). Thus, h ∼ (1 + cos (θ))2h2 2 + (1− cos (θ))2h∗2 2.
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the solution to the system (2.69) can be written as
t(ω) =tc +

∫ ωc

ω

1

F (ω′)

dE(ω′)

dω′
dω′

φ(ω) =φc +

∫ ωc

ω

2ω′

F (ω′)

dE(ω′)

dω′
dω′

, (2.71)

where tc, ωc and φc are constants.
Next, we transform the solution for the waveform phase φ in the frequency

domain. The Fourier transform of the gravitational signal is defined as

h̃(f) =

∫ t

h(t)ei2πft dt =

∫ +∞

−∞
A(t)ei(2πft−φ(t)) dt . (2.72)

During the inspiral phase, both the amplitude A and the frequency ωGW = dφ/dt
vary slowly with respect to the phase φ (d logA/dt � dφ/dt and dωGW/dt �
(dφ/dt)2). Under these assumptions, we can solve the integral (2.72) using the
stationary phase approximation, which states that the only non-negligible contri-
bution to the integral comes from the region around the point where the phase
in the exponential is stationary. Everywhere else the integrand is highly oscil-
lating, and averages to zero. In our case, the stationary point t∗ is given by
φ̇(t∗) = 2πf , which means that the largest contribution to the Fourier transform
h̃(f), at a given f , comes from the instant of time t∗ for which the gravitational
frequency is ωGW = 2πf (as expected). Around the stationary point, we expand
φ(t) = φ(t∗) + 1/2φ̈(t∗)(t− t∗)2 +O(t3), obtaining

h̃(f) ∼ A(t∗)ei(2πft∗−φ(t∗))

∫ +∞

−∞
e−iφ̈(t∗)(t−t∗)2/2 dt . (2.73)

Using the Fresnel integral
∫ +∞
−∞ e−ix2dx =

√
πe−iπ/4, we obtain

h̃(f) ∼A(f) eiψ(f)

A(f) =A(t∗)

√
2π

φ̈(t∗)

ψ(f) =2πft∗ − φ(t∗)− π

4
.

(2.74)

Note that t∗ depends implicitly on f , because ωGW(t∗) = 2πf .
The gravitational wave phase in the time domain is given by the TaylorT2

approximant (2.71). Recalling that ωGW = 2ω we get

ψ(f) = 2πftc − φc −
π

4
+

∫ ωc

πf

2(πf − ω′)
F (ω′)

dE(ω′)

dω′
dω′ , (2.75)
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which is the expression of the TaylorF2 approximant. Besides the two integration
constants tc and φc (the time and the phase at the coalescence, respectively), the
piece of the phase ψ, which contains the physical information from the source, is
given by [202]

d2ψ

dω2
= − 2

F

dE

dω
, (2.76)

where we have used the change of variable ω = πf .
Here, we are not considering the gravitational wave amplitude (either in the

time or frequency domain). The reason is that the estimation of the physical
parameters of the source during the inspiral is more sensible to variations of the
gravitational wave phase, than to those of the amplitude [203] (see section 2.3).
Therefore, we need to include the tidal effects only in the waveform phase, while
we can use the amplitude at Newtonian order (i.e., that given by the Einstein
quadrupole formula). We stress that this is no longer true during the merger, where
the amplitude can differ significantly depending on the neutron star equation of
state [204].

2.2 Tidal interactions of a spinning binary system
Working at Newtonian level, Flanagan and Hinderer computed for the first time

the leading 5PN order contribution of the electric quadrupolar Love number λ2 to
the waveform phase [65]. Then, Vines, Flanagan and Hinderer applied the approach
described in the previous section to a non-spinning binary system, computing the
next-to-leading, 6PN order, contribution of λ2 to the waveform 18 [52,66]. Damour,
Nagar and Villain extended this result computing the next-to-next-to-leading, 6.5PN
order, contribution of λ2, due to the coupling to the tail part of the gravitational
radiation [67]. Yagi included the effect of the quadrupolar magnetic Love number
σ2, which enters at 6PN order [68] (see also [69]).

In this thesis we extend their results including the effect of the spins of the
compact objects. We consider a spinning binary system where the components have
tidally induced mass and current, quadrupolar and octupolar multipole moments.
We take into account the coupling between the spin and the standard tidal Love
numbers, as well as the contribution of the rotational tidal Love numbers. We show
how in this way we can obtain the complete tidal contribution to the gravitational
waveform phase, up to 6.5PN order. As a by-product of our computation, we
re-obtain the results previously derived by those authors, and we get also the

18Vines and Flanagan [52] derived the equations of motion, and the consequent Lagrangian,
for a binary system where only one of the components is spinning. Then, since in the adiabatic
approximation the spin is constant (see Eqs. (2.56) and (2.129)), they set it to zero, neglecting
its subleading contribution to the tidal part of the phase.
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leading-order contributions of the electric and magnetic octupolar Love numbers
λ3 and σ3, which enter at higher PN orders.

We consider a binary system where the body 1 is characterized by its mass
M1 and its spin J i1, whereas the the body 2 is characterized by its mass M2, its
spin J i2, its mass quadrupole Qij

2 , its current quadrupole Sij2 , its mass octupole
Qijk

2 and its current octupole Sijk2 . All the other higher-order multipole moments
vanish identically. Following Vines and Flanagan [52], we call this the M1-J1-M2-
J2-Q2-S2-Q3-S3 truncation. We work to linear order in the spins and in the tidal
fields (which means in the tidal Love numbers). We assume that the quadrupole
and octupole moments are tidally induced, therefore we neglect the spin-induced
quadrupole, etc. (which indeed are higher than linear order in the spin). Since the
l ≥ 2 multipole moments are tidally induced, working to linear order in the tidal
fields means neglecting quadratic and higher-order terms in the l ≥ 2 multipole
moments. With all these assumptions, the contribution that would come from the
multipole moments with l = 2, 3 of the body 1 can be obtained at the end of the
computation, simply exchanging the indices A = 1, 2 of the bodies. Because of this,
we can drop the index 2 in the multipole moments with l = 2, 3 of the body 2, i.e.,
Qij ≡ Qij

2 , Sij ≡ Sij2 , Qijk ≡ Qijk
2 and Sijk ≡ Sijk2 . We do the same with the Love

numbers of the body 2, i.e., λ2 ≡ λ
(2)
2 , etc. We restore the indices at the end of the

computation.

2.2.1 Equations of motion

Within our truncation, the equations of motion of the mass monopole (i.e., the
mass), the mass dipole and the current dipole (i.e., the spin) of the two bodies,
namely Eqs. (2.38), (2.39) and (2.40), respectively, reduce to

Ṁ1 =O
(
c−4
)
,

Ṁ2 =− 1

c2

(
3

2
QijĠij

2 + Q̇ijGij
2 +

2

3
QijkĠijk

2 +
1

2
Q̇ijkGijk

2

)
+O

(
c−4
)
, (2.77)
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M̈ i
1 =M1G

i
1 +

1

c2

(
1

2
J j1H

ij
1 − εijkJ

j
1Ġ

k
1 − 2εijkJ̇ j1G

k
1

)
+O

(
c−4
)
,

M̈ i
2 =M2G

i
2 +

1

2
QjkGijk

2 +
1

6
QjkaGijka

2 +
1

c2

(
1

3
εijkQjaḢka

2 +
1

2
εijkQ̇jaHka

2

+
1

4
εijkQjabḢkab

2 +
1

3
εijkQ̇jabHkab

2 − 3QijG̈j
2 − 6Q̇ijĠj

2 − 3Q̈ijGj
2

− 80

21
QijkG̈jk

2 −
65

9
Q̇ijkĠjk

2 −
10

3
Q̈ijkGjk

2 +
1

2
J j2H

ij
2 +

1

3
SjkH ijk

2

+
1

8
SjkaH ijka

2 − εijkJ j2Ġk
2 −

8

9
εijkSjaĠka

2 −
3

8
εijkSjabĠkab

2 − 2εijkJ̇ j2G
k
2

−4

3
εijkṠjaGka

2 −
1

2
εijkṠjabGkab

2

)
+O

(
c−4
)
, (2.78)

J̇ i1 =O
(
c−2
)
,

J̇ i2 = εijkQjaGka
2 + εijkQjabGkab

2 +O
(
c−2
)
. (2.79)

As discussed in section 2.1.1, the orbital equations of motion for the worldlines
z1(t), z2(t) can be obtained by replacing Eqs. (2.78) in the condition M̈ i

A = 0,
which is a consequence of the gauge condition M i

A = 0. In order to this, the local
frame tidal moments in the RHS of Eqs. (2.78) have to be expressed in terms of the
body frame multipole moments. To this aim, the expressions of Gi

1 and GL
2 with

l = 1, . . . , 4 are needed up to 1PN order, while those of H ij
1 , HL

2 with l = 2, . . . , 4
are needed up to 0PN order. These are obtained through the relations (2.28)–(2.34),
which for our truncation reduce to 19

Gi
1 =F i

g,1 − Λi
Φ,1 +

1

c2

[
Ẏ i
g,1 − v

j
1Y

ji
g,1 + (2v2

1 −Gg,1)Gi
g,1 − (1/2)vji1 G

j
g,1 − 3vi1Ġg,1

− 4ai1Gg,1 − Λ̇i
ζ,1

]
+O

(
c−4
)

Gi
2 =F i

g,2 − Λi
Φ,2 +

1

c2

[
Ẏ i
g,2 − v

j
2Y

ji
g,2 + (2v2

2 −Gg,2)Gi
g,2 − (1/2)vji2 G

j
g,2 − 3vi2Ġg,2

− 4ai2Gg,2 − Λ̇i
ζ,2

]
+O

(
c−4
)

Gij
2 =F ij

g,2 − 2Λij
Φ,2 +

1

c2

[
Ẏ
〈ij〉
g,2 − vk2Y

kij
g,2 + 2(v2

2 −Gg,2)Gij
g,2 − v

k〈j
2 G

i〉k
g,2 − 2v

〈j
2 Ġ

i〉
g,2

− 6a
〈j
2 G

i〉
g,2 − Λ̇

〈ij〉
ζ,2

]
+O

(
c−4
)

Gijk
2 =F ijk

g,2 +
1

c2

[
Ẏ
〈ijk〉
g,2 − va2Y

aijk
g,2 + (2v2

2 − 3Gg,2)Gijk
g,2 − (3/2)v

a〈k
2 G

ij〉a
g,2 − v

〈k
2 Ġ

ij〉
g,2

− 10a
〈k
2 G

ij〉
g,2 − 2Λ̇

〈ijk〉
ζ,2

]
+O

(
c−4
)

19We recall that viA ≡ żiA, aiA ≡ z̈iA and ∂(A)
i ≡ ∂/∂ziA, see the Notation of Chapter 2.
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Gijka
2 =F ijka

g,2 +
1

c2

[
Ẏ
〈ijka〉
g,2 − vb2Y

bijka
g,2 + (2v2

2 − 4Gg,2)Gijka
g,2 − 2v

b〈a
2 G

ijk〉b
g,2

− 16a
〈a
2 G

ijk〉
g,2

]
+O

(
c−4
)
,

(2.80)

H ij
1 =Y

ab〈i
g,1 εj〉ab − 4va1G

b〈i
g,1ε

j〉ab +O
(
c−2
)

H ij
2 =Y

ab〈i
g,2 εj〉ab − 4va2G

b〈i
g,2ε

j〉ab +O
(
c−2
)

H ijk
2 =Y

ab〈ij
g,2 εk〉ab − 4va2G

b〈ij
g,2 ε

k〉ab +O
(
c−2
)

H ijkc
2 =Y

ab〈ijk
g,2 εc〉ab − 4va2G

b〈ijk
g,2 εc〉ab +O

(
c−2
)
,

(2.81)

where

Gg,1 =
M2

|z1 − z2|
+

1

2
Qij∂

(1)
ij

1

|z1 − z2|
− 1

6
Qijk∂

(1)
ijk

1

|z1 − z2|
+O

(
c−2
)

Gi
g,1 =M2∂

(1)
i

1

|z1 − z2|
+

1

2
Qjk∂

(1)
ijk

1

|z1 − z2|
− 1

6
Qjka∂

(1)
ijka

1

|z1 − z2|
+O

(
c−2
)

Gij
g,1 =M2∂

(1)
ij

1

|z1 − z2|
+

1

2
Qka∂

(1)
ijka

1

|z1 − z2|
− 1

6
Qkab∂

(1)
ijkab

1

|z1 − z2|
+O

(
c−2
)

Gg,2 =
M1

|z1 − z2|
+O

(
c−2
)

Gi
g,2 =M1∂

(2)
i

1

|z1 − z2|
+O

(
c−2
)

Gij
g,2 =M1∂

(2)
ij

1

|z1 − z2|
+O

(
c−2
)

Gijk
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(2)
ijk

1

|z1 − z2|
+O

(
c−2
)

Gijka
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(2)
ijka

1

|z1 − z2|
+O

(
c−2
)
,

(2.82)

Y i
g,1 =

3∑
k=0

(−1)k

k!
ZiK
g,2 ∂

(1)
K

1

|z1 − z2|
+O

(
c−2
)

Y ij
g,1 =

3∑
k=0

(−1)k

k!
ZiK
g,2 ∂

(1)
jK

1

|z1 − z2|
+O

(
c−2
)

Y ija
g,1 =

3∑
k=0

(−1)k

k!
ZiK
g,2 ∂

(1)
jaK

1

|z1 − z2|
+O

(
c−2
)

Y i
g,2 =
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(−1)k

k!
ZiK
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(2)
K

1

|z1 − z2|
+O

(
c−2
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Y ij
g,2 =

1∑
k=0

(−1)k

k!
ZiK
g,1 ∂

(2)
jK
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|z1 − z2|
+O

(
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)

Y ija
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(
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Y ijab
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|z1 − z2|
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(
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(2.83)

and

F i
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(2.84)

Ng,1 =Mg,1 +
M1
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l ≥ 4 ,
(2.85)
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(
c−2
)

P i
g,1 = ai1M1 +O

(
c−2
)

P ij
g,1 = 2M1v

〈ij〉
1 +O

(
c−2
)

PL
g,1 =O

(
c−2
)

l ≥ 3

Pg,2 = M̈2 +O
(
c−2
)

P i
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(
c−4
)

M i
g,1 =

1

c2

(
2εijkvj1J

k
1

)
+O

(
c−4
)

ML
g,1 =O

(
c−4
)

l ≥ 2

Mg,2 =M2 +
M2

c2

(
3

2
v2

2 −Gg,2

)
+O

(
c−4
)
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M i
g,2 =

1

c2

(
−1

5
vj2Q̇

ij − 16

5
aj2Q

ij + 2εijkvj2J
k
2

)
+O

(
c−4
)

M ij
g,2 =Qij +

1

c2

[
3

(
1

2
v2

2 −Gg,2

)
Qij − 17

5
v
k〈i
2 Qj〉k +

8

3
vk2ε

ka〈jSi〉a − 13

21
vk2Q̇

ijk

−83

21
ak2Q

ijk

]
+O

(
c−4
)

M ijk
g,2 =Qijk +

1

c2

[(
3

2
v2

2 − 4Gg,2

)
Qijk − 61

14
v
a〈k
2 Qij〉a + 3va2ε

ab〈kSij〉b
]

+O
(
c−4
)

ML
g,2 =O

(
c−4
)

l ≥ 4 ,
(2.88)

Zi
g,1 = 4M1v

i
1 +O

(
c−2
)

Zij
g,1 = − 2εijkJk1 +O

(
c−2
)

ZiL
g,1 =O

(
c−2
)

l ≥ 2

Zi
g,2 = 4M2v

i
2 +O

(
c−2
)

Zij
g,2 = 2Q̇ij − 2εijkJk2 +O

(
c−2
)

Zijk
g,2 = 4vi2Q

jk − 12

5
va2Q

a〈jδk〉i − 8

3
εai〈kSj〉a +

4

3
Q̇ijk +O

(
c−2
)

Zijka
g,2 = 4vi2Q

jka − 20

7
vb2Q

b〈jkδa〉i − 3εbi〈aSjk〉b +O
(
c−2
)

ZiL
g,2 =O

(
c−2
)

l ≥ 4 .

(2.89)

Using the above relations, and replacing the time derivatives on masses and
spins by the evolution equations (2.77) and (2.79), we find the orbital equations of
motion in the form

M1a
i
1 =F i

1,M + F i
1,J + F i

1,Q2 + F i
1,Q3 + F i

1,S2 + F i
1,S3 ,

M2a
i
2 =F i

2,M + F i
2,J + F i

2,Q2 + F i
2,Q3 + F i

2,S2 + F i
2,S3 ,

(2.90)

where we have separated different contributions coming from mass, spin, mass
quadrupole, mass octupole, current quadrupole and current octupole, respectively.
Defining

zi = zi2 − zi1 vi = vi2 − vi1

r = |z| ni =
zi

r

(2.91)

and using the relations
nii =1

∂
(2)
L

1

r
=(−1)l∂

(1)
L

1

r
= (−1)l(2l − 1)!!

n〈L〉

rl+1

∂
(A)
L r =− r2

2l − 1
∂

(A)
L

1

r
+
l(l − 1)

2l − 1
δ(alal−1

∂
(A)
L−2)

1

r
,

(2.92)
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the mass monopole contributions read

F i
1,M =

M1M2

r2
ni +

1

c2

M1M2

r2

{
ni
[
2v2 − v2

1 −
3

2
(nava2)2 − 5M1

r
− 4M2

r

]
+ vina (4va1 − 3va2)

}
+O

(
c−4
)
,

F i
2,M =− M1M2

r2
ni − 1

c2

M1M2

r2

{
ni
[
2v2 − v2

2 −
3

2
(nava1)2 − 4M1

r
− 5M2

r

]
− vina (4va2 − 3va1)

}
+O

(
c−4
)
,

(2.93)
while the spin contributions are

F i
1,J =

1

c2

M1

r3
εabcJ c2

[
δai
(
4vb − 6nbdvd

)
− 6naivb

]
− 1

c2

M2

r3
εabcJ c1

[
3δai

(
nbdvd − vb

)
+6naivb

]
+O

(
c−4
)
,

F i
2,J =

1

c2

M1

r3
εabcJ c2

[
3δai

(
nbdvd − vb

)
+ 6naivb

]
− 1

c2

M2

r3
εabcJ c1

[
δai
(
4vb − 6nbdvd

)
−6naivb

]
+O

(
c−4
)
.

(2.94)
Recalling that the local frame body multipole moments are STF tensors 20, the

20We remind that, if TL is a STF tensor, then T iiL−2 = 0, etc., and the contraction with a
generic tensor UL satisfies TLUL = TLU 〈L〉. See the Notation of Chapter 2 for the properties of
STF tensors.
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mass quadrupole contributions are

F i
1,Q2 =

3M1

2r4
Qab

(
5nabi − 2naδbi

)
+

1

c2

(
3M1

2r4
Qab

{
5nabi

[
2v2 − v2

1 −
7

2
(ncvc2)2

−47M1

5r
− 24M2

5r

]
− 2naδbi

[
2v2 − v2

1 −
5

2
(ncvc2)2 − 19M1

2r
− 4M2

r

]
+ navbi2 +

(
5nai − δai

)
vbc2 n

c + vi
(
5nabc − 2naδbc

)
(4vc1 − 3vc2)

}
+

3M1

2r3
Q̇ab

[
nab
(
5vc2 n

ci + 3vi
)
− 4vanbi − 2δainbc (2vc1 − vc2)

]
− 3M1

4r2
Q̈ab

(
nabi + 2naδbi

))
− 3

c2
εicdJ c1

{
Qab

r5

[
5

2
nab
(
7ndeve − vd

)
+
(
δad − 5nad

)
vb − 5δadnbeve

]
+
Q̇ab

r4

(
δad − 5

2
nad
)
nb
}

− 3εcdeJa1
c2

{
Qbd

r5

[
5nab

(
δicve − δievc

)
+ 5nac

(
δibve − δievb

)
+ 5nbc

(
δiave − δieva

)
+ 35nabc

(
δienfvf − ni

)
+ δab

(
δievc − δic

)
+ δac

(
δievb − δib

)
+ 5

(
δabnc + δacnb

) (
ni − δienfvf

) ]
− Q̇bd

r4
δie
(
5nabc − δabnc − δacnb

)}
+O

(
c−4
)
,
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F i
2,Q2 =− 3M1

2r4
Qab

(
5nabi − 2naδbi

)
+ c−2

(
3M1

2r4
Qab

{
− 5nabi

[
2v2 − v2

2

−7

2
(ncvc1)2 − 8M1

r
− 6M2

r

]
+ 2naδbi

[
3v2 − v2

2 − 5 (ncvc)2 − 5

2
(ncvc1)2

−8M1

r
− 11M2

2r

]
+ nivab + 5naci

(
2vbvc1 − vbc2

)
+ vi

(
5nabc − 2naδbc

)
(4vc2 − 3vc1) + navb2

(
vi2 − 2vi1

)
+ δbinc [(5va2 − 4va1) vc2 − 6vavc1]

}
+

3M1

r3
Q̇ab

[
vb
(
2nai − δai

)
+δainbcvc − 2nabvi

])
+

3M1

c2M2

εicdJ c2

{
Qab

r5

[
5

2
nab
(
7ndeve − vd

)
+
(
δad − 5nad

)
vb − 5δadnbeve

]
+
Q̇ab

r4

(
δad − 5

2
nad
)
nb
}

+
3εcdeJa1
c2

{
Qbd

r5

[
5nab

(
δicve − δievc

)
+ 5nac

(
δibve − δievb

)
+ 5nbc

(
δiave − δieva

)
+ 35nabc

(
δienfvf − ni

)
+ δab

(
δievc − δic

)
+ δac

(
δievb − δib

)
+ 5

(
δabnc + δacnb

) (
ni − δienfvf

) ]
− Q̇bd

r4
δie
(
5nabc − δabnc − δacnb

)}
+O

(
c−4
)
,

(2.95)
the mass octupole contributions read

F i
1,Q3 =− 5M1

2r5
Qabc

(
7niabc − 3δicnab

)
+O(c−2) ,

F i
2,Q3 =

5M1

2r5
Qabc

(
7niabc − 3δicnab

)
+O(c−2) ,

(2.96)

the current quadrupole contributions are

F i
1,S2 =− 4M1ε

bcd

c2

{
Sad

r4

[
na
(
δibvc − δicvb

)
+ nb

(
δiavc − δicva

)
+5nab

(
δicneve − nivc

)]
− Ṡad

r3
δicnab

}
− J c1
c2

Sab

r5

[
4δbc

(
5nia − δia

)
+10

(
δianbc + δibnac + δicnab

)
− 70niabc

]
+O

(
c−4
)
,
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F i
2,S2 =

4M1ε
bcd

c2

{
Sad

r4

[
na
(
δibvc − δicvb

)
+ nb

(
δiavc − δicva

)
+5nab

(
δicneve − nivc

)]
− Ṡad

r3
δicnab

}
+
J c1
c2

Sab

r5

[
4δbc

(
5nia − δia

)
+10

(
δianbc + δibnac + δicnab

)
− 70niabc

]
+O

(
c−4
)
,

(2.97)

and the current octupole contributions read

F i
1,S3 =− 15M1

c2

{
Sbde

r5
nabvc

[
7

2

(
εiaenc − εcaeni

)
nd −

(
εiadδce + εicdδae + εacdδie

) ]
− Ṡbde

2r4
εiadnabe

}
− 45J c1

4c2

Sabc

r6

[
δcd
(
δianb + δibna − 7niab

)
− 7

3

(
δianbcd + δibnacd + δicnabd + δidnabc − 9niabcd

) ]
+O

(
c−4
)
,

F i
2,S3 =

15M1

c2

{
Sbde

r5
nabvc

[
7

2

(
εiaenc − εcaeni

)
nd −

(
εiadδce + εicdδae + εacdδie

) ]
− Ṡbde

2r4
εiadnabe

}
+

45J c1
4c2

Sabc

r6

[
δcd
(
δianb + δibna − 7niab

)
− 7

3

(
δianbcd + δibnacd + δicnabd + δidnabc − 9niabcd

) ]
+O

(
c−4
)
.

(2.98)
Deriving the above equations, we have used the Newtonian expression of any
quantity explicitly multiplied by a factor 1/c2. In particular, we have made use of
the Newtonian orbital equations of motion

ai1 =
M2

r2
ni +

3

2r4
Qab

(
5nabi − 2naδbi

)
− 5

2r5
Qabc

(
7niabc − 3δicnab

)
+O

(
c−2
)

ai2 =− M1

r2
ni − 3M1

2M2r4
Qab

(
5nabi − 2naδbi

)
+

5M1

2M2r5
Qabc

(
7niabc − 3δicnab

)
+O

(
c−2
)
,

(2.99)
which follow from Eqs. (2.53) in our approximation. We remind that we are working
to linear order in the spins and in the l ≥ 2 multipole moments. Therefore, we have
neglected terms of order O

(
Si1S

j
2

)
, O

(
QabQij

)
, O

(
QabcQijk

)
and O

(
QabQijk

)
.

We stress also that we have included the contribution of the mass octupole
moment only at Newtonian order, neglecting the 1PN order terms ∼ O

(
Qijk/c2

)
in

Eqs. (2.96). This may seem inconsistent within the 1PN approximation. However, in
the following we show that this is enough to derive the leading-order contributions
to the gravitational waveform phase due to the mass octupole, which enter at
6.5PN order through the rotational tidal Love number λ32. Next-to-leading order
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corrections to Eqs. (2.96) would affect only the very subleading terms depending
on the standard Love number λ3 (8PN order and beyond).

As a consistency check of Eqs. (2.90), we have computed the mass dipole of
the system M i

sys, by applying Eq. (2.19) to our truncation. Taking the second
time derivative of the system mass dipole, and replacing the orbital equations of
motion (2.90), we found that M̈ i

sys = O (c−4), as expected from Eq. (2.45).
Next, we can obtain the equations of motion in the system COM frame by

subtracting those for the individual accelerations, z̈i ≡ ai = ai2 − ai1. Before going
on with the computation, following Vines and Flanagan [52], we adopt a useful
partitioning of the mass M2 of the body 2, which is the one with l ≥ 2 multipole
moments, that is tidally deformed. Indeed, while the mass M1 of the body 1 is
conserved to 1PN order, the mass M2 changes in time due to tidal interactions (see
Eqs. (2.77)). Therefore, we can divide the latter in two contributions: a conserved
Newtonian mass and a time dependent part.

In order to do this, we notice that in Newtonian gravity the equations of motion
for a generic N -body system can be derived from an action principle, through the
Lagrangian function

L =
N∑
A=1

(
1

2
MAż

2
A +

1

2
MAGg,A +

1

2

∞∑
l=2

1

l!
QL
AG

L
g,A + Lint

A

)
+O

(
c−2
)
, (2.100)

where Lint
A is the piece of the Lagrangian which describes the internal dynamics of

the bodies. Lint
A is independent of the worldlines ziA by construction. It depends

on a set of unspecified internal variables qαA, as well as their time derivatives,
Lint
A (qαA, q̇

α
A). These internal variables represent, for instance, the mass density, the

matter velocity fields, etc. The mass multipole moments with l ≥ 2 depend on
the internal variables too, QL

A(qαA). Applying the Euler-Lagrange equations (2.59)
for the variables ziA to the above Lagrangian, we get the Newtonian equations of
motion (2.53). Note that the tidal multipole moments depend on the worldlines ziA
(see Eq. (2.26)), while the mass multipole moments do not by construction. On
the other hand, applying the action principle with respect to the internal variables,
we get

∂Lint
A

∂qαA
− d

dt

∂Lint
A

∂q̇αA
+
∞∑
l=2

1

l!
GL
g,A

∂QL
A

∂qαA
= O

(
c−2
)
. (2.101)

We stress that the tidal moments GL
g,A of the body A depend on the mass multipole

moments MB, Q
L
B of the other bodies B 6= A, therefore they depend implicitly on

the internal variables qαB.
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The conserved total energy of the system is given by

E =
N∑
A=1

(
∂L
∂żiA

żiA +
∂L
∂q̇αA

q̇αA

)
− L+O

(
c−2
)

=
N∑
A=1

(
1

2
MAż

2
A −

1

2
MAGg,A −

1

2

∞∑
l=2

1

l!
QL
AG

L
g,A + Eint

A

)
+O

(
c−2
)
,

(2.102)

where we have defined the internal energy of the A-th body as 21

Eint
A =

∂Lint
A

∂q̇αA
q̇αA − Lint

A . (2.103)

Remarkably, without any assumption on the dependence of Lint
A on the variables

qαA, it is possible to derive an equation for the internal energy. Taking its time
derivative, and replacing the equations of motion (2.101), we obtain

Ėint
A =− q̇αA

(
∂Lint

A

∂qαA
− d

dt

∂Lint
A

∂q̇αA

)
=
∞∑
l=2

1

l!
GL
g,A

∂QL
A

∂qαA
q̇αA

=
∞∑
l=2

1

l!
GL
g,AQ̇

L
A +O

(
c−2
)
.

(2.104)

The above equation expresses the work done on the bodies by the tidal forces, the
so-called tidal heating 22.

With our truncation, the Lagrangian which gives the Newtonian equations (2.99)
reads

L =
1

2
M1ż

2
1 +

1

2
M2ż

2
2 +

M1M2

r
− UQ2 − UQ3 + Lint

2 +O
(
c−2
)
, (2.105)

21We notice that such a definition is not unique, because a residual dependence on the internal
variables resides in the mass multipole moments QLA(qαA). In other words, the mass multipole
moments are the link between the internal dynamics of the bodies and the external orbital motion.
One has the freedom to include the gravitational energy due the tidal interactions (i.e., the terms
proportional to the QLA) either to the gravitational energy of the orbit (as we do), or to the
internal energy of the body. The latter convention is used, e.g., in [126,205].

22The result in Eq. (2.104) holds even if the internal Lagrangian depends on higher-order time
derivatives, Lint

A (qαA, q̇
α
A, q̈

α
A, . . . ). The only requirement is that the mass multipole moments do

not depend on the time derivatives of the internal variables (QLA = QLA(qαA) only).
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where we have defined (see Eqs. (2.82))

UQ2 =− 1

2
QijGij

g,2 = −3M1

2r3
nijQij ,

UQ3 =− 1

6
QijkGijk

g,2 =
5M1

2r4
nijkQijk . (2.106)

UQ2 and UQ3 are the quadrupolar and octupolar Newtonian gravitational potential
energy, respectively. Since the body 1 is a pure mass monopole by construction, we
can ignore its internal structure without loss of generality. For this reason, there is
no Lint

1 in Eq. (2.105). On the other hand, Lint
2 depends on the internal variables

qα2 (and their time derivatives). The internal energy of the body 2 is

Eint
2 = q̇α2

∂Lint
2

∂q̇α2
− Lint

2 . (2.107)

Replacing the Euler-Lagrange equations for the Lagrangian (2.105),

∂Lint
2

∂qα2
− d

dt

∂Lint
2

∂q̇α2
+

1

2
Gij
g,2

∂Qij

∂qα2
+

1

6
Gijk
g,2

∂Qijk

∂qα2
= O

(
c−2
)
, (2.108)

into the time derivative of Eq. (2.107), yields

Ėint
2 =

1

2
Gij
g,2Q̇

ij +
1

6
Gijk
g,2Q̇

ijk +O
(
c−2
)
. (2.109)

The evolution equation for the mass of the body 2 is (Eq. (2.77))

Ṁ2 = − 1

c2

(
3

2
QijĠij

g,2 + Q̇ijGij
g,2 +

2

3
QijkĠijk

g,2 +
1

2
Q̇ijkGijk

g,2

)
+O

(
c−4
)
, (2.110)

and can be rewritten in terms of UQ2, UQ3 and Ėint
2 as

Ṁ2 =
1

c2

(
Ėint

2 + 3U̇Q2 + 4U̇Q3

)
+O

(
c−4
)
. (2.111)

The above equation provides a way to partition the mass M2. Integrating it over
time, one gets

M2 = nM2 +
1

c2

(
Eint

2 + 3UQ2 + 4UQ3

)
+O

(
c−4
)
, (2.112)

where nM2 is the conserved Newtonian mass of body 2. As we discuss below, this
partitioning of M2 is also useful to find an action principle for the system at 1PN
order.
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Now we can write the equations of motion in the system COM frame. We define
the (Newtonian) total mass M , the mass ratios η1, η2, the symmetric mass ratio ν
and the reduced mass µ as

M = M1 + nM2

η1 =
M1

M
η2 =

nM2

M

ν =
M1

nM2

M2
= η1η2 µ =

M1
nM2

M
= η1η2M = νM .

(2.113)

With our truncation, the mass dipole of the system reads (see Eq. (2.19))

M i
sys =M

(
η1z

i
1 + η2z

i
2

)
+

1

c2

[(
η1Mv2

1

2
− µM

2r
+
UQ2

2

)
zi1

+

(
η2Mv2

2

2
− µM

2r
+
UQ2

2
+ Eint

2

)
zi2 +

3η1M

2r2
Qijnj

+ εijk
(
vj1J

k
1 + vj2J

k
2

) ]
+O

(
c−2Qijk

)
+O

(
c−4
)
,

(2.114)

where we have used the partitioning of M2 in Eq. (2.112), and neglected 1PN order
terms in the mass octupole. In the system COM frame, replacing zi = zi2 − zi1 in
the condition M i

sys = 0, and solving for the single worldlines, we get 23

zi1 = −η2z
i + c−2Di +O

(
c−4
)

zi2 = η1z
i + c−2Di +O

(
c−4
)

vi1 = −η2v
i +O

(
c−2
)

vi2 = η1v
i +O

(
c−2
)
,

(2.118)

where

Di =ν

[
(η2 − η1)

(
v2

2
− M

2r
− 3

4η2r3
Qjknjk

)
− η1

M
Eint

2

]
zi

− 3η1

2r2
Qijnj +

1

M
εijkvj

(
η2J

k
1 − η1J

k
2

)
+O

(
Qijk

)
.

(2.119)

23We stress that including the mass octupole (or other higher-order mass moments) would not
change the form of the Eqs. (2.118). Indeed, the form of the system mass dipole at 1PN order is

M i
sys = M

(
η1z

i
1 + η2z

i
2

)
+ c−2P i

(
zj1, z

j
2

)
+O

(
c−4
)
. (2.115)

Replacing, for instance, zi2 = zi + zi1, and solving for zi1 perturbatevely in 1/c2, we obtain

zi1 = −η2zi +
P i
(
zj
)

c2M
+O

(
c−4
)
, (2.116)

from which

zi2 = η1z
i +

P i
(
zj
)

c2M
+O

(
c−4
)
. (2.117)
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We make also use of the relations

ṙ = nivi η1 + η2 = 1 . (2.120)

Finally, taking the difference of the Eqs. (2.41), and replacing Eq. (2.112), we
obtain the equation for the relative acceleration ai = ai2 − ai1,

ai = aiM + aiJ + aiQ2 + aiQ3 + aiS2 + aiS3 . (2.121)

The mass contribution is

aiM =− M

r2
ni − 1

c2

M

r2

{
ni
[
(1 + 3ν)v2 − 3ν

2
ṙ2 − 2(2 + ν)

M

r

]
− 2(2− ν)ṙvi

}
+O

(
c−4
)
. (2.122)

The spin contribution is

aiJ =
εabcJ c2
c2η2r3

[
(3 + η2)vaδbi − 3(1 + η2)ṙnaδbi + 6naivb

]
+
εabcJ c1
c2η1r3

[
(3 + η1)vaδbi − 3(1 + η1)ṙnaδbi + 6naivb

]
+O

(
c−4
)
. (2.123)
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The mass quadrupole contribution is

aiQ2 =− 3Qab

2η2r4

[
5nabi − 2naδbi

]
+

1
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{
Qab

r4

[
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105η1

4
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2
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)
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3
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(
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2

)
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2η2
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2

)
ṙ2

− 3

η2

(
8− η2 − 3η2

2

)M
r

)
+
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2η2
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3
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(
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)
ṙvaδbi

]
+
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r3
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3
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) ]
− Q̇bd

r4
δie
(
5nabc − δabnc − δacnb
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+O

(
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)
. (2.124)

The mass octupole contribution is

aiQ3 =
5Qabc

2η2r5

(
7niabc − 3δicnab

)
+O

(
c−2
)
. (2.125)
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The current quadrupole contribution is

aiS2 =
4εbcd

c2η2

{
Sad

r4

[
na
(
δibvc − δicvb

)
+ nb

(
δiavc − δicva

)
+ 5nab

(
ṙδic − nivc

) ]
− Ṡad

r3
δicnab

}
+

J c1
c2Mν

Sab

r5

[
4δbc

(
5nia − δia

)
+ 10

(
δianbc + δibnac + δicnab

)
−70niabc

]
+O

(
c−4
)
. (2.126)

The current octupole contribution is

aiS3 =
15

c2η2

{
Sbde

r5
nabvc

[
7

2
(εiaenc − εcaeni)nd − (εiadδce + εicdδae + εacdδie)

]
− Ṡbde

2r4
εiadnabe

}
+

45J c1
4c2Mν

Sabc

r6

[
δcd
(
δianb + δibna − 7niab

)
− 7

3

(
δianbcd + δibnacd + δicnabd + δidnabc − 9niabcd

) ]
+O

(
c−4
)
. (2.127)

Deriving these equations, we have made use of the relations (2.118) to replace the
body single velocities by the relative velocity, at 1PN order.

Note that we have included the contribution of the (Newtonian) internal energy
Eint

2 in the mass quadrupole term. We clarify this point in the following, when
we derive an action principle in the adiabatic approximation. Indeed, the internal
energy of body 2 will result proportional to its mass quadrupole and octupole. For
this reason, we have neglected terms of order O

(
QabEint

2

)
and O

(
QabcEint

2

)
. Also,

like before, we have neglected quadratic terms in Qij and Qijk, and 1PN order
terms proportional to the mass octupole.

We stress that up to now we have not made (yet) any assumption on the internal
dynamics of the bodies. The above equations are valid for a generic binary. We
have never assumed that the l ≥ 2 multipole moments are tidally induced. On the
other hand, this prevents us to solve the problem: we need to provide the evolution
equations for the higher-order moments. In the adiabatic approximation, the l ≥ 2
multipole moments are given by the algebraic relations (cf. Eqs. (1.81) and (2.49))

Qab = λ2G
ab
2 +

λ23

c2
J c2H

abc
2

Qabc = λ3G
abc
2 +

λ32

c2
J
〈c
2 H

ab〉
2

Sab =
σ2

c2
Hab

2 + σ23J
c
2G

abc
2

Sabc =
σ3

c2
Habc

2 + σ32J
〈c
2 G

ab〉
2 .

(2.128)
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We note that, replacing the adiabatic relations (2.128) in the evolution equation of
the spin, Eq. (2.79), it follows that

J̇2 = O
(
c−2
)
, (2.129)

i.e., to Newtonian order the spin is conserved in the adiabatic approximation (cf.
section 2.1.1, Eq. (2.56)).

2.2.2 Lagrangian

In the this section we show that the orbital equation of motion (2.121), together
with the adiabatic relations (2.128), can be derived from an action principle.

Orbital dynamics

The orbital equation of motion in the COM frame, ai = aiM + aiJ + aiQ2 + aiQ3 +
aiS2 +aiS3 (Eq. (2.121)), can be derived from an action principle. One first writes the
most general Lagrangian consistent with the truncation and at most linear in the
spin, which depends on a set of free coefficients. Then, applying the Euler-Lagrange
equations to the Lagrangian, replacing the evolution equations for the spins J i1,
J i2 and the internal energy Eint

2 , Eqs. (2.79) and (2.109), and comparing with the
orbital equations of motion, it is possible to find the values of the coefficients,
which will depend only on the (Newtonian) masses of the two bodies. Following
this approach, we find that the Lagrangian is

Lorb(z,v,a) = LM + LJ + LQ2 + LQ3 + LS2 + LS3 . (2.130)

The contribution of the mass is

LM =
µv2

2
+
µM

r
+
µ

c2

{
1− 3ν

8
v4 +

M

2r

[
(3 + ν) v2 + νṙ2 − M

r

]}
+O

(
c−4
)
.

(2.131)
The contribution of the spin is

LJ =
εabc

c2
vb
[
(η2J

a
1 + η1J

a
2 )

2M

r2
nc +

(
η2

2J
a
1 + η2

1J
a
2

) ac
2

]
+O

(
c−4
)
. (2.132)
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The mass quadrupole term reads

LQ2 =
3η1M

2r3
Qabnab +
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+

3

c2r4
εicdJa1Q
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(
5nabc − δabnc − δacnb

)
vi +O

(
c−4
)
. (2.133)

The mass octupole term reads

LQ3 = −5η1M

2r4
Qabcnabc +O

(
c−2
)
. (2.134)

The current quadrupole contribution is

LS2 =
4η1M

c2r3
εbcdnabSadvc +

2

c2r4
J c1S

ab
(
5nabc − 2δbcna

)
+O

(
c−4
)
. (2.135)

The current octupole contribution is

LS3 =
15η1M

2c2r4
εadeSbcdnabcve +

45

4c2r5
Jd1S

abc

(
δcdnab − 7

3
nabcd

)
+O

(
c−4
)
. (2.136)

Note that Eq. (2.130) is a generalized Lagrangian, since it depends on the (relative)
acceleration ai, together with the (relative) position zi and velocity vi. The action
is stationary if the generalized Euler-Lagrange equations are satisfied,(

∂

∂zi
− d

dt

∂

∂vi
+
d2

dt2
∂

∂ai

)
Lorb = 0 . (2.137)

A generalized Lagrangian is needed in order to obtain the spin contribution of
the orbital equation of motion, aiJ , from an action principle 24 [52]. Applying the
Eq. (2.137) to the Lagrangian function (2.130) reproduces the orbital equation of
motion (2.121).

We stress that at Newtonian order the mass quadrupole and octupole contribu-
tions are actually given by

LQ2 =
1

2
Gij

2 Q
ij +O

(
c−2
)

LQ3 =
1

6
Gijk

2 Qijk +O
(
c−2
)
,

(2.138)

24The equations of motion (and then the Lagrangian) for a spinning two-body system depend
on the spin supplementary condition assumed [206]. Choosing a different spin supplementary
condition (i.e., a different gauge), it is possible to make the Lagrangian independent of the
acceleration.
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consistently with the Newtonian Lagrangian (2.105). Remarkably, we found that
the same occurs at 1PN order with the current quadrupole and octupole 25

LS2 =
1

3c2
H ij

2 S
ij +O

(
c−4
)

LS3 =
1

8c2
H ijk

2 Sijk +O
(
c−4
)
.

(2.139)

We remark that: (i) the mass monopole contribution to the acceleration aiM ,
Eq. (2.122), is due only to the monopole term of the Lagrangian, LM . (ii) The
spin contribution to the acceleration aiJ , Eq. (2.123), is due only to the spin term
of the Lagrangian, LJ . (iii) The mass quadrupole contribution to the acceleration
aiQ2, Eq. (2.124), arises from terms in LM , LJ and LQ2. We recall that both
the Newtonian acceleration (2.99) and the time derivative of the spin (2.79) are
proportional to the mass quadrupole. For this reason, the contributions to aiQ2 can
not be entirely encoded in LQ2, but must come, without a chance, also from LM
and LJ . (iv) the mass octupole (which we need only at leading order) and the
current quadrupole and octupole contributions to the acceleration aiQ3, aiS2, aiS3,
Eqs. (2.125)–(2.127), arise from LQ3, LS2 and LS3, respectively.

Internal dynamics

It is possible to extend the Lagrangian Lint in order to describe also the adiabatic
evolution of the mass and current, quadrupole and octupole moments (Qij, Sij,
Qijk, Sijk), i.e., to enforce the adiabatic relations (2.128) from an action principle.

In this derivation we use the explicit expressions of the l = 2, 3 tidal moments
of body 2, which can be derived through Eqs. (2.80) and (2.81), and read

Gab
2 =

3η1M

r3
n〈ab〉 +

1

c2

3η1M

r3

[(
2v2 − 5η2

2

2
ṙ2 − 5 + η1

2

M
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n〈ab〉 + v〈ab〉

−
(
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)
ṙn〈avb〉

]
+

6

c2r4
Jd1 v

eεec〈a
(
5nb〉cd − δb〉dnc − nb〉δcd

)
+O(c−4) ,

(2.140)

Gabc
2 =− 15η1M

r4
n〈abc〉 +O(c−2) , (2.141)

Hab
2 =

12η1M

r3
vdnc〈aεb〉cd +

30J c1
r4

n〈abc〉 +O(c−2) , (2.142)

Habc
2 =− 60η1M

r4
vend〈abεc〉de − 210Jd1

r5
n〈abcd〉 +O(c−2) . (2.143)

25For a generic mass multipole moment of order l, the contribution to the Newtonian Lagrangian
is LQl = 1

l!G
L
2Q

L +O(c−2). In the case of current multipole moments, the structure is akin to
the Newtonian one, but at 1PN order, LSl = 1

c2
1
l!

l
l+1H

L
2 S

L +O(c−4).
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We note that up to 1PN order, the mass quadrupole contribution LQ2 (2.133)
can be written as [52]

LQ2 = UabQab + V abQ̇ab +WEint
2 +O(c−4) , (2.144)

where Uab(z,v), V ab(z,v), W (z,v) are the coefficients appearing in Eq. (2.133),
i.e.,

Uab =
3η1M

2r3
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[
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(
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4
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+
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1

2
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1

2
(3 + η2)ṙnavb

]
+

1
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r4
εecaJd1

(
5nbcd − δbdnc − δcdnb

)
ve ,

(2.145)

V ab =
1

c2

M

r2

[
−3ν

2
navb − 3ν

4
ṙnab

]
, (2.146)

W =
1

c2

[
η2

1

2
v2 + η1

M

r

]
. (2.147)

Together with the Eqs. (2.138) and (2.139), this allows us to write the orbital
Lagrangian in the form

Lorb =LM + LJ + UabQab + V abQ̇ab +WEint
2 +

(
1

6
Gabc

2 +
(
c−2
))

Qabc

+
1

3c2
Hab

2 S
ab +

1

8c2
Habc

2 Sabc +O
(
c−4
)
.

(2.148)

As we said, we do not explicitly compute the 1PN corrections in the mass octupole
contribution, because they do not affect the leading 6.5PN order tidal contribution
to the GW phase, coming from the mass octupole. We recall that the mass and
current moments, as well as the internal energy Eint

2 , are independent of the relative
position vector zi (i.e., the system COM worldline) by definition: they only evolve
in time. The same is not true for the tidal moments, which instead depend on
orbital degrees of freedom (see Eqs. (2.140)–(2.143)).

We define now the Lagrangian

L(z,v,a, QL, Q̇L, SL) = Lorb(z,v,a, QL, Q̇L, SL) + Lint
2 (QL, SL) . (2.149)

We have split the total Lagrangian of the system in two contributions. The internal
Lagrangian Lint

2 depends only on the internal degrees of freedom Qab, Qabc, Sab,
Sabc, and describes the internal dynamics of body 2 (the only one tidally deformed),
while the orbital Lagrangian Lorb depends both on the orbital degrees of freedom
and on the moments QL, SL. This means that adding the internal Lagrangian
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would not change the orbital equation of motion (2.121), because its derivatives
with respect to the orbital degrees of freedom vanish. Note that LQ2 also depends
on Eint

2 /c2 (see Eq. (2.144)). Thus, in order to write the Euler-Lagrange equations
for the internal degrees of freedom, we need to know the explicit form of Eint

2 as a
function of the moments QL, SL, at 0PN order.

We know that to fully determine the dynamics of the system at Newtonian
order, we need only the evolution equations for the mass multipole moments (cf.
section 2.1.1, Eq. (2.55))

Qab = λ2G
ab
2

Qabc = λ3G
abc
2

. (2.150)

Replacing the above adiabatic relations in Eq. (2.109), we find, at leading order,

Ėint
2 =

1

2
Gab
g,2Q̇

ab +
1

6
Gabc
g,2Q̇

abc +O(c−2)

=
1

4λ2

d

dt

(
QabQab

)
+

1

12λ3

d

dt

(
QabcQabc

)
+O(c−2) . (2.151)

Therefore, up to a constant term, the internal energy (at Newtonian level) has the
form

Eint
2 =

1

4λ2

QabQab +
1

12λ3

QabcQabc +O(c−2) , (2.152)

or, in other words, the internal Lagrangian which correctly reproduces the Newto-
nian adiabatic relations (2.150)) is Lint

2 = −Eint
2 .

Then, we look for an expression which reduces to Eq. (2.152) at 0PN order,
and which yields the correct adiabatic relations (2.128) at 1PN order. We find that
the correct Lagrangian (as shown below) is given by

Lint
2 =− Eint

2 = − 1

4λ2

QabQab − 1

12λ3

QabcQabc − 1

6σ2

SabSab − 1

16σ3

SabcSabc

+ αJa2Q
bcSabc + βJa2S

bcQabc , (2.153)

where α and β are two coupling constants that will turn out to be proportional to
the rotational tidal Love numbers. Note that this is the most general Lagrangian
function, which can be built from the multipole moments of our truncation by the
requirement that Lint

2 is scalar, parity invariant, at most quadratic in the internal
degrees of freedom and linear in the spin.

An important point should be remarked. The expression (2.153) does not
contain any 1/c2 factor. This means that it is valid in the same form also at
Newtonian order. This seems to violate the requirement that Eint

2 should reduce to
Eq. (2.152) in the Newtonian limit. In other words, it seems that we are changing
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the Newtonian internal energy, violating as a consequence Eq. (2.151). On the
other hand, the adiabatic relations (2.128) state that current multipole moments
are induced, through the spin, by the electric tidal moments also at Newtonian
order. In the 0PN order case we have not considered the current moments, because
even if present, they do not gravitate at Newtonian level, and therefore they can not
affect the dynamics. However, if current moments do exist, they must contribute
somehow to the internal energy of the body, also at Newtonian order. The point is
that the contribution of the terms depending on current moments in Eq. (2.153)
is a constant at Newtonian order. Therefore, its time derivative vanishes and
Eq. (2.152) is satisfied 26.

Now we apply the Euler-Lagrange equations (for the internal degrees of freedom)
to the total Lagrangian (2.149), with Lint

2 given by Eq. (2.153). For the mass
quadrupole we obtain (

∂

∂Qab
− d

dt

∂

∂Q̇ab

)
L = 0

Uab − V̇ ab +

(
− 1

2λ2

Qab + αJ c2S
abc

)
(1−W ) = O

(
c−4
)

Qab = λ22 (1 +W )
(
Uab − V̇ ab

)
+ 2αλ2J

c
2S

abc +O
(
c−4
)
,

(2.154)

where we have used the fact that W = O(1/c2). Remarkably, it can be shown
that [52] (cf. Eqs. (2.140) and (2.145)–(2.147))

Gab
2 = 2 (1 +W )

(
U 〈ab〉 − V̇ 〈ab〉

)
+O

(
c−4
)
, (2.155)

which yields 27

Qab = λ2G
ab
2 + 2αλ2J

c
2S

abc +O
(
c−4
)
. (2.156)

26This can be checked explicitly taking the time derivative of Eq. (2.153), replacing the adiabatic
relations (2.128), and keeping only the 0PN order terms. Working to linear order in the spin, we get
that the contribution to Eint

2 , coming from the current moments at Newtonian order, is quadratic
in the spin, and therefore we should neglect it for consistency. Dropping the linear approximation,
and considering the full contribution in the spin, we find anyway that the contribution of the
current moments cancels out, and Ėint

2 is given by Eq. (2.151).
27Note that we have replaced the tensors Uab, V ab by their STF parts U 〈ab〉, V 〈ab〉. We are

allowed to do this, because the mass quadrupole moment Qab is a STF tensor. Using either Uab,
V ab or their STF parts into the Lagrangian LQ2 gives the same result, since for a generic tensor
T ab, QabT 〈ab〉 = QabT ab.



Tidal deformations in binary systems 101

In the mass octupole case we get(
∂

∂Qabc
− d
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∂Q̇abc
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2 +O
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+
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)

Qabc = λ3 (1 +W )
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2 +O
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+ 6βλ3J
c
2S

ab +O
(
c−4
)
.

(2.157)

Neglecting higher PN order contributions, we obtain 28

Qabc = λ3

(
Gabc

2 +O
(
c−2
))

+ 6βλ3J
〈c
2 S

ab〉 +O
(
c−4
)
. (2.158)

Similarly, for the current quadrupole and octupole we obtain(
∂

∂Sab
− d

dt

∂

∂Ṡab

)
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3c2
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(
− 1
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(
c−4
)

Sab =
σ2

c2
Hab

2 + 3βσ2J
c
2Q

abc +O
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(2.159)

and (
∂

∂Sabc
− d

dt

∂

∂Ṡabc

)
L = 0

1

8c2
Habc

2 +
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− 1

8σ3

Sabc + αJ c2Q
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(1−W ) = O

(
c−4
)

Sabc =
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Habc

2 + 8ασ3J
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ab〉 +O
(
c−4
)
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(2.160)

Gathering these results, the equations of motion for multipole moments read

Qab =λ2G
ab
2 + 2λ2αJ

c
2S

abc +O(c−4) ,

Qabc =λ3

(
Gabc

2 +O(c−2)
)

+ 6λ3βJ
〈c
2 S

ab〉 +O(c−4) ,

Sab =
σ2

c2
Hab

2 + 3σ2βJ
c
2Q

abc +O(c−4) ,

Sabc =
σ3

c2
Habc

2 + 8σ3αJ
〈c
2 Q

ab〉 +O(c−4) . (2.161)

28Note that we have replaced Jc2Sab by J
〈c
2 S

ab〉, using the same argument explained in foot-
note 27.
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Replacing recursively QL and SL in the above expressions, and truncating the
result to linear order in the spin (consistently with our approximation), we obtain

Qab =λ2G
ab
2 +

2λ2σ3α

c2
J c2H

abc
2 +O
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b
2

)
+O(c−4) ,
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2

)
+O(c−4) ,
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abc
2 +O
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Ja2J
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2

)
+O(c−4) ,

Sabc =
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c2
Habc

2 + 8λ2σ3αJ
〈c
2 G

ab〉
2 +O

(
Ja2J

b
2

)
+O(c−4) . (2.162)

These expressions coincide with the adiabatic relations (2.128), if we make the
replacement

λ23 =2λ2σ3α

λ32 =6λ3σ2β

σ23 =3λ3σ2β

σ32 =8λ2σ3α

. (2.163)

We have shown that the equations of motion for the l ≥ 2 multipole moments in
the adiabatic approximation can be obtained from an action principle. Surprisingly,
the internal Lagrangian (2.153) enforces the relations (2.163), which imply that
only two out of four rotational tidal Love numbers are independent, while the other
two should be proportional to the first ones. In particular, σ32 ∝ λ23 and σ23 ∝ λ32.
This is unexpected, because such a behavior does not emerge from the perturbative
approach (see section 1.2.3), and should hold regardless of the internal composition
of the object (i.e., it should be independent of the neutron star equation of state).
We comment more on this issue in section 2.2.5.

2.2.3 Gravitational radiation

In this section we derive the phase of the waveform of the gravitational radiation
emitted by the binary system. We assume that the binary is slowly inspiralling
in quasi-circular orbit, and that the spins of its components are orthogonal to the
plane of the orbit (which means that the binary is non-precessing).

Replacing the adiabatic relations (2.128) into the equation of motion (2.121),
and using the expression (2.153) for the internal energy 29, we find

ai = aiM + aiJ + aiλ2 + aiλ3 + aiσ2 + aiσ3 + aiRTLN . (2.164)
29We point out that only the mass quadrupole actually contributes to the internal energy in

Eq. (2.124). All the other moments in Eint
2 give rise to subleading contributions with respect to

the other terms where they appear.
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The mass and spin contributions are given by Eqs. (2.122)

aiM =− M

r2
ni − 1

c2

M

r2

{
ni
[
(1 + 3ν)v2 − 3ν

2
ṙ2 − 2(2 + ν)

M

r

]
− 2(2− ν)ṙvi

}
+O

(
c−4
)

(2.165)

and (2.123)

aiJ =
εabcJ c2
c2η2r3

[
(3 + η2)vaδbi − 3(1 + η2)ṙnaδbi + 6naivb

]
+
εabcJ c1
c2η1r3

[
(3 + η1)vaδbi − 3(1 + η1)ṙnaδbi + 6naivb

]
+O

(
c−4
)
, (2.166)

respectively. The term proportional to the quadrupolar electric Love number λ2 is

aiλ2 =λ2

(
− 9η1

η2

M

r7
ni +

M

c2r7

{[
− 9η1

2η2

(2− η2) (1 + 6η2) v2

+
36η1

η2

(
1− 6η2 + η2

2

)
ṙ2 +

3η1

2η2

(
66 + 9η2 − 19η2

2

)M
r

]
ni

+
9η1

η2

(2− η2) (3− 2η2) ṙvi
}

+
9η2

1

c2η2
2

εiabJa2
r8

(
8nbṙ − vb

)
+

1

c2r8

{
9 + 57η1

η2

εiabJa1 v
b + εibcnab

[
120

η1

η2

J c1v
a + 12

(
3− 3 + η1

η2

)
Ja1 v

c

]
−
(

36 +
36 + 84η1

η2

)
εabcnaiJ b1v

c

})
+O

(
c−4
)
.

(2.167)
The contribution proportional to the octupolar electric Love number λ3 reads

aiλ3 = λ3

(
−60η1

η2

M

r9
ni
)

+O
(
c−2
)
. (2.168)

The contribution proportional to the quadrupolar magnetic Love number σ2 is

aiσ2 =σ2

(
48η1

c4η2

M

r7

[
−
(
v2 + 2ṙ2

)
ni + 3ṙvi

]
+

1

c4r8

{
192

(
εibcnabJ c1v

a − εabcnaiJ b1vc
)

+ 48εiabJa1 v
b +

η1

η2

[
160

(
εibcnabJ c1v

a − εabcnaiJ b1vc
)]

+ 32εibcnabJa1 v
c

+ 16εiabJa1 v
b

})
+O

(
c−6
)
.

(2.169)
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The term proportional to the octupolar magnetic Love number σ3 reads

aiσ3 =σ3

(
120η1

c4η2

M

r9

[
−
(
3v2 + 5ṙ2

)
ni + 8ṙvi

]
+

1

c4r10

{
1800

(
εibcnabJ c1v

a − εabcnaiJ b1vc
)

+ 360εiabJa1 v
b

+
η1

η2

[
1575

(
εibcnabJ c1v

a − εabcnaiJ b1vc
)]

+ 225εibcnabJa1 v
c + 135εiabJa1 v

b

})
+O

(
c−6
)
.

(2.170)
The contribution coming from the rotational tidal Love numbers is (we recall that
we work to linear order in the spin)

aiRTLN =− λ23

c2

24η1M

η2r8

(
2εibcnabvcJa2 + 3εabcnaivcJ b2

)
− λ32

c2

24η1M

η2r8

(
εibcnabvcJa2 − εabcnaivcJ b2

)
− σ23

c2

24η1M

η2r8

(
4ṙεibcnbJ c2 + εiabvbJa2 − 2εibcnabvcJa2 − 2εabcnaivcJ b2

)
+
σ32

c2

6η1M

η2r8

(
8ṙεibcnbJ c2 + 2εiabvbJa2 + 2εibcnabvcJa2 − 5εabcnaivcJ b2

)
+O

(
c−4
)
.

(2.171)
Note that the contributions coming from the quadrupolar and octupolar magnetic
Love numbers σ2, σ3 are proportional to 1/c4. Since we are using the 1PN approxi-
mation, this may seem inconsistent (i.e., we should drop these terms). However,
this arises from the fact that, even if we have defined the current multipole moments
only at Newtonian level, they are tidally induced at 1PN order (cf. with Eqs. (2.49)
and the discussion below it). In other words, the leading order contribution of the
magnetic Love numbers appears inevitably with that power of c. Going to higher
PN order would give rise only to subleading terms.

Furthermore, we are treating the rotational tidal Love numbers as if they
were independent, though they are actually related by the Eqs. (2.163) (at least
according to the Lagrangian formulation). We ignore this problem for the moment
(see section 2.2.5).

Radius-frequency relation

Now we focus on non-precessing circular orbits with angular frequency ω/(2π).
Without loss of generality, we can assume that the binary lies in the plane z3 = 0.
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In this case, ni = (cos(ωt), sin(ωt), 0) (we remind that n2 = 1), and

vi = rωφi ai = −rω2ni , (2.172)

where φi = {− sin (ωt), cos (ωt), 0}, and it satisfies the relations

φ2 = 1 niφi = 0 ṅi = ωφi φ̇i = −ωni ṙ = nivi = 0 . (2.173)

Furthermore, we assume the spins of the two bodies to be parallel to the orbital
angular momentum (consistently with the non-precessing requirement). Note
that the spins are constant in the adiabatic approximation, see Eqs. (2.56), (2.79)
and (2.129). Therefore, we can write

J i1 = J1s
i J i2 = J2s

i si = εijknjφk , (2.174)

where J1, J2 are the spin magnitudes, and si = (0, 0, 1). Also, we define the
dimensionless spin variables

χ1 =
cJ1

M2
1

=
cJ1

(η1M)2
χ2 =

cJ2

nM2
2

=
cJ2

(η2M)2
. (2.175)

The orbital equation of motion admits a solution of this form. Replacing the
above ansatz in Eq. (2.164), we obtain

−rω2ni =

(
− M

r2
− 1

c2

M

r2

[
(1 + 3ν)ω2r2 − 2(2 + ν)

M

r

]
+
ωM2

c3r2
[χ2 (3− η2) η2 + χ1 (3− η1) η1] + λ2

{
− 9η1

η2

M

r7

+
M

c2r7

[
− 9η1

2η2

(2− η2) (1 + 6η2)ω2r2 +
3η1

2η2

(
66 + 9η2 − 19η2

2

)M
r

]
+ 9η2

1

ωM2

c3r7

[
χ2 + χ1

(
1 +

6

η2

)]}
+ λ3

(
−60η1

η2

M

r9

)
+ σ2

(
−48η1

η2

ω2M

c4r5
+

144η2
1χ1

η2

ωM2

c5r7

)
+ σ3

(
−360η1

η2

ω2M

c4r7

+
1440η2

1χ1

η2

ωM2

c5r9

)
+ (72λ23 − 24λ32 − 24σ23 + 18σ32)

ωνM3χ2

c3r7

)
ni .

(2.176)
Now we define the quantity

x =
(ωM)2/3

c2
, (2.177)

which is the true physical small parameter of the PN expansion (indeed, x =
v2/c2 +O (c−4)). We solve Eq. (2.176) for r as a function of ω, determining the
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relation between the radius of the orbit and the orbital frequency [52]. Working
perturbatively in the PN parameter x, in the spins and in the tidal Love numbers,
we find

r =
M1/3

ω2/3

{
1 +

ν − 3

3
x+

[
(η1 − 3)η1

3
χ1 +

(η2 − 3)η2

3
χ2

]
x1.5 +O

(
x2
)

+
3η1

η2

c10

M5
λ2x

5 +

[
− η1

2η2

(
6− 26η2 + η2

2

) c10

M5
λ2 +

16η1

η2

c8

M5
σ2

]
x6 (2.178)

+

[(
2η1 (9− 2η2)χ2 −

4η3
1

η2

χ1

)
c10

M5
λ2 −

48η2
1

η2

χ1
c8

M5
σ2

+
νχ2c

10

M4
(−24λ23 + 8λ32 + 8σ23 − 6σ32)

]
x6.5 +O

(
x7
)

+
20η1

η2

c14

M7
λ3x

7 +
120η1

η2

c12

M7
σ3x

8 − 480η2
1

η2

χ1
c12

M7
σ3x

8.5

}
. (2.179)

The PN order of the tidal effects is already clear from this expression. The first line
in the above equation refers to the point-particle (black hole) terms. The following
three lines include all the tidal terms derived consistently to linear order in the spin
and up to 6.5PN order. The last line refers to the leading order contributions of the
octupolar Love numbers λ3 and σ3, resulting as a by-product of this computation.
The above relation is needed to derive the gravitational waveform phase.

Total energy

Replacing the adiabatic relations (2.162) in the total Lagrangian (2.149), yields
the reduced Lagrangian

L(z,v,a) =
µv2

2
+
µM

r

(
1 +

3η1

2η2

λ2

r5
+

15η1

2η2

λ3

r7

)
+
µ

c2

{
1− 3ν

8
v4

+
M

r

[
v2

(
3 + ν

2
+

3η2
1(5 + η2)

4η2

λ2

r5

)
+ ṙ2

(
ν

2
− 9η1(1− 6η2 + η2

2)

2η2

λ2

r5

)
+
M

r

(
−1

2
+

3η1(−7 + 5η2)

2η2

λ2

r5

)]}
+
εabc

c2
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[
(η2J

a
1 + η1J

a
2 )

2M

r2
nc

+
(
η2

2J
a
1 + η2

1J
a
2

) ac
2

]
+
λ2

c2

9η1M

r7
εabcnaJ b1v

c +
σ2

c4

[
12η2

1M
2

r6

(
v2 − ṙ2

)
+

24η1M

r7
εabcnaJ b1v

c

]
+
σ3

c4

[
60η2

1M
2

r8

(
v2 − ṙ2
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+

180η1M

r9
εabcnaJ b1v

c

]
+
η2

1M
2

c2r7
(48λ2σ3α− 36λ3σ2β) εabcnaJ b2v

c , (2.180)



Tidal deformations in binary systems 107

which depends only on the orbital degrees of freedom. Note that the contributions
from the rotational tidal Love numbers in the above equation only enter through the
terms proportional to α and β. For consistency, the variation of this action should
give the equation of motion (2.164). We have checked that this is indeed the case,
once one has replaced the rotational tidal Love numbers using the conditions (2.163).

From the above reduced Lagrangian, the conserved energy of our truncation is
given by [206] (see Eqs. (2.60) and (2.61))

E =
(
pi1ż

i + pi2z̈
i
)
− L , (2.181)

where pi1, pi2 are the first and second momentum, respectively,

pi1 =
∂L
∂żi
− d

dt

∂L
∂z̈i

pi2 =
∂L
∂z̈i

. (2.182)

The result is

E =vi
(
∂L
∂vi
− d

dt

∂L
∂ai

)
+ ai

∂L
∂ai
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=
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2
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λ2
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+

15η1

2η2

λ3

r7

)
+
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{
3(1− 3ν)

8
v4

+
M

r

[
v2

(
3 + ν
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+
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+
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. (2.183)

Note that the terms proportional to α and β (as well as other terms) in the reduced
Lagrangian do not contribute to the conserved energy (and then to the gravitational
waveform phase), because these terms are linear in the velocity, and therefore cancel
out. As we show below, the rotational tidal Love numbers will appear through the
radius-frequency relation. For circular orbits we get

E =
µω2r2

2
− µM

r

(
1 +

3η1

2η2

λ2
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+
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2η2
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+
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+
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, (2.184)
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and replacing the radius-frequency relation (2.178),

E =− µ

2
(Mω)2/3

{
1− 9 + ν

12
x+
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2η2(η2 + 3)

3
χ2 +
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3
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(
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(
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8.5

}
. (2.185)

Note that in this equation the rotational tidal Love numbers (λ23, λ32, σ23, σ32)
appear explicitly, since the adiabatic relations have been used to obtain Eq. (2.178).
Using the radius-frequency is then possible to express every quantity as of function
of ω (or equivalently, x). This is important, because the orbital frequency is
gauge-invariant, while the orbital radius is not.

Gravitational flux

The last ingredient, that we need to calculate the gravitational waveform phase,
is the energy loss by gravitational wave emission. The gravitational wave flux (at
1.5PN order) is given in Eq. (2.62), whereas the multipole moments of system are
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given by Eqs. (2.19)-(2.22). Within our truncation they read 30

M ij
sys =Qij + µr2n〈ij〉 +

1

c2

{
µr2

[(
29(1− 3ν)v2

42
+

(8ν − 5)M

7r
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21
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+
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b
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+
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42r
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+
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1
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+
η2

1r
2

42

(
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+
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+O

(
c−2Qijk

)
+O

(
c−4
)
, (2.186)

M ijk
sys =µr3(η1 − η2)n〈ijk〉 + 3η1rQ

〈ijnk〉 +O
(
Qijk

)
+O

(
c−2
)
, (2.187)

J ijsys =Sij + µr2(η1 − η2)εab〈inj〉avb +
3r

2

(
η1J

〈i
2 − η2J

〈i
1

)
nj〉

+
η1

2

(
−2εab〈iQj〉bva + rεab〈iQ̇j〉bna

)
+O

(
c−2
)
, (2.188)

where we have used the relations (2.112) and (2.118), when needed. The tail term
in Eq. (2.63) is needed only at leading order, to derive the tail-tidal coupling due
to the quadrupolar electric Love number λ2. Other contributions from it would be
subleading with respect to the terms coming from the instantaneous part. Thus,
using Eq. (2.186) and (2.140), we obtain

U ij
tail(U) =2M

∫ ∞
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µr2....n 〈ij〉 +

....
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ij
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∫ ∞
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)∫ ∞
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]
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(2.189)
30We recall that to get the gravitational wave phase up to 6.5PN order, we need to include the

mass octupole moment Qijk of the body 2 only at the leading order. Since this term enters the
gravitational wave flux at the next-to-leading order, we can safely neglect its contribution to the
system multipole moments.
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where ni(U − τ) = (cos [ω(U − τ)], sin [ω(U − τ)], 0), and the time derivatives are
computed with respect to U 31. We recall that U is the retarded time in radiative
coordinates, and r0 a gauge-dependent constant which cancels out in the final
result. The integral in Eq. (2.189) can be evaluated using the formula [35]∫ ∞

0

log

(
τ

2τ0

)
e−iωτ dτ =

i

ω

(
log (2ωτ0) + γE + i

π

2

)
, (2.190)

where ω > 0 is the orbital frequency, τ0 = r0/c and γE is the Euler-Mascheroni
constant.

Replacing Eqs. (2.186)-(2.189) into Eq. (2.62), and using the adiabatic rela-
tions (2.162) and the radius-frequency relation (2.178), the gravitational wave flux
can be written as

F =
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+
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+
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}
. (2.191)

TaylorF2 approximant

Finally, integrating twice Eq. (2.76), we obtain the phase of gravitational
waveform in the frequency domain. The TaylorF2 approximant (see section 2.1.2)

31We note that also the system multipole moments in the instantaneous flux should be evaluated
in the radiative coordinate U , rather than in the harmonic coordinate t. However, the explicit
time dependence cancels out in the result, whatever coordinate we use.
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reads
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(2.192)

The first two lines are the point-particle (black hole) contributions up to 1.5PN order.
Note the term proportional to π, coming from the tail part of the gravitational
flux. The other lines are the terms due to tidal deformations. The 5PN order term
is the leading-order contribution of the quadrupolar electric Love number, first
derived by Flanagan and Hinderer [65]. At 6PN order there are the next-to-leading
contribution of λ2, derived by Vines, Flanagan and Hinderer [52, 66], and the
leading-order contribution of the quadrupolar magnetic Love number, first derived
by Yagi [68] (see also [69]). The tail-tidal coupling appears at leading-order at 6.5PN
order, and depends on λ2 (the term proportional to π, independent of the spins).
It was first derived by Damour, Nagar and Villain [67]. Finally, the other terms
appearing at 6.5PN order are the new contributions computed in this thesis, due
to the interaction between the rotation of the object and the tidal field. Note that
they are linear in the spins, and therefore vanish for non-rotating objects. These
terms arise from two different effects. They depend on: (i) the quadrupolar Love
numbers λ2 and σ2, and (ii) the rotational tidal Love numbers λ23, λ32, σ23 and σ32.
The first contribution is due to the spin-tidal coupling (similarly to the tail-tidal
coupling) between the mass and current quadrupole moments and the external
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PN order λ2 σ2 λ23, λ32, σ23, σ32 λ3 σ3

5 LO
6 NLO LO

6.5 NNLO (tail + spin) NLO (spin) LO (spin)
7 . . . . . . . . . LO
8 . . . . . . . . . . . . LO

Table 2.1: Schematic representation of the PN contributions of the Love numbers to the
gravitational wave phase of a binary system, to linear order in the spin. “LO”, “NLO”, and
“NNLO” stand for leading order, next-to-leading order, etc. The entries in boldface are the new
6.5PN order terms computed in this thesis. They are all proportional to the spins of the binary
components, and are zero in the non-spinning case.

tidal field (which depends on the spin of the other body, see Eq. (2.140)–(2.143)).
In other words, these terms are the next-to-next-to-leading order contribution of λ2

and the next-to-leading order contribution of σ2. The second contribution is instead
the leading order contribution arising from the rotational tidal Love numbers. Note
that all the four rotational tidal Love numbers enter at the same order, both the
quadrupolar and octupolar ones. In the next section we clarify this point. The
result obtained in this thesis completes the tidal part of the gravitational waveform
phase up to 6.5PN order. The higher-order terms appearing at 7PN order and
beyond are the leading-order contributions of the octupolar Love numbers λ3 and
σ3.

In Table 2.1 we summarize the different PN orders of the contributions of the
tidal Love numbers. We stress that we are not including the tidal terms derived
within the effective-one-body (EOB) approach [40], where the contribution of the
electric quadrupolar Love number has been partially derived up to 7.5PN order
(neglecting spins, magnetic Love numbers, and higher-order electric multipoles) [67].
Indeed, the EOB formalism, extended by including tidal effects and fitting to
numerical relativity simulations, provides an accurate description of inspiralling
binary neutron stars up to the merger [41,48,207]. The EOB resummation improves
the PN results giving information on higher-order terms beyond current analytical
knowledge (for instance, tail effects emerge naturally in the EOB formalism [67]).
On this subject, our results (Eq. (2.192)) can be used as a starting point to improve
current EOB templates, including the spin-tidal contributions. The functional form
of the Lagrangian (2.153) that we have derived can be used as an ansatz to find
the correct Hamiltonian to be included in the EOB action [181, 208] in order to
take into account the rotational tidal Love numbers.

Equation (2.192) is the gravitational waveform phase for a binary system where
only one of the two objects is tidally deformed (the body 2). As previously
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explained, since we are neglecting quadratic terms in the tidally induced multipole
moments, to obtain the full gravitational wave phase up to octupole mass and
current moments for both bodies, it is sufficient to add to Eq. (2.192) the same
expression (for the tidal part) obtained by exchanging the indices 1 and 2 of the
two bodies. The result is
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where we have restored the superscript (2) in the Love numbers of body 2. Note
that the coefficients of the tidal terms are not of order O(1). For instance, the
5PN oder term is magnified by a factor λ(A)

2 /M5
A ∼ k

E (A)
2 (RA/MA)5 (A = 1, 2) (see

Eq. (1.40)), where kE2 is the dimensionless electric quadrupolar Love number and
R and M the radius and the mass of the object, respectively. For a neutron star
(R/M)5 ∼ 103 ÷ 104, thus the tidal terms are comparable with the 3.5PN order
point-particle terms [66] (not shown here), cf. with the discussion below Eq. (2.4).

After this work was completed, we had been informed of a related work by
Landry [209]. Our work differs from Ref. [209], because it includes also the spin-tidal
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terms proportional to the ordinary tidal Love numbers, while Landry computed
only the corrections due to the rotational tidal Love numbers. Furthermore, our
result for the gravitational wave phase does not agree with that derived in [209].
The source of this discrepancy is a different definition of the energy of the binary
system, when terms proportional to the relative velocity vi are involved. This
happens for the magnetic standard tidal Love numbers, as well as for the rotational
tidal Love numbers. We also note that, neglecting the spin effects, our result for
the 6PN order term proportional to the magnetic, quadrupolar tidal Love number
σ2 agrees with those of Refs. [68,69], while that of Ref. [209] does not.

2.2.4 Post-Newtonian order counting of the spin-tidal terms

In this section, we show how it can be easily understood why the spin-tidal
coupling computed affects the gravitational wave phase (2.192) at 6.5PN order,
and we generalize this counting to multipole moments and tidal moments of generic
order l ≥ 2. Henceforth, we set c = 1, thus the PN order is given by the small
parameter v2 ∼M/r.

First, we notice that the mass moments QL enter the waveform at lPN order,
whereas the current moments SL at (l+1/2)PN order [35]. Indeed, the contribution
of the multipole moments to the radial acceleration in a binary system is of order

|ai| ∼ M

r2

(
QL

rl
+
vSL

rl

)
, (2.194)

(cf. Eqs. (2.122)–(2.127)). Now we assume that the multipole moments are tidally
induced. Let us start from the non-spinning case. The tidal moments GL and HL

enter at (l+1) and (l+3/2) leading PN order, respectively (cf. Eq. (2.140)–(2.143)),

GL ∼ M

rl+1
HL ∼ vM

rl+1
. (2.195)

Therefore, the leading-order contribution of the standard electric (QL ∼ λlG
L)

and magnetic (SL ∼ σlH
L) tidal Love numbers is, respectively, (2l + 1)PN and

(2l+ 2)PN. Indeed, replacing the adiabatic relations in the radial acceleration gives

|ai| ∼ M

r2

(
λlM

r2l+1
+
σlv

2M

r2l+1

)
. (2.196)

Now we focus on the spinning case. The first effect is that the tidal moments
depends also on the spin. The leading contribution to GL and HL coming from the
spin is of order (l + 5/2)PN and (l + 2)PN, respectively (cf. Eq. (2.140)–(2.143)),

GL ∼ vJ

rl+2
HL ∼ J

rl+2
, (2.197)
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which gives

|ai| ∼ M

r2

(
λlvJ

r2l+2
+
σlvJ

r2l+2

)
. (2.198)

The leading contribution due to the coupling between the spin and the standard
tidal Love numbers is thus of (2l+5/2)PN order, for both the electric and magnetic
sectors. The spin-tidal contribution of standard quadrupolar Love numbers is then
of 6.5PN order, consistently with our computation.

Let us now consider the rotational tidal Love numbers. To linear order in the
spin, the multipole moments with a given parity and order l are induced by the
tidal moments with opposite parity and order l ± 1, i.e., QL ∼ λl l±1JH

L±1 and
SL ∼ σl l±1JG

L±1. Using the above formulas, we get

|ai| ∼ M

r2

(
λl l±1vJM

r2l+1±1
+
σl l±1vJM

r2l+1±1

)
. (2.199)

Therefore, the PN order of the correction proportional to the rotational tidal Love
numbers is 2l + 3/2 ± 1, where the plus and minus signs refer to the coupling
between a multipole moment of order l, and the tidal moment with l + 1 and l− 1,
respectively. We stress that:

1) When l ≥ 3, the minus sign provides the lowest PN correction, namely
(2l+ 1/2). For example, in the octupolar case l = 3, we obtain a 6.5PN order
correction induced by the quadrupolar tidal moments, as computed in the
previous sections.

2) On the other hand, for l = 2 there is no dipolar tidal moment which can
induce a quadrupole moment, and we have to select the plus sign. This
gives again a 6.5PN order term (induced by the octupolar tidal moments),
consistently with our computation. This explains why all the rotational tidal
Love numbers considered in this thesis enter at 6.5PN order.

3) For both signs, the PN order of the rotational tidal Love numbers is the
average between the PN order of an ordinary tidal term of order l and the
tidal term of opposite parity and with l± 1. For example, λ23 ∼ 6.5PN is the
average of λ2 ∼ 5PN and σ3 ∼ 8PN. This is reminiscent of the fact that the
rotational tidal Love numbers are the coupling constants between moments
of different parity and order.

Summarizing, the leading order corrections due to a multipole moment of order
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l are

PN orderelectric TLNs = 2l + 1 ,

PN ordermagnetic TLNs = 2l + 2 ,

PN orderspin−TLNs = 2l +
5

2
,

PN orderRTLNs = 2l +
1

2
+ 2δl2 . (2.200)

Note that for l ≥ 3, the contribution of the rotational tidal Love numbers enters
always at lower PN order than the usual tidal Love numbers (both electric and
magnetic) in the non-spinning case.

2.2.5 Lagrangian formulation of the rotational tidal Love
numbers

Within our truncation we consider the l = 2, 3 mass and current multipole
moments of a spinning object. In a perturbative approach, to linear order in the
spin, four rotational tidal Love numbers are introduced to describe the coupling
between these (four) multipole moments and the l = 2, 3 tidal moments [58, 59].
Respectively, λ23 describes how a mass quadrupole moment is induced by an
octupolar magnetic tidal moment, λ32 describes how a mass octupole moment is
induced by a quadrupolar magnetic tidal moment, σ23 describes how a current
quadrupole moment is induced by an octupolar electric tidal moment and σ32

describes how a current octupole moment is induced by a quadrupolar electric tidal
moment.

The Lagrangian (2.153) implies the relations (2.163), i.e., λ23 ∝ σ32 and λ32 ∝
σ23. However, these rotational tidal Love numbers have been computed numerically
in [59] for different equations of state (see section 1.2.3). Their results show
explicitly that the above putative relations are violated. Even supposing that there
is some error in their computation, there is no reason in general to think that these
four constants are not independent. This because the internal composition of the
object (i.e., the neutron star equation of state) breaks eventual symmetries arising
between different sectors. In other words, it would be very unlikely that some true
(not approximately as in section 1.2.4) EOS independent relation exists among the
rotational tidal Love numbers 32.

Yet, as we showed in the previous sections, such universal relations arise from
our Lagrangian formulation. The reason for this is that our internal Lagrangian

32For instance, the axial and polar quasi-normal modes of a non-rotating object are isospectral
only for the Schwarzschild black hole [210]. There is no EOS independent relation between them
in the case of a neutron star.
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contains only two coupling constants, α and β, which are responsible for the
coupling, proportional to the spin, between multipole moments and tidal moments
with opposite parity and l ↔ l ± 1. In other words, a Lagrangian formulation
seems to predict two rotational Love numbers, rather than four. This fact seems
intrinsically related with the Lagrangian formulation, which introduces the same
coupling constant in two different Euler-Lagrange equations (two fields are coupled
to each other through one constant). For instance, the coupling αJa2QbcSabc in Lint

2

contributes to the Euler-Lagrange equations for both Qab and Sabc. In the former
case it gives a term ∼ αJa2S

abc (see Eq. (2.154)), whereas in the latter one it gives
∼ αJa2Q

bc (see Eq. (2.160)). In both cases the terms depend on the same coupling
constant, α.

Unfortunately, we have not been able to solve this apparent inconsistency.
Possible explanations could be: (i) the Lagrangian formulation fails to reproduce
the full couplings that arise in perturbation theory, which however we think unlikely.
(ii) The numerical computation of the Love numbers carried out in [59] is wrong,
and some hidden symmetry of the perturbative equations effectively implies a
relation among the Love numbers. (iii) There is a non-trivial stationary limit
of the dynamical action describing the time evolution of the induced multipole
moments [43,114], which reduces the degrees of freedom. We will investigate this
issue in future work. However, we stress that the expression for the gravitational
wave phase in Eq. (2.192) can also accommodate putative relations among the
rotational tidal Love numbers. Indeed, we have derived it assuming that they are
independent, but this does not change the result. The only explicit contribution
from the coupling constants α and β appears in the reduced Lagrangian (2.180),
but it cancels out in the conserved energy (see the discussion below Eq. (2.183)),
not affecting the final expression of the gravitational wave phase.

2.3 Impact of spin-tidal effects on parameter esti-
mation

In this section we estimate the impact of the new spin-tidal terms computed
in this thesis on the parameter estimation of binary neutron stars, in particular
on the measurement of the electric, quadrupolar tidal deformabilities. We focus
on the tidal part of the gravitational waveform up to 6.5PN order, i.e., we neglect
higher-order PN terms due to octupolar deformations. Moreover, we neglect the
rotational tidal Love numbers, because of the unresolved issue with the Lagrangian
formulation discussed in the previous sections. However, we estimate that the
contribution of the latter is roughly of the same order of the other spin-tidal terms
(see the quasi-universal relations for the rotational tidal Love numbers in [62]).
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Thus, the tidal terms in the gravitational wave phase considered are (henceforth
we set c = 1)
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Σ̂ =
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whereas ΛA = λ
(A)
2 /(ηAM)5 and ΣA = σ

(A)
2 /(ηAM)5 (A = 1, 2). Note that with the

above notation, Λ̃ coincides with the (quadrupolar, electric) average-weighted
tidal deformability, recently constrained by the LIGO/Virgo collaboration to
be Λ̃ = 300+500

−190 (90% symmetric credible interval), for the binary neutron star
merger GW170817 [19]. Λ1, Λ2 are the dimensionless (quadrupolar, electric) tidal
deformabilities of the single stars. For equal masses, and assuming that the neutron
stars are described by the same equation of state [20], Λ1 = Λ2 = Λ̃.

First of all, we show qualitatively the contribution of each individual term in
Eq. (2.201) to the overall tidal part of the gravitational wave phase. In Fig. 2.4 we
plot the absolute value of the different PN tidal terms as a function of the gravita-
tional wave frequency f (which is related to the PN parameter by x = (πMf)2/3),
for an equal-mass (η1 = η2 = 1/2, ν = 1/4), GW170817-like, binary neutron
star. The parameters of the source are: total mass M = 2.8M�, dimensionless
spins χ1 = χ2 = 0.05 and tidal deformabilities Λ1 = Λ2 = 300. We choose the
value of the electric tidal deformability to be compatible with the median value
reported by the LIGO/Virgo collaboration for a similar system [19]. Moreover, we
set the values of the spins equal to the upper limit of the low-spin prior used by
the collaboration (see the discussion in section 2.3.2), to enhance the effect of the
6.5PN order spin-tidal terms (which scale linearly with the spins). The range of
frequencies includes that relevant for second-generation detectors before the merger
of the binary (cf. section 2.3.2). We compute the magnetic tidal Love numbers
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Figure 2.4: Contribution (in absolute value) of each tidal term in Eq. (2.201) to the gravitational
wave phase as a function of the frequency. We considered a 1.4M� equal-mass binary, with spins
χ1 = χ2 = 0.05 and tidal deformabilities Λ1 = Λ2 = 300, and computed the magnetic tidal Love
numbers using the quasi-universal relation (1.88) in the irrotational case. See the text for the
description of the various terms.

using the quasi-universal relation (1.88), for irrotational fluids (which is the case
more physical). We stress that ΛA/ΣA ∼ 100.

We can see that the leading 5PN order term (proportional to Λ̃) dominates by
far the tidal part of the gravitational wave phase, representing almost the entire
contribution to the waveform 33. The next term in order of importance is the
6PN order correction to the electric Love number, δΛ (6PNe in the plot), which
contributes on average about the 20% of the total tidal phase evolution (∼ 17% at
f = 500 Hz). Currently, the gravitational wave templates used by the LIGO/Virgo
collaboration include only up to this term. Other sub-leading PN terms are not
accounted for in the analysis [19]. The next term in order of relevance is the 6.5PN
order tail-tidal coefficient (proportional to π in Eq. (2.201), 6.5PNt in the plot).
The spin-tidal term Λ̂ (6.5PNe in the plot) is significantly less dominant: its relative
contribution is smaller than the total tidal phase by about two orders of magnitude,

33Note that in Fig. 2.4 we have plotted the absolute value of each term, while in general different
contributions can sum up incoherently (for instance, the 5PN order coefficient and the tail-tidal
term have opposite sign).
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and contributes about a 3% with respect to the total 6.5PN order coefficient. This
suggests that it might be neglected for binaries with χA . 0.05. On the other hand,
this term grows linearly with the spin, therefore it might become important if highly-
spinning neutron star binaries exist in Nature (see the discussion in section 2.3.2).
We quantify its impact in section 2.3.2. Finally, the lowest contributions come from
the magnetic tidal Love numbers. This is a consequence of the small ratio between
the magnetic and the electric tidal Love numbers shown in section 1.2.4. We can
see that the contributions of the magnetic Love numbers Σ̃ and Σ̂ (6PNm and
6.5PNm in the plot, respectively) are smaller than the respective electric terms by
about two orders of magnitude. Furthermore, the leading 6PN order magnetic term
is comparable to 6.5PN order spin-tidal electric coefficient, suggesting that also the
impact of the magnetic tidal Love numbers is small [86] (and moreover it does not
grow larger with the spin). Considering static fluids, rather than irrotational ones,
would not change the situation (see section 1.2.4). In general, the parameter space
of binary neutron stars is not large, therefore these results do not differ sensibly
for binary systems with different parameters.

2.3.1 Statistical framework

In this section we briefly review the statistical tools needed for our analysis.
The output of a gravitational wave detector is a data stream d(t) (i.e., a time
series), containing a given realization of the detector noise n(t), and possibly a
time-domain gravitational wave signal h(t):

d(t) = h(t) + n(t) . (2.207)

We assume that the detector noise is described by a stochastic process that is:

stationary Stationarity means that the probability distribution of the process
is invariant under time translations, Pn(t) = Pn(t+ τ). This automatically
implies that the average (over the ensemble) of the process is constant,
〈n(t)〉 = const, and the autocorrelation function R(t, t′) = 〈n(t)n(t′)〉 depends
only on the time difference τ = t′ − t, R(τ) = 〈n(t)n(t+ τ)〉. Since the mean
value is constant, without loss of generality it can be assumed 〈n(t)〉 = 0.

ergodic Ergodicity means that a single realization allows to determine the proper-
ties of the stochastic process. In other words, the ensemble averages can be
replaced by averages over time, 〈. . . 〉 = limT→∞

1
T

∫ T
0
. . . dt.

Gaussian Gaussian processes have normal probability distribution and are com-
pletely specified by the average 〈n(t)〉, and the autocorrelation function
R(t, t′).
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A stochastic process which satisfies all the above properties can then be characterized
in terms of its autocorrelation function R(τ) only, or, going to the frequency domain,
by the one-side power spectral density Sn(f), defined by

1

2
Sn(f) =

∫ +∞

−∞
R(τ)ei2πfτ dτ . (2.208)

Note that, since R(τ) is real and invariant under time translation, Sn(f) is real
and symmetric for f → −f .

Generally, in gravitational wave data analysis one has to dig out a gravitational
signal buried in a noise, which is comparable or much larger (in amplitude) than
the signal itself, |n(t)| � |h(t)|. If one knows the functional form h(t) of the
signal which (s)he is looking for, then it is possible to apply the matched filtering
technique [183]. More specifically, we define the linear functional

K̂[f(t)] =

∫ +∞

−∞
f(t)K(t)dt , (2.209)

and we ask for the filter function K(t) which maximizes the signal-to-noise ratio
(SNR) ρ ≡ S/N , where S is the expectation value of K̂ when the signal is present,
and N the root mean square value of K̂ when there is only noise:

ρ ≡ S

N
=

〈
K̂[d(t)]

〉
√〈

K̂2[n(t)]
〉 . (2.210)

Going to the frequency domain, it can be shown that the filter function which gives
the optimal value of ρ is

K̃(f) = c
h̃(f)

Sn(f)
, (2.211)

where K̃(f) and h̃(f) are the Fourier transforms of the filter function and of the
gravitational signal, respectively, and c is an unimportant overall constant which
factors out in the SNR. The filter function in Eq. (2.211) is called matched filter,
or Wiener filter. Using the optimal filter, it is straightforward to show that the
SNR can be written in the frequency domain as

ρ2 = 4

∫ ∞
0

|h̃(f)|2

Sn(f)
df , (2.212)

where we have used the fact that h̃(f) = h̃∗(−f) and K̃(f) = K̃∗(−f), being h(t)
and K(t) real functions.
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However, in practical situations, one does not know the exact functional form
of the gravitational signal (assuming that a signal is actually present in the data
stream). Therefore, one constructs a bank of waveform templates hT (t; ~θT ), de-
pending on a set of parameters ~θT , and look for the combination of parameters
whose corresponding optimal filter K̃T (f ; ~θT ) = h̃T (f ; ~θT )/Sn(f) makes the SNR
exceeding a given threshold. In other words, the combination of parameters, which
maximizes the SNR, gives an estimate of the true parameters ~θ0 of the gravitational
signal h(t, ~θ0). In practice, the SNR is given by the scalar product between two
waveforms

ρ2 = (h|hT ) = 4Re
∫ fmax

fmin

h̃(f) h̃∗T (f)

Sn(f)
df , (2.213)

where fmin and fmax delimit the range of frequencies where the detector is actually
sensitive. Note that when the template matches perfectly the signal, Eq. (2.213)
reduces to Eq. (2.212).

The crucial issue in waveform modeling is providing a waveform template whose
functional dependence on time hT (t) (or, equivalently, on frequency h̃T (f)) follows
closely that one of the gravitational signal detected. Indeed, if h(t) 6= hT (t), the
combination of parameters ~θT which maximizes the SNR is different from the
true parameters of the source ~θ0. In other words, a poor approximation of the
true gravitational waveform can introduce a non-negligible bias in the parameter
estimation of the source, as we discuss in the following.

We can distinguish the waveform parameters in intrinsic and extrinsic ones.
The intrinsic parameters ~γ are the physical parameters which characterize the
source of the gravitational radiation. For instance, in binary systems they are the
masses, spins, tidal deformabilities, etc. The extrinsic parameters ~ξ account instead
for sky-position, wave polarizations, distance to the source, etc., and for compact
binaries include also the unphysical waveform parameters φc and tc, namely the
phase and the time at the coalescence (see Eq. (2.75)).

The extrinsic parameters are irrelevant for waveform modeling purposes, since
they can be naturally factored out. For binary systems, the dependence of the
SNR on them is removed fixing or averaging over the sky-locations, normalizing to
remove the amplitude scaling with the distance, and maximizing over the unphysical
parameters φc, tc. This procedure defines the match between two waveforms, which
replaces the SNR in many waveform modeling computations:

M[h(~γ0), hT (~γT )] = max
φc,tc

(h|hT )√
(h|h) (hT |hT )

. (2.214)

The match is a useful tool to measure the metric distance between two waveform
representations. Indeed, since the scalar product (·|·) is positive definite,M∈ [0, 1],
withM = 1, 0 being perfect and zero match, respectively. In general,M is used as
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an indicator of the performance of waveform models. For high SNR and Gaussian
noise, the match may be used to provide an estimate of the systematic errors
produced by the different waveform representations, as we show below.

The parameter estimation of gravitational wave signals is based on the ap-
plication of Bayesian probability theory (see, e.g., [211]) to the observed data
streams [183,203]. For Gaussian noise, the probability distribution of a given noise
realization reads

P(n) ∝ exp

[
−1

2
(n|n)

]
. (2.215)

Focusing only on the intrinsic parameters, replacing n = d − h(~γ0) in the above
equation, and using Bayes theorem, we get the posterior probability distribution of
the true parameters of the gravitational waveform given the data:

P(~γ0|d) ∝ exp

[
−1

2
(d− h(~γ0)|d− h(~γ0))

]
P0(~γ0) , (2.216)

where P0(~γ0) is the prior information on the parameters. Since we reconstruct the
source parameters using a waveform template, the last equation is actually written
in terms of the template parameters ~γT ,

P(~γT |d) ∝ exp

[
−1

2
(d− hT (~γT )|d− hT (~γT ))

]
P0(~γT ) . (2.217)

For high SNR and assuming flat priors, the above equation can be simplified
neglecting the noise-related factors [212], reducing to

P(~γT ) ∝ exp
[
−ρ2 (1−M[h(~γ0), hT (~γT )])

]
, (2.218)

where h(~γ0) is the true gravitational wave signal embedded in d. The above equation
allows us to describe completely the statistics in terms of the SNR and of the
matchM[h, hT ]. In other words, for a given SNR ρ and a given template hT , the
mismatch 1−M determines the probability distribution around the true values ~γ0.
Note that the true parameters given by ~γ0 do not correspond to the recovered ones
~γT , unless the real (or injected) waveform and the template bank used are equal,
h = hT . This may insert non-negligible systematic errors, that in some cases may
compete in significance with the statistical ones. Thus, if we replace h by a given
waveform template, Eq. (2.218) allows us to estimate the impact of using one or
another waveform template in our parameter estimation. In the next section we
evaluate these effects for the spin-tidal PN corrections in Eq. (2.201).

On the other hand, an estimate of the statistical errors is provided by the Fisher
matrix approach [203,213]. For high SNR, the gravitational signal in Eq. (2.217) can
be consider a linear function of its parameters. Neglecting the possible discrepancy
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between the real waveform and the template bank (i.e., assuming h = hT ), and
expanding hT (~γT ) around the true values ~γ0,

hT (~γT ) ∼ hT (~γ0) +
(
γiT − γi0

) ∂hT
∂γiT

∣∣∣∣
~γT=~γ0

+ . . . , (2.219)

Eq. (2.217) reduces to the Gaussian

P( ~∆γ) ∝ exp

[
−1

2
Γij∆γ

i∆γj
]
, (2.220)

where
Γij =

(
∂hT
∂γiT

∣∣∣∣∂hT∂γjT

) ∣∣∣∣
~γT=~γ0

(2.221)

is the Fisher information Matrix (FIM), and ~∆γ = (~γT − ~γ0). Note that the linear
term in Eq. (2.220) vanishes, because we are expanding the posterior P(~γT ) around
its maximum ~γT = ~γ0. Thus, Eq. (2.220) gives the probability of having each of
the reconstructed parameters shifted by ∆γi = (γiT − γi0), from the real values. The
covariance matrix on the reconstructed parameters is given by the inverse of the
Fisher matrix: Σij = Γ−1

ij .
Then, we can compute the value of the D-dimensional posterior when each

of the reconstructed parameters is nσ away from the maximum-likelihood ones,
|∆γi| = nσγi , where σγi =

√
Γ−1
ii is the statistical error on the i-th parameter γiT .

The result is
P(~γnσ) ∝ exp

[
−1

2
Γijn

2σγiσγj

]
, (2.222)

where we have omitted the plus/minus sign in ∆γi because it cancels out in the
following 34. Neglecting the correlations among the parameters 35, Eq. (2.222)
reduces to

P(~γnσ) ∝ e−
D
2
n2

. (2.225)
34A weaker requirement would have been looking for the global nσ confidence level hypersurface.

Since in the FIM approximation the posterior distribution is Gaussian, this surface is a D-
dimensional ellipsoid, and

P(~γnσ) ∝ exp

(
−1

2
r2
)
, (2.223)

where r is the Mahalanobis distance

r2 = φ(c(n), D) , (2.224)

with φ the inverse of the cumulative distribution of the χ2-distribution with D degrees of freedom,
and c(n) the probability of falling inside the nσ confidence region (c(1) ∼ 0.68, c(2) ∼ 0.95, etc.).

35This assumption is justified by the fact that we are interested mainly in the weighted-tidal
deformability Λ̃ parameter, which at high SNR is weakly correlated to the other parameters (cf.
section 2.3.2).
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We can now compare systematic and statistical uncertainties in gravitational
wave data analysis. By equating Eqs. (2.218) and (2.225), one gets [212]

2ρ2(1−M) = Dn2 . (2.226)

The above expression allows to define the distinguishability criterion between two
waveform models, previously derived in terms of the waveform amplitude and phase
in [214]. In other words, it allows us to estimate the minimum SNR required to
distinguish two waveform models within a certain n = ∆γ/σ significance, with
the latter ratio equal to unity to distinguish two models with 1σ significance, for
instance. In the next section, we use this definition as a quantitative indicator of
the impact of the new spin-tidal terms.

2.3.2 Results of the parameter estimation analysis

Systematic uncertainties on gravitational wave parameter estimation are induced
by the incompleteness of the waveform template banks. This may produce an
artificial bias with respect to the true parameters, that in some cases may overtake
the statistical uncertainties driven by the detector noise [76]. In this section, we
evaluate the impact of neglecting the 6.5PN order spin-tidal terms in Eq. (2.201),
comparing different analytic waveform models. In particular, we want to estimate
how much this would affect the measurement of the average tidal deformability Λ̃
parameter.

We stress that these new terms modify the waveform at high PN order. This
implies that their effects gain importance as the signal approaches the high-frequency
regime, possibly probing a region where current gravitational detectors are less
sensitive. In general, the impact of these terms depends on the source parameters
and on the merger frequency relative to the detector sensitivity. Since the parameter
range of neutron star mergers is not large (total mass M ∈ [2÷ 4]M� and mass
ratio η1/η2 ∈ [1÷ 2]), different configurations do not affect significantly the results.
Therefore, as explained in the following, we restrict our analysis to a prototype
1.4M� equal-mass binary neutron star, compatible with the only event detected so
far by the LIGO/Virgo collaboration, GW170817 [8, 19].

Furthermore, in order to maximize the effect of the tidal terms, we consider
second-generation detectors at design sensitivity and third-generation detectors.
More specifically, we consider: (i) the LIGO interferometer in its zero-detuned, high-
power configuration [215] (see also the new updated LIGO sensitivity curve [216]),
and (ii) the planned Einstein Telescope (ET) interferometer in the so-called ET-D
xylophone configuration [30,217]. The current prospects for these two interferome-
ters predict a sensitivity gain of a factor ∼ 3 and ∼ 45 (see below), for LIGO and
the ET, respectively, compared to current second-generation detectors.
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Figure 2.5: Power spectral density curves for LIGO at design sensitivity (in red) and ET-D (in
green). The black line is the strain of the gravitational signal emitted by a 1.4M� equal-mass
binary neutron star at 100Mpc, during the inspiral phase. The ending frequency corresponds
to the innermost stable circular orbit (ISCO), r = 6M , of a Schwarzschild black hole with mass
equal to the total mass of the system, f = (63/2πM)−1 ∼ 1570Hz. Roughly speaking, signals
which lie above each curve can be detected by the corresponding interferometer.

In Fig. 2.5 we show the (square root of the) power spectral density sensitivity
curve

√
Sn(f) of the two detectors, for comparison. We plotted also the strain

amplitude 2f 1/2|h̃(f)| 36 of the gravitational signal emitted by a 1.4M� equal-mass
binary neutron star in the inspiral phase, at the prototype distance of d = 100Mpc.
Note that at the leading PN order (quadrupole approximation) the amplitude
A(f) of the gravitational waveform (see Eq. (2.74)) is A(f) ∼M5/6

c f−7/6/d, where
Mc = Mν3/5 is the chirp mass.

Regarding the gravitational wave templates, we model the waveform phase
adding the tidal phase in Eq. (2.201) to the standard PN point-particle TaylorF2

36The normalization of the gravitational signal is chosen in such a way that it can be directly
compared to the detector sensitivity in the definition of the SNR. Indeed, Eq. (2.212) can be
rewritten as

ρ2 = 4

∫ ∞
0

|h̃(f)|2

Sn(f)
df =

∫ +∞

−∞

(
2f1/2|h̃(f)|√

Sn(f)

)2

d(log f) . (2.227)
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phase up to 3.5PN order and to linear order in the spin [39]. Consistently with the
previous sections, we neglect quadratic and higher-order spin corrections. With this
choice, the point-particle phase does not depend on the spin-induced quadrupole
moments of the binary components, which are quadratic in the spin and depend on
the equation of state (cf. section 1.2.4). For the waveform amplitude we consider
only the Newtonian order, since amplitude corrections are negligible with respect
to phase deviations in parameter estimation analysis [203]. We notice that since all
the spin-dependent terms in the entire PN phase are linear in the spin, our results
will be symmetric under spin inversion, χi → −χi. Furthermore, we include the
magnetic tidal Love numbers through the quasi-universal relations (1.88), though
we have shown in section 2.3 that their contribution is negligible, compared to the
electric Love numbers. Since they are more realistic (see section 1.2.2), we consider
only the magnetic tidal Love numbers arising from an irrotational fluid. However,
considering the magnetic Love numbers for static fluids does not affect the results,
because, except for the sign, the magnitude of the Love numbers in the two cases
is comparable (see section 1.2.4).

To quantify the effect of the spin-tidal 6.5PN order contributions, we make
an analysis based on the match/FIM distinguishability described in the previous
section. In particular, our analysis is valid for high SNR and Gaussian noise. We
explore the possibility of detecting a (injected) gravitational wave signal h, and to
reconstruct its parameters, through the matched filter procedure, with a waveform
template bank hT . For the sake of clarity, the two waveform phases considered are
the following:
• The gravitational signal h: point-particle TaylorF2 waveform phase plus

all the terms present in tidal phase (2.201), containing in particular the new
spin-tidal terms Λ̂ and Σ̂.
• The waveform template hT : point-particle TaylorF2 waveform phase plus

the tidal phase (2.201), setting to zero the spin-tidal terms, Λ̂ = Σ̂ = 0.
In the following we show our results for LIGO and the ET.

LIGO

We take the only binary neutron star event observed so far by the LIGO/Virgo
collaboration, GW170817, as a reference [8, 19]. This event, observed with a SNR
of ρ = 32.4 37, was consistent with a binary neutron star system with masses
compatible to 1.4 solar masses, M1 ∼ M2 ∼ 1.4M�, and with spins compatible
to zero, χ1 ∼ χ2 ∼ 0. Moreover, the 90% symmetric credible interval on the
average-weighted (electric, quadrupolar) tidal deformability Λ̃ has been recently
constrained to lie within Λ̃ ∈ [110, 800], with the median value being Λ̃ = 300 [19].

37For a network of N detectors the SNR scales approximately as
√
N [203]
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Figure 2.6: Probability distributions obtained for a 1.4M� equal-mass binary spinning at
χ = 0.05 (dashed-green) and χ = −0.05 (orange), with the zero-detuned LIGO noise sensitivity
curve and a SNR ρ = 100. The vertical dashed lines define the maximum-posterior values, while
the solid areas define the 90% credible intervals. The red dashed vertical line defines the injected
value Λ̃0 = 300.

Based on the above discussion, we examine a standard scenario where the
physical parameters of the system are taken to be those compatible with GW170817.
We consider an equal-mass binary neutron star with massesM1 = M2 = 1.4M�, and
tidal deformabilities (assuming the neutron stars described by the same equation
of state [20]) Λ1 = Λ2 = Λ̃ = 300.

The component spins in binary neutron stars are expected to be small, |χ1,2| .
0.05. Indeed, though the distribution of neutron star spins is uncertain, old neutron
stars in the late stages of a binary inspiral are expected to rotate rather slowly. The
most fastly-spinning neutron star observed so far in a compact system is the most
massive component of the double pulsar system PSR J0737-3039A [218], with a spin
period of ∼ 23 ms, which corresponds to χ ∼ 0.02÷0.05, depending on the equation
of state [74, 75]. Such rotation rate is not expected to decrease substantially as
this system approaches the merger [219]. On the other hand, the observation of
numerous isolated millisecond pulsars (a spin period of 1 ms corresponds roughly
to a dimensionless spin χ ∼ 0.4) suggests that spin rates as high as χ ∼ 0.1 might
be found also in binary neutron star systems [219].
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To maximize the effect of the spin-tidal coupling we set χ1 = χ2 = χ = ±0.05,
consistently with the upper limit of the low-spin prior used by the LIGO/Virgo
collaboration [8, 19]. Finally, we assume that the injected gravitational wave signal
would have been detected by current second-generation detectors, with a SNR
equal to that of the GW170817 event, ρ = 32.4. Since at design sensitivity one
expects a gain factor ∼ 3, we set ρ = 100 for the zero-detuned configuration of
LIGO.

We are interested in the measurement of the Λ̃ parameter, therefore we restrict
our analysis to one dimension. We fix masses and spins at the true values chosen
above, and vary only Λ̃ in the computation of the match in Eq. (2.214) (we recall
that Λ1 = Λ2 = Λ̃ for equal masses and the same equation of state). Varying
only Λ̃ we compute the matchM[h(Λ̃0), hT (Λ̃)], where Λ̃0 = 300 is the injected
value. In the computation ofM, we fix the frequency sensitivity range for LIGO
to {fmin, fmax} = {9 Hz, fISCO}, where fISCO ∼ 1570Hz is the frequency of the
ISCO (see the caption of Fig. 2.5). Then, we translate the match to the probability
distribution of the average tidal deformability, P(Λ̃), through Eq. (2.218). The
result for aligned (χ = 0.05) and anti-aligned (χ = −0.05) spins is shown in Fig. 2.6.

We can see that the probability distributions are Gaussian (consistently with the
FIM approximation), and match almost perfectly the predictions described by the
template hT , though the spin-tidal effects tend to induce a minimal shift on P(Λ̃)
that depends on the sign of the spin. The impact on the recovery of Λ̃ is absolutely
negligible. The sign of the offset tends to overestimate and underestimate Λ̃, for
positive (dashed and green) and negative (orange) spins, respectively. This can
be explained observing the relation between the electric 6.5PN order spin-tidal
coefficient Λ̂, and the leading 5PN order Λ̃ one. We observe that for positive spins
the two terms contribute with the same sign to the gravitational phase. Therefore,
the lack of the spin-tidal terms in hT is compensated increasing the value of Λ̃.
Conversely, for negative spins they are in counter-phase, and then a lower value
of Λ̃ in hT provides a better match. Moreover, as anticipated, we notice that the
results are perfectly symmetric under spin inversion χi → −χi, which is reminiscent
of the fact that the waveform is linear in the spin.

Thus, Fig. 2.6 shows that the spin-tidal coefficients for an event fully compatible
with GW170817 are negligible, when assuming a detection with LIGO at design
sensitivity. A more refined multi-dimensional analysis, including all the parameters
and the correlations among them, could only strengthen this (negative) result.

ET

We repeat the analysis for the same system as before, but this time using
the sensitivity curve of the ET. The latter is expected to increase the sensitivity
about a factor 15, with respect to second-generation detectors at design sensitivity,
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Figure 2.7: Probability distributions obtained for a 1.4M� equal-mass binary spinning at
χ = 0.05 (dashed-green) and χ = −0.05 (orange), with the ET noise sensitivity curve and a SNR
ρ = 1500. The vertical dashed lines define the maximum-posterior values, while the solid areas
define the 90% credible intervals. The red dashed vertical line defines the injected value Λ̃0 = 300.

and then of a factor ∼ 45 with respect to current detectors. We said before that
the SNR of GW170817 was ρ = 32.4. Though the observation of such high SNR
event (luminosity distance DL ∼ 40Mpc) was rather unlikely considering the
previous event rate predictions [220], the inclination reported tends to favor an
off-axis orientation with respect to the Earth observation line (inclination angle
θ ∼ 30o) [19]. For this configuration, the triangular shape of the ET (which will
be actually composed of three detectors) increases the SNR by a factor ∼ 1.5,
relative to a single L-shaped interferometer [30]. Taking into account also that the
SNR of GW170817 was increased by approximately a factor

√
2 with respect to

a single-detector observation 38, the same event would have been seen by the ET
with an SNR of ∼ (32.4/

√
2)× 45× 1.5. Therefore, we set ρ = 1500.

In the computation of the match, we fix the frequency sensitivity range for
the ET to {fmin, fmax} = {1 Hz, fISCO}. The results are shown in Fig. 2.7. We
notice that, due to the very large SNR, the distributions are a lot more peaked,

38Only the two LIGO sites contributed to the total SNR of GW170817, due to the unlucky
sky-position of the source relative to the Virgo interferometer orientation.
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Figure 2.8: (Left) Probability distributions obtained for a 1.4M� equal-mass binary spinning at
χ = 0.05 (dashed-green) and χ = −0.05 (orange), with the ET noise sensitivity curve and a SNR
ρ = 1700. The vertical dashed lines define the maximum-posterior values, while the solid areas
define the 90% credible intervals. The red dashed vertical line defines the injected value Λ̃0 = 800.
(Right) Probability distributions obtained for a 1.4M� equal-mass binary spinning at χ = 0.1
(dashed-green) and χ = −0.1 (orange), with the ET noise sensitivity curve and a SNR ρ = 1700.
The vertical dashed lines define the maximum-posterior values, while the solid areas define the
90% credible intervals. The red dashed vertical line defines the injected value Λ̃0 = 300.

compared to those obtained with LIGO in Fig. 2.6. Instead, the induced shift with
respect to the injected value, due to the imperfect modeling of the signal, is the
same as before. This is expected, because the observed offset is independent of
the SNR, which cancels out in the computation of the match. It depends only
on the the difference between the signal h and the template hT , and the relative
shape of the sensitivity curves of LIGO and the ET, which are anyway similar in
the high-frequency region, where the tidal effects are relevant. This can be easily
checked, translating the LIGO curve onto the ET one in Fig. 2.5. However, the
impact on the recovery of Λ̃ is still not sufficient to distinguish the spin-tidal effects,
being the induced bias completely contained inside the 90% credible interval, and
therefore overtaken by the statistical uncertainties. This means that the spin-tidal
terms seem negligible, even when assuming a detection with the ET.

We further investigate this problem by considering a more optimistic scenario,
consisting in the hypothetical case of observing an event with the physical param-
eters compatible with GW170817 (1.4M� equal-mass binary), but in a face-on
orientation. In this configuration, the SNR of the event detected by the ET is
increased by another factor ∼ 1.15, with respect to the previous one (the total
gain of the triangular interferometer is then ∼ 1.5× 1.15 ∼ 1.7, relative to a single
L-shaped detector). Furthermore, to maximize the detectability of the spin-tidal
terms, we consider three cases:

1) a large tidal-deformability case, where we set the injected value of the average
tidal deformability equal to the upper limit of the 90% credible interval
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Figure 2.9: Probability distributions obtained for a 1.4M� equal-mass binary spinning at
χ = 0.1 (dashed-green) and χ = −0.1 (orange), with the ET noise sensitivity curve and a SNR
ρ = 1700. The vertical dashed lines define the maximum-posterior values, while the solid areas
define the 90% credible intervals. The red dashed vertical line defines the injected value Λ̃0 = 800.

reported by the LIGO/Virgo collaboration for GW170817, Λ̃0 = 800, keeping
the spins equal to χ1 = χ2 = χ = ±0.05;

2) a high-spin case, where we fix the star spins to χ1 = χ2 = χ = ±0.1, which
is allowed by the high-spin prior used by the collaboration, that imposes
|χ1,2| ≤ 0.79 [8, 19], and we keep the tidal deformability equal to Λ̃0 = 300;

3) we combine the above cases, increasing both the spins and the tidal deforma-
bility, χ1 = χ2 = χ = ±0.1 and Λ̃0 = 800.

We run the analysis on the above three configurations assuming to detect the
event with the ET with a SNR of ρ = 1700 (1.15 times larger than the ρ = 1500
assumed before). The results for the first two cases are shown in Fig. 2.8. In the
left panel we show the large-tidal deformability case, whereas in the right panel
the high-spin case. We notice that the picture slightly improves in these scenarios.
The bias relative to the injected value is increased, with respect to the standard
scenario in Fig. 2.7, thanks to the larger values of tidal deformability and spin in
the first and second case, respectively. This reflects the linear dependence of the
gravitational phase on these parameters. As a consequence, and thanks also to
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Figure 2.10: Estimation of the SNR required to distinguish the effects of the spin-tidal terms
considering the ET noise sensitivity curve. The vertical red grid lines fix the tidal deformabilities
consistent with the median (solid) and 90% upper limit (dashed) provided by LIGO/Virgo
collaboration [19]. The blue and green contour lines correspond to the SNR of our standard,
ρ = 1500, and optimistic, ρ = 1700, scenarios, respectively.

the higher SNR, the injected value Λ̃0 lies on the tails of the distributions, slightly
outside of the 90% credible intervals delimited by the solid areas in both cases.
This implies that the gravitational signal h, which includes the spin-tidal effects in
the waveform, is marginally distinguishable from the template hT . However, even
in these optimistic scenarios, and due to the simplifications we have taken into
account, the offset is only at ∼ 2σ, suggesting that it might be very challenging to
measure this effect.

If we consider instead the third case, the situation is quite different. As
shown in Fig. 2.9, by assuming a spin χ = 0.1 and an average tidal deformability
Λ̃0 = 800, we sum up the two effects, introducing a bias which shifts the distribution
completely off from the true value (more than 5σ away). In this scenario the
systematic uncertainties are much larger than the statistical ones, implying that
not accounting for the spin-tidal terms would result in an incorrect estimate of
the tidal deformability. However, this would be the case only if neutron stars with
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large tidal deformabilities and moderately high spins exist in Nature.
Finally, we provide an estimate of the minimum values for the triplet ρ− χ− Λ̃

(with χ1 = χ2 = χ) required to distinguish the effects of the spin-tidal terms for
a GW170817-like event detected with the ET. To do so, we compute the match
of the gravitational signal h(χ, Λ̃) against the template hT (χ, Λ̃), for Λ̃ ∈ [0, 2000]
and χ ∈ [−0.79, 0.79], for a 1.4M� equal-mass binary. The results of the match are
translated to the SNR, through Eq. (2.226), for a D = 6 : {M1,M2, χ1, χ2,Λ1,Λ2}
parameter space, where we require to estimate all the parameters at 90% credible
level, i.e., setting n = 1.64 in Eq. (2.226). The results of this analysis are shown in
Fig. 2.10. The density plot represents the minimum SNR needed to observe some
characteristic combination of Λ̃ and χ1 = χ2 = χ. The solid and dashed vertical
red grid lines Λ̃ = {300, 800}, set the median and 90% upper limit provided by
Ref. [19], respectively. The blue and green contour lines correspond to the SNR of
our standard, ρ = 1500, and optimistic, ρ = 1700, scenarios, respectively.

We can see that for low spins and/or small tidal deformabilities the contour
lines get closer. This is expected, since the spin-tidal corrections are harder to
detect in this limit, implying a fast increasing of the required SNR. On other hand,
this means that small variations of SNR are less significant in this regime. Indeed,
there is small difference between the ρ = 1500 and the ρ = 1700 contour lines. In
general, larger spins are required to attain the same SNR as Λ̃ decreases.

The intersection of Λ̃ = 800 with the ρ = {1500, 1700} contours shows that the
minimum spin required to distinguish the spin-tidal effects from a hT template,
at the 90% level, is χ ∼ {±0.07,±0.06}, respectively. Notice that the intersection
of the Λ̃ = 800 line with the green contour line (ρ = 1700) corresponds to the
particular cases shown in the left panel of Fig. 2.8, and in Fig. 2.9. We stress that
the parallelism between the results in Fig. 2.10 and those shown in Figs. 2.7–2.9
is not perfect. The reason for this is that in Fig. 2.10 we are accounting for
D = 6 parameters through Eq. (2.226), while the previous plots are the result of
a single-parameter analysis. Indeed, for Λ̃ = 300 and ρ = 1700, the intersection
occurs at χ ∼ ±0.17, to be compared to the right panel of Fig. 2.8.

In conclusion, spin-tidal couplings are only expected to affect significantly the
signal for putative binary neutron star events with the SNR of GW170817 (as seen
by current second-generation detectors), observed with third-generation detectors,
and for moderately high spins. On the other hand, the calibration of these effects
on current waveform templates would have a non-negligible impact only if binaries
with χi & 0.1 evolve and merge in the local Universe.



Chapter 3

The relativistic inverse stellar
problem

The lack of knowledge of the behavior of matter at supranuclear densities has
led to large uncertainties on the equation of state (EOS) inside the core of neutron
stars (cf. section 1.1.2). Various theoretical approaches to model the microphysical
interactions among hadrons have been developed, predicting different scenarios for
the composition of cold nuclear matter at densities above the nuclear saturation
point, ρnu ∼ 2.7× 1014 g/cm3 [18]. This gave rise to many models of the EOS, i.e.,
different predictions on the relation between the pressure and the energy density,
p = p(ε) (we recall that the cold nuclear matter inside neutron stars is modeled
through a barotropic EOS, see section 1.1.1). In the left panel of Fig. 3.1, we show
several models of EOS in the energy density–pressure plane.

The EOS is an essential ingredient to determine the structure of neutron stars
and to make predictions on the macroscopic observables, such as mass M , radius
R, etc. (see section 1.1.3). The integration of the TOV equations, using various
models of EOS, allows us to find the mass-radius profiles, which can sensibly differ
from each other. We show this feature in the right panel of Fig. 3.1. We can see
that different EOSs predict different values of the neutron star maximum mass,
and that for a given mass they predict different values of the neutron star radius.

This naturally suggests that astrophysical observations can be exploited to
constrain the neutron star EOS, ruling out those proposed models which are
incompatible with the measurements. For instance, the observation of two-solar-
mass neutron stars [221,222] (colored band in Fig. 3.1) has ruled out all the EOS
models which can not support such a large mass. In general, the simultaneous
measurement of both the mass and radius of a neutron star (or, as we will see, of
any other pair of independent observables) fixes a configuration in the mass–radius
plane, imposing a constraint on the EOS.

We stress that besides observational constraints, experimental and theoretical
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Figure 3.1: (Left) Pressure-energy profiles predicted by various models of EOS, in the core
region of neutron stars. For the description of the micro-physical properties the EOS models
see, e.g., [18]. (Right) Mass-radius profiles obtained by integrating the TOV equations with the
EOSs shown in the left panel. The yellow horizontal band represents the astrophysical constraint
imposed by the observation of a neutron star with mass M = (2.01± 0.04)M� [221]. Roughly
speaking, all EOSs whose corresponding mass-radius curves lie below the band are ruled out.

bounds can further be imposed on the EOS. Data from laboratory experiments [94,
223–227] and nuclear-physics calculations [228–231] constrain the low-density regime,
whereas perturbative QCD computations [232, 233] bind the ultra-high density
region, ρ � ρnu. Another theoretical bound is the causality constraint, which
requires that the speed of sound, cs = c

√
dp/dε, does not exceed the speed of light

c. Several models of EOS obtained through non-relativistic computations do not
satisfy this requirement at large densities.

In 1992, Lindblom showed that the TOV equations provide a unique mapping
between the energy-pressure relation (i.e., the EOS) and the mass-radius profile [70].
In other words, the equations of stellar structure link the microscopical properties
of matter to the macroscopical characteristics of the neutron star, as shown in
Fig. 3.2. In principle, the complete knowledge of the M(R) relation could be used
to invert the mapping and fully determine the EOS. This requires a collection of
simultaneous measurements of neutron star masses and radii, dense and accurate
enough to make possible the inversion and to reconstruct the EOS. This procedure
is known as the relativistic inverse stellar problem: constraining the neutron star
EOS through the observations of macroscopic quantities of neutron stars.

The main issues in solving the inverse stellar problem are: (i) a limited number
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Figure 3.2: The unique mapping between the EOS and the mass-radius relation, provided by
the TOV equations. The {R({ε0, p0}),M({ε0, p0})} point is the equilibrium configuration with
central energy density and pressure given by {ε0, p0}. The knowledge of the whole mass-radius
curve is needed, in principle, to invert the mapping and obtain the energy-pressure relation.

of simultaneous measurements of neutron star observables 1, and (ii), the large
uncertainties affecting the measurements of these quantities (in particular the
radius). Despite these difficulties, measurements of masses and radii, obtained
through neutron star observations in the electromagnetic band 2, have allowed
to constrain the EOS, ruling out extreme models which predict very large radii
(R & 13 km) [26–28,236–244].

The pair of observables mass-radius is not the only one which can provide
information on the neutron star internal structure. The measurement of any
macroscopic quantity, such as compactness, moment of inertia, etc., can in principle
constrain the EOS. In the field of gravitational wave physics, an important candidate
to probe the interior of neutron stars is the (electric quadrupolar) tidal deformability
λ2 [12,13,16,245–247]. Indeed, as extensively discussed in the previous chapters,
the tidal deformability carries information on the EOS, and leave an imprint on
the gravitational waveform emitted by inspiralling binary neutron stars (or neutron

1The available neutron star observations are not uniformly distributed over the range of
masses. The total population of observed neutron stars is peaked around the Chandrasekhar
mass, M ∼ 1.4M� [29, 234].

2The estimate of neutron star radii, obtained from electromagnetic observations through X-ray
spectral modeling, is affected by systematic uncertainties, which led to some disagreement among
the inferences of different groups [235].



The relativistic inverse stellar problem 138

star-black hole systems) 3. Therefore, the inverse stellar problem can be solved as
well using the pair of observables mass-tidal deformability, which can be measured
through gravitational wave detections. In other words, the measurement of the
tidal deformability can constrain the high-density regime of the neutron star EOS.

This is indeed what happened after the first gravitational wave detection of
a binary neutron star merger, GW170817 [8]. The LIGO/Virgo collaboration
exploited the constraints on the star tidal deformabilities (see section 2.3) to rule
out some proposed models of EOS, which predict more deformable matter and then
large tidal deformabilities [19]. The LIGO/Virgo collaboration [20] and many other
works [21–25] translated this result on the neutron star radius, constraining it in the
range ∼ 9÷ 13 km, in agreement with electromagnetic astrophysical observations.

In this second part of the thesis, we demonstrate the feasibility of using grav-
itational wave signals emitted by coalescing neutron star binaries to solve the
relativistic inverse stellar problem, i.e., to infer the parameters of a phenomenolog-
ical representation of the EOS from measurements of the stellar mass and tidal
deformability, performing a model selection among the EOSs proposed in the
literature. In section 3.1 we review the piecewise polytropic phenomenologically
parametrized model of the EOS. In section 3.2 we describe the statistical approach
used, and, finally, in section 3.3 we present our results (Abdelsalhin et al. [87]).

Since throughout this chapter we refer only to the quadrupolar electric tidal
deformability λ2, henceforth we omit the subscript 2 in the λ symbol.

3.1 Phenomenological representations of the equa-
tion of state

The models of EOS proposed in the literature depend on several parameters
arising from the way hadron interactions are modeled, and on the particle content
(see section 1.1.2). On the other hand, measurements of mass and, especially,
radius/tidal deformability can be affected by large uncertainties, which may make
difficult to solve the inverse stellar problem mapping the correct EOS, if too many
parameters are involved. Furthermore, constraining the parameters within one
given realistic model does not rule out automatically other models based on different
theoretical approaches.

3Tidal deformations of neutron stars affect the emitted gravitational waveform through the
quadrupolar electric tidal deformabilities, at leading-order (see section 2.2.3). Current templates
used by the LIGO/Virgo collaboration model only the main contribution given by λ2 [8, 19].
Other terms, such as magnetic tidal Love numbers, spin corrections and higher-order multipole
moments, have not been included yet (on the other hand, we have shown in section 2.3 that their
impact is negligible for second-generation detectors).
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Figure 3.3: Flowchart summarizing the steps of the inverse stellar problem procedure that we
use to constrain the EOS with gravitational wave observations.

Phenomenological parametrizations of the EOS of neutron stars are a way to
overcome this limitation. Indeed, phenomenological models provide an effective
approach to solve the inverse stellar problem, since they allow to describe a large
class of realistic EOSs through a relatively small set of coefficients, to be constrained
by observational data [71–73, 248–251]. These EOSs can be used to combine
measurements of various neutron star parameters, even coming from different
channels. In other words, phenomenological representations can be exploited to
combine the results of gravitational and electromagnetic observations, leading
to multimessenger constraints on the EOS. Moreover, it may be possible that
the true EOS differs from the models proposed in literature so far. In this case,
a phenomenological approach would be extremely useful to constrain the main
features of the correct EOS.

Phenomenological models developed so far include:

1) the piecewise polytropic EOS developed by Read et al. [83] (a variant of this
model was proposed by Ozel and collaborators [71, 252]).

2) the spectral representation proposed by Lindblom [84], based on an expansion
of the adiabatic index in terms of the pressure/enthalpy (see also the causal
version of the model based on the speed of sound [253]).

3) the semi-phenomenological model described by Steiner et al. [26], where
a pressure-energy relation depending on nuclear physics parameters (such
as symmetry energy, compressibility, etc.), for ρ . 2ρnu, is matched to a
two-piece polytropic relation at larger densities, which fits the inner core.

Ozel and collaborators have shown that the piecewise polytropic model allows to
discriminate among realistic EOSs using electromagnetic measurements of neutron
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star radii [28]. Both the model by Read et al. and the spectral representation
by Lindblom have been directly included in the gravitational wave templates, to
parametrize the dependence of the tidal deformability on the EOS. Lackey, Wade
and collaborators have shown that this way of parametrizing (alternative to the
parametrization of the tidal deformability in terms of neutron star mass [14]) allows
to constrain the EOS from gravitational wave detections [15, 254]. Indeed, the
spectral model has been used by the LIGO/Virgo collaboration to infer the radii of
the detected neutron stars of the GW170817 event [20].

In this thesis we use the piecewise polytropic model by Read et al. [83]. In
Fig. 3.3 we show a flowchart illustrating the various steps of our inverse stellar
problem procedure. Henceforth we use G = c = 1 units.

3.1.1 Polytropic equations of state

In this section we describe the general form of a polytropic EOS. We recall
that for a barotropic EOS, p = p(ε), the first law of thermodynamics reads (see
section 1.1.1)

dε =
ε+ p

n
dn , (3.1)

where ε is the energy density, p the pressure and n the baryon number density. The
adiabatic index Γ is defined as

Γ =
d log p

d(log n)
=
ε+ p

p

dp

dε
, (3.2)

where in the last equality we have made use of Eq. (3.1). The adiabatic index is a
useful parameter to quantify the stiffness of an EOS.

The stiffness is a property of the EOS which indicates how much matter can
be stored in a given volume. If the matter is more compressible, more of it can
be stored in the same volume, the average density is larger, and the EOS is said
soft. Viceversa, EOSs characterized by less compressible matter correspond to
lower average densities, and are called stiff. Since the structure and composition of
matter change inside a neutron star, the stiffness generally depends on the density.
From a different but complementary point of view, the stiffness can be also seen as
a measure of the pressure that the matter is subjected to, at a given density. Soft
matter (being more compressible) exhibits lower pressures, whereas stiff matter is
characterized by higher pressures. In relation to the adiabatic index, soft EOSs
show generally a larger Γ, while stiff EOSs a lower one. Note that the adiabatic
index is a function of the density, reflecting that the stiffness in general is not
constant.

Thus, soft EOSs lead to more compact neutron stars (larger masses for a fixed
radius, or, equivalently, smaller radii for a fixed mass), which are less affected by
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tidal forces, and then less deformable, i.e., the tidal deformability λ is smaller.
Viceversa, stiff EOSs lead to less compact objects (smaller masses for the same
radius, larger radii for the same mass), which are more deformable, and have larger
tidal deformabilities. Measurements of neutron star radii from the electromagnetic
band [27, 28, 243], and of the average tidal deformability (see section 2.3) from the
gravitational wave event GW170817 [8, 19, 20] favor soft EOSs, ruling out extreme
stiff models.

The stiffness is also related to the speed of sound cs, which is defined by

c2
s =

dp

dε
=

pΓ

ε+ p
, (3.3)

where in the last equality we have used Eq. (3.2). Then, a higher speed of sound
corresponds to stiffer EOSs, whereas a lower speed of sound to a softer one.

Assuming that all baryons have the same mass, typically the neutron mass mn,
we can write ρ = mnn, where ρ is the rest-mass density 4. This allows us to rewrite
Eq. (3.1) as

dε =
ε+ p

ρ
dρ . (3.4)

Polytropic EOSs are power law relations between the pressure and the energy/rest-
mass density. The thermodynamics of fully degenerate Fermi gases in the non-
relativistic/ultra-relativistic limit leads to polytropic EOSs [255–257]. Moreover,
polytropic models approximate the EOS arising from the strong interacting matter
present in the neutron star cores (cf. the next section below).

There are two kinds of polytropic relations: energy polytropes and rest-mass
polytropes. The first one is a relativistic version, which has the form

p(ε) = Kεγ , (3.5)

where K is the polytropic constant and γ the polytropic index. The second type
has instead the form

p(ρ) = Kργ . (3.6)

Note that in the latter case, the polytropic index coincides with the adiabatic index,
γ = Γ. This means that the adiabatic index (and then the stiffness) of a polytrope
is constant. Thus, we can write

p(ρ) = KρΓ , (3.7)
4This assumption is justified by the fact that: (i) for plain nuclear matter inside a neutron

star, the neutron fraction is larger than the 90% (see section 1.1.2), and the masses of the proton
and the neutron are very similar. (ii) We are going to use a phenomenologically parametrized
model of the EOS, not one coming from nuclear physics calculations. Therefore, we can assume
that the neutron star matter is composed of a single-component fluid.
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which is the form of the polytrope that we will use henceforth.
The expression for the energy density can be derived using the first law of

thermodynamics. Replacing Eq. (3.7) in Eq. (3.4), one obtains the differential
equation

dε

dρ
=
ε+KρΓ

ρ
, (3.8)

whose solution is

ε(ρ) = (1 + a)ρ+
KρΓ

Γ− 1
Γ 6= 1

ε(ρ) = (1 + b)ρ+Kρ log ρ Γ = 1 ,

(3.9)

where a and b are integration constants. Imposing that in the non-relativistic limit
the energy density reduces to the rest-mass density,

lim
ρ→0

ε(ρ)

ρ
= 1 , (3.10)

requires Γ > 1 and a = 0 (cf. the next section). The result is

ε(ρ) = ρ+
KρΓ

Γ− 1
Γ > 1 . (3.11)

The speed of sound is given by

c2
s(ρ) =

KΓ(Γ− 1)ρΓ

(Γ− 1)ρ+KΓρΓ
Γ > 1 . (3.12)

Note that cs is monotonically increasing with the rest-mass density. Thus, polytropic
EOSs can violate causality: for large enough densities cs > 1, i.e., the speed of
sound exceeds the speed of light.

3.1.2 Piecewise polytropic equations of state

In this section we describe the piecewise polytropic model, developed by Read
et al. [83], that we use to solve the inverse stellar problem. We said that the
adiabatic index of a polytrope is constant. Thus, simple polytropic EOSs can
not be a good approximation to “realistic” EOSs which undergo great changes of
stiffness. Piecewise polytropic models provide a solution to this problem.

Read et al. showed that piecewise polytropes accurately fit the pressure-density
profiles of a large variety of EOSs based on realistic nuclear physics calculations.
These include models with plain npeµ nuclear matter, hyperons, meson condensates
and phase transitions to deconfined quarks, obtained within both non-relativistic
many-body methods and relativistic mean-field approaches (cf. section 1.1.2).
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Figure 3.4: Schematic representation of the regions of the piecewise polytropic model in the
neutron star core. See the text for details.

The neutron star macroscopic observables, like masses and radii, are accurately
reproduced within . 1% of the corresponding values predicted by the realistic
models.

A piecewise polytropic EOS is defined for ρ ≥ ρ0 (where ρ0 can be freely chosen)
by

p(ρ) = Kiρ
Γi ρi−1 ≤ ρ ≤ ρi i = 1, . . . , N , (3.13)

where ρ0 < · · · < ρi < · · · < ρN are N + 1 dividing densities which partition the
range of densities ρ ≥ ρ0 in N + 1 regions. Imposing the continuity of the pressure
across each boundary gives

Ki+1 =
p(ρi)

ρ
Γi+1

i

i = 1, . . . , N . (3.14)

The polytropic constant K1 of the first region is determined specifying the value of
the pressure p0 at ρ = ρ0,

K1 =
p0

ρΓ1
0

p0 = p(ρ0) . (3.15)
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Γi Ki/c
2
[
g1−Γi cm3(Γi−1)

]
ρi
[
g/cm3]

1.58425 6.80110 ×10−9 2.44034 ×107

1.28733 1.06186 ×10−6 3.78358 ×1011

0.62223 5.32697 ×101 ρL ≡ 2.62780 ×1012

ΓSLy ≡ 1.35692 KSLy ≡ 3.99874 ×10−8 ρM

Table 3.1: Parameters of the piecewise polytropic version of the SLy EOS used in the neutron
star crust region. We restored the value of the speed of light c. See the text for details on the
highlighted constants.

The integral of the first law of thermodynamics (3.4) in each region gives

ε(ρ) = (1 + ai)ρ+
Ki

Γi − 1
ρΓi Γi 6= 1

ε(ρ) = (1 + bi)ρ+Kiρ log ρ Γi = 1

ρi−1 ≤ ρ ≤ ρi i = 1, . . . , N ,

(3.16)
where

ai =
ε(ρi−1)

ρi−1

− 1− Ki

Γi − 1
ρΓi−1
i−1

bi =
ε(ρi−1)

ρi−1

− 1−Ki log ρi−1

i = 1, . . . , N (3.17)

to make the energy density continuous. In the first region, i = 1, this requires to
specify the value of the energy density ε0 = ε(ρ0). Note that the above solution is
continuous in Γi. Indeed, replacing ai and bi, we get

ε(ρ) =
ε(ρi−1)

ρi−1

ρ+Kiρ
ρΓi−1 − ρΓi−1

i−1

Γi − 1
Γi 6= 1

ε(ρ) =
ε(ρi−1)

ρi−1

ρ+Kiρ log

(
ρ

ρi−1

)
Γi = 1

ρi−1 ≤ ρ ≤ ρi i = 1, . . . , N ,

(3.18)
and we recognizes that

lim
Γi→1

ρΓi−1 − ρΓi−1
i−1

Γi − 1
= log

(
ρ

ρi−1

)
. (3.19)

Finally, the speed of sound reads

c2
s(ρ) =

Γip

ε+ p
ρi−1 ≤ ρ ≤ ρi i = 1, . . . , N (3.20)

and it is discontinuous at each ρi, because of the change of the adiabatic index.
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Figure 3.5: Plot of the analytical version of the SLy EOS. The four regions of the piecewise
polytropic representation correspond approximately to: a non-relativistic electron gas, a relativistic
electron gas, the neutron drip and the inner crust.

The microscopic stability condition, dp/dε ≥ 0, imposes Γi ≥ 0. Values of the
adiabatic index in the range 0 ≤ Γi ≤ 1 are allowed in piecewise polytropic EOSs,
provided that ρ0 6= 0 (see the previous section, Eq. (3.10)). In particular, Γi = 0
(which means a constant pressure across the interval) allows to take into account
first-order phase transitions in the neutron star matter.

Read et al. found that modeling the neutron star high-density core with three
polytropic segments accurately reproduce a large set of realistic EOSs. The values of
the dividing densities which minimize the discrepancy with respect to the tabulated
EOSs correspond to ρ1 = 1014.7 g/cm3 and ρ2 = 1015 g/cm3. This model has four
independent parameters: the adiabatic indices of the three regions and the value of
the pressure at the first dividing density, namely {p1,Γ1,Γ2,Γ3}, where p1 = p(ρ1).
The polytropic constantsKi are given by Eq. (3.14), withK1 = p1/ρ

Γ1
1 . A schematic

picture of this model is shown in Fig. 3.4 (note that the polytropic branches are
straight lines in log-log scale, with the slope given by the adiabatic index).

At low densities, the outermost polytropic segment is matched dynamically to
a fixed crust, which is chosen to be a parametrized four-piece polytropic version
of the SLy EOS [258, 259]. Its parameters are summarized in Table 3.1. The
pressure-density profile of the crust EOS is shown in Fig. 3.5.

The matching point between crust and core is simply given by the value of
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Figure 3.6: (Left) Schematic representation of the match between the crust and the core EOSs.
See the text for details. (Right) Constraint imposed on the parameters p1 and Γ1 by the matching
procedure. The allowed region is shown in blue.

density where the low and high-density EOSs intersect each other, and depends
only on p1 and Γ1. It reads

ρM =

(
K1

KSLy

)1/(ΓSLy−Γ1)

, (3.21)

where KSLy and ΓSLy are the polytropic parameters of the innermost crust region,
given in Table 3.1. This choice naturally implies a constraint on p1 and Γ1, since
specific combinations of them do exist, which yield no intersection between the
crust and the core EOSs, and are therefore incompatible. The allowed region can
be found analytically, and satisfies the following relation{[

p1 ≥ pR

]⋂[
Γ1 ≥

log (p1/pL)

log (ρ1/ρL)

]}⋃{[
p1 ≤ pR

]⋂[
Γ1 ≤

log (p1/pL)

log (ρ1/ρL)

]}
,

(3.22)
where ρL and pL = KSlyρ

ΓSly

L are, respectively, the density and the pressure at the
interface of the two innermost crust regions, and pR = KSlyρ

ΓSly

1 is the value of the
pressure assumed by the last low-density polytropic segment if extended up to ρ1

(see the left panel of Fig. 3.6). The values of ρL is given in Table 3.1. We show the
above region, in the p1–Γ1 plane, in the right panel of Fig. 3.6. Note that we are
implicitly requiring that the match occurs in the innermost crust region, i.e., at
density ρM ≥ ρL.

Finally, in Fig. 3.7 we show the mass-radius and mass-tidal deformability
diagrams obtained solving the relativistic equations of stellar structure for different
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Figure 3.7: (Left) Mass-radius relations for some realistic EOSs modeled through the piecewise
polytropic representation. The values of the parameters {p1,Γ1,Γ2,Γ3} which specify the EOSs,
as well as the details on the microscopic composition of each realistic model, can be found in [83].
(Right) Tidal deformability as a function of the neutron star mass for the same EOSs considered
in the left panel.

EOSs (see sections 1.1.3 and 1.2.2 and the Appendix A), modeled through the
piecewise polytropic parametrization. The EOS models which give large radii and
tidal deformabilities are the stiff ones, whereas the EOSs that lead to more compact,
less deformable objects are the soft ones.

With a slight abuse of notation, henceforth we define p1 to be the logarithm
(to base ten) of the pressure evaluated at ρ1, p1 ≡ log10 p(ρ1).

3.2 The Bayesian framework
In this section we describe the approach that we use to estimate the EOS

parameters {p1,Γ1,Γ2,Γ3} of the piecewise polytropic representation, starting from
the macroscopic observables provided by gravitational wave observations, namely
the mass M and the tidal deformability λ of the detected neutron stars. We stress
that our method is completely general, and can be applied also using different
neutron star observables, obtained either with electromagnetic or gravitational
wave observations, leading to a multimessenger framework.

In general, for a given set of N observed stars, we have m+N free parameters
to determine, i.e., m parameters of the EOS model, and N central pressures
pci (i = 1, . . . , N). We assume that any detected neutron star provides n = 2
observables, which in our case are the mass and the tidal deformability. Therefore,
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to fully characterize the parametrized EOS, we need at least N = m observations 5.
As discussed in the previous section, piecewise polytropes are characterized by

m = 4 parameters, which lead to 8 unknown parameters to be found:

~θ = {p1,Γ1,Γ2,Γ3, p
c
1, p

c
2, p

c
3, p

c
4} . (3.23)

Therefore, we need at least N = 4 observations, which provide the required set of 8
measured quantities:

~d = {M1, λ1,M2, λ2,M3, λ3,M4, λ4} . (3.24)

Within the Bayesian scheme of inference (see, e.g., [211]), we are interested in
determining the posterior probability density function (PDF) of the EOS parameters
given the experimental data, P(~θ|~d) 6. Using Bayes theorem, we can write the joint
posterior PDF as

P(~θ|~d) ∝ L(~d|~θ)P0(~θ) , (3.25)

where L(~d|~θ) is the likelihood function, i.e., the PDF of the experimental data
given the EOS parameters, and P0(~θ) the prior PDF, which describes the former
information on the parameters. The probability distribution of l parameters is
given by marginalizing over the remaining 8− l variables, i.e.,

P(θ1, . . . , θl|~d) =

∫
P(~θ|~d) dθl+1 . . . dθ8 . (3.26)

In our analysis we assume that the set of data ~d obtained from gravitational
wave detections are independent and Gaussian distributed, with the values of
each observable Mi (λi) being affected by an experimental uncertainty σMi

(σλi)
7.

Under these assumptions, the likelihood can be written as

L ∝ e−χ
2

, (3.27)
5The counting of the observations needed to characterize the EOS derives from the idealistic

inverse stellar problem, where the uncertainties on the measurements are not taken into account.
In the latter case, at least N pairs of independent observables are needed to constrain N EOS
parameters, otherwise the solution is not unique. An insufficient number of observations would
constrain the EOS parameters anyway, but it would not be able to remove completely the
degeneracy.

6When realistic data are used, the deterministic solution of the idealistic inverse problem (see
footnote 5) is spoiled by the intrinsic probabilistic nature of the experimental measurements, and
transformed into a probability distribution.

7This analysis was started and almost completed before the first gravitational wave detection
of a binary neutron star. Therefore, no real data were available at the time, which is the reason
why we have used mock data. Even after the GW170817 event, the observed neutron stars would
have not been enough to fully constrain the EOS parameters. We stress that our goal is to show
the feasibility of constraining the EOS using gravitational wave observations, and not to exploit
the information coming from the binary neutron star detection to actually infer the EOS.
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where the chi-square variable reads

χ2 =
4∑
i=1

{
[M (p1,Γ1,Γ2,Γ3, p

c
i)−Mi]

2

2σ2
Mi

+
[λ (p1,Γ1,Γ2,Γ3, p

c
i)− λi]

2

2σ2
λi

}
. (3.28)

It is straightforward to generalize the above formalism to an EOS representation
with an arbitrary number of parameters m and/or to an arbitrary number of
neutron star observations N , each of them providing n independent observables.

3.2.1 The Markov chain Monte Carlo

We sample the posterior probability distribution P(~θ|~d) in Eq. (3.25) using
Markov chain Monte Carlo (MCMC) simulations based on the Metropolis-Hastings
algorithm (see, e.g., [260,261]). The procedure of this framework can be summarized
with the following steps.

Given an initial point ~θ1 = {p1,Γ1,Γ2,Γ3, p
c
1, p

c
2, p

c
3, p

c
4}, randomly chosen within

the parameter space, we propose a jump to a new state, ~θ2, with probability
specified by the proposal function f = f(~θ1, ~θ2). The latter is chosen to be a
multivariate Gaussian distribution centered in the current state ~θ1,

f(~θ1, ~θ2) = exp

[
−1

2

(
~θ2 − ~θ1

)T

Σ−1
(
~θ2 − ~θ1

)]
, (3.29)

where Σ is the covariance matrix (see below) and T denotes the transpose operator.
Note that with this choice f is symmetric, i.e., f(~θ2, ~θ1) = f(~θ1, ~θ2). Then, we
compute the ratio

r(~θ1, ~θ2) =
P(~θ2|~d)

P(~θ1|~d)
, (3.30)

and accept the proposed move with probability

a(~θ1, ~θ2) = min
{

1, r(~θ1, ~θ2)
}
. (3.31)

In this way, the chain is updated to the state ~θ2 with probability a(~θ1, ~θ2), or
remains fixed in ~θ1 with probability 1− a(~θ1, ~θ2). If P(~θ2|~d) ≥ P(~θ1|~d) the jump is
always accepted, while if P(~θ2|~d) < P(~θ1|~d) it is accepted with probability r(~θ1, ~θ2).
The previous steps are then iterated n times, allowing the chain to explore the
parameter space of the model (see Algorithm 1 below).

The MCMC theory guarantees that, from any initial state and proposal function,
the system evolves towards the desired target distribution P(~θ|~d). However, in
practical situations the convergence of the chain is strongly affected by the choice



The relativistic inverse stellar problem 150

of the proposal function. In this thesis we adopt an adaptive framework, in which
the covariance matrix Σ of f(~θ1, ~θ2) is continuously updated through a Gaussian
adaptation (GaA) algorithm [262,263]. A remarkable feature of this approach is
that the acceptance probability P of the proposed jump can be fixed a priori. In
the following section we describe in detail the features of the algorithm.

3.2.2 The Gaussian adaptation algorithm

According to the GaA algorithm, the covariance matrix Σ of the proposal
distribution f(~θ1, ~θ2) is defined as

Σ =
(
ρQ

)(
ρQT

)
, (3.32)

where ρ is the step size of the algorithm and Q the square root of the covariance
matrix, normalized such that det(Q) = 1. We compute Q from Σ using the
Cholesky decomposition.

The structure of the adaptive Metropolis-Hastings algorithm used in the MCMC
is the following: we start from an initial state ~θ1, setting ρ = 1 and Σ = Q = 1,
where 1 is the identity matrix. Then, at each step a new point is sampled as

~θi+1 = ~θi + ρQ · ~η , (3.33)

where ~η is a vector drawn from a Gaussian distribution with zero mean and unit
variance, ~η ∼ N (~0,1). If the proposed move ~θi+1 is accepted, the step size and the
covariance matrix are updated according to the following rules:

ρ→ fe ρ ,

Σ→
(

1− 1

NC

)
Σ +

1

NC

(
∆~θ
)(

∆~θ
)T
,

(3.34)

where fe > 1 is called expansion factor, NC is a free parameter of the GaA algorithm
and ∆~θ = ~θi+1 − ~θi. Conversely, if the proposed jump is rejected, the covariance
matrix is not updated and the step size is reduced by a contraction factor fc < 1:

ρ→ fc ρ ,

Σ→ Σ .
(3.35)

A workflow of this procedure is shown in Algorithm 1.
The GaA algorithm relies on some free parameters, which following [263], we

have fixed to the following values:

fe = 1 + β(1− P )

fc = 1− βP
β = 1/NC

NC = (D + 1)2/ log (D + 1) ,

(3.36)
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where D is the dimension of the MCMC parameter space and P is the acceptance
probability of the proposed move. For our simulations we found that an optimal
value of such probability, which guarantees an efficient mixing of the chains 8,
corresponds to P = 0.25.

Algorithm 1 Adaptive Metropolis-Hastings

Start: ~θ1, ρ = 1,Σ = 1

for i = 1, . . . , n
evaluate Q by Cholesky decomposition of Σ
normalize Q→ Q/det(Q)1/D

propose move ~y = ~θi + ρQ · ~η with ~η ∼ N (~0,1)

evaluate ratio P(~y|~d)/P(~θi|~d)
if accepted

~θi+1 = ~y
ρ→ fe ρ

Σ→
(

1− 1
NC

)
Σ + 1

NC

(
~θi+1 − ~θi

)(
~θi+1 − ~θi

)T

if rejected
~θi+1 = ~θi
ρ→ fc ρ
Σ→ Σ

3.3 Results of the numerical simulations
To test the ability of our approach to reconstruct the parameters of the piecewise

polytropes, we analyze different possible scenarios. We consider non-spinning
neutron stars (we recall that spin-tidal effects are negligible for second generation

8We stress that the GaA algorithm just described comes with a flaw. The MCMC theory
guarantees that the Markov chain converges asymptotically to the desired target distribution
P(~θ|~d), for any given proposal distribution f(~θ1, ~θ2), if such function is stationary (i.e., it does
not change at each step) or if it has a diminishing adaptation [264–266]. The latter property
means that asymptotically the local adaptation of f(~θ1, ~θ2) from the step n to the step n+ 1 must
be infinitely small (with n). Note that this requirement allows anyway a global residual finite
adaptation even at large n. However, the above GaA algorithm is not in this class of functions,
since the local adaptation for n→∞ can be arbitrarily large. From this follows that the GaA
algorithm could break the ergodicity of the MCMC, which means that the Markov chain could not
converge to the desired target distribution, or it could not converge to a stationary distribution
at all. We checked if this is the case for our simulations simply switching off the adaptation at
large times, preserving in this way the ergodicity of the system.
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EOS R [km] λ [103×km5]

so
ft apr4 11.34 9.502

st
iff h4 13.99 32.86

Table 3.2: Radius and tidal deformability of prototype 1.4M� neutron star modeled with the
EOSs apr4 and h4.

interferometers, see section 2.3.2) with mass M in the range (1.1÷ 1.6)M�, which
covers most of the mass range determined so far by electromagnetic observations
of double neutron stars [29,234]. Also, it includes the observed masses of the first
gravitational wave detection from a binary neutron star [8, 19]. Moreover, we focus
on two EOSs, apr4 [90] and h4 [91]. As shown in Fig. 3.7, these models span a
wide range of mass-radius/tidal deformability configurations. Furthermore, they
fit within the 90% credible interval estimated by the LIGO/Virgo collaboration
after the gravitational wave event GW170817 [8] 9. Therefore, apr4 and h4 are
the best candidates to represent extreme cases of soft and stiff nuclear matter,
compatible with astrophysical observations. For both EOSs, we compare the
features of a canonical 1.4M� neutron star in Table 3.2, which also shows that the
tidal deformability of the two EOSs differs by a factor & 3. We recall that large
values of λ yield stronger changes in the gravitational wave signal (see Eq. (2.192)),
and therefore lead to tighter constraints.

The uncertainties on the observables are computed for the advanced generation
of detectors. More specifically, we assume that the gravitational wave events are
detected by a network of four interferometers, composed by the two LIGO sites,
Virgo and the Japanese KAGRA, which is going to join the next observation
run (O3) by the end of 2019 [267]. For all the measurements we consider the
detector configurations at design sensitivity [215] (see also the new updated LIGO
sensitivity [216]). Henceforth, we refer to such network as HLVK.

Following [268], we fix the uncertainty on the neutron star mass σM to 10% of
the measured value for HLVK, in agreement with the uncertainties reported by the
LIGO/Virgo collaboration for the component masses of the observed neutron star
binary system. We compute the uncertainty on the tidal deformability σλ using a
Fisher matrix approach (see section 2.3.1, Eq. (2.221)), assuming equal-mass binary
neutron stars at a prototype distance of 100 Mpc. Note that for N independent
interferometers the error on the tidal deformability is roughly reduced by a factor

9We notice that in a following, more refined, analysis, performed after our work was completed,
the LIGO/Virgo collaboration ruled out also the h4 EOS [19]
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∼ 1/
√
N , with respect to the single detector analysis [203]. We find σλ of order

∼ (10÷ 30)%, depending on the mass and EOS considered, in agreement with the
simulations in [16,247]. As expected, softer (stiffer) EOSs, corresponding to smaller
(larger) tidal deformability, lead to larger (smaller) uncertainties. We remark that
the gravitational wave event GW170817 has not put very strong bounds on the
individual tidal deformabilities of the neutron stars. The best constraint reported
by the LIGO/Virgo collaboration is that on the average weighted tidal deformability
of the two stars [8, 19] (see section 2.3).

It is important to stress that for M . 1.6M� the adiabatic index Γ3 does not
affect the structure of the star for both apr4 and h4, because the central densities
of such stars are smaller than ρ2 (cf. Fig. 3.11 below). Therefore, we can safely
neglect this coefficient within the analysis, reducing the parameter space volume to
~θ = {p1,Γ1,Γ2, p

c
1, p

c
2, p

c
3}. Note that the EOS is now fully specified by only three

variables, and as a consequence we only need six observables, which correspond
to three observed neutron stars (i.e., two binary neutron star coalescences, or a
binary neutron star and a black hole-neutron star system).

We choose flat prior distributions P0(~θ) for all the parameters, within the
ranges: p1 ∈ [33, 35] (where the pressure is measured in dyn/cm2), Γi ∈ [1, 4] and
pci ∈ [10−6, 10−3] km−2 (in geometric units) 10. The range of the EOS parameters
is large enough to include all the EOS models considered by Read et al in [83].
The parameters of the outer core, (p1,Γ1), are also constrained by the theoretical
bound given in Eq. (3.22).

Finally, for each set of data, we run four parallel processes of n = 5 × 105

samples, starting from different, random initial points of the parameter space. We
assess the convergence of the MCMC simulations to the target distribution by:

1) analyzing the autocorrelation of each chain, defined as a function of the lag
variable k (for single-parameter simulations) by

C(k) =

∑n−k
i=1 (θi − µ) (θi+k − µ)∑n
i=1 (θi − µ) (θi − µ)

, (3.37)

where θi is the i-th state, µ the mean value and n the number of steps of the
time series. The autocorrelation function gives an estimate of the time scale
k̄ (i.e., the number of steps) that is needed to obtain effectively independent
samples [261] (C(k) ∼ 0 for k ∼ k̄). Using this information, one chooses
n� k̄.

2) performing the Gelman-Rubin convergence diagnostic [269, 270], which al-
lows to check if multiple MCMC chains are converging to the same target

10The conversion factor for the pressure between CGS and geometric units is: 1 km−2 =
1010(G/c4) dyn/cm2 (for instance, 1035 dyn/cm2 correspond to ∼ 0.827× 10−4 km−2).
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apr4 h4

parameter injected 1σ injected 1σ

m2
46

p1 34.269 [34.205 - 34.427] 34.669 [34.611 - 34.738]
Γ1 2.830 [2.700 - 3.896] 2.909 [2.479 - 3.401]
Γ2 3.445 [2.415 - 3.907] 2.246 [1.732 - 3.518]

pc1 [10−4 × km−2] 0.862 [0.750 - 1.15] 0.372 [0.310 - 0.446]
pc2 [10−4 × km−2] 1.22 [1.06 - 1.58] 0.533 [0.486 - 0.614]
pc3 [10−4 × km−2] 1.74 [1.39 - 2.58] 0.804 [0.721 - 0.930]

m4
56

p1 34.269 [34.247 - 34.582] 34.669 [34.628 - 34.742]
Γ1 2.830 [2.212 - 3.846] 2.909 [1.956 - 3.906]
Γ2 3.445 [1.817 - 3.599] 2.246 [1.056 - 2.383]

pc1 [10−4 × km−2] 1.22 [1.09 - 1.76] 0.533 [0.423 - 0.643]
pc2 [10−4 × km−2] 1.45 [1.29 - 2.12] 0.650 [0.556 - 0.773]
pc3 [10−4 × km−2] 1.74 [1.46 - 2.70] 0.804 [0.706 - 0.957]

m1
23

p1 34.269 [34.209 - 34.367] 34.669 [34.644 - 34.771]
Γ1 2.830 [2.458 - 3.898] 2.909 [2.752 - 3.520]
Γ2 3.445 [2.691 - 3.952] 2.246 [1.055 - 3.596]

pc1 [10−4 × km−2] 0.722 [0.623 - 0.919] 0.311 [0.260 - 0.355]
pc2 [10−4 × km−2] 0.862 [0.752 - 1.07] 0.372 [0.330 - 0.427]
pc3 [10−4 × km−2] 1.03 [0.893 - 1.26] 0.443 [0.407 - 0.512]

Table 3.3: Comparison between injected and reconstructed values of the apr4 and h4 parameters,
for the three models analyzed. For each parameter of the piecewise polytropic EOS we show the
1σ (∼ 68%) credible interval of the marginalized posterior distribution.

distribution, and estimates if longer simulations can improve the results. The
Gelman-Rubin test compares the variances of different chains through the
potential scale reduction factor R, defined for a single-parameter MCMC
simulation by

R =
V

W
V = σ2 +

B

mn
σ2 =

n− 1

n
W +

B

n
, (3.38)

where B/n and W are the between-sequence variance and within-sequence
variance, respectively,

B

n
=

1

m− 1

m∑
j=1

(µj − µ̄)2

W =
1

m

m∑
j=1

1

n− 1

n∑
i=1

(θij − µj)2 ,

(3.39)
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Figure 3.8: Marginalized posterior PDF for the parameters of the apr4 EOS, derived for the
m246 model with neutron stars masses (1.2, 1.4, 1.6)M�. The histograms of the sampled points
are shown below each function. The red, dashed vertical lines identify the injected true values,
while the shaded bands correspond to the 1σ credible regions of each parameter.

whereas θij is the i-th state of the j-th chain, µj is the mean value of the
j-th chain and µ̄ the mean value over all chains. n and m are the numbers of
steps of each chain and the number of chains, respectively. For large enough
n, R→ 1 from above, assessing the convergence of the simulations.

We obtain the final distributions summing up the four individual chains of each
set of data, after discarding the first 10% of them, as a burn-in procedure (namely,
the points of the chains for which the convergence has not been reached yet). In
the Appendix C we report some examples of the chains generated by the MCMC
simulations, for the models that we discuss in the next section.

3.3.1 Reconstruct the parameters of the equation of state

The first goal of our approach is to determine the parameters of the piecewise
polytropic EOS. As said before, we have six unknown variables to constrain, i.e.,
~θ = {p1,Γ1,Γ2, p

c
1, p

c
2, p

c
3}, which require three neutron star observations. We test

our method on the following prototype configurations: (i) the model m246 with
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Figure 3.9: Comparison among the marginalized posteriors of p1, Γ1 and Γ2 for the apr4 EOS,
derived for the models m246, m456 and m123. The dashed vertical lines correspond to the true
values of the parameters.

three objects of mass (1.2, 1.4, 1.6)M�, (ii) a heavier one m456 composed of stars
of (1.4, 1.5, 1.6)M�, (iii) a lighter system m123 with masses (1.1, 1.2, 1.3)M�. The
numerical values of injected and reconstructed parameters are listed in Table 3.3,
for the considered configurations, and for the EOSs apr4 and h4.

In Fig. 3.8 we show the marginalized posterior distributions of the parameters
corresponding to the apr4 EOS, derived for the configuration m246. The dashed
vertical line in each panel indicates the true, injected value of the parameter, while
the darker bands correspond to the 1σ credible intervals. The PDF is constructed
from the sample histograms using a Gaussian kernel density estimator. We can
see that the true values of all the parameters are always reconstructed within
the 1σ confidence level. The posteriors of the neutrons star central pressures are
always peaked around the injected values with nearly symmetrical distributions.
The pressure p1 of the outer core region is also well measured, with the relative
difference between the injected valued and the reconstructed median being below
1%.

In general, the adiabatic indices of the piecewise polytropic representation are
determined with less accuracy, although some differences do exist between the
various polytropic segments. The top panels of Fig. 3.8 show indeed that Γ1 is
unconstrained, with an almost flat posterior within the allowed range of values.
Conversely, the second index Γ2 provides better results, with a median close to
the true quantity, and a probability distribution that tends to favor larger values.
Analyzing the joint distribution between various pairs of parameters we find that
p1-Γ2 is the only one that shows a significant correlation, which is, otherwise, small
(see Fig. 3.13 below and the Appendix C).

Most of the features described for the m246 configuration do not change qualita-
tively if we analyze the other two models m456 and m123, for the same EOS apr4.
Smaller masses lead in general to stronger constraints. This is expected, since, for
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Figure 3.10: Marginalized posterior PDF for the parameters of the h4 EOS, derived for the
m246 model with neutron stars masses (1.2, 1.4, 1.6)M�. The histograms of the sampled points
are shown below each function. The red, dashed vertical lines identify the injected true values,
while the shaded bands correspond to the 1σ credible regions of each parameter.

a fixed EOS, lighter neutron stars yield larger tidal deformabilities (see the right
panel of Fig. 3.7), which enhance the tidal contribution to the gravitational wave
signal, and therefore provide smaller (relative) errors σλ. For completeness, the
full marginalized posterior distributions of the other two configurations, m456 and
m123, can be found in the Appendix C.

A direct comparison among the posterior distributions of the EOS parameters
p1, Γ1 and Γ2, obtained for the three considered configurations, is shown in Fig. 3.9.
We can see that the best results for p1 and Γ2 occur for the model m123, which
is composed of three neutron stars with masses (1.1, 1.2, 1.3)M�. Conversely, for
m456 which considers a collection of data with heavier objects, (1.4, 1.5, 1.6)M�,
the posterior distributions of both p1 and Γ2 broaden significantly (approaching a
flat distribution) and the 1σ level becomes much looser. In all cases the index Γ1

is instead unconstrained.
The picture described above changes qualitatively when we consider neutron

stars made of a stiffer EOS, which leads to more deformable objects. In Fig. 3.10 we
show the posterior probability distributions of the parameters for the model m246,
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Figure 3.11: The radial distance from the center of the star, normalized to its radius, is plotted
as a function of the density. The different curves correspond to the masses and EOSs analyzed in
the m246 configuration. The vertical lines separate the three regions of the piecewise polytropic
parametrization.

assuming h4 as the underlying equation of state. We can see that the star central
pressures pci are found with an accuracy comparable to that shown in Fig. 3.8, for
the apr4 EOS. The top left panel of the figure shows that the pressure p1 at the
first dividing density is, again, the EOS parameter which is constrained with the
largest precision, the posterior distribution being nearly Gaussian and symmetric
around the true value. However, a direct comparison with Fig. 3.8 shows that the
role of the adiabatic indices Γ1 and Γ2 seems now to be reverted. Indeed, for the
EOS h4 it is Γ1 which is very well estimated, with a relative difference of the median
with respect to the true value smaller than 1%. The parameter Γ2 is essentially
unbounded, with a slightly noisy distribution not much dissimilar from a flat one.
Moreover, the pair of parameters p1-Γ1 shows now correlation (see Fig. 3.13 and
the Appendix C).

The different features of the results for the two EOSs can be understood looking
at Fig. 3.11, where we plot, for each neutron star and EOS considered for the
model m246, the radial distance R(ρ) normalized to the radius of the star RNS, as
a function of the density ρ. The major difference between the two EOSs is that the
radial profiles of the apr4 stars extend to larger values of ρ, well inside the region
of the second branch of the piecewise polytropic specified by Γ2. Conversely, the h4
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Figure 3.12: Comparison among the marginalized posteriors of p1, Γ1 and Γ2 for the h4 EOS,
derived for the models m246, m456 and m123. The dashed vertical lines correspond to the true
values of the parameters.

stars are mainly dominated by the first branch specified by Γ1. For this EOS, stars
with masses below 1.2M� have a central pressure smaller than p1 (or, equivalently,
central density smaller than ρ1), and therefore are outside the Γ2 interval.

Furthermore, Fig. 3.11 shows that at the boundary between the first two regions,
the function R(ρ) of the apr4 stars is already about the 80% of its overall value.
Therefore, it seems quite natural that for this EOS the tidal deformability, which is
proportional to R5 (see Eq. (1.40)), is more sensible to variations of Γ2. Conversely,
the radius of the h4 stars is almost completely determined by the integration of the
stellar equations within the density region belonging to the first polytropic branch,
and this is why the inverse stellar problem constrains Γ1 with a larger accuracy.

Like before, we report the posterior distributions for the configurations m456
and m123 in the Appendix C, whereas in Fig. 3.12 we compare the EOS parameters
of three models for the h4 EOS. We notice that for the lightest configuration m123,
the reconstructed value of p1 shows an offset with respect to the injected parameter.
This is the opposite behavior with respect to the apr4 EOS configurations, where
lighter neutron stars provide better results.

This feature is probably due to a non-negligible contribution coming from the
low density part of the EOS, which reduces the impact of the first polytropic region
on the tidal deformability, for neutron stars with low masses (see again Fig. 3.11).
In particular, sampling the parameter space, we have found that the subspace
p1-Γ1 is characterized by a large region in which the posterior distribution assumes
values only slightly lower than the absolute maximum, making extremely difficult to
resolve it through the Monte Carlo simulation. As a consequence, the marginalized
distributions are shifted with respect to the injected values.

Alike the apr4 EOS, instead, the configuration with larger masses, m456, (cor-
responding to smaller tidal deformabilities) shows the worst result, with the distri-
bution of the index Γ1 which is essentially flat. In all cases the parameter Γ2 is
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Figure 3.13: (Left) 2D credible regions at 2σ level for the joint probability distribution P(p1,Γ2),
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the true equation of state (yellow reversed triangle), for the three models considered. Different
markers correspond to the values of p1 and Γ1 for various EOSs.

unconstrained, with noisy and flat-like distribution.

3.3.2 Discriminate among realistic models of equation of
state

The relativistic inverse stellar problem, which relies on a parametrized repre-
sentation, provides a powerful framework to perform EOS selection, i.e., to rule
out models which are incompatible with astrophysical observations. Remarkably, it
provides a straightforward method to combine measurements coming from different
neutron stars. Our study shows that for soft (stiff) matter, the joint probability
distribution of p1–Γ2 (p1–Γ1) offers the best prospects for EOS selection. We show
this in Fig. 3.13. In the left (right) panel we plot the 2σ (∼ 95%) credible regions,
obtained from the posterior distributions of the parameters p1–Γ2 (p1–Γ1) for the
apr4 (h4) EOS and the three models considered. The red cross (apr4) and the
yellow reversed triangle (h4) indicate the injected values, whereas the different
markers are the values of the parameters corresponding to various EOSs, which
have been mapped on the piecewise polytropic model by Read et al. in [83].

For both EOSs, the joint distributions seem quite effective in selecting the
correct EOS, constraining a portion of the parameter space. In both cases we are
able to rule out the EOS models with stiffness different from that of the injected
one, with an accuracy larger than the 90%. If the true EOS of supranuclear matter
were stiff, measuring the tidal deformability with sufficient accuracy would allow us
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to rule out many known EOSs. However, since electromagnetic and gravitational
wave observations suggest instead that true EOS is soft [20, 28], we can rule out
only a limited number of models. We notice how these bounds do not depend
strongly on the neutron stars masses of the various configurations which we have
analyzed.



Conclusions and outlook

In this thesis I have studied the tidal deformations of neutron stars in binary
systems, and the corresponding gravitational radiation emitted, under two main
lines of research.

1) Within the first line of research, I have computed the spin-tidal interactions
which affect the dynamics of two orbiting bodies in General Relativity, at the
leading PN order and to linear order in the spin. These corrections belong
to two classes. The first ones depend on the coupling between the standard
tidal Love numbers and the spins of the compact objects. The latter ones rely
instead on the rotational tidal Love numbers. Both of them depend linearly
on the spins of the two bodies.

I have computed the spin-tidal corrections to the waveform phase of the
gravitational radiation emitted by binary systems in circular orbit with spins
orthogonal to the orbital plane. At leading PN order, these new spin-tidal
terms depend on the quadrupolar, both electric and magnetic, ordinary tidal
Love numbers, and on the quadrupolar and octupolar rotational tidal Love
numbers. All these terms modify the gravitational wave phase at 6.5PN order,
i.e., at 1.5PN order relative to leading order, electric, quadrupolar tidal term.
Thus, at linear order in the spin, the terms computed here should include all
the tidal terms up to 6.5PN order.

I stress that the spin-tidal terms computed enter the gravitational wave
phase (and in general the orbital dynamics) at a lower PN order, relative
to the standard electric, octupolar tidal term (which enters at 7PN order).
Using simple arguments, I have derived a general rule to evaluate at which
PN order the spin-tidal couplings, due to higher-order multipole moments,
affect the dynamics. By means of this, I have shown that any rotational tidal
Love number with l ≥ 3 enters always at lower PN order with respect to the
corresponding ordinary tidal Love numbers.

I have encountered a conceptual problem related to the inclusion of the
rotational tidal Love numbers in the Lagrangian formulation, that I have
not been able to solve. However, I remark that this issue could eventually
affect only the numerical coefficients in the PN expansion, but not the correct
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identification of the PN order.
Furthermore, I have estimated the impact of the new 6.5PN order spin-

tidal corrections computed on the analysis of gravitational wave signals
emitted by neutron star binaries, with physical parameters consistent with
the GW170817 event. I have quantified the impact of these terms by means
of the bias produced on the measurement of the average weighted tidal
deformability Λ̃, that arises from neglecting these terms in our waveform
templates.

I have performed a simple analysis based on the FIM approximation.
I have found that the spin-tidal effects are significant for GW170817-like
binary neutron star events, detected by third-generation interferometers, if
the component spins of the binaries are χi & 0.1. Therefore, these corrections
could be relevant for binary neutron star waveform approximants only if
binaries with moderately high spins merge in our local Universe.

2) In the second line of research I have studied the feasibility of solving the
relativistic inverse stellar problem with gravitational wave observations of
binary neutron star coalescences. I have presented a Bayesian approach to
reconstruct the phenomenological parameters which characterize the EOS in
the neutron star core, using masses and tidal deformabilities obtained from
gravitational wave detections.

In my analysis I have adopted a piecewise polytropic representation for
the EOS, and I have generated mock data using two candidates of the EOS,
APR4 and H4, which represent the prototypes of soft and stiff nuclear matter,
respectively, encompassing a wide range of admissible models of the EOS.
My results show that few observations of coalescing neutron star binaries, by
a network of advanced interferometers, would be sufficient to put interesting
constraints on some of the parameters of the piecewise polytropic model,
depending on the stiffness of the EOS. In particular, I have found that if
the EOS is soft (stiff) we are able to better constrain the parameter which
characterizes the inner (outer) part of the core.

Furthermore, constraints on different parameters can be used to make
EOS selection. I have found that the joint-2D posterior distributions on pairs
of EOS parameters are the best tool to rule out EOSs not in agreement with
gravitational wave observations. In all the cases analyzed, I have been able
to discriminate among soft and stiff models of EOS, with an accuracy larger
than the 95%.

The work done in this thesis can be extended/improved in several ways, within
both the lines of research.
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Spin-tidal interactions

• First of all, regarding the PN modeling of the spin-tidal couplings, there is
the unsolved issue about the inclusion of the rotational tidal Love numbers in
the Lagrangian formulation. The latter predicts the existence of some truly
universal relations, which effectively reduce the number of the independent
(quadrupolar and octupolar) rotational tidal Love numbers from 4 to 2.
However, such relations do not emerge from perturbation theory, when the
rotational tidal Love numbers are computed numerically [59]. This issue
deserves further investigation, which might be also useful to clarify some
discrepancies found between the rotational tidal Love numbers computed
in [59] and in [62]. Moreover, until this problem is solved, it will not be
possible to estimate the impact of the rotational tidal Love numbers on
gravitational wave data analysis, as it has been done for the other spin-tidal
terms in the gravitational waveform phase.

• The parameter estimation carried on in this thesis to evaluate the impact of
the new spin-tidal terms on binary neutron star gravitational wave templates
relies on several approximations. A more accurate and refined analysis,
involving the full multi-dimensional parameter space, and possibly based on
Bayesian methods, is required to attest the detectability of these effects in a
more robust way. Furthermore, I have focused on the ET detector, but slightly
better results are expected for the Cosmic Explorer interferometer [31], since
the designed sensitivity of the latter is slightly larger than that of the ET.
Another issue to take into account, in the possible inclusion of the spin-tidal
terms in waveform approximants calibrated on numerical simulations, is the
current accuracy of the Numerical Relativity codes, which might make the
minimal variations produced by the spin-tidal couplings indistinguishable
from the numerical noise [48].

• Another extension/application of my work is related to the gravitational
wave searches for exotic compact objects (ECO) [77,78]. Since the tidal Love
numbers of a black hole are exactly zero [55, 56], measuring the effect of
the tidal deformability in the waveform of a binary coalescence provides a
way to distinguish black holes from other exotic compact alternatives, for
which the tidal Love numbers do not vanish [79–82]. There is no reason
to expect that such objects should be slowly spinning (this is particularly
true for supermassive objects detectable by the third-generation space-based
detector LISA [271], whose spin might grow through accretion or through
subsequent mergers during the galaxy evolution). Therefore, for these exotic
objects the spin-tidal effects are expected to be larger, and their inclusion
will improve previous analysis [80].
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• Lastly, a possible generalization of this work could be the inclusion of a time-
dependence in the definition of the tidal Love numbers. In this thesis I have
extended the tidal deformations of binary systems to spinning objects, using
the adiabatic approximation. In particular, though both the tidal fields and
the body multipole moments slowly evolve in time during the binary inspiral,
their ratios, i.e., the tidal Love numbers, do not: they are constants. This
description is known to fail as the orbital separation reduces and non-linear
effects start to gain importance [113]. It would be interesting to study the
possibility of introducing a time-scaling parameter (for instance, the orbital
frequency) in the definition of the Love numbers, in order to make them
time-dependent.

Inverse stellar problem

• After the detection of a binary neutron star merger, GW170817 [8, 19], and
with more events expected in the next future, constraining the EOS through
gravitational wave detections has become an hot topic in astrophysics [20–25].
This event gives us the opportunity to use real data instead of simulated ones.
It would be very interesting to combine different neutron star observables
to put multi-messenger constraints on the EOS. A possibility already under
investigation is that of combining the gravitational wave data on the tidal de-
formabilities provided by the LIGO/Virgo collaboration, with the observations
of neutron star radii obtained in the electromagnetic band [28]. Such multi-
band analysis is straightforward using a phenomenological representation of
the EOS.

• Other possible extensions, that can be easily addressed within my approach,
are: (i) compare the various parametrization of EOS available in the literature,
in order to find the model which leads to the most accurate constraints [254];
(ii) test the capability of the third generation of detectors to constrain the
EOS, through the analysis of simulated gravitational wave measurements of
masses and tidal deformabilities; (iii) exploit the correlation between the star
radius and the post-merger signal of binary neutron star coalescences [272,273]
to infer the EOS [274].



Appendix A

Numerical integration of the
equations of stellar structure

In this appendix we provide some useful relations to integrate numerically the
TOV equations (1.22) and the perturbative equations (1.57) and (1.71). First, we
notice that to compute the equilibrium configuration of a neutron star (i.e., its
mass and radius), we do not need the whole TOV system (1.22), but only the first
two equations 

dm

dr
= 4πr2ε

dp

dr
= −(ε+ p)(m+ 4πr3p)

r(r − 2m)

, (A.1)

together with the EOS, p = p(ε). Indeed, the ODE for the function ν(r),

dν

dr
=

2(m+ 4πr3p)

r(r − 2m)
, (A.2)

is necessary only if we are interested in computing the spacetime metric inside the
star.

Expanding the system (A.1) near r = 0, we get

m(r) = m3r
3 +m5r

5 +O(r7)

p(r) = p0 + p2r
2 +O(r4) ,

(A.3)

where
m3 =

4π

3
ε0

m5 =
4π

5

p2

c2
s,0

p2 = −2π

3
(ε0 + p0)(ε0 + 3p0)

(A.4)
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and p0, ε0 and c2
s,0 are the values of pressure, energy density and speed of sound

(c2
s = dp/dε) at the center of the star, respectively. We can use Eqs. (A.3) as initial

conditions to numerically integrate the system (A.1).
To compute the electric, quadrupolar tidal deformability λ2, we add Eq. (1.57)

with l = 2,

d2H0(r)

dr2
+

(
2 [r −m+ 2πr3(p− ε)]

r(r − 2m)

)
dH0(r)

dr
+

(
4πr2 [p(9− 16πr2p) + 5ε]

(r − 2m)2

+
4πr3 [(r − 2m)(p+ ε)/c2

s − 2m(13p+ 5ε)]− 4m2

r2(r − 2m)2

− 6

r(r − 2m)

)
H0(r) = 0 ,

(A.5)
to the system (A.1). We recall that to compute the tidal deformability, one needs
actually only the quantity ye = (r/H0)(dH0/dr), evaluated at the star surface
(cf. Eq. (1.67)). Thus, as pointed out in [73], it is numerically more efficient to
transform the second-order, linear ODE for H0(r) in a first-order, non-linear ODE
for ye(r):

dye
dr

=− y2
e

r
− r + 4πr3(p− ε)

r(r − 2m)
ye +

4(m+ 4πr3p)2

r(r − 2m)2
+

6

r − 2m

− 4πr2

r − 2m

(
5ε+ 9p+

ε+ p

c2
s

)
.

(A.6)

The initial condition at r = 0 for the above equation is given by

ye(r) = 2

[
1− 2π

7

(
ε0
3

+ 11p0 +
ε0 + p0

c2
s,0

)
r2 +O(r4)

]
. (A.7)

Note that in this form the dependence on the arbitrary constant a0, arising from the
boundary condition for H0(r) at the center of the star (see Eq. (1.59)), naturally
disappears. Since ye(r) is the actually quantity which enters the tidal deformability,
this proves that the Love number is independent of a0 (cf. with the discussion
below Eq. (1.59)). We notice also that the expansion of Eq. (A.6) around r = 0
gives actually two solutions, because the ODE is quadratic in ye(r). One then
identifies the correct branch through a comparison with the initial condition for
H0(r).

The case of the magnetic, quadrupolar tidal deformability is analog. For l = 2,
Eq. (1.71) reads

d2h0(r)

dr2
−
(

4πr2(p+ ε)

r − 2m

)
dh0(r)

dr
−
(

6r − 4m± 8πr3(p+ ε)

r2(r − 2m)

)
h0(r) = 0 , (A.8)
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which we can transform in an ODE for ym = (r/h0)(dh0/dr) (cf. Eq. (1.79)):

dym
dr

=− y2
m

r
− 2m− r[1 + 4πr2(p+ ε)]

r(r − 2m)
ym −

4m− r[6± 8πr2(p+ ε)]

r(r − 2m)
, (A.9)

where the plus/minus sign refers to static/irrotational fluids, respectively. The
initial condition at r = 0 is

ym(r) = 3

[
1 +

4π

63
(15p0 + 23ε0) r2 +O(r4)

]
(A.10)

in the static case, and

ym(r) = 3

[
1 +

4π

63
(3p0 + 11ε0) r2 +O(r4)

]
(A.11)

in the irrotational one.



Appendix B

Spherical harmonics

In this appendix we recall some useful properties of the spherical harmonics.
We define the (orbital) angular momentum operator as

LLL = −i (r ×∇) , (B.1)

which in spherical coordinates reads

Lx =− i

(
− sinϕ

∂

∂θ
− cos θ

sin θ
cosϕ

∂

∂ϕ

)
Ly =− i

(
cosϕ

∂

∂θ
− cos θ

sin θ
sinϕ

∂

∂ϕ

)
Lz =− i

∂

∂ϕ
,

(B.2)

and its square is given by

LLL2 = −
(
∂2

∂θ2
+

cos θ

sin θ

∂

∂θ
+

1

sin2 θ

∂

∂ϕ2

)
. (B.3)

The spherical harmonics Ylm(θ, ϕ) are the eigenfunctions of the operator LLL2:

LLL2Ylm(θ, ϕ) = l(l + 1)Ylm(θ, ϕ). (B.4)

The index l can assume non-negative integer values (l = 0, 1, 2, . . . ,∞), whereas
the index m varies on the integer values in the interval m ≤ |l| (m = −l,−(l −
1), . . . ,−1, 0, 1, . . . , l − 1, l).

The explicit expression of Ylm(θ, ϕ), for non-negative values of m, is

Ylm(θ, ϕ) =

√
2l + 1

4π

(l −m)!

(l +m)!
Pml (cos θ)eimϕ m ≥ 0 , (B.5)
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where Pml (x) are the associated Legendre polynomials

Pml (x) = (−1)m(1− x2)m/2
dm

dxm
Pl(x) , (B.6)

and Pl(x) are the Legendre polynomials

Pl(x) =
1

2ll!

dl

dxl
(x2 − 1)l . (B.7)

The spherical harmonics for negative values of m are obtained from the relation

Ylm(θ, ϕ) = (−1)mY ∗l,−m(θ, ϕ) . (B.8)

The spherical harmonics form an orthonormal basis on the 2-sphere:∫ 2π

0

∫ π

0

Y ∗l′m′(θ, ϕ)Ylm(θ, ϕ) sin θdθdϕ = δl′lδm′m

∞∑
l=0

l∑
m=−l

Y ∗lm(θ′, ϕ′)Ylm(θ, ϕ) =
δ(θ − θ′)δ(ϕ− ϕ′)

sin θ
.

(B.9)

The above equations represent the orthonormality and completeness relations,
respectively. Thus, any scalar function f(θ, ϕ) can be expanded in terms of the
spherical harmonics

f(θ, ϕ) =
∞∑
l=0

l∑
m=−l

flmYlm(θ, ϕ) , (B.10)

where the coefficients flm are given by

flm =

∫ 2π

0

∫ π

0

Y ∗lm(θ, ϕ)f(θ, ϕ) sin θdθdϕ . (B.11)

Under a parity transformation, {θ, ϕ} → {π−θ, ϕ+π}, the spherical harmonics
transform as

PYlm(θ, ϕ) = (−1)lYlm(θ, ϕ) , (B.12)

and therefore, they are called even, or polar, or electric.
The complete set of symmetric trace-free (STF) tensors Y lmL (see the Notation

for the multi-index definition) defined in [89] is intimately related to the spherical
harmonics. Indeed, they satisfy the relations

Y lmL nL =Ylm

Φi,lm =l εijk Y lmkL−1 njL−1

(B.13)
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where
Φlm = iLLLYlm = (r ×∇)Ylm , (B.14)

and n is the unit radial vector.
The spherical harmonics can be generalized to vector and tensor fields. Following

the definition used in [131], the vector spherical harmonics are

(Rθ,lm, Rϕ,lm) =

(
∂

∂θ
Ylm,

∂

∂ϕ
Ylm

)
(Sθ,lm, Sϕ,lm) =

(
− 1

sin θ

∂

∂ϕ
Ylm, sin θ

∂

∂θ
Ylm

)
.

(B.15)

They are used to decompose the angular components of three and four-vectors.
Note that Si,lm is the angular part of Φlm in spherical coordinates (the radial part
vanishes):

Sθ,lm = cos θ cosϕΦx,lm + cos θ sinϕΦy,lm − sin θΦz,lm

Sϕ,lm =− sin θ sinϕΦx,lm + sin θ cosϕΦy,lm .
(B.16)

Under a parity transformation the vector spherical harmonics transform as

PRi,lm = (−1)lRi,lm

PSi,lm = (−1)l+1Si,lm
i = θ, ϕ . (B.17)

Therefore, Ri,lm are even like the scalar harmonics, while Si,lm are called odd, or
axial, or magnetic.

The angular components of rank-2 symmetric tensors can be expanded in terms
of tensor spherical harmonics. They read [131]

γij,lm =

(
Ylm 0
∗ sin2 θYlm

)
Ψij,lm =

(
∂2

∂θ2
Ylm ( ∂

∂θ
− cos θ

sin θ
) ∂
∂ϕ
Ylm

∗ (sin θ cos θ ∂
∂θ

+ ∂2

∂ϕ2 )Ylm

)

χij,lm =

(
1

sin θ
( cos θ

sin θ
− ∂

∂θ
) ∂
∂ϕ
Ylm

1
2
(sin θ ∂2

∂θ2
− cos θ ∂

∂θ
− 1

sin θ
∂2

∂ϕ2 )Ylm
∗ (sin θ ∂

∂θ
− cos θ) ∂

∂ϕ
Ylm

)i, j = θ, ϕ ,

(B.18)
where the star denotes the components obtained by symmetry. Under a parity
transformation, γij,lm and Ψij,lm are even, whereas χij,lm is odd.

Lastly, we introduce the spin-weighted spherical harmonics sYlm(θ, ϕ). We
say that a given function f , defined on the 2-sphere, has spin weight s, if under
rotations around the unit radial vector n, it transforms as [275,276]

f ′ = eisψf , (B.19)
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where ψ is the rotation angle. For instance, the unit vector m = (eθ + ieϕ)/
√

2
has s = 1, whereas m∗ has s = −1. eθ and eϕ are the unit vectors in the θ and
ϕ direction, respectively. Any function, which transforms as in Eq. (B.19) with
spin weight s, can be expanded in terms of the spin-weighted spherical harmonics,
defined as [200,201]

−sYlm(θ, ϕ) =(−1)s
√

2l + 1

4π

√
(l +m)!(l −m)!

(l + s)!(l − s)!
eimϕ cos2l (θ/2)

×
kf∑
ki

(−1)k
(
l − s
k

)(
l + s

s−m+ k

)
tans−m+2k (θ/2) ,

(B.20)

where ki = max(0,m− s) and kf = min(l+m, l− s). For s = 0 they reduce to the
scalar harmonics Ylm. The spin-weighted harmonics satisfy the relations

sYlm(θ, ϕ) = (−1)s+m−sY
∗
l,−m(θ, ϕ)

sYlm(π − θ, ϕ+ π) = (−1)l−sYlm(θ, ϕ) .
(B.21)



Appendix C

Supplementary material of the
inverse stellar problem study

In this appendix we report some additional plots of the results obtained through
the MCMC simulations described in Chapter 3. In Figs. C.1–C.4 we show the
marginalized posterior distributions of the reconstructed parameters, as in Figs. 3.8
and 3.10, but for the configurations m123 and m456. In Figs. C.5 and C.6 we show
two examples of the chains produced by the MCMC simulations using the GaA
algorithm 1.
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Figure C.1: Marginalized posterior PDF for the parameters of the apr4 EOS, derived for the
m123 model with neutron stars masses (1.1, 1.2, 1.3)M�. The histograms of the sampled points
are shown below each function. The red, dashed vertical lines identify the injected true values,
while the shaded bands correspond to the 1σ credible regions of each parameter.
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Figure C.2: Marginalized posterior PDF for the parameters of the apr4 EOS, derived for the
m456 model with neutron stars masses (1.4, 1.5, 1.6)M�. The histograms of the sampled points
are shown below each function. The red, dashed vertical lines identify the injected true values,
while the shaded bands correspond to the 1σ credible regions of each parameter.
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Figure C.3: Marginalized posterior PDF for the parameters of the h4 EOS, derived for the
m123 model with neutron stars masses (1.1, 1.2, 1.3)M�. The histograms of the sampled points
are shown below each function. The red, dashed vertical lines identify the injected true values,
while the shaded bands correspond to the 1σ credible regions of each parameter.



Supplementary material of the inverse stellar problem study 177

34.6 34.8

1

2

4

3

5

6

7

p1


(p

1
)

p
1
=

3
4
.6

6
9

2 2.5 3 3.5 4

0.2

0.4

0.6

Γ1


(Γ

1
)

Γ
1
=

2
.9

0
9

1 1.5 2 2.5 3 3.5 4

0.2

0.4

0.6

Γ2


(Γ

2
)

Γ
2
=

2
.2

4
6

0.2 0.4 0.6 0.8 1 1.2

1

3

2

4

p1

c [10
-4 × km

-2]


(p

1c
)

p
1c
=

0
.5

3
3

0.4 0.6 0.8 1 1.2 1.4

1

3

2

4

p2

c [10
-4 × km

-2]


(p

2c
)

p
2c
=

0
.6

5
0

0.4 0.6 0.8 1 1.2 1.4 1.6

1

3

2

4

p3

c [10
-4 × km

-2]


(p

3c
)

p
3c
=

0
.8

0
4

Figure C.4: Marginalized posterior PDF for the parameters of the h4 EOS, derived for the
m456 model with neutron stars masses (1.4, 1.5, 1.6)M�. The histograms of the sampled points
are shown below each function. The red, dashed vertical lines identify the injected true values,
while the shaded bands correspond to the 1σ credible regions of each parameter.
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Figure C.5: An example of the chains produced by the GaA algorithm for the model m246 and
the EOS apr4. The dashed lines denote the injected values.
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Figure C.6: An example of the chains produced by the GaA algorithm for the model m246 and
the EOS h4. The dashed lines denote the injected values.
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