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i
Abstract

This thesis deals with the study of algebraic structures arising from modern De-
formation Theory. We start with a (very) small introduction. The main results
contained in this work are contained in Chapter [2| and Chapter

In Chapter [2| we study the notion of formality for differential graded Lie algebras,
but more in general for Lo,-algebras. We begin a review of the formality criterion
from [29] and establish a relationship with a classical obstruction to formality which
is very well known in literature. Then we extend the notion of formality to formality
of higher degrees, and prove a criterion for formality of higher degrees.

In Chapter 3| using pre-Lie algebras, we develop a new fast algorithm which
computes the coefficients of the Baker-Campbell-Hausdorff series in any Hall basis
of a free Lie algebra. This part is inspired by [10].
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Introduction

The modern approach to deformation theory can be described by the following
principle due to Deligne: “In characteristic 0, a deformation problem is controlled by
a differential graded Lie algebra, with quasi-isomorphic DG Lie algebras giving the
same deformation theory”. The approach to deformation problems via differential
graded Lie algebras (DGLAs) can be traced back to the works by Nijenhuis and
Richardson, and sets the ground from which modern deformation theory grew out
from. Later the works by Kontsevich and Hinich consolidate a rising interest in this
modern approach.

During the nineties, the notion of Lo, -algebra (or, equivalently, strongly homotopy
Lie algebra) was developed as a generalization of the notion of differential graded
Lie algebra, due to the works by Stasheff, Lada and Markl. L-algebras can be
described as the incarnation of higher brackets satisfying a higher Jacobi identity.
The interest in the theory of Ly,-algebras is not contrasting with Deligne’s principle:
differential graded Lie algebras are still enough to describe deformation problems,
but the category of L,-algebras has a nicer homotopy theory than the category of
differential graded Lie algebras, and for this reason it provides an easier theoretical
tool for many proofs where differential graded Lie algebras are involved. Moreover
Lo-algebras arise naturally in the study of deformations of morphisms and diagrams.

In this present work we address some algebraic aspects arising from the modern
approach to deformation theory, focussing on two major problems.

Chapter In this first chapter we show a few basic notions which can be recovered
from many sources in literature. In the first sections we will present the basic
definitions from the theory of differential graded Lie algebras and L -algebras, for
which a good starting point is [31] and references therein. The last section of this
chapter deals with the basics of pre-Lie algebras, for which [7, [12], 14, 21] are good
references.

Chapter In Chapter [2| we investigate the notion of formality for differential
graded Lie algebras and L,-algebras. Deciding whether an object is formal is
usually a non-trivial task. It turns out that the cohomology of a differential graded
algebra contains higher order products, called Massey products, which are invariant
under surjective quasi-isomorphisms and vanish when the differential is trivial.
Therefore triple Massey products vanish on formal objects, and this provides a
simple obstruction for formality.

The notion of formality for differential graded Lie algebras appeared in the
context of deformation theory with the works [20} 25]. The Lie version of triple
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Massey products are called triple Lie-Massey products by Retakh [36], and work in
a very similar fashion. Given three cocycles z1,z2, 3 € L, with [z;,2;] =0 € H*(L)
for every i < j, we will define in their triple Lie-Massey product as a class

H*(L)
[x1, H*(L)] + [x2, H*(L)] + |z, H*(L)]

Triple Lie-Massey products provide a simple obstruction for formality, but such an
obstruction is not complete: we can find examples of non-formal differential graded
Lie algebras where every triple Lie-Massey product vanishes.

More recently Manetti [29] found a complete obstruction for the formality of
differential graded Lie algebras, and more in general for L..-algebras: the formality of
a differential graded Lie algebra L is controlled by the degeneration of the Chevalley-
Filenberg spectral sequence E(L, L) at page Ea (we recall this in. The key role
in the proof of this result is played by the Fuler class: a single element e € E(L, L)%’0
which controls the degeneration of the whole spectral sequence and is a homotopy
invariant for L. Quoting the main result from [29] we can state in more precise terms

Theorem 1 (Manetti [29], Theorem 3.3). Let (E(L,L)P% d,) be the Chevalley-
Eilenberg spectral sequence of a differential graded Lie algebra L. Then the following
conditions are equivalent:

(21, 22, 23] €

1. L is formal;
2. the spectral sequence E(L, L)Y degenerates at Ea;

3. denoting the Fuler class by
Dery (H*(L), H*(L))
{lz, =] |z € HY(L)}

for every x € H*(L) (where T denotes the degree of x), we have d,(e) =0 €
E(L, L)IT5=" for every r > 2.

ec B(L,L)y" =

e(z) =7 -z,

In this chapter we work on two sides. On one hand we establish a finer relationship
between the Euler class and triple Lie-Massey products, on the other we extend the
previous theorem from [29] to what we call formality of higher degree.

1. In the first part of this chapter we look more in depth at the formality criterion
in [29] and establish what is the relation between the Euler class and triple
Lie-Massey products. Since the Euler class controls formality, and triple Lie-
Massey products vanish on formal differential graded Lie algebras it makes
sense to understand if the Euler class controls triple Lie-Massey products as
well. The result we obtain is positive in the following sense: triple Lie-Massey
products can be recovered by looking at the Euler class. In [2.1.1] for any
choice of three cocycles x1, x9, x3 for which the triple Lie-Massey product is
defined, we will construct a morphism

H*(L)

) 3,—1
Haraay BUL L)y = o o oy B (D) + o0, BF(D)]

which detects the triple Lie-Massey product [z1, z2,z3]. More precisely the
result we obtain is the following
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Theorem 2. Let L be a differential graded Lie algebra, and let x; € L™ for
i =1,2,3 such that dz; = 0 for every i, and [x;,x;] =0 € H*(L) for every
1< j. Then

fzy zs0s (d2€) = —[21, T2, T3] -

2. In the second part of this chapter we investigate what we call formality of
higher degrees. We will say that an L..-algebra has multiplicity k if for any
choice of its minimal model (H,0,rg,...,7,,...) we have r,, = 0 for every
n < k and r; # 0. We shall say that an L..-algebra is formal of degree k
for some k£ > 2 when it admits a minimal model where the only non-trivial
bracket is the one of order k. This notion coincides with the standard notion of
formality when we take k = 2. In this chapter we give a criterion for formality
of higher degrees which is highly inspired by the main result from [29]. In order
to find the right obstruction to formality of higher degrees we introduce new
homotopy invariants, which we call Euler classes of higher degrees. The Euler
class of degree k is defined by chosing a particular element ¢* € E(L, L)i’o,
that we call Fuler differential operator of degree k. We will show that when L
has multiplicity > k we have E(L,L); = ... = E(L,L);_1, therefore we can
think e* as an element of E(L, L)} _,. Moreover we will show that di_1eF =0
and when L has multiplicity > k this allows to define the Euler class of degree
k as the cohomology class of e* in E(L, L),lg’o. Fuler classes of higher degrees
are homotopy invariants and provide the right tool to investigate formality of
higher degrees. More precisely the main result we obtain is the following

Theorem 3 (Corollary . Let k > 2 and let L be an Lo -algebra of
multiplicity > k. If (E(L, L)?1,d,) is the Chevalley-Eilenberg spectral sequence
of L we have dy = ... = dg—2 =0 and E(L,L); = ... = E(L,L)_1. If we
denote by e* € E(L,L),{;_O1 >~ HomY (H*(L), H*(L)) the map defined by

e*(z) = <x+ 2:?) x,

for every homogeneous x € H*(L) (where T denotes the degree of x), we have

di_1er = 0 and eg defines a cohomology class in E(L,L),lg’o. Moreover the

following conditions are equivalent:
(a) L is formal of degree k;
(b) the spectral sequence E(L, L)% degenerates at Fy;
(¢) we have dye® =0 € E(L, L)- 51" for every r > k.

The objective of deformation theory is to study deformations, which arise as solu-
tions of the Maurer-Cartan equation. The Maurer-Cartan equation in a differential
graded Lie algebra L = (L,d, [—, —]) is

1
dx + 3 [z,2] =0

and appears in different areas of mathematics. For instance in differential geometry
the condition for an almost complex structure to be integrable (i.e. induced by
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a proper complex one) is given by the Newlander-Nirenberg theorem, and can be
restated in terms of the Maurer-Cartan equation. In similar fashion the condition
for a connection defined by a differential form to be flat is satisfied if and only if the
form solves a certain Maurer-Cartan equation.

Every Maurer-Cartan element, i.e. a solution of the Maurer-Cartan equation,
gives a deformation. However for every deformation the Maurer-Cartan element
defining it is not unique. It turns out that there exists an action on the Maurer-
Cartan set, called gauge action which describes exactly this fact. The gauge action
on a differential graded Lie algebra (L, d,[—, —]) can be defined explicitely as the
mapping L° x L' — L! given by

(ada)™

(a,x) Hea*x::x—i—z (n+1)!([a,x] —da) .

n>0

Remarkably, when we compose two instances of the gauge action e * (e * x) we

can find some element ¢ € L? such that e® x (e? * ) = e * 2. It’s easy to prove that
the element c is obtained via the Baker-Campbell-Hausdorff product of a and b, that
we denote by BCH(a,b), i.e.

e x (e % —) = POH@) 4
The Baker-Campbell-Hausdorff product is an associative product defined on any
nilpotent Lie algebra g (observe that L° is a Lie algebra). Given a nilpotent Lie
algebra g, together with two elements z,y € g, their Baker-Campbell-Hausdorff
product is the element BC'H (x,y) living in the universal enveloping algebra Ug of
g, and is defined by

BCH (z,y) = log(e” - ) ,

where - is the associative product defined on Ug and e~ and log are defined as the
usual power series. The Baker-Campbell-Hausdorff product can be expressed in
terms of iterated Lie brackets (i.e. as a Lie series) as the Dynkin series

(=" 27y at g
BCH(zy) = Y S
7; er§>0 v (i s) Ty ral si!
Jj=1,...,n

L@l + e+ ...

=+ +1[ ]+
=z+y Y+ 15

2

where the symbol [z"1y"! ... 2" y*"] is defined as

[z, [z, ... [z, [y, [y, [y, - [z, [z, 2 [ [y, - 9]) -] -

T1 S1 Tn Sn

Chapter In Chapter |3| we address the study of the Baker-Campbell-Hausdorff
product. Here we develop a new recursive algorithm which computes the coefficients
of a Lie series for the Baker-Campbell-Hausdorff product of n elements z1, ..., z, in
any Hall basis of the free Lie algebra Lie(x1,...,z,), generated by z1,...,z,. This
work is inspired by the work by Casas and Murua [10], where the authors show a
result of this type. The main difference from their work is in the algebraic approach
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we chose to follow. In [I0] the authors work using a Lie structure defined via colored
rooted trees, here instead we consider a pre-Lie algebra structure which underlies
the Lie structure considered in [I0)].

Quoting from [I4] “The notion of pre-Lie algebra sits between the notion of an
associative algebra and the notion of a Lie algebra: any associative algebra is an
example of a pre-Lie algebra and any pre-Lie product induces a Lie bracket”. A right
pre-Lie algebra is a structure (L, <) where L is a vector space and a biliner map
<: L® L — L whose associator A, defined by A4(z,y,2) = (r<y)<z—x<(y<z),
is symmetric in the last two arguments, i.e.

A<1('1"a Y, Z) = A<1(x> Zay) )

for any x,y,z € L. On any complete right pre-Lie algebra we can define recursively
higher operations {—|—,...,—}, called braces by using the pre-Lie product <. More-
over, by adding a ficticious unit 1 (i.e. a symbol 1 such that 1 <z =2 =2z<1
for every z), it’s possible to define an associative product, called circle product,
©@:(1+L)x(1+L)—=(1+0L)as

(1+2)®(1+y) ::1+y+z%{x|y,...,y}.

n>0 n

Given two generators, which we depict by e and o, the free complete right pre-Lie
algebra on the set {e,0} is denoted by 73 = (72,+) and is defined in terms of
bicolored (non-planar) rooted trees and the pre-Lie product v on 75 is defined in
combinatorial fashion. When we consider the Lie algebra structure on 73 induced
by the commutator of v\ we can consider the pre-Lie exponential e — 1 and it’s
formal inverse, the pre-Lie logarithm log (1 + —). The relationship between the
Baker-Campbell-Hausdorff product and the circle product is established by the
following result

Theorem 4 (Dotsenko, Shadrin, Vallette [14], Section 4, Theorem 2). In the free
complete pre-Lie algebra To we have

BCH(e,0) =log, (e}, @¢€l.) .

This result suggests that it could be possible to write the Baker-Campbell-
Hausdorff product by solving the problem of computing the pre-Lie logarithm in Ts.
In the recent paper [5], by Bandiera and Schaetz, the authors solve the problem of
determining the pre-Lie logarithm in order to compute the Eulerian idempotent. The
problem of finding formulas for the pre-Lie logarithm is addressed using techniques
inspired by umbral calculus (as formulated by Rota and Roman [38]). Under these
assumptions, denoting by () the ficticious unit element on 73, it’s possible to recover
the Baker-Campbell-Hausdorff product in “umbral way” (we will show how in .
Denoting by <6DL_1|—>: K[t] — K the linear functional defined as

<6D_1‘p>:Zk‘D|t=0pa
k=0 "

where D = % and By is the k-th Bernoulli number (we follow the convention
B; = —1/2), we can write BCH (e, 0) by solving a Cauchy problem. After extending
<%\—> to T2[t] we have the following result
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Theorem 5. If Q € Ta[t] = T2 @ K[t] is the solution of the Cauchy problem

{Q’—Qﬂ<eD 1@ o)

)
Q(O) = —0 >

we have BCH (e,0) = (eDIZI]Q>.

The first part of this chapter is devoted to study this Cauchy problem. We will
see in that it admits a recursive solution which we can write in terms of the only
combinatoric data of bicolored rooted trees. This gives a series for BC'H (e, 0) in
terms of all bicolored rooted trees, or, equivalently, in terms of the pre-Lie structure
on 7.

Going back to the original problem, the solution we obtain in the free complete
right pre-Lie algebra T2 can be used to recover a Lie series for BCH in a basis of
the free Lie algebra on two generators. It’s well known in literature (Reutenauer
[35]) that it’s possible to give an explicit basis of the free Lie algebra Lie(x,y) using
Lyndon words. A Lyndon word in x and y is any string in the ordered alphabet
{z < y} which is striclty smaller (in the lexicographic order) than any of its non-
trivial rotations. More in general an explicit basis of the free Lie algebra Lie(z,y)
can be given in terms of a Hall set of words on {z < y}. We can think the elements
of T3 as series in terms of bicolered rooted trees with values in K, and whenever
we have an element @ € T3 which can be written as a Lie series (as BCH) we can
recover such an expression in terms on any fixed Hall set of words on {1 < 2} using
the following theorem

Theorem 6 (Casas, Murua [10], Theorem 2.1). Let o be a Lie series in T written
as

where the sum ranges over all bicolored rooted trees, and o(T') is the symmetry factor
of T. If H is a Hall set of words on the ordered alphabet {1 < 2} we have

weH

where for each w € H the element L,, € Lie(e,0) and the tree T, € Ty are constructed
in the following way:

e we set L1 = o =T and Lo =0 ="1T5;

e if w e H such that |w| > 1 let w = u|v be the standard factorization of w in H.
We set Ly, = [Ly, Ly) and T,, = T,, o T, (the Butcher’s product of T, with T, ).

Moreover the set {L|w € H} defines a Hall basis for Lie(e, o).

Combining the previous result by Casas and Murua together with the recursive
solution we have (Theorem , we can write a Lie series for BCH (e, 0) in terms
of the Lyndon basis for Lie(e, o). The result we obtain, after a proper improvement
obtained via color inversion, is the following
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Theorem 7. Let Ly be the set of Lyndon words on {1 < 2}. Let L_: L9 — Lie(e,0),
h: Lo — K[s,t], o: Lo — K be the maps defined recursively in the following way:

e if lw| =1 let L, = eo,. We set h(w)(s,t) = s and o(w) = 1;

e otherwise if w € Lo such that |w| > 1 let w = u|v be the standard factorization
of win Ly. We set Ly, = [Ly, Ly] and T, = T, o T,,, where o denotes the
Butcher’s product. Then if

w=112|...12|wy|...|wi|...[wg|...|wg
——

J J1 Jk
is the full factorization of w in Lo with 2 > w1 > ... > wy we set
s k t—1 Ji
h(w)(s,t) =t / H (h(wi)(a, t) + Z h(wi)(1,7)> do |
0 i=1 =0

and
o(w) =gyl ... jlo(w) ... o(wg) .

Then we have

BCH(e,0) = 3 (1)|w|—1< D ’h(w)(l,t)> L

el el —1 o(w)

The last part of this chapter continues with a series of improvements of the
previous theorem, which mostly rely on symmetric properties of the Baker-Campbell-
Hausdorff product. The very last part will be a sketched out version of the algorithm
we desume from the previous theorem. Just to get an idea of the performance we
implemented the algorithm as a Python script. The time taken to compute the
coefficients of BC'H up to order 20 is around 2-3 minutes on an Intel i5-4300U CPU
and appears to be faster than the other solutions present in literature.

Appendix The Appendix is devoted to contain those technical results which may
divert the reader from the big picture. The contents of this part either expand the
contens of the main chapters or provide theoretical support for minor problems.

Appendix[A] containes two examples related to the study of the notion of formality
for Lyo-algebras. The first example comes from geometry, and it’s the interpretation
of Morse Lemma [32] as a result related to the notion of intrinsic formality. The
second part of this chapter is devoted to build an example of formal L.,-algebra of
degree higher than 2. We do this by hand, using the higher formality criterion from
Chapter [2|

Appendix [B]is a review of umbral calculus techniques used in order to express
the Baker-Campbell-Hausdorff product as a Cauchy problem. The contents of this
part are mostly borrowed from [5], where the problem of finding formulas for the
pre-Lie logarithm is addressed using techniques inspired by umbral calculus.

In Appendix [C] we borrow the notion of gauge action on Ls-algebras introduced
by Getzler in [I7], where the author gives an explicit expression for the gauge action
in terms of a family of rooted trees. The Lo-algebra C'(I; L) of (non-degenerate)
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cochains on I with values in L is induced by Dupont’s contraction via homotopy
transfer, and is related to the work of Getzler [I7] and Bandiera [4], where C(I; L)
appears in the costruction of the Deligne co-groupoid. Here we use a slightly different
expresison in order to describe in explicit terms the Loo-structure on C(I;L). We
consider the family 7, ,, of (non-planar) rooted trees such that some of the leaves
are marked: we depict such trees by coloring the marked leaves in white, and all the
remaining vertices in black. For any L. [1]-algebra L = (L,d,{—,—},...) we can
give a description of the gauge action — G —: L™! x LY — LY as

Ty (z,da)
aGx= Z —_——
TéT o(T)T!
where T! and o(T) are scalars and T_(—,—) are operators determined by the

combinatoric data of T'. Using tree summation formulas for homotopy transfer it
follows that the curvature of an element , %,€ C°(I; L) admits the expansion

a T
R(x_>y) :R(I)g'R(y) ) g =Yy—-—T—= da + Z é~((T,; Ta(l', y) )
rerz2

where £(T') € Q are certain rational coefficients to be determined. The main result
we obtain is the following

Theorem 8. For any T € Trm

o let ‘7(T) be the disjoint union of the set of internal vertices of T' different from
the root and the set of white leaves of T';

o for any susbet J C ‘N/(T), let Ty be the rooted forest obtained first by blackening
the white leaves in J, and then by cutting T at the remaining internal vertices
in J.

Then we have

JCV(T)

Given any Lso-algebra it’s possible to recover the Lo-structure from the curvature
using a standard polarization trick. In this way we can explicitely give the Loo-
structure on C(I;L).



Chapter 1

Preliminaries

In this chapter we give a brief review of results well-known in literature. We will
always be working in a fixed field K of characteristic 0. The contents of this chapter
may be found scattered all over literature. The one which is most relevant to this work
is [31], which describes in detailed terms the usage of differential graded Lie algebras
in deformation theory and gives an introduction to the notion of Ly,-algebras. In
this chapter we present the notion of pre-Lie algebra. A good starting point for
pre-Lie algebras are the work [27] [11], while a good reference for an overview of the
role of pre-Lie algebras in deformation theory is [14].

1.1 Differential Graded Lie Algebras

Definition 1.1.1. A differential graded vector space, or DG-vector space, is the
data (V,d) of a Z-graded vector space V = @,czV"™ over a field K, together with a
degree-1 linear map d: V* — V*+1 called differential, such that d?> = 0

d

vn d Vn+1

Definition 1.1.2. A morphism of differential graded vector spaces f: (V,dy) —
(W, dw) is a degree-0 linear map f: V — W such that dw f = fdy

s —— -l

A Y

T

gy gt

The category of differential-graded vector spaces will be denoted with DG, and
a DG-vector space is also called cochain complez.

Definition 1.1.3. The cohomology of a DG-vector space (V,d) is the DG-vector
space (H*(V'),0) where

where
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When d = 0 the space V is called minimal, and when V has trivial cohomology it is
called acyclic.

Any morphism f in DG commutes with differentials therefore cocycles and
coboundaries are preserved, thus f induces a morphism in cohomology.

——=H" (V)2 BH(V) L HY(V) —— .

O

o Y W) L g (W) 2 Y (W) ——

Definition 1.1.4. A quasi-isomorphism of DG-vector spaces is a morphism f: (V,dy) —
(W, dw ) which induces an isomorphism in cohomology.

Example 1.1.5 (Hom Complex of DG Vector Spaces). Given two DG-vector spaces
(V,dy) and (W, dy ) consider the space Homg (V, W) defined by

Hom (V,W) = {f: V — W s.t. fis linear, f(V') C W for every i}.
The differential on Homy (V, W) is defined by

(df)(v) = dw (f(v)) — (=1)" f(dv (v)).
The space Homg (V, W) is a DG-vector space, called Hom complex.

Example 1.1.6 (Tensor Product of DG Vector Spaces). Given two DG-vector
spaces (V,dy) and (W, dy) their tensor product V @ W is the DG-vector space
defined by
Vew) = @ VPeoWw!
p+g=n

together with the differential d = dy ® Id 4+ Id ®dw given by
dv@w) =dy(v) @w+ (—=1)"v @ dy (w) .

Lemma 1.1.7 (Homotopy Classification of DG Vector Spaces). Every DG-vector
space V= (V,d) is the direct sum

V=WaeH

of a minimal DG-vector space H = (H,0) and of an acyclic DG-vector space
W = (W,d).

Proof. We can split (V,d) as a direct sum of DG-vector spaces
vr =2z V)@ o, ZMV)=B"V)a H".
Since d: C"™ — B"1(V) is an isomorphism for every n, the DG-vector space (W, d
0

defined by W™ = B"(V) @& C™ is acyclic, H is minimal and (V,d) = (W,d) & (H,
is the decomposition we want. O
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Lemma 1.1.8. A DG-vector space (V,d) is acyclic if and only if the identity is a
coboundary in Homi (V, V), i.e., if and only if there exists some h € Homg ' (V,V)
such that hd, + dyh = Idy for everyv € V.

Proof. 1f there exists h as above, for every cocycle v € Z™(V), since dv = 0 we have
v = dhv + hdv = dhv = dw € B"(V),w = hv, and then v is trivial in cohomology.
Conversely we can split V" as V" = Z™(V) @ C". Defining h € Homg (V,V)
by setting h(C) = 0 and h: Z(V) — C™ ! the bijective map d: C — Z(V), it is
immediate to check that dh + hd = Idy . O

Theorem 1.1.9 (Kinneth formulas). Given a DG-vector space (V,d), consider its
cohomology H*(V) = @,,cz H*(V) as a DG vector space with trivial differential.
Then for every pair of DG vector spaces V., W there exist two natural isomorphisms:

1. H* (V)@ H (W) > H*(V @ W);
2. H*(Homg(V,W)) — Homyg (H*(V'), H*(W)).

The the tautological map s: V' — V[—1] of degree 1, defined in each degree n
as the identity map V" — V[—1]"*! = V" is called suspension; more generally, for
every integer p there exists a tautological morphism s™?: V' — V[p] of degree —p,
defined in each degree n as the identity map V"™ — V[p]"P = V", the definition of
dyp implies that s77 is a cocycle in Homy (V, V[p]). Given two DG-vector spaces
V, W, we define the twisting involution

tw: VoW -WwWeV

as the unique linear map such that tw(v ® w) = (=1)"w ® v for every pair of
nontrivial homogeneous vectors v, w. The naturality of tw is granted by the Koszul
rule of signs which goes by the following motto: whenever you swap two elements
x;, x5 in any expression of type v1 @ T2 @ ... ® x, multiply by a sign (—1)%%i. For
any transposition 7 = (i j) this defines the symmetric Koszul sign €(7;x1,...,x,).
Given any permutation o € S,, the symmetric Koszul sign of o is the product
elo;xy, ... xn) =€(m;21, .., Tpn) - oo (T @1, ..., @y), where 0 =71 - ... - Ty, and
every T; € Sy, is a transposition. Equivalently we can see €(o;x1,...,x,) as the sign
of o restricted to the set of indices i such that x; has odd degree, and using this
observation we see that e(o;x1,...,x,) is well defined. The antisymmetric Koszul
sign of o is x(o;x1,...,2n) = (—=1)? €(o; 21, ..., T,). Moreover, whenever we have
o=rT1pé€S, we have

6(0';3’,'17. . '7xN) = f(p;l'h v 7xn) 6(7-; xp(l)v s 7mp(n))
X(G; Ty, .. 'axn) = X(p;xla"wxn) X(Ta xp(l)v"' 7xp(n)) .

Definition 1.1.10. A filtered DG-vector space is the data (V,d, F*V') of a DG-vector
space (V,d) and a decreasing filtration

F*V....C FPHly c FPy Cc FP-ly C ..

of DG-vector subspaces of V' (i.e. vector subspaces of V such that d(FPV™) C FPynt!
for every p,n). A morphism f: (V,dy,F*V) — (W,dw, F*W) of filtered DG-
vector spaces is a morphism of DG-vector spaces f: (V,dy) — (W, dy ) such that
f(FPV) C FPW for every p.
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Definition 1.1.11. A filtered DG-vector space (V,d, F*V') is called
o ezhaustive it J, FPV = V;

e complete if, denoting with lim % the inverse limit, i.e.

: V mn V mn
lgnF*V:{(an—l—F V)nel;[Wan—ameF Vforanyn<m} ,

the natural map V — lim. % is an isomorphism.

Definition 1.1.12. Given a filtered DG-vector space (V,d, F*V) its associated
spectral sequence is defined, following [19], by

zy

7P = {x € FPV|dx € FPT"V} | EP = ,

and the maps d,: E¥ — EP™" are induced by d in the obvious way. The space ZF
inherits a second grading from the one on V, by setting ZP»4 = (ZF)P*4. Therefore
EP inherits a natural gradation from V by setting EP9 = (EP)P*9. More explicitely:

A
p+1,q—1 p—r+l,q+r—2 "7
Zr—l + dZ'r‘—l

7P = {x € FPVPT | dy € FPATyPratly  ppa =

T

ker(d,: BP9 — Eptra—r+l)
dr (Eg)fr,q+r71)

P _ P,q . P9 p+7r,g—r+1 Pq A
EY =EEP,  dp: EP?— EF ,  EP ~
q

The basic property of spectral sequences say that d2 = 0 and there exists natural
isomorphisms
Ep+1 ~ ker(d,: E? — E}?J“”)'
r dTET]?—T

Definition 1.1.13. A spectral sequence (EP?,d,) degenerates at Ej if d, = 0 for
every r > k. Equivalently, a spectral sequence (EP,d,) degenerates at Ej, if E¥ = EP
for every p and every r > k.

Definition 1.1.14. A differential graded commutative algebra, or DGA, is a DG-
vector space (A, d) with a product A ® A — A such that

1. (ab)e = a(be);
2. ab = (—1)%bq;
3. d(ab) = (da)b+ (—1)%a(db).

A morphism of DG-algebras f: (A,ds) — (B,dp) is a morphism of DG-vector
spaces such that f(aja2) = f(a1)f(az) for every aj,as € A.
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Example 1.1.15 (Polynomial DG-Algebra). Consider the graded algebra K|t, dt] =
K[t] @ K[t]dt where t,dt are symbols of degree ¢ = 0, dt = 1. Then consider the
differential given by

d(a(t) + b(t)dt) = d(t)dt.

The DG-vector space K]t, dt] is a differential graded commutative algebra, called
Polynomial DG-Algeba in t.

Definition 1.1.16. A differential graded Lie algebra (or DGLA) is the data (L, d, [—, —])
of a DG-vector space (L,d) together with a bilinear bracket [—,—]: L® L — L
which satisfies the following properties:

1. [a,b] + (=1)%[b, a] = 0;
2. dla,b] = [da,b] + (—1)%[a, db];

3. [a, [b,c]] = [la,b], c] + (=1)™[b, [a, c]].

A morphism of differential graded Lie algebras is a map f: (L,dr,[—, —]r) —
(M,dpr, [—, —]ar) where f: (L,dr) — (M,dp) is a morphism of DG-vector spaces
such that £([2, 9)1) = [(z), /()] for every 2,y € L.

Example 1.1.17 (Hom DGLA). Consider the Hom complex of a DG-vector space
(V,d) together with the bracket

[—,—]: Homg(V,V) ® Homg (V, V) — Homg (V, V)
defined by the graded commutator
[foal=Ffg—(=1)/9gf.
This defines a structure of DGLA on the Hom complex.

Example 1.1.18 (Derivations). Given a DGLA (L, d, [—, —]) consider the graded
subspace Derg (L, L) € Homg (L, L) defined by

Deri (L, L) = € Derg (L, L) ,
neL

Der (L, L) = {f € Homg (L, L)| f([u, v]) = [f(u),v] + (=1)"" [u, f(v)]} -
This is the DGLA of derivations of L and is a Lie subalgebra of Homg (L, L).

Definition 1.1.19. Two DGLAs L and M are quasi-isomorphic if they are equivalent
under the equivalence generated by quasi-isomorphisms, i.e. if there exists a zig-zag
of quasi-isomorphisms between them

SN N
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We can give a more explicit characterization of quasi-isomorphic DGLAs as an
application of the following result:

Theorem 1.1.20 (Factorization Lemma). Every morphism f: L — M of differential
graded Lie algebras over a field of characteristic 0 can be factored as f = gi, where g
is surjective and i is a right inverse of a surjective quasi-isomorphism (in particular
i is an injective quasi-isomorphism).

Corollary 1.1.21. Two differential graded Lie algebras L, M over a field of char-
acteristic 0 are quasi-isomorphic if and only if there exist two surjective quasi-
isomorphisms of DG-Lie algebras K — L, K — M.

Definition 1.1.22. A differential graded Lie algebra is called homotopy abelian if
it is quasi-isomorphic to an abelian DG-Lie algebra.

1.1.1 Maurer-Cartan Equation and Deformation Functor

Definition 1.1.23. Given a differential graded Lie algebra (L, d, [—, —]) consider
the Maurer-Cartan equation

1
dx + §[x,:1:] =0.

An element 2 € L' which satisfies the Maurer-Cartan equation is called a Maurer-
Cartan element. The set of Maurer-Cartan elements is denoted by

MCuJ:{zeﬂ

dx+%[x,:z] :O}.

For every differential graded Lie algebra L and every maximal ideal m 4 of any
Artin local K-algebra A, the DG-Lie algebra L ® m4 is nilpotent. When L is a
nilpotent DG-Lie algebra, the component L° is a nilpotent Lie algebra, and then we
can consider its exponential group exp(L®). By Jacobi identity, for every a € L° the
corresponding adjoint operator

ad(a): L - L, ada=][a,—], (ada)b=]a,b],
is a nilpotent derivation of degree 0 and then its exponential

(ada)™

ada . ada _
ML= L, eb) =)

n>0

(b)

is an isomorphism of graded Lie algebras, i.e., for every b,c € L we have
eada[b’ C] — [eada(b)’eada(c)]'

In particular, the quadratic cone {b € L*|[b,b] = 0} is stable under the adjoint action
of exp(LP).

Given a differential graded Lie algebra (L, [—,—|,d) we can construct a new
DG-Lie algebra (L', [—, —)',d’) by setting (L')! = L’ for every i # 1, (L)} = L' @ Kd
(here d is considered as a formal symbol of degree 1) with the bracket and the
differential defined as
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[a +vd, b+ wd]' = [a,b] +vd(b) — (=1)"wd(a), d'(a+vd)=[d,a+vd] = d(a).

It is easy to prove by induction on n that d(L[) C LI" and (/)" C LI for
every n > 1; in particular, if L is nilpotent, then also L’ is nilpotent. The natural
inclusion L C L’ is a morphism of DG-Lie algebras; denote by ¢ the affine embedding

¢o: L' — (L)Y, oé(x)=x+d

Since [L', L']" C L, the image of ¢ is stable under the adjoint action and then it
makes sense the following definition.

Definition 1.1.24. Let L be a nilpotent differential graded Lie algebra. The gauge
action *: exp(L%) x L' — L' is defined, in the above notation, as

et xx=¢ ' (1(p(x)) = ! (x +d) —d

where the rightmost expression is obviously intended in L’. More explicitly:

ea*x:Z;ada —|—Z ada

n>0 """ n>1

1 1 _
- 2 m(ad a)"(x) — ,; m(ad a)"(da)
(ad a)™
_x—i—% (n+ 1)!([(1,.1‘] —da)

The fact that * is a right action, i.e., that e x (e? * ) = (e®e®) * x follows from

the properties of Baker-Campbell-Hausdorff product, together with the fact that the
image of the Lie morphism ad: L° — Hom (L, L) is contained in the nilpotent ideal

{f € Homg (L, L)| f(LI") C LI"*vn > 0}
Lemma 1.1.25. Let L be a nilpotent differential graded Lie algebra, then:
1. the set of Maurer-Cartan elements is stable under the gauge action;
2. e*xx =x if and only if [r,a] + da = 0;
3. for every x € MC(L) and every u € L' we have el*¥+d s z — g,

Example 1.1.26 (Deformation of a DG-vector space). We give a very simple
example of how deformation theory via DGLAs work. Consider a finite complex of
vector spaces

V,d): 0 VO Lyt dyn g,

Given an Artin local K-algebra A with maximal ideal m4 and residue field K, we
define a deformation of (V,d) over A as a complex of A-modules of the form

(V@A d): 0V oA vigads  yrgaso
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such that its residue modulo my4 gives the original complex (V,d). Since, as a
K-vector space, A = K @ my4, this last condition is equivalent to

da=d+¢, ¢ e Hom'(V,V)@my .

The “integrability” condition d% = 0 becomes

0=(d+&?=de+€d+ € =de+ = [5 £,

where d and [—, —] are the differential and the bracket on the differential graded Lie
algebra Homg (V,V) ® m4. Two deformations da, d; are isomorphic if there exists
a commutative diagram

0 =100 A yiga_ . Y ynga_ .

\L ol l 1 l n
d’ d’ d’

0—=V0oA—2-VigA—2 —2oV"@A—s0

such that every ¢; is an isomorphism of A-modules whose specialization to the
residue field is the identity. Therefore we can write ¢ = >, ¢; = Id+n, where
n € Hom®(V, V) ® m4 and, since K is assumed of characteristic 0, we can take the
logarithm and write ¢ = e® for some a € Hom®(V,V) ® m4. The commutativity
of the diagram is therefore given by the equation d’y = e® o dj o e™®. Writing
da=d+ & ,dg = d+ ¢ and using the relation e? obo e~ = e24%(b) we get

ada __

(ada)

In particular both the integrability and the isomorphism conditions are entirely
written in terms of the DG-Lie structure of Hom*(V, V) ® my4, and more precisely
in terms of Maurer-Cartan equation and gauge action, respectively.

¢ = e e)—d=+ (g + a,€] - da) .

Definition 1.1.27. Let Artg be the category of Artin local K-algebras with residue
field K. For any A € Artx we denote with m4 the maximal ideal of A. Given a
differential graded Lie algebra L = @;L* over a field K, we can define the following
three functors:

1. The Ezponential Functor exp;: Artg — Grp,
expy (A) = exp(L° @ my).

2. The Maurer-Cartan Functor MCy,: Artg — Set defined by
MCL(A) = MC(L @ mu).

3. The Deformation Functor Defr: Artg — Set defined by

MCp(A)

Petr(d) = G (@)
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1.2 Graded Coalgebras

The notion of (graded) coalgebra is the categorical dual of the notion of associative
algebra: coassociativity is obtained from associativity by reversing all the arrows

Definition 1.2.1. A graded coalgebra is the data (C, A) of a graded vector space C'
together with a morphism of graded vector spaces

A:C—-CoC

such that
(Ide ®A)A = (A @ Ide)A.

The map A is called coproduct and the above property is called coassociativity.

Remark 1.2.2. The algebraic dual of every graded coalgebra (C,A) is a graded
algebra with the convolution product.

Definition 1.2.3. A graded coalgebra (C, A) is called cocommutative if two A = A.

Definition 1.2.4. Given a graded coalgebra (C,A) using coassociativity we can
define the iterated coproducts A™: C — C®"*1 as

AY =Id¢e
A" = (Idg @A™ N o A.

Definition 1.2.5. A graded coalgebra (C,A) is called conilpotent if A™ = 0 for
n >> 0. It’s called locally conilpotent if C' = U, ker A".
Proposition 1.2.6. Given a coalgebra (C, A) we have

1. A" = (A @ A" 1A for every 0 < a < n;

2. (A" ® ... @ A%)A% = As+ai for every s > 1, ag,...,as > 0.

Definition 1.2.7. Given two graded coalgebras (C,A) and (B,T'), a morphism
of graded coalgebras F: (C,A) — (B,TI") is a morphism of graded vector spaces
F: C' — B such that

T'F = F2A.

Remark 1.2.8. The category of graded coalgebras is not abelian

Proposition 1.2.9. Given a morphism of graded coalgebras F: (C,A) — (B,I')
for every n > 0 we have

["F = pOtIA". ¢ — BOntl

Definition 1.2.10. Given a graded coalgebra (C,A) and a graded vector space V/
a cogenerator is a morphism of graded vector spaces p: C — V such that

(p, p22A, ..., p®"TIA™Y): ¢ — H yen
n>0

is injective. Given a cogenerator p: C' — V and a linear map f: B — C the
composition pf is called the corestriction of f to p.
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Proposition 1.2.11. Given a graded coalgebra (B,T") and a cogenerator p: B — V
every morphism of graded coalgebras F': (C,A) — (B,T') is uniquely determined by
its corestriction pF'.

Proof. Given two morphisms of graded coalgebras F,G: C — B such that pF = pG
we have

p®n+1FnF — p®n+1F®n+1A — (pF)®n+1A
— (pG)®n+1 — p®n+1G®n+1A — p®n+1FnG

Therefore we have (p, p*2A, ..., p®"TIAME = (p,p®2A, ..., p®"TLA™MG, and by
the injectivity of (p, p®2?A, ..., p®"T1A") the claim is proved. O

Definition 1.2.12. Given a morphism of graded coalgebras F': (C,A) — (B,I')
the set of F'-coderivations of degree n is

Coder"(C, B; F) = {Q € Homg (C,B)|II'Q = (F®Q+ Q@ F)A}

and we set
Coder*(C, B; F) = € Coder™(C, B; F).
nez

We denote Coder*(C, C;1d¢) simply with Coder®(C).
Example 1.2.13. When «: C — C is a nilpotent coderivation the map e“
n
et = Z Y .onc0
n!
n>0

is a morphism of graded coalgebras.

1.2.1 The Reduced Tensor Coalgebra

Given a graded vector space V the reduced tensor coalgebra of V is the graded
coalgebra TV = (TV, a) where

TV = ver
n>0

and a: S°V = S°V ®S°V is given by
n—1
(V1. V) =Y (11®...Q V) ® (Vps1 ® ... O V).
k=1

Remark 1.2.14. Given any locally conilpotent graded coalgebra (C, A) the map

Y A" (C,A) = (T C,a)

n>0

is a morphism of locally conilpotent graded coalgebras.
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The reduced tensor coalgebra is locally conilpotent and the projection map
py: TV — V is a cogenerator. Moreover the reduced tensor coalgebra T° V has a
very remarkable universal property: it’s the cofree object on V in the category of
locally conilpotent graded coalgebras.

Proposition 1.2.15 (T°V is cofree on V). Every morphism of (locally conilpotent)
coalgebras F: (C,A) — (T°V,a) is uniquely determined by its corestriction f =
pyF:C —V.

Co- - TV
S
V

Moreover we have

F=T(f)od A" =3 ferart,

n>0 n>1

1.2.2 The Reduced Symmetric Coalgebra

Given a graded vector space V' the reduced symmetric coalgebra of V is the graded
coalgebra (S°V, 1) where
S‘v=gver

n>0

and [: S°V — SV ®S°V is given by

n—1
(1 O...om)=2 > &€)(U)®- .. OUa) @ [Ug(ar1) @ O Vy(m),
a=1ceS(a,n—a)

where we denote with S(a,n—a) the set of (a,n— a)-shuffles, i.e. those permutations
o € S, such that o(1) < ... < o(a) and o(a +1) < ... < o(n). For every
Jis---,Jk > 0 such that Zé“:l Ji = n we denote with [, ; the projection of (k=1
on VOl @ ... @ VO C (S°V)® ie.

G (V15 -y 0n) =
Z €(0) (V1) © - O VUg(51)) @ -+ - ® (Vo (n—jp41) © - - © Vg ())-
€S (J1s-sk)

Remark 1.2.16. Given any cocommutative locally conilpotent graded coalgebra (C, A)
the map
S Tart(o,a) = (5°C

=
is a morphism of cocommutative locally conilpotent graded coalgebras.

The reduced symmetric coalgebra is cocommutative and locally conilpotent and
the projection map py: S°V — V is a cogenerator. The object S°V is the cofree
object on V in the category of cocommutative locally conilpotent coalgebra:
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Proposition 1.2.17 (§CV is cofree on V). Ewvery morphism of locally conilpo-
tent cocommutative coalgebras F: (C,A) — (S°V, 1) is uniquely determined by its
corestriction f =pyF: C = V.

Moreover we have

— T e n T An—
F:SC(f)oZEA P=) e A L

n>1"" n>1
Concerning coderivations we have a similar result

Proposition 1.2.18. Every coderivation of (reduced symmetric) coalgebra @Q €
Coder*(S° V') is uniquely determined by its corestriction pyQ = Y ,s0qn: S V — V.
Moreover we have

Qz_k"'l = Z((h ® Ide)[i,j .
i7j
More explicitely we have

Quie...0uv) =Y > €0)eUs1)® .. O V(i) ©Vp(is1) © - .. O Vy(n)

n
i=1 0€S(i,n—1i)

7
for every homogeneous v1,...,v, € V.

Proposition 1.2.19 (Corestriction Isomorphism). The corestriction map gives an
isomorphism of graded vector spaces

Coder*(S°V) 2= Hom (S°V, V) = [] Homi (VO V).
k>0

whose inverse map
Homj (VO V) 3 ¢ — g € Coder*(S°V)
1s described explicitly by the formulas

qur, . vn) = Y €0)q(Ue1) O - O Up()) O Vo(hs1) @ - - O Vg
oeS(k,n—k)

1.2.3 The Symmetric Coalgebra

Given a graded vector space V the symmetric coalgebra of V is the graded coalgebra
(S°V, A) where
SV=PVvr=KaSV

n>0
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and A: S¢V — S°V ® S¢V is given by
Al)=1®1, Av)=1®v+v®l, veV
Alx)=1@z+2z@1+I(z), 2cS°V.

More explicitely, using the convention that v; ® ... ® vy = 1 whenever k = 0, we
can write

Alv) ©...0v,) = Z Z €(0)(Vo(1) © -+ O Vg (k) @ (Vo (b 1) © -+ - © V()
k=0oceS(k,n—k)

For every ji,...,jr > Osuch that >, j; = n we denote with A, ;, the projection
of A¥lon VOl @ ... @ VOik C (SCV)%k j.e.

Z 6(0’)(1)0(1) ©...0 ’Ug(jl)) ®...Q (vg(n,ijrl) ©...0 Ug(n)).
Ues(jlr"vjn)

Proposition 1.2.20. Given a morphism of symmetric coalgebras F': (S¢V,A) —
(S°W, A) we have

1. if F(1) =0 then F = 0;
2. if F(1) # 0 then F(1) =1 and F(S°V) C S°W.
Proposition 1.2.21. Let VW be graded vector spaces, then the map
Homg (S°V,S° W) — Homg (S¢V, SC W), frIdg @f

restricts to a bijection between the set of morphisms of (reduced symmetric) coalgebras
(S°V, 1) = (SW, 1) and the set of nontrivial morphisms of (symmetric) coalgebras
(SCV,A) — (SCW, A).

Proposition 1.2.22. Let V be a graded vector space. Then for every @Q € Coder*(S¢V)
we have Q(S°V) C SV and Q(1) € V. Via the natural inclusion of graded Lie alge-
bras Homi(S°V,S° V) C Homi (S¢V, S¢ V) induced by the direct sum decomposition
SV =K& SV, we have an isomorphism

Coder*(S°V) = {Q € Coder*(S°V)|Q(1) = 0}.

) =
Definition 1.2.23. The graded commutator on Coder*(S°V') induces a bracket
[—, —]nr on Homg (S¢V, V) via corestriction, i.e. [f,g]nvg =

Richardson bracket

v
7.4], called Nijenhuis-

[—, —]nr: Homg(S°V, V) x Homg (S°V, V) — Homg (S°V, V)

which is given in explicit terms by

[_7 _]NR: Hom])]kg(V@n,V) x Hom3 (VQm V) — 3 Hom: (V®n+m 1 V)

[f,9lnr = [ — (~1)79gf.
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1.3 L.-Algebras

Definition 1.3.1. An L.-algebra is the data (L,l1,l,...) where L is a graded
vector space, I; € Homg “(L, L) such that

n
YEDE ST x(0) ekt (lk(%(n AN AN Bo() AN To(rrny Ao A %(n)) =0
k=1

oeS(kn—k)
for every homogeneous z1,...,z, € L.
Remark 1.3.2. A DGLA is an L.-algebra (L,d,[—, —]) is and Lo-algebra with
Iy =d, ly =[—,—] and l; = 0 for every ¢ > 2. The equations which appear in the
definition of L,.-algebras reduce in this case to

o« dla,b] = [da,b] + (—1)7a, db];
° [CL, [b7 CH = [[CL, b]? C] + (_1)Eb[b7 [a, CH
for every homogeneous a, b, c € L, which are the equations defining a DGLA.

To make computations easier we will prefer the slightly different (but equivalent)
notion of L [1]-algebra. Given an Loo-algebra (L,l,ls,...) we consider the graded
vector space V = L[1] obtained by shifting the degrees of L by one, i.e. by setting
V" = L™ ! for every n. Moreover if we consider the tautological map s~': V — L
of degree —1 (called desuspension) it’s easy to see that s~! sends skew-symmetric
maps to symmetric maps. We now define the maps ¢;: VO* — V which make the
following diagram commute

Lok kg
V©k Ik v

If we rewrite the definition of L..-structure in terms of the ¢;’s we obtain the
following easier definition

Definition 1.3.3. An L [1]-algebra is the data (V, q1,q2,...) where V' is a graded
vector space, ¢; € Hom& (V) V), such that

Yo Y o) anwn (%(%(1) O O Vg(k)) @ Vg (ht1) @ - O va(n)) =0
k=1o0€eS(k,n—k)
for every n and homogeneous vy,...,v, € V.

We can give an equivalent more elegant definition of Lo, [1]-algebra in terms of
symmetric coalgebras

Definition 1.3.4. An L.[1]-algebra is the couple (V, Q) where V is a graded vector
space, and @ € Coder!(S°V), such that

Q=0, @"=1Q.Q1=0.
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Remark 1.3.5. The first definition can immediately be restated using the Nijenhuis-
Richardson bracket. An Lo [1]-algebra is the data (V) q1,qo,...) where V is a graded
vector space, ¢; € Homg (V! V), such that

n
Z Gn—k+1, W] NR =0

for every n. Using the corestriction isomorphism it’s easy to see why the two
definitions are equivalent. An advantage of using the second definition it’s the
possibility to define L,.-morphism more easily.

Definition 1.3.6. An Lo,-morphism of Lso[1]-algebras F: (V,Q) --» (W, R) is a
morphism of symmetric coalgebras F': SV — S°W such that FQ = RF.

Whenever we work with an Lo,-morphism F': V --» W we may want to consider
it either as a map between symmetric coalgebras or as it’s corestriction. We’ll use the
capital letter F' to denote the map between symmetric coalgebras F': SV — SW
and the lower case to denote the corestriction f = py F': SV — W. We'll denote
with F¥ the composition VO — SV L §eW — WOk We'll denote with F), the

composition VO — SV L SeW_ and with fn the composition VO — SV Iow.
We’ll use the same convention for coderivations.

Definition 1.3.7. Given an Lo, [1]-algebra V = (V,q1,q2,...) the map ¢1: V — V
is a differential. We define the tangent cohomology of V as the graded vector space
H*(V) = H*(V,q1). Moreover an Lo-morpshims of L.[1]-algebras f: (V,q) --»
(W, r) restricts to a morphism of DG-vector spaces f1: (V,q1) — (W,r1), and we
shall say that f is a weak-equivalence if f1 is a quasi-isomorphism.

Definition 1.3.8. Given a complete Lo [1]-algebra (V, q1,q2,...) the curvature of

an element v € V9 is )

R(v) = qun(v,...,v).

Definition 1.3.9. Given a complete Lo[1]-algebra (V, ¢1, g2, . . .) the Maurer-Cartan
equation is the equation R(x) = 0. A Maurer-Cartan element in V is any v € VY
such that R(z) = 0. The set of Maurer-Cartan elements of V' is denoted with
MC(V).

Definition 1.3.10. Given an Ly,-morphism F': (S°V, Q) — (S°W, R) the pushfor-
ward of F is the morphism (of sets) Fno: VO — W0 given by

=3 B 0).
n>0
By a direct computation we have that
Z Fin(R(@) 0z 0...01)

n>0

for every x € V9. Therefore F,, restricts to a map of sets

Fao: MC(V) = MC(W) .
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Definition 1.3.11. Given a map f: V" — W of degree m and a commutative DG-
algebra (A, d) the scalar extension of f along A is the map fa: (AQV)®" - AW
given by

falar @ v, ... 6, @ vy) = (—1)Zi<ﬂ'm+mziaﬁ(a1...an) ® f(vr,...,vp)
for every homogeneous vy,...,v, € V,a1,...,a, € A.

Proposition 1.3.12. Given an Loo[1]-algebra (V, q1,qa, . ..) and a commutative DG-
algebra (A, d) the tensor product AQV has a natural Lo [1]-structure (V®A,r1,7r2,...)
given by

ry =d® Idy +1da ®q1 T‘n:(qi)A, n>1.

1.3.1 Homotopy Transfer

The notion of differential graded Lie algebra is not stable under homotopy equivalence:
this means in particular that, given a differential graded Lie algebra L, a DG-vector
space V and an isomorphism ¢: H*(V) — H*(L), in general its not possible to
find a bracket on V and a morphism of differential graded Lie algebras f: V — L
inducing ¢ in cohomology. As an example one can take a non formal differential
graded Lie algebra L, V = H*(L) and ¢ the identity.

However the Lie structure on L can be transferred to an L, structure on V' and
¢ can be lifted to an Lo,-morphism. More generally we shall see that every Lo,
structure on L can be transferred to an Lo, structure on V. To prove this, we first
consider the case where V is a deformation retract of L. As usual, for simplicity of
calculations, we work in the framework of L[1]-algebras.

Definition 1.3.13. A (complete) contraction of DG-vector spaces is the data

where
o (V,d) is a (complete) DG-vector space,
o (W,r) is a DG-vector space,

e f and g are morphisms of DG-vector spaces, h is a linear map of degree —1
such that:

L. gh+hqg=gf—1Idy, fg=Idw;
2. fh=0, hg=0, h*’=0.
Definition 1.3.14. A perturbation of a DG-vector space (V,d) is a degree-1 linear

map
6: V-V

such that (V,d + 6) is still a DG-vector space, i.e. (d+ §)% = 0.
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Lemma 1.3.15 (Perturbation Lemma). Given a contraction of DG-vector spaces

h

Cy
(V.dv) == (W, dw)

and a perturbation 6 of (V,dy) there exists a new contraction

hs

oy

(V. dy +8) == (W, Dw)

where
e 15 — ano(hé)nz,

o Ds=mhig = msda;

o hs=3,50(hd)"h =350 h(0h)".

Theorem 1.3.16 (Homotopy Transfer). Given a (complete) Loo[1]-algebra (V, q1,q2, . . .
any (complete) contraction of DG-vector spaces

h

m g1

(V7 Q1) < (W7 Tl)
fi

yields a (complete) Loo[1]-structure (W,r1,r,...), together with a (continuous)
Loo-morphism f which extends fi

(VV,’/‘l,TQ,...) i) (V,ql,QQ,...) .

Moreover f and r are determined recursively by
n n
fao=hoY qFy, rm=god @Frf, n>1,
k=2 k=2

where F: SW — SV is the unique morphism of symmetric coalgebras which
corestricts to f.

Remark 1.3.17. Since g1 f1 = Idw there exists an Lo,-morphism g: W — V which
extends g; must satisfy G F' = Idy. It’s possible to give a recursive expression for
gn, but it turns out to be more tricky. A good starting point is [4] and references
therein [6].

Remark 1.3.18. The previous recursive equation for f admits a unique solution.
Infact, using the equation

1 n—k+1
Frlf = z Wo(fi®F::i1)OAi,n—i ,
i=1

we can easily prove by induction that the value of F¥ depends only by fi,..., fa—kt1.
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Corollary 1.3.19. Let (V,q1,q2,...) be an Loo[1]-algebra such that the complex
(V,q1) is acyclic. Then (V,q1,q2,4q3,...) is Loo-isomorphic to (V,q1,0,0,...).

Definition 1.3.20. An L. [1]-algebra (V,q1,qo,...) is called:
1. minimal if ¢ = 0;
2. contractible if the complex (V, q1) is acyclic;

3. linear contractible if (V,q1) is an acyclic complex and ¢; = 0 for every j > 1.

Theorem 1.3.21 (Minimal Model Theorem). Every Loo[1]-algebra is homotopy
equivalent to a minimal Lso[1]-algebra, unique up to Loo-isomorphism. In particular,
homotopy equivalence of Loo[1]-algebras is an equivalence relation.

Theorem 1.3.22 (Formal Kuranishi Theorem). Given an Loo[1]-algebra (V, q1,q2, .. .)
and a contraction of DG-vector spaces

h

A

(V,q1) == (W,m1)

consider the structure of Loo[1]-algebra (W,r1,72,...) on W induced by homotopy
transfer. The correspondence

p: MC(V) = MC(W) x h(VY), p: 2 (MC(r)(x), h(z))

is bijective. Moreover, p~1(—,0) = 10: MC(W) — MC(V) is a bijective correspon-
dence between the sets MC(W) and ker h N MC(V'), whose inverse is the restriction
of m.

Tree Summation Formulas for Homotopy Transfer

We can give a more explicit non-recursive expression for homotopy transfer. First we
introduce some combinatoric notions. A (non-planar) rooted tree is a finite directed
graph which has a vertex, called root, with the property that for every vertex v there
exists a unique directed path from v to the root. A rooted forest is a finite directed
graph such that every connected component is a rooted tree. A rooted forest is
reduced is every vertex is a leaf or has arity > 2. Given a rooted forest {2 we denote
by V() the set of vertices, by R(€2) the set of roots and by L(2) the set of leaves.
If u,v € V() are two vertices of a rooted forest we shall write u — v if there exists
a directed path from u to v (such a path is necessarily unique). This relation (—) is
a partial ordering in the set of vertices.

Let Q,T' be rooted forests. An isomorphism «: Q — I is a bijective map
a: V() — V(T') such that a(u) — a(v) if and only if u — v. We denote by Aut(2)
the group of automorphisms of a rooted forest {2. Every isomorphism «a: Q — I is
uniquely determined by its restriction a: L(2) — L(I"). The set of isomorphism
classes of reduces forests with n leaves and m roots will be denoted with F'(n,m).

An orientation of a rooted forest 2 € F(n,m) is a bijection v: {1,2,...,n} — L(Q)
such that if i < j, v(i) — z and v(j) — z for some vertex z € V(2), then v(h) — =
for every h =14,i+1,...,j. An oriented rooted forest is a pair (£2,v) where v is an

orientation of 2.
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Definition 1.3.23. Given a graded linear map F': SV — W and a forest ) €
F(n,m) the map Fq: V®" — W™ is defined by the recursive rule

o Fo=1Idy,
. IfQ:Ql~'-QkWeSGtFQIFgl@...G)FQk,

Ql\-~ Q

o THQ=""K_" weset Fo = Fj(Fo, ©...0 Fg,) .

Definition 1.3.24. Given a contraction of DG-vector spaces

h
Y
(V7Q)<*T>(Wﬂ')

and a rooted tree 2 € F(n, 1) let ' € F(n,m) the tree obtained from 2 by removing
its root and all incoming edges. Then we denote with Zq(q, f, h) the operator defined
by

Za(q, f,R) = gm o (hq)qy N o fO": VO 5 W .

We now have all the elements to restate the theorem [[L3.16 as follows

Theorem 1.3.25. Given a (complete) Loo[1]-algebra (V,q1,q2,...) any (complete)
contraction of DG-vector spaces

h

A

g1
(V7 Q1) < (W7 Tl)

f1

yields a (complete) Loo[l]-structure (W,ri,re,...), together with a (continuous)
Loo-morphism f =3, fn which extends f;

Voaqi,q2,...) <— (W,r1,re,...) .

f
Moreover for every n > 1 we have
n = Z ‘mlltmngQ(QMﬁh)
QeF (n,1)
1
fn: Z 7hZQ(qaf’h)
QeF(n,1) | Aut Q|

These expressions for f, and 7, are called tree summation formulas.

1.4 Pre-Lie Algebras

In this section we present the very basic notions that we need in order to present
our result. We introduce some dictionary about trees and their combinatorics.
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Definition 1.4.1. Let V be a vector space over a field K and let < be a bilinear map
<: V®V — V. The associator of < is the map, denoted with A: VRV QV — V,
and defined by

Aq(z,y,2) = (x<y)Qz—x<(y<z2).

The couple (V, <) is called a right pre-Lie algebra if the associator A4 of < is
symmetric in the last two variables, i.e.

Aq(z,y,2) = Aq(z, 2,y) for every z,y,z € V.

Given two right pre-Lie algebras (V, <y) and (W, <y) a morphism of right pre-Lie
algebras between V and W is a linear map f: V — W which is compatible with the
right pre-Lie products, i.e.

flx<vy) = f(z) <w f(y) .

Remark 1.4.2. If (V, <) is a right pre-Lie algebra then the commutator associated to
< is the map [—,—]q: V@V =V

[z yla =<y —y<a.
It’s straightforward to see that [—, —]4 defines a structure of Lie algebra on V.

Definition 1.4.3. Given a right pre-Lie algebra (V, <) we can define the braces
operations

(|- ...~} VeVe 5V
———

as the maps defined recursively by

{z} ==

{zly} =z <y
n—1

{33‘3/1:--~73/n} = {x’yla" . 7yn—1} < Yn — Z{w‘yh 7y] <]yn7' . '7yn—1}
j=1

for any x,y,y1,...,Yn € V.

Remark 1.4.4. We can immediatly see that {z|y, z} is the associator of z,y, z.
Moreover for any fixed x € V' the maps {z|—,...,—} are symmetric. Therefore they
define maps

{~|— ...~} VRV 5 V.
N——

n

Definition 1.4.5. A complete right pre-Lie algebra is a right pre-Lie algebra (V, <)
equipped with a filtration

LL.CFPVCFPrlyCc.. . F2VCF'WV=V

such that
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o the filtration is complete, that is, the natural morphism of vector spaces
V — liin V/FPV
is an isomorphism;
o the filtration is compatible with the pre-Lie product, that is
FFV QF'V C F*YV  forall k1> 1.

Definition 1.4.6. Given a complete right pre-Lie algebra (V, <) we introduce a
new symbol 1 which acts as a unit, i.e. 1 <z =2<1 =z for any x € V. We define a
new operation, called circle product ®: (1+ V) x (1+ V) — 1+ V defined by

1
I+x)el+y)=1+y+> —{zly...,y},
Gk e

for any z,y € V.

Remark 1.4.7. By this definition it’s not immediate to see that © is associative. We
will show later on that it’s possible to express @ in terms of a convolution product
induced by a coassociative coproduct.

1.4.1 Combinatorics of Trees

We fix here some basic notions in order to deal with trees and their combinatoric
properties.

Definition 1.4.8. A rooted tree is a tree T with a distinguished vertex, the root,
that we denote with pr. We denote with V(T') the set of vertices of T'. The order of
T, denoted by |T'|, is the number of its vertices (including the root). A morphism of
rooted trees is any morphism of trees T' +— S which sends the root of T' to the root
of S.

e A rooted subtree X of T is any injective morphism of rooted trees n: X — T.
With an abuse of notation we will denote a rooted subtree of T' by writing
X C T to identify the image in T of such an injective mapping 7. The quotient
of T over X is the rooted tree T//X obtained by collapsing the vertices of X
into a single vertex.

o Given any vertex v € V(T), there is a unique shortest path from v to the
root. The set V(T') of vertices of T inherits a partial order by declaring v < vy
whenever v lies on the shortest path from vy to the root.

e The factorial of T is the number

T! = H Hu e V(T)|v <u}l.
veV(T)

e The automorphisms of T are the bijective morphisms of rooted trees T +— T
They define a group with respect to composition which we denote with Aut (7).
The symmetry factor of T is the number o(T') = | Aut(T)|.
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Definition 1.4.9. Given two rooted trees T',.S we define the following operations

o For any v € V(T) the grafting T/, S of S in v is the rooted tree which has

the same root of T" and is obtained by joining the root of S with v using a new
edge.

[N/ =V

The Butcher’s product of T and S is the rooted tree T o .S obtained by grafting
S in the root of T',i.e.: ToS =T /. S.

.\./. o .\I/. _ .\E>I/.

The merging product of T and S is the rooted tree T'-S obtained by identifying
the roots of T" and S.

Ay S

Later on we will operate on trees by removing certain rooted subtrees. The set of

rooted trees is not closed under such operations, as they produce new disconnected
collections of trees, which we call rooted forests. We introduce here a very small
vocabulary about rooted forests.

Definition 1.4.10. A rooted forest F is a set Ty 1y ... Ty of rooted trees
T1,T5,...,T;. The order of F'is |F| = |Th| + ... + |Tk|. A morphism of rooted
forests is a map of forests F' — F’ which restricts to a morphism of rooted trees on
each T;.

A rooted subforest of F' is any injective morphism of rooted forests n: X — F.
With an abuse of notation we will denote a rooted subforest of F' by writing
X C F to identify the image in F' of such an injective mapping n. The
difference between F' and X is the rooted forest F' — X obtained by removing
all the vertices of X from F.

Given any vertex v € V(F), there is a unique T; such that v € V(T;). The set
V(F) of vertices of F' inherits a partial order induced by extending the partial
order defined on the connected components 11, . .., Tk.

The factorial of F' is the number

FIl=TT! ... T!.

The automorphisms of F are the bijective morphisms of rooted forests F' — F'.
They define a group with respect to composition, which we denote with Aut(T').
The symmetry factor of F is the number o(F) = | Aut(F)|.
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Definition 1.4.11. An increasing ordering of a rooted forest F' =11 Ty ... T} is
an increasing bijective map

v: V(F)—=A{1,...|F|}.
We denote with O(F) the set of all increasing orderings of F' and by Ord(F') the
number of increasing orderings, i.e. Ord(F) = |O(F)|. For instance

4 4 3
[ ] [ ] [ ] [ ]
@) (o\./$> = 2.\./33 , 3.\/&2 , 4.\. /62
1 1 1

We can establish a nice relation between rooted trees and forests.

Definition 1.4.12. We call suspension the map defined on rooted forests by
T, - T
s(Ty ... Tk):( AN ) .

Definition 1.4.13. We call pruning the map p defined on rooted trees by

p (TlT\Z\./T’“> “T\ Ty ... Ty.

The maps s and p establish a relation between the operations of quotient on
rooted trees and difference on rooted forests

Proposition 1.4.14. For any rooted tree T and any rooted subtree ) # X C T we
have
p(T/X) =pT —pX .

Conversely for any rooted forest F' and any rooted subforest’ Y C F we have
s(F—=Y)=sF/sY .
Remark 1.4.15. Ord is invariant under suspension

Lemma 1.4.16 (Number of Increasing Orderings). Given a rooted forest F the
number of increasing orderings of F is

F!
OTd(F):‘Fl'

Proof. We first prove the lemma for rooted trees. If T = e then the claim is trivial.
If T has the form

any increasing ordering v of T is uniquely determined by an iterated choice of v on
the vertices V(T%),V (Tx-1), ..., V(T1). Assume we have already chosen the image
of von V(Ty),...,V(Tit1). Thus all the possible choices on V(T;) are exactly
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and therefore

k

Ord(T f[(m +m’+ ‘T’> ord(T) = (1T - 1 [[ 2

i=1

\T !'
The identity we obtain is equivalent to the recursive equation

ord(T) & Ord(T))
(17— 1)! -1 T

=1

and it’s easy to see that setting Ord(T') = E—!l for each rooted tree T' we obtain a
solution. Indeed, after a substitution we obtain

k
T =T [[T,
i=1

which is trivial to verify.
The statement for rooted forests can be easily proven by observing that for any
rooted forest F' =17 Ty ... T} we have

Ord(F) = Ord(T) ,
where T is the rooted tree obtained from F' by connecting all the roots of the trees

T;’s to a new common root:
T, - Ty
- \2\./

Proposition 1.4.17. For any rooted tree T and any 1 < k < |T| we have

Ord(T)= >  Ord(X) Ord(T/X) .
XCT,|X|=k

For any rooted forest F' and any 0 < k < |F| we have

Ord(F)= Y Ord(X) Ord(F - X) .
XCF|X|=k

Proof. First we prove the second identity when F' = T is a rooted tree. Any
increasing ordering of T' determines a rooted subtree X C T of order k£ by taking
the vertices labelled from 1 to k. By restriction we induce an increasing ordering
on T — X. Conversely if we fix a rooted subtree X C T of order k, an increasing
ordering of X, and an increasing ordering of 7" — X, then there exists a unique
ordering of T" which is compatible with both, i.e. consider the ordering given by
extending the labelling on X by adding +k to the labels given by the ordering on
T — X. We've just defined a bijective mapping

or) - |J 0X)xOT-X).
XCT,|X|=k
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When FF =T, Ty ... T, is a generic rooted forest we define T' = {e|T},...,T,} and
by definition Ord(F) = Ord(T). Using the previous part of the proof we can write

Ord(F) = Ord(T)

= Y  Ord(X) Ord(T - X)
XCT,|X|=k+1

= > Ord(X;y ... X,,) Ord(T — {e|X1,..., X,,})
Xlng,...,Xnng,|X1|+...+‘Xn‘:k

= > Ord(Y)Ord(F-Y).

YCF|Y|=k

For the first identity observe that for any rooted tree T" we have T' = sF for some
rooted forest F'. We have

Ord(T) = Ord(F)
= ) Ord(X) Ord(F — X)

XCF|X|=k

= > 0rd(Y) Ord(T -Y)
YCT,|Y|=k+1

= > 0Ord(Y) Ord(s(T - Y)) .
YCT,|Y|=k+1

Since we have s(T'—Y) = sT/sY = T/Y the last identity becomes

Ord(T)= > Ord(Y) Ord(T/Y),
YCT,|Y|=k+1

and this concludes the proof. O

Definition 1.4.18. Given a rooted forest F' and a rooted subforest X C F we
define the binomial of F over X as

F\ F!
X)) XI(F-XxX)'

This will come handy later on because of a combinatoric version of the binomial
theorem for rooted forests

Proposition 1.4.19 (Binomial Theorem for Rooted Forests). Let A be a commuta-
tive algebra. Then for any rooted forest F' and for any a,b € A we have

5 (ﬁ;) GXTPX1 Z (g 1 )P

XCF
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Proof. Let F be a rooted forest, we have

3 (f() 1X| plE-X| _ Z 3 (ﬁ;) JF pIEIk

XCF k=0 XCF,|X|=k

|F|
-y ¥ F! o pIFIk
XI(F - X)!

k=0 XCF,|X|=k
_y oy DLXEIP =X (P ey
IFl X! (F—X)! \|X]|

k=0 XCF,|X|=k

|
= k;) Ordl(F) (i') > Ord(X) Ord(F — X) aFblFI=+

XCF|X|=k
| F|

_ Z <|F|>ak BIFI=k — (a4 b)IF

where the last identity is a consequence of Proposition [1.4.17] O

Corollary 1.4.20. Let F' be a rooted forest, then we have

> D] (ﬁ;) -0,

XCF
Proof. Use Binomial Theorem [1.4.19| with a = —1 and b = 1. O

Definition 1.4.21. A colored rooted tree T is the data of a rooted tree T together
with a coloring, i.e. a map c: V(T) — N. The order of T is |T| = |V(T)|. A
morphism of colored rooted trees is a morphism of rooted trees T +— S.

o We shall say that T is non-decreasing (non-increasing) if the coloring c is
non-decreasing (non-increasing) with respect to the order on V(7). We shall
say that T is constant if ¢ is a constant function. In the following we denote
with x! the characteristic function of the set of all non-decreasing colored
rooted trees on n colors, and by x; the characteristic function of constant
colored rooted trees of color i.

o We shall denote with 7T the mazimal non-decreasing rooted subtree of T,
with TV his mazimal non-increasing rooted subtree, and with T% his mazimal
constant rooted subtree.

o An edge e = {u,v} € E(T) with u < v is called decreasing (increasing) if

c(u) > c(v) (c(u) < ¢(v)). The set of all decreasing (increasing) edges of T' is

denoted with D( ) (I(T)). The factorial T" of T is the factorial of the rooted
))-

forest T — (D(T) U I(T

o We shall denote with Aut(7") those bijective morphism of colored rooted trees
T — T. We define the symmetry factor of T the number o(T) = |{f €
Aut(T)|f preserves the coloring}|.
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Although we denote the generators with eq,...e, it’s pictorially convenient in
the case n = 2 to use the identification e; = e, 85 = o.

Definition 1.4.22. First we need to introduce some proper notation: consider a
fixed colored rooted tree R and some subset 7 C E(R). We call 7 a partition. The
marking of R by 7 is the couple (R, 7). The rooted tree R induces a partial order <
on E(R). We shall say that for any two e; = {u; < v1},e2 = {us < v2} € E(R) we
have e; < eg if v1 < ug. We call a 7 antichain if any two edges in 7 are incomparable.

o The partitioning of (R, T) if the colored rooted forest R; = R — 7 obtained by
removing from R all the edges in 7.

o The root component of (R, ) is the colored rooted subtree of R, denoted by
R which contains the root of R. When 7 = {e} is a singleton we’ll denote R:
simply as R}. The non-root component of R, is the colored rooted subforest
of R, denoted by R, — R} which is obtained by removing R.

o The quotient tree induced by (R, 7) is the rooted tree R/7 € T obtained from
R by collapsing all the connected components of R, into a single vertex.

For instance, if (R, ) is the colored rooted tree
Q ‘. [ ]
.\6/
/
\’
where the edges in 7 are denoted by dashed lines, we have

=N\ N/ o m=N\/ R-m=N) e R

Definition 1.4.23. Given two colored rooted trees T',.S we define the following
operations

(R,T) =

oo

o For any v € V(T) the grafting T/, S of S in v is the colored rooted tree
which has the same root of T" and is obtained by joining the root of .S with v
using a new edge.

[\ =e ¥

e The Butcher’s product of T' and S' is the colored rooted tree T o S obtained by
grafting S in the root of T',i.e.: To S =T . S.

Q [ ] c e e O\./.
WAERVETR>
1.4.2 Combinatorics of Pre-Lie Algebras

We show here how the combinatoric notions we presented so far come into play when
we deal with pre-Lie algebras.
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Definition 1.4.24. Let 7 (n) be the vector space spanned by all rooted trees with n
vertices. The space of rooted trees T is the direct sum T = @, T (n). The space of

series of rooted trees T is the dual of T, i.e. the direct product 7 =T = 2 [Ls0 7 (n).
We can define a complete filtration on the space 7 by setting FPT = [[,~, T (n).

Ny

o, 1. N i 3 T

oo oo

Remark 1.4.25. The space T can be though as the subspace of 7 whose elements are
series with a finite number of non-trivial coefficients. Later on we will see that many
of the computations we are addressing turn out to be much easier after a proper
normalization. Whenever we have a series in terms of trees a = > ar T we will use
its normalized form, which is defined by setting

T
GZ;f(T)mv

where o(T) is the symmetry factor of T (cf. [1.4.8)). With this notation the map f
will be called the generating function of a, and we will write a =

Definition 1.4.26. The space of rooted forests F is the direct sum @Dr>0 Fk, where
Fi is spanned by the rooted forests with k connected components. We can think
F as the symmetric space on 7, i.e. F 2 ST = Do 77’®k. The space of series of
rooted forests F is the dual of F, i.e. F = F = [Ix>0 Fk- We denote the empty
forest with 0.

Remark 1.4.27. Whenever we have a series of rooted trees ? we will automatically
extend f to rooted forests by setting f(F') = f(T1) ... f(1}) for any rooted forest
F=T1 ... Ty.

Definition 1.4.28. We can now define a bilinear operation «\~: 7 ® T — T, called
grafting product which for any couple of rooted trees T, S is defined by

TAS= > T,/,S.
veV(T)

This defines .~ on 7, but it’s easy to see that « extends to 7.

The operation of grafting product «» on T, together with the filtration F*T,
makes (7,+) a complete right pre-Lie algebra. Moreover T is identified by a
universal property: it’s the free complete right pre-Lie algebra on one generator [11].
Moreover we use the empty forest () as the ficticious unit on 7.

Theorem 1.4.29. The complete right pre-Lie algebra T = (T, F*) is the free
complete right pre-Lie algebra on one generator, i.e., it satisfies the following universal
property: given any complete right pre-Lie algebra L and any element x € L, there
is a unique morphism of right pre-Lie algebras W: T — L such that U(e) = x.

(o} —T

N

L.



1.4 Pre-Lie Algebras 29

Proof. See [11]. O

Definition 1.4.30. In similar fashion as with 7 we can consider the colored
generators eq,...,e, (the colors range from 1 to n) and define the space T, as
Tn = @®umso Tn(m), where Ty, (m) is the vector space generated by all colored rooted
trees with m vertices. We define 7,, as the dual of 7,,. We will identify 7 with 77.
When n = 2 it’s pictorially convenient to denote e; with e and es with o.

Again T, is a complete right pre-Lie algebra with the natural extension of the
operation v~ and the filtration F* to colored rooted trees. Again 7, satisfies a
universal property: it’s the free complete right pre-Lie algebra on n generators [11].

Theorem 1.4.31. The complete right pre-Lie algebra T, = (Tn,, F*) is the free
complete right pre-Lie algebra with n generators, i.e., it satisfies the following
universal property: given any complete right pre-Lie algebra L and any element
x1,...,Tn € L, there is a unique morphism of right pre-Lie algebras V: T, — L
such that V(e;) = x; for every 1 <i <mn.

{01,...,0,} —=T,
\

Remark 1.4.32. Given a commutative K-algebra A we can extend the pre-Lie product
A to T, ® A, We will write 7,[t] for 7, ® K[t]. Many of the following results are
proved on T,[t] but extend easily on be easily on 7, ® A for a generic K-algebra A.

\

!
!
y
L

Definition 1.4.33. Let A be a commutative K-algebra and let ? €T, ®A. We call
the substitution morphism W the unique pre-Lie morphism ¥¢: T® A =T, ® A

such that Uy(e) = 7

Lemma 1.4.34 (Substitution Formula). Given 7 € Tt] and g € Tp[t] we have

v(f)y=T, WD) = S FT/7)e(Ty).

TCE(T)

Proof. This can be proved directly. It’s related to the “substitution law” in the
context of B-series [21]. O

We have a nice description of the braces operations on 7,, infact it’s easy to see
that

Lemma 1.4.35. For any colored rooted trees T',T1, ..., T, we have

{(T|Ty,...,T}} = > (TS T) L) Lo T -
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Proof. We give a proof by induction on the number of vertices in T'.

k—1
(TIT1,...,Te} = {T|T1,... Tir} A To = S ATITy, .. i A Ty, Tit )
=1

:( Z ("'(T\/’UlTl)\/’UQ"-))/’Uk_lTk—l)‘[\Tk

V15,051 EV(T)

k—1
> TS T L s ) L wn (T A TR) gy Tia

=1 Ul,..., Uk—1

k
= Z (Z Z ("'(T)/UlTl)\/U2"')\/Uka) /ka

V1,051 EV(T) \i=10veV(T;)

+ Z Z ("'(Ti/mTl)x/vz‘--)x/ka

V1.4,V —1 EV(T) ’UGV(T)

k-1
> > T T) L ) L (TN Th) Ly T

=1 Ul,..., Uk—1

= Y TS T) L) Lo T

V1,..., 0, €V (T)

Lemma 1.4.36 (Product Formula). Given ?, 7 € Tolt] we have

Fad=7g.

where f g is the generating function defined by setting for every colored rooted tree T

(fo)T)= > [T)g(T-T7).

ecE(T)

Proof. This is almost the same as lemma 2.8 from [40] in the context of B-series. We
give a shorter and more readable proof for reference. In order to prove the identity
we need to consider two different (but strictly related) group actions: first, given
any colored rooted tree T', consider the action of Aut(7") on E(T). The stabilizer of
any chosen e € E(T) is the subgroup of Aut(7") of those automorphisms which split
as a composition of automorphisms of 7} and automorphisms of 7" — T}, therefore

Stabau(r)(€) = Aut(T) N (Aut(T;) x Aut(T —17))
Opuniry () = Al .
at(T) | Aut(T) N (Aut(TF) x Aut(T — 7))

Shifting the picture we now fix two colored rooted trees R, S and consider a
second group action: the action of Aut(R) x Aut(S) on the set of all possible graftings

{R SlveV(R)}.
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The stabilizer of any grafting R /', S is the subgroup of those automorphisms in
Aut(R) x Aut(S) which act like an automorphism of R /,, S, therefore

StabAut(R)xAut(S)(R v ) =Aut(R /y S) N (Aut(R) x Aut(S))

B | Aut(R) x Aut(S)]
Onuetryxans) (B oo SN = Tim 778y 0 (At (R) x Aw(S))]

In order to make these two group actions work together we first point out that
when R=T},5 =T — T}, if we call v, the lower vertex of e, we can write

Oau(@) (@) _ [Oaui(r)xaut(s) (B v 5|
| Aut(T)| | Aut(R)| | Aut(S)]

Therefore, if for any colored rooted tree T' € {R //, S|v € V(R)} we denote with
er the new edge from the root of S to v, we can write

T A =S F(R)g(S) W)
RZ,S I UE;(R) o(R)o(S)
1O Aut(R)x Aut(s) (T)] )
=) f(R)g(S) T
RZ,S Te{R/vzs;?eV(Rn o(R)o(S)
=Y f(R)g(S) >y Qi) T)
RS Te{Ry »SlveV(R)} a(T)
Yy 5 FT2) 9T = T2) O ey ()]~
T RS ecE(T),R=TS=T—T* o(T)
T
= T (T -T7) | —
ZT: (eeE(T) ) o(T)
and the claim is proved. ]

As an immediate result we have a combinatoric description of the Lie bracket
defined by the commutator of v on 7,.

Corollary 1.4.37. Given 7, 7 € Talt] we have

7.9 =179

where [f, g] is the function defined by setting for every colored rooted tree T

[f,9)(T) = (fo)(T) — (g )T) = D fID)g(T 1)~ g(T;) f(T - T7).

ecE(T)
Corollary 1.4.38. Given 7, J e Tnlt] we have

=7, D= S AT (T —T) Ord(T/7).

TCE(T),|7|=k
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Proof. We can give a proof by induction on k. The case k = 1 is exactly lemma

Assume k > 1, we have
_ =
CaDD =D T Aad) =D,
where h is the map defined by setting

WT)= Y fI)eT-1T7).

ecE(T)
%
Therefore, by induction, (— 7)’“(?) = h', where I’ is defined by

WT) = Y T g(T — ) Ord(T/7)

= Yo hlw)g(ws) - glwr)

TCE(T),|r|=k—1weO(T/T)

where for each ordering w € O(T'/7) the rooted tree w; is the connected component
of T'— 7 which gets collapsed into the i-th vertex of w. Therefore we can write

W(T) = > > flwnd) glwr —wil) g(wa) ... glwi) g(T = T7)

TCE(T),|r|=k—1ecE(wig

= > S FWh) g(wh) - g(whi)

TCE(T),|T|=kw'€O(T/T)

= Y AT g(T-T) Ord(T/7) .

TCE(T),|r|=k
and the claim is proved. ]

Corollary 1.4.39. Given 7, 7 € Talt] we have

(F17,....9 =0, M=k Y fI)gT-T).
k TEEDrI

Proof. We have

B f(T) g(S1) - g(Sk)
{7|7,.;,7}— X e e T S S

v1€V(S1),...,uk €V (Sk)

This corollary is a generalization of Lemma With very little effort it’s possible
to adapt the proof of Lemma [1.4.36] itself to work with higher values of k, and prove
the statement in similar fashion. O

We end this section with a more abstract overview of the algebraic structures
we want to use. The vector spaces 7 and F can be endowed with two structures
of counital coassociative coalgebras defined respectively in terms of quotient of
subtrees and difference of rooted subforests (cf [1.4.10). These two coalgebras

are isomorphic via pruning and suspension.
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Definition 1.4.40. The tree coproduct is the linear map A: 7 — T ® T defined by
AT)= > X&(T/X).
0£XCT
The tree counit is the linear map e: 7 — K the map defined by

1 X =
e(X) = *
0 otherwise .

We have
Proposition 1.4.41. T = (T, A, ¢) is a coassociative counital coalgebra.
Proof. First we prove coassociativity, i.e. (Id ®A)A = (A @ Id)A:

(ARIYAT) = > Y Y (X/Y)e(T/X)
0£XCT 0£Y CX

= > X®( > (Y/X)@(T/Y))

0£XCT XAYCT

= X®( > Y®(T/X)/Y)—(Id®A)(AT).

0£AXCT 0£Y CT/X
Then we need to prove (Id ®e)A =1d = (e ® Id)A:
(d@e)(AT)= Y X@eT/X)=T®e(e)=T
P£XCT
(e@I)(AT)= > eX)@(T/X)=c(e)@T/e=T.
0£XCT
O

Definition 1.4.42. The forest coproduct is the linear map Q: F — F ® F defined
by
QF) =) XoF-X).
XCF

The tree counit is the linear map 7: F — K defined by

n(X)Z{l x =0

0 otherwise .

Proposition 1.4.43. F = (F,Q,n) is a coassociative counital coalgebra.

Proof. First we prove the coassociativity of €2

deQ)(QF) = > XQ@QF - X)
XCF
= Y XeYe(F-X-Y)
XCFYCF-X
= Y WeEZ-W)(F-2)
ZCFWCZ
(Q®IA)(QF),
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then we prove that 7 is a counit

(Iden)(QF)= > XnF-X)=F,
XCF

(mRI)QF) = > n(X)(F-X)=F.
XCF

O

Remark 1.4.44. The coproduct defined by €2 is related to the Connes-Kreimer
coproduct [12], which is defined in terms of “admissible cuts”.

Proposition 1.4.45. The maps p: T — F and it’s inverse s: F — T are isomor-
phisms of counital coalgebras.

Proof. Let F be a rooted forest, then we have

sPQF) = > sX @ s(F - X)
XCF
= ) Y®(sF-Y)=A(sF).
DAY CsF

Moreover it’s immediate to see that n(F") = e(sF'). Let T be a rooted trees, then we
have

PPPAMT) = > pX@p(T/X)

0£XCT
= Y pX®@T—-pX)
0AXCT
= > YR@T-Y)=0pT).
YCpT
Again we have €(T) = n(pT'), and this concludes the proof. O

Remark 1.4.46. In similar fashion we can consider the coproduct defined on colored
rooted forests by
QF) =) X®(F-X),

XCF
and a counit
1 F=90
F) =
n(F) {0 otherwise .

for any colored rooted forest F'. This defines a structure of counital coassociative
coalgebra. We observe that in the colored case we restrict our attention to the
coalgebra structure on F,,, and we have no unique proper extension of the coalgebraic-
theoretic relation between F,, and T,. The reason for this is that we can define the
suspension map s: F, — 7T, in multiple ways because for any colored rooted forest
F we would have to chose a color for the new root of sF. This choice of course is
not unique, and with any such choice we lose many of the properties we have in the
non-colored case.
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Remark 1.4.47. The fact that F is a coalgebra makes possible to define an associative
product on the dual, and therefore on F, via convolution.

Proposition 1.4.48. Given ?, q e Tn[t] we have

W+ o0+ =0+Fxg, (Frg)T) =3 FX)g(T-X).

Proof. It’s a consequence of corollary [[.4.39] We have

0+ e@0+7)= @+7+Z—{?\7 7= w+g+z -

n>0 n>0

where the liner map ¢,, is defined, as in Corollary [1.4.39} by

¢n(T) = n! > HT7) (T = T7)

TCE(T) antichain,|T|=n

and we have

+Z [ On(T) = g(T) + > > FI7) 9(T - T7)

n>0 n2>07CE(T) antichain,|7|=n

=9(T) + > F(T7) 9(T = T7)

T7CE(T) antichain

)+ Y f(X)g(T-X)

0AXCT

=D f(X)g(T - X) = (f+9)(T),

XCT
and this concludes the proof. ]

Corollary 1.4.49. For any complete right pre-Lie algebra V = (V,<) the circle
product ©®: (1+V) x (1+V) = 14V is associative.

Proof. Since we can write @ in terms of nested compositions of < it’s sufficient
to prove this in the universal case, i.e. for V = 7. In this case we can use
Proposition [1.4.48] and observe that f * g is actually the convolution with respect to
the (coassociative) coproduct €. In explicit terms we have

—
+ (f*xg)*h

— 4+
0+ f = g*h;
—W+ He(@+ o+ h

W+ Heo@+g)e@+R)
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Chapter 2

Formality of L,,-Algebras

In this chapter we investigate the notion of formality for differential graded Lie
algebras and L,o-algebras. In Section we review the definition of triple Lie-
Massey product given by Retakh in [37], following the original definition up to a
sign. In Section we describe the Chevalley-Eilenberg spectral sequence and the
Euler class, and give a brief review of the formality criterion found by Manetti in
[29]. In Section [2.1| we investigate the relationship between the Euler class and triple
Lie-Massey products and show how we can recover triple Lie-Massey products from
the differential of the Euler class. In Section we develop the notion of higher
formality and extend the formality criterion in [29] to higher degrees.

Definition 2.0.1. A differential graded Lie algebra (L, d, [—, —]) is called formal if
it is quasi-isomorphic to its cohomology graded Lie algebra H*(L), intended as a
DG-Lie algebra with trivial differential. In other terms if there exists a zig-zag of
quasi-isomorphisms between them

e Ll\LZ/ \/ Ln\m

Proving that a differential graded Lie algebra is formal is usually a non-trivial
task. We give the following remarkable example in order to show how tricky it can
be. We shall see later how the Euler class, introduced by Manetti in [29], provides a
simpler tool to prove formality.

Proposition 2.0.2 (Formality of Hom Complex). For every DG vector space (V,d),
the differential graded Lie algebra Homg (V, V') is formal.

Proof. For every DG-vector space V', the differential graded Lie algebra Homg (V, V)
is formal. In fact, for every index i we may choose a vector subspace H* C Z*(V)
such that the projection H® — H'(V) is bijective. Then the inclusion of DG-
vector space H = @;H' — V is a quasi-isomorphism. The subspace K = {f €
Homg (V,V)|f(H) C H} is a differential graded Lie subalgebra and there exists a
commutative diagram of complexes with exact rows
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0 K > Homp (V,V) —— Homj (H,V/H) —=0

: g Jua

0 — Homg (H, H) —— Homg(H,V) — Homy (H,V/H) —0

The maps « and S are morphisms of differential graded Lie algebras. By
Kiinneth formula the complex Homg (H, V/H) is acyclic and + is a quasi-isomorphism,
therefore also a and 8 are quasi-isomorphisms. O

2.0.1 Triple Lie-Massey Products

The notion of triple Massey product provides a first obstruction to formality, but,
quoting from [39], “Massey product structures can be very helpful, though they are
in general described in a form that is unsatisfactory”. For differential graded Lie
algebras a similar notion was developed by Retakh in [37] and goes by the name of
triple Lie-Massey product. Later on we will present a new way to interpret triple
Lie-Massey products using the Euler class. In this work we follow the definition of
triple Lie-Massey product given by Retakh in [37] up to a sign.

Definition 2.0.3. Take a differential graded Lie algebra (L, d,[—, —]) and consider
three cocycles x1, 2, x3, with z; € Z™ (L), such that [z}, ;] = 0 in cohomology for
every j < k. Then it must be [z;,z;] = dy; j for some y; ; € L™ ~1. We define
(zi,y; ) € LM T2~ 1 a5 the element

(@i, yjk) = [Y1,2, 23] — (—1)n2 "5 [y 3, wg) + (—1)™ (M2413) [y 5 ]

= Y X(0) Wo)o@): Tom] € LML
ceS(2,1)

Remark 2.0.4. The original definition of (x;,y; ) is given by Retakh in [36]. To
recover the original definition we only have to multiply (z;,y; ) by the sign (—1)"2.
The reason underneath our choice is suggested by the context of L..-algebras, where
the antisymmetric Koszul signs appear more naturally and allow us to work easily
and systematically with the signs. Finally observe that we could write y; ; with the
notation y(z;, z;) and the antisymmetric Koszul sign would be preserved:

xuy]k Z X (1)> 0(2))7x0(3)] :
ceS(2,1)

Proposition 2.0.5. The element (xz;,y; ;) € L™ T"2T71 s q cocycle.

Proof. We have

d<xi7 yj,k?) = Z X(G) [[560(1)7170(2)]7 xcr(?))] =0

by the Jacobi identity [37]. O
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Remark 2.0.6. The choice of elements y; ; is of course not unique. Every different
choice y; ; such that dyz’-7 ;= [z, z;] differs from y; ; by a cocycle. Therefore to make
the definition of (z;,y;x) independent from the choices of y; ;’s we can consider
instead its class.

Definition 2.0.7. Let (L,d,[—,—]) be a differential graded Lie algebra, and let
x1,x2,x3 € L be cocycles such that [z;,2;] =0 € H*(L) for any i < j. Chose any
yir € L™~ 1 such that dy;, = [z, 2] for every j < k. We define the triple
Lie-Massey product of x1,x2,x3 as

H*(L)
[x1, H*(L)] + [w2, H*(L)] + [z3, H*(L)]

(21, 22, 23] = class of (z;,y;x) €

Remark 2.0.8. The element [z1,x9, 3] is not independent from the choices of the
x;’s. Replacing the x;’s even with equivalent representatives in the same cohomology
class affects the value of [z1, za, x3].

Definition 2.0.9. Given three cohomology classes a1, a9, a3 € H*(L) the triple
Lie-Massey product of aq, ag, g is the set

[, g, 3] = {[x1,$2,$3] [zi] = a;, 1 = 1,2,3} -

Proposition 2.0.10. Let f: L — M be a morphism of differential graded Lie
algebras. Then if x1,x2,23 € L are cocycles such that [xj, x| is a coboundary for
every j < k then f(x1), f(x2), f(z3) define a triple Lie-Massey product in M, and
we have

[f(21), f(z2), f(23)] = f([21, 22, 73]) .

Moreover if f is a surjective quasi-isomorphism we have [x1,x2,x3] = 0 if and only

if [f(x1), f(z2), f(x3)] = 0.

Proof. In L the triple Lie-Massey product [z1, 22, 3] is the class of (z;,y;x). Since
f is a morphism of DGLAs it’s immediate to see that f(x1), f(x2), f(x3) are cocycles
and [f(z;), f(z1)] are coboundary for every j < k. Therefore [f(x1), f(z2), f(x3)] is
well-defined and, since (f(x;), f(y;x)) = f({zi, yjk)) we have [f(x1), f(x2), f(x3)] =
f([w1, 2, 23]).

Now let f be a surjective quasi-isomorphism and let f(z1), f(z2), f(z3) be cocy-
cles in M such that [f(z;), f(xx)] = f([z;, x%]) vanish in cohomology for every j < k
and let [f(x1), f(z2), f(z3)] = 0. The element [f(x1), f(z2), f(x3)] is the class of some
(f(x4), zj k) with dzj = [f(z), f(zk)] for every j < k. Since [f(z1), f(x2), f(x3)] =
0 we have (f(x;), zjx) = >_;[f(x;), w;] in cohomology for some w; cocycles in M.
Since f is a surjective quasi-isomorphism we can write w; = f(«;) for some «a; cocycle
in L. Since f is a quasi-isomorphism and f([z;, zx]) = [f(z;), f(xk)] is trivial in
cohomology the cocycles [z}, x;] are trivial in cohomology as well. Therefore the
triple Lie-Massey product of 1, x2, x3 is defined and is the class of some (x;,y; ) for
some y; 1 in L such that dy; i, = [z, x| for every j < k. Therefore in cohomology we
have f({zi,y;k)) = (f(xi), zjk) = f(O;[®i, ou]) and, since f is a quasi-isomorphism,
we have (;,y; k) = >_;[®i, ;] in cohomology, and therefore [x1, 2, 23] = 0. O
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Remark 2.0.11. The role of triple Lie-Massey products is well known in deformation
theory. Take a differential graded Lie algebra L = (L, d, [—, —]) together with three
cocycles x1,x9,x3 € L, with T; = n; for every i. Consider now the graded Artin
algebras

Kle1, e, e3] Kle1, ea, e3]

e (ef,€3,¢€3,e1e2¢€3) (e2,e3,e2) '

where ¢;’s are symbols of degree & =1 — n; (when e; is odd the condition e% =01is
already satisfied) and trivial differential. It’s immediate to see that for every i the
set of Maurer-Cartan elements in L ® my, is Z" (L) e;, and we have the following
characterizations

o The elements x1,x2,x3 can be lifted to some £ € MC(L ® m4) if and only if
[z, 1] is a coboundary for every j < k. Indeed a generic element £ € L ® my
of degree 1 which lifts x1, x2, x3 has the form

E=D miei+ > (—1)™ yjrene;
7

Jj<k

for some scalars y1,2,¥1,3, 2,3 If we impose that £ is a Maurer-Cartan element
in L ® my we obtain

0=de+ 2 [e.¢]
=D ()" dyrene; + ) lwj wrlene; (=1)17"
j<k J<k
= Z(—l)nj (dijC — [xj,ajk]) €L €ej .
<k

Therefore £ is a Maurer-Cartan element in L ® my if and only if dy; ,, = [z, zi]
for every j < k, and their triple Lie-Massey product [x1, z2, 23] is defined.

o Moreover if we take £ € MC(L ® my) as defined above, i.e.

E=D miei+ > (-1 yjpene;
7

Jj<k

with dx; = 0 for every i and dy; = [z, xi] for every j < k, the obstruction
to lift £ to some £ € MC(L ® mp) is given by the vanishing of (x;,y;x) in
cohomology. Indeed any such ¢ € L ® mp can be written as

§=Y wei+ ) (1) yjrerej tneiezes,
i j<k

for some scalar 7. If we require £ to solve the Maurer-Cartan equation in
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L ® mp we have

0=d¢ + - [€ &'l
= Z(— Mdyken e+ Y [xg, ak] ep e (—1)17
i<k i<k

+dnereses+ Y (—1)" [yjrex e, wi ]
ij<k

=dnejeges + Z (=1t gy 2 ejer e
ij<k

where we denote with m the integer m = nj no +n1n3 +ngng. We can rewrite
the previous equation in terms of shuffles and obtain

0=dnejezes

+ (=)™ N (=1)" @ €05 €1, €2, €3) [Yo(1),0(2)> To(3)) 16263 -
ceS(2,1)

Computing the symmetric Koszul signs explicitely we have

e(1d)
€((23))
c((231))

and substituting we obtain

)

1,
( 1)1 n2 1 ’I’Lg)
(=

1) (1-n1)(2— n37n2)7

0=dnejeges

+ (=1)mHitne ([y1,2,x3] — (=1)"" [y1 3, 22] + (—1)m(n2+ns) [y2,37331]) erezes

(—1ymene

=dneyezes + Ti,Yjk) €1 €2€3

which implies dn = £(z;, y; x)-

2.0.2 The Chevalley-Eilenberg Spectral Sequence

We recall here the notions we need from [29] and give a brief review in order to
present our result.

Definition 2.0.12. Let f: L — M be a morphism of DG-Lie algebras, then M is
an L-module via the adjoint representation [m,z] = [m, f(x)]. Consider now the
DG-vector space

CE(L, M)P* = Homj (L"?, M) ,
together with the differential §: CE(L, M)P4 — CE(L, M)P9*! defined by

P _
(69)(@1,...,xp) = d(P(z1, ... ,2p)) — Z(—l)‘“ﬁmeJfﬁ oz, ..., dz, ..., xp) ,

i=1

where we identify every element of CE(L, M)P* with a p-linear graded skewsym-
metric map L® — M (and as usual L' = K, CE(L, M)%* = M).
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The Chevalley-FEilenberg complex of L with coefficients in M is the complex of
DG-vector spaces:

CE(L,M): 0— CE(L,M)** % CE(L,M)"* % CE(L, M)>* — -+ |
i.e., the complex
CE(L,M): 0— M2 Homi(L, M) % Homj (L2, M) — - -
where the differential § is defined as:
1. for every m € M we have (dm)(z) = (—1)™ [m, z];

2. for every ¢ € Homg (L, M) we have
(08)(@,y) = (=17 ([6(2),9] = (~1)7 7 [6(y), 2] = é([z,9]) ) ;

3. for p > 2 and ¢ € Homj (L"P~!, M) we have:

((5¢)<1‘1, ce ,pr) = (_1)$+p—1 ( Z X(J) [¢<x0(1)7 SR) xa(p—l)): xa(p)]

ceS(p—1,1)

- Z X(p)¢(xp(1)7'"’xp(p—2)7[xp(p—l)?xp(p)])> :

pGS(pr,Z)

Remark 2.0.13. The Chevalley-Eilenberg complex is a double complex (with anti-
commuting squares, following the definition of Godement [19]). It’s possible to prove
directly the identities § = 0,6 = 0,59 + 6 6, but it’s tedious, as mentioned in [29].
This fact will appear more evident after defining the Chevalley-Eilenberg spectral
sequence for Lo,-algebras.

As with any double complex with anti-commuting squares we have (§ + )% = 0.
Therefore we can define the total complex

Definition 2.0.14. Let f: L — M be a morphism of DG-Lie algebras. The total
complex of CE(L, M) is the DG-vector space

A = Totll(CE(L, M), 8,8) : -+ — AT 580, 411 .|

where A" =T[,, ., Hom{, (L"?, M). The Chevalley-Eilenberg cohomology H. (L, M)
of the differential graded Lie algebra L with coefficients in the L-module M is the
cohomology of the total complex TotH(C’E(L, M), 0,0).

In order to define the Chevalley-Filenberg spectral sequence consider the following
decreasing, exhaustive and complete filtration

FPOE(L,M) = Homj (@ ™, M) =~ [ Homg (L™, M), p>0.

12p i2p
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In these notes we follow the definition of cohomology spectral sequence according to
Godement [19], which we report here for the sake of readability. Let (F*, M,d) be a
filtered differential abelian group, i.e M is an abelian group, d is a homomorphism
d: M — M such that d*> = 0 and F* is a decreasing filtration which is preserved by
d, i.e. d(FPM) C FPM. The associated spectral sequence (E?,d,), r > 0, is defined
as
Zy
ZPt ozt

r—

7P = {x € FPM | dx € FPT" M}, EP =

r

and, since d sends Zfirll + de:erl to Zfﬂqfl + defll the maps
d.: EP — EPY"

are induced by d in the obvious way. We shall say that a cohomology spectral
sequence (EP?, d,.) degenerates at Ej if d, = 0 for every r > k.

Definition 2.0.15. Let f: L — M be a morphism of DG-Lie algebras. We shall
denote by (E(L, M)P? d,) the Chevalley-FEilenberg spectral sequence, i.e. the co-

homology spectral sequence associated to the total complex Totll CE (L, M) with
the filtration F*CE(L, M). The differential on E(L, M )P4 is induced by the total
differential on CE(L, M )P4.

Remark 2.0.16. The lowest pages of the spectral sequence can be easily computed.
Page 0 is immediatly recovered as E(L, M)h? = Hom} (L"P, M). For page one we
just apply the Kiinneth formula for Homg and obtain
E(L, M)} = H*(Homp (L"7, M))
— Hom (H*(L)"", H* (M)) = E(H*(L), H*(M)}" .

The differential dy: E(L, M)?? — E(L, M)?""? depends only by the graded Lie
algebra H*(L) and its module H*(M), giving

E(L, M)y™ = E(H*(L), H*(M))y" = H'(CE(H"(L), H"(M)),9) ,

and therefore

{derivations H*(L) — H*(M)}
{inner derivations} '

E(L,M)Y* = E(H*(L), H*(M))}* =

Definition 2.0.17. Given a morphism of DGLAs f: L. — M the Fuler derivation
of f, is the map E(L, M; f);° 3 e;: H*(L) — H*(M) defined by

es(z) =7 f(x)
for every x € H*(L), where T denotes the degree of z.

It turns out that ey is actually a derivation in cohomology. This fact is equivalent
to the equation given by diey = 0.

Lemma 2.0.18. Let ey € E(L, M; f)i’0 be the Euler derivation of a morphism of
DGLAs f: L — M. Then di(ef) = 0.
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Definition 2.0.19 (Euler class). The Euler class of a morphism of differential graded
Lie algebras f: L — M is the element ey € E(L, M)y = E(H*(L), H*(M))3"°
corresponding to the Euler derivation

e H*(L) - H*(M) , ef(x) =7 f(x) .

The Euler class of a DG-Lie algebra L is defined as the Euler class of the identity
on L.

Every morphism of differential graded Lie algebras f: L — M induces by
composition two natural morphisms of double complexes
CE(L,L) L~ CE(L, M) <L CE(M, M)
and then also two morphisms of spectral sequences

f*

B(L, L)t = B(L, Mt <L B(a Mpe (2.1)

preserving Euler classes. Moreover the Euler class is invariant under weak equiva-
lences.

Theorem 2.0.20 (Manetti [29], Theorem 3.3). Let (E(L, L)%, d,) be the Chevalley-
FEilenberg spectral sequence of a differential graded Lie algebra L. Then the following
conditions are equivalent:

1. L is formal;
2. the spectral sequence E(L, L)P? degenerates at Ea;
3. denoting by

Derl (H*(L), H*(L))
{[z,~] |z € HY(L)} ’

ec E(L, L)y = e(r) =7 -z,

the Euler class of L, we have d,(e) =0 € E(L, L)T™51=" for every r > 2;

Remark 2.0.21. The cohomology of any differential graded Lie algebra L = (L, d, [—, —])
inherits a structure of Loo-algebra (H*(L),0,[—, —],r3,74,...) which is unique up to
isomorphism. As proved in [29], on the minimal model of L the differential dy can
be interpreted as the left-adjoint action of r3 via the Nijenhuis-Richardson bracket,
and the vanishing of dqe is equivalent to the vanishing of the cubic component r3.
Therefore the Maurer-Cartan equation can be written by using non-cubic terms.

Remark 2.0.22. The total differential d on FPCE(L, M)* = [, Homg (L"*, M) is
given by

p
——

d¢ = (Oa s 3075¢p75¢p+1 + 6¢p75¢p+2 + 5¢p+1a . )
/—/PA
for any ¢ = (0,...,0,¢p, opt1,...) € FPCE(L, M)*. Therefore, in order to evaluate
ds on any element x € E(L, M)}, we just need to take some representative ¢ =
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(0,¢1,¢2,...) € Z(L, M)§ C T}, Homj (L"*, M) of the class z € E(L, M)} and
compute the class in F(L, M )723+2 of the element

p

—— _ _ _
dp = (0,...,0,80,,0¢ps1 + 60p, 0dpsa + 6dp i1, - -.)-

If we want to study the Euler class e € E(L,L)é’0 we just need to take any
cocycle ¢ representing e, i.e. any element

¢ =(0,01,02,...) € [[ Homy *(L"*, L)
E>0

such that the “cocycle condition” for d;

0¢1 =0
61+ 02 =0
is satisfied, and that induces the Euler derivation x +— Z -z on H*(L). Note that the

cocycle condition is the requirement for ¢, to be a derivation on H*(L), because for
any cocycles x,y € Z*(L) we can write

0= (5¢2)('Zay) + (59251)(1:’3/) = d¢2(m7y) - ([l’, ¢1(y)] + [¢1($),y] - ¢1([x7y]))7

therefore ¢1([x,y]) = [z, 01(y)] + [y, ¢1(x)] in cohomology. The differential of the
Chevalley-Eilenberg spectral sequence can be read inside d¢, and since

dp = (0,6¢1,00 + 0¢1,0p3 + 662, .. .)

the element dse, up to coboundaries, is the element d¢3 + d¢o.

2.1 Euler Classes and Triple Lie-Massey Products

Definition 2.1.1. Given a morphism of differential graded Lie algebras f: L — M
and z; € L for i = 1,2,3 such that dz; = 0 for every ¢ and [x;,x;] = 0 for any i < j,
let 2, = f(z;). Using the previous notations we can define a map, called Lie-Massey
evaluation

H* (M)

_ 3,-1
povasast BUADR = G s 0T+ o, B Q)] + [, B (D)

by setting
Hay,z0,m3 () = ¢(x1, 22, 73)

for any choice of a representative ¢ € Z(L, M)g’_1 of the class a € E(L, M)g’_l.
This assignment defines an actual map, as proven below

Lemma 2.1.2. In the previous settings the map iz, x5 s well-defined.
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Proof. Take some class a € E(L, M);"fl, and recall that

Z(L, M)5 ™"
1,—2 2,—1 °
Z(LvM)l +dZ(LaM)1

E(L, M)y " =

Fix any cocycle ¢ € Z(L, ]\/.I')E’_1 representing «. First observe that ¢(x1,z9,x3) €
H*(M), due to the equation d¢3 = 0. In order to show that jig, 4,2, is well-defined
we have to prove that if ¢ € Z(L, ]\4)111’71 +dZ(L, M)}~ we have

$2(71, 72, 73) € [2), H(M)] + [y, H*(M)] + [a3, H*(M)] .

It’s not restrictive to assume ¢ € dZ(L, M)?’_l, since every ¢’ € Z(L,M)i"_2 is
trivial on L3
Let ¢ = dy for some ¢ € Z(L, M)%_l, then we have

¢ = (0707075w3 —"_ 5w27 .. ') )
for some 1y with d¢po = 0. Therefore jiz, 4, 24(c) is represented by

H* (M)

(O02)o122:72) € G H (] + [y B> (M) + [y B (D]

Up to the right signs we have

(0tho) (1, wa,w3) = D & [o(@i, aj), 2] + > Ebo (s, [2, 2k])
where both sums range over distinct choices of i, j, k.

« First we have [¢2(z;, x;), x}] € (2}, H*(M)] in cohomology. This is because we
have 0¢2 = 0, and (8t)2)(z;, 2;) = 0 implies dio(x;, z5) = 0;

o Then we have ¥»(x;, [z}, z1]) = 0 in cohomology. We can write [z;, z;] = dy;
for some y;; € L for every i < j. Due to the equation d1)3 = 0, we have
(64p2) (4, y;,) = 0 and this implies dyo (x4, yj k)£ 2 (i, (x5, 75]) = 0. Therefore
o(x;, [, 1)) is a coboundary, and this concludes the proof.

O]

Consider now this simple construction: let I be the free graded Lie algebra
generated by six elements

u; € L™, hj,k e Ll

for every i, j, k € {1,2,3} with j < k, equipped with the differential d defined by the
relations

dui = 0 s dhj’k = [Uj, Uk]

for every i,j,k € {1,2,3} with j < k. The differential graded Lie algebra L is a
universal object among all those DGLAs for which the triple Lie-Massey product of
three cocycles of degrees ni, ng, ng is defined: if M is a DGLA and z; € Z™ (M) such
that [z;, 2] = dy, j for some y; ; € M™% =1 then there exists a unique morphism
of DGLAs f: L. — M such that f(uz) =Z; and f(hz,j) = Yij-
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{ui, hj7k’j < k} *Z>]L

S~

M
Remark 2.1.3. A representative of the Euler class e € E(L, ]L)%’O is any element

¢ =(0,41,¢2,...) € [[ Homy *(IL"*,L)

k>0

such that

091 =0

01+ 02 =0
is satisfied, and such that ¢;: x — T -z on H*(IL). The element dye is represented
by B

d¢ = (07 07 07 5¢3 + 5¢27 A ‘)7
therefore, when we want to compute fuy; u,u;3(d2e) we just need to compute the
cohomology class of (d¢2)(u1, ug, us) modulo [z1, H*(L)] + [x2, H*(L)] + [z3, H*(L)].
In order to study the Euler class we have to chose a representative in Z(L, L)%’O,

but the choice is not unique. Any other choice which differs by some element of

Z(L, L)%’_l +dZ(L, ]L)(l)’o will fit as well. Due to this freedom of choice we can make
a further simplification to the representative that we intend to use.

Lemma 2.1.4. Let L be the DGLA defined above. Then there exists some ¢ =
(0,1, 2,...) € Z(L,]L);’O representing the Fuler class e € E(]L,L);’O such that
o1(ui) = nju; for every i € {1,2,3}.

Proof. Take some representative ¢ = (0, ¢1,pa,...) of the Euler class. Then we
have ¢1(u;) = n;u; + da; for some a; € L™, Consider now the element v =
(0,41,0,...) € Z(L, ]L)OO defined by setting 11 (u;) = —a; and 91 (h; 1) = 0 for every
j < k. The map & vanishes in cohomology and (§%1)(u;) = —da;. Therefore
¢' = ¢ + di) is the representative we are looking for. ]

Theorem 2.1.5. Let L be the DGLA defined above, and let e € E(L, L)y be the
Euler class of .. We have

H*(L)
[ur, H*(L)] + [ug, H*(L)] + [us, H*(L)] -
Proof. By the definition the element [uj,ug, U3] is the class of

uza Z X 0(1)70(2)7 ua(3)] :
0eS(2,1)

Following lemma take some element ¢ = (0, ¢1, d2,...) € [Ix>o Hom%{k(]LAk, L)
representing e such that ¢1(u;) = n; u;. We have

(Op2) (ur,ug,uz) = — > x(0) [B2(Uo(1)s Ue()); Uo(3)]
ceS(2,1)

D X(0) B2(upy, [z, up)))s

peS(1,2)

Huyug,us (d2€) = _[Ulv U27U3] €
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and setting 7 = (213) € S3 we can write

(6¢2)(U1, U2, u3) =
- Z X(0) [02(Ug(1), Us(2)), Uo(3)]

ceS(2,1)

Z X(p)X(T) ¢2([up7'(1)7 upT(Q)]v upT(3))

peS(1,2)

— > x(0) [$2(ty1), Up(@)) Up(3)]

ceS(2,1)

- Z X(p ) ¢2([up’(1)aup’(2)]7up’(3))

p'eS(2,1)

> x(o) ([¢2(u0(1)7u0(2))aua(3)] + ¢2([u0(1)7u0(2)]au0(3))) :

0e5(2,1)
We have (§¢2+8¢1)(h; j,u) = 0 for every i < j, which gives (up to coboundaries)
Do [uis sl ) = [01(hig), 2] + i Ty ] — 61 (R, @),
therefore we can write
(62)(u1, u2, uz) =
=— Y xl(o) ([¢2( Ug(1), Ue(2)) T P1(No(1),02)) + Mo 3) Po(1),0(2)) Uo(3)]

c€S(2,1)
_¢1 ([h’a(l),o‘(Z) ) u0(3)]>)
= ¢1((ui, hy, k>)

= Y x(0) [62(Uo(1) Uo(2) + B1(Po(1).02) + No(@) Po(1),02) Uo(3)]
ceS(2,1)

Yo

Which, by setting yo = ¢2(ug(1); Uo(2)) + P1(ho(1),0(2)) + NMo(3) Pio(1),0(2), We can
rewrite as

(6¢2) (u1, uz, uz) = d1((ui b)) — > X(0) [Yo» Uo(3))-

ceS(2,1)

Finally we prove that dy, = (n1 +n2 +n3) [T5(1), To(2)]- First observe that using
the equation (02 + d¢2)(u;,u;) = 0 for i < j we obtain

dpo(ui, uj) + d1([wi, x5]) = (ni + ny) [zi, 25
and therefore
dys = da(g(1); Us(2)) + 01([Us(1), Us(2)]) + No(3) [Uo(1)s Uo(2)]
= (n1+n2+ n3) [Zo(1)s To(2)] -
We can finally write
(6¢p2) (ur, uz, uz) = @1({ui, hjk)) — (n1 +n2 + n3) (ui, hjk) = —(ui, hjg),

and this concludes the proof. O
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Corollary 2.1.6. Let M be a DGLA, and x; € Z™ (M) for i = 1,2,3 such that
[z, ] € B"T™i (M) for every i < j. Consider the map

H* (M)

. 3,1
paraas: EOL M= 0 D] F [, B QD) 1 s, B (O]

then

H* (M)
w1, H*(M)] + [we, H*(M)] + [x3, H*(M)]’

[y zo,25(d2e) = —[21, 2, 23] € [

Proof. Consider a morphism of DGLAs f: L. — M which sends every u; to x; and
every h;j to any y; ;j such that dy; ; = [x;,z;]. We have a commutative diagram

3,—1 Huy,ug,ug H*(L)
E(L,L); o, (D . (O e, (D]

Jo— lfo—

3,—1  Huy,ug,ug H*(M)
E(L, M), (o (e, B (M, (O]

—of Id
3,—1 Hzy,xo,x3 H*(M)
E(M, M), o1, (M) (w2, H* (M) F [, H* (M)]

When we take the elements doe (where e are the right Euler classes on the left
column) we obtain

Huq,ug,ug
doe), —————— —[uq, ug, us

fo—l l o

and we can conclude the proof. O

2.2 Formality of Higher Degrees

Definition 2.2.1. We shall say that an L.[1]-algebra V' = (V,q1,q2,...) has
multiplicity k if in any minimal model (H,0,ry,73,...) of V we have 1o = ... =
rr—1 = 0 and r; # 0. We shall say that V is formal of degree k if weak-equivalent to
some Ly [1]-algebra (W,0,...,0,r,0,0,...).

Remark 2.2.2. Having multiplicity > k is condition which is closed under weak-
equivalences because the minimal models of a given Ly.-algebra are all isomorphic,
and it’s easy to see that every Loo.-isomorphism preserve this condition.

Remark 2.2.3. Every geometric deformation problem in characteristic 0 is controlled
by a differential graded Lie algebra L. This means that the geometric deformation
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functor is isomorphic to the deformation functor of L. Since weak-equivalent
differential graded Lie algebras give rise to isomorphic deformation functors, when L
is formal of degree k we may replace L with its minimal model (L,0,...,0,7,0,...),
where the Maurer-Cartan equation has the very simple form ri(z,...,z) = 0. This
implies that in such cases, if the geometric problem admits a local moduli space M
then it is defined by homogeneous equations of degree k.

Proposition 2.2.4. Let L be a formal Ly-algebra of degree k. Then the two maps

Defr (K[t]/(t*+1)) — Defr (K[t]/ (%))
Defr(K[[t]) = lim Defr (K[t]/(t")) — DefL(K[t]/(t*))

have the same image. Moreover the map Defp (K[t]/(t*)) — Defr(K[t]/(t?)) is
surjective.

Proof. Up to Lso-isomorphism we can say that the minimal model of L has the form
H = (H*(L),0,...,0,7%,0,...). Since Def_ is invariant under weak-equivalences we
can say that Def; = Defy. The Maurer-Cartan equation in H is

1
Erk(x,...ja:):().
k

An element & = t 1 € Defy (K[t]/(?)) lifts to and element & =tz + ... +tFxy €
Defy (K[t]/(t**1)) if and only if rx(z1,...,21) = 0, which implies ¢ = ta; €
Def g (K[[t]]). The surjectivity of Def g (K[t]/(tF)) — Def g (K[t]/(t?)) is trivial. [
2.2.1 The Chevalley-Eilenberg Spectral Sequence for L.-Algebras

Definition 2.2.5 (Manetti [29]). Given an L,-morphism of Ly [1]-algebras f: V --»
W the Chevalley-Eilenberg spectral sequence E(V,W; f) is defined as the spectral
sequence (E(V,W; )P4 dP9) arising from the differential complex (CE(V, W; f),d)
where

CE(V,W; f) = Coder™ (S° V,S°W; f)
doa=Qa—(-1)*aR

together with the filtration
FPCE(V,W; f) = {a € CE(V,W; f)|a(V®") = 0 for every i < p} .

Remark 2.2.6. Corestriction is an isomorphism of filtered DG-vector spaces which
makes the following diagram commute

d

FPCE(V,W; f) FPCE(V,W; f)

glpw %\LPW

[T, Homi (VOF, W) —> [[, Homk (VEF, W)
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where, denoting by ¢ = 3_; ¢; and r = 3, r;, we have
S(a) =qa—(-1)"ar=>Y ga—(-1)%ar;.
i>1

When V = W and f = Id, the map ¢ can be expressed in terms of the Nijenhuis-
Richardson bracket
5= lak, —Ing -

k>1

This diagram will be helpful when working with the Chevalley-Eilenberg spectral
sequence because the Nijenhuis-Richardson bracket offers a better control over the
symmetric powers involved in computations. We will often denote an element in
FPCE(V,W; f) as its corestriction, i.e. as a sequence

¢=(0,...,0,¢p, dpt1,-..) € [[ Hom (V" V) .

i>0

Definition 2.2.7 (Manetti, [29]). Given an L,-morphism of L [1]-algebras f: V --»
W the Buler derivation of f is the map e; € Hom% (H*(V), H*(W)) & E(V,W; Ayt
defined by

ef(v) = (T+1) fi(v)

for every homogeneous element v € H*(V).

Proposition 2.2.8 (Manetti, [29], Lemma 5.8). Given an Loo-morphism of Loo[1]-
algebras f: V --» W we have diey =0 € E(V,W; f)?’_l.

Definition 2.2.9 (Manetti, [29]). Given an Loo-morphism of L [1]-algebras f: V --»
W the Euler class of f is the class of the Euler derivation ey € E(V, W)%’_l.

Consider two Lo,-morphisms of L[1]-algebras V — Jow % -U . This data
induces two morphisms of filtered differential complexes

CE(V,W; f) L5 CE(V,Us g f) <= CE(W, U g) ,

where g, = go — and f* = — o f, which pass to spectral sequences

Proposition 2.2.10 (Manetti [29], Proposition 5.5). For any couple of Loo-morphisms

of Lo[1]-algebras V — N W-2 U we have two induced morphisms of spectral
sequences

E(V,W;f) %5 B(V,Usg f) &~ E(W,Usg) .
Moreover

o If f is a weak equivalence then f* is an isomorphism on pages E(W,U;g) for
every k > 1;

e If g is a weak equivalence then g, is an isomorphism on pages E(V,W; )i for
every k > 1.
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Theorem 2.2.11 (Manetti [29], Theorem 5.7). Let V be an Lo[1]-algebra and let
W be a minimal model of V. Then there exists a morphism of spectral sequences

E(V,V)— E(W,W)
which restrics to an isomorphism on page E(V, V) for every k > 1.

Remark 2.2.12. Tt follows from Proposition and Theorem that when-
ever in the Chevalley-FEilenberg spectral sequence we want to consider pages and
differentials from level 1 onward we may replace the Ly.-algebras with their minimal
models. Moreover the Euler class is invariant under weak-equivalences (we shall see
this later on).

Theorem 2.2.13 (Manetti [29], Theorem 6.3). Let V' be an Loo[1]-algebra with
Euler class e € E(V, V);’fl. The following conditions are equivalent:

1. 'V is formal;
2. the spectral sequence E(V,V )P4 degenerates at Ea;
3. dr(e) =0¢€ E(V,V)ITL=" for every r > 2.

When an Ly [1]-algebra V' is minimal of multiplicity & > 2 we can easily compute
the lower pages of the Chevalley-Eilenberg spectral sequence. It follows from the
next two lemmas that the vanishing of lower brackets of V' is equivalent to the
vanishing of the differentials of the lower pages of E(V, V).

Lemma 2.2.14. Let k > 2 and let f: V --» W be an Loo-morphism of Ls[1]-
algebras of multiplicity > k. Then we have d, = 0 for every 1 <r < k—1, and
therefore E(V,W; fhn= ... = E(V,W; f)i-1.

Proof. We can assume V and W minimal. We give a proof by induction on k. It’s
sufficient to prove that if g, = 0 and r, = 0 then dj_; = 0. Consider the maps

qzquv T:ZTZ"
i>k i>k

An element x € E(V,W; f) is represented by a map o € Homg (V®?, W) such that
da € [Tispix_1 Homg (VO W). The differential da is represented by the map

p=ra—(-1)%aq.

In order to prove di—1 = 0 we show da € [[;>, 441 Homj (V®, W), i.e. that ¢
vanishes on VOP+E=1_ First observe that a(V®PT+=1) C W®*. Since r, = 0 we have
r(@(WF)) = 0. Moreover, since q; = ... = g = 0, we have g(W®*) = 0, therefore
#(WOF) =0, and this concludes the proof. O

Lemma 2.2.15. Let k > 2 and let V be an Loo[1]-algebra such that in E(V,V) we
have d, =0 for every 1 <r <k —1. Then V has multiplicity > k.
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Proof. We can always assume V to be minimal. We give a proof by induction on
k > 1. For k = 2 there is nothing to prove because of minimality. So take k > 2 and
assume that ¢, = 0 for every r < k — 1 by inductive hypothesis: we want to prove
that g1 = 0. Since d, = 0 for every r < kK — 1 we have

FPCE(V,V)
FrtICE(V,V)

The differential d: FPCE(V,V) — FPCE(V,V) commutes with

12

Homj (VP V) =EV,V)i=...=E(V,V)! ,=E(V,V)!_,.

H Homffg(V@j, V) lak—1taxt....—Inr H Homﬁ%(VGj, V)
jzp jzp

under corestriction, therefore the map di_o corresponds to
E(V,V)P_, = Homi (VP V) 1 INRy o (VOPHR2 vy = (Y, Vybth=2,

Therefore, for p = 1 we can consider the identity Idy € E(V,V)L_, and write

1
k—2

0=dp_o(Idv) = [gk—1,1dv|Nr = Qr—1-

2.2.2 Euler Classes of Higher Degrees

Definition 2.2.16. Let f: V --» W be an Lo-morphism of L.[1]-algebras, k > 2.
The Euler differential operator of degree k of f is elfc € HomY (H*(V), H*(W)) =
E(V,W; f)}’_1 defined by setting

)= (v 1) A

for every homogeneous element v € H*(V). When V = W and f = Idy we simply
write e’{}, and we call el‘“/ the Fuler differential operator of degree k of V.

Remark 2.2.17. When k = 2 we recover the Euler derivation from [29].

Remark 2.2.18. When we take two Loo-morphisms of Lo [1]-algebras V — fow-%.u
the morphisms induced on spectral sequences

E(V,W; f) £ E(V,U; g f) &= E(W,U3 )
preserve the Euler differential operators. Indeed we have

(ge}) (@) = g(ef(2))

(Feh)(a) = eb(f()
— (F@ + =) 9r(@)
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Proposition 2.2.19. Let f: (V,0,q2,...) -=» (W,0,r9,...) be an Loo-morphism of
minimal Leo[1]-algebras and k > 2. Denote by ¢* the representative of the Euler
differential operator el} in Z(V,W; f)%’*1 given, under corestriction, by

o" = (0,¢,0,0,...) € [ Homy (V& W)

>0

where the map ¢§: V — W is given by
Shiz) = (4 75) fi@)

for every homogeneous x € V. Then the differential dlel} is represented, under
corestriction, by

6 = (0,0,00%, ... 8,08, .. )

where for any n > 1 we have

((5n¢]f)(1131,,$n) = (1131—1— -t Tp + kl) Tn (f11>®n($1,...,[13n)

k

for every homogeneous x1,...,x, € V.

Proof. Let ¢ = 3 ,,q, and r = >, r,. Since V and W are minimal we have
E(V,W; f)o = E(V,W; f)1 and the Euler class of degree k is represented by the

element (0,¢%,0,...) € Z(V,W; f)1""'. We have 8,¢* = (r gbk k@) |yon =1 gbk

&* @, and we can write

Q/b;(vl®"'®vn) = Z 6(0) (ﬁk(va’(l))@fll(va@)) ®f1( Vo (n) )

ceS(1,n—1)

= > ew(%m+h:)f@mﬂ0~®ﬁmm)

ceS(1,n—1)

(6nd) (01 @ ... © vy) = <1+...+vn+ kﬁl) rn(FL(01) @ ... © fl(wn))

1
_ (qn(m@@vn)—i-k_l) fllqn(m@@vn)

— (ot ) @) 00 )
(

1
1+vl+...vn+k__1> flan(v1®...0u,).
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Remark 2.2.20. Using proposition [2.2.19]it’s easy to see that a version of the Leibniz
rule holds

k
el}qk(vl, RRIRIES Zrk(fllvl, .. .,el}vi, o flog)
=1

Corollary 2.2.21. Let k > 2 and let f: (V,0,...,0,qk,...) ——» (W,0,...,0,7r,...)
be an Loo-morphism of minimal Lo [1]-algebras of multiplicity > k. Then Lemma

by [2.2. 14 we have e’Jﬁ € E(V,W; f)i_, and a representative of the Euler differential
operator e’} in Z(V,W; f)i_, is given by

(;Sk = (07 ¢If7 07 O, . ) E H HOm%{fi(VQi’ W)

i>0
where the map qb’f: V — W is given by
1
k _
P1(z) = (l‘ + l<:—1> fi(z)
for every homogeneous x € V. Moreover the differential dk_lel} s given by

5% = (0,...,040%, Opp1dt,...),

where for any n we have

n—k .,  n—k I\on
k—lflq”_k:—lrn(fl) .

Moreover we have dk,le’} =0¢e€ E(V,W, f)ﬁ—l'

Proof. When ¢, = r, = 0 for every m < k the condition fQ = r F' implies the
identity fi g, = sn (f§)©". Using Proposition [2.2.19| we conclude. O

Corollary 2.2.22. Let V be a minimal Lo [1]-algebra, then for every k > 2 we have

6,161} =

k _n—k
[Qnae ]NR* E—1 qn -
Proof. Using Proposition [2.2.19 when V = W, ¢ = r, f = Idy we obtain the
statement. O

Definition 2.2.23. Let f: V — W be an L,-morphisms between two Lu[1]-
algebras of multiplicity > k. Then by Lemma wehavedy = ... =dp_2 =0
and E(V,W; f)}_; =2 E(V,W; f)} = Homi (H*(V'), H*(W)). Moreover by Corollary
2.2.21| we have dk_le’;é = 0. Therefore we define the Fuler class of degree k of f as
the class el} e BE(V,W; f )11571 of the Euler differential operator of degree k of f.

Remark 2.2.24. If V is an Ly[1]-algebra of multiplicity > k then it’s Euler class
of degree k defines an invariant under weak equivalences. This is a consequence of
Theorem together with the invariance of Euler differential operators.

Remark 2.2.25. The reader must be careful. The definition of the Euler differential
operator (of degree k) may suggest that the Euler classes have simple representatives
in [[;> Hom]%{i(VQi, W). This is true when V and W are minimal, as we prove
in proposition 2.2.19] In the general case finding a suitable representative ¢ =
(0,01, ¢2,...) € [;>0 Hom%{i(V@i, W) of e’; in Z(V,W; f)/,lg’:l1 may not be easy, and
with respect to proposition the higher maps ¢9, ¢3, ... may be thought as
non-trivial correction terms obtained by imposing doe’} =...= dk_gel} = 0.
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2.2.3 A Criterion for Formality of Higher Degrees

Proposition 2.2.26 (Manetti [29], Lemma 6.1). Let k > 2 and let V be a formal
Loo[1]-algebra of degree k. Then the Chevalley-FEilenberg spectral sequence E(V,V)
degenerates at page Ej,.

Lemma 2.2.27. Let V be an Loo[1]-algebra and let k > 2. If in E(V,V) we have
dref =0 for every 1 <r <k —1 then V has multiplicity > k.

Proof. We can assume V to be minimal by replacing V' with its minimal model. By

induction on 1 < r < k — 1 we prove that if die" = ... =d,_1€* = 0 then we have
g2 = ... = q, = 0. Therefore it’s sufficient to assume that g0 =... =¢,_1 = 0 and
dr_1e* = 0. By Lemma [2.2.14| we have d; = ... = d,_s, therefore E(V, V)P

Homj (V®P V) and we have a commutative diagram

BV, V)L, — " BV,

- :

Hom(V, V) — V2 Homz (ver, v) |

If d,_1eF = 0 then it must be [¢.,e*]yr = 0. Using Proposition [2.2.22| we have
qr = 0. O

Lemma 2.2.28. Let k> 2 and leti >k > 1. If (V,0,...,0,qx,0,...,0,¢, ¢it+1,---)
is a minimal Lo [1]-algebra such that gj = 0 for every k < j < i then we have

1. gk, ¢s]NR = 0;
2. dp(e¥)=0€ E(V, V)17 for every k <r <i—1;

3. If di1(e¥) = 0 € E(V,V)o!'[" = E(V, V);C’l*i, then there exists some «a €
Hom{ (VO =F+1 V) such that ¢; = [qx, o] NR-

Proof. The first claim is due to the equation satisfied by Lo [1]-structures on V:

1
lak: ailvr = 5 > [ga@lnr = 0.
atb=k+i
The differential d: FPCE(V,V)* — FPCE(V,V)* commutes with the map
[T Homy (v, vy etteteedIvm, TT Homs (1@ ) € T Homi (VEI, V).
jzp Jjzpt+k—1 jzp
Therefore, since dy = ... = di_2 = 0 by lemma we have
¥ € Homy (V,V) = E(V,V)] = E(V,V);_;.

Since [ge, ¥y = 0, we have d(ek) € FICE(V,V)* € FI*\CE(V,V)" for every
j <i. Then d(e*) € ZJJ.H’_j for every j < i, therefore d,(e¥) =0 € E(V, V) tL—
forevery k—1<r<i—1.



2.2 Formality of Higher Degrees 57

If di1(eF) = 0 € E(V,V);'7" = E(V, V)"~ it must be d(e¥) € 25" +dZ,”
then [q;, e*|vr + [gis1, ¥ lNp + ... € foé’_l + de;gz. Therefore we can write
[gi, " INR + [gir1, € INp+ ... = ¢ +da =0+ g+ ¢i + Gip1 + ..., alNg
for some ¢ € Zfi}l_z and @ = Y} iso0; € ZZ?;;Q. Projecting this identity on
Homj (V®% V) we obtain
(i — k)¢ = [¢i,€"|vR = [h, Qimk+1]NR-
Then the map ﬁai_kﬂ is the required element. O

Theorem 2.2.29. Let k > 2 and let V = (V,0,...,0,qk, @k+1,--.) be a minimal
Loo[1]-algebra of multiplicity > k. The following conditions are equivalent:

1. There exists an Los-isomorphism
f: (V)O)°"707qk707"‘) -2 (‘/707"‘707qk)qk+15"') )

2. The Chevalley-Filenberg spectral sequence E(V,V') degenerates at E(V,V )y,
i.e. d. =0 for everyr > k;

3. In the Chevalley-Eilenberg spectral sequence E(V,V) we have dye* = 0 for
every r > k.

Proof. == . It’s a consequence of Proposition = . It’s
trivial. = . If ¢; = 0 for every ¢ > k there is nothing to prove. Otherwise
let ¢ > k be the smallest integer such that ¢; # 0. Using lemma [2.2.28 we can
write ¢; = [qr, @] yr for some o € Homj (VO =F+1 ). Using o we can transfer the
structure of V' on a new Loo[1]-algebra with trivial i-th differential. Let Q = 37~ q;-
Define

R=cQc = FQ = Q +3.Q) + L. [@.Qll + ..

This defines a new coderivation R € Coder! (S¢V,S¢V) (note that the sum is finite
over every element of S¢ V| and Coder* (S V, S V) is closed under graded commutator
[—, —]) which satisfies

1. R? = (e‘aQea)2 = em2Q% =,
2. R(1) = el-1Q(1) = 0.
Therefore if r = p, R and ¢ = py @ we have

r= e[a’*h‘”"‘(q) =q+ o, gnp+ .. =@+ g+ o, q] ..
=qc + (¢ — @k &INR) + - = & (modHHom]k(VQj,V)) :
J>i

We then have r = g + riy1 + 142 + ..., therefore R is an Ly[1] structure on V'
which makes the map

e (V’Ow"aOanaOa’ri+1v’ri+27---) -2 (MO,---,O,QI@,O,H~,0,q1‘,~--)
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an Lso-isomorphism. Since e is the identity on V7 for every j < i — k + 1 we can
use induction on ¢ and compose infinitely many times these exponential maps to
produce an L,,-isomorphism

f:(V,0,...,0,q,0,...) --> (V,0,...,0, gk, Gk+1,--.) = V.
O

Corollary 2.2.30. Let k > 2 and let V' be an Ly[1]-algebra of multiplicity k. The
following conditions are equivalent:

1. V is formal of degree k;
2. The Chevalley-Eilenberg spectral sequence E(V,V') degenerates at page Ey;

3. In the Chevalley-Eilenberg spectral sequence E(V,V) we have d.e* = 0 for
every r > k.

Proof. Use Theorem [2.2.29| replacing V with its minimal model. O

Theorem 2.2.31. Let k > 2 and let L be a differential graded Lie algebra of
multiplicity > k. The following conditions are equivalent:

1. L is formal of degree k;
2. The Chevalley-FEilenberg spectral sequence E(L, L) degenerates at page Ej;

3. In the Chevalley-FEilenberg spectral sequence E(L,L) we have d.e® =0 for
every r > k where ey, is the class in E(L, L),lg’0 of the map

ek'v»—>(2_k+v>v
' k-1 ’

for every v € H*(L).

Proof. This is the result of applying the décalage functor to Corollary [2.2.30| when
V has g = 0 for every k > 2. O
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Chapter 3

The Baker-Campbell-Hausdorft
Product

Given a nilpotent Lie algebra g, together with two elements z,y € g, their Baker-
Campbell-Hausdorff product is the element BCH (x,y) € Ug defined by

BCH(J,‘,y) = 1Og(em ’ ey) )

where - is the associative product in U g and log(—) and e~ are defined as the usual
formal power series. In the work [I0], given two non commuting operators X, Y, the
authors write BCH (X,Y') as a Lie series, i.e. a series of iterated brackets, in terms
of a basis of the free Lie algebra on X and Y. This chapter is inspired by their work:
we will deduce the same series for BCH following a different algebraic approach,
and at the same time provide a faster algorithm to compute it’s coefficients.

In order to write a Lie series for BCH we’ll be working in the Lie algebra of Lie
series on two symbols x and y. This Lie algebra is generated by the series in terms of
a basis of the free Lie algebra on x and y, that we denote with Lie(x,y). As proved
in [33], and mentioned in [10], the Lie algebra of Lie series in  and y is embedded
in the Lie algebra on 73, which is induced by the commutator of the pre-Lie product
A\ The pre-Lie product « is defined in terms of grafting (cf. as

TAS= Y T/,S

veV(T)

for each colored rooted trees T',.S. Each element a € 7, can be written as a formal
series in terms of colored rooted trees a = Y, ar T with coefficients ar € K. For any
such series a we the generating function of a is the map f defined by the following
identity

T
a:zT:aTT:zT:f(T)ma

where o(T) is the symmetry factor of T, i.e. the number of automorphisms of 7" (as
a rooted tree) which preserve it’s color. Under this normalization we will write

T
7 =20
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We depict the generators of 7, with the symbols eq,... e, meaning that e; is
the rooted tree determined by a single vertex with color i. When n = 2 we will
prefer to write e instead of e; and o instead of e3. The space of Lie series in
two non-commuting elements z,y considered by Casas and Murua can be thought
as the space of Lie series generated by e and o (where we use the Lie bracket
induced by the commutator with respect to \»), and for this reason from now on
instead of considering te elements x and y we will use e and o. We consider a
ficticious unit element on 7, which we depict with (, i.e. an element () which satisfies
D~z =x~0)=xfor any z € T,.

By introducing the notions of pre-Lie exponential and pre-Lie logarithm it’s
possible to recover the Baker-Campbell-Hausdorff product using the pre-Lie structure
on T,. The pre-Lie exponential in Ty, is the map e~ — 0: 7, — T, defined by the
formal series

1 1
e@—@zZﬁxnnzzﬁ(...(xmm)m...)mx.

n>1"" n>1""

n

The pre-Lie exponential defines a bijection, therefore it’s possible to invert it. The
formal inverse of e - — ) is the pre-Lie logarithm log ~ O + —. It’s possible to prove that
the Baker-Campbell-Hausdorff product can be recovered via the pre-Lie logarithm
in the following way

Theorem 3.0.1 (Dotsenko, Shadrin, Vallette [14], Section 4, Theorem 2). In the
free complete right pre-Lie algebra To we have

BCH(.7 o) = logf\ (6;\ © 63\) 5

In Section we write BC'H(e,0) as a series in terms of colored rooted trees.

We do this by writing BCH (e, 0) as a series ?, where for any colored rooted tree
T the coefficient ((7T') is obtained by evaluating a particular linear functional on
a polynomial ¢(T") which is computed recursively. As shown in [33], when a series
in 7, is a Lie series, such as BCH (eq,...,e,), it’s possible to rewrite it in terms
of any fixed Hall basis of the free Lie algebra Lie(ey,...,e,). In Section the
computation will be carried out using the Lyndon basis, which appears to be be
particularly efficient and prone to improvements in the case of two generators. The
algorithm we found is new and turns out to be very fast. Just to get an idea we
implemented the algorithm as a Python script and the time taken to compute the
coefficients of BCH up to order 20 is around 2-3 minutes on an Intel i5-4300U CPU.

Remark 3.0.2. Throughout all this chapter we will make extensive use of the notions
and notations introduced in especially in [I.4.8] and [1.4.21]

3.0.1 The Umbral Approach

Using computational techniques from umbral calculus we can write BC'H (e,0) in
terms of the combinatorics of rooted trees. First we denote by By the k-th Bernoulli
number (following the convention B; = —1/2) and by D the differentiation d/dt then
it’s possible to show (see |B|for a detailed discussion) that, if (ED%|—>: Talt] = Tn
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is the linear operator defined by setting

<€D_1‘_>:Zle ’t:07

k>0

where we denote with By the k-th Bernoulli number (and follow the convention
B; = —1/2), we have

Theorem 3.0.3 (B.2). If Q € T,[t] is the solution of the Cauchy problem

{Q'an (=1Q)

(3.1)
QO)=er©...0e2 -0,

then BCH(eq,...,0,) =log, (2 ®...0¢€%") = <%]Q).

Therefore the problem we address in this chapter is to find a solution for the
Cauchy problem Throughout all this chapter we will stick to the notations
adopted for pre-Lie algebras in Since throughout all this chapter we will always
refer to the Cauchy problem we fix here some related notation that we want to
keep

e We will denote with ¢ the map that generates the solution @ of the Cauchy
problem [3.1] by the identity

Q=Y QM) T=gT)—— =7,
T T a(T)

where the sum ranges over all the colored rooted trees T' with colors from 1 to
n.

+ We will denote with ¢ the map obtained by applying the functional ( 2 71=)
to g, i.e.

D
T) = T)) .
(1) = (g | am)
By this notation we will have BCH (e,0) = ? =>7¢(T) %

e« We will call ? € Tn[t] the element defined by setting

. t—1
ATy = [ a5 ds = 3 aT)(r)
7=0

eD —1

which turns out to be even more useful than ¢ when we want to compute ((7),
since we have ((T') = q(T)'(0).

We will need the following definition of Bernoulli coefficient for rooted trees. This
notion is introduced in [5] and is used to compute explicitely the pre-Lie logarithm
in 7 (see B| for a more detailed treatment).

Definition 3.0.4. For any rooted tree 7' we denote by (1) € K[t] the polynomial
defined recursively by setting
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2. ({.fT}) = Ztr_:lo (7) = fg eDD_1 (7) ds;

-----

3. ({.|T1 Tk}) = ({-Igﬂ}) Tt ({.|tTk})-

And we call the Bernoulli coefficient of T the scalar Br € K obtained by evaluating
the functional (—*—|—) on (}), i.e.

o= (210

First, in order to solve the Cauchy problem [3.I we give a tree-combinatoric
description of the initial data Q(0) = €% © ... @ e®» — .

Proposition 3.0.5. Let n > 1 and let x| be the characteristic function of non-
decreasing colored rooted trees with n colors (cf. |1.4.21). Then we have

4
LA e, __ Xn(T) T

e ®...0etn _®+XT: T o)

Proof. We give a proof by induction on n. For n = 1 this is a classical result, and

can be recovered from [5], where the the authors prove the identity

~n n! T
=2 T\ o(T)

T,|T|=n

Let n > 1, then using associativity we have e®! ©...©@e% = (21 ©...@e ") @esr.
Let ¢(T) = XILA(T)/T! and Y(T') = xn(T)/T!. By using the 1nduct1ve hypotesis
and Proposition [3.0.§ we have

.. 0 =0+)00+T)=0+dr.

Denoting with 7)y_; the maximal colored rooted subtree of T" with colors from 1 to
n — 1 we have

(0*)(T) = D ¢(X X)

XCT

T*, (T—T;fl)!_ T’

and this concludes the proof. O

Using the proof of Proposition we can write e?! ® ... ® et — ) as the
series generated by the function x/ /(—)!. Applying a very general method from
umbral calculus in pre-Lie algebras (Proposition applied to p(T') = (;), f(r) =
xM(T)/T! and Proposition we obtain a solution for the Cauchy problem
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Theorem 3.0.6. Let (Q = 7 € Talt] be solution of the Cauchy problem- Then
we have
q - T ! 9
(ICrcE(T) ~ 7
. C(T%) yryey
Oty = > H5tm,
BT T/7!

where E(T) is the set of edges of T, D(T) is the set of decreasing edges of T, T,
is the forest obtained from T by removing the edges in T, and the quotient T /T is

obtained from T by collapsing into a single vertex those vertices of T which belong
to the same connected component in Ty (cf. .

Remark 3.0.7. The explicit solution we obtain for ¢ from Theorem has the
drawback to be quite hard to compute when the tree T is large. For example in the
worst case, when the tree T' is non-decreasing, the number of subsets 7 C E(T) is
2711 which is exponential in the size of the argument.

There is a combinatorial way to prove Theorem which we present in the
next proposition

Proposition 3.0.8. Given ?, 7 € Thlt] we have

D@+ =0+ Dol (3.2
(=07 (ez ez ez . (3.3)

Proof. These identities appear in [14]. Using Proposition [1.4.34| and Proposition
[L.4.48 we have

O+ Floel =0+ oM+ (e —0)=0+f*h,

where
1
MT) = (1)
TC§(T) (T/r)?
and we have
XCT
1
T) + @;é;ng(X) TQE%:—X) mg((T — X)T)
* " |T/7_/|
T)+ (1) —T
lQZE:(T) ) (T/T )

where the last identity is obtained by taking 7" C E(T') to be that subset such that
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7 C 7 and T} = X. On the other hand, by using [1.4.38, we have

DO+ F) =m0 (0) + o =9(F)
=+ Y ()

k>0

=0+ Uyt~ 0+ o (- (P

k>0 "

1

k>0

where

op(T)= > Ord(T/7) f(T})g(T> = T;) .

TCE(T),|7T|=k

Therefore we have

1 T/7] o .
h(T) + —or(T) =h(T) + ) g(T, =T~
1)+ D oD =MD+ 3 iy (9T~ 15)
= (f=h)(T),
and the claim is proved. O

Remark 3.0.9. By the previous proposition we have () + z) ® e%, = e(="f) for every
z, f,g € Tn. Therefore for every z, f, g € T, we have

(0-+2)© el ©el, = (9 el =) (g) = P00 ().

Since 7T, is a right pre-Lie algebra we have [— ~ g, — « f] = — < [f, g], which
implies BCH(— g, — < f) = — < [f, g]. This fact allows to write

(®+$) @ (65\ @eg\) = (®+x) @QE\CH(JC,Q) ,

which implies BOH(f, g) = log ~(ef, ® e2.).

3.1 A Recursive Solution for BCH

For any colored rooted tree T' we denote with p the color of pr (the root of T', cf.

1.4.8)). Using Theorem we can give an explicit expression for g({eq|T'}). It’s
easy to see that

({oaTh= % ({LT'/;;! 4 ({.;;/!T})) :

D(T)CrCE(T)

since every partition D({e,|T}) C 7 C E({e,|T}) can be obtained by chosing a
partition D(T) C 7/ C E(T) and eventually the edge between the root of T' and the
root of {e,|T}. We can go further and find a recursive expression of g({e,|T'}) in
terms of ¢(T"). We discuss separately the three possible cases: a < p,a=p,a > p.
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o When a < p any partition D({e,|T'}) C 7 C E({e,|T'}) contains the edge
between the root of T" and the root of {e,|T"} because it’s descending. Therefore
the previous expression becomes

D(T)CrCE(T)

o (T;’T) =1 (T>T) . =t
o= Y () g+ Y )
T A=0 T =0

o When a = p the edge between the root of T and the root of {e,|T"} is not
descending. Therefore we have

™y — (Tl;q-) = (T>7)
o= 3 N\ ipdn t e 1

D(T)CrCE(T) A=0

t t—1
= / 3 (;/T') ol do + 3" ¢(T)(7)
T =0

D(T)CrCE(T)

o When o > p the edge between the root of 7" and the root of {e,|T} is
descending. Therefore we have

t t—1
afealThH = Y W:qum.

D(T)CTCE(T) T =0

Following the previous computation it makes sense, in order to make statements
more readable, to introduce two new polynomials in the variables s and t.

Definition 3.1.1. For any colored rooted tree T' we define two polynomials ¢(T"), g(T) €
K[s, t] by setting

(T?T) |T*$|
a(T)(s,t) = T 5T
D(T)CTCE(T) ~ T

q(T)(s,t) = q(T)(s,t) + q(T)(¢) -

Remark 3.1.2. As a first consequence observe that

{q(R)(O, t)=0, {@(R)(O, t) = q(R)(0,t) + q(R)(t) = q(R)(t) ,
q(R)(1,t) = q(R)(?) q(R)(1,t) = q(R)(1,1) + q(R)(t) = q(R)(t + 1) .

We can now give a recursive expression for the general case. The proof follows
the same idea of what we have done so far.

Theorem 3.1.3. For any colored rooted tree T" we have

e IfT =e, then
9(T)(s,t) = s,
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o IfT = {e,|T1,...,T}} let p be the color of the root of T and p; the color of
the root of T;, then

«T)s.t) = [ (H aT)(0.1) - [] a0 1] cm(l,t)) do .
pi=p

pi<p pi>p

Proof. Any partition D(T) C 7 C E(T) is given by a unique choice of partitions
D(Ty) € C E(Ty),...,D(Tx) C 1, C E(T) and a unique choice of edges for any
I C{i,p; > p}. Therefore

(1)2) pet .
aD)(s= Y LESTL r=ULmUTU{ip < s}
X

T1yeeoyThod

Then using this notation we can write 7'/7 as the merging product (as defined in
1.4.9)

T/r = [[{e|Ti/7} - [[{e|Ti/7} - [ Ti/7:

pi<p el 11

t t t t
<T/T> -1 ({-m/n}> 1 ({.m/n}) 1 (w) |
Moreover

k
=1+ Y mEt, T = [T
i¢L.pj=p i=1
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Replacing these identities in the expression for ¢(T')(¢, s) we get

q(T)(s,t) =

oy

TlyeensThyd

\c*

t t t

_ Z Hpi<p ({O\Ti/n‘}) ’ Hie] ({.|TZ—/7-Z-}) : ngl (Tj/‘rj) S|T:$|

T T T

t t

_ Z H {.‘T /7'1 ) . H ({.sz/Tz}) ) H (Tj/Tj) ) S

TlynsThod PI<P Tt i€l in! jel Tjrj! T

t t

. {-\T /T,L ({.|T7,/T7,}) (T'/T')
-y qpledhqplenal g )

T1yeee,Theod Pi<P z ’ el ETi. jg[,pj>p T7T]"

s (T/T)
. /T
/0 | H T, | odo

T1yeeesThsl

|7

J€lLpi=p i
= ][ a@)(0.%)
pi<p
/ 2 (Hq [I amas- ]I q(ﬂ)(a,t)) do
el iZ1,pi>p igl,pi=p
= [T ax Ot/znq 0.0 -TT& = T am
pPi<p I el il pi<p

t—1
(Z q(T3)(1,7) + fi) ,
=0

pi>p
where
(= {q(Ti)(l,t) pi>p
q(Ti)(o,t), pi=p
Therefore
o)) = [T a0 - [ T] aaan- ] ar
Pz‘<p pPi>p pi=p

/ (H a(T)(0,t) - IT aTi(o.t)- [] fY(Ti)(l,t)> do

pi<p pi=p pi>p

Corollary 3.1.4. For any colored rooted tree T' we have

o
(1) (s,0) = ST 71

Proof. By induction on T it must be ¢(7T)(s, ()) = ar s for some ar and Ar
to be determined. Since ¢(7)(1,0) = ar = X ( ) the only thing left to prove is
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Ar = |T?|. This can be proved inductively. Assume T = {e,|T1,...,T;} for some
colored rooted trees 11, ..., T;. The variable s appears only from the contribution
of [511,,=,3(Ti)(o,t)do, therefore we can assume p = p; = ... = pp. Assume
q(T;)(s,0) = a; s*. Then by substitution inside the integral we have Ay = 1 +
Sk \i, which is satisfied by setting \; = ]T}| and \ = |TY). O

Proposition 3.1.5. For any colored rooted tree T' we have

S\Xﬂ
(M= Y a0,
0AXCTT
migd S
AT (s.1) = ar-vim = 3 298 x).
ycrt ! xXcr? ’

Proof. To prove the first identity, by definition we have

t
ien= y
D(T)CrCE(T) ~7°
o t
_ oy 5 (aer=x).3)
! (T —X),!

0AXCTT X! D(T-X)CTCE(T-X)

In the previous expression T'— X is a forest, therefore we can write T'— X =17 ... T},
T=7U...UT for some D(T;) C 7; C E(T;). Therefore we can finally write

| x|
«T)(st)= 3 2 > H {'\T/ﬂ
0#£XCT? Do Dl
! k
0£XCTT ! Ty Tk =1 A=1 Tiz,!
S|X$| k ~ 5|Xi| R
= Y S lamw= Y —ar-x0:
Q)#XQTT 1=1 @#XQTT
. . XM
Q1) (5:8) = (D)(s,t) + AT = > - a(T = X)(1).-
XCTt )

Next, applying the first identity, observe that

Z B|X\(8) q(T/X)(t) —_ Z B|X\‘(S) Z (?(T/X — Y)(t)

! !
xXcrt X XCT? T AYC(T/X)T !
- B|X\ > AT -Y)(t)
! Y/ X!
xcr? xXcycrt
Bix(s)

=2 2wy i -0

YCTt XCv?
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In order to conclude the proof we show that

Bix|(s) s

Z . 1 |
S XLY/XT Y

. D_q
Equivalently we can apply the operator <5

and prove that

! s
Z s X - eD — 1 sIY7 - +1 iaWI'da
X!-Y/X!_ D y! s Y! '
XCcy?

We can make a further simplification by observing that it’s not restrictive to
prove the identity for monochromatic trees. We now want to prove for any rooted
tree Y that

VIl (s YL g

& X Y/X! Y[ +1

This is an easy consequence of the Binomial Theorem for trees (Proposition

1.4.19)), because

Z Y sl Z y! sl 1
& XUY/XL T S XU (Y = X)L Y= X[+ 1
Yy 1
> < >S|X/ SV I-IX] g
XCY X 0

[ @ X1 X 4

0 xcvy
(s + )Y+ _ glYI+1

1
= Yl do =
/0(s+0) o e

3.2 Deploying Lyndon Basis

Theorem gives a recursive way to compute BC H as a series in terms of colored
rooted trees. Each colored rooted tree appearing in that series can be written in a
unique way as a nesting of braces operations in the pre-Lie algebra 7. Since braces
operations rely on the pre-Lie structure on 7, the series we have at this point is not
suitable when we want to consider 7, only as a Lie algebra. However there is an
easy way to recover a Lie series for BCH from the expression we have at this point.
The method we show here is due to Murua [33] and is used in [I0] as well. We point
out here that the Lie algebra structure we work on is slightly different from the
one used by the authors in [I0]. Indeed Casas and Murua consider the Lie algebra
structure g defined on the vector space of maps a: {bicolored rooted trees} — R,
where the bracket is given, according to the notation we use in [Bf by

e, BUT) = Y o(T)) BT —T7) = BIY) (T~ T7) .

ecE(T)
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In this work we consider the Lie algebra structure on 75 induced by the pre-Lie
product v as defined in [I.4, More explicitely if we consider the two formal series

d =Y7a(T)T/o(T) and § = X7 B(T)T/o(T) in T the commutator associated

to v is given by
@, 3= [0 6]

where the bracket [—, —| on the rhs is the one in g. For this reason the map g — 72
which sends « to @ is an isomorphism of Lie algebras, and this fact makes possible
to easily adapt the results from [10].

The notions we present here may be found in Sections 4.1, 4.2, 5.1 of [35] by
Reutenauer. Let A be an alphabet, we will denote by A* the free monoid on A and
by M(A) the free magma on A. M(A) may be identified with the set of binary,
complete, planar, rooted trees with leaves labelled by elements of A. Equivalently,
trees may be identified with well-formed expressions over A, which are recursively
defined by the following: each element of A is a well-formed expression; if ¢, t”
are well-formed expressions, then ¢ = (¢',t") is a well-formed expression, which is
identified with the tree obtained by taking a new root, with immediate left subtree
t' and immediate right subtree t”. The binary operation of M(A) is the mapping
M(A) x M(A) — M(A) defined by sending (¢, ") — ¢.

Definition 3.2.1. Let H be a set and < a fixed total order on H. We say that the
data (H, <) is a Hall set in M(A) (Hall set of trees) if

1. AC H;
2. Ift = (', t"Ye H\ Athent" € H and t < t";
3. Ift = (¢,t") € M(A)\ A then t € H if and only if

(a) t,t" € H and t' < ",
(b) either ' € A or ¢/ = (x,y) with t” < y.

Definition 3.2.2. Consider the map f: M(A) — A* given by setting
o f(a)=a for every a € A,
o f(t)=f() f(t") for every t = (¢',t") € M(A) \ A.

We call foliage of t € M(A) the image f(t) € A*. Given a Hall set of trees H C M (A)
we call Hall word the foliage of any Hall tree in H.

Proposition 3.2.3. Let H be a Hall set of trees in M(A). Then any Hall word
w is the foliage of a unique Hall tree t € H. Moreover each w € A* has a unique
factorization

w=f(t1) f(t2) - f(tn) ,
witht; € H andt1 >ty > ... > t,.
Definition 3.2.4. A Hall set in A* (Hall set of words) is the image under f of a Hall

set in M (A). If w is a Hall word consider the corresponding Hall tree t = (¢/,¢”). The
standard factorization of w is the splitting w = u|v where u = f(¢') and v = f(¢").
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Definition 3.2.5. Given a finite, ordered alphabet A a word w € A* is a Lyndon
word if it’s smaller (according to the lexicographic order) than any of its non-trivial
proper right factors. We will denote the set of Lyndon words on {1 <2 < ... <n}
with the symbol £,,.

Theorem 3.2.6 (Reutenauer, Theorem 5.1 from [35]). Lyndon words define a Hall
set. The standard factorization of a word w € A* of length |w| > 2 is given by
w = ulv, where v is the non-trivial proper Lyndon subword of w of mazimal length.
In such a splitting the subword u is a Lyndon word.

Remark 3.2.7. From this point on we will always be working with the ordered
alphabet A = {1 <2 < ... < n}. Therefore we will only consider Hall sets of words
on {1 <2 < ... < n}, as this is non restrictive for the general case and handy with
our notations.

Remark 3.2.8. For any fixed k the Lyndon words up to length k can be generated by
a fast algorithm by Duval ([I5]), which runs in linear time and space. The algorithm
starts with the word w = 1 and at each iteration yields the next word using the
following three steps

1. Append on the right end of w the characters from w itself until a wordz of
length k is formed. For example consider the case of A = {1 < 2} and k = 8.
If we start with the word 112 we obtain

112 — . = 11211211 ;

2. Remove the rightmost character of x as long as it’s 2

r = 11211211 — 2’ = 11211211 ;

3. Replace the rightmost character of 2’ by its successor

¥ = 11211211 — 2" = 11211212 .

Definition 3.2.9. Every Lyndon word w of length |w| > 2 can be split as
w = 1wy|...|wg

by applying the split given by the standard factorization and iterating on the left
factor at each step. In this setting we have wy > ... > wg. We call such a split full
factorization.

Definition 3.2.10. A Lyndon word w is primitive if the full factorization of w is
w = 1wy |ws] ... |wg ,

for some k > 2.

Theorem 3.2.11 (Casas, Murua [10], Theorem 2.1). Let & € T, be a Lie series,

and let H be a Hall set of words on an alphabet {1 <2 < ... <n}. We have

o = o(Tw)
= weZH o (T) Ly .

where for each w € H the element L,, € Lie(ey,...,e,) and the tree T,, € T, are
constructed in the following way:
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e if lw| =1 then we define Ly, = oy, and Ty, = ey

e otherwise if w € H such that |w| > 1 let w = u|v be the standard factorization
of w in H. We define Ly, = [Ly, L] and T, = T, o T,,, where o denotes the

Butcher’s product (cf. .

When we consider, in the previous theorem, the Baker-Campbell-Hausdorff
product, we can immediately write the following result

Corollary 3.2.12. For any Hall set H of words on the alphabet {1 <2 < ... <n}
we have
D L
BCH(e1,...,05) = Y <D ‘ q(Tw)(l,t)> _
o \eP =1 o(Ty)
where for each w € H the element L,, € Lie(eq,...,e,) and the tree T, € T, are
constructed in the following way:

e if lw| =1 then we define Ly, = &y, and Ty, = &y

e otherwise if w € ‘H such that |w| > 1 let w = (u,v) be the standard factorization
of w in H. We define Ly, = [Ly, Ly] and T,, = T, o T,,, where o denotes the

Butcher’s product (cf. .

Example 3.2.13. For example we report here a table of L., T\, 0(Ty,), ¢(T) for the
first eight Lyndon words w € Ly (ordered first by length and then lexicographically
inside each length class)

w Ly, Ty | o(Tw) q(Tw)(t)
1 . 1 1
2 o 1
1)2 [e, ] : t11
O
112 | Jefec] | & | 1 124y ]
122 | [[e,0],0] || 2 24241
‘
12 o fofool) | $ | 1 [2eaieititn
O\ /O
1122 | ool | § | 2 | deafiTesd
122|2 | [[[8,0],0],0] | ¥°| 6 B 3t243t+1

3.2.1 Improvements

In this subsection we refine the recursive solution using symmetric properties arising
from from the Baker-Campbell-Hausdorff product.
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Remark 3.2.14. First observe that ) is the unit element with respect to the circle
product ®. Then we have (e%,)~! = e-*. This is a consequence of a combinatorial
identity. Indeed the element €%, is the series generated by f, where f(T') = % and

e? is generated by g where ¢g(7T') = (_;)!m. Therefore

e
e oe =0+ fxg.
The map f * g is trivial, because for every rooted tree T" we have

1 (—=1)T=XI
(f*g)(T)= > X'((T)—X)'

XCT

1 T _
= 3 (X> (-l =p.

XCT
Now we observe that
BCH(—o,—e) __ _—o —eo _ [ @ o\—1 _ —BCH{(e,
em ( )—60 @60—(6ﬂ@6ﬂ) —60 ( )7

which implies BCH(—o,—e) = —BCH (e, 0). More in general when we consider the
Lie algebra structure on 7, we have

BCH(—e,,...,—e1) = —BCH(ey,...,e,).

Definition 3.2.15. Let —*: 7,, — 7,, be the unique pre-Lie morphism which sends
each generator e; to e, ;1. We call —> the color inversion morphism.

Proposition 3.2.16 (Color Inversion Formula). For any colored rooted tree T' we
have

¢1%) = ()T
Q™) (1) = (=DM AT () .

Proof. Let V: T, — T, be the unique pre-Lie morphism which sends e; in —e,_; 1.
It’s easy to see that ¥ extends to trees as

(T = ()"

Using this notation, and the fact that BCH commutes with pre-Lie morphisms, we
can write
—BCH(eq,...,8,) = BCH(—e,,...,—e])
= BCH(V(e1),...,Y(e,)) =V (BCH(ey,...,e,)) .

Expanding this identity we obtain

T (=i 1) -y L

— T)—— = T)———r = -1 T) — .

S0 Sy = T gy = S

Therefore by comparing both sides we obtain ¢(T%) = (—1)T1=1¢(T). Now using
Theorem B.0.6] we can claim
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()T )
T/7!

TCE(T)

= oty ST e = Mg

O]

We can now put together Theorem and Corollary [3.2.12| and state the main
result of this chapter. This solution is obtained by applying the recursive solution
given in to the Lyndon basis of Lie(ey,...,e,) C 7p,.

Theorem 3.2.17. Let n > 1 and let L_: L,, — Lie(ey,...,0,), h: L, — K]s,1],
o: L, = K be the maps defined recursively in the following way:

o if lw| =1 let L, = o,. We set h(w)(s,t) = s and o(w) = 1;

e otherwise if w € Ly, such that |w| > 1 let w = ulv be the standard factorization
of win L,. We set L, = [Ly, L] and Ty, = T, o Ty, where o denotes the

Butcher’s product (cf. . Then if

w=alwy|...|wy]...Jwg|...|wg

Ji Jk
is the full factorization of w in Ly, with wy > ... > wy let p; be the leftmost
character of the subword w;. Then we set

hwmwzﬂ<imwaﬂ>ATIGmwm+imwmﬂ>wn
7=0

pi>a \1=0 pi=a

and
o(w)=j1! ... jplo(wy) ... o(wy) .

Then we have
D
BCH(ey,...,0,) = Y (—1)lvl=1 <

D _
wELnp ¢

Proof. Using Proposition [3.2.16] we have

L C(TY)
BCH(Ol,,,,’.n) — (71)|’lﬂ| 1 w Lw ’
wén o(T3)
and since h(w) is defined as q(TuZ,) and o(w) = U(TE;) we can conclude. ]

It apperas convenient to rewrite the previous theorem in simpler terms when
n=2.
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Corollary 3.2.18. Let L_: Lo — Lie(e,0), h: Lo — K]s,t], 0: Lo — K be the
maps defined recursively in the following way:

e if lw| =1 let L, = e,. We set h(w)(s,t) = s and o(w) = 1;

e otherwise if w € Lo such that |w| > 1 let w = u|v be the standard factorization
of win Ly. We set Ly, = [Ly, Ly and T, = T, o T,,, where o denotes the

Butcher’s product (cf. . Then if

w=112|...12|wy|...|wi|...[wg|...|wg
——

J Ji Jk

is the full factorization of w in Lo with 2 > wy > ... > wy we set

s k t—1 Ji
h(w)(s,t) =t/ / H (h(wi)(a, t)+ Z h(wi)(1,7)> do

0 i=1 =0
and
o(w)=jlqy! ... jlo(w) ... o(wg) .
Then we have
BCH(s,0)= Y (—1)lI! <6DD_ 1 ’h(w)(l,t)> OL(Z)

weLo

As shown in the table below the polynomials h(Ty,) have nicer properties and
are much simpler than those in table [3.2.13

w Ly, Tw | o(Tw) | h(Ty)(t)
1 . 1 1
2 o 1
12 | [s9] ‘ t
1
1]12 e, [e, 0] ® 1 %tZ
1212 | [[e,0],0] | | 2 12
:
1112 | [, [e, [e,0]]] | & 1 §t°
O\ /O
1122 | [o,[[o,0],0]] | ¢ 2 |33+ ¢t
122]2 | [[[e,0],0)0] | | 6 t*

Definition 3.2.19. Let L C 7, be the linear subspace defined by
L={deTh|alToS)+a(SoT)=0VYT,S+#ey,...,0,}.

Proposition 3.2.20. The subspace L is a Lie subalgebra of T,.
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Proof. Let o ? € L. Then we have [@, ﬁ] =lo,8] =af-Ba, Where for any

two linear maps f,g: T, — K we denote with fg the linear map f,g: T, — K
defined for any colored rooted tree 1" by
= > fTHyT-TF).
ecE(T)
Therefore for any T, S # e1,..., e, we have
(fo)ToS)y= > fIroS)g(T~T))+ Y f(To8)g(S~5)+f(T)g(S5),
ecE(T) leE(S)

which implies via substitution

(fO)ToS)+(fo)SoT)= D (f(IZoS)+f(SoT})g(T~1I7)

ecE(T)

+ Z F(ToS))+ f(Sf oT)) g(S — )
leE(T

+ f(T ) (S) + f(S) g(T) .
Therefore we have the identity
(aB)(ToS)+ (af)(SeT)=aT)B(S) +a(S) B(T) ,

which then implies

[, B](T 0 S) + [, B](SoT) = 0.

Corollary 3.2.21 (Sliding Formula). We have Lie(eq, ..., e,) C L, therefore
((ToS)+¢(SeT)=0,

for any colored rooted tree S, T # e1,..., 0.

Proof. Using Proposition|3.2.20|and the fact that L contains the generators SETERL
we can clain that Lie(eq,...,e,) C L. Therefore we have BCH (e1,...,0,)= ( € L,
which is equivalent to the identity

((ToS)+¢(5eT)=0,

for any colored rooted tree S,T # e1,...,e,. O

3.2.2 Further Improvements

Proposition 3.2.22. Let T be a colored rooted tree in To with leaves colored as e,
then

e if pr = ® we have
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e otherwise if pr = o we have

~
~—
I

) =aq(T)(s,t +1),
a(T)(=t) = (=) (1)) -

Proof. We give a proof by induction on |T'|. If 7' = e then immediately g(e)(s,t)
s = q(o)(s,t). For any colored rooted tree T with |T'| > 1 we have ¢(T)(0,t + 1) =
q(T)(1,t), and we can say that

o if pr = e then

o150 = [ ) H JTE)(0,t) T[ aTZ)(0,t) do
i= pi=0

—/Hq )(0,t+1) Hq o,t)do

pi=1 pi=1

/Hq )(1,1) Hq = q(T)(s,1) ;

I
—
—
~—
=
)
—
S
~—
—
~—
(=
=
@
=
®

moreover from Proposition we have q(T%)(t)
fore
A1) (—t) = ()T GT>)(t) = ()T @qT)(t) -

e if p7 = o then

q(T%)(s,t) / l_IqTE o,t) H@(Tf)(l,t)da

pi=1 p;=0

—/ Hq )(o,t+1) Hc?(Tj)(O,IH—1)da:q(T)(s,t—|—1).
p;=0

From the definition of g(7")(t), using Proposition |3.2.16| we have

g(T)(t) = q(T)(t +1) — g(T)(t)
= q(T%) = @(T)(t) = (=1 GT)(~t) = qT)(¢) .
Then ¢(T)(~t) = (=) GT)(t) = AT)(~t) = (-1)"1~" ¢(T)(t).
O

Corollary 3.2.23. Let T be a bicolored rooted tree of even order, with pr = o and
leaves colored as o. Then we have

Morover

1. if T* corresponds to a primitive Lyndon word then ((T) = 0,
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2. if T* corresponds to a non-primitive Lyndon word there exists a unique j > 0
and a unique primitive T with root o and leaves o such that

T ={ol{ol...{o|T"}...}} .
h‘,_/
J
In this case we have
j—k
1L c({of.. {o|T"}..})
(T =—3 > ! '

k=1

Proof. We have q(T)(t) = >-%_o qx t* for some n > 0. Therefore

N "~ Biq1(t) — Big1(0)
TY(t) =
a(T)(t) g::oqk P

Since ((T) is the coefficient of degree 1 in ¢ we are only interested in those k = 0,...,n
which give a contribution to degree 1. Using Proposition when |T'| is even the
polynomial ¢(7)(t) is odd, therefore we can restrict the sum to odd values of k. The
only odd k such that Byy1(t) — Bi4+1(0) has a term of degree 1 is k = 1, and this
implies

1 1
T)=—-q = —=q(T)0).
(1) = a4 =~ a(T)(0)
If we take a colored rooted tree S € T such that S* corresponds to a primitive
Lyndon word we can write S = {o|Si,...,Sk} € Tz for some k > 2 and some
S1,...,8, € Ta. Therefore, using Theorem [3.1.3] we can write

1 k
g(8)(t) = q({o]S1,. .., Sk}) = /O [[ao.t)do,
=1

where for each i we have ¢;(s,t) € {q(S:)(0,t),q(S:)(s,t),q(S;)(1,t)}. For any
possible choice we can write

1
a(8Y0) = [ 3 0i(e.0) [ ai(.0)
0 i

Using Corollary since xT(S;) = 0 for every i, we have ¢;(S;)(s,0) = 0 for every
s, and this implies ¢;(o,0) = 0 for every j # i. Since k > 2 the set {j|j # ¢} is
non-empty for every choice of i, therefore ¢(S)'(0) = 0. Moreover, using Corollary
m since xT(S) = 0, we have ¢(5)(t) € O(?).

Therefore let T' € T3 with |T'| even, non-increasing, with root o and leaves o. We
can claim that

1. if T* corresponds to a primitive Lyndon word then ¢(T') = —1 ¢(T))/(0) = 0;

2. if T* corresponds to a non-primitive Lyndon word w the full factorization
of w has the form w = 1|w;. If wy is primitive we stop, otherwise the full
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factorization of wy has the form w; = 1|we, and this implies w = 1|1|ws.
Repeating the procedure we obtain a full factorization

w=11]...]1 |,
~~
J

where w' is primitive. The full factorization of w corresponds to write T" as a

nesting -
T = {ol{o]...{o|T"}..}} = © .

\W_/
] (@)

for a unique j > 0 and a unique primitive 7’ such that T"> corresponds to the
Lyndon word w’. Using we can write

=y, TN

which implies
Oy (T - X)
aryo) = > S
0£XCT?

If J is the colored rooted subtree of T' defined by taking the first j vertices

J=A{o]...{o]o}...},
hl/—/
J
then any colored rooted subtree X C T such that J C X can be split uniquely
as X = J U X’ where X' is colored rooted subtree §) # X’ C (T’)'. Then in
the previous summation the term ¢(7' — X)(t) for such an X coincides with
q(T" — X')(t). Since 0 # X' the root of T" is contained in X', which implies
that 7" — X' is a forest of k > 2 connected components. Therefore g(7" — X’)
is the product of k > 2 polynomials in O(t). Therefore for any such X we have

q(T - X)(t) = q(T' = X') € O(t?) .

When we compute ((7T") we just look at the degree 1 term of g(T), therefore in

the previous summation we can skip all those X such that J C X, therefore
j—k

J /

Z {0 7'}...})

k=1

3.2.3 A Sketched Out Algorithm

Finally we sketch out the algorithm we impemented. To compute the coefficients of
BCH(e,o0)
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. Generate all the Lyndon words of lenght up to n and store them in a table. We

use the Duval algorithm and then sort first by length and then lexicographically
inside each length class;

. Run through each Lyndon word and compute the full factorization

J Ji Jk

——
w=112]...12|wi]...|Jwi|...|wg|...|wg

and store it;

. Run through each Lyndon word w, compute the symmetry factor o(w) and

j g Jk
then store it. If w =1|2|...|2 w1|...|w1]|...|wg]|...|wr we have
o(w) =7 ... jelo(w)? ... o(wg) ;

. Run through each Lyndon word w of length up to the biggest odd integer < n

and compute recursively the polynomial h(w)

s k t—1 Ji
h(w)(s,t) =t /0 H <(h(w,~)(0, t) + Z h(w;)(1, 7')) do .
i=1 =0

)

using the previously computed values for h(w;)’s;

. Run through each Lyndon word w of length up to the biggest odd integer < n,

and compute ((w) applying the functional <%\—>

¢w) = (5 | hw)1.0)

. When n is even we run through each Lyndon word of length n and compute

the coefficient ((w) using Corollary [3.2.23| there exists a unique j > 0 and a
unique primitive Lyndon word w’ such that
w=1]...[1|w .

M
J

Therefore, using Corollary [3.2.23| and Proposition [3.2.16| we can write
C(w) = (=)= ¢(w™)

j—k
i~ 5
L I C(2...2w'7)
= (1) 2; k!

j—k
i(_l)kﬂg(l 1w

!
= k!

k

N | =

zj:(n’f“ ¢A.. Tw)
Ko

NN

k=1
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Appendix A

Formality - A Few Worked Out
Examples

A.1 Morse Lemma as Intrinsic Formality

Given a smooth manifold X, p € X, and a smooth germ f in p we say that p is
a critical point for f is d,f = 0. We say that p is non-degenerate is the Hessian
Dg f defines a non-degenerate scalar product on 7,X. A well-known theorem in
differential geometry, which goes by the name of Morse Lemma ([32]) states that
in a sufficiently small neighbourhood of p we can opportunely change coordinates
and write f as a purely quadratic map in the new coordinates. The statement of
the Morse Lemma suggests some kind of formality result. Let H be the differential
graded Lie algebra
H:..»0—-H - H>>0—...

where
o dimg(H') =n < oo, dimg(H?)=1;

o [-,—]: H x H' — H? is non-degenerate as a symmetric bilinear form.

)

Definition A.1.1. A graded Lie algebra H is intrinsically formal if every differential
graded Lie algebra L such that H = H*(L) is formal.

A well-known criterion to prove the intrinsical formality can be found in [22] [24]
29).

Theorem A.1.2 (Manetti, [29], Theorem 3.4). Let L be a differential graded algebra
such that E(L, L)g’%p =0 for every p > 3. Then L is intrinsically formal.

Morse Lemma suggest an interpretation in terms of intrinsic formality by the
following interpretation: we can think a germ in p as an Ly.-algebra and a change
of charts as an Lyo-isomorphism. The map f, having trivial order-1 term, may be
interpreted as a minimal L,-algebra. The Morse lemma states that any germ trivial
in p can be rewritten as a purely quadratic map, which under this interpretation
may be seen as formal L,.-algebra. This way to think the Morse Lemma suggests
that the differential graded algebra H, defined by

H'=T,X, H’=K, [-,-]=D)f,
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is intrinsically formal.

Proposition A.1.3. The differential graded algebra H is intrinsically formal.

Proof. Proving E(H, H)2* ™" = 0 for every p > 3 is equivalent to say that
ker(d: EP*7P — EPTLETPY —qm(5: EPTMEP) D p >3,

and since § = 0 we have Ef'? = EF'" = Hom} (H"?, H). Observe that if we take any
¢ € EP*7P we have

(5¢)($1; ‘e ,a;p+1) = Zi[¢($1, N ,@, NN 7$p+1)7$i]

+Z:t(b(xly'"7@7"‘7@7"‘7xp+17[xiv'rj])7
1<j

therefore, since z1 A Axpy1 > p+ 1, we have (6¢)(x1,...,2p41) > 3 and this
implies §¢ = 0. For this reason we want to show that d: Homy P(H"?, H) —
Hom]?{_p (H"P, H) is surjective. Moreover we can obsere by comparing degrees that
if ¢ € Hom%{p(H/\p,H) and 1 ®...Oxp, > p then ¢(z1 ® ... ®z,) = 0. For
this reason we have Homg P(H"P, H) = Homg; P((H')"?, H?). Since the symmetric
bilinear product [—, —] is non-degenerate, for any linear map a: H! — H? = K
there exists some @ € H! such that o = [a,—]. Let ¢ € Hom]?{_p(H/\p,H) =
Hom, *((H')"?, H?), we define ¢: NP1 H' — Homg(H', H?) = H' by setting
b(vr, ... ,p—1)(vp) = G(v1,...,vp). Under the identification Homg (H!, H?) = H!

we have

o~

[d(v1,. .. vp—1),0p] = P(v1,...,0p)

for every vi,...,v, € H 1. Moreover we have

-~

(00)(v1,...,vp) =

bl y ) y
[p(v1,. .., 0sy ..., 0p), V4]

M=

(2

Il
—

P
= Z(ﬁ(vla"',{)\iv"' 7vp7/U’i)
i=1
:p¢(v17"'7vp) )
for every homogeneous vy, ...,v, € H'. Then we have 5;5 = p ¢ and therefore § is
surjective. O

A.2 An Example of Formality of Higher Degrees

This section is addressed to provide an example of a formal differential graded Lie
algebra of multiplicity n + 1 for every integer n > 2. For every integer n > 2 let
L, = (Lp,d,[—,—]) the differential graded Lie algebra defined in the following way.

e The graded vector space L,, is concentrated in degrees 1 and 2 as

LY = (uy, .. un) L2 = {(h1, .. ho);
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« the differential d is defined by imposing the identities
du1:0, dui:hi,l ’i>1;

o the bracket [—, —] is defined by the identities

hi:[ul,ui], [ui,uj]:O i,j>1.

We will prove that L, is a formal differential graded Lie algebra of degree n + 1
using the criterion provided by Theorem [2.2.30] i.e. by finding a representative of
the Euler class of degree n + 1 of L, and showing explicitely that the differential of
the spectral sequence E(L,, L,) degenerates on e"! € E(L,, Ln)ﬁl-

Proposition A.2.1. For every integer n > 2 the DGLA L, is formal of degree

n—+ 1.

Remark A.2.2. The element h,, € L is related to the n-th Lie-Massey product defined
by Retakh in [36] [37]. For instance, it’s easy to see that when n = 2 the class of hy
in % is exactly the triple Lie-Massey product [u1,ui,u;]. Triple Lie-Massey
products provide an obstruction to formality which is well known in literature.

Moreover the DGLA L3 gives an example of non-formal DGLA where all triple
Lie-Massey product vanish. Indeed, according to the main result of this section, L3
is formal of degree 4, hence non formal. The cohomology of L3 is concentrated in
degrees 1 and 2, generated by u; and hg, and the triple Lie-Massey products in L3
are given by

o [u1,ui,u;] = 0. We have [u1,u1] = hy = dug, therefore a representative for
[u1,u1,u1] is given by the cohomology class of [u1,us] = hg, but since hy = dus
this element is trivial in cohomology;

o [u1,u1,hs] =0,ui, hs, hg] = 0, [hs, hs, hs] = 0. This is because in each of these
three cases a representative in cohomology must have degree > 3, and H* = 0
for every i > 3.

Remark A.2.3. We can easily show that for any A € Art the Maurer-Cartan equation
in L,, ® my is homogeneous of degree n + 1. Accordingly to Proposition this
condition is expected when a DGLA is formal of degree n + 1. Let A € Art and let
&=>" 1 x;u; be a degree-1 element in L ® my. We can write

n—1 n
A=) miprhi, [§&=a7hi+2) ziaihi.
i=1 i—2

Therefore the Maurer-Cartan equation for £ becomes

1.2 _

§$1+ﬂf2 —O,

;i +x1xi—1 =0, fori=3,...,n,
1 Tn =0.

Therefore, by setting x = 1 we can write the set of Maurer-Cartan elements as

2t = 0} .

1> . .
MCL(A) = {5 =xu; + 5 ;(*1)2—"_11‘1 Ui € Ll @ ma
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Remark A.2.4. When f: L — M is a morphism of DG-Lie algebras we can give a
more explicit expression for the Chevalley-Eilenberg differential CE(L, M; f) [29] as
d = [déc + décd, —| yr where the differential 5: CE(L, M )P4 — CE(L, M)P¢+1 is
defined by
p -5 JE— [
00)(z1,...,zp) =d(d(21,...,2p)) — Z(—1)¢+m1+"'+xi—1 d(x1, ..., dzg, ..., xp)
i=1

where we identify every element of CE(L, M)P* with a p-linear graded skewsymmet-
ric map L®” — M (and as usual L"\? = K, CE(L, M)%* = M), and the differential
0 is defined as:

1. for every m € M we have (dm)(z) = (—1)" [m, x];

2. for every ¢ € Homg (L, M) we have
(66)(x,9) = (=1)*" ([6(@),9] = (=177 [B(y), ] — é([,9]) ) :

3. for p > 2 and ¢ € Homj (L"P~%, M) we have:

(6@) (1, ..., xp) = (_1)E+p71 ( Z x(o) w(‘ra(l)? AR xa(pfl))v xo(p)]

ceS(p—1,1)

- Z X(P)P(@p(1)s - > Tp(p—2), [xp(pl)’xp(p)])> :
pES(p—2,2)
The total differential d on FPCE(L, M)* =[], Homj (L"*, M) is given by
P
—_—— _ —
do = (0, -0, 5¢pv 5¢p+l + 5¢p’ 5¢p+2 + 5¢p+la .- )
——

for any ¢ = (0,...,0, ¢p, ops1,...) € FPCE(L, M)*. Therefore, in order to evaluate
dy on any element x € E(L, M )ﬁ, we just need to take some representative ¢ =
(0,¢1,02,...) € Z(L, M)}, C [lj>, Homg (L, M) of the class x € E(L, M)}, and
compute the class in F(L, M )g““ of the element

D

o _
dp = (0,...,0,5¢p, 0¢ps1 + Obp, 0pr2 + 6, - -.).

If we want to study the Euler class e® € E(L, L)LY we just need to take any
cocycle ¢ representing e, i.e. any element

¢ =(0,¢1,02,...,0n,...) € | [ Homy *(L"*, L)

k>0

such that the “cocycle condition” for d,_1

0¢1 =0
6k +00ki1 =0, k<n
is satisfied, and that induces the Euler derivation x (T + i;_’f) x on H*(L). Note

that the cocycle condition is the requirement for ¢ to be an element of Z(L, M)}.



A.2 An Example of Formality of Higher Degrees 85

Lemma A.2.5. For every integer n > 2 and every m let ¢ = (0, ¢1", 5", ...) €
[Ti>o0 Homl (LN, L) the element defined by setting

ﬁul T = U1
7" () = { shn @ =hy
0 otherwise ,
and for 1 <k <n by
mkiluk rT=ul N...\Nup
k—1)! .
o () = (m—l)ui‘Hf_lk ' r=uiAN...\Nui1ANu;, l<i<n—Fk+2
(m—k—l—l)(m__ll)'hn r=up A... Nup Ahp_gi1
0 otherwise ,

and @7 =0 for every k > n. Then we have 6¢7* = 0 and gqﬁ};ﬂrl + 097" =0 for every
1 <k <n. Moreover we have

m—1

m—-n—1 (n 1!h _
(5¢ﬁ)(w)—{2 n T=ulN...\Nu

0 otherwise .

Proof. Tt’s immediate to see that §¢* = 0 and that ¢7* works as the Euler class of
degree m on the cohomology of L, therefore we just need to prove that ¢ € Z(L, L)},
ie.

dpy1 +0dr =0
for every 1 < k < n. The proof is tedious but straightforward. First we assume for
1<k

apUg rT=u N...\Nup
men JOkUitk—1 T=ur Ao AU Ay, 1<i<n—k+2
ok (2) = ceh T =u; N Aui Ah

ki =up /... 1 n—k+1

0 otherwise

for some coeflicients ag, bi, ci. to be determined. We require the initial conditions

1 m

a; = 61:0, Cc1 =

m—1’ m—1

which make possible to extend the definition for £ = 1. In order to find a solution
we impose the identity B
0ty +0¢%" =0
for every 1 < k < n. Therefore we obtain the equations
o (0971 + 007" (u1, ..., u1) =0, which becomes
0= dppi1(ut,...,ur) + (d¢x)(u1,. .., u1)
= ajy1 hy — ((/‘? + 1) [pr(ur, ... ur), ur] —

= ap1 e — (b +1) ag by ,

k(k+1)

2 ¢k(u1a"-7ulahl))

therefore ap11 = (k + 1)ag;
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o (0071 + 607 (ur, ..., ur,u;) = 0 for 1 < i < n—k+ 2. We consider two
different cases:

1. if 1 < i < n—k+1 the equation (¢, + 6¢)") (u1,...,ur,u;) = 0
becomes
0 = dopri1(ut,. .. ur,u;) + (0dk)(ur, .., ur, u;)
— bk:-f—l h’i-‘rk}—l - ([¢k(u17 L 7“1)5 ul] + k [d)k’(ula . 7u17ui)7u1])
= bpg1 Pivr—1 — ag [ug, w;] — kb [wiyr—1,u1] ,

which gives byy1 = kbg for £ > 1, and by = a1 +b; = ml—l’
2. If i = n—k + 1 the equation (3¢?+1 + 0 ) (w1, ... U1, Up—k+1) = 0
becomes
0= _¢k+1 (U'l: <o, U, hn—(k+1)+1)
- k gbk:(ul, ..., ur, hn—k+1)
+ k[fr(ut, oy ur, Un—gg1), wa]
= —kcghy, + kb hy,
which gives cxy1 = —k(bg — ¢x) for k > 1, and ¢ = ¢; — b1 — ay;
o It’s easy to see that the equation (3¢?+1 +0o7") (21, ... Tp1) = 0 is trivial
for different choices of x = x1 A ... Axy with ; € {u1,...,up, h1,..., hy}. We

restrict to study the following cases
lL.Lz=wuiAN...ANuu Au;fori=n—k+2,...,n;
2. c=u A...\Nug Ah; fori #n—k;
3. x=x1 N... \Nxp_2 ANu; AN uj for some 4,5 > 1;
4. :B:xl/\.../\.%'k_Q/\hi/\hj.
It’s completely straightforward to see that in all these cases we have both
(0054 1)(x) = 0 and (6¢;")(z) = 0.
Finally we end up with the system of recursive equations
Ap+1 = (k + 1) ag
bry1 = kb
cp+1 = —k (b, — cx)

for k > 1, with initial conditions given by

2 1
- - by = ——— =1
az m—1 ) 2 m—1 ) C2
The solution we obtain is

ag = mkil
—1)\!

b = (=1

ck:(m—k—i—l)%.

for every k£ > 1, and this concludes the proof. O
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Corollary A.2.6. For every n > 2 we have die™ ™ =0 for every k > 1, therefore

Ly, is formal of degree n + 1.
Proof. The Euler class of degree n + 1 of L, is an element e"*! € E(L,, Ln)}l’ol
which is represented by the element ¢"*! € Z(L,, Ln)}l’ﬂl as defined in Lemma

Moreover we have
. 5(}521% + 5¢Z+1 =0 for every 1 < k < n;

o By substituting m = n + 1 in Lemma we obtain §¢" ! = 0, therefore
S An+1 n+l _ 0.
5¢n+1 + 5¢n - 07

e For every k > n we have gbZ“ = 0, therefore &Z)ZI% + 5¢Z+1 = 0 for every
k> n.

O]
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Appendix B

Umbral Calculus in Pre-Lie
Algebras

In this section we borrow a very general method from [5] to find the inverse of
d-power series in any complete right pre-Lie algebra (L, <1). Consider a fixed formal
power series
Cl k
£t = Y % ¥ e i)
k>0

such that ¢y = 0,¢; # 0 (this is called a §-power series). Since ¢ is invertible, the
power series f(t)/t has an inverse given by

R

Consider now any complete right pre-Lie algebra (L, <1). Using f, for any x € L we
can define the series f4(x) € (L, <) as

f<](:r:):Z%ka:Z%(...(xQx)...)Qx.

k>0 k>0 Y

The general problem we want to address in this section is the following: for any
y € L find some x € L such that f4(x) = y.

Remark B.0.1. Although operationally impractical it’s useful to show that such a
solution can always be found directly. We can rewrite the equation fq(z) =y as

y=fala) = Fa™

k>1
_ Ck+1 <k+1
%:O(kﬂ)!x
. Ck41 koo f(=<x)
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Now we can find an iterative solution of by starting with = = agy + 0o(2) and
replacing at each order the expression obtained at the previous step

x = agy + o(2) = apy + ar1ap(y < y) + o(3)

= agy + arao(y < y) + ajao(y < (y <)) + %ag((y Qy)<y)+od)=....
(B.2)

B.1 The Universal Case

By the universality of 7 there exists a unique morphism of complete right pre-
Lie algebras W: 7 — L such that WU(e) = y. Therefore each of the right pre-Lie
monomial of order k appearing in is the image under W of a linear combination
of trees in 7 (k). Therefore, without loss of generality, the equation f4(x) =y can
be solved in the free complete right pre-Lie algebra T, where it becomes f~(x) = o.

Definition B.1.1. The complete right pre-Lie algebra of polynomial rooted trees is
the vector space T[t] = T ® K[t] together with the pre-Lie product « obtained as
the scalar extension of the pre-Lie product on 7.

The iterative method always works but it’s practically infeasible, so the idea
from [5] is to look at the equation

and require that the scalar (— ~ z)¥(e) is the coefficient of degree k of a polynomial
P € T|t]. Under this assumption the recursive equation becomes

z = (g(D)|P),

where D: T[t] — T is the derivation operator obtained extending differentiation
in K[t] to Tt], and g(D) is the operator obtained as a formal power series in D.
The notation (g(D)|P) denotes the scalar obtained by applying ¢g(D) to P and then
evaluating at ¢ = 0. In order to come up with the umbral equation z = (g(D)|P),
under our assumptions, we can write P*)(0) = (— ~ z)¥(e). Then by Taylor
expansion we obtain

P:Z(f\k'!z)k(.)tk

k>0

Nz=Pa~z.

— A 2)e(e 1 — A 2)e (e
PE%;(_M%k:§< o)

Equivalently, in a more compact form, P is the solution of the Cauchy problem

{Pzpn@www B3

P0)=e.
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Proposition B.1.2. Let P = ? be a solution of the Cauchy problem . Then
for any rooted tree T we have

pMBP@ = S 0T/ T~ TP, k=1,
TCE(T),|T|=k

Moreover we have

DB = 2 ‘Zl/—:!lc(Tr—T:)Xo(T:)tlTl,

TCE(T)

7l +1 A \
C(T) = C(Tr — T xo(T ) ayy -
TQ%(T) T/T' "

Proof. Usi% the equation from the Cauchy problem IB_3| We have F =7 A~

therefore p*) = (— ~ ?)k(?) Using corollary |1.4.38 we can prove the identity
for p(T)*). Then using the Taylor expansion for p(T') we obtain the identity for
p(T). [

The solution we obtain for the Cauchy problem [B.3] can be described recursively
in different terms

Proposition B.1.3 (Bandiera, Schaetz [5], Theorem 2.13). Let P = 7 be a solution
of the Cauchy problem[B.3. Then p can be defined recursively by

p(e)=1;
p({e|T1,...,Tx}) = p({e|T1}) ... p({®|Tk}) ;

m&mmwzébwmam&

Proof. This is Theorem 2.13 in [5], which is proved using the coproduct on 7 defined
as the transpose of . Alternatively using lemma [T.4.36] for v~ we can come up with
a more direct proof. By we have

> (T -T2 p(T7)

ecE(T)

therefore, by induction on the size of the argument, we can write

P} (t) = C(T)p(e) + D (T —T7)p({e|T})

ecE(T)
Twlg%f@—ﬂn([mDmam@)
/ (g: T -Tp *)) ds

n+4@w»mmnw.
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By the Cauchy problem

Then we have D p({s|T}) = g(D) Dp(T) = D g(D) p(T).
= 0 for every rooted tree 7.

we have p({e|T'})'(0) = ¢((T') and p({e|T'})(0)

Therefore integrating twice we obtain

p({eiThO = [ (D) p(T) ds

Let T'= {e|T},...,T}}. Using Proposition we observe that every 7 C E(T)
which gives a non trivial contribution to p(7T') contains every edge departing from
the root of T'. Therefore every such 7 is determined by a unique choice of 7, ..., 7%
where 7; C FE(T;), and we can write

p({e|T,.... Tk}) =

[T+ |+ E+1 o[+
= C T»L_ i *
Z {O‘Tl/Tl,...,Tk/Tk}! 1:[ :

T1y-3Tk
= (Tir, — AR e ] =p(Ty) ... p(Ty) ,
71;7% Tl/Tl! ’ Tk/Tk (H ” ( ) ( )
and the claim is proved. O

B.1.1 The Pre-Lie Logarithm

Definition B.1.4. Let (L, <) be a complete right pre-Lie algebra. The pre-Lie
exponential in L is the map

eq—1:L—1L
defined by the formal series
ex_l_le@_Zi( (x<x)<d...)<zx
5 = . = (o .
n>1 n>1

Remark B.1.5. The pre-Lie exponential defines a bijection, as it is defined via a
d-series.

Definition B.1.6. Let (L, <0) be a complete right pre-Lie algebra. The pre-Lie
logarithm in L is the formal inverse of the pre-Lie exponential in L, i.e. the map

log,(1+—): L =L

defined recursively by setting

y=logo(1+a) = IV () = 3 PGy
n>0

Remark B.1.7. Let (L, <) be a complete right pre-Lie algebra. If we consider a
ficticious unit element 1 in L (i.e. 1<z =2z = 2 <1 for every x € L) we define
e, =1+ (e% —1) and log(x) = log(1 + (z — 1)) for every x € L.
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Applying the previous technique to the series f(¢) = e —1 we can find an explicit
formula for the pre-Lie logarithm in 7 by finding a solution P for the Cauchy

problem
P> (B.4)
P0)=e.

Following Proposition the authors of [5] define the generalized binomial coeffi-
cients p(T) = (%) as the generating function of the solution of the Cauchy problem
Obsering that [, ED% f(r)dr = Y124 f(1) we can give the following definition

P'=Pa~ <6DD_1

Definition B.1.8. Given a rooted tree T' the generalized binomial coefficient (}) €
K[t] is the polynomial defined recursively by:

)1
(i) =3 (7)
(omtm) = () (o)

The Bernoulli coefficient of T is the scalar By = (%K%))

M |

Proposition B.1.9 (Bandiera, Schaetz [5] Section 2.3). The pre-Lie logarithm of
0+ e in T is given by

B.2 The Colored Case

Fix now some element ? € T and consider the substitution map Ws: T[t] — Tyt]
as the unique morphism of complete right pre-Lie algebras 7 [t] — 7,[t] such that
Us(e) = f. If P is the solution of the Cauchy problem

Q = V4(P) € Ty[t] is the solution of the Cauchy problem

{Q’ Q ~ (g(D)Q)
Q) =7

We give here two different ways to write a solution. The first one is obtained
from the solution of the universal Cauchy problem deploying Lemma

Proposition B.2.1. Let Q = ? be a solution of the Cauchy problem . Then
for any rooted tree T we have

we can claim that

(B.5)

Z f T/T)a

TCE(T)

= > f(T)T/7).

TCE(T)
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Corollary B.2.2. For any ? € To[t] the pre-Lie logarithm of () + 7 is given by
7 T
log/\ (0 =+ ) = Z Z f(TT) BT/T ﬁ .
T +CE(T) g

A second solution can be recovered by the differential equation in and the
proof is similar to Proposition

Proposition B.2.3. Let Q = ¢ be a solution of the Cauchy problem . Then
for any colored rooted tree T we have

d(DBE = S 0T (T T (T . k=1
TCE(T),|r|=k

Moreover we have

+ 1 k * T

(= Y @Y,Wﬂ—ﬂﬁﬁ)'
TCE(T

|7 +1 -
o(T) = (T, — T2) F(T2) apy
Tc%%T) T/m :
Corollary B.2.4. For any ? € Tplt] the pre-Lie logarithm of O + 7 s given by
!T\ +1, *y £ (H T
log . (0 + Ty =T f(TF) Biy| — =~ -

It turns out that many times instead of working directly with the generating
function ¢ of @ it’s easier to work with an integral modification of ¢, which we denote

ﬁ
with ¢ by the following definition: for any 7 € Tolt] let f € T,[t] be defined by

ﬂﬂ@:é}wn@m&

With this in mind the coefficient ((T') is exactly the coefficient of degree 1 of g(7T')
(1) = {(9() [a)(0)

= (028 |y

= (o] [[s>umv)-aryo.

Proposition B.2.5. Let Q) = ? be a solution of the Cauchy problem . Then
for any colored rooted tree T we have
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Proof. Using Proposition observe that for every k > 2 we have

o (k) k k—1
ar)™o) _ <D a(T)> = <g(D)‘Dk! q(T)>

k! k!
1 /7|l .
T C(T )C(Tfr _T‘r)
! TQE(T%:ﬂk—l T/T
((T7)
Z T/m! "

TCB(T) 7|=k—1

The claim follows applying Taylor expansion. O

Example B.2.6 (Corollas). As a further application we can compute the poly-
nomials g associated to some important families of trees. Consider the trees
R, € 75, T, € T defined by

n n
= =

Q-+-0 o---0
Ro= N/ » Th=\/ -
L [ ]
Using Proposition and Proposition we can write

aRn)= > fRopR/D= > fEM (R, ) p(T)

IC{1,...,n} 1C{1,...,;n}
¥ (Z) F(0)* F(Rn_1) p(Tk) ;
k=0
k t k
p(Tk):p({"&/_/D p({sle})" (/ 9(D ) - (/0 g(D)ldT>
k

When ¢(D) = % and f(—) = X(Tfi) we obtain ¢(R,) = (t +1)". The same
formula holds if we replace the coloring of R,, with any (strictly) increasing coloring.
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Appendix C

An L,-Structure on Cochains
on the Interval

A slight modification in the definition of the gauge action for L..-algebras (originally
defined by Getzler in [I7]) allows us to compute explicitely, given an L.-algebra L,
the curvature on the Lo-algebra of (non-degenerate) cochains on the interval I (the
1-simplex) with values in L.

In the category of L..-algebras gauge equivalence is replaced by the wider
notion of homotopy equivalence, which coincides with gauge equivalence when we
restrict to differential graded Lie algebras. In the context of differential graded Lie
algebras working with the gauge action is actually more convenient than dealing
with homotopy equivalence, since we have an explicit description of the action and
because the composition law is a well known expression which goes by the name
of Baker-Campbell-Hausdorff formula. In this section we follow the construction
made by Getzler to define a gauge action on L..-algebras but we give an explicit
description in terms of a different family of trees.

Definition C.0.1. Let L = (L,§,{—,—},...) be an Ly[1]-algebra. The curvature
of an element z € LY is
R(x) = Z

n>0

! {z,...,z}.

n

The Maurer-Cartan equation is R(z) = 0. A Maurer-Cartan element of L is any
x € LY such that R(x) = 0. The set of Maurer-Cartan elements of L is denoted with
MC(L).

Definition C.0.2. Given an L[1]-algebra L = (L,d,{—,—},{—,—,—},...) and a
Maurer-Cartan element x € MC(L) the twisting of L along x is the L [1]-algebra
given by L, = (L, 0z, {—, —}z,{—, — —}&,...) where
1
{z1,.. . xR} = %m{x,...,x,ml,...,xk} )

n

Definition C.0.3. The (commutative) DG-algebra of polynomial differential forms
on I is the DG-algebra

d

K[t,dt] = --- 0 K] K[t]dt —> 0 — - --



98 C. An L_-Structure on Cochains on the Interval

concentrated in degrees 0 and 1, with differential given by df = fdt.

Definition C.0.4. Given an Lo [1]-algebra L = (L,0,{—,—},{—,—,—},...) on K
the Loo[1]-algebra of the differential forms on the affine line with values in L is
the space Q(I; L) = L[t,dt] = K[t,dt] ® L whith the structure induced by scalar
extension.

Definition C.0.5. The DG-vector space C(I; L) of (non-degenerate) cochains on I
with coefficients in L is defined on degree n by C'(I; L)™ as the vector space generated
by elements , <, with x,y € L",a € L"~!. The differential on C(I; L) is given by

a —x—da
d(oy) =52)——s(y) -

We provide C(I; L) with an Lo [1] structure by applying the homotopy transfer
on a well known contraction, the Dupont’s contraction.

Definition C.0.6. The Dupont’s contraction is the following contraction of DG-
vector spaces

Cy
(I, L),d) === (C(I; L), d)

where the maps are given by

/(m + dt CL) :x(O)Mx(l) (Cl)
t 1

K(z+dta) = —/O als) dt+t/0 a(s) ds (C.2)

1pDy) =2 (1—t)+yt+dta. (C.3)

Remark C.0.7. A good reference for C(I;L) is [16]. The Lo [1]-algebra C(I; L)
appears in [17, 4] for the definition of Deligne oco-groupoid. When L is a differential
graded Lie algebra an explicit expression for the structure of C(I; L) appears in [30].

Remark C.0.8. By Formal Kuranishi Theorem we can say that Maurer-Cartan
elements in C(I; L) are in one-to-one correspondence with Maurer-Cartan elements
in Q(I; L) inside ker(K) via

MC(C(I; L)) == MC(Q(I; L)) Nker(K)
which sends an element « :wi@ to its pusforward along ¢, i.e.

1

too() = mzn(op”) .
n>0
Proposition C.0.9. Given an Ly[1]-algebra L = (L,0,{—,—},{—,—,—},...) the

Maurer-Cartan equation on Q(I; L) on an element w = z(t) + dta(t) € Q(I; L)°

reads as
{:E(t) e MC(L)
o' (t) = dppyalt)
for every t € I.
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C.1 Gauge Action for L.-Algebras

If L=(L,d,[—,—]) is a differential graded Lie algebra the standard notion of gauge
action can be recovered by looking at the Maurer-Cartan elements in (I; L). The
gauge action of a € LY on & € MC(L) can be obtained by evaluating at ¢t = 1 the
Maurer-Cartan form w = e'® x x € MC(Q(I; L)). We proceed in similar fashion
on Lo [1]-algebras. The Maurer-Cartan equation in €(I; L) can be expanded after
observing that

d(z +dta) =dtz’' + dx —dta,
{z+dta,...,x+dta} ={x,...,2} —ndt{x,...,z,a} .
——— ———

n n—1

Therefore we can claim that the MC form corresponding to , i>y is an element
w=z(t) +dta € Q(I; L)° such that x(t) € MC(L) for every t € I and such that
x(t) is the solution of the Cauchy problem

{iﬂl(t) = 0p(1)(@)
z(0)==x.

We can use Cayley’s method to obtain a formal solution to the above Cauchy
problem. More precisely, given functions

z(=): I = L°
ar(=),...,an(—): I - L

a straightforward computation shows

% ({al(t), . .,an(t)}x(t)> = {a}(£), -+, an(t)}ury + - - -
+{ar(t), -, @, () o) + {2/ (1), a1 (1), - s an(t) Yoqr)-

Applying this to the solution z(t) of the above Cauchy problem we find that

2'(t) =0
2" (t) = {2'(t), atary = {00y (@), a}uy,
a"(t) = {2’ (), 2'(t), a}oq) + {2"(t), a}ae)
{02()(a), 621y (), at oy + {{02() (), a}u(eys @ae)

thus

a),aly,

a),0z(a),ats + {{0z(a), a}s, a}s.
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Expanding x(t) in Taylor series up to order four, we found that

2
2(t) = 2 + t6,(a) + %{590(@), ate (C.4)

3
+ 5 (0(@), 84(0), b + {{84(0), a}erake) + ..

Finally, evaluating x(¢) at ¢t = 1, we find that , i>y is MC if and only if such is
z and furthermore

y=2x+ dz(a)+ %{595(@), a}ty
+ % ({0z(a),0z(a),aty + {{dz(a), a}ts,ats) + ...

We can make the previous formulas more explicit in terms of trees. We consider
(non-planar) rooted trees such that some of the leaves are marked: we depict such
trees by coloring the marked leaves in white, and all the remaining vertices in black.
We denote by 7y, both the set of isomorphism classes of trees as above (where the
isomorphisms are required to preserve the colors of the leaves) and the vector space
generated by it. Given a tree T' € T;.,, and a vertex v € V(T'), its hook lenght hl(v) is
the number of black descendants of v, including possibly v itself (if v is a white leaf,
we put by convention hl(v) = 1): we denote by T" the product T := ][,y () hl(v),
and call it the tree factorial of T.

Moreover, we denote by o(T") the number of automorphisms of 1" preserving the
colors of the leaves, and we call it the symmetry factor of T', and by |T'| the number
of black vertices of T. Finally, given a tree T as above and a € L', we define a
function

To(#,4): L° x L0 — L

as follows. Given z,y € L°, we label the white leaves of T by z and the
black leaves by y: if v is a vertex and vi,...,v; are its children, and if we have
already labeled v1,...,v; by elements z1,...,2, € LY, we label v by the element
{21,...,2zp,a} € LY. Finally, we define T,(z,y) € L to be the label of the root. More
precisely:

L % (z,y) =y, Oz, y) = 25
) (TVT% (@) = (T ., (Ti)ar a}

With the above notations, we can write the Taylor series for x(t) in the
following closed form

T

x(t) = —_
TéT T!-o(T)

T (z,da),

and in particular , i>y is MC if and only if such is x, and furthermore
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To(x,da
y = 231&00@ (C.5)

TeTrm

Definition C.1.1. Let L = (L,0,{—,—},...) be an Ly[1]-algebra. The gauge
action of L™ on MC(L) is defined by the map G: L™! x MC(L) — MC(L) given by

aGx= Z

T€Trm

T, (x,da)
T'o(T)

Remark C.1.2. We can show that the notion of gauge action for L..-algebras extends
the usual notion for differential graded Lie algebras. Indeed let L = (L, d, [—, —]) be
a differential graded Lie algebra. The gauge action of L? on MC(L) is given by

eada -1

——([a,x] — da) .

a,z) = et xx =
(’ ) ada

Consider now z € MC(L) and define the element w = e'® % x in MC(Q([; L)). Then
w = z(t) 4+ dt a where

2'(t) = [a,z(t)] — da

z(0)==x.
which is exactly equivalent to under décalage. By observing that the gauge
action e® x x is obtained by evaluating w in ¢ = 1 we can conclude. Indeed we have

1 1 _
x(t) = Z ] (adta)"(x) — Z ] (adta)" " Y(dta)
n>0 n>1
n 1 n n—
_x—i—Zt (ada)"™ )—tda—zﬁt (ada)" *(da) ,
n>1 n>2 """
Znt” ' — (ada)" da—Znt” 1_— ada)” Y(da)
n>1 n>2 !
1
= —da+ Z t”_l (ada)"(x) — Z — (adta)""!(da)
n>2 n>2 (n —1)!
adta)” adta)" !
= —da + (ada) (Z (n')(a:)) — (ada) (Z (n!)(dt a))
n>0 n>1
= [a,z(t)] — da .
Homotopy Equivalence
Definition C.1.3. Let L = (L;§,{—,—},{—, —,—},...) be an Ly[1]-algebra. Two

Maurer-Cartan elements x,y € MC(L) are “homotopy equivalent” if there exists a
“homotopy equivalence” between them, i.e. there exists some £ € MC(Q(/; L)) such
that

evo(§) =z, evi(§) =y

Proposition C.1.4. Homotopy equivalence is an equivalence relation.
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Proof. Consider three Maurer-Cartan elements z,y, z € MC(L) and two homotopy
equivalences £ € MC(Q(I; L)), n € MC(Q2(I; L)) such that evg(§) = z,evi(§) =y =
evo(n),evi(n) = z. We want to find some ¢ € MC(2(/; L)) such that evo(e) =
x,evy(€) = z. To make the proof simpler it’s not restrictive to assume instead that
evy(§) = z,evo(§) =y = evp(n),evi(n) = z.

Consider the commutative diagram of DG-algebras

K[t, s, dt, ds] —— K]t, dt]

| |

K[s, ds] K

By the universal property of fiber products there exists a surjective quasi-isomorphism
p: K[s, t,ds, dt] — K[s, ds] xg K[t, dt], which induces a strict weak equivalence

p: K[s, t,ds,dt] ® L — (K[s, ds] xg K][t,dt]) ® L
Therefore there exists an Ly,-morphism
9o (K[s,ds] xg K[t,dt]) ® L — K]s,t,ds,dt] ® L

such that pgoc = 1. The couple (£,7) is a Maurer-Cartan element in MC(L ®
(K[t, dt] xgK]s, ds])), therefore € = g0 ((£,1)) € MC(L®K]t, s, dt, s]) and, since p is a
strict morphism, the element ¢ lifts (£,7), i.e. €(s,t) = a(s,t)+[(s,t) ds+~(s,t) dt+
A(s,t)dsdt such that a(s,0) + 5(s,0)ds = n(s) and «(0,t) + ~v(0,¢)dt = £(¢).
Consider now the element €(t) = €(1 — ¢,t), obtained as the image on € under the
strict morphism

Wi L[s,t,ds,dt] — L[t,dt], (w)(t) =w(l—1,t).

This is strict Loo-morphism, therefore e € MC(L][t, dt]). Moreover we have evy(e) =
a(1,0) =n(1) = z and evy(e) = a(0,1) = £(1) = «, and this concludes the proof. [J

Proposition C.1.5. Let L be an Lo[1]-algebra and w = z(t)+dt a(t) € MC(Q(I; L)).
There exists a unique A € L™L[t] such that

A(0) =

At)Gz(0)=w, inQ;L).
Proof. The equation A(t) G (0) = w can be written as

Ta(z(0),dt A" +0A)

T§m To(T) = x(t) + dta(a) ,

and can be split into 2 parts: one for the O-form, the other one for the 1-form. We
first solve the second one. Since we are solving the part of the equation involving
the 1-form we can drop in the summation every tree which doesn’t have black leaves,
since they don’t contribute in dt. Moreover we drop every tree having more than
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one black leaf, since dt dt = 0. Let 7!, be the subset of 7, of all trees with exactly
one black leaf. We can then solve a simpler equation

-y TanGOA©)
= ‘ .
T, T!o(T)
Let A(t) = 32,50 A(Z)!(O) t"™ be the Tayloe expansion of A in ¢ = 0. By substituting
t = 0 in the previous equation we obtain A’(0) = a(0). We can compute the higher
derivatives of A in t = 0 by differtiating both sides:

40T, 0), A'(t
()= Y A= ;(lw(f;( ) A1)
TET, m lo(T)

If we consider the part of degree n of this equation we obtain a way to compute
A (0). First observe that A+ (0) appears only once in degree n due to the
contribution of the tree e 4¢;(2(0), A’(t)). Moreover, since A(t) € O(t), when T' # o
the expression T4 (2(0), A'(t)) gives a non scalar contribution, and this implies
that Ty (2(0), A’(t)) gives a contribution in terms of A'(0), A2)(0),..., AM(0)
only. Therefore the previous equation has the form

a™ (0) = A(”H)(O) + Z nested brackets in Aq,..., A, ,

which can be solved in A(™(0) for every n iteratively, and gives a solution for A.
Finally we take our solution for A obtained in this way and define y = A(t); G z(0).
By construction y is a Maurer-Cartan element in Q(7; L) and has the same 1-form
component of w. Moreover their evaluations at 0 coincide with x(0). Therefore,
since they solve the same Cauchy problem they must coincide. O

Corollary C.1.6. Let L = (L,6,{—,—},...) be an Loo[l]-algebra. Two Maurer-
Cartan elements x,y € MC(L) are homotopy equivalent if and only if are gauge
equivalent.

Proof. If z,y € MC(QI; L)) and y = a G x for some a € L~ consider the element
w=(ta) Gz € MC(QI;L)). We have evp(w) = z and evi(w) = y. Conversely if
w = x(t)+dta(t) € MC(Q(I; L)) such that evo(w) = = and ev; (w) = y by Proposition
there exists some A(t) € L71[t] such that A(0) = 0 and A(t) G # = w in
Q(I; L). Therefore we have y = evy(w) = A(1) G x, and this concludes the proof. [

Remark C.1.7. Gauge equivalence is an equivalence relation.

C.2 The Curvature in C(I; L)

We can use the previous analysis to establish explicit formulas for the Lo[1]-algebra
structure on C*(I; L). First of all, it follows by tree summation formulas for the
homotopy transfer that the curvature of an element , —,& C°(I; L) admits the
following expansion

a

3
R(z _>y) =R(z) T7R(y)
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Here ¢ € LY is

_ £(T)
§—y—m—6a+T§:ﬁZ£ mTa(a:,y), (C.6)

and the £(T) € Q are certain rational coefficients to be determined. A first way
to determine these coefficients is to impose that when we solve £ = 0 with respect to

y we recover ((C.5)).

Example C.2.1. For instance, we denote by 17, T5 the trees T7 = f and Tp = I, and
by &1, &2 the respective coefficients. Thus € = y — x — da + &1 {x,a} + &{y,a} + o(3):
putting £ = 0 we find y = = + da + 0(2) = = + da — &{x,a} — &{x + da,a} +
0(3) =z + da — (& + &){x,a} — &{da,a} + o(3), but according to we have
y =z + 6a+ {z,a} + 3{da,a} + o(3), hence & = & = —3.

Definition C.2.2. Let ¢: 7, ,,, — K[t] and &: T, — Q be defined recursively as

1. q(0) =1—1t, q(e) =t;

2 q (1) = K (I acrar)

s (") = 1 (I acmar).

Given a tree T' € T, ,, we denote by V(1) the disjoint union of the set of internal
vertices of T' different from the root and the set of white leaves of T'. Given a susbet
J C V(T), we denote by T the rooted forest obtained first by blackening the white
leaves in J, and then by cutting 7" at the remaining internal vertices in J. We also
denote by T'7 the tree in the forest T; containing the root of T'.

Lemma C.2.3. Given a class T € T, we have
1. q(0) =11, q(e) =t;

2. For any T € T2

(=DM e
q(T) = Z Tﬂ(t 7l —1), §(T) = Z

JCV(T) ’ JCV(T)
Proof. We give a proof by induction on the number of vertices of T' € 7 ,,. Any
T e 7;%7% can be written (up to isomorphism) as

Ty

Ty o-vv0 @

with w white leaves \1,..., A\, adjacent to the root, b black leaves adjacent to
the root, and k classes T1,...,T} € ’7;27,%

Then if J C V(T) we call
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Ji=JNV(T), 1<i<k
R = Jn{root(T1),...,root(T})}
L=Jn{A\,. . At

We can easily claim that

Til= > T3+ IR+ +b+1 (C.7)
root(T;)¢R
k
Iit={ > [@)5I+IRI+ILl+b+1 | [[(T).5! (C.8)
root(T;)¢R i=1

because 17 is made up by the root of T', all the roots contained in R, all the
leaves coming from L, all the black leaves adjacent to the root in T', and for every
root(7;) ¢ R we attach the subtree (7;)7 to the root of T Likewise the forest T;
is made up by T'; and for every root(7;) € R all the trees of (1}), different from

By induction we have

oT) = K ((ﬁ q<n>> (1- t)%bdt)

T - (ﬁ@'”’”l' —”) (1—t)"tdt

k AYRER .
JiCV(T;),1<i<k =Tt iz

(_1)2521 | Ji|+|RI+| LI+1

- Z Z tzigR\(Ti)§i|+|R\+|L|+bdt

k
Jig7(Ti) Hi:l(Ti)Ji! RC{1,...,k}
lglgk Lg{l’...,w}
k
)T VAL :
_ > (~1)2 K(tzigRl(Ti)JilJrRlJrL|+bdt)

E Ty
J;CV(Ty),1<i<k [Tiza (T3) 1!
RC{1,...k},LC{1L,....w}

(1) LR (tzi@ (T2)5, |HIRI+HLI+b+1 t)
JiC\7(T¢),1<i<k (ZzgR ‘(E)i‘ + ‘R| + ‘L’ +b+ 1) Hf:l(Tl)Jl'
RC{1,...k},LC{1,....w}

(-1 7]
=2 TJ)! ¢

JCV(J)

3

—1).

The conjectural formula for £ can now be easily proved
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k
a0 = ({fLam) a-orea)

K TilHIR|+IL
_ > (_1)Zl:l |+ RI+] H/(tzzm J|+|R+|L|+bdt>
Hz‘:1(Ti)Ji!

JiCV(Ty)1<i<k
Rg{177k}7Lg{17aw}

JiCV(T))1<i<k (Zing I(T3)5,1 + [R[ + [L] + b+ 1) T (T3) !
RC{1,...,k},LC{1,...,w}
—1)lHt

:Z(TJ!

JCV(T)

(_1)21.“:1 | Ji |+ RI+|L|+1

C.2.1 Curvature and Pushforward

Lemma C.2.4. Let L = (L,0,{—,—},...) be a complete L[1]-algebra, and consider
the Log[1]-structure on C(I; L) given by Dupont’s contraction. We then have

too(z—y) = (1 —t) + yt + dta + Z @Ta(x,y).
T€Trm U(T)

Proof. Using tree summation formulas for homotopy transfer we have

Z Z Rrv i( QAN 01275y )

n>0 QEF
1
= Kq@)oN((z(1 —t) + yt + adt)®™
1
= ——_(Kq@)o(n(z(1 —t) + yt + adt)®™)
Z Z  TAui@ 02 y

=2 2 |Autl(Q)|(KQ)Q((»T(1—t)+yt+adt)®”).

n>0QeF(n,1)

Consider now a tree Q2 € F'(n,1) whith an internal vertex v with the property
that every incoming edge comes from another internal vertex. This tree gives a null
contribution in the sum above, because the vertex v gets labelled with an expression
of type

Kgn(Kx*,...,Kx)

which is null because K has image in polynomials, and vanishes on them. For
this reason we define a proper subset of F(n, 1)
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F*(n,1) = {Q € F(n,1)| every internal vertex of 2 has an incoming adjacent leaf}.

Then we can write

7 a = L (1l — a ®n'
<) = 2y 2 Ty KO0yt ad )

For every fixed Q2 € F*(n,1) in the above expression we get a sum over all
possible choices of n terms among (1 — t)x, ty, dta. Every such choice corresponds
to a 3-coloring of the leaves of 2, where white corresponds to (1 — t)x, black to
ty, and * to dta. Since K vanishes on polynomials and dtdt = 0 we can restrict
the sum to just the colorings where every internal node has exactly one adjacent
leaf colored with . We denote such colorings with C2. Given I' € C$! we denote
with I'y the class in 7, obtained by dropping the leaves marked with *, and with
'7;Qm = {I,IT" € C¢}. To make notations simpler we set (),(x,y) = dta. For any
' € C we denote with pr(z,y, 2) the element in Q(I; L)*™ obtained by the choice
of terms corresponding to I'.

(K@)o((x(1 —t) +yt + adt)*") = > (Kq)o(((1 — t)z + ty + dta)®")
recg

= > (—Kdlgpag)opr(1 — t,t,dt) - (T)a(z,y)
recg

= > q(Ty) (Tw)al(z,y)

recg

= > > ) Tulzy)

Teﬁ{an FEC? L=T

= Y |[rectr. =T} aT) Tulx,y)
TeT

The group Aut(f2) acts transitively on the set {I" € C, T, = T}, therefore by
the orbit-stabilizer theorem we have

|[Aut(€)|

\{r eCOT, = T}‘ ==

therefore
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o) =S Y M(Kq)g((x(l—t)+yt+adt)®n)

n>0QeF*(n,1)

=Y Yy L3 new)

n>0QeF(n,1) TeTS,
q(T)
= — = Ta(z,y)
QEITTm ( )
T
=xz(1—t)+yt+dta+ Z M-Ta(:lc,y).
QeTom o(T)

O
Lemma C.2.5. Let L = (L,0,{—,—},...) be a complete L[1]-algebra, and consider

the Log[1]-structure on C(I; L) given by Dupont’s contraction. Then in the expression
we have

—)IVI
en- y I

T
JCV(T) !

Proof. For every Q € F(n,1) let ' denote the forest obtained by removing the root
of 2 and all its incoming edges, then we have

Z Z |Aug( ) (/q) (K)o N 02 (5 %y, o)

n>0 QGF

= Z ) |Aut1(9), (/ Q> (Kq)on! (z(1 — t) + yt + adt)*"

n>0" QGF(n,l)
1
= (Kq)o (z(1 —t) + yt + adt)®"
%2 G [ 1) o ’

=50y

with «, 8,7 to be determined. We then have

1 L .
=2 Z ,Aut( ) (/0 Q> (Kq)ar (x(1 —t) + yt + adt)®

n>0QeF(n

1 1 .
=2 Z [Aut(Q)] (/0 Q> (Kq)or (z(1 —t) + yt + adt)®

n>0QeF*(n,l)

For any fixed 2 € F*(n,1) we call Q =y ---Q,,_1e, then we have

(Koo, (o1 =)+ gt ad)®™ = 5> PG (1)),
Tieﬁ{zﬁﬁ ’

then
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1
]Autl(Q)| (/0 q> (K@)or (x(1 = t) + yt + adt)™"

_ 1 | Aut(€;)] 1
" @), (H am) (= [ ). Tyt Tage)

T,eToh 1<i<m \1Si<m
! | Aut(:))|
= m Z ( H U(Tz)) E(T)Tu(z,y).

T,€T o 1<i<m \ISi<m

|Aut(2;)|

Once again by the orbit-stabilizer theorem we can say that (1) is the
cadinality of all possible colorings in C%. Since we have =c. ... Cgm’ we
have

1 1 § T
—_ Kqg)q (x(1—1t t + adt)®
i U 9) (0o @ =04yt +aa)™ = ¥ ST,

Teﬁﬂm
and we can write at last
(T
R(» —>y) =zr—y—da+ Z 3 T)Ta(x,y).
y o oD

Moreover

p=ev (Z > Autlm”(I(KQ)Q’(ﬂC(l—t)+yt+adt)®")
)

n>0QeF (n,l

:Z Z Autl((mCI(KCI)Q’(x@n)

n>0 QEF ,1) |

_ XN

N Z ]Aut (")

—Z 'qn .,x) =R(x).
n>0

In similar fashion

=ev; (Z > Autl(Q)|Q(KQ)Q/ (x(I—t)+yt+ adt)®”)

n>0QeF(n,1) ‘
=R(y)

and the claim is proved. O
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Remark C.2.6. There is a standard way to recover the Lso-structure from the
curvature. Using the expression for the curvature observe that for any element , i>y
of degree 0 we have

§(T)
1, . 2rerp,, o Tal@y)
m {:L‘_>y7 SRRY. _>y} :ﬁ {z,...,z} % {y,-y} -

Then observe that for any 1, ..., x, of degree 0 we have the polarization identity
mn(T1, .. an) = — Z (=1 {sz,,sz} .
n' OCIC{1,...,n} iel i€l

This is a consequence of the inclusion-exclusion principle: if g(A) = 3"gc 4 f(5)
then f(A) = ZSQA(—l)M‘*'S' g(S). Just use

g(I):{in,...,sz}:ZU‘! DR |

iel i€l JCI (a1,.ayg) J€J

aj>0,Zaj:n
f = > Il

(alv""a‘J‘) JjeJ
aj>0,z a;=n

Then, since the curvature is defined on degree-0 elements, we use a sign trick.

Take n elements «; :xigyi of degrees @; = m;. Then introduce variables t1,...,t,
of degrees t; = —m;. Usin the previous polarization technique we can compute

{t1®a1,...,tn®an}::I:(tl...tn)@){ozl,...,an},

where the sign is given by the Koszule rule of signs and is (—1) =" (mn—1F-dmi)—...mmami
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