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Abstract. In this work, we consider the discretization of some nonlinear Fokker—Planck—
Kolmogorov equations. The scheme we propose preserves the nonnegativity of the solution, conserves
the mass, and, as the discretization parameters tend to zero, has limit measure-valued trajectories
which are shown to solve the equation. The main assumptions to obtain a convergence result are
that the coefficients are continuous and satisfy a suitable linear growth property with respect to the
space variable. In particular, we obtain a new proof of existence of solutions for such equations. We
apply our results to some nonlinear examples, including Mean Field Games systems and variations
of the Hughes model for pedestrian dynamics.
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1. Introduction. In this article we consider the nonlinear Fokker—Planck—
Kolmogorov (FPK) equation

Oym — % Z a:?“:c (aiu' (m7 Z, t)m) +div (b(m7 z, t)m) = 0,
(FPK) 1<ij<d =
m(O) = my,

where, denoting by P;(R?) (respectively, P2(R9)) the space of probability measures
on RY with first (respectively, second) bounded moments, my € Po(R?) and

b C([0,T): P1(RY)) x RY x [0,T] — RY,
aij(m,x,t) :=>_ ow(m,z,t)o,(m,z,t) Vi, j=1,....d,
with ;. : C([0,T); P1(RY)) x REx [0,T] >R Vi=1,...,d, j=1,...,7

Equation (FPK) is understood as an equation for measures in the sense that we
seek a solution m in the space C([0,T7; P1(R?)). Note that the coefficients b and a; ;
depend, a priori, on the values m(t) € P;(R?) in the entire time interval [0,7]. The
notion of weak solution to this equation, as well as the assumptions we impose on the
coefficients b and o5 ;, will be detailed in section 2.
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Equation (FPK) has been studied mostly in the linear case, i.e., when b(m, z,t) =
b(z,t) and o; ;(m,z,t) = 0, j(z,t) foralli=1,...,dand j =1,...,r. This is due in
part to the close relation between solutions to (FPK) and solutions to the standard
stochastic differential equation (SDE)

(1.1) AX () = b(X(£), t)dt + o (X (), )AW (t), X(0) = ,

where o is the matrix d x r matrix whose (4, j) entry is o; ;, W is an r-dimensional
Brownian motion, and = € R?. Indeed, under some assumptions on b and 055, it is
possible to show a correspondence of solutions to (FPK) and the time marginal laws of
weak solutions to (1.1) for almost every x € R? with respect to (w.r.t.) mg (see, e.g.,
[46, 32, 10] and the references therein). We refer the reader to [10] for a systematic
account of the theory of linear FPK equations and their probabilistic interpretation.
When b(m, z,t) = b(m(t), z,t) and o, j(m, z,t) = 0; ;(m(t), x,t) the associated FPK
equation is often called the McKean—Vlasov equation, and several results exist con-
cerning the well-posedness of the equation and its probabilistic interpretation (see,
e.g., [34, 51]). In the case of general nonlinear coefficients, the article [11] provides
an existence result when o; ; = 0 and in the articles [49, 50] sufficient conditions on
the coefficients defining (FPK) are given in order to ensure the existence of solutions
in the second order case. The uniqueness of solutions to (FPK) is a difficult matter.
The reader is referred to [46, 32] for the analysis in the linear case with rough co-
efficients, which borrow some ideas from [30, 4] dealing with the analogous problem
when o; ; = 0, and to [47, 48, 12] for the nonlinear case.

Let us now comment on the numerical approximation of FPK equations. One
of the most popular numerical schemes in the linear case is the one introduced by
Chang and Cooper in [24]. An interesting feature of this finite difference scheme is
that the discrete solution preserves some intrinsic properties of the analytical one
such as nonnegativity and conservation of the initial mass (see, e.g., [53]). Starting
from this article, several improvements have been obtained in subsequent works; see,
for instance, [62, 31], where high order finite difference schemes have been proposed
also for the nonlinear case. Let us also mention [6], which deals with the application
of this scheme in the context of stochastic optimal control problems. Finally, finite
element approximations have also been discussed in [59)].

In the 1970s, Kushner provided a systematic procedure to discretize the solution
of an SDE by a discrete time Markov chain in a countable state space. The method
the author proposes induces finite difference schemes for the associated Kolmogorov
backward and forward equations (see, e.g., [39, 40, 41]) and so a finite difference
discretization of (FPK) in the linear case. A proof of convergence of the scheme
by using probabilistic tools (weak convergence of probability measures) is provided
under the assumption that the coefficients of the SDE are bounded and uniformly
continuous. More recently, in the context of Mean Field Games (MFGs) systems
(see [45, 36]), Achdou and Capuzzo-Dolcetta introduced in [2] a semi-implicit finite
difference scheme for a linear FPK equation, which can be seen as a dual scheme
for the scheme associated to the dual equation, the linear Kolmogorov backward
equation. The scheme is obtained by computing the adjoint scheme of a monotone
and consistent discretization of the corresponding dual equation, i.e., the Kolmogorov
backward equation. Finally, in the first order case o;; = 0, we refer the reader to
the recent articles [28, 58] dealing with explicit upwind finite volume schemes for the
linear equation and to [42] for a similar scheme in the nonlinear and nonlocal case. Let
us underline that all the schemes mentioned above share some of the good features of
the Chang-Cooper scheme. Indeed, the approximated solutions are nonnegative and
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conserve the initial mass. On the other hand, the main drawback of finite difference
and finite element schemes is that, when implemented in their explicit form, they have
to satisfy a CFL condition, which implies a strong restriction on the size of the time
steps.

A different class of methods in the linear case is the so-called path integration
method, introduced in [54]. These are explicit schemes where the marginal laws of
the solution of (1.1) are approximated via an Euler-Maruyama discretization of (1.1)
using Gaussian one step transition kernels. Recently, in [25], a convergence result for
the discrete time marginal laws in the L! strong topology was proved in the framework
of a linear and uniformly elliptic FPK equation with unbounded coefficients.

Inspired by the papers [21, 22], dealing with the approximation of MFGs, our aim
in this article is to provide a discretization of the general FPK equation (FPK) and
to establish some convergence results. In the linear case, the scheme that we propose
can be seen as a particular Markov chain approximation of (1.1), and, similarly to
[2] in the context of finite difference discretizations, it can be obtained as the dual
scheme to the semi-Lagrangian (SL) scheme proposed in [14] for the associated linear
Kolmogorov backward equation. In this sense, our discretization is related to the
one proposed by Kushner in [39] but uses a different Markov chain approximation
that allows us to avoid the CFL condition and hence consider large time steps. For
this reason, we find that “semi-Lagrangian scheme” is a good appellation for our
discretization. More importantly, our scheme naturally adapts to the general (FPK)
equation, also preserves the positivity, conserves the total mass, and allows us to
obtain convergence results under rather general assumptions on b and o; ;. Namely,
in Theorem 4.1 we prove that local Lipschitzianity and sublinear growth with respect
to the space variable x, uniformly w.r.t. m and ¢, are sufficient conditions to prove that
if the time step h and space step p tend to zero and satisfy that p?/h — 0, then every
limit point of the approximated solutions (there exists at least one) solves (FPK).
Under a suitable modification of the scheme, a similar convergence result is obtained
in Theorem 4.2 when the local Lipschitzianity property of b and o; ; is relaxed to
merely continuity. Naturally, if the (FPK) equation admits a unique solution, then
we get the convergence of the whole sequence of approximated solutions. As a by-
product of this result, we obtain a new proof of existence of solutions to (FPK).

Note also that the initial condition mg is rather general; we can consider, for
instance, singular measures (e.g., Dirac masses) as initial distributions. Moreover, as
we will see in section 5, we can also construct our scheme by using suitable approxi-
mations of the coefficients b and o, ; in the case where such coefficients do not have
an explicit form and have to be approximated, and the convergence result remains
valid.

Let us point out that a different SL scheme for the (FPK) equation has been
proposed in [38] in the linear case. In that article, the advection part and the diffusion
reaction term are approximated separately by using two fractional steps. Furthermore,
in order to obtain a conservative scheme, the SL method applied to the advection
part needs to be adjusted. Since our scheme is derived directly from the probabilistic
interpretation of (FPK), it has the advantage that the advection and diffusion terms
can be treated together and the conservation of the mass is automatically verified
(see also the paper [13], where a conservative SL scheme for a parabolic equation in
divergence form is studied).

We study in this work the application of the scheme to two nonlinear models (see
[23] for some applications in the linear case). In the first one, we apply our scheme
to a particular nondegenerate FPK arising in MFGs. The resulting approximation is
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similar to the one proposed in [21, 22], the main difference being that the nondegener-
acy of the system allows us to prove the convergence of the approximation in general
dimensions. In the second model, we propose a variation of the Hughes model for
pedestrian dynamics (see [37]), where, differently from MFGs, agents do not forecast
the evolution of the crowd in order to choose their optimal trajectories. We prove an
existence result for the associated FPK, as well as the convergence of the proposed
discretization.

The article is organized as follows. In section 2 we introduce the main notation
and recall some fundamental results about the space C ([0, T]; P1(R?)), which are the
keys to establish the convergence results. Section 3 presents the scheme, first in the
linear case, for pedagogical reasons, and then in the general nonlinear case. In section
4 we prove our main results, concerning the convergence of the discretization. Finally,
in section 5 we consider the application of the scheme to the models described in the
previous paragraph.

2. Preliminaries. We denote by P(R?) the space of probability measures on
R?. Given a Borel measurable function ¥ : R4 — R% and p € P(R?), we denote
by Wiu € P(RY) the probability measure defined as Wiu(A) := u(¥~1(A)) for all
A € B(RY). Given p € [1,00], the set P,(R?) denotes the subset of P(R%) with
bounded p moments, i.e.,

PuEY) = {ne PR s [ loiaute) < oo}

For every pu1, pa € Pp(RY), define

1
P
dp(p1, p2) 1= inf { </d ) |z — y\pdv(ﬂc,y)) ;7 € PR x RY), mty = p1, mofy = Mz} ,
Re xR

where m; : R? x R? — R (i = 1,2) is defined as m;(xy,z2) = x;. It is well known
that d, is a distance in P,(R?) (see, e.g., [61, Theorem 7.3]) and that (P,(R?),d,) is
a separable complete metric space (see, e.g., [5, Proposition 7.1.5]). Moreover,

2.1)

dp(p1, p2)? < inf {/ |z — T'(z)|P dpa (z) ; T : R* — R% is Borel measurable and Ty, = ug}
R4

with equality if 41 has no atoms (see [3, Theorem 2.1]). Finally, let us mention an
important result that says that d; corresponds to the Kantorovic—Rubinstein metric,
ie.,

22 i) =sw [ @ - @) 7 € Lip @],

where Lip; (R%) denotes the set of Lipschitz functions defined in R¢ with Lipschitz
constant less than or equal to 1 (see, e.g., [61]).

Now, let C C C([0,T); P1(R?)), and suppose that there exists a modulus of con-
tinuity @ : [0,7] — R, i.e., @ > 0, @ is continuous, and @(0) = 0, such that

(2.3) su]é) dy(p(tr), p(te)) < @(|t1 —ta]) Vi1, to €10,T].
JIS]
Assume in addition that there exists C' > 0 such that
(2.4) sup / lz]2du(t)(z) <C  VYpec.
te[0,T] JR4
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Since the set {p € P1(R?) ; [pu |z|*du(z) < C} is compact in Py (R?) (see [5, Propo-
sition 7.1.5]), (2.4), (2.3), and the Arzeld—Ascoli theorem yield the following result.

LEMMA 2.1. Under the above assumptions, C is a relatively compact subset of
C([0, T} P1(RY)).

For notational convenience, for ¢ = b, o, ; we set Y[u](z,t) = ¥ (u, z,t). We say
that m € C([0,7T); P1(R?)) solves (FPK) if for all t € [0,7] and ¢ € C5(RY), the
space of C'°°-functions with compact support, we have
(2.5)

Jes @@)AmE) (@) = Jp (@) dino(x) + fi ra [blm](z,5) - Vip(a)] dm(s) (x)ds
Iy Sua [5 500 aislml (2, )02, , p(@)| din(s) ()ds.

The following assumption will be the principal one in the remainder of this paper.
(H) We will suppose that
(i) the maps b and o are continuous;

(ii) there exists C' > 0 such that
(2.6)
[blu(z, )] + lolul(z, )| < C(L+ |2]) ¥ ue C([0,T];PL(RY)), =R, te[0,T].

The aim of this article is to study convergent numerical schemes for solutions to
(FPK) (if they exist). As can be guessed from the references [46, 32, 10] in the linear
case, i.e., when b and o0; ; do not depend on m, the existence of solutions to (FPK)
should be related to the existence of (weak) solutions to the “extended” McKean—
Vlasov equation

(2.7) AX () = bjm](X (£), £)dt + o[m](X (£), ) AW (1), X(0) = Xo.

In (2.7), W is an r-dimensional Brownian motion defined on a probability space
(2, F,P), m belongs to C([0,T]; P1(R%)) and satisfies m(t) = Law(X(t)) for all
t € [0,T], where we have denoted by Law(Y) the law induced in R? by a d-valued
random variable Y, and Xy is a random variable, independent of W, and such that
LaW(Xo) = my.

This observation, relating formally solutions of (FPK) and (2.7), leads us naturally
to studying the laws of discrete approximations of (2.7), for which existence is not
difficult to show, and then to studying their limit behavior. This strategy will be
followed in the next sections.

Remark 2.1. In this article we do not tackle the uniqueness of solutions to (FPK).
As can be seen in [46, 32, 10], in the linear case, the study of uniqueness is already
quite complicated in the absence of further assumptions on b and a; ; (see, e.g., [32,
Theorem 1.3]). We refer the reader to [47, 48, 12] for some recent and interesting
results in the general nonlinear case.

3. The fully discrete scheme. In this section we describe the scheme we pro-
pose and study its main properties. In order to introduce the main ideas we will start
by considering first the (FPK) equation with o = 0 and b independent of m, i.e., the
first order linear FPK equation, also called continuity equation. Then, we will con-
sider the more general case (i.e., with ¢ not necessarily identically zero) but still with
coefficients b and o independent of m. Finally, the scheme for the general (FPK) will
easily follow by freezing the m dependence of b and o. We motivate the schemes by
assuming stronger assumptions on b and o, which will imply uniqueness of solutions
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of the underlying SDEs, in order to take advantage of the semigroup properties of the
solutions and somehow guess a consistent approximation.

We assume first that o = 0 and that b does not depend on m, i.e., bjm](z,t) =
b(x,t). In addition to (H), assume that b is Lipschitz w.r.t. 2, uniformly in ¢ € [0, T].
For any 0 < s <t < T and = € R?, we set ®(z,s,t) = X(t), where X is the unique
solution of

(3.1) X)) =b(X(t),t") fort €]s,T[, X(s)=mux.

We know that & defines a measurable function of (z,s,t) (if ¢ < s we simply set
®(z,s,t) = x). Then, m € C([0,T]; P1(R?)) defined as

(3.2) m(t)(A) == ®(-,0,t)4me(A) ¥V A e BRY), tel0,T),

is the unique solution of (FPK) (see, e.g., [5, Chapter 8] for a proof of this classical
result in a more general framework). We also have that for all t € [0,7] and h €
[0,T — ¢

(3.3) m(t+h)(A) = (-, t,t + h)tm(t)(A) V A€ B(RY).

Given N € N we set h := T/N and t;, := kh (k = 0,...,N). Let us consider
the following explicit time discretization of (3.2), based on a standard explicit Euler
approximation of (3.1) and property (3.3):

(3.4)

mo = Mo, Miy1 = Pgimy, where &i(x):=2x+ hb(z,ty) VEk=0,...,N—1

The sequences my, and @, (k =0,...,N) depend of course on h but we have omitted
this dependence in order to ease the reading. Let us now introduce some standard
notation that will be used for the space discretization. Let p > 0 be a given space
step, and consider a uniform space grid

G, = {w; =ip; i€z,

Given a uniform Cartesian grid of R?, with vertices belonging to G,, we consider a
Q finite element basis (8;);cz4; i-e., for all i € Z%, B; is a continuous function whose
restriction to each d-cube of the grid is a polynomial of degree less than or equal to 1
and satisfies that §;(z;) = 1if i = j and B;(z;) = 0 otherwise. Moreover, the support
supp(B;) of B; is compact and

0<B;<1 VieZz? and Zﬂi(x):l Vo eR
€74
We look for a discretization of (3.4) taking the form
(3.5) mE =Y mixle, Yk=0,..,N-1
i€zd

For all i € Z%, let us define

E; = {meRd; |x — 2iloo < g}
In section 4 we will let p | 0; thus, without loss of generality, we can assume that
mo(0F;) = 0 for all i € Z¢. We define the weights m; ;. of the Dirac masses in (3.5)
inductively as

(36) mio = mQ(EZ'), Mijk+1 = Z ﬂi(q)j,k)mj’k Vk=0,....N—1, i€ Zd,
jeza
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where
(3.7) ®; g, i= Bp(;) = x; + hb(zi, ty) Vi€ Z%

The sequences of weights in (3.6) depend on (p, h), but, for notational convenience,
we have omitted this dependence.

Remark 3.1. (i) In order to understand the intuitive meaning of (3.6), take d =1,
p =1, and B;(z) := max{l — |z — x;],0} for all ¢ € Z, x € R. Then, the mass
m; k+1, at ©; at time ¢4, is obtained by first considering the set A; 5, of j’s such that
®, 1, € supp(B;) and then adding the masses m;  (j € A; i) weighted by 1—|®,  — x|
For instance, if ®; ;, = x; +1/2, then, at the discrete time &+ 1, half of the mass m;
will be in x; and the other half will be in x;4.

(ii) In this deterministic setting if d = 1 it is easy to check that (3.6) coincides
with the scheme proposed in [55].

Remark 3.2. In the case of bounded space domains, the scheme (3.6) can be
extended to triangular meshes by considering a Py basis (BZ) (see, e.g., [56, Chapter
IV]) and modifying the sets F;, which are used to construct the approximation of
the initial measure mg. The triangular mesh can be chosen as general as long as the
interpolation estimate (4.3) in the next section holds true. We refer the reader to [18]
for an example of this extension applied to a particular instance of (FPK).

Now, if o[m](z,t) = o(x,t) is not identically zero, we can consider the same type
of scheme, taking into account that the characteristics curves are stochastic. Indeed,
consider a filtered probability space (€2, F,F,P), an r-dimensional Brownian motion
W defined in this probability space and adapted to the filtration F := {F;}icjo,17-
Define @ : Q x R? x [0, 7] x [0,T] — R? as ®(w,z,s,t) = x if t < s and, for s < ¢,
b(w,z,s,t) = X(t,w), where X solves

(3.8) dX (') =X ('), t)dt' + o(X(t'),t)dW (¢') for t' €]s,T[, X(s)=uz.

Then, assuming that b and o are Lipschitz with respect to x, uniformly in ¢ € [0, 7],
we have that (see, e.g., the classical monograph [60])
(3.9)

m(t)(A4) := / ®(w,-,0,t)gmo(A)dP(w) = E(P(-,0,t)tmo(4)) ¥ A€ BR?), tel0,T],
Q
where, as usual, we have omitted the dependence of ® on w inside the expectation.

Analogously to (3.3), we have that
(3.10)

m(t+h)(A) = /Q D(w, -, ¢, t+h)im(t) (A)dP(w) = E (B(-, ¢, ¢ + h)im(t)(A)) V¥ A € B(RY).

Therefore, if we discretize the Brownian motion W by an r-dimensional random walk
with N time steps, the stochastic characteristic

t+h t+h
X(t+h) :X(t)+/ b(X(t’),t’)dt’+/ o(X(),t)dW (t)

can be approximated with an explicit Euler scheme by

(3.11) X(t+h) = X(t) + hb(X(t),t) + Vrho(X(t),1)Z,
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where Z is an r-valued random variable, independent of X (¢), satisfying that for all
(=1,...,7,
(3.12)

P(Z'=1)=P(Z'=-1)=— and P| [J {Z2°#0n{z”+#0}]|=0.
1<, <y <r

Relations (3.11)—(3.12) motivate the following extensions of ®; j, defined in (3.7):
(3.13)

05 = @i hb(w, ty) + Vrhoo(zit) Vi€Zd k=0,... . N—1, (=1,
@fk_ = @y + hb(wi, ty) — Vrhoo(zg,ty) VieZt, k=0,....,N—1, £=1,...,r
Inspired by (3.6), relation (3.10) induces the following explicit scheme:
(3.14)
mio = mo(El) Vie Zd,
Mgy = L > zZ; [ (cpj;;)+ﬁi(¢>§;,;)} mie VieZd, k=0,...,N 1.

Remark 3.3. Note that the previous scheme is conservative. Indeed, for all £ =
0,...,N —1,

S i = 3 Y S (@) + 8:@00)] = 3 mas,

€2 jezd {=1 iecz74d i€Z4

and 80 Y i cza Mi k41 = D ez Mio = 1.

Markov chain interpretation. Note that (3.14) can be interpreted in terms of a
discrete time Markov chain in a countable state space. Indeed, given the initial law
m.o on G,, consider the nonhomogeneous Markov chain {X} ; £ = 0,..., N} with
values in G, defined by the previous initial law and the transition probabilities

T

: Z[ﬂz@fiwﬁl( Jk)] Vi, jezZ k=0,...,N—1.

py:) : P(Xk+1 =T; } Xk = xj) = o

Then, (3.14) gives the distribution of X for all k =0,..., N.

Remark 3.4. (i) Note that if 0 = 0, we recover the scheme (3.6).

(ii) As we will see in section 4, the Markov chain (X )i, is a consistent approx-
imation, in the sense of Kushner (see [40]), of the diffusion in (3.8) with s = 0 and
with Law(Xo) = mg. It is easily seen that, as a function of myg, scheme (3.14) can
be formally understood as the dual scheme associated to the SL scheme (see [52]) for
the Kolmogorov backward equation

du—3% > a; ;02 autb-Vu = 0,
1<4,5<d
u(7T) = g(')7
as a function of g € Cy(R?) (where Cy,(R?) is the space of bounded continuous func-
tions in R%).

(iii) In [19, section 3.1], it is shown that scheme (3.14) can also be constructed
from the weak formulation of (FPK) (when b and o are independent of m).
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In the general nonlinear case, as we have explained at the end of section 2, for-
mally, m solves (FPK) iff for all ¢ € [0,T], we have that m(t) = Law(X (¢)), where
X solves (2.7) (assuming that (2.7) admits a solution in a weak sense). On the other
hand, even in the particular case of regular coefficients and local in time dependence
onm, i.e., bjm|(x,t) = b(m(t),z,t) and o[m](z,t) = o(m(t), z,t), with b and o regular
w.r.t. x, X is not a Markov process. Nevertheless, loosely speaking again, X solves
(2.7) iff Law(X (+)) € C([0,T); P1(R?)) is a fixed point of the application

(3.15) p € C([0, T PL(RY)) = Fp) := Law(X[u](-)) € C([0, T]; PL(RT)),
where X [p](-) solves
(3.16)  dX(t) = b[p](X(¢),t)dt + o[u](X(t),t)dW(t) for t €]0,T[, X(0) = Xo.

Since for every fixed p, X[u] defines a Markov diffusion, we can apply (3.14) to

approximate its law.
Even if the previous discussion is purely formal, it provides the idea of how to
construct a natural discretization of (FPK) by considering a discrete version of the

fixed-point problem (3.15), which will be constructed using (3.14). However, since

by](:c,t) and o[-](z,t) act on C([0,T];P1(R?)), given p and h we first need to map
elements of the set

St = {(.Ui,k),-ezd, k=0,...N ; MHik 20 Vi€ z, Z ik =1, Z |zi|psp < oo V= 0,---7N}
i€zd i€zd

to elements of C([0,7];P;(R?)). This can be naturally done by using time interpo-
lation. Given p € SP", we still denote by i the element of C([0, T]; P1(R%)) defined
by

t—t t —t .
(317)  w(t) = ( h k) Z i k4100, + <k+2> Z fi g0z, it € [ty trtals

i€Z4 i€Zd

for all kK =0,..., N — 1. Using this notation, define

(3.18) € 8 s FPR () = (Law(X[u])) g,y € S”",

where we compute P(Xy[u] = x;) := m [u] recursively with (3.14) with @f: and
(Pf,; replaced by

(3.19)

O[] == @it hblp) (s, te) +Vrhou ) (i, tr), 75 (1] = withb[u] (i, tk)—Vrhoo ) (s, te),

respectively. For p € 87" let us set v [u] := (F*"(u)), (k=0,...,N). By definition
of the scheme, using that mg € P2 (R?) and that mo(0E;) = 0, we have

[ laPanl@) = 3 foiP(2)

i€Z

i€Z

< 2/ |z[2dimg () + dp?/2 < +oo.
R4
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Moreover, arguing exactly as in the proof of Proposition 4.1 in the next section, under
(H)(ii) we obtain the existence of ¢ > 0, independent of y, such that

(3.20) / |22 dvg [p] () = Z lzil*viklu] <c¢ Yk=0,...,N, VuecSh
R4 .
i€Zd

In particular, F7" is well defined. The discretization of (FPK) that we propose is
(3.21) find m € S”"* such that m = F*"(m),

or equivalently, find m € S?" such that
(3.22)

Now, let us prove the existence of solutions of (3.21). In the following proof we identify
SP" with a subset of P (R4)N*1 by setting for all u € SP"

(3.23) pei= Y pikbs, Vk=0,...,N.
i€z

PROPOSITION 3.1. There exists at least one solution mP" € SP* of (3.21).

Proof. As before, for u € SP" denote by vy[u] := (fp’h(u))k (k=0,...,N). Let
¢ > 0 be such that (3.20) holds. Then, defining

SPh = ueSp’h;Z|xi|2ui,k§c Vk=0,...,N ,,
A

we have that S#" is convex and F"(S£") C SP+". Moreover, by [5, Proposition 7.1.5
and Proposition 5.1.8], Fatou’s lemma, and the identification (3.23), we have that S#-"
is a compact subset of Py (RY)N*L. Finally, if p,, € S converge to u € SP", seen as
elements of P;(R4)N+1 then, using the extension (3.17), assumption (H)(i) implies
that @f;[un] and @f; [1£n] converge to @f;[u] and @j; [11], respectively, which implies
the continuity of 77", Since the topology of P;(R?) is the restriction to Py (R) of the
topology induced by the modified Kantorovic-Rubinstein norm on the linear space of
all bounded Borel measures on R? with respect to which all the Lipschitz functions
are integrable (see the discussion before Proposition 1.1.4 in [9]), the existence of a
solution of (3.21) follows from Schauder’s fixed-point theorem. |

The computation in Remark 3.3 applies in the nonlinear case, and so the scheme
is conservative.

Remark 3.5 (explicit and implicit schemes). Note that if for all ¢ € [0, T, b[m](z, t)
= b(m(-At),z,t) and o[m](z, t) = 6(m(-At), z,t) for some functions b and & defined in
C([0,T); P1(R?)) x R? x [0, T], then (3.19) implies that the scheme (3.22) is explicit in
the time steps, and the existence of solution, as well as the uniqueness, of the scheme
is straightforward. Notice that the explicit character of the scheme is a consequence
of (3.19). If, instead, an implicit discretization of the underlying ODE is considered,
then the scheme (3.22) would become implicit also in this case.
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In the general case, i.e., when b[m|(z,t) and o[m](z,t) depend on m(s) for some
s € (t,T], the scheme is implicit in the time steps and, as we have seen in the proof
of the previous proposition, the existence of solutions is a consequence of the Shauder
fixed-point theorem. The latter situation is the one we face when we consider MFGs,
as we will see in section 5.1. In the implicit cases, the uniqueness of solutions is
generally not true and its fulfilment depends on the problem at hand.

4. Convergence analysis. In this section we prove our main results concerning
the convergence of solutions of (3.22) to solutions of (FPK). In our first main result
in Theorem 4.1, we prove the desired convergence result under an additional local
Lipschitz assumption on b and o, with respect to the space variable, and suitable
conditions on the time and space steps. In Theorem 4.2, we consider a variation of the
scheme in section 3, with regularized coefficients, and we prove a similar convergence
result by assuming only (H) and some conditions on the discretization parameters.

Let us first introduce and recall some classical properties of the linear interpolation
operator that we consider (see, e.g., [26, 57] for further details). Let B(G,) be the
space of bounded functions on G, and for f € B(G,) set f; := f(z;). We consider the
following linear interpolation operator:

(4.1) If1(-) == fiBi(+) for f € B(Gy).

i€24

Given ¢ € C(R?), let us define ¢ € B(G,) by b; := ¢(x;) for all i € Z%. Suppose that
¢ : R? - R is Lipschitz with constant L. Then,

(4.2) I[(;AS] is Lipschitz with constant vdL and sup |I[¢A)](m) —o(x)] = cop
r€R4

for some cg > 0. On the other hand, if ¢ € C2(R?), with bounded second derivatives,
then there exists ¢; > 0 such that

(4.3) sup [116)(z) — ¢(z)| = e1p°.
z€R?

Now, let {N,}nen be a sequence in N such that N,, — oo as n — oo and set h, :=
T/N,. Given a sequence of space steps p,, such that p, — 0 as n — oo, we want to
study the limit behavior of the extensions to C([0,T]; P1(R%)), defined in (3.17), of
sequences of solutions m™ := mpPnhn € SPrhn of (3.21), with p = p,, and h = h,, (by
Proposition 3.1 we know that (3.21) admits at least one solution).

First note that by considering the transport plan T(z) = z; if © € E;, and
arbitrarily defined in OF; (because mo(0F;) = 0), we have that Tgmg = m™(0).
Thus, inequality (2.1) with p = 1 yields

(4.4) dy (g, m"(0)) < / = T(o) drmg () = 3 /E (& — aildrmo () < Vdpn /2,

d
R iczd

which implies that m™(0) — mg in P;(R?) as n — co. We prove in this section that
under suitable conditions over p,, and h,, the set C := {m"™ ; n € N} satisfies (2.3)
and (2.4). Therefore, Lemma 2.1 will imply that m™ has at least one limit point
m € C([0,T]; P1(R%)). In the proof of (2.3) and (2.4) we will need some properties of
the Markov chain X", defined by the transition probabilities

T

7 n n 1 y n ' n N .
Pt =P (X = | X =) = 5> [ﬂi(qf;[m )+ Bi(® [m })} Vi, jezd,
/=1
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and k=0, . —1. Note that (3.22) implies that the marginal distributions of this
chain are glven by m"™. Moreover, it is easy to check that (4.2) (resp., (4.3)) implies
that if ¢ : R? — R is Lipschitz (resp., C? with bounded second derivatives), then
(4.5)

E ($(Xf4)[XF = 21) = 3 Yoy [0 m ”1>+I[¢%1<<I>f:ﬂmﬂ1>}
= 3 X0y (0@ ) + (@0 [m "1>}+o<pn>,
(resp) B (6(Xp,)|X7 =) = 3 Y0, [o(@f m )+ 0@ )] +0(e2).

PROPOSITION 4.1. Suppose that p2 = O(hy,). Then, there exists a constant ¢ > 0
such that

(4.6) sup sup / |z|2dm™(t) < c.
neN¢€[0,T] JR4

Proof. By (3.17), it is enough to show that there exists ¢ > 0, independent of n,
such that

(4.7) sup lz|2dm™ (t) < ¢
k=0,...,Nn JR4

For notational convenience we will omit the superscript n. By definition,
[ JaPdmitisn)@) = 3 foifPmsses = B X )
R? i€z

from which, using (4.5) and (H)(ii),

E(|Xk+1]*) = Xieza E (X1 [*| X = z1) mia i,

= & 20 S [0 | + @0 ] mok + O(62),

= E [|Xo + hnblm] (X, te) + Vhaolm] (Xe, te) Ze[*] + O(62),

= E [|Xe[* + h [b[m] (X, t)|* + rhn 325, loe[m] (X, te)[* + 2hn Xi - b[m] (X, ti)]

+0(p?),
< (14 Ch)E(|Xk|?) 4+ Chn 4+ O(p2),

where Zj, is an r-valued random variable, independent of X}, satisfying (3.12) and C
is independent of n. Iterating, we get

Jra lePAm(tea)(@) < (1+ Ch) FRB(XoP) + (Cha + O(02)) Sig(1 -+ O
< COTE(|Xo[2) + £ [Chy + O(p2)] €T
< CTE(|Xo[?) + (CT—i—O(p"))eCT,

from which the result follows. 0

Now, we prove a consistency property of the chain X™ in the spirit of Kushner [40].
For all 0 < k < N,, —1 let us define 6, X™ := X! | — X!, V' := 0p X" —E (6, X" | X}).

LeEmMMA 4.1. For allk=0,...,N, —1 we have that
E(0x X" XE) = hoblm"|(X},tk),
E(YPPIXE) = hn Xopey loefm™ (X7 1) + O(p7).
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Proof. By definition of p:-:ﬁkﬂ we have

&
]E(éan‘Xl? = xlk) = Zik+1 (xik-+1 - :'L.Zk) p?k,ik+1

= 330 (2l = i) (@5 Imm) + Ilid — 2, )(@f 1 fm"]))
= hpbm™)(zi,, tk),

where id(z) = x and the last equality follows from the fact that I[id—=;, |(y) = y— =i,
for all y € R Analogously,

n n n n 2 N

E(Yy |2|Xk =) = Z I:xik+1 —xy, — E(0p X" X} = xzk)] v; g

Tkyik41"
Tk+1

n,k
Uk ylk+1

Using (4.3) and the definition of p again we get that

BV P Xk = 24) = ha > _ loe[m™ (2, , 1) + O(p3),
=1
from which the result follows. O
Now, we prove that C := {m™ ; n € N} satisfies (2.3).

PROPOSITION 4.2. Suppose that p2 = O(hy,,). Then, there exists a constant C > 0
such that

1
(4.8) supdao(m"(t),m"(s)) < Clt—s|2 Vit,se0,T].
neN

In particular, since di < da, we have that C satisfies (2.3).

Proof. The proof is divided into two steps.
Step 1. We first show that for given N,, there exists a constant C, independent
of n, such that

(4.9) do(m™ (1), m™(t,)) < Ok — Khy Yk & =0,..., Ny

We assume, without loss of generality, that ¥’ = 0. For notational convenience, we
omit the superscript n on the sequences X}, 6, X", and Y;". By the definition of ds
we have

1
(4.10) da(m™ (tr), m{) < []E(|X;C - X0|2)} 2,
We have that
(4.11)
k-1 2 k-1 |2 k—1 2
E(IXx — Xo*) =E|> (Y, + E(6,X|X,))| <2E|) Y, +2E|) E(5,X|X,)
p=0 p=0 p=0

Now, for 0 < r <[ < k — 1 conditioning on F; := o(Xy,...,X;) and using that, by
the Markov property, E(§; X |F;) = E(6;X|X;) we get

E(Y:-Y;) =E[(6X —E(6X|X1)) - Y,] = E(E [(6X — E(6.X]X1)) | F] - Y) =0,
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and so, by Lemma 4.1,
2
k—1 k—1
E| S Y| = D BEIYPIX,)

(4.12) = K2 S0 E(|oe[m™] (X, t)]%) + O (kp?)
< Chpk (1+sup,—g v E|Xp%) + O (kp2) .

On the other hand, using Lemma 4.1 again,

2

k—1 k—1
Y E(,X[X,)| <Chik> (1+]X,%),
p=0 p=0
and so
k—1 2
(4.13) E|> E(5,X|X,)| <Ch2K (1+ sup E|X,,|2).
p—=0 p=0,...,.N

By Proposition 4.1, (4.12), (4.13), (4.11), and our assumption p2 = O(h,,), we get the
existence of C' > 0 such that (4.9) holds true.

Step 2: Proof of (4.8). Let 0 < s <t <T and Kk, k such that s € [tx, tg41[ and
t € [tk, tk+1[. Then, by the triangular inequality
(4.14)
o (™ (), 7 (5)) < dy (P (£), 1" (8)+da (" (1), " (b 1))+ (" (1 41), 7 ().

By the dual representation of d3(-,-) (see [61, Theorem 1.3]), this function is convex
in Py (RY) x Py(RY). Thus, relations (3.17) and (4.9) imply that

2

o0, )) < (4

n

) (™ (tr)m (1)) < C2(t — 1),

from which

(4.15) do(m™ (1), m" (t)) < C(t — tg)2.
Analogously,
(4.16) do (™ (b 1), m™(5)) < C w1 — 5)2.

Relations (4.14), (4.15), (4.16), and the Cauchy—Schwarz inequality imply the exis-
tence of C > 0, independent of n, such that

do(m™ (t), m"(s)) < CJt — s|2.

Relation (4.8) follows. 0

For notational convenience, for all ¢ € C§°(R?) let us set

(417)  Lioplul(at) =3 Z ai j[ul(w, )07, 4, () + blul(z, 1) - V()

Y (p,x,t) € C([0,T]; PL(RY)) x R x [0,7T.
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We have now all the elements to prove our main convergence results. We consider
first the case where, in addition to (H), the coefficients satisfy the following local
Lipschitz property.

(Lip) For any p € C([0,T]; P1(R%)) and a compact set K C R?, there exists a
constant C' = C(u, K) > 0 such that
(4.18)
[blu)(y, 1) — bl (2, ) + |o[pl(y, 1) — olul(z, )] < Cly —a| YV, ye K, t€[0,T].

The case of more general coefficients satisfying only (H) will be treated just after.

THEOREM 4.1. Assume (H)-(Lip) and that p2 = o(hy). Then, every limit point
m € C([0,T]; P1(R%)) of m™ (there exists at least one) solves (FPK). In particular,
(FKP) admits at least one solution.

Proof. By Propositions 4.1 and 4.2 and Lemma 2.1, with C = {m™ ; n € N}, the
sequence m” has at least one limit point m. We use the same superscript n to index
a subsequence m™ converging to m in C([0,T]; P1(R%)) and we need to show that
m satisfies (2.5). Let ¢ €]0,7] and, without loss of generality, consider a sequence
tnr = n'h, such that t €]t t,11]. Then, for every ¢ € C5°(R?)

(4.19)

n'—1

[ etwant e = [ om0+ 3 [ e - n @] @)

For all k =0,...,n' — 1 we have that
(4.20)

Jua 9(@)Am" (tr1) (2) = iz plwi)ml s
= ¥ M Loy Ciena (@) [Bi(@0F m"]) + B(@f m))]
= Y yena i Sy [TIR1@55 ™) + Tl (@5 [m])]
= ez mix s Sy [(@5F ") + (@ m])| + O0(2)
= Zjezd mfy, [@(x) + hanLbo,o[m"] (x5, t6)] + O (p7, + 7))
= Jpa [p(x) + hn Ly oo [m"] (2, t1)] dm™ (tx) (x) + O (p7 + h7)

where we have used a fourth order Taylor expansion for the terms cp(‘I)Z £ [m"]) and
(<I>§JC [m™]). As a consequence, (4.19) yields

a0 = [ paan®0)@

n'—1

+ hn, Z/ Liy oo [m™)(, g )dm™ (3.) (2 )+O(h2+h>

n

Assumption (H)(i) implies the existence of a modulus of continuity @, independent
of k, such that
(4.22)

/ Lb,a,w[mn](w,tk)dmn(tk)(fb)=/ Lb,o,«p[m](x:tk)dmn(tk)(l')+‘*_}1( sup dl(m"(t),m(t))>.
R4 R4

te[0,T)

Since ¢ has a compact support, condition (Lip) implies that Ly o, [m](-,tx) is Lip-
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schitz, uniformly in k. Thus, by (2.2) and (4.8), we have
(4.23)

] / L lml(@, t)d (m" (5) = m" (0)) (2)| < Ca(m" (5),m" (8)) < Vo V5 € [t tira),

for some positive constants C and C’, independent of n. This implies that

ha / Lo gl )" () () ~ / / Lol 1) (5) )

Therefore, by (4.21),
(4.24)

Jrap@)dm™ (tn) (@) = [oap(@)dm™(0)(x) + [5 fa Li o ,lm] (2, s)dm" (s) (x)ds
+0 (£ 4+ vVl + a1 (suprego ) i (m™ (1), m(1)) ) )

where R
boolm(T,8) == Ligo[m](z,tr) Ve R s € [ty thsr)-

By (H)(i), and the fact that ¢ has compact support, we have that I:g’a’w[m](-, -) is
bounded, uniformly in n, and converges uniformly to Ly ,.,,[m](, ) in R x [0, 7). As
a consequence, for each s € [0,T], we have that [y, ib707¢[m}(x, s)dm™(s)(x) is uni-
formly bounded and converges, as n — 00, to [pa L, 0. [m] (2, s)dm(s)(z). Therefore,
by Lebesgue’s dominated convergence theorem, the second term on the right-hand
side of (4.24) converges to

/ot /Rd Lp,o,p[m](z, s)dm(s)(x)ds.

Finally, passing to the limit in (4.24), we get that (2.5) holds true. |

In the remainder of this section, we consider the case where b and o satisfy only
assumption (H). Since in the proof of Theorem 4.1 the local Lipchitz assumption
(Lip) plays an important role, in the present case we need to regularize the coeffi-
cients, which will be done by convolution with a mollifier. Let ¢ € C>°(R?) have a
compact support contained in the closed unit ball B(0,1) := {x € R?; |z| < 1}, and,
given a sequence €, with 0 < ¢, < 1, set ¢, () := ¢(x/e,,)/(e,)? for all x € RY. Let
us define

(4.25)  balpl(x,t) == (¢e, *blp]) (2,1) and  ou[p(2,t) := (¢2, * olp]) (z,1),

where the convolution is applied in the space variable z and componentwise for
the coordinates of blu](-,t) and o[u](-,t). It is easy to check that for each u €
C([0,T); P1(R?)) and each compact set K C RY we have that b, and o, satisfy
(4.18) with Cx = C/ep, where C; depends only on ¢ and on

sup {[blp] (2, t)| + |ofp](z, )| | # € K 4+ B(0,1), t € [0,T]} < o0.
We consider the approximation (3.22) of (FPK) with @f,j (1] and @f,: [u] replaced by

n,l,
<I>i’k +[N]

Ty + hnbn[ﬂ}(mz; tk) + Thn(a—n)f[u}(xia tk)a
QLT[ = @i+ habulp (i, te) — VR (0n) i) (21, ),
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respectively. Namely, find m € SP»"» such that
(4.26)

v
M1 = o 21 Zd [@(@;ﬁ’,ﬁ’*[m]) +Bi(@ T [m]) | mys Vi€Zd, k=0,...,N—L
jez

The coeflicients b,, and o,, satisfy (H) and the linear growth condition (2.6) holds
with a constant C independent of n. As a consequence, for each n € N, problem (3.22)
admits at least one solution m™ and, denoting likewise the extension of m™ in (3.17)
to an element in C([0, 77; P1(R?)), by (4.6) and (4.8), whose proofs can be reproduced
without modifications and with constants independent of n, the set {m™ | n € N} is
relatively compact in C([0,T]; P1(R9)).

We have the following convergence result, assuming only (H) and whose proof is
almost identical to the previous one.

THEOREM 4.2. Assume (H) and that p2 = o(hy) and h, = o(¢2). Then, every
limit point m € C([0,T); P1(R?)) of m™ (there ewists at least one) solves (FPK). In
particular, (FKP) admits at least one solution.

Proof. Arguing exactly as in the proof of Theorem 4.1, and using the same no-
tation, we have the existence of m € C([0,T]; P1(R%)) such that, up to some subse-
quence, m™ — m in C([0,T]; P1(R%)). Moreover, for each n € N we have

@ [ p@ant o) = [ e 0@

n'—1 2
o 3 [ Lol ot (1)) + O ("" +hn),
= Jra han,
where Ly, o, ., is given by (4.17), with b and o replaced by b, and oy, respectively.
Estimate (4.22) still holds and (4.23) changes to

< gd1(m”(s),mn(t;€)) < C"@

4.2
( 8) En En

[, om0 (o 5) =m0 (1)) (2)

Vs € [trythi1),
for some constants C' and C” independent of n. Relation (4.27) then gives
(4.29)
n n 2% T n
Jrap@)dm™ (tn)(z) = [ga p(2)dm™(0)(x) + [3™ Jga Loy .onplml(z, s)dm™ (s)(z)ds

+0 (% + e+ @ (S“Pte[o,ﬂ dl(mn@’m(“))) ’

where Ly, o, o[m](x,8) := L, o, o[m](z,t;) for all z € RY, and s € [tg,tpy1). By
(H)(i) we have that Ly, o, o[m](-,-) — Ly ,,[m](+,-) uniformly in R? x [0,7] and,
passing to the limit in (4.29), we can conclude as in the previous proof. 0

Remark 4.1. In particular, Theorem 4.2 yields a Peano-type existence result for
(FPK). We point out that more general existence results for the (FPK) equation are
proven in the articles [49, 50] by using purely analytical techniques.

Remark 4.2. (i) In the deterministic case o = 0, the proof in [21, Proposition 3.9]
shows that (4.8) can be replaced by

sup di(m™(t),m"(s)) < C|t —s| Yt,s€][0,T],
neN
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and, hence, the estimate (4.28) can be improved to

[ Dbl i) () = (1)) (@) < - om (), 10) < €72

n 877/

Vse [tk,tk+1),

for some constants C' and C’ independent of n. As a consequence, the result in
Theorem 4.2 holds true under the weaker assumption h,, = o(e,,).

(ii) The regularization of the coefficients, defined in (4.25), can also be useful in
order to approximate the (FPK) equation with coefficients b and o defined almost
everywhere w.r.t. the Lebesgue measure. In this case, in order to give a meaning to a
solution m of (2.5) one can require that m(¢) should be absolutely continuous w.r.t.
the Lebesgue measure for almost every ¢ € [0,7]. One can then consider coefficients
b" and o™ which regularize b and o, but in general we can only expect L' convergence
Liyn gn o t0 Lp . In this case, the scheme (3.21) should be modified in order to
discretize the density of m and a stronger compactness result, for example in L*°
endowed with the weak™ topology, should be proved for the constructed approximation
m'™. As we will discuss in Remark 5.1(ii), this is exactly the situation in degenerate
MFGs (see [21, 22]).

5. Applications and numerical simulations. The scheme that we have pro-
posed in section 3 has already been tested for the case of some linear FPK equations
in [23]. In this section, we apply our scheme to solve two nonlinear models with
olm](x,t) = ol for some o # 0 (where I; is the d x d identity matrix), but where
blm|(x,t) does not admit an explicit expression and has to be approximated. The
approximation technique is similar to the one presented at the end of the previous
section, where the coefficients are supposed to satisfy (H) only. In the first model
we consider an example of the so-called MFG system with nonlocal interactions (see
[45]). In this case, the drift b[m](x,t) is related to the value function of an optimal
control problem starting at = at time ¢, having running and terminal costs depending
on {m(s) ;s €]0,T[} and m(T), respectively. Therefore, as explained in Remark 3.5,
the proposed scheme is implicit. Our approximation is similar to the one in [21, 20, 22]
dealing with degenerate MFG systems and where the authors prove the convergence
when the state dimension d is equal to one. In our present nondegenerate setting, the
theory developed in section 4 allows us to prove the convergence of the scheme in gen-
eral space dimensions. In the second nonlinear model, we consider an FPK equation
where the velocity field b[m|(x,t) depends on the value function of an optimal control
starting at x at time ¢ with running and terminal costs depending only on the value
m(t). This model, which seems to be new, is inspired by the Hughes model [37] and
could be used to model crowd motion in some “panic” situations. We prove that the
related FPK equation admits at least one solution, and we also provide a convergence
result for the associated scheme.

5.1. Mean Field Games as a nonlinear implicit model. We consider here
the MFG system

00— T Av+ L Vo2 = F(z,m(t)) in R x (0,7),
(5.1) Oym — %zAm —div(Vom) = 0 inR%x(0,7),
v(x,T) = G(x,m(t)) for x € RY m(0) = mo(-) € Pa(RY),
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where o # 0 and F, G : R? x P;(R?) — R are continuous, twice differentiable w.r.t.
the space variable, and satisfy that there exists a constant ¢ > 0 such that for v = F, G

(5:2) sup (I (x, )| + [Vatp (@, )| + V3,0 (2, p)]) < e
zERY, pueP (RE)

System (5.1) is a particular instance of a generic class of models introduced
by Lasry and Lions in [43, 44, 45] which characterize Nash equilibria of symmetric
stochastic differential games with an infinite number of players. In order to explain
the intuition behind (5.1), for m € C([0, T]; P1(R?)) consider the HJB equation

0w — L Av+ Vo2 = F(z,m(t)) in R x (0,T),

(5.3)
v(@,T) = G(z,m(T)) for z € R

Standard results in stochastic control (see, e.g., [33]) imply that the unique solution

v[m] of (5.3) can be represented as

(5.4)

T
olm)(z,t) := inf E ( / [Aa(s) + F(X7(s),m(s))] ds + GX™H(T), m(T») 7

where the expectation E is taken in a complete probability space (2, F,P) on which an
r-dimensional Brownian motion W is defined, the R%valued processes a are adapted
to the natural filtration generated by W, completed with the P-null sets, and they
satisfy E(fOT |a(t)]2dt) < oo, and X®H< is defined as the solution of

(5.5) dX(s) = a(s)ds+odW(s) s € (t,T), X(t) ==

The optimization problem in (5.4) can be interpreted in terms of a generic small agent
whose state is x at time ¢ and optimizes a cost depending on the future distribution
of the agents {m(s) ; s €]t,T]}. The solution v[m] of (5.3) is classical (see, e.g.,
[16], where the proof is based upon the Hopf-Cole transformation). Note that (5.4),
assumption (5.2), and standard estimates for the solutions of the controlled SDE (5.5)
imply that C([0,7]; P1(R%)) x R% x [0,T] > (1, x,t) — v[u](z,t) € R is bounded and
continuous. In addition, we have that

(5.6) sup [Vevlp](+; )|oo < oo,
t€[0,T], peC([0,T];P1 (R))

and R? > z +— V,v[u)(z,t) € R? is locally Lipschitz with local Lipschitz constants
independent of y and ¢. Thus, for every (z,t) € R? x [0,T) the equation

(5.7) dX(s) = —=Vv[m] (X(s),s)ds +adW(s) s € (t,T), X(t) =ua,

admits a unique solution X®*! and, hence, by a verification argument (see, e.g., [33]),
the optimal trajectory for v[m](x,t) in (5.4) is given by X®*! and the optimal control
« is given in the feedback form a(x,t) = —V,v[m] (x,t). Therefore, if all the players,

distributed as mg at time 0, act optimally according to this feedback law, then the
evolution of mg will be described by the FPK equation

2
O — %Au —div(Vo[m]u) =0 in RY % (0,T), p(0) =mo,
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and the equilibrium condition reads m = p, i.e.,
2
(5.8) Oym — %Am —div(Vo[mlm) =0 in R?x (0,7), m(0) = my.

The equilibrium equation (5.8) is a particular instance of (FKP) with r =d, 0;; = ¢
if ¢ = 7 and 0 otherwise, and

(5.9)  blu)(x,t) == —Vulul(z,t) VY (u,z,t) € C[0,T); Pr(RY)) x R? x [0, 7],

which depends on g nonlocally in time through {u(s) ; s € (¢,T]} by (5.4) (with m
replaced by p).

Notice that (5.6) implies that (H)(ii) is satisfied. In order to check (H)(i), recall
that v is uniformly semiconcave w.r.t. the space variable (see, e.g., [15] and [33, Chap-
ter 4]), i.e., there exists ¢ > 0, independent of ¢ € [0,7] and p € C([0,T]; P1(R%)),
such that for all z € R, € P;(RY), and ¢t € [0, 7],

(5.10) vlp)(z 4 hyt) — 20[p)(x,t) +v[p](x — h,t) < ch>  VheRY,

or equivalently, since v[u](+,t) is differentiable, there exists a constant ¢ > 0, indepen-
dent of t € [0,T] and u € P1(R?), such that

(5.11)  o[p](z 4 h,t) < v[p)(z,t) + Vo[l (z,t) -h+clh> VheR? t€[0,T).

As a consequence, the continuity of v yields that for any (pn, zn,tn) — (@, z,t) we
have that any limit point p of V,v[u,](zn,t,) (there exists at least one by (5.6)) must
satisfy

ol)(x +h,t) < ol 1) +p-h+ b2 YR ERI e [0,T)

and, hence, p = V,v[u](x,t) by [15, Propositions 3.3.1 and 3.1.5(c)]. Therefore, b,
defined in (5.9), is continuous and, hence, (H)(i) holds true.

By the previous remarks, the results of sections 3 and 4 are applicable to (5.7).
However, from the numerical point of view, we cannot implement the fully discrete
scheme directly using b, because we do not have an explicit expression for this vector
field, which depends on the value function v. To overcome this difficulty, we approxi-
mate b by a sequence of computable vector fields. We consider an SL scheme for the
solution to (5.3), with m replaced by p. Given p > 0, h=T/N > 0, with N € N, and

w € C([0,T); P1(RY)) we first define v”"[u] in G, x {0,..., N} recursively as
(5.12)

Uﬁ’]f = inf_pa {%|a|2 + 5 e, <I[vf’kh+1](:pi + ha + ovhdey) + I[vf}iq}(mi + ha — O’\/hd@g))}
+hF(xi, u(ty)) ViezZ?, Vk=0,...,N—1,
”Z’JZ = Gz, u(T)) Viezd,
where {e, ; £ = 1,...,d} is the canonical basis of R, and we have omitted the

dependence of v”". We then define v*" : C([0,T]; P1(R%)) x R? x [0,T] — R by

() = T () B € [t tal.
In order to get a function differentiable w.r.t. the space variable, given ¢ > 0 and
¢ € C>(R?), nonnegative and such that [, ¢(z)dz = 1, let us set ¢.(z) := 5%¢)(x/5)
We then define v*"¢ : C([0,T]; P1(R?)) x R? x [0,T] — R by

PP, 1) = (92 x 07" [u]) (1) V€ [0,T)
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In [22, Lemma 3.2 (i)] it is shown that v?¢[u](-, ) is Lipschitz, uniformly in (p, h, €, i, t),
which shows the bound (5.6) for v?/»¢. Using that v*" satisfies a discrete semicon-
cavity property (see [22, Lemma 3.1 (ii)]), by [1, Lemma 4.3 and Remark 4.4] there
exists a constant ¢ > 0, independent of (p, h, e, u,t), such that v?™=[u](-,t) satisfies
the following weak semiconcavity property:

(513) (Voo [ul(y,) ~ Voo [u (1) - (g — ) < (iy —a?+ p) |

Using the previous ingredients, we can prove the following result.

PRrOPOSITION 5.1. Consider sequences py, h,, and €, of positive numbers con-
verging to 0 and such that Z—i — 0 and p, = o(e,). Then, for every sequence
tn € C([0,T]; P1(RY)) converging to p we have that vPr-"nen[p,] and VzvPr"nen [,
converge to v[u] and V zv[u], respectively, uniformly over compact subsets of R%x [0, T).

Proof. The assertion on the convergence of vP="n¢n[y,.] is a consequence of the

uniform convergence over compact sets of v/ [p,] to v[u] if £2 — 0, which is a
standard result proved with the theory developed in [8] (see, e.g., [27, Theorem 4.2]).
The argument to establish the uniform convergence of YV vPn-"n:€n [y, ] is similar to
the proof of [21, Theorem 3.5]. Namely, for all n € N, z,, — z, t,, = t, and y # = we
have (for n large enough)

/Upn7hn75n [un](y7tn)_/upn7hn75n [Mn](xn’tn)_vxvpvuhnyan [,U/n](xnutn)'(y_mn) < Pin+Tom,
where
Pn
i i= fo T [Vt ) (g + Ty — ), tn) — Vet ) (@, £)] - (y — 2n)dr,

T2,n 1= fl pn [vxvpn,hn,sn [Mn}(mn +7(y — @n), tn) — Vx,upn,hn,c‘n [Mn}(af‘mtn)] (y =z )dT.

enly—zn]

Since 5—:’ — 0, the uniform Lipschitz property satisfied by v#= /[y, ](-,t), for t €
[0, T], implies that r1 , — 0. On the other hand, by (5.13),

1 2 1
c
ron < / p <7—2|y_ggn|2 + <g") ) dr < QC\y—an/ Tdr = c|y—zn‘2.

n 0

Pn
enly—znl

By the uniform convergence of v#mFn¢n [y, ] we conclude that any limit point p of
VvPrtnn [y, (2,,t,) (there exists at least one because this sequence is uniformly
bounded) must satisfy

olul(y,t) < vlp)(z,t) +p- (y—x) +cly— 2> VyeR: tel0,T],

which implies that p = V,v[u](x,t) by [15, Propositions 3.3.1 and 3.1.5(c)]. Thus, if
foralli=1,...,d we denote

. h inf o h
bi"P = limsup Oy, v [un] (2], 1), BT = liminf G, v " [u,] (2, 1),
2!/ =zt —t,n—oco ) x/ =z, t’' —t,n—o0 )

we deduce that b;"" = bi*f = §,,v[u](z,t), and so the local uniform convergence of
VpvPmhnen [, ](-,+) to Vyolpl(s, ) follows (see, e.g., [7, Chapter V, Lemma 1.9]). O

Suppose that p,, h,, and &, satisfy the conditions in Proposition 5.1, and denote
by m™ € C([0, T]; P1(R%)) the extension to C([0,T]; P;(R?)) of the solution of (3.22)
computed with coefficients b"[u](z,t) := VyvPmhnen[u)(z,t) and of = ge, (0 =
1,...,d).
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PROPOSITION 5.2. Assume that p2 = o(h,) and that p, = o(e,). Then, every
limit point m € C([0,T); P1(RY)) of m™ (there ewists at least one) solves (5.8).

Proof. The proof is analogous to the proof of Theorem 4.1. Indeed, arguing
exactly as in the proof of that theorem, the sequence m™ has at least one limit point
m € C([0,T]; P1(R%)) and for every ¢ € C5°(R?) the following equality holds:

Gy [ ean )@ = [ plaan o))

+ho, Z/ Ly g [m™] (z, tr)dm™ (t3,) (x )+O<h2 +h)

n

where we recall that Ly» . ,[m™] is given by (4.17). Denoting still by m™ a subsequence
of m™ converging to m, Proposition 5.1 implies that b"[m™] — b[m]| := V,v[m]
uniformly over compact subsets of R? x [0, T]. Therefore,

(5.15) /R Lol )" (1) ) = /R Lol )" () ) + O(3),
where

Op = sup {|Lon 0,0 [m" (2, 8) = Log.0[m](2, 5)| | @ € supp(e), s € [0,T]}

tends to 0 as n — oco. Using (5.15) and that b is locally Lipschitz w.r.t. z, we can
complete the proof by following the same steps as those in the proof of Theorem 4.1.0

Remark 5.1. (i) If F' and G satisfy the monotonicity conditions

Jga [F(@,m1) — F(x,ma]d(my —m2)(x) >0 ¥V my,my € Pi(RY), my # ma,
Jga [G(@,m1) — G(x,mo]d(m1 — m2)(x) >0 ¥V my,my € Pi(RY),

then system (5.1) admits a unique solution (v, m) (see [45]). In this case the entire
sequence m™ in Proposition 5.2 converges to m.

(ii) In the articles [21, 22] a very similar scheme is proposed for degenerate MFG
systems when my is absolutely continuous, with a compact support and with an essen-
tially bounded density. In those frameworks, the velocity field b[u](z, t) is only defined
for a.e. z € R%. Therefore (see Remark 4.2(ii)), the proposed scheme discretizes the
density of m for which an L* bound is proved if d = 1. Moreover, the authors show
the L' convergence of the approximations of the velocity field, which is weaker than
the result in Proposition 5.1. On the other hand, when d = 1, uniform bounds in
L are shown for the approximated densities, which allows them to prove, in these
degenerate cases, a version of Proposition 5.2 in the one dimensional case. In their
entire analysis, the extra assumptions on mg play an important role.

(iii) The introduction of the additional parameter e, > 0 in the fully discrete
scheme, and the corresponding assumption p, = o(e,), is a disadvantage of this
discretization compared with the finite difference discretization in [2], where only the
space and time step parameters are considered.

5.1.1. Numerical test. We consider the MFG system (5.1) in dimension d =
r = 1 on the space-time domain O x [0,T] := [-3,3] x [0,5], 0 = 0.01, and with
running and terminal costs given respectively by

(5.16) F(z,m) :=d(z,P)*Vs(x,m), G(z,m):=F(x,m),
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where

Vsla,m) i= (@5 % (65 +m))(@) with  @s(z) = 2—e37,

and d(-, P) denotes the distance to the set P := [-2,—2.5] U [1,1.5]. We choose as
initial distribution

mo(x) = fy(x)]lo(m) with v(z) := e /02,

Since we consider a bounded space domain, we complement the FPK equation (5.8)
with a homogeneous Neumann boundary condition, which, in terms of the underlying
characteristics, means that trajectories are reflected once they touch the boundary.
As a consequence, the total mass is preserved during the evolution. Accordingly,
at the level of the fully discrete scheme we reflect the discrete characteristics. This
modification of the scheme is discussed in [19] in the context of the Hughes model for
pedestrian flow (see [37]). Let us point out that a theoretical study of the convergence
of the resulting scheme has not yet been established and remains as an interesting
subject of future research.

By formula (5.4) the interpretation in this setting is that agents want to reach
the meeting areas, defined by the set P, without spending too much effort (modeled
by the |a|? term in (5.4)), and to avoid congestion, modeled by the coupling terms F
and G. Once the players reach the meeting areas they have no incentive to leave, and
they remain in P.

We heuristically solve the implicit scheme (3.22) using the learning procedure
proposed in [17] (analyzed at the continuous level). More precisely, given the dis-
cretization parameters p, h, and ¢ and an initial guess m° for the solution of (3.22),
we compute v° by solving backwards (5.12) with g = m°. The new iterate m! is
computed using scheme (3.14) with

<I>ji’k =a; — hV(°)5, + Vha,

where @(vo)ik is an approximation of V,v?"¢[m°](z;,t). Then, given m? (p > 1)
we compute vP by solving backwards (5.12) with u = ﬁ > =0 m? and define m?t1
using (3.14) with

q)ji’k =x; —hV(0P)5 £ Vho,

where @(v”)?k is an approximation of V,v”"¢[mP](z;,t;). We continue with these
iterations until the difference between m? and mPt! is less than 0.01 in the discrete
infinity norm.

Remark 5.2. Numerically, this heuristic performs rather well. The proof of con-
vergence of this algorithm is not analyzed in this paper, and it is postponed to a future
work. One could expect that the arguments in [17] apply to a discrete time, discrete
space MFG (see [35]). The main issue with the approximation (3.22) is that it does
not correspond exactly to a discrete MFG because the distribution of the players does
not evolve according to the discrete optimal controls of the typical players (computed
as the optimizers of the right-hand side of (5.12)), but it evolves according to their
approximations V,v?"e[mP](z;,ty).

The numerical approximation of the density m?"¢ for p = 0.02, h = p, € = 0.15,
and 6 = 0.02 is depicted in Figure 1. In Figure 2, we plot the densities m?"¢ at times
t =0, 0.6, and 5. We observe that the density of agents divides into three groups. The
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largest one moves towards the right meeting area which is the closest one. The second
largest group moves towards the left area. The third and smallest group waits before
moving towards the meeting area. We note that, in this equilibrium configuration,
the agents somehow make rational decisions based on their aversion to crowded places
out of the meeting zones.

space

Fi1G. 1. Test 5.1.1: 3D and 2D views in the (x,t) domain of the evolution of the density of agents.

35

Lg
“g

Fic. 2. Test 5.1.1: Densities at times t = 0, 0.6, and 5 (black squares on the x azis represent
the boundary of the “meeting areas”).

5.2. A nonlinear Hughes-type explicit model. In this section we consider
the FPK equation

2
(5.17) Bym — %Am — div(Vo[m]m) =0 in R?x (0,T), m(0) = m,

where v : C([0, T]; P1(RY)) x R? x [0,7] — R is given by
(5.18)

T
v[m|(z,t) := inf E (/t [3la(s)]? + F(X0(s),m(t)] ds + G(X””’t’“(T),m(t))> ;
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and the processes o and X%%® are as in section 5.1. We also assume that ' and G
satisfy (5.2).

Note that the main difference with the MFG model considered in section 5.1 is
that the optimal control problem solved by an agent located at point x at time ¢
depends on the global distribution m of the agents only through its value at time t.
In this sense, agents do not forecast, or in other words, no learning procedure has
been adopted by the population of agents regarding their future behavior (see [17] for
the analysis of the fictitious play procedure in MFGs which can explain the formation
of the equilibria). This model is a variation of the one introduced by Hughes in
[29], where the optimal control problem solved by the typical player is stationary of
minimum time type. In terms of PDEs, at each time ¢ € (0,7) we consider the HIB
equation

—0su(zx, s) — U;Au(x, s)+ 1|Vu(z,s)|? = F(z,m(t)) in R x (0,T),
u(z,T) = G(z,m(t)) for z € RY

which admits a classical solution u[m(t)]. We have that v[m](x,t) = u[m(t)](x,t). By
the continuity of F' and G, assumption (5.2), and the representation formula (5.18),
we have that v is continuous. This can also be seen as a consequence of the stability
of viscosity solutions with respect to continuous parameter perturbations (for (5.19)
the parameter is m(t)). Moreover, as in the case of MFG, assumption (5.2) implies
that

(5.20) sup [Viev[m](-,t)|eo < 00,
te[0,T], meC([0,T];P1(R4))

(5.19)

and that for all ¢ € [0,T], V,v[m](-,t) is locally Lipschitz, with local Lipschitz con-
stants which are independent of (m,t). In addition, v[m](+,t) is semiconcave, with a
semiconcavity constant which is independent of (m,t). Using this property and argu-
ing exactly as in section 5.1 we obtain that (m, z,t) € C([0, T]; P1(R%)) xR x [0, T] —
Vv[m](z,t) € R is continuous and so Theorem 4.1 gives the following result.

PROPOSITION 5.3. Equation (5.17) admits at least one solution.

As in the case of MFGs, in practice we do not know explicitly the velocity vector
field —V ,v[m](z,t), and so we have to approximate it. Given i € P;(R?), we consider
first an approximation of the solution w[i] to (5.19), where m(t) is replaced by fi.
Given p >0, h =T/N > 0, with N € N and /i € P;(R?), we define
(5.21)

WPl = infaep {g|a|2 I (I[uﬁf[gn(xi + ha + ov/hdey)
I )i+ ha — oVhdes)) }
+hF(z;,p) VYieZd, Vk=0,...,N—1,
uyli = Glawp) VieZd,
which is extended to P;(R?) x R? x [0, 7], by setting
uP M) () = Tl ) (x) 3t € [t thgal-

Now, given ¢ > 0 and ¢ € C*(R?), nonnegative and such that [, ¢(z)dz =1, we
define u”"¢ : Py (R?) x R? x [0,T] — R by

wPE () 1) = (¢e x P (A]) (1) Ve [0,T),
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where ¢ () := L ¢(z/e). Notice that, reasoning as in the proof of [21, Theorem 3.3],
if fi,, — fi in Py (R%) and p2 = o(h,,), then

(5.22)  wfmenf,] — ), uniformly over compact subsets of R? x [0, 7.

The approximation that we consider for C([0, T]; P (R%)) xR %[0, T] > (i, x,t)
v[p](z,t) € R is v7e : C([0,T); P1(R?)) x R x [0, T] — R, defined as

PP () = ()] 8) € [t b

Comparing with (5.12), where given u € C([0, T]; P1(R%)) the scheme discretizes only
(5.3) (with m replaced by p), in order to approximate v, we now need to compute
uP ¢ [u(t)], the solution to (5.21), for each k =0,..., N — 1.

By assumption (5.2), the bound (5.6) and the semiconcavity property (5.13) re-
main valid for v”"¢. Now, let p,, hy, and €, satisfy the conditions in Proposition 5.1
and let m™ € C([0,T]; P1(R?)) be the extension to C([0,T];P1(R%)) of the solution
to (3.22) computed with coefficients b"[u](z,t) := V vPnnen[y](z,t) and of = oey
(¢ =1,...,d). As before, using that V vPm"7n[m,](-,t) is uniformly bounded in ¢
and n, we have that m” has at least one limit point m € C([0, T]; P;(R?)). Denoting
still by m™ a sequence converging to m, setting v"(x,t) := vPmhnen[m™](x,t), and
using (5.22), for all (z,t) we get

lirnswnlpw,_>gﬂ7t,_)t’7l_)oo vn(x/’t/) = 1imsuPﬂE’—>a:,t'—>t,n—>oo uProhnign [m”(tn)](x’,t’)
= u[m(t)|(z,t)
= lminfor o tnosoo ul™ o " (ta)] (', 1)

_ . . n /o4l
= lim lnf."c/—wr,t’—)t,n—)oo v (‘T 7t )a

where t,, € {0, hn,2hy, ..., T — hy} is such that t' € [t,,t, + hy). Since v[m|(z,t) =
u[lm(t)](x,t), by [7, Chapter V, Lemma 1.9] we get that v™ converges to v[m] uniformly
over compact subsets of R? x [0,T]. Since v™ also satisfies (5.13), arguing as in the
proof of Proposition 5.1, we have that V, 0" — V,v[m| uniformly over compact
subsets of R? x [0, T]. Using this fact, the proof of the following result is the same as
the proof of Proposition 5.2.

PROPOSITION 5.4. Assume that p2 = o(hy,) and that p, = o(e,). Then, every
limit point m € C([0,T); P1(RY)) of m" (there exists at least one) solves (5.17).

5.2.1. Numerical test. For the sake of comparison, we consider here the same
framework as the one in subsection 5.1.1; i.e., we take d = r = 1, we work on
the domain O x [0,T] = [-3,3] x [0,5], and we impose a homogeneous Neumann
boundary condition on the FPK equation (5.17). The functions F' and G are also as
in the previous test, as well as the initial distribution mg of the agents.

We proceed iteratively in the following way: given the discrete measure mZ’h’E
at time ¢t (k = 0,..., N — 1), we compute at each space grid point j the discrete
value function v; j by using (5.21) with u(¢x) replaced by mz’h’a. We regularize the
interpolated function I[v. ] by using a discrete space convolution with a mollifier ¢..

We denote by @vj .. the approximation of its spatial gradient at z;. Then we calculate

mZ’_ﬁf with scheme (3.22) by approximating the discrete trajectories by

q)ji’k = x; — hV§, £ Vho,
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and we iterate the process until £ = N — 1. Note that, by construction, the scheme is
explicit in time.

The approximation of the density evolution in the (x,t) domain, computed with
p=0.02, h =p, e =0.15, and § = 0.01, is shown in Figure 3. In Figure 4, we plot the
approximated density at times ¢ = 0, 0.6, and 5. We observe that the initial density
my divides into two parts. The first one quickly reaches the meeting area on the right,
and once there it stops and begins to accumulate in this zone. The second part of
the density moves in the opposite direction, trying to reach the left meeting area. In
contrast to the presented MFG model, in this model the agents make their decisions
based only on the current global configuration. As a consequence, we observe faster
and higher accumulation of agents in the meeting zones.

time

space

n
T

o

Fic. 4. Test 5.2.1: Density of agents at times t = 0, 0.6, and 5 (black squares on the x axis
represent the boundary of the “meeting areas”).
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