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The tidal Love numbers (TLNs) encode the deformability of a self-gravitating object immersed in a tidal
environment and depend significantly both on the object’s internal structure and on the dynamics of the
gravitational field. An intriguing result in classical general relativity is the vanishing of the TLNs of black
holes. We extend this result in three ways, aiming at testing the nature of compact objects: (i) we compute
the TLN’s of exotic compact objects, including different families of boson stars, gravastars, wormholes, and
other toy models for quantum corrections at the horizon scale. In the black-hole limit, we find a universal
logarithmic dependence of the TLNs on the location of the surface. (ii) We compute the TLNs of black
holes beyond vacuum general relativity, including Einstein-Maxwell, Brans-Dicke, and Chern-Simons
gravity. (iii) We assess the ability of present and future gravitational-wave detectors to measure the TLNs
of these objects, including the first analysis of TLNs with LISA. Both LIGO, ET, and LISA can impose
interesting constraints on boson stars, while LISA is able to probe even extremely compact objects.
We argue that the TLNs provide a smoking gun of new physics at the horizon scale and that future
gravitational-wave measurements of the TLNs in a binary inspiral provide a novel way to test black holes

and general relativity in the strong-field regime.
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I. INTRODUCTION

Tidal interactions play a fundamental role in astro-
physics across a broad range of scales, from stellar
objects like ordinary stars and neutron stars (NSs) to
large celestial systems such as galaxies. Several astro-
physical structures (e.g., binaries and tidal tails [1,2])
are consequences of tidal interactions. Tidal effects can
be particularly strong and important in the regime that
characterizes compact objects, giving rise to extreme
phenomena such as tidal disruptions.

The deformability of a self-gravitating object
immersed in an external tidal field is measured in terms
of its tidal Love numbers (TLNs) [3,4]. These leave a
detectable imprint in the gravitational-wave (GW) signal
emitted by a neutron-star binary in the late stages of its
orbital evolution [5-7]. So far, a relativistic extension
[6,8,9] of the Newtonian theory of tidal deformability
has been mostly motivated by the prospect of measuring
the TLNs of NSs through GW detections and, in turn,
understanding the behavior of matter at supranuclear
densities [10-16]. The scope of this paper is to show
that tidal effects can also be used to explore more
fundamental questions related to the nature of compact
objects and the behavior of gravity in the strong-field
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regime (for a previous related study in the context of
aLIGO binaries, cf. Ref. [17])."

An intriguing result in classical general relativity
(GR) is the fact that the TLNs of a black hole (BH)
are precisely zero. This property has been originally
demonstrated for small tidal deformations of a
Schwarzschild BH [8,9,19] and has been recently
extended to arbitrarily strong tidal fields [20] and to
the spinning case [21-23], at least in the axisymmetric
case to quadratic order in the spin [22] and generically
to linear order in the spin [23].

A. The naturalness problem

The precise cancellation of the TLNs of BHs within
Einstein’s theory poses a problem of “naturalness” in
classical GR [24-26], one that can be argued to be as
puzzling as the strong CP and the hierarchy problem
in particle physics, or as the cosmological constant
problem. The resolution of this issue in BH physics

'A related, independent work dealing with tidal effects for
boson stars, conducted simultaneously to ours, is due to appear
soon [18].
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could lead to—testable, since they would be encoded in
GW data—smoking-gun effects of new physics.

This question can be solved in at least two (related)
ways, which we explore here. If new physics sets in, for
example through unexpectedly large quantum backreaction
or changes in the equation of state, BHs might simply not
be formed, avoiding this and other problems (such as the
information loss puzzle [27]) altogether. Instead, other
objects might be the end product of gravitational collapse.
These “exotic compact objects” (ECOs) include boson stars
(BSs) [28-32], gravastars [33,34], wormholes [35], and
various toy models describing quantum corrections at the
horizon scale, like superspinars [36], fuzzballs [37], “2-2
holes” [38], and others [39—41]. ECOs might be formed
from the collapse of exotic fields or by quantum effects at
the horizon scale, and represent the prototypical example of
exotic GW sources [42-44] which might be searched for
with ground- or space-based detectors.

Alternatively, GR might not be a good description of
the geometry close to horizons. BHs other than Kerr
arise in theories beyond GR which are motivated by both
theoretical arguments and by alternative solutions to the
dark matter and the dark energy problems (for recent
reviews on strong-field tests of gravity in the context of
GW astronomy, see Refs. [45,46]). Arguably, the simplest
BHs arise in Einstein-Maxwell theory and are described
by the Reissner-Nordstrom solution. Although astrophysi-
cal BHs are expected to be electrically neutral [47],
Reissner-Nordstrom BHs can be studied as a proxy of
BHs beyond vacuum GR and could also emerge naturally
in models of minicharged dark matter and dark photons
[48]. In several scalar-tensor theories, BHs are uniquely
described by the Kerr solution, as in GR [49,50].
However, these theories introduce a scalar degree of
freedom (nonminimally) coupled to gravity and the
response of BHs to external perturbations is generically
richer [51]. In theories with several or with complex
bosons, hairy BH solutions might exist that can be seen as
BSs with a BH at the center [52,53]. These solutions could
be the endpoint of the superradiant instability of the Kerr
geometry and may even describe metastable states when a
single real field is present [54,55]. Finally, in quadratic
theories of gravity, the Einstein-Hilbert action is consid-
ered as the first term of a possibly infinite expansion
containing all curvature invariants, as predicted by some
scenarios related to string theory and to loop quantum
gravity [46]. To leading order in the curvature corrections,
stationary BHs in these theories belong to only two
families [56,57], usually dubbed the Einstein-dilaton-
Gauss-Bonnet solution [58—60] and the Chern-Simons
solution [61,62].

B. Quantifying the existence of horizons

The observational determination of the tidal properties of
compact objects also has a bearing on another fundamental
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question: do event horizons exist, and how can we quantify
their existence in GW data?

It was recently shown that ultracompact horizonless
geometries are expected to mimic very well the last stages
of coalescence of two BHs, when they merge to form a
single distorted BH, ringing down to its final Kerr geometry
[63,64]. In this scenario, horizonless geometries would
show up as echoes in the gravitational waveforms at very
late times. The exclusion of echoes up to some instant ¢
after the merger rules out structure in the spacetime down
to a region r/r, — 1 ~exp(—t/r,), with r, being the
Schwarzschild radius of the spacetime. Thus, more sensi-
tive detectors will probe regions closer and closer to the
horizon.

The above picture refers to the final, postmerger state.
The understanding of the initial state can start by inferring
from the inspiral signal the imprints of the structure of the
inspiralling objects. Putative structures will show up in the
way each of these objects reacts to the gravitational field
created by the other, in other words, by their TLNs. As we
will show, the TLNs of all ECOs vanish in the BH limit,
logarithmically. Thus, observational upper bounds on the
TLNs can be converted into constraints on the compactness
of the inspiralling objects.

Throughout this work, we use G = ¢ =1 units and
denote the Planck length by Zp ~ 1.6 x 1073 cm.

C. Executive summary

For the busy reader, in this section we summarize our
main results; possible extensions are discussed in Sec. VL

We focus on spherically symmetric, static background
geometries, and compute the TLNs under the assumption
that the only surviving tide at large distances is gravitational.
In this setting, the TLNs can be divided into two classes
according to their parity: an electric- or polar-type, and a
magnetic or axial-type, and each of these sectors can in turn
be expanded into a set of multipoles labeled by an integer L.

Our main results are summarized in Table I and in Fig. 1
and are discussed in detail in the rest of the paper. Table I
lists the lowest quadrupolar (/ = 2) and octupolar (/ = 3)
polar and axial TLNs for various models of ECOs in GR,
and for some static BHs in other gravity theories. Table I
also compares the TLNs of these objects with the corre-
sponding ones for a typical NS (cf. also Table III in
Appendix A).

One of our main results is that the TLNs of several ECOs
display a logarithmic dependence in the BH limit, i.e. when
the compactness of the object approaches that of a BH,

C:=M/ry—1/2, (1)

where M and r, are the mass and the radius of the object.
As shown in Table I, this property holds for wormholes,
thin-shell gravastars, and for a simple toy model of a static
object with a perfectly reflecting surface [39,41]. It is
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TABLE L. Tidal Love numbers (TLNs) of some exotic compact objects (ECOs) and BHs in Einstein-Maxwell theory and modified theories
of gravity; details are given in the main text. As a comparison, we provide the order of magnitude of the TLNs for static NSs with compactness
C = 0.2 (the precise number depends on the neutron-star equation of state; see Table III for more precise fits). For BSs, the table provides the
lowest value of the corresponding TLNs among different models (cf. Sec. IIT A) and values of the compactness. In the polar case, the lowest
TLNs correspond to solitonic BSs with compactness C = 0.18 or C &~ 0.20 (when the radius is defined as that containing 99% or 90% of the
total mass, respectively). In the axial case, the lowest TLNs correspond to a massive BS with C = 0.16 or C = 0.2 (again for the two definitions
of the radius, respectively) and in the limit of large quartic coupling. For other ECOs, we provide expressions for very compact configurations
where the surface 7 sits at ry ~ 2M and is parametrized by & = r/(2M) — 1; the full results are available online [65]. In the Chern-Simons
case, theaxial / = 3 TLN is affected by some ambiguity and is denoted by a question mark [see Sec. IV C for more details]. Note that the TLNs
for Einstein-Maxwell and Chern-Simons gravity were obtained under the assumption of vanishing electromagnetic and scalar tides.

Tidal Love numbers

KE KE % I
NSs 210 1300 11 70
ECOs Boson star 41.4 402.8 -13.6 -211.8
4 8 16 16
Wormhole SET3lgd T05(7+210g) 5GI+1210gd) 7(209+6010g )
1 8 8 32 32
Perfect mirror 5(7+310g &) 35(10+31log &) 5(25+121log &) 7(197+601og &)
16 16 32 32
Gravastar 525610 379T0gd) T5GT-6Tog 279102 d) S{@3-12Tog 2+ 1810g2) 7(307-60T0g 219010g £)
BHs Einstein-Maxwell 0 0 0 0
Scalar-tensor 0 0 0 0

Chern-Simons 0

0 11% 11.1%2

natural to conjecture that this logarithmic behavior is model
independent and will hold for any ECO whose exterior
spacetime is arbitrarily close to that of a BH in the ry — 2M
limit. This mild dependence implies that even the TLNs
of an object with ry —2M =~ £p are not extremely small,
contrary to what one could expect. Indeed, we estimate that
the dimensionless TLNs defined in Eq. (3) below are

for an ECO with ry — 2M =~ £p and in the entire mass range
M € [1,100]M . Note that, with the exception of polar
TLNs of boson stars, all TLN's of ultracompact exotic objects
listed in Table I have the opposite sign relative to the neutron-
star case (cf. the discussion in Refs. [66,67] applied to a
particular model). Negative values of TLNs were also found
previously for ultracompact anisotropic NSs [68].
Furthermore, we show that the TLNs of a charged BH

k5P~ 0(1073), kP = O(1074), (2)  in Einstein-Maxwell theory and of an uncharged static
AdLIGO ET LISA
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FIG. 1. Relative percentage errors on the average tidal deformability A for BS-BS binaries observed by AdLIGO (left panel), ET
(middle panel), and LISA (right panel), as a function of the BS mass and for different BS models considered in this work (for each
model, we considered the most compact configuration in the stable branch; see main text for details). For terrestrial interferometers, we
assume a prototype binary at d = 100 Mpc, while for LISA the source is located at d = 500 Mpc. The horizontal dashed line identifies
the upper bound 6, /A = 1. Roughly speaking, a measurement of the TLNs for systems which lie below the threshold line would be
incompatible with zero and, therefore, the corresponding BSs can be distinguished from BHs. Here A is given by Eq. (72), the two
inspiralling objects have the same mass, and o5 /A ~ o,z / k5.
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BH in Brans-Dicke theory vanish, as in GR, whereas the
TLNs of a BH in Chern-Simons gravity are nonzero,
even though the static BH solution to this theory is
described by the Schwarzschild metric. The results for
Einstein-Maxwell and Chern-Simons gravity were
obtained with the assumption that there are no electro-
magnetic and scalar tidal fields. As expected, the TLNs
are proportional to the coupling constant of the theory so
that any constraint on them can be potentially converted
into a test of gravity.

The accuracy with which GW detectors can estimate
the TLNs of compact objects is shown in Fig. 1 for three
BS models, where the two inspiralling objects are
assumed to be equal. In moderately optimistic scenarios,
a GW detection of a compact-binary coalescence with
LIGO can place an upper bound on the TLNs of the two
objects at the level of sz ~ 10, whereas the future
Einstein Telescope (ET) [69] can potentially improve
this constraint by almost a factor of a hundred.
Interestingly, the future space interferometer LISA [70]
has the ability to set much tighter constraints [cf. also
Fig. 7] and to rule out several candidates of supermassive
ECOs. In essence, both Earth and space-based detectors
are able to discriminate even the most compact BSs, by
imposing stringent bounds on their TLNs. By contrast, as
we show in Sec. V, only LISA is able to probe the regime
of very compact ECOs, describing geometries which are
microscopic corrections at the horizon scale, for which
the compactness C = 0.48 or higher.

II. SETUP: TIDAL LOVE NUMBERS
OF STATIC OBJECTS

Let us consider a compact object immersed in a
tidal environment [4]. Following Ref. [8], we define
the symmetric and trace-free polar and axial® tidal
multipole moments of order [ as &, , = [(1=2)17"!
<C0a10a2;a3...a,> and Bal...a, = [% (l + 1)(1 - 2)‘]_1
<€a1bcczfo;a1...a,>’ where C,;., 1S the Weyl tensor, a semi-
colon denotes a covariant derivative, €,,,. is the permutation
symbol, the angular brackets denote symmetrization of the
indices a; and all traces are removed. The polar (respec-
tively, axial) moments &, (respectively, B, ,,) can be
decomposed in a basis of even (respectively, odd) parity
spherical harmonics. We denote by &£” and B™ the
amplitudes of the polar and axial components of the
external tidal field with harmonic indices (I, m), where
m is the azimuthal number (|m| < [). The structure of the
external tidal field is entirely encoded in the coefficients
Em and B™ (cf. Ref. [8] for details).

’It is slightly more common to use the distinction electric/
magnetic components rather than polar/axial. Since we shall
discuss also electromagnetic fields, we prefer to use the former
distinction.
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As a result of the external perturbation, the mass and
current multipole moments® (M ; and §;, respectively) of
the compact object will be deformed. In linear perturbation
theory, these deformations are proportional to the applied
tidal field. In the nonrotating case, mass (current) multi-
poles have even (odd) parity, and therefore they only
depend on polar (axial) components of the tidal field.*
Hence, we can define the (polar and axial) TLNs as [6,8]

e =1 [ 4z M
! 2 MY N 21418,
3 1(1-1 4z S
P =—2 (=1 : (3)

2L+ 1MV 21+ 18y’
where M is the mass of the object, whereas &y
(respectively, B;o) is the amplitude of the axisymmetric’
component of the polar (respectively, axial) tidal field.
The factor M**! was introduced to make the above
quantities dimensionless. It is customary to normalize
the TLNs by powers of the object’s radius R rather than
by powers of its mass M. Here, we adopted the latter
nonstandard choice, since the radius of some ECOs (e.g.
BSs) is not a well-defined quantity. Thus, our definition is
related to those used by Hinderer, Binnington, and Poisson
(HBP) [6,8] through

R\ 2041
E.B E.B
kl ours — <M> leBP‘ (4)

Modified theories of gravity and ECOs typically require
the presence of extra fields which are (non)minimally
coupled to the metric tensor. Here we shall consider some
representative example of both scalar and vector fields.
A full treatment of this problem would require allowance
for an extra degree of freedom, the external scalar and
electromagnetic (EM) applied fields. It is generically
expected that, in astrophysical situations, the ratio of a
putative external (scalar or vector) field to the ordinary
gravitational tidal field should be small. We will, therefore,
focus only on situations where the only surviving field at
large distances is gravitational.

We expand the metric, the scalar field, and the Maxwell
field in spherical harmonics as presented in Appendix B.

*We adopt the Geroch-Hansen definition of multipole mo-
ments [71,72], equivalent [73] to the one by Thorne [74] in
asymptotically mass-centered Cartesian coordinates.

This symmetry is broken if the compact object is spinning due
to spin-tidal couplings. In such case, there exists a series of
selection rules that allow to define a wider class of “rotational”
TLNs [22,23,75,76]. In this paper, we neglect spin effects to
leading order.

'We consider only nonspinning objects, hence the spacetime is
spherically symmetric and, without loss of generality, we can
define the TLNSs in the axisymmetric (m = 0) case. Clearly, this
property does not hold when the object is spinning [21,23,75].
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Since the background is spherically symmetric, perturbations
with different parity and different harmonic index / decouple.
In the following, we discuss the polar and axial sector
separately; due to the spherical symmetry of the background,
the azimuthal number m is degenerate and we drop it.
Finally, in order to extract the tidal field and the induced
multipole moments from the solution, we have adopted
two (related) techniques. The first one relies on an
expansion of the metric at large distances [cf. Egs. (B9)
and (B10)] in terms of the multipole moments. The second
technique relies on the evaluation of the Riemann tensor
in Schwarzschild coordinates, whose tidal correction is
related to the total tidal field in the local asymptotic rest
frame [19]. These two procedures agree with each other
and—at least in the case of ECOs—the computation of the
TLNs is equivalent to the case of NSs [6,8]. On the other
hand, computing the TLNs of BHs in extensions of GR
presents some subtleties which are discussed in Sec. IV.

I11. TIDAL PERTURBATIONS OF EXOTIC
COMPACT OBJECTS

In this section we describe some representative models
of ECOs and discuss their TLNs. Technical details are
given in the Appendixes.

A. Boson stars

BSs are complex6 bosonic configurations held together
by gravity. In the simplest model, they are solutions to the
Einstein-Klein-Gordon theory,

R
5= / d4x1/_—g{ﬁ—g“baa(b*8b(b—V(|d>|2) 05)

BSs have been extensively studied in the past and have
been proposed as BH mimickers and dark matter candi-
dates; see e.g. Refs. [28,29,31,78,79].

BSs are typically classified according to the scalar
potential in the above action; here we investigate three
of the most common models: minimal BSs [80,81], massive
BSs [82], and solitonic BSs [83]. The corresponding scalar
potential for these models and the maximum mass for
nonspinning solutions are listed in Table II. A more
comprehensive list of BS models can be found in Ref. [29].

Depending on the model, compact BSs with masses
comparable to those of ordinary stars or BHs require a
certain range of the scalar mass mg := ph. For minimal
BSs, the maximum mass in Table II is comparable to the

°If the scalar field is real, action (5) admits compact, self-
gravitating, oscillating solutions known as oscillatons [77]. These
solutions are metastable, but their decay time scale can largely
exceed the age of the universe and their properties are very similar
to those of BSs. We expect that the TLNs of BSs computed here
are similar to those of an oscillaton star, although a detailed
computation is left for future work.

PHYSICAL REVIEW D 95, 084014 (2017)

TABLE II. Scalar potential and maximum mass for the BS
models considered in this work. In our units, the scalar field ® is
dimensionless and the potential V has dimensions of an inverse
length squared. The bare mass of the scalar field is mg := u#f. For
minimal BSs, the scaling of the maximum mass is exact. For
massive BSs and solitonic BSs, the scaling of the maximum mass
is approximate and holds only when a > y* and when 6y < 1,
respectively.

Potential Maximum mass
Model V(|®?) Mo /Mo
Minimal ”2\¢>|2 8(10_'1' eV)
ms
Massive W@ + 4| 5 /_ah(O.lmieV)Z
Solitonic ﬂ2|q)|2[1 _ %}2 5[%}2(50(3726V)

Chandrasekhar limit for NSs only for an ultralight field
with mg < 107! eV. For massive BSs, the maximum mass
is of the same order of the Chandrasekhar limit if mg ~
0.1 GeV and the quartic coupling is large, afi ~ 1 [82].
Finally, solitonic BSs may reach massive (M 2 M) or
supermassive (M 2 10° M) configurations even for heavy
bosons with mg ~ 500 GeV if the coupling parameter in
their potential is 6, < 107! or 6, < 10713, respectively
[83]. For massive and solitonic BSs, the scaling of the
maximum mass in Table II is approximate and valid only
when a>> u?> and when o, < 1, respectively. In our
numerical analysis, we have considered a = 10*4? and
o9 = 0.05, whereas the mass term u can be rescaled away
(cf., e.g., discussion in Ref. [43]).

Even though BSs have a wide range of compactness,
which depends basically on their total mass (cf. Fig. 9 in
Appendix C), interactions between BSs typically leads to a
net weight gain, clustering old BSs close to the mass peak
[31], which also coincides with the peak of compactness.

The details of the numerical procedure to compute the
TLNs of a BS are presented in Appendix C. Figure 2 shows
the TLNs of the BS models presented above as a function
of the total mass M, the latter being normalized by the total
mass M ., of the corresponding model. We only show static
configurations in the stable branch, i.e. with a mass smaller
than M, (cf. discussion in Appendix C). For minimal BSs
and for / = 2 polar case, our results agree with those recently
obtained in Ref. [84]. In addition, we also present the results
for [ = 2 and [ = 3, for both axial and polar TLNs, and for
the three BS models previously discussed.

The behavior of the TLNs of BSs is in qualitative
agreement with that of NSs. For a given BS model with
a given mass, the magnitude of the polar TLN is larger than
that of an axial TLN with the same [. Furthermore, in the
Newtonian regime (M — 0) the TLNs scale as kf ~
C~*1) and k¥ ~ —C~?!. This scaling is in agreement with
the neutron-star case (cf. Ref. [8] and Table III), whereas
the sign of the axial TLNs is opposite. Finally, all TLNs
are monotonic functions of the compactness, so that more
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FIG. 2. Polar (top panels) and axial (bottom panels) TLNs for minimal, massive and solitonic BSs. Left and right panels refers to [ = 2
and [ = 3, respectively. For massive and solitonic BSs we have considered @ = 10*4? and 6, = 0.05, respectively. With these values, the
maximum mass scales approximately as shown in Table II. Numerical data are available online [65]. These plots include only stars in the

stable branch.

compact configurations have smaller tidal deformability.
The phenomenological implications of these results are
discussed in Sec. V.

B. Models of microscopic corrections
at the horizon scale

Several phenomenological models of quantum BHs
introduce a Planck-scale modification near the horizon.
In this section, we consider three toy models for micro-
scopic corrections at the horizon scale, namely a wormhole
[35], a Schwarzschild geometry with a perfectly reflective
surface near the horizon [39,41], and a thin-shell gravastar
[33].7 These models have some common features: (1) the
exterior spacetime is described by the Schwarzschild
metric; (i) the interior is either vacuum or de Sitter and
the tidal perturbation equations can be solved for in closed
form; (iii) simple junction or boundary conditions at the
radius ry of the object can be imposed to connect the
perturbations in the interior with those in the exterior. As a
result of these properties, the TLNs of these models can be
computed in closed analytical form. As we show, the
qualitative features are the same and—especially in the
BH limit—do not depend strongly on the details of
the models. Below, we present explicit formulas for the
BH limit, expressions for generic compactness are provided

7Many of these objects are unstable or require exotic matter
distributions. We will not be concerned with these issues here.

online [65]. The details of the computation are given in
Appendix D.

1. Wormholes

The simplest models of wormhole solutions consist in
taking two copies of the ordinary Schwarzschild solution
and remove from them the four-dimensional regions
described by |, < r( [35]. With this procedure, we obtain
two manifolds whose geodesics terminate at the timelike
hypersurfaces

0Q 5 = {r1, = ro|ro > 2M}. (6)
The two copies are now glued together by identifying these
two boundaries, 0Q; = 0%,, such that the resulting space-
time is geodesically complete and comprises of two distinct
regions connected by a wormhole with a throat at r = r,.
Since the wormhole spacetime is composed by two
Schwarzschild metrics, the stress-energy tensor vanishes
everywhere except on the throat of the wormhole. The
patching at the throat requires a thin shell of matter with
surface density and surface pressure,

1 2M 1

1—M/r0

C P G ST oMy,

which imply that the weak and the dominant energy
conditions are violated, whereas the null and the strong

o =

27rg o
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energy conditions are satisfied when ry < 3M [63]. To
cover the two patches of the spacetime, we use the radial
tortoise coordinate r,, which is defined by

dr 2M
=+|1-—),
dr, ( r>

where the upper and lower sign refer to the two sides of the
wormhole. Without loss of generality, we can assume that
the tortoise coordinate at the throat is zero, r,(ry) = 0, so
that one side corresponds to r, > 0 whereas the other side
corresponds to r, < 0.

In Fig. 3, we show the polar and axial TLNs with [ = 2,3
as functions of &:=ry/(2M) — 1. Interestingly, in this
case the TLNs have the opposite sign to those of a NS.
Furthermore, they vanish in the BH limit, i.e. when
ro = 2M or £ — 0. The behavior of the TLNs in the BH
limit reads

(8)

S Tk ®

KE ~ m (10)

K2~ 5(3%1621%5), (11)

K ~7(209 Jrlzomgg)’ (12)

where we have omitted subleading terms of O(@).

On the other hand, in the Newtonian limit we get
ki® ~ C=(11) | Interestingly, while the scaling for polar
TLNs agrees with that of NSs (cf. Table III), that for the
axial TLNs is different.

The logarithmic dependence of the TLNs is very
interesting, because it implies that the deviations from
zero (i.e., from the BH case) are relatively large even when
the throat is located just a Planck length away from the
would-be horizon 7y —2M ~ £p ~ 1.6 x 10733 cm. In this
case, the above results yield

kE~ =3 x 1073,
kY~ —4 x 1074,

kS ~—6x 1073,

KE ~ =9 x 107*, (13)

for a wormhole in the entire mass range M € [1, 100]M .

2. Perfectly-reflective mirror

Thermodynamical arguments suggest that any horizon-
less microscopic model of BH should act as a mirror, at
least for long wavelength perturbations [39,41]. Motivated
by this scenario, we consider a Schwarzschild geometry
with a perfect mirror at r = ry > 2M and impose Dirichlet
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FIG. 3. The [ =2 and [ = 3, axial- and polar-type TLNs for a
stiff wormhole constructed by patching two Schwarzschild
spacetimes at the throat radius r = ry > 2M. The TLNs are
negative and all vanish in the BH limit, ry — 2M. The latter is
better displayed in the inset.

boundary conditions on the Regge-Wheeler and Zerilli
functions, for the axial and polar sector, respectively. Thus,
our strategy is to consider the stationary limit of generically
dynamical perturbations (in the Fourier space, where w
is the frequency of the perturbation) of a Schwarzschild
geometry.

The final result, in the £ — 0 limit, reads (cf. Appendix D
for details)

k§~5(7+gmz—6x 1073, (14)
K ~m ~ =9 x 1074, (15)
k§~mz—6x 103, (16)
K~ 307 fémog@)“_gx 0=, (17)

where the last step is evaluated at ry — 2M ~ £p ~ 1.6 X
1073 cm and it is roughly valid in the entire mass range
M € [1,100]M, due to the mild logarithmic dependence.
We note that also for this model all TLNs are negative (i.e.,
they have the opposite sign relative to the neutron-star case)
and that ki*® ~ C=?!*1) in the Newtonian limit. The TLNs
kf’B for this model as functions of the compactness are
shown in Fig. 4.
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FIG. 4. TLNs for a toy model of Schwarzschild metric with a
perfectly reflective surface at » = ry > 2M. The TLNs are all
negative and vanish in the BH limit, r, - 2M. Close to the BH
limit, the polar- and axial-type Love numbers for the same
multipolar order are almost identical, as shown in the inset.

3. Thin-shell gravastars

For completeness, here we briefly consider the case of
another ECO, namely gravastars [33]. The interior of
these objects is described by a patch of de Sitter space,
which is smoothly connected to the Schwarzschild exterior
through an intermediate region filled with a perfect fluid.
A particularly simple model is the so-called thin-shell
gravastar [34], in which the thickness of the intermediate
region shrinks to zero. Remarkably, these models are
simple enough that the TLNs can be computed analytically
[66,67].

Among thin-shell gravastars, we consider the simplest
case where the background metric is Eq. (B2) with

1—2TM, r>r
el =eN = ) . (18)
1-2C5., r<rn
0

In this model, the thin shell is described by a fluid with
zero energy density and negative pressure [66]. By extend-
ing the formalism developed in Ref. [67] (cf. also
Refs. [66,87]), it is easy to compute the TLNs of this
solution. In the BH limit, the computation derived in
Appendix D yields®

16
KE ~ ~—4x 1073, (19
2~5023 - 6log2 + 9logs) (19)

$This result corrects the computation performed in Ref. [66],
which is flawed due to the fact that it does not impose the correct
boundary conditions across the shell. For a stiff equation of state,
the correct boundary conditions read [[K]] = 0 = [[dK/dr,]] as
derived in Appendix D and in Ref. [67].
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FIG.5. TLNs for a thin-shell gravastar with zero energy density
as a function of the compactness. More generic gravastar models
are presented in Ref. [67]. The TLNs are all negative and vanish
in the BH limit, ry — 2M. Similar to the perfectly-reflective
mirror case, the polar- and axial-type Love numbers for the same
multipolar order coincide in the BH limit, as shown in the inset.

16

KE ~
3 35(31 —6log2 + 9log &)

~—6x 1074, (20)

32
5(43 - 12log2 + 181og )

KB ~ ~-4x1073,  (21)

32
kB ~ ~—6x107 (22
7 7(307 — 601log 2 + 901og &) ) @)

As already noted in Ref. [66], the Newtonian regime of a
gravastar is peculiar due to the de Sitter interior; con-
sequently, the TLNSs scale as kf'B ~ —C~2 In this case, the
scaling of the polar TLNs is different from that of an
ordinary NS and of the other models of microscopic
corrections at the horizon scale, whereas the scaling of
the axial TLNs is the same as that for ordinary NSs
and BSs.

Interestingly, also in the gravastar case, the axial and
polar TLNs have a logarithmic behavior in the BH limit
and they are negative, as discussed in Refs. [66,67] for the
polar case only. The behavior of kf’B as functions of the
compactness is shown in Fig. 5. The quadrupolar polar-
type TLNs for more generic thin-shell gravastar models are
presented in Ref. [67].

4. On the universal BH limit

It is remarkable that the models described above display
a very similar behavior in the BH limit, when the radius
ro — 2M, cf. Table 1. Indeed, although all TLNs vanish in
this limit, they have a mild logarithmic dependence. On the
light of our results, it is natural to conjecture that this
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logarithmic dependence is a generic feature of ultracompact
exotic objects and will hold true for any ECO whose
exterior spacetime is arbitrarily close to that of a BH in the
ro = 2M limit.

Due to this mild dependence, the TLNs are not extremely
small, as one would have naively expected if the scaling
with £ were polynomial. Indeed, in the Planckian case
(ro — 2M = ¢p), the order of magnitude of the TLNs is the
same for all models and it is given by Eq. (2). In particular,
the TLNs of Planckian ECOs are only five orders of
magnitude smaller than those a typical NS. The detect-
ability of these deviations from the “zero-Love” rule of
BHs in GR is discussed in Sec. V.

IV. TIDAL PERTURBATIONS OF BHS
BEYOND VACUUM GR

In this section, we discuss the TLNs of BHs in other
theories of gravity. Technical details are given in
Appendix B.

A. Scalar-tensor theories

We start with scalar-tensor theories, which generically
give rise to stationary BH solutions which are identical to
those of GR [46,49,50]. Therefore, the background solution
which we deal with is still described by the Schwarzschild
geometry. In the Jordan frame, neglecting the matter
Lagrangian, the simplest example of scalar-tensor theory
is described by the Brans-Dicke action (cf., e.g., Ref. [46])

1

S=Ton

d*x\/=g (CDR - a,,cpaﬂcp) . (23)

where wpp is a dimensionless coupling constant and @ is a
scalar field characteristic of the theory. Action (23) yields
the equations of motion,

@D 1 1
G/ll/ = ? <8ﬂ¢)8b¢) - Egﬂyal(bai(I)) + EVMVU(D,
(24)
Lo = 0. (25)
As mentioned above, the background solution is

Schwarzschild with a vanishing scalar field.

Following the procedure described in Sec. II, we con-
sider metric perturbations given by Eqs. (B3) and (B4) for
the polar and axial sector, respectively, and a scalar field
perturbation given by Eqgs. (B6) and (B7). Since the scalar
perturbations are even-parity, axial gravitational perturba-
tions do not couple to them, implying that this sector is
governed by equations identical to those of vacuum GR.
Therefore, all axial-type TLNs of a nonrotating BH in
Brans-Dicke gravity are zero, k¥ = 0.

PHYSICAL REVIEW D 95, 084014 (2017)

On the other hand, in the polar sector, scalar perturba-
tions can be obtained from Eq. (25) by using the decom-
position in Egs. (B6) and (B7),

(r—=M)é¢' —I(1+ 1)6¢

2
6 "
¢+ r(r—2M)

=0.  (26)

The solution which is regular at the horizon is

5 = C,P,(é— 1),

where P; is a Legendre polynomial, C; is an integration
constant, and we have expanded the scalar field as in
Eq. (B6) with ®© = 0. By comparing the above expres-
sion with the scalar-field expansion in Eq. (B13), we
conclude that C; SZS and that the induced scalar multi-
poles @, are zero. Therefore, Eq. (27) represents an external
scalar tidal field and the “scalar TLN” are identically zero.

Although we wish to focus on gravitational tidal fields,
it is instructive to investigate the role of a scalar tide in
scalar-tensor theory. By substituting Eq. (27) in Eq. (24),
we obtain an inhomogeneous differential equation for H,
which one of the polar perturbations of the metric
[cf. Eq. (B3)]. For [ =2, we can identify C, = —3M*&5
and we get

(27)

2(r—M) 2(2M?* — 6Mr + 3r?)
H H) — H
0+r(r—2M) 0 r(r—2M)? 0
_ AM*(2M?* — 6Mr +317)

3r2(r —2M)?

&s. (28)

The above equation can be solved analytically. The solution
which is regular at the horizon reads

Hy=—r’&, +2Mr€, — §M2£§. (29)
The induced quadrupolar moment is zero and, therefore,
k% = 0, just as in the GR case. It is straightforward to show
that this result generalizes to higher multipoles, k¥ = 0. In
conclusion, although in Brans-Dicke theory the BH metric
perturbations depend on scalar tides, all TLNs of a static
BH vanish, as in the case of GR.

B. Einstein-Maxwell

We consider Reissner-Nordstrom BHs, which are the
unique static solution to Einstein-Maxwell theory, although
our results are valid for any U(1) field minimally coupled
to gravity, as in the case of dark photons or the hidden U(1)
dark-matter sector [48]. The Einstein-Maxwell field equa-
tions read

G,, = 8aT,,, (30)
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Vv, F* =0, (31)

where F,, = A A, , is the Maxwell tensor and

v — Fuy

1 1
Taﬂ = E <gﬂyFa/4Fﬂy - ZF;wFﬂ gaﬁ) ’ (32)

is the stress-energy tensor of the EM field. The background
spacetime is the well-known Reissner-Nordstrom metric,
whose line element reads as in Eq. (B2) with

Foeno1- ML L )

where M and Q denote the mass and the charge of the
BH, respectively. The background Maxwell 4-potential
reads

AV = (-0/r,0,0,0). (34)

Because the background is electrically charged, gravita-
tional and EM perturbations are coupled to each other. To
compute the tidal deformations, we expand the metric as in
Egs. (B3) and (B4) and the Maxwell field as in Egs. (B5S)
and (B8). As before, we consider the polar and the axial
sectors separately.

1. Polar TLNs

The polar functions of the metric are coupled to the
EM function u; through the field equations. In the Lorenz
gauge, we find the following coupled equations,

40 (1)

(2) _
DiHo + 5o erD1 up =0, (35
D+ 2y = 0 (36)

where we defined the operators,

2(M —r) d 1
- (I”zf r)5+r6f2[Q2r(4M_(77_2)r)

—r2(4M?* = 2qMr + nr?) — 204,
d.  (©@-r

ph 4
! dr  r(r(r=2M)+ Q?)’
2) > 4Q*> -y’ d
DZ R L W
dr rf dr
d 2(Mr-Q?%
ph _ 4
2 dr+ rf ’

with 7 := [(I 4 1). This system allows for a closed-form
solution. For simplicity, we impose the absence of electric
tidal fields, which requires that the function u; does not

PHYSICAL REVIEW D 95, 084014 (2017)

contain r*-terms at large distance [cf. Eq. (B11)]. In this
case, the regular solution at the horizon for [ = 2 reads

HI2 = —£,12f, (37)
2
ul=2 = —erQf . (38)

Due to the gravito-EM coupling, an external tidal field
induces a Maxwell perturbation which is proportional to
the BH charge Q. A simple comparison between the above
results and the expansions in Egs. (B9) and (B11) shows
that the multipole moments are all vanishing.

Although the full solutions for / > 2 are cumbersome, it
can be shown that for any / > 2 the large-distance expan-
sion of the solutions for H and u#; which are regular at the
horizon is truncated at the 1/r term for any /, and it is an
exact solution of the coupled system. Therefore, the above
result directly extends to any /, and we obtain that the TLNs
of a charged BH are zero in the polar sector, k¥ = 0, like in
the Schwarzschild case.

2. Axial TLNs

The calculations for gravitational axial TLNs and mag-
netic TLNs are simpler. In this case we consider the axial
sector of the metric perturbations [cf. decomposition in
Eq. (B4)] and of the Maxwell field [cf. Eq. (B8)]. The r¢
component of Einstein’s equations leads to #; = 0, which
automatically satisfies the 8¢ component. The final axial
system reads

r2f(r2h8 - %) - 0% + r(m - 4M)lhy = 0. (39)

2
P2 ful] —nQhly + 2Mul, — quy — 20 (Quly — nhy) = 0.
r
(40)

Also in the axial sector, the coupled system admits an
analytic, closed-form solution. In the absence of EM
tidal fields, the solutions which are regular at the horizon
read

3
hg? :gﬂgz, (41)

2
w2 =S 0By (1 - 0%/, (42)

which proves that also the axial TLNs of a charged BH
are zero. It is straightforward to extend this result to higher
multipoles, finding k¥ = 0.

To conclude, we obtain the interesting result that all
TLNs or a static BH in Einstein-Maxwell theory are
identically zero, as in the uncharged case.
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C. Chern-Simons gravity

In this section, we compute the TLNs of a nonrotating
BH in Chern-Simons theory [62],

1
Ses = / d*x\/=g [R — 590,00, + %cb*RR ,

(43)

where acg is the coupling constant of the theory and "RR is
the Pontryagin scalar,

1
‘RR = ERabcdeb“efRCdef. (44)
The field equations arising from action (43) are
1
Ry = Eaaq)abq) —acsCop, (45)
Od = — 6 gR, (46)

4

where C,, = V @@V, R") + V,V & R We will
focus on spherically symmetric background solutions to
Egs. (45) and (46). In these conditions, the Pontryagin
scalar vanishes and the background is described by the
Schwarzschild metric with a vanishing scalar field [88-90].

1. Polar TLNs

In Chern-Simons gravity, the polar perturbations of a
Schwarzschild BH are equivalent to GR [90,91]. Therefore,
the analysis for the polar TLNs is identical to that discussed
in Ref. [8], and one can conclude that all polar TLNs
of a nonrotating BH in Chern-Simons gravity are zero,
kf = 0. As discussed in Sec. V, the polar TLNs are the
dominant correction to the inspiral waveform [13]. Thus,
the simple fact that in Chern-Simons gravity these TLNs
are vanishing already suggests that it would be very
difficult to constrain this theory with GW measurements
of the BH tidal deformability.

2. Axial TLNs

On the other hand, the field ® transforms as a pseudo-
scalar and is therefore part of the axial sector. We can thus
expect that nontrivial axial-type TLNs in Chern-Simons
gravity may exist. In the stationary limit, we find h; = 0,
and the field equations for the axial sector reduce to a
system of two coupled second-order differential equations
for hy and 6¢. This system can be solved numerically
for a generic coupling acg or perturbatively when (g :=
acs/M? < 1. The latter case is consistent with the action
(43) being an effective field theory [62]. We have adopted
both procedures, described below.

PHYSICAL REVIEW D 95, 084014 (2017)

In the perturbative limit, we expand the metric and scalar
perturbations in powers of the coupling {cg < 1,

hyy = b + ghly) + -

5 = Lesdp) + -

(47)
(48)

and solve the perturbation equations order by order in {cg.

Quadrupolar TLNs.—For [ = 2 and to O({Ls), the metric
perturbation which is regular at the horizon reads

h(()o) _5B r <1 - ZTM), (49)

3

as in the GR case. The advantage of the perturbative
approach is that the equations decouple from each other. To
O(¢Ls), the only correction is in the scalar-field equation,
which reads

12B,M
DO sp1) — 2
S 6¢ rz(r _ 2M) ’ (50)
where
&2 2M-r)d [(I+1

dr? a 2 —2Mrdr 12 —2Mr’
Again for simplicity, we impose the absence of scalar tidal
fields; i.e. we require that 5¢ does not contain a divergent r/
term at large distance [cf. Eq. (B13)]. In this case, the
solution which is regular at r = 2M reads

2
sp) = _BM

<54 —36y+72(2+3(y—=2)y)
+3log(y/2)[12(1 —=y) + (2+3(y -2)y) log(y/Z)}
+6(2+3(y—2)y)polylog [2, 1 ‘%] > : (52)

where we defined y = r/M. With the above solution at
hand, the O(¢%s) equation for the axial perturbation reads

DAY = 8P with
3B,M
5(2) r :=—2( 2—y 2 3y2—2 —18 1+2y
ey el (Cedlia )= 18(1+2y)]

—6(y—2)(3y*—2)polylog {2, 1 —%] +3log(y/2)

x [4<3<y—1>y—4>—<y—2><3y2—2>log<y/z>1>.

(53)
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It is convenient to solve the above inhomogeneous
equation through the Green’s function. The solution with
the correct boundary conditions is

W2 () = L;ér) A M ar S (*)w_(r)

O [Tarspwye ). s

+W,

where the two linearly independent solutions of the
homogeneous problem read

AP (r—2M)
‘P_(r) :T, (55)
A 3 2 2 3
Y. (r)= 6M3r(2M(2M +2M?*r +3Mr* —3r°)
+3(2M - r)rilog(1 —=2M/r)), (56)

and W = A|A,/M is the Wronskian, which is constant by
virtue of the field equations. The above solutions are
regular at the horizon and at infinity, respectively. At large

distances, Sf) ~ B, /7, and the first integral in Eq. (54) is
convergent, whereas the second integral does not contribute
to the current quadrupole moment S,. Interestingly, these
integrals can be computed in closed form although their
final expression is cumbersome. We report here only the

large-distance behavior of hf)z)(r), namely

9 ByM? M
W (r) = 2[9 = 8L(3)] —5— + (’)(3), (57)
5 r r
where {(n) is the Riemann Zeta function. By comparing
the above result with Eq. (B10) and using Eq. (3), it is
straightforward to obtain

KB = % [82(3) — 9]¢ ~ 1.1096272. (58)

Interestingly, we find that the axial TLN is nonzero and
proportional to (Zg, as expected. We have also confirmed
this result by integrating numerically the field equations
for arbitrary values of acg and by extracting the quadratic
correction in the small-coupling limit. Figure 6 shows a
comparison between the analytical result (58) and the
numerical one.

Octupolar TLNs.—Although the computation for the / = 3
case proceeds as presented above for / = 2, there are some
notable differences. In this case, the O(¢2g) perturbation
reads

M
5O :%rZ(r—zM)(3r—4M), (59)
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FIG. 6. Axial TLNs of a BH in Chern-Simons gravity for [ = 2
perturbations calculated for different values of acg. The dots
correspond to the values obtained directly from a numerical
integration, whereas the line is the analytical result shown in
Eq. (58).

whereas the scalar-field equation to O({¢g) is

3
()5, (1) _ 16BsM>(3r — 5M)
DY sp) = , 60
s 0 3(r—2M)r? (60)

and its solution regular at the horizon can be written in a
form similar to Eq. (53). However, even after imposing the
absence of scalar tides, the large-distance behavior of the
scalar field is 5¢p") ~ 4B5/3 + O(M/r), i.e. it approaches a
constant value. This has important consequences for the
metric perturbations to O(¢%g), which are governed by the
equation Df) h(()z) = Sf), where now the source term Sf) ~
8B;/r~* at large distances. Because the divergent solution
of the homogeneous problem reads W_ — r* at large
distances, the first integral in Eq. (54) (whose schematic
form is valid for any values of /) yields terms which grow
linearly and logarithmically at large distances. By repeating
the same procedure as before, we obtain the following
large-distance behavior for / = 3,

4B;M7
0 3r2 396973

— 7560 10g <ﬁ>> + (9(7—5) (61)

We, therefore, obtain two terms (the 1/7> and the log r/r>
term) which decay more slowly than the octupole term,
1/r®. We believe that these terms arise as subleading
corrections to the external tidal field, which is not captured
by the asymptotic expansion in Eq. (B10), because the
latter does not include the effects of a (nonminimally
coupled) scalar field at infinity. In other words, the

4B;M°
e 3

<7S6OOC(3) — 84331

084014-12



TESTING STRONG-FIELD GRAVITY WITH TIDAL LOVE ...

multipolar structure of a tidally deformed BH in Chern-
Simons gravity is more involved than in GR. We anticipate
that this issue also appears in other modified theories and
we postpone a more detailed analysis to the future [92]. In
order to get an estimate for the TLN, we simply consider
the ordinary octupolar correction. By proceeding in the
usual way, we obtain

@ =

(756008 (3) — 84331)¢2¢ ~ 11,1303, (62)

588

which is the value reported in Table I although, for the
reasons mentioned above, should only be considered as an
estimate.

V. DETECTABILITY

To estimate the detectability of the TLNs through GW
observations, we use a Fisher matrix approach. In the
following, we summarize the basic features of this formal-
ism, referring the reader to Ref. [93] (and to the references
therein) for a detailed discussion of the topic.

We consider the output of a generic interferometer,

s(t) = h(t.) + n(1), (63)
where n(¢) is the detector noise (assumed stationary), and

h(t, 5) is the GW signal. Our goal is to recover the physwal
parameters é‘ {&,...,&,}, and their errors A§ 5 7
with respect to the true values y. We therefore need to

compute the probability distribution p(as), which can be
written as

-

p(&ls) x p<0)(g)e—ah@)—s\h(é)—s), (64)

with p(o)(é) prior on the parameters [94]. The bracket (+|-)
represents the inner product,

(g =2 [ as

where S, (f) is the detector’s noise spectral density and
h(f) is the Fourier transform of the signal. According to the
principle of the maximum-likelihood estimator, the values
of the source parameters can be estimated as those which
maximize Eq. (64). In the limit of large signal-to-noise

h(f)g (f

)+ (A
5:(0) - (6)

ratio, such that p(g|h) is tightly peaked around the true
values of the source parameters, a Taylor expansion of

P(E|S) around y leads to

p(Els)

oh
o = (g5

(0) (&) eHade as”, (66)

where

Oh
a_t§b> g:a (67)
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is the Fisher information matrix. Inversion of the latter
yields the covariance matrix,

T = (T-1)yab, (68)
The error on the source parameters £ are then given by
Xaa, (69)

and the correlation coefficients between £ and &0 are
given by

<A§aAfb> Zab
~ Vzen (70)

The TLNs enter the GW signal as a fifth-order post-
Newtonian (PN) correction which adds linearly to the
phase of the waveform,

Cab = Yaa be

iz(f) — A(f)ei(www), (71)

where wpp(f) is the point-particle contribution, while
wr(f) describes the tidal effects and—to the leading
order—depends on the [ =2 polar TLNs through the
constant [5,6]

2
A= §M5k§. (72)

The contribution of higher multipoles and of the axial-type
TLNs is subleading and will be neglected in the following.

In our analysis, we use the so-called TaylorF2 approx-
imant of the GW template in the frequency domain [95],
which is 3.5PN accurate in the point-particle phase and
2PN accurate in the tidal term [96,97].” For binary systems
for which 4;_;, # 0, finite-size effects are described in
terms of the average deformability,

1

A= Kl +1q2>zl +(1+ 12@4, (73)

where ¢ := m;/m, > 1 is the mass ratio. For nonspinning
objects, the sky-averaged waveform depends on six param-

eters E = (InA, ¢, t.,In M, Inv, A), i.e. the amplitude, the
phase and time at the coalescence, the chirp mass
M =135(m; + m,), the symmetric mass ratio v =
mymy/(m; + my)?> and the average tidal deformability
defined in Eq. (73). We also assume that the binary system
follows circular orbits. Nonetheless, In.A is completely
uncorrelated with the other variables, and therefore we will
restrict our analysis by performing derivatives only with

°For the purpose of this paper, we consider the amplitude at the
leading order.
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FIG. 7. Relative percentage errors on the average tidal deformability A for equal-mass binaries at 100 Mpc (for AALIGO and ET, left
and middle panel, respectively) and at 500 Mpc (for LISA, right panel) as functions of the mass of the single object and for different
values of the TLN k% (top panels) and of A (bottom panels) of the two objects. The horizontal dashed line identifies the upper bound
oa/A = 1. The SNR corresponding to the considered configurations ranges between ~[19 + 150] for AALIGO, ~[265 + 1860] for ET,

and ~[840 + 1.7 x 10%] for LISA.

respect to the remaining parameters, leading to a 5 x5
Fisher matrix.

The detector properties are encoded in the noise spectral
density S;,(f). We perform the analysis both for terrestrial
and space interferometers.

For the Earth-based detectors, we consider (i) AALIGO
with its anticipated design sensitivity curve ZERO
DET high P [101] and (ii) the ET design configuration,
with noise described by the analytic fit provided in
Ref. [102]. As a space-based detector, we consider the
most optimistic LISA configuration, namely the N2A5
model defined in Ref. [103], with a 5 x 10° km arm-length
and an observing time of 7T, = 5 yr.

To compute the errors on the tidal deformability, we
numerically integrate Eq. (67) within the frequency
range [fmin» fmax)» Where fAILGO — 20 Hz, fET =1 Hz,
and fUSA =Max[107 Hz,4.149 x 1075(107 M /M ;) ~>/3
(Tops/yr)~>/® Hz] [104]. For the upper value, we choose
the frequency at innermost circular orbit for AALIGO and
ET, namely fAIIC0 = #ET — (63/2mzx)~!, while for LISA

LISA — Min[l Hz, (6*>mn)~"], being m = m, + m, the
total mass of the system. For inspiral-merger-ringdown
signals as those produced by binary coalescence, a sharp
cutoff f < f.x Which abruptly terminates the GW tem-
plate does not alter the parameter covariance [105].

%In our numerical codes, we have taken into account the angle
average of the pattern functions that depend on the orientation of
the detector and the direction of the source. This introduces a
corrective factor for the GW amplitude. Furthermore, in the case
of LISA we have also included a geometrical correction factor
V3 /2 in the amplitude, to account for the fact that the LISA arms
form a 60-degree angle [98,99]. Finally, since we sky-average
the signal, we will use an effective non-sky-averaged noise
power spectral density, obtained by multiplying S, by 3/20
(see Ref [100] for details).

A. Model-independent tests with GWs

Before discussing the detectability for different families
of ECOs, it is instructive to analyze the impact of the TLNs
on the GW signal in a more general framework. Figure 7
shows the relative uncertainty ¢, /A for equal-mass bina-
ries at d = 100 Mpc (for AALIGO and ET) and at d =
500 Mpc (for LISA), as a function of the mass of the
objects and for different values of the TLNs k% (top panels)
and of the average tidal deformability A (bottom panels). In
the panels of Fig. 7, the dashed horizontal line denotes
the upper bound 6, = A. Therefore, each point above that
line is indistinguishable from a BH-BH binary in GR
(A = k¥ = 0) within the errors, whereas a measurement of
the TLNs for systems which lie below the threshold line
would be incompatible to zero and, therefore, the ECOs can
be distinguished from BHs in this case.

It is worth remarking that—motivated by the prospect of
measuring the TLNs of NSs through GW detections—
several efforts have been devoted to investigate the detect-
ability of A for objects with M < 2 M . The latter represents
the mass range in which terrestrial interferometers will
provide new information on matter at supranuclear densities
from neutron-star binaries. On the other hand, our results
shown in Fig. 7 do not assume any specific model and extend
the analysis of the detectability of the TLNs to a regime
unexplored so far, where more massive ECOs can contribute
to the GW signal through finite-size effects. Likewise, to the
best of our knowledge, this work presents the first analysis
on the detectability of tidal effects with LISA.

From the bottom panels of Fig. 7, we note that, for a
fixed A, the detectability is favored for low-mass
systems, as the tidal phase scales with the inverse of
the total mass w1 o< Am~'93(1 4+ ¢)?/q. Moreover, for
2My SMZ<5Mg,, AdLIGO will constrain the TLNs
for small compactness only (i.e., for large A). This picture
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improves for ET, which leads to an upper bound o, /A = 1
up to M =15 M. Therefore, as far as terrestrial interfer-
ometers are considered, the high-compactness regime for
ECOs seems to be available only for the third generation
of detectors. This result is also evident from the top panels
of the left and middle plots in Fig. 7, which show that
AdLIGO will not be able to set any significant constraint
below kf = 100, regardless the ECO mass.

On the other hand, space interferometers open a com-
pletely new window onto finite-size effects. The top-right
panel of Fig. 7 shows that LISA is capable to bound the
Love numbers with a relative accuracy o,/A < 10% in
almost the entire mass range M € [10%,10°]M . In other
words, binary systems made of intermediate-mass compact
objects will provide interesting constraints on the TLNs,
with kg = 10 and above, and therefore also on the nature of
these objects. The exquisite precision of LISA can be traced
back on the values of the SNR which characterize the
massive binaries considered, which are up to 2 orders of
magnitude larger than those obtained for terrestrial inter-
ferometers (see also caption of Fig. 7).

B. Detectability of ECOs

Let us now turn our attention to some specific models
and, in particular, to the models of ECOs investigated in the

PHYSICAL REVIEW D 95, 084014 (2017)

previous sections. Based on the previous discussion, as a
general setup we consider equal-mass binaries at distances
d = 100 Mpc with M € [2,30]M,, for AALIGO/ET, and at
d = 500 Mpc with M € [10*,10%|M, for LISA. We note
that the GW signal is proportional to 1/d, and therefore the
covariance matrix (68) (i.e., the error on A) scales linearly
with the distance.

In Fig. 8, we show the percentage relative errors o, /A
for models of wormholes, perfect mirrors, and gravastars,
as a function of the mass of the object and for different
values of its compactness. Some qualitative results are
independent of the nature of the ECO: the left panels
confirm that AdLIGO would be able to constrain the tidal
deformability only for small values of the compactness,
namely C < 0.2. As the errors scale with the distance, an
upper bound 6, /A ~ 1 for C = 0.3, would require a source
located at a distance ~10 Mpc.

Furthermore, the relative errors decrease for larger
masses, reach a minimum, and then increase again. This
behavior can be explained by looking at the functional form
of Eq. (72). For a fixed compactness (i.e., for fixed k%),
the average tidal deformability grows with the ECO mass,
thus making the tidal part of the gravitational waveform
more easy to be detected. However, since the template is
truncated at the last stable orbit, f,,,x ~ m~!, increasing the
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FIG. 8. Relative percentage errors on the tidal deformability for binaries observed by AALIGO (left panels), ET (middle panels), and
LISA (right panels), as functions of the ECO mass and for different values of the compactness. For terrestrial interferometers we
consider prototype binaries at d = 100 Mpc, while for LISA we set the source at d = 500 Mpc. Top, middle and bottom panels refer to

wormholes, perfect-mirror models, and gravastars, respectively.
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mass also reduces the number of effective cycles spent
into the detector’s bandwidth. This is particular penalizing
for tidal effects, which enter the GW signal as high-PN/
high-frequency corrections.

It is worth noticing that a network of advanced inter-
ferometers would improve these results, even though it will
not drastically change the upper bound on the compactness
of these objects. Indeed, if we consider that the experiments
are all independent, the Fisher matrices computed for each
detector simply sum up, and the overall error on A is given
by the inverse of the total I";,. Assuming five detectors with
the same sensitivity of AdLIGO, the relative error 6, would
decrease roughly by a factor v/5 which, from our results in
Fig. 8, is still not enough to constrain objects much more
compact than C ~ 0.2.

Third-generation ground-based detectors, like ET (middle
panels of Fig. 8), hold more promising results. In this case,
the relative errors 6, /A decrease almost by two orders of
magnitude relative to AALIGO. A GW detection of an ECO
binary at d = 100 Mpc would allow to distinguish the
system from a BH-BH binary (by the sole detection of the
TLNs) approximately up to compactness C ~ 0.35.

This scenario improves drastically for space-based
detectors such as LISA (right panels of Fig. 8). Within
the considered mass range, tidal effects may be measured
for ECOs with C < 0.3 up to 1% of accuracy. Moreover,
LISA will be able to put strong constraints even for more
compact objects: for M 2 103 M, it would be possible to
set an upper bound ¢, /A = 1 in the entire parameter space.
As discussed in the previous section, these results rely on
the magnitude of the ECO’s mass, which strengthens the
effect of tidal interactions in the waveform. The right panels
of Fig. 8 show indeed that for all the considered ECO
models, LISA leads the analysis to nearly explore the BH
limit C - 1/2.

It is worth remarking that, as finite-size effects develop
during the late inspiral, eventually leading to complex
phenomena like the excitations of modes [106], a more
accurate template which extends the frequency domain of
the waveform up to the merger phase, would improve this
analysis.

C. Detectability of BSs

For each model of BSs listed in Table II, we focus on the
most compact configuration in the stable branch. The mass
of this configuration depends on the parameters of the
potential. In Fig. 1, we show the results of the Fisher matrix
analysis for an equal-mass BS-BS binary as a function of
the BS mass, obtained by considering the most compact
configuration and by varying the parameters of the poten-
tial. Since, for each model, we consider the maximum
compactness allowed in the nonspinning case, our results
can be seen as conservative, since less compact configu-
rations are easier to discriminate.

PHYSICAL REVIEW D 95, 084014 (2017)

The forecast for detecting BS-BS binaries by using GW
tidal effects are more promising than for other ECOs,
because the compactness of BSs is at most C < 0.3 and, in
turn, their TLNs are larger. Advanced LIGO will be able to
discriminate between minimal BSs and BHs in all the mass
range. These errors worsen for massive objects. However,
for all the models analyzed, second-generation detectors
will set a strong upper bound on the tidal deformability,
unless solitonic BS are considered. Results in Fig. 1
suggest that models of minimal and massive BSs can be
distinguished from BHs through AdLIGO detections,
whereas discriminating between BHs and more compact
BSs such as solitonic models will require future detectors
like ET. Again, the uncertainties significantly decrease with
LISA, especially in the high-mass regime, where relative
errors are below 1% for every binary configuration
with M 25 x 10* M.

D. Testing GR

Our results suggest that, in generic theories of gravity,
the GW signal from a BH coalescence contains a 5PN term
which depends on the TLNs. Although the inclusion of
tidal corrections in BH binaries is important for a correct
modeling of the waveform, in most theories this term is
subleading relative to other corrections coming both from
dissipative effects (for example due to scalar- or vector-
wave emission) and from corrections to the Hamiltonian of
the binary [45,46]. Nonetheless, there are cases in which
the tidal deformability found in this work is the dominant
correction relative to the GR waveform. This is the case of
Chern-Simons gravity, where corrections to the GW phase
enter at 2PN order if the components of the binary are
spinning [107], but at higher order in the absence of spin.
Indeed, tidal heating of the horizon enters at 5PN order
[108] whereas the leading point-particle Chern-Simons
correction in the nonspinning case enters at 7PN
[108,109]. Since the quadrupolar axial TLN, k%, enters
at 6PN order in the waveform [110], for nonspinning
binaries the tidal correction will be subleading relative to
tidal heating, but dominant relative to the point-particle
phase. In this case, it would be interesting to estimate to
which level the Chern-Simons parameter can be con-
strained by GW observations of BH binaries.

Unfortunately, the polar TLNs of Schwarzschild BHs in
Chern-Simons gravity are zero as in GR and the axial TLNs
enter the waveform only to subleading order [110]. Because
k5 ~ ¢%g [cf. Eq. (58)], in order to place an upper bound on
the Chern-Simons coupling at the level of (say) {cg < 0.2,
one should be able to constrain the quadrupolar axial TLN
at the level of k¥ < 0.05. The results shown in Fig. 7 show
that this level of precision cannot even be reached for the
polar TLN k% with ET. Because the axial TLN affect the
waveform at higher PN order [110], we expect that it would
be even more challenging to constrain them. On the other
hand, the constraints on the dimensionless coupling {cg
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will significantly improve with LISA, but they will translate
in poor bounds on the dimensionful coupling of the theory,
acs = {csM?, due to the large mass of LISA sources.

Finally, for spinning BH binaries in Chern-Simons
gravity, the leading correction enters at 2PN order and it
is quadratic in the spin [108]. Because the first contribution
to the TLN in Chern-Simons gravity comes from the
quadrupolar, axial TLN, kg , which enters at 6PN order
[110], our results should provide a reliable estimate for
binaries with dimensionless spin s < vérb, where v, is the
typical orbital velocity corresponding to the peak of
sensitivity in the detector band. Interestingly, for spinning
BHs in Chern-Simons gravity, we expect that also the polar
TLNs will be nonzero at linear order in the spin due to the
spin-tidal effects discussed in Refs. [21-23,75]. In this
case, the tidal effects on the waveform might be stronger
than the 2PN quadratic-in-spin corrections for moderately
spinning BHs, albeit subleading in terms of PN order
counting relative to dissipative effects.

VI. DISCUSSION AND EXTENSIONS

The theory of the tidal deformability of compact objects
has attracted considerable attention over the last few years.
So far, applications of this theory have been mostly limited
to astrophysics and to the possibility of constraining the
equation of state of NSs with GW observations. In this
paper, we argued (implementing, through specific models,
previous ideas and proposals [24-26]) that tidal effects can
also be used to explore fundamental questions related to the
nature of event horizons, the existence of ECOs, and the
behavior of gravity in the strong-field regime.

Our main results can be summarized as follows:

(1) In the framework of GR, the TLNs of ECOs are
generically nonzero. In the limit that the ECO
compactness C — 1/2, all TLNs vanish but only
logarithmically. This result holds for all models of
ECO we have considered. It is therefore natural to
conjecture that this logarithmic dependence is a
generic feature of ultracompact exotic objects."’
The TLNs of a charged BH in Einstein-Maxwell
theory and of an uncharged static BH in Brans-Dicke
theory vanish, as in GR. These are both compelling
extensions of vacuum GR, but our results indicate
that the TLNs of BHs are nonzero in other interest-
ing extensions. In particular, we have explicitly
shown that the axial TLNs of a Schwarzschild
BH in Chern-Simons gravity are nonzero. This
result also extends to the TLNs of static BHs in
Einstein-dilaton-Gauss-Bonnet gravity [46], but a

(ii)

"Of course, we are implicitly assuming that the radial
coordinate r, in terms of which the compactness is defined, is
special. Nevertheless, some models do suggest corrections at the
Planck scale in this same radial coordinate, and it arises naturally
also when expressing the results in terms of proper length [38].
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full analysis is left for future work [92]. In this case,
the presence of extra charges makes the multipolar
expansion more involved. Preliminary investigation
indicates that both the polar and the axial TLNs of
static BHs in Einstein-dilaton-Gauss-Bonnet gravity
are proportional to the coupling constant squared,
similarly to the Chern-Simons case [cf. Eq. (58)].
We have explored the detectability of these tidal
effects in some details, both for ground- and for
space-based detectors. Ground-based detectors such
as AdLIGO and ET can constrain ECO models with
compactness12 C <0.2 and C £ 0.35, respectively,
whereas a LISA-like mission can constrain super-
massive ECOs up to C < 0.49. Interestingly, Ad-
vanced LIGO can set stringent constraints on various
BS models, and both ET and LISA will be able to
discriminate a BS binary from a BH binary just by
measuring the TLNs of the binary components.
From the argument given above Eq. (4.2) of Ref. [66],
it seems like the merger frequency can place a rough
bound of C < 0.25 for ECOs, which is stronger than
that from TLNs with aLIGO. I think it is interesting to
add a comment on this point in the manuscript.

The prospects for testing deviations from GR are
less promising. While the TLNs of BHs beyond GR
are different from zero, their effect in the GW signal
is small and typically subleading relative to other,
point-particle, beyond-GR effects such as dipolar
emission. Nevertheless, the nonvanishing of the BH
TLNSs remains a smoking gun of deviations from GR
and its phenomenological implications are under
investigation [92].

At the same time, our work is intended to be only a first
step in understanding the tidal deformability of ECOs and
of BHs beyond GR; as such, it can be extended in several
interesting ways:

(i) We neglected the presence of tidal fields of different
nature, for example EM tidal fields in Einstein-
Maxwell theory or scalar fields in Brans-Dicke
theory or Chern-Simon gravity. We anticipate that
the presence of extra tidal fields will give rise to new
families of TLNs, which are related to the mass/
current multipole moments induced by a (scalar or
vector) extra tidal field [92].

(ii) We focused on nonrotating objects. The spin of the
individual components of a neutron-star binary are
typically small, but this might not be the case for
ECOs and BHs. In general, subleading spin effects
might be included by applying the formalism

(iii)

@iv)

v)

"It is also interesting to note that the bounds on the compact-
ness derived from the measurement of the TLNs with AdLIGO
(respectively, ET) are slightly less (respectively, more) stringent
than those that can be indirectly derived by the merger frequency
and individual masses of GW150914 [111], which suggest a
lower limit on the compactness of the two bodies, ¢ 2 0.25.
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developed in Refs. [21-23,75] to the systems
studied in this work.

(iii) We have estimated the detectability of tidal correc-
tions in the GW signal from BH binaries beyond GR
only in the simple case in which the leading-order
correction to the GR waveform enters at SPN order.
A natural extension of our work is to include tidal
corrections also when they are subleading relative
to other, point-particle, beyond-GR terms. A related
point is the fact that, when the TLNs are small, their
effect might be smaller than other point-particle
terms entering the waveform at SPN order. In this
case, the full 5PN waveform might be needed in
order to extract the TLNs properly.13
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APPENDIX A: TLNS OF NEUTRON STARS

It is interesting to compare the TLNs of an ECO with
those for a NS, in order to investigate whether GW
measurements of the tidal deformability can be used to

|

SCHIM (¢, )Y HIM (1, p)Yim
Joven Him(t, r)Y™m M HM (1, r)y™m
" 0 0
0 0
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TABLEIIL.  Coefficients of the fit k¥ ~ C-2+D 34 1q.(1/2 -
C)" and k2 ~C=2'5"% ja;(1/2 = C)' for the TLNs of a static
neutron star with a stiff (MS1 [85]) and relatively softer (SLy4
[86]) equation of state. Data are taken from Ref. [22] and agree
with the results in Ref. [8] after using the conversion in Eq. (4).

EOS ag a a, as ay

MS1 K —0.581 8.721 —-48.69 1234 -112.8
k¥ —0207 3230 -18.66 47.82  —43.87
k8 —0.096 1369 -7.099 1753 —16.11
K8 -0.034 0514 -2910 7.511 —=7.009

SLy4 kb -0414 6227 -3535 9270  -87.70
kY —0.150 2326 —13.57 35.56  —33.38
k5 —0.063 0.876 —4.483 11.57  -11.24
k¥ —0.023  0.346 -1.978 5.288 —5.115

distinguish an ECO from an ordinary compact star. For
completeness, in Table III we report some fitting formulas
for the polar and axial TLNs of a NS with two different
equations of state. The order of magnitude of the TLNs for
compact NSs is given in Table L.

APPENDIX B: DETERMINATION OF TLNS

In order to compute the TLNs, we need to calculate the
expressions for the induced mass and current multipole
moments as a function of the external tidal field. We use a
linear perturbation theory approach to disturb slightly the
spacetime metric,

0
G = 9 + By (B1)

where gﬁ,(,i) is the background spacetime metric and £, is a
small perturbation. We focus on static, spherically sym-
metric background metrics which are described by

9;(43) = diag(—e", e, 12, rsin®0).

(B2)
We decompose £, in spherical harmonics and separate the
perturbation in even and odd parts, f,, = h&e" + h9ed,

according to parity. In the Regge-Wheeler gauge [112], &,
can be decomposed as

0 0
0 0
, (B3)
K™ (¢, r)ym 0
0 r’sin?OK"™ (t, r)Y™

BFor NSs, the TLNs are enhanced by a factor (R/M )5 ~10°, alleviating this issue; we are indebted to Leonardo Gualtieri for

highlighting this point.
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0
hodd — 0
WSy RSy
h(l)m(h r)s(lpm hllm(l, r)s(lﬂm
with (S5, Shm) = (=Y"/sin 6, sin 6 Y'y").

In the presence of scalars or vectors, spacetime fluctua-
tions are accompanied by the corresponding fluctuations in
these fields,

Ay

=AY 454, (B5)

® =0 + 50, (B6)
where A0 and @) are background quantities while 54,
and 0® are small perturbations. We expand the scalar
perturbation 6® and 4-potential 6A, as [113,114]

5D = 5¢p,, Y™,

o, = (-

(B7)
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B (2, 7)Yy
W (2, r) Sy
0
0

B (2, r) S
B (2, r) S
0
0

(B4)

|

with Y} = (Y. Y'%) and n=I(l+ 1). Hereafter, we
shall drop the (Im) superscripts on all quantities with
the exception of multipole moments.

Expressions for the metric functions in (B3) and (B4),
the electromagnetic functions in (B8), and the scalar fields in
(B7) can be obtained by solving the linearized field equations
for a given model. The remaining task consists in extracting
the multipole moments and tidal fields from the spacetime
metric. Thorne developed a method to define the multipole
coefficients of any spacetime metric given in coordinates
which are asymptotically Cartesian and mass centered
(ACMC) [74]. Another definition of the multipole moments
of an axisymmetric and asymptotically flat spacetime was
given by Geroch and Hansen [71,72]. These two distinct
definitions of moments were shown to be equivalent [73].

The multipole moments can be extracted from the
asymptotic behavior of the spacetime metric and fields,

2
g":_1+_+2( [ 21+1M,Y’°+(l’<lpole)] —l(l_1>r’[51Ylo—|—(l’<lpole)]>, (B9)
s, s
:—sm29+2< [1/21_’_1 7 SP+(I'< lpole)} —1—731(1_ D [BSY + (I < lpole)}), (B10)
)
Q,Y’O +(I' < lpole)] - PG Y0 + (I < lpole)]), (B11)
;(Hl{ 20+ 1 I(1-1)
2[ [4r U, r
A = < [ 2SO (1 < lpole)] + < [B;SO + (I' < Ipole)] |, (B12)
v IZZI 2A+11°7 (-1 "
D =D, + Z( [ @Y + (I < Ipole)] - r[EF + (I' < zpole)}>, (B13)
I>1

where we defined Q;, J;, ®,; as the electric, magnetic and
scalar multipole moments, respectively, and G;, B; and &7
as the electric, magnetic and scalar tidal field moments,
respectively.

The decomposition of the scalar field and the vector
potentials were chosen so they could be easily compared
with the metric decomposition. An appropriate comparison
between the solution of the field equations and the
expansions (B9) to (B13) allows us to extract the multipole
moments and, in turn, the TLNs as defined in Eq. (3).
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APPENDIX C: TIDAL PERTURBATIONS
OF BOSON STARS

1. Background solutions

We consider spherically symmetric BSs, with back-
ground metric given by Eq. (B2), and the following ansatz
for the background scalar field,

DO (1,r) = o(r)e i (C1)
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FIG. 9. Left panel: ADM mass as a function of the effective radius R for different models of BSs, including some unstable
configurations (to the left of maximum mass). Right panel: Compactness of the models in the stable branch as a function of the mass.
For massive and solitonic BSs we have considered a = 10*4? and &, = 0.05, respectively.

Despite the time dependence of the scalar field, the
Einstein-Klein-Gordon background equations are static,

1—eM
A, = + 8ar(w?e Vg + PpF + eMV), (C2)

+ 8rr(w? eV + ¢y/* — V),

dv A/_l"/
I oA, — e T 9
b= (g oo (53

The equilibrium spherically symmetric BS solutions are
found by integrating numerically Egs. (C2) to (C4) along
with suitable boundary conditions. Namely, we impose
regularity at the origin, ' =T, A, =0, ¢ = ¢, ¢' =0,
whereas at infinity we impose the metric to be Minkowski
and the scalar field to vanish. For a given value ¢, of the
scalar at the center of the star, the problem is then reduced
to an eigenvalue problem for the frequency w, which
we solve through a standard shooting method. The value
of I', is arbitrary and can be tuned in order to have
I'(r— o) =0.

The total mass of the solution is M = m(r — o0), where
m(r) is defined by

(C3)

—2) b (C4)

2m(r)‘

e_Ag(r) = 1 —

(C5)

Contrary to the minimal and massive case—in which
the scalar profile decays exponentially—in the solitonic
model the scalar profile has a very steep profile which
makes the numerical integration of the background equa-
tions very challenging, requiring very fine-tuned shooting
parameters [43].

BSs do not have a hard surface, as the scalar is spread out
all over the radial direction. However, the configuration is
highly localized in a radius ~1/p and it is customary to
define the effective radius R as the radius within which the
99% of the total mass is contained, i.e. m(R) = 0.99M.
This is slightly different for the solitonic model, in this case

the steepness of the scalar profile makes the definition of
the radius more natural.

By using the above procedure, we can compute a
sequence of background solutions characterized by the
value of the scalar at the center of the star, ¢... In Fig. 9, we
show the gravitational mass M against R (left panel) and the
compactness C = M /R as a function of the mass (right
panel). For minimal and interacting BSs, we observe a
maximum which separates stable (on the right) from
unstable (on the left) configurations [115-117]. On the
other hand, solitonic BSs display a completely different
behavior: there exists a stable branch for high values of R
and small masses (bottom-right part of the left panel in
Fig. 9), an unstable branch that starts after the first
maximum roughly at Ry ~ 50, and then a second stable
branch which starts at Ry ~ 10 up to the maximum on the
top-right part of the plot.

As shown in the right panel of Fig. 9, for minimal BSs
the compactness is typically of O(0.01), and slightly
larger for massive BSs. On the other hand, solitonic BSs
can be almost as compact as BH (i.e., C % 1/2), meaning
that their radius can be of order of the Schwarzschild
light ring [63,118].

2. Perturbations and TLNs
a. Polar perturbations
We consider perturbations of the equilibrium configu-
ration, sourced by an external static tidal field. The metric
perturbation is given by (B3) with time independent
functions. We write the scalar perturbation as

5D =Y eTpy (r)Y™ (6, ). (C6)
lm

Plugging (B3) and (C6) into the linearized Einstein
equations, we find Hy = H, = H and H, = 0, whereas K
can be written as a function of H, ¢; and of the background
functions. We are then left with a radial equation for the
perturbation function H, which is coupled to the perturbed
Klein-Gordon equation for the scalar perturbation ¢,

084014-20



TESTING STRONG-FIELD GRAVITY WITH TIDAL LOVE ...

2
H' + (; —8rra’Pie Tt +T7 — 8ﬂr¢62> H + 327:[ 0 - < g

PHYSICAL REVIEW D 95, 084014 (2017)

2r
+ {r’z - 48re T’} + 167 +

2
P+ <r = 8rra*gfe T + TV — 8ﬂr¢’02> P+ [ o — <

[3+< 5 +)¢°+32¢ W“) ](pl dov Mgy =

bo bo

where oV is the linear correction to the scalar potential,
ie. sV V(|¢]*) = V(lgo|?). We now solve the perturba-
tion system supplied by regular boundary conditions at the
origin,

b~ ¢§l)rl + O(r'+?).

Since the system is linear, the value of Hé” can be

set to 1, and the correct value can be recovered a posteriori.

Ho~ HY'r' 4+ O(r12), (C9)

The value of ¢(ll) is determined by requiring that ¢p; — O as
r — oo using a shooting method.

8

ky =2 ((1=20)°[2C(y = 1) =y + 2])(3(1 = 2¢)*[2C(y ~

& =2((1 - 202pey - 1)

+2C[AC(y + 1) +2C*(9y - 2)

for [ =2 and [ = 3, respectively, and where C = M /R
and y = rH'/H evaluated at R.. The values of kf are
independent of the extraction radius R.,, if the latter is
sufficiently large.

b. Axial perturbations

In this case, the metric perturbation is given by (B4),
while the scalar perturbation is given again by (C6). The
perturbed Einstein equations require 7; = ¢; = 0, and we
are left with a single radial equation for the perturbed
function A,

Nt N r(Ny+T7) = (P4 1-2)eM
0 2 0 },.2

=0,

9 —2

hyo
(C13)

—3C(y—2)+y-3])(15(1 = 2C)>(2C%(y - 1)
—20C%(7y — 9) + 5C2(37y — 72)

e
eMo (12 + 12+ 2) - 2] H—0. (©7)
I
%Jp—ﬁ%—w%ﬁﬂH
di] (c®)

At distances R.,, much larger than the BS effective
radius, Eq. (C7) reduces to

2(r—-M)
r(r—ZM)H B

AM? — 2nMr + nrz
r?(r—2M)?

"

H=0, (CI0)

with 77 :== [(/ 4 1). Equation (C10) has a general solution in
terms of the associate Legendre functions P? and Q?. Using
their asymptotic behavior and comparing with (B9), we
find [6]

—y+2]log(l -2C)
+2C[4CH(y + 1) +2C3(3y = 3) +2C*(13 = 11y) + 3C(5y — 8)

-3y +6])! (C11)

—3C(y—2) +y—3)log(l —2C)

—45C(2y = 5) +15(y = 3)])! (C12)

[
that we solve along with regular boundary conditions at the
origin

ho & BTV AL 4 O(rH3). (C14)
Notice that the value of h(()lH) is not given, but it can be
fixed arbitrarily to 1 and corrected a posteriori once the
intensity of the tidal field is known.

Outside the star, the equation for the odd perturbation
(C13) reduces to the simple differential equation,

AM — 11+ 1)r

ho =0,
2(r—2m) °

hi + (C15)
whose solution can be written in terms of elementary
functions once [ is fixed. By matching its asymptotic

behavior to (B10), we find (for [ =2 and [ = 3)
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K =

& =2 (5C(y =2) = 10C(y = 3) + 3(y ~4)
x (15[8C*(y —2) = 10C(y = 3) + 3(y — 4)]
x log(1 —2C) + 2C[4C*(y + 1) + 10C3y
+30C2(y — 1) — 15C(Ty — 18) + 45(y — 4)])1,
(C17)

where again C = M /R,y but now y = rh{/h evaluated at
Ry Even in this case, the values of k? are independent of
the extraction radius R,y if the latter is sufficiently large.

APPENDIX D: TIDAL PERTURBATIONS
OF BH-LIKE ECOS

The exterior spacetime of all models considered in
Sec. III B is commonly described by the Schwarzschild
metric. Therefore, the perturbation formalism is identical to
the one developed for a nonrotating uncharged BH, where
the metric is perturbed according to Eq. (B1) and the even
and odd sector perturbations can be described as Eqs. (B3)
and (B4). On the other hand, the interior and the junction/
boundary conditions at the radius r, are model dependent.
In this Appendix, we discuss the procedure to compute the
TLNs for these objects.

1. Polar-type TLNs of BH-like ECOs
a. Exterior spacetime

Let us first consider the exterior spacetime. Einstein’s
equations for static polar-type perturbations of the
Schwarzschild metric lead to (the notation follows
Appendix B)

PHy 2fdHy [ I(1+1) 4M7\

e e (e T = o
dK  f-1 ,

@ =~ Hot Ho, (D2)
[ AP +1=2 = f)Hy — rf(f — DH,

= fP+1=2) -

Here f = 1-2M/r and primes stand for derivatives with
respect to r. The above equations can be solved for [6,8]
H§* = C\P}(r/M = 1) + C,07(r/M — 1), (D4)

for any value of /, and where C; and C, are two integration
constants. The term proportional to C; diverges at large

T 52C2C3 (y+ 1) +2C%y +3C(y — 1) =3y + 9] + 3[2C(y — 2) — y + 3] log(1 — 2C)

(C16)

[

distances and is identified with the external tidal field,
whereas the term proportional to C, is the body’s
response. The metric function K follows straightforwardly
from Eq. (D3).

b. Interior spacetime

The interior spacetime depends on the model under
consideration. In the wormhole model, we consider that the
other universe is an exact copy of exterior metric, so that
polar perturbations are described by Eq. (D4) with two
independent constants,

HM = C3P3(r/M = 1) + C,03(r/M —1).  (D5)
On the “other side” of the wormhole, we require that there
are no tidal fields, i.e. C3 = 0.

In the perfect-mirror model, perturbations do not pen-
etrate the surface and the interior solution is irrelevant. On
the other hand, in the gravastar model, the interior solution
which is regular at the origin reads

| 3 207
Hit o +-r>, (D6)

ror! P I-11 v
r(z)—ZCr22 2 2 T r%
for any value of /.

c. Matching conditions and TLNs

In the wormhole and in the gravastar case, the interior
and the exterior solutions are overall described by three
independent constants, whereas the perfect-mirror model is
described by two constants. Since the problem is linear, an
overall amplitude is irrelevant so we need to impose two
junction conditions at r = ry in the wormhole and gravastar
cases, and one boundary condition at » = r, in the perfect-
mirror case.

In the former cases, we can impose the Darmois-Israel
junction conditions [119], which relate the discontinuity of
the extrinsic curvature across the radius with the properties
of a thin shell of matter located at r = ry. By adapting the
formalism developed in Ref. [42], for polar perturbations,
we find that [[K]] =0 and [[dK/dr,]] = —87+\/f(ro)d0Z,
where 60X is the perturbation of the surface energy density
of the thin shell and the symbol “[[...]]”” denotes the “jump”
of a given quantity across the spherical shell, i.e.
[[A]] = lim_oA(r — ro+€) —A(r - ro—e€). For sim-
plicity, we assume that the thin-shell material is stiff, so
that 60X ~ 0. Therefore, in the polar sector, we impose the
following conditions:

[dK/dr.]] = 0. (D7)
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These two conditions completely specify the matching
between the interior and the exterior solution in the
wormhole and gravastar cases. In the latter case, the
junction conditions (D7) agree with those derived in
Ref. [67].

In the perfect-mirror case, we shall impose a Z,
symmetry on the surface and, therefore, the wave function
vanishes at r = r. In this case, one can solve for the Zerilli
function ¥ in the static limit and then reconstruct the
metric function H, through [120]

1
Hy = m[(}’ﬂz —6M> — 3y, Mr)¥(r)
Y, (r
+6M27+<)21}’(36M3/r+ 18]/1M2 +3]/12MV

+r (/2 + 1)), (D8)
where y; = (I — 1)(I 4 2). In the static limit, H; = 0 and K
can be also written in terms of W, and of its derivative. The
Zerilli function satisfies a second-order differential equation
[120], which can be solved for analytically in the static limit.
By imposing the Dirichlet boundary condition ¥, = 0, the
ratio C;/C, in Eq. (D4) is completely specified.

Finally, once the perturbation equations are completely
specified (modulo an overall amplitude) through the
junction/boundary conditions, it is straightforward to com-
pare the analytical expression for H, at large distance with
Eq. (BY), extract the multipole moments and the tidal-field
amplitudes, and finally compute the polar TLNs by using
Eq. (3). Interestingly, this procedure yields exact results in
closed form, although the general expression for the polar
TLNs is cumbersome. The full result is provided online
[65], whereas the high-compactness regime is discussed in
the main text.

2. Axial-type TLNs of BH-like ECOs
a. Exterior spacetime

Einstein’s equations for static axial-type perturbations of
the Schwarzschild metric imply #; = 0 and

AM = 1(1+ 1)r

0y _
DVhy = hll + =20

hy=0,  (D9)

which can be solved for &, in terms of hypergeometric
functions. The general solution reads [§]

et = ¢,y (1= 11+ 2;4;——
0 11, 1( L+ ZM)

1—l,l+2)
-1,2 ’

r

o (D10)

G (

where G%:(z) is the Meijer function and ,F; is one of the
hypergeometric functions. The terms proportional to ¢,

PHYSICAL REVIEW D 95, 084014 (2017)

and ¢, are identified with the external tidal field and
with the body response, respectively. The above solution
reduces to simple expressions for integer values of /, which
can be written in terms of polynomial and logarithmic
functions.

b. Interior spacetime

Also in the axial case, the interior spacetime is model
dependent. In the wormhole case, we consider the same
solution as in Eq. (D10) but with zero tidal field, namely

r

I (D11)

int __ 2,0
hy" = C3G2,2<

1—l,l+2>
-1,2 '

In the gravastar case, the interior solution which is
regular near the origin reads

I-11+2 3 2C7°

ho(r)o<r1+12F1< Ty +2, 2
0

>, (D12)

for any value of /. Finally, as in the polar case, the interior
solution of the perfect-mirror model is irrelevant for the
purposes of computing the TLNSs.

c. Matching conditions and TLNs

The junction conditions for axial perturbations are easier
because they do not couple to the matter of a putative thin
shell. In the dynamical case, they simply read [[Ao]] =0 =
[[71]] [42]. In the static case, h; vanishes identically and one
is left with a single second-order differential equation
for hy. Therefore, regularity of the axial perturbations
across the shell imposes that % and its derivative with
respect to r, be smooth. Thus, for the wormhole and
gravastar cases in the axial sector, we impose

[[ho]] = 0. [[dho/dr.]] = 0. (D13)

For the perfect-mirror model, we follow the same
procedure outlined in Appendix 1 c; namely, we impose
a Dirichlet condition on the Regge-Wheeler function Wrw
evaluated at r = ry. This function is defined as'

d(rlPRW)
dr,

—iwr

ho = hj=— W
0 oMy Y

(D14)

and satisfies the Regge-Wheeler equation [112]. The latter
can be solved analytically in the static limit, @ = 0. Again,
the ratio of the two integration constants in Eq. (D10) is
fixed by imposing Wrw = 0.

"“Note that our definition differs from the standard one by a
factor @, which has been included so that #; — 0 in the static
limit, whereas &, remains finite, as expected.
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After the perturbations are fully specified through the
junction/boundary conditions, the axial TLNs can be
computed by comparing the large-distance behavior of
hy with Eq. (B10), extracting the multipole moments, and

finally using the definition (3). As in the polar case, we find
a closed-form, cumbersome expression for the axial TLN
[65], whose high-compactness limit is provided in the main
text for the various models.
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