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Abstract We discuss the differences between several
partial-wave analysis formalisms used in the construction
of three-body decay amplitudes involving fermions. Specif-
ically, we consider the decay A, —  pK —, where the hid-
den charm pentaquark signal has been reported. We analyze
the analytical properties of the amplitudes and separate kine-
matical and dynamical singularities. The result is an ampli-
tude with the minimal energy dependence compatible with
the S-matrix principles.

1 Introduction

In the recent years experiments such as BaBar, Belle, BESIII,
CLAS, COMPASS, GlueX, LHCb, have produced signif-
icant amount of high-precision data on three-body hadron
decays, garnering information on new hadronic states [1-5].
To put existence of such states on firm theoretical footing
and to determine their physical properties rigorous ampli-
tude analysis is needed. There are well established methods
based on first principles of reaction theory for construction
of reaction amplitudes describing three particle decays of
hadrons [6,8-16]. It appears, however that there is signifi-
cant confusion as to the role of various approximations that
these methods entail. In an earlier work [17], we pointed out
that, contrary to the common wisdom, differences among the
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various approaches are dynamical rather than kinematical in
nature, and we showed that the lore for the LS formalism to
be nonrelativistic is unjustified. As an example, we discussed
the decay B — v K, which shows nontrivial structures
appearing in the Belle and LHCb data in ¥ (2S) = [18-21],
and J /¢  channels [22]. In the present paper, we extend the
discussion to the more complicated fermion-boson case. Our
main goal is to properly separate kinematical from dynamical
singularities. In general, the analysis of kinematical singu-
larities of amplitudes with fermions has to be handled with
particular care, because of the additional branch point at van-
ishing value of the Mandelstam variables [23], and because
fermions and antifermions have opposite intrinsic parities.
Hence, one expects different behavior of the amplitudes at
threshold and pseudothreshold. We thus believe that study
of such amplitudes deserves an extended discussion. More-
over, because of the possible existence of hidden charm pen-
taquarks, there is particular interest in final states contain-
ing the nucleon, a light meson and a charmonium [1-3].
In this paper we thus study the amplitudes for the reaction
Ap — YpK™ in which a prominent pentaquark-like signal
in the v p invariant mass observed at LHCb [24,25].

The paper is organized as follows. In Sect. 2 we discuss the
canonical approach used to analyze the A, — ¥ pK ~ decay.
By relating the helicity partial waves to the Lorentz scalar
amplitudes via the partial-wave expansion, we derive con-
straints on the amplitudes and isolate the kinematical singu-
larities. The results, and the comparison with the LS partial-
wave amplitudes, are summarized in Sect. 3. In Sect. 4, we

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-018-6177-2&domain=pdf
http://orcid.org/0000-0003-4257-0928
mailto:pillaus@jlab.org
mailto:jannes.nys@ugent.be
mailto:mikhail.mikhasenko@hiskp.uni-bonn.de

727 Page 2 of 25

Eur. Phys. J. C (2018) 78:727

Ap, pp

(a) Decay

Abapb J[ ppap
N
_—
v, py Pk, K~

(b) s-channel scattering

Fig. 1 Reaction diagrams for a the A, — ¥ (— =) pK~ decay process, and for b the A,y — pK~ s-channel scattering process

focus on the mass dependence of our solution, and the singu-
larities at s = 0. In Sect. 5 we examine the Covariant Projec-
tion Method (CPM) approach and compare it to our results.
Conclusions are given in Sect. 6. For ease of readability in
the main text, most of the technical details are given in the
appendices where we also give a practical parameterization
of the amplitudes suitable for data analysis.

2 Analyticity constraints for A, — ypK~

In Fig. 1 we specify the kinematics for the decay A, —
Y(— uwTuT)pK~. In the following, we follow the argu-
ments presented in [17]. We will be able to identify and
characterize all kinematical singularities as either pertain-
ing to (pseudo)thresholds, or to the vanishing of particles’
energies. The particles Ap, p, and K~ are stable against
the strong interaction, and the i is narrow enough, allow-
ing one to factorize its decay dynamics. Thus, we focus on
the amplitude in which i is also considered as stable. In
the following, we analyze the equivalent scattering problem
Apy — pK ™, and we refer to [17] for an extended discus-
sion of crossing symmetry. We use p;, i = 1,2, 3, and 4 to
label the momenta of Ap, ¥, p, and K~ respectively. We call
Py = — py the momentum of the v in the decay kinematics.
The helicity amplitude is denoted by Aj, 5,5, (s, 1), where
Ap, Ap and Ay are the helicities of p, Aj and ¥, respectively.
The amplitude depends on the standard Mandelstam vari-
ables s = (pp+ px)*.t = (pp— pp)*.andu = (pp — pk)*
withs +14+u =Y, m?.

The Ap baryon decays weakly, so Ay, 3,5, is given by
the sum of a parity conserving (PC) and a parity violating
(PV) amplitudes.

We discuss here the PC amplitude in the s-channel, and we
refer to Appendix D for the summary of the PV amplitude.
The s-channel resonances correspond to the A*’s and domi-
nate the reaction [26]. As discussed in the previous section,
the analysis of the experimental data indicates a possible sig-
nal of resonances in the exotic ¥ p spectrum, which in our
notation correspond to the u-channel.

@ Springer
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Fig. 2 Scattering kinematics in the s-channel rest frame. In the decay

kinematics, the momentum and the spin of the v is reversed to keep the
same helicity

In the center of mass of the s-channel scattering process,
the momentum pj, defines the z-axis, the momenta p, and
pk lie in the xz-plane, p and g denote magnitudes of rela-
tive momenta in the incoming (A, ¥) and the outgoing (p,
K ™) states. The scattering angle 6, is the polar angle of the
proton (see Fig. 2). The quantities are expressed through the
Mandelstam invariants,

s(t—u)—!—(mi—m?//)(m%;—m%() n(s,t)
zs = Cc0osbs = 45 pq = pq
1/2 1/2
oot )
25 257

with Ajx = (s — (m; +mp)?) (s — (m; — mg)?). The func-
tion 4s n(s, t) is a polynomial in s and 7. To incorporate
resonances in the pK ™~ system with a certain spin j, we
expand the amplitude in partial waves,

1 & . :
Ay = = D QI+ DA 5 0d] @), @
j=M

where .Af;p’ Aoy (s) are the helicity partial-wave amplitudes in
the s-channel, A = Ap—Ay, A" = Ap,and M = max(|A[, [A])
[9]. We use the definition of the Wigner d function as in [27],
i.e. d)]w (cosf) = (j, Alexp (—inO) |7, )J), that differs from
the one in [9] by & — —6. This results in a difference in our

! Note that the definition of (s, t) given here differs from the one used
in [17] by the factor 4s.
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definition of the parity conserving helicity amplitudes given
in Eq. (7) below.

Instead of working with an infinite number of helicity
partial waves, we will consider the isobar model, customarily
used in data analysis.? The dynamical singularities in s, f and
u are taken into account explicitly by a sum of different terms,

A}\,p,)ub)nﬂ (S, t! M) = Ag"sp),}‘b)"z// (sv ts u) + Ag\l/z’)‘b)"lﬁ (sa t) M)
(u)
+A)\p’)‘b)"lﬁ (Sa t’ M)? (3)
with

Jmax

1 . .

(s) : (s),

A iy ) = = D QI DATY,  (9)d] (@),
j=M

“)

and Jpax < oo. In this model, it is assumed that the entire
dynamical information is expressed by the isobar amplitudes,
which are functions of a single Mandelstam variable: A®)J =
AWJ(x), with x = s, 1, u. The expressions for the (1) and
(u) isobars are similar to Eq. (4). In the following we focus
on the s-channel isobars, and drop the (s) superscript. The
u-channel isobars are described in the Appendices E, F).

In Egs. (2), (4) the entire t dependence originates from the
d functions. Specifically, the d functions have singularities
in zg which lead to kinematical singularities in . We define
the functions

~j dj 1(2s)
A (g = a'ss) 5
o (@) En (2s) ®
with
[A—2A| [A+2|
s =(Vi-z)  (Vi+z)
=21 [A+2/]
= (\/5 sin %S) o (ﬁcos %) " ; (6)

being the so-called half angle factor that contains all the
kinematic singularities in 7. The reduced rotational function
‘%\’ (zs) is a polynomial of n(s, t)/pgq qf order j — M, see
Eq. (1). For A, A" # 0, the functions d){)J (z5) have no def-
inite parity. This means that the product (pg)/ =~ ‘%N (zs)
contains terms with odd powers of pg that still have kine-
matic branch-point singularities in s. To be able to remove
these singularities from the amplitude, we need to define the
so-called parity-conserving helicity amplitudes (PCHAS),

Appapry (8,1)

& (zs)

+ g (=1

n _
Aoy 8 1) =

Ay —ap—ay (8, 1) o
oz

2 We remark that our discussion would be unchanged if applied to the
untruncated partial-wave series.

where 1y = 1, = + are the naturality of the ¥ and Ay,
respectively. These functions are free of kinematical singu-
larities in ¢. Similarly, we can split the isobars into natural
and unnatural ones

J Jj+ Jj—
Akw\hkw (s) = A/\p,k;ﬂw (s) + Akp,)\b/\w (s). (8)

where we defined the definite-parity partial-wave/isobar
amplitudes,

Aiz,—kb—xv, () =nny m A!\Z»Abkw (s). 9)

We introduce the definite-parity Wigner d functions by,
Al (ze) = d, (zo) + n(=D*"Md’ | (z). (10)

One can check that the function dAﬁF’ (zs) is a definite-
parity polynomial of order j — M, i.e. c?{;(—zs) =
(—1)j_Mc?){;(zs).3 Similarly, c?){; (zs) is a definite parity
polynomial of order j — M — 1, and therefore subleading

in the z; — oo limit. We refer the reader to Appendix B for
a more detailed discussion on the (sub)leading behavior of

the c?){)(ﬁ) (z). In terms of these isobars, the PCHAs read

n
A)\p»)"b)\lﬁ (s, 1)

1 .
= 2 Qi+
j=M

Jn Jj=n 5J
x [ (Axp,xbxw )+ 43 Ay (S)) 0 (2s)
+ 0y np(=D* M
Jn Jj=n 47
x (Al @+l @)l (zs)}

1
=— > Qj+D
4 =

Jn Jj=n 5J
x [ (AAP,A,,W )+ 43 Ay (S)) i (2s)

(s) — Al

+ (=DM M (Af” Ak (s)) c?iw(zs)]

Apshpry
1
=5 2 @i+D
j=M
x [Aiz,mw ©d) @)+ AL ©d), (u)], (11)

where we applied the parity relations in Eq. (9) in the transi-
tion from the first to second line. We note that, for given n, iso-
bars with both naturalities contribute to the A;’p Aoy (s, ).}

3 Note that at leading order in zy, £,/ (z5) M.

4 The name “Parity-Conserving Helicity Amplitudes” arises from
Regge theory, where in the limit 1 — oo (which implies z; — ©00)
the contribution from the opposite naturality, —», is proportional to

@ Springer
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The helicity isobars Aip’ Aoy (s) have singularities in s,
which have both dynamical and kinematical origin. The kine-
matical singularities in s, just like the 7-dependent kinemati-
cal singularities, arise because of particle spin. We explicitly
isolate the kinematic factors in s, and denote the kinematical
singularity-free helicity isobar amplitudes by Ai Aohy (s).

First, we take out the factor (pg)/ " from the Ax Aphy (s).
This factor cancels the threshold and pseudothreshold sin-
gularities in s that appear in ci){k, (z5). Second, we follow [9]
and introduce the additional kinematic factor K]'{,, ~- These
factors are required to account for the mismatch between the
j and L dependence in the angular momentum barrier fac-
tors in the presence of particles with spin Specifically, it is
expected that A", () ~ p" (A]), 1 () ~ ¢"2) at
Ap-threshold ( pK -threshold), Where Ly and L, are the
lowest possible orbital angular momenta in the given helic-
ity and parity combination. The definite-parity, kinematical-
singularity-free helicity isobar amplitudes Aiz iy (8) are
defined by

in — —M 4jn .3
A)‘P Moy — KMN(pQ)j A Abhy for j > 35 (12a)
2 _ (P 12 n 21/2.1
A/\p,kbkw = ( my ) (Q / ) K1/2 1/2AA,,,AbAw
for j =4 and M = 1, (12b)
1/2, .
AA{;,AZW =0 for]=§andM=%, (12¢)

with N' = min(|A], |A']) = 1, and

e () )7 () e
e () ()

where the Q*1/2 are regular functions for /s > 0. The
functional form of the latter will be discussed in detail in
Sect. 4. In addition, the K-factors have powers of /s as
required to ensure factorization of the isobar amplitude into
contributions from distinct Vertlces [9].

The isobar amplitudes Al Ap /\b Ay (s) contain the dynami-
cal information of the model. Often they are parameterized
in terms of a sum of Breit-Wigner amplitudes with Blatt—
Weisskopf barrier factors.

(13b)

Footnote 4 continued

M, ., (z5) which is negligible compared tod M, (zy) In the case at hand,
however, we consider the limits ¢ — 0 or p — 0, where the kinematic
factors of the partial-wave amplitudes are also relevant to determine the
leading behavior of the two contributions in Eq. (11).

@ Springer

Once we have removed the kinematic singularities from
the isobar amplitudes and the corresponding angular func-
tions, we are now in a position to remove the singularities
from the full amplitude. Therefore, we take out the fac-
tor K ;‘7,, n and define the amplitudes F which are kinematic
singularity-free PCHAs (KSF-PCHAs),

" _ 1
FM»MM (s, 1) = A)»p,)»h?up (s, 1)

L
1 . i
== 2 Qi+ hg™

Jj=3/2

. _77
[Af\" e ()l (z5) + Ai ok &) MN d’k/(zs)]
1
n L 20 () P«/_ o
27 )»p ApAy my
-n 1 a7 Y
x (02) V2T, e g

where the ratio K&'}V/KX,IN = (—)M—N (pm,,/qm,/,)'7
Q7 "/Q". While the KSF-PCHAs are free of kinematical sin-
gularities, they are not necessarily independent for all kine-
matics. Indeed, we will illustrate below that additional con-
straints must be fulfilled by the isobar amplitudes for certain
kinematics. Therefore, as in [17], we seek a representation
of A pidbhy (s, t) in terms of a set of covariant structures that
explicitly account for the kinematic part of the amplitude. For
the PC amplitude, the basis with minimal energy dependence
is given by

A)»p,)»b)»v, (S, t) = Eu(pIﬂv )"lﬂ) lz(pp’ )"p)

6
x <Z Ci(s, 1) Ml“) u(pbs Ap), 15)

i=1

with

M=y py, MY =yph, MY=vy p,p), (162)

M=y pypp M =vy"s Mg =y p, v
(16b)

and the scalar functions C;(s,t) are free from kinemati-
cal singularities. There are six independent M! 1. tensors,
and any other possible combination can be reduced to these
using the Dirac equation for the spinors, or the orthogonality
relation €, (py, Ay) pg = 0. Alternatively, one can use the
CGLN basis defined in [28], for pseudoscalar-meson electro-
production. However, these covariant structures enforce a
gauge-invariance principle which does not apply here since
Y is a massive vector particle. Had we used the CGLN basis,
there would be unnecessary kinematic zeros. The PC ampli-
tude requires a y> because of the unnatural K ~ parity. The
explicit expressions for the polarization vectors and spinors
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are given in Appendix A. We can match Egs. (14) and (15),
and express the scalar functions as a sum over kinematical
singularity free helicity isobars. This yields

Fioy Ci

Fi,+o ¢

Fio_ | _ VE+m 1 1 oule an
Frar |~ VE,+mp 05 | Caf

Fi o Cs

Py Co

with M a 6 x 6 matrix that encodes all the kinematic factors
and is provided in Appendix C.> The factors ,/E p +mpand
VEp + my are factored out to simplify the expression for
M. We stress that they have only singularities at s = 0. For
example,

m: (ﬁ+mb_mlp2)jgﬁ+mb+mw),

(18)

and the physical region of /s corresponds to Re /s > 0.
For mp > my, which is the case here, the first factor in
Eq. (18) is always positive, and the only singularity is due
to the branch point at s = 0. This would be different if the
fermion was lighter than the boson. In that case, the factor
will have a singularity at pseudothreshold that has to be con-
sidered separately. The relation in Eq. (17) can be inverted,
leading to

Ci Fi oy
G2 Fj—r,+0
C3 _ N Ep +mp Q+M—1 FI,+—
C4 VEp +my L
Cs Fi 1o
Cs Fy
F{,++
Fy +o
vEptmp ot ( B+ Reg) Fjr_r'+_ ,
VEs T, Fr
Fi +o
iy
(19)
where the matrices B and Reg are regular at p = 0. The

explicit expression for the M~! and the B matrices are in

F+ 4. stands for Ft , and so on.

hp=t 3 Ap=t 3 Ay =+

Appendix C. We just report a few terms here to ease the
discussion,

Bii Bz Bz B4 Bis Bie
0 0 0 0O 0 O
B3 B3z B33 B34 B3s B3e
B= 0 0 0 0O 0 O
my (V/s—mp) (Ep+mp) n(s.0) (V/s—mp) (Ep+mp)
4mp /s 0 4m%) 0.0 0
my (Ep+mp) n(s.t)(Ep+mp)
TS0 gm0 00
(20)

Since the C; functions must be regular at p = 0, i.e. for
s = (mp £ my)? = s, the combinations of KSF-PCHAs
F)'] Aphy (s, ) in Eq. (19) must conspire to cancel the 1/ p?
pole This translates into arelation between the various isobar
amplitudes Al" hp by (s). As an example, let us consider the
last two rows in Eq. (19). Inspecting the matrix elements
in Eq. (20) one finds that two emerging conditions are not
independent and lead to,

Fi i+ n(s,)F{ _ 7 0, 1)

mphy
where we mean here is that this combination must vanish
as p? for p — 0. The conspiracy relation can be written in
terms of the isobar amplitudes by inserting the expression
for the F’s in terms of the isobars, given in Eq. (14). Since
the isobars of different spin are independent, we can consider

each j individually. For j > % we obtain

(pQ)j_ 172 |:AA{:++ () C?L'T/z’ 1/2 (zs)

pmp O~
+A+ ++ (8 ) - Q+ d—1/2 1/2(Zs)]

+(pg) 1P \/— n(s. ?) [Ai++ (s)d3/2 1/2(25)

ml,m,/, pq
pmp Q™
S P . . oF i) /2(25)] -0 (22)

When p — 0, zz — oo and the leading 3£T/2,1/2(Zs)

and ag/—; 1/2(Zv) diverge as 1/pi=Y2 and 1/pi—3/2, respec-
tively. This divergence is canceled by the threshold fac-
tor (pg)’~1/2, but an additional relation between Aﬁr + L (s)

and Afr 1 _(s) is needed to cancel the additional 1/ p? pole
appearmg in Eq. (19) On the other hand, the sublead-
ing d Z1p, l/z(Zg) and d3/2 1/z(zs) diverge as 1/p/~ 3/2 and
1/p/=5/% only, and together with the additional factor of p
coming from the mlsmatch factors K N and the threshold
factor, vanish as p? to cancel the 1/p? pole. Therefore, the
opposite-naturality waves do not contribute to this type of
conspiracy relations. It is also straightforward to check that
the expressions are regular when ¢ — 0. One can use the

@ Springer
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asymptotic expansion of the Wigner d functions (the full
expressions are in Appendix B),

e 247750

d (z5) ~ :

—1/2,1/2%%5 1 1. 3 VN3 1.3 o 1\
<777’13_1|j3_7><77_771_770|]a_§>

_ i=3/2 ..
HE )~ zz TG 23)
3/2,1/2\%s . 3\
/2y <%,%;J—%,0|1,%)
and reduce Eq. (22) to
Af++(5)
1 1. 3 _1\/3 _1.:_3(; _1
(3023 L =15 =3) (5, =23 = 3,01, =3)
/\]+
s AL -5 -0 (24)
p ¢<27 53 7 |.]s 2)

We now examine the conditions that emerge for the first and
third rows in Eq. (20). These involve both natural and unnat-
ural isobars. Although strictly speaking conspiracy relations
might be realized by complicated cancellations involving all
possible isobars, we again assume that isobars carrying dif-
ferent quantum numbers are independent. It is then possible
to (i) break each one of the equations in Eq. (20) into sepa-
rate equations for natural and unnatural isobars, and (ii) break
them further by counting the powers of z;. This leads to the
following conditions,

AA{I’T‘F‘F (S)‘;'flr/z,l/z ()

CV2(S5—mp)

Al o®dlh
my +40(8) 1/2,1/2(Zs)
+s — my, (ZE,/, + mh)
mpm;/
XVSAL L0 2,dl) 1 p(z) —> 0, (25)
p

Aﬁ:++ (S)C?i-f/llﬂ (z5)

«/E(mb-i-\/g) A A
_—Aj+ dj+
my 410() 1/2,1/2(Zs)
2Eymyp — m% +s
mpmgb

X\/EA{;:.g._(S) st,g/_;’l/z(zs) —2> 0, (26)
p

(ﬁ — mb) A{;++ (S)dAiJlr/z’l/z (zs)
—\/EmwAAiT+O(S)dA1]/E’]/2(Z‘9)

Ep — Ey —my
mphty,
X VEAL, (0) 2] p(20) —> O, 7
p

@ Springer

(V5 +mp) AV (90dL5 5 1 p(20)
—ﬁm¢AiT+O(s)dAi//—;’l/2(Zs)
Ey—Ey+m
LEp = Eytm
mpiy,

X/SALT_(s) zsc%//z,l/z(zs) —> 0, (28)
p

and using the asymptotic form of the d functions, for the
natural isobars, we obtain

AL o)
(3.5 1,015, 5)(3, 337 = 3,01/ 3]
_ Ey Af.:++(s)
R e e R T ]

(29)

The conspiracy relation for the unnatural isobars are more
cumbersome. We recall the relation between the helicity and
the LS couplings. To ease the notation, we will write only
the initial state in the LS form,°

: 2L + 1
Giz Ls() = oF Z (3. 23 L =2y 1S, Ap — Ay)
’ J+1
Apshy
XS,k = hys L, O1jo oy = g )AL, (9).
(30)

For the case at hand, this means

= j—1/2,j—1/2
Ain:p] 12gi=V

s

2-] 1 1 1 1
X[ 2j+1(<5’5;1’_”)7’7_”>

11 S ] i, A 7=
% z,i—xw,J—3,0‘177—10(;]'—1/2,1/2

31 . 3 | 2A—
x (z:z — g J +§,0‘1, 3 —M)P Gj+3/2,3/2]’
(€29

with GLE (s) = quj’l/z(A}if9 (s). We remark that these rela-

tions hold for the j = % case as well, and we do not need any

separate consideration for it. There is only one LS coupling

6 We remark that we used the convention(S, A — Ays L OLj, Ap — Mf)
for the LS Clebsch-Gordan coefficients. However, up to signs one can
use (L, 0; 8, Ap — Ay lj, Ap — )H//> to get equivalent results.
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with nonminimal L, which calls for one conspiracy equation
only. However, the equations obtained from the first and third
line in Eq. (20) give

- VE—mp oo
L —\/EF+,+0

my,
, - 2E
+n(s 1) (s mp (3 v +mb)) \/EF_;_F_ o
mphy, p?
(32a)
(V5 —mp) Fy oy =~2my Fy +o
Ep, — Ey —
(Ep v —mp)n(s,t) (32b)

— F-._ —0,

mpiy, Vi P?
and it is easy to check the two equations to be independent
out of (pseudo)threshold. We evaluate the constraints at both
threshold and pseudothreshold,

Aij++
(223 1 =13 =23 =207 = 3.0 =)
:F Ay

(2020 1,013 3)(3. 257 = 2. 01J. 5)
mphty, (%7 %s]_ %1()']7 %) p?

with

o (2oail =13 =55 =307 = 5.0l =)
(333 L =113, =3) {5, =337 = 3,01, =3
(3. 331,013 5) (3033 = 5,014 3)

By restoring the kinematic factors,

Aij++
(20201 =1z =) {5 =20 = 2.0l —3)
. Al vo

EELOL Al L - Loy
A c
R 0. (35)

At threshold, this matches with the LS constraint. To inter-
polate with the pseudothreshold result, we replace + —
—Ey/my.

To summarize, we used analyticity constraints to derive
relations between the different helicity isobars. At threshold,
these relations are in agreement with the expectations derived
from the LS decomposition. Similar constraints are derived at

pseudothreshold. To interpolate between the two constraints,
we add an energy dependent factor Ey /my in the Ay =0
amplitude. This results in the minimal kinematic dependence
as required by analyticity.

3 The generic parameterization for the s-channel
isobars

In this section we derive a general parametrization for the
isobar amplitude which takes into account the conspiracy
relations derive in the preceding section. A generic param-
eterization for the natural isobars which fullfills Eqs. (24)
and (29) is given by

My i+
—A S
m, SR )

= (4 Bt b - B0 )

+p% fi4 (), (36a)
A0
=B L0 B 4T - 3008 2
+ 7 [y (), (36b)
LA o)
= (337 - 3003 g
+EIE R ), (360)

where g;./’_:) (s) and fj(::-”) (s) are regular functions at s = 54,
and g4 (s+) = g;.+(si) = g;’+ (s+). The branch points at
s = 0 are not constrained by the threshold relations. Their
origin is dynamical and has to be addressed in the context
of analyticity in j. We decided to include appropriate factors
of /s to make these formulae more similar to the LS ones.
For example, the additional factor of m ,my /4/s in front of
f ,N+ (s) in Eq. (36¢) is unconstrained by these relations, but it
has been inserted by analogy with LS. Similarly, we decided
the subleading f j(ii’“”) (s) functions to appear with a factor p?
insted of Apy, unlike in [17].

Upon restoration of the kinematic factors, the original
helicity isobars amplitudes read (j > %)

Af++(s) _ Q+pj—3/2qj+1/2

« [(%,

x (3,

L =113, —

)

PJ—3.0lj,=3)gj+ (o) + p* fj+(s>}
(37a)

=
o —

[SI1[o%)
D=
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Aiiuo(s) = Qt i3It

x [(% PRI

+ p2 fj/+(5)i| s

Af;,(s) — Q+pj—3/2qj+1/2

—_
=
S8}
(ST
-
[ST[o8}
| —
~
[SI[%}
=
~
Bl —
-
o
~

+
—
(3
~

x [(%, 373,00/, 3)g} () + p? f;;m]. (37¢)

A particular choice of the functions g +/) (s) and f (:17) (s)
constitutes a given hadronic model. For j = é, no conspiracy
constraint is needed. Indeed, the isobars A{\ Aphy (s) always

appears with an additional factor o< p?, as shown in Eq. (12b),
and the pole is automatically canceled.

We can immediately cast this expression in the LS basis.
For the natural isobars considered, this reads

Alt = pi=324i+1/2

[Vl o3

x (34 =2y =305 4 =) 615050
A g b )

< _x‘/f”?("f’ = 2y) G121 0 ®)
+ ~ )

(

: At
=i+ d0]hd - W)Gf'ﬂ/z,s/z(”)} (58)

s

) )

D= D=
Nb—‘ DNl —

- ’

(S8
D=

[NSI[8}

X

with GJE(s) = ptq/™1/2G]%(s), and the dependence on
Ap is understood. We remark that there are two LS couplings
having nonminimal L in Eq. (38), and at p = 0 the three
helicity couplings will depend on one independent LS cou-
pling only. This will require indeed two equations to be satis-
fied, ie Egs. (24) and (29). This expression matches Eq. (36)
by identifying

PR T N I
8=\ 21 oF

_ (22 0 11

f”(s)_\/2j+1§(<7’7’1’_1)7’_7>
_éj"‘l

51_3/2’3/2(5)’ (39a)

| L1\ A

X<§7 23+ 2.0 J’_2>G1+1/2 1/2
11 31

+<j,§,17_1‘§7_§>
3 1.1 9]

X<§’ 237+ 2.00/. 2>G/+1/2,3/2(S))7 (39b)
2j—2m [N

)= |2 3, (39¢)

21 E, OF Cim3nan
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o= i (bl )

111 o] 1\ At
X<i’§’l *’O)J’§>G§+1/2,1/2
1. 31
+<§7§71’0‘7 i)
< (3. 15+ 10l 1) L6 ), (39d)
2237172 2 Q+ /+1/23/2
2j -2 1 At
gl )= 211 0% - ~3/2.3/208): (3%)
neev |2 H2 1 33 1 o] 3\ Adt
fj (s)—‘/2j+1§<§,§,j+j,0‘1, §>Gj+1/2,3/2(5)~
(39f)

For the unnatural isobars, the minimal parameterization ful-
filling Eq. (35) is

A+ () =

xﬂaaLA@—a@—; 3.0~ 0

(35113 5) (3~ - 30 -3 )y

+p? f,-+(s)], (40a)
AT ) = 7 pIT2gI 712

E

1 1 1 1\/1 1., . 1 -1 vy

O R N T ey
X|:<2 ) |2 AR AN ) lj 2 my gj_(S)

+ % f] (s)] (40b)
AL =g e

x [<% $J = 3.0, 2> (égy_(5)+hf;_(8)>+p2 f,"’_(S)} :

(40c)

with gj_(s+) — g}_(sx) = —g[_(s+) and h;_(sx) =

h’j_(si) = —h’j’_ (s+). The identification with the LS cou-
plings is straightforward,

2j | RN
8- =137 Q_G —1/2.12(9),
2j RN
hj_(s) = 2]+1 Q—G —1)2, 3/2(S) (413)
[2/+4 1 11 31
fi-(s) = 2+ 1 Q_<§,§,1,—1‘§, §>
X<%,—%,J+%,O‘J, %) Gl i3p32(5). (41b)
2j my 1
g;;(s) = 2+ 1 _1// EGJ_UQ 1/2(5)7
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2j my 1 A
h._(s) = - G’ s), 41c
-0 = 5757 B 5O 1an® (410)
2j+4 1 74 31
| L4i1.0)34
fi-(o) = ]+1Q_<2 2 2 2>
31
><<§’7 O‘J»‘> Gl lapapn®).  @1d)
gi_(s)=0,
W)= — |2 LG, (410)
Y I s i Sa VR R Teid
2j+4 1
y L1y ol22
fi-(s) = 2]+1Q<2210’2’2>
x(3.3:7+3.0)5.3) 61 apap®. @D

As shown in Egs. (39) and (41), care should be taken when
choosing a parameterization of the LS amplitude so that the
expressions are free from kinematical singularities, beyond
the one at s = 0 discussed in Sect. 4. For example, if
one takes the functions é§f3/2’3/2(s), é;:l/z’l/z(s) and
G;::l 12.3)2 (s) to be proportional to Breit—Wigner functions
with constant couplings, the amplitudes g} 409, g}f(s) and
h’j_(s) would end up having a pole at s = mi — mzw It
is clear that using Breit—~Wigner parameterizations, or any
other model for helicity amplitudes, ie the left-hand sides
of Eqgs. (39) and (41), instead of the LS amplitudes helps
prevent unwanted singularities. A practical use of these for-
mulae, and the analogous forms for the PV amplitude and
for the u-channel exchanges, are given in Appendix G.

4 MacDowell symmetry

Up to this point, we have mainly ignored singularities at
s = 0. For the s-channel reaction, we choose the scattering
configuration such that the pseudothresholds are positive:
mp—my > 0andmp—mg > 0.Our currentresults therefore
depend on the relative sizes of the meson and baryon masses.
We then restricted our discussion to positive Re /s, meaning
that our expressions do not hold for negative Re /s. The
correct kinematic singularity free amplitudes cannot have
this property, since the invariant amplitudes do not depend
on relative masses either [29]. The restriction to Re /s > 0
limits the reachable kinematic singularities of \/E, +m,
and +/Ej, + my, in Eq. (18). For Re /s < 0, however, these
factors contain (pseudo)threshold branch points.

The above-mentioned complications arise only in the case
of fermion-boson scattering, where the total angular momen-
tum is half integer. In this type of process the obtained helic-
ity amplitudes are not invariant under the transformation
/s — —4/s.Itcan be argued that for half-integer total angu-

lar momenta, the relevant kinematic variable is /s rather
than s.

In order to construct a set of amplitudes that is free of kine-
matical singularities for negative Re /s as well. One must
therefore verify that the new (pseudo)treshold singularities
at Re /s < 0 are correctly accounted for by the kinematic
factors K 1"74 ~- We have already silently removed those factors
in Eq. (13) by introducing the Q", which take the form

= (V5 + (mp +my)? (V5 + (mp —my))?

1

x (Vs + (mp + mK))i% (Vs 4 (mp —mg)) 2
v Ep +myp
=2 2 (42a)

0 = (Vs+ (mp +m¢))7% (Vs + (mp — mw))i%
x (V5 + (mp +mg))? (V5 + (mp — mg))
B VEp+myp

, 42b
R (420
0% = (Ep +mp)/s . (42¢)

Under /s — —./s, the terms p./s and g./s remain
unchanged. However, the factors \/E, + m , and v/Ej, + my,
will now contain branch points at (pseudo)threshold at posi-
tive Re 4/s. An additional benefit of this analysis, is that the
final amplitudes are now independent of the choice relative
masses, i.e. the final form of the amplitudes are the same if we
would have taken the configuration where the pseudothresh-
olds are negative.

One can verify that no additional singularities are found
at Re /s < 0 for j > % that have not yet been accounted
for. Indeed, this can be done by tracking down the factors of
Q7 in the kinematic matrix M~ in Eq. (19). In other words,
the solution to the conspiracy relations for Re v/s > 0 also
solve the conspiracy relations for Re /s < 0. For j = ; and
n =4, however no conspiracy relation was needed since
the isobars A)L Aphy (s) always appeared with an additional

factor o p? for Re ﬁ > 0. For Re /s < 0, however, only
(L =0, S = 0) is possible in the initial state (Apy), which
requires a new conspiracy relation to be solved. This isindeed

reflected by the factor Q'/? in the definition of A fp " /\w
Eq. (12a). The conspiracy relations read (remember that the

Ay = — contribution vanishes)
1/2, 1/2,
my AL = Oy + VAL 6) 0,
b—>—Mmp
(43)
1/2, 1/2,
(mp + V)AL —my V2R ——— 0. (44)
Ep——myp

@ Springer



727 Page 10 of 25

Eur. Phys. J. C (2018) 78:727

Since E, = —my, corresponds to —./s = my, + my, both
relations are fulfilled by requiring that
uz Vf‘lﬂ !ii@)
++() +V2ZAL T (5) o 1
(3.3: L. ~113.~3)
ne +( )
+ Ar40 0. (45)

(3.3: 1,013, 3) Eomom

Our KSF-PCHA are now free of singularities for both
Re./s > 0, and Re \/s < 0, and are independent of the
chosen mass configuration. Still, they contain remaining sin-
gularities at s = 0. However, MacDowell symmetry [30]
(which is a consequence of CT invariance [31]) in principle
allows one to remove these remaining singularities, resulting
in amplitudes that are s- and 7-singularity free [29,32-34].
MacDowell symmetry for the KSF-PCHA reads

n
A Ww( \/— t)—{ ( > F);)ilkhkw(\/ga 1), (46)

where { = (—1))‘_)‘/ with and the factor (my /mp)~" is
due to our definition of the kinematic factors K;’,,N (s) in
Eq. (13). The MacDowell symmetry can be made explicit
by considering the relation between the KSF-PCHA and the
scalar amplitudes. For example, from Eq. (C1) it follows that

1-n

()
2
= —m—f [Ca(s, 1) + Cals, DGEVS —mp)] . (47)

In other words, one only needs a single KSF-PCHA for
a given helicity combination, say F):: Aphy (V/s, 1), and the
other one follows from F ;; Aok (—+/s, 1). Additionally, the
Q" factors defined in Eq. (42a) introduce a similar behavior
for the kinematic factors

n my \" =
p

Considering the definite-parity partial-wave amplitudes in
Eq. (7), MacDowell symmetry requires

AN (s =¢ (@)_n W5). (49)
Apshpry mp )‘«p )»b)hz//

This equation might seem odd at first: for a contribution of
definite parity, the partial-wave amplitude of definite par-
ity must be non-zero. N/D approaches have been devel-
oped, using /s as the relevant variables, rather than s [35—
37]. In such a way, the resonances only ‘resonate’ in the

@ Springer

definite-parity partial-wave amplitude with the correspond-
ing parity for Re+/s > 0. The origin of the singularity
that gives rise to the symmetry relation in Eq. (49) can be
explained as follows. For unequal masses only, the half-
angle factor &;;/(z;) has a branch point at s = 0. This

branch point originates from the factor /T — z; =21 0
Eq. (6).” Hence, taking /s — —./s results in a phase
£, (25) = (=D &,/(z,). For the second contribution to
the PCHA, one has £_;;/(zs) — (—D*™ &_,,/(z,). In par-
ticular, the phases (—1)*~* and (—1)*** are the same in all
but meson-baryon scattering reactions. Hence, by removing
the physical boundary singularities (zy = £1) in forming the
t-singularity free d-functions d! .,, we introduced singular-

)\4,)\./ b
. [A=2|
ities /s as a consequence. For all but meson-baryon

scattering reactions, this singularity is removed by divid-
ing the amplitude by /s AT "N The additional
requirement of factorization of the amplitude introduces an
extra factor sV, resulting in ﬁM_N in Eq. (13).

The remaining kinematical singularities at s = 0 can now
be removed from the KSF-PCHA by exploiting the MacDow-
ell symmetry. Indeed, we can build symmetric and antisym-
metric combinations of the F,' Ap hohy (/s, t), which are even

and odd under /s — —./s respectlvely, and define totally
singularity free functions,

+
B 5,0 =

)\, )‘b)”// (\/— t) + ; F)L_ )tbAa//(\/E’ t)v

(50a)
Bk_pv”%“’”
R TV S L.y
_\/E ApsApAy S, é- v ApsApAy S, ’
(50b)

Interestingly enough, these Ig’i Aok (s, t) are free of kine-
matic singularities in both s and /s. We remark that [38]
introduces an additional 1/./s in the propagator to regular-
ize its high-energy behavior. Such a singular factor cannot
be disposed freely, and is incompatible with the MacDowell
symmetry.

Despite the fact that we discussed a procedure to remove
the singularities at s = 0, Eq. (49) is clearly not compatible
with the isobar model. The latter requires isobars with oppo-
site naturalities to be independent, and such constraints can-
not be imposed consistently. Although taking care of these
singularities is mandatory when considering dispersive anal-
yses, we renounce to do so, for the purpose of making this

7 Actually, this happens if (m| —m2)(m3—my4) > 0, as in our s-channel
case. If (m1 — ma)(m3 —myg) < 0, /1 — 2, =214 regular at s = 0,

but the factor /1 + z P41 in Eq. (6) is not. The following discussion
proceeds accordingly, leading to the same conclusions.
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formalism usable by the isobar practitioners. We therefore
set 01/2 = 1 in our final form in Appendix G.

5 Comparison with the covariant projection method

The LS and helicity partial waves can now be compared to
the CPM formalism. The latter builds LS-like partial-wave
amplitudes, based on covariant structures that are interpreted
as spin (§) and orbital-momentum (L) covariant tensors.
We follow the methodology outlined by the Bonn—Gatchina
partial-wave analysis group in [38]. We consider the exam-
ple of a A* resonance with J© = %_ in the s-channel. First,
we consider the interaction in the scattering regime. In this
case, all structures must be orthogonalized to the center-of-
mass momentum P = pj, + py,. We define the relative four-
momenta in the intial and final state p = (pp — py)/2 and
q = (pp—pk)/2,respectively. The orbital momentum com-
ponent of the vertex A* — pK ™ is described by the D-wave
tensor

3 1
Xpu(q P) = _quL_EgL %_7 (51)

with qu =qg* — P*P-q/s,and gj)_“ = gPt — pPPPH/s,
such that ¢/ P, = ¢,8"" P, = 0. Furthermore, we define
v} = g'"yv. The initial state can be S-wave or D-wave. The
orbital tensor structure for the latter reads

3 1
_pri - gt Pl (52)

X"V (p, P
(p, P)= 3

with p| = p*—P* P.p/s.The 3" contribution to the helic-

ity amplitudes is therefore fully determined by the expres-
fond

sion

Ay = (P p. Ap)ysvp X" (q, P)Puu(P)
X |:gs% ($)€”(Py s Ay)
+ 80, )X (p, PYeg(py, hy)
+ 80, )X (p, PYyg vs €’ (py. M)]

X u(pp, Ap), (53)

where we introduced the spln-— projector

P+«/_2 gl I o 1
P;w— 2[ 3 Mc{ (g _EG ) gﬂua (54)

8 We neglect overall factors of i.

witho, = 3 (yﬂ Vit — vi-vih)- Explicitly, the correspond-
ing isobar amplitudes read

1

Ai+++ = VE, + myJE, +m, q>

1
X [\/585% (s) + p* <_8D% (s) + 3\/58D% (S))] ,

NG
(55a)
13+ 2 Ey
A++O =VEp+mpJEp+mpq
ny,
X [ng% () +p* (—Zng (s) — 3gD% (S))} , (55b)
1
;Ai++— VEb +mpEp +mpq?
3
x |:\/6gsg (s)+ p? (\/;ng (s))] . (55¢)

Notice that the expression in Eq. (55¢) indeed does not con-
tain a contribution from the D1 component, as expected
from the LS in Eq. (30). As discussed in Sect. 2, the square
roots have no singularities at (pseudo)threshold. The role of
Clebsch—Gordan coefficients can be enlighted by writing

1

1—|x
L3t By E, gt (B !
n ity T b by =r rd my,

1 1. 31
x (m,1,—x¢|§,7—xw)f6gs%<s)

It is worth noticing that the Clebsch—Gordan multiplying the
8D; (s) coupling is not the one expected according to the LS

conzstruction: the ¢ spin is coupled with the orbital angular
momentum first, and only after with the spin of the the A,
while the canonical LS construction would couple the two
spins first, and the angular momentum after. This is also evi-
dent by looking at the covariant structures the second line
of Eq. (5§3), and explains why the various tensors are not
orthogonal.

The same framework can be applied to the decay chain,
where the tensor structures of the initial A, — ¥ A* decay
must be orthogonalized with the respect to the A, momentum
Db, rather than the isobar momentum P. The i is now in
the final state with momentum py, = — py and polarization
€,,(Py, Ay). We therefore obtain

@ Springer



727 Page 12 of 25

Eur. Phys. J. C (2018) 78:727

A piphy = 0P, Ap) Y5V (PYXV (g, P) Py (P)
X [85% ($)* (Py s hy)
+ 803 (VX (. po)ej(Pys 2y)

+ 805 )X (p. po)vi (26)Vs
2

X (pp)e™ (py, w)}u@b, Ap). (57)

In the above, the y - (pp,) and y - (P) are orthogonalized with
respect to pp and P respectively. We will show the results for
the gp, only (equating the other couplings to zero), in the

2
decay chain and scattering regime. In the isobar rest frame,
the contribution in the decay chain reads

1

+
Ai ' = VEp +mpJE, +mpq*p?

x fmz 5380, s )} (58a)
L3+ 2.2
;A+,+0 =\/Eb+mb\/Ep+mpq p
i sEp
X E m4(s —m]// —mb)gD3(s) (58b)
yity,
13+ 2.2
;A+,+— = VEp+mpJE, + mpq’p
[ 3 s
X —\/;—2803@)}- (58¢)
i mp 2

To summarize, the amplitudes that follow from the CPM
method contain the factor Ey /my in the Ay = 0 isobar.
This factor asserts the fulfillment of the conspiracy relation
in Eq. (29). This factors was included in the canonical helic-
ity amplitudes, but does not follow from the LS method.
Additional energy dependent factors \/ E, +mp/Ep+myp
are found, which are not required by analyticity at 4/s > 0,
since they are smooth. These factors have been discussed
in Sect. 4. Even though they are not necessary in the iso-
bar model, one can decide to include them anyways. Since
for negative Re /s the minimal orbital angular momen-
tum is given by a P-wave in the initial and final state, one
expects the kinematic factors «/Ep + myp \/ E, + mp,or sim-
ilarly /Ep + mbq2/\/Ep +my = Q*t¢? to appear. Notice,
however, that \/E, +m,/E, + my = QT (E, +m ), and
therefore, a redundant kinematic zero remains at £, = —m,,
in Eq. (58), which can be reached for negative Re /s only. As
already pointed out in [17], the CPM formalism was shown
to violate crossing symmetry, since the amplitudes in the
decay and scattering kinematics differ. Also, the coupling of
the external particle spins and orbital momentum occur in a
different way than in the LS for the D 3 component.
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5.1 pK™ mass distribution in different approaches

We explore the difference between the various approaches
and consider two intermediate natural parity, spin-% A* res-
onances in the s-channel (pK ~): the A(1520) with mass
Max = 1519.5MeV and width 'y = 156 MeV (artifi-
cially increased by a factor of 10 for illustration purposes),
and the A(1690) with M+ = 1690 MeV and width ["'p+ =
60 MeV. We denote the dynamical part of the amplitude as
Ta+. We consider the CPM formalism discussed in Eq. (55)
and Eq. (58) (for scattering and decay respectively), setting
gg3 (s) = ng (s) = 0and g51 (s) = g[)5 (s) = 0 respec-
tlvely We assume gD} (s) = TA*(s) to be identical in the

scattering and decay klnematlcs, with

Th(5) 10
Ax(S) = -
A(520) = 8 — iMa@520) A (1520)
1
+ : . (59)
M 1690y —$ — iMA1690) " A (1690)

For the LS formalism, we choose the couplings in Eq. (30)

to be Gzt = Gler =0and GZJIr = Ta+. The LS amplitude
°2
in the decay klnematlcs differs from the one in the scattering

kinematics only because of the breakup momentum of A, —
Y A*, calculated in the Ay rest frame or in the A* rest frame,
respectively. Finally, we show the results for our proposed
amplitude given in Appendix G. The model is obtained by
taking g (1520) + &a(1690) = Ta* in Eq. (G3).

As in [17], we illustrate the effect of including Blatt-
Weisskopf factors in the dynamic part of the amplitude. In
the case at hand, this amounts to multiplying the dynamic
amplitude T+ by a factor B2(p)B2(g), where B; is defined

as (x =p,q)

1
Ba(v) = \/9 + 3x2R2 4 x4R%’ (60)

and assume R = 3 GeV ! as in [24]. The differential width
is given by

dr "
EzzNj (‘A+++‘ +‘A+0+‘ +‘Ai,—+‘ )p(s),
J
(61)

where p(s) = )»1{#2 ALz x/s and N; is a normalization con-

stant. The effect of the dlfferent klnematlc structures is clearly
observed in the invariant mass distributions in Fig. 3. Our
proposed amplitudes from Appendix G, referred to as the
JPAC amplitudes, differ from the LS amplitudes given in
Eq. (39) by the factor of Ey /my in the Ay, = 0 helicity
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Without Blatt-Weisskopf factors

A JPAC
—— - CPM scattering

‘*‘T\ 15 [ — - — CPMdecay
% noTTT LS scattering
Q "2  ——— LSdecay
W2 10 A
= \
o
~
—
el
. 051
~
i

0.0

2.0 25 3.0 3.5

Mf,K (GeV?)

Fig. 3 Comparison of the line shape of A(1520) (artificially broaden
by a factor of 10) and A(1690) in the p K~ invariant mass distribution,
constructed with the different formalisms. In the left panel we show

partial-wave amplitude (cf. Eq. (G12)). This factor also fol-
lows naturally from the CPM formalism in the scattering
kinematics. The CPM amplitudes in the scattering and decay
frame (see Eq. (55) and Eq. (58) respectively) both include
an additional factor of v/Ej, + my/E, + m, compared to
the JPAC and LS formalism, which is related to the discus-
sion in Sect. 4. In addition the CPM formalism applied to
the decay kinematics introduces redundant kinematic fac-
tors of s in all partial-wave amplitudes. Additionally, the
Ay = 0 amplitude has a factor of (s — mi — mlz/f)Eb/Ew
in the decay kinematics. The differences shown in Fig. 3,
particularly between the LS decay and the CPM scattering,
are enough to significantly impact the extraction of the cou-
plings.

6 Conclusions

We have expanded the discussion in [17] about the differ-
ent approaches for constructing amplitudes for scattering
and decay processes to the fermion-boson case. In partic-
ular, we have studied the A, — ¥pK~ decay, which is of
interest for hidden charm pentaquark searches. The inclu-
sion of fermion spins in the helicity formalism introduces
mismatches between threshold and pseudothreshold, which
makes the discussion more complicated and the equations
cumbersome. We used analyticity as a guiding principle to
examine the canonical helicity formalism [6,8—10] and the
covariant projection method [11-14]. We have shown how
the latter violates crossing symmetry. The matching of the
helicity amplitudes to the most general covariant expression
allows us to identify the kinematical singularities, and to
determine the minimal energy dependence required, sum-

With Blatt-Weisskopf factors

1.4
121
9z
% 1.0
<
% 08
=
S 061
5
o041
~
02
0.0
2.0 25 3.0 35

M%K (GeV?)

the result with no barrier factors. In the right panel, we include the
customary Blatt-Weisskopf factors

marized in Sect. 3. In order to factor out the kinemati-
cal singularities we need to build the hadronic part of the
amplitudes with a well defined parity. A /s singularity can-
not be removed with these considerations and needs to be
taken care of through the corresponding dynamical model.
As in our previous work [17], we find meaningful differ-
ences among the amplitude building methodologies which
do affect the resonance pole position extraction, and conse-
quently to the data analysis oriented to determine the exis-
tence and properties of the resonances. This is particularly
relevant in situations where several resonances overlaps, and
the quantum number assignment is not stable, as in [24].
Although there is no way to escape all model dependence,
our analysis maximizes the consistency of a given model
with the S-matrix principles. A practical formulation of the
amplitudes, both in the s and u channels, and both for the
parity-conserving and parity-violating case, can be found in
Appendix G.
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Appendix A: polarization vectors and spinors

In the s-channel center of mass frame the spinors are given
by

Ep +myp
0
1
u(pby)\b:‘i‘j): m s
0

0

) = v Ep +my (Ala)
= 0 ,

—~ Ep —my
VEp+mpcosts/2
VEp+mp,sinty/2
VEp, —mpcosts/2 |’
VEp —mpsinb/2
—VEp+mpsinty/2
VEp+mp,costy/2

u (Pb’ )\'b = _%

u(pp.dp= +%) =

_ 1y _
u(pp:hp=—3) VE,—mysing2 | AP
—Ep—mpcost/2
and the i polarization by
e“(py, A —il)—i(o +1,—i,0)
plﬂ’ w ﬁ ’ b 9 E)
E

“(py,ry =0) = (—L, 0,0, —‘”) : (Alc)

my, My,

We apply the ‘particle 2’ convention for a particle going into
the —z direction, as in [6]. The energies E; are calculated
from the momenta and are fully determined by s.

Appendix B: leading and next-to-leading expansion of
Wigner d-functions

The d 1 5 (zs) Wigner functions are polynomials in z; of order
j — M, with the usual definition of M = max(|A|, |A|) and
N = min(|A|, |A'|). We use the relation between the Wigner
d-functions and the Jacobi polynomials P,fa’b) given by equa-
tion (3.74) in [39]

&, () = (—1>5(“—”|“—”>\/<j — M)!(j + M)
AN s/ —

2M (=N +N)!

A=A IA+A
x PR ), (BI)

Two useful relations to compare the above to the literature

are A+ 1| + |A—X'| = 2M and [A| + |A'| = M + N.
The leading and next-to-leading terms of the polynomial are
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given by

1 / ’

o — 12 (A= [+2=27)
d){)h/(zs) = ) -
27

» 2!
NG =MIG+MIG - NG+ N)!
y |:Z§'M n (- M)(l)»'— M| = M)Zng]
J

+0ETM). (B2)
As we noted, this polynomial has no definite parity. We
defined the parity-conserving Wigner d-functions as

A/l (zg) = dl, () + (=D M’ (z).

With the substitution A — —XA in Eq. (B2), the sec-
ond term between brackets obtains a minus sign, since
(A =] = M) = —(J»+ /| — M), while the first term
is unaffected. This illustrates the more general fact that even
and odd powers of z; obtain opposite sign under A — —A.
In particular, the leading power in z; obtains an extra phase
(—=1)M=2=12=¥1 from the prefactor in front of the brackets.
This phase factor is identically equal to (=DM~ ysed in
the definition B3. It follows that the ‘?ﬁ]’ (z5) have definite
parity, and asymptotic expressions

(B3)

(_1)%(|A—A’|+A—A’)
27-1
o 2! LM
VG = MG+ MG - NI+ N)!

e =
AA’(ZS) =

+0E™M), (B4)
1 / ’
o (_1)§(|A—A [+1-2")
d){)h/(zs) = 21
DG =M=V =M) e
ING=MG+ M —MNIG+N)
+0E™M). (B5)

These can be expressed in terms of Clebsch—Gordan coeffi-
cients. Explicitly, for the case considered,

5+
d—1/2,1/2 (zs)

27710
(3.2: L =113, =3){(3. =33 — 3. 01j. =3
5 1) 56)
(3.2: L =15, =3){3. —3:) = 3. 0lj. —3)
27PV21 )
3033 1,013, 5)(3. 337 — 3. 01, 5)
10

VA F RO J B - 00 )

A +
dlj/z,l/z(Zs) ~ <

(B7)
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j—3/2 . i—3/2 .
)~ a0 N Sy 10)
3/212@) Y 333 o3 T3 3. 1 3
(3.2:7—3.017.3) (3.3 —3.01j.3)
1 1. 3 1\/3 1. - 1 . 1
» ((i’ 3L =13, —3)(3. =317 — 5.0/, —3)
1 1. 1 1\/1 1. - 1 . 1
(3.3 L =13 =3)(3. =33/ — 3. 01j. —3)
1 1. 3 1\/3 1. : 1 .1
(3331013, 5)(5. 557 — 3. 01 3) (B8)
(l 11,04 l)<l Loy _ 1 0|'l> ’
2>20 V2 3\ 20 T2V g
where
£y = (=D2H2))! [4j2 -1
YRR =+ )V G- D)
. (=D 2))! 2j+1
sy = e [T (B9)
VARG =G+ T

depends only on j.

For the u-channel process, we have the initial helicity fixed
to 1/2, and the final one running. We can use the same for-
mulae, upon

dlfy ) = (PP ). (B10)

Appendix C: the matching matrices

The matrix M, introduced in Eq. (17) to match the KSF-
PCHA s and the covariant basis, is

0 Mp 0 My Mis Mi
Mo Mp Moz My My Mo
Mo| O Mno0 M0 0
0 Magp 0 My Mys My |’
Msi Msz Msz Msg Mss Msg
0 Mep 0 Mea 0 0
(&)
with
My = (Ep —mp) (Ep 4+ mp) + ns, t)mp
ny
M (Ep —mp)(/s +mp)(Ep +mp) + (/s —mp)n(s, t)
14 = mp
my
Mis = Ev _mb2mp
my
Mg = 2(Ep — mp)(\/s + mp)m,
ny,
b 2
My = VB
ny,
My = Y20 (Epp? + Eyn(s. 1)
ny,

_ mpz(f - mb)mp
- 2

Moz
ny
_ 2
Mos — V2(/s mb)(EgP + Ewn(s,t))mp
y,
M V2(Ep — mp) (/5 + mp)m,
25 = 3
ny

Mag = V2(Ep — mp)m,
2

Mz = -2
32——\/5
V5 —myp 2
M34=—Tmp
n(s, 1) \ O
M42:(Ep+m,,)<E,,fm,,fEh+mb)E

Mas = (Ep +mp)

+
x ((f—mbep —mp) + ﬁ“"bn(s,r)) Q

Ep +my o~
Q+
Mys = 2(E, +mp)?

Q+
Mag = —2(/s — mp)(E, +mp)?

_\/ﬁ(Eh —mp)(Ep +mp) g

Msy = y 0-
N2(E, +mp)(Epp?> + Eyn(s, 1)) O
Msy = — =
(Ep +mp)my, o
Mss = Y2 (Eb = mp) (/5 + my)(Ep +mp) OF
my;, Q_
Mey = V2G5 4 mp)(Ep +mp)(Epp? + Eyn(s. 1) 0
* (Ep + mp)my o~
V2S5 —mp)(Ep +my) OF
Mss = —
my 0

Q+
Msg = —m,/,\/E(Ep +mp)§

_mp(Ep +mp)my Qf+

(Ep +mp)/s O~
(s Hmp)(Ep +mp)mpmy g
a (Ep +mp)/s 0-

Mg =

Mes

The inverse matrix is calculated using Mathematica [40].
It is given by

Mfl

(M), (M7, (Mg (M) (MT)5 (M)
0 0 (M) 0 0 (M)
_ M)y M7y (M35 (M5, (M) 55 (M7 54
0 0 (M) 5 0 0 (M) 46
(M), 0 (M5 (Mg, 0 (M)
(Mg, 0 (Mg (Mg, 0 (Mg

= %B-ﬁ-Reg, (C3)
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with
1 my,

(M )11 = _4m,,sp2
(M_l) B mlzp (V5 + myp)

12 2«/§p2mps

_ 7(Eb+mb)I:mpmzw+E,,(ZEWm;,+m,277s)]+n(s,t)(ZE,pm;,fm%Jrs)
(M )13 = 4p2m3 /s
m2 0-

MY, = v =
( Jia 4s (Ep +mp) (Ep —mp) QF
M), o M imm) 07

15 22 (Ep —mp) (Ep +mp)s OF
(M)

n(s,0)[—mp (2Ey +m[7)+s]+(Eb7m;,)[m,,mzl/,+Ep (2E¢m[,7m%+s)] o-

B A(Ep—mp)mp(Ep+mp)my /s ot
- mp + /s
(M 1)23 == 2m2
P
(M) :_(Eb+mb)(\/5—mb)g
* 2my (Ep +mp)my  OF
Mt s)
(M )31 - 4p2mps
2
m
MYy =
( )32 2ml,sﬁp2
(M—l)% — (E"+’"’7)[(E”_mb)(El’+"’l’)_E'J/Z(I\E/Ii_”’l’)]_(Eh—Ew+mh)'l(S,I)
4p my /s
- Vs —my 0~
MY, =— =
M) 4(Ep —mp) (Ep +mp)s OF
MY, = "y o
( )}5 2V2s (EP + m],) (Ep —mp) O
(M*l) _ (Ep—Ey—mp)n(s,)—(Ep—mp) [ Ep (Ep—Ey+mp)—mp (mp++/5)] 0~
36 A(Ep—mp)mp (Ep-+mp)my /s o+
1
M) y=-7—
2m?2
P
o Erm) 0o
(M )4() - Zumw (Ep +mp) o+
el oM (mm)
Msi 4(Ep —mp) mp/s
M1 = n(s, 1) (/s —mp) + (Ep —mp) (Ep —m) (mp + /)
( )53 = 4 (Ep — mp) m?
Sy o mpts 0
(M )54_4(Ep+mp)«/§Q+
(M) =_(Eh+mb)(Ep+mp) (V5 = mp) +n(s, 1) (mp +/5) 0~
* 4mp (Ep +mp)my o+
e Vs
(M )61 - 4mp (Eb 7mb)\/5
_ —(Ep —mp) (Ep —mp) +n(s, 1)
1y ’ P
(Mg 4(Ep —mp) m?
N S
(M )64 -4 (EP + mp) Vs ot
(M), = —(Ep+mp) (Ep +mp) +n(s.1) Q-

4m (EP +m17)m1// ot
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and the B matrix introduced in Eq. (19), by

with

B =

By =

B3y =

Biz = —

Bi1 Bi2 Biz Bis Bis Bis
O 0 0 O O o0
B31 B3z B3z B3s Bis Bsg

0O 0 0o 0 0 o0}
Bs; 0 Bss 0 0 O
Ber 0 Bgz 0 0 O
3
_ My
dm ps
mz‘// (mb—l—ﬁ)
Zﬁmps
—(Eb+mb)(mpm%#-é—Ep(ZEV,mb+m§—x))+n(s,t)(2E1/,mb—mg+s)

4m? /s

Biz,o +n(s, 1) Biz i
mi, (Ep +mp) 0=
4s (Ep +mp) OF
_my (Vs —mp) (Ep +mp) O~

22 (Ep + mp) s ot
n(s,1) (=mp (2Ey +mp) +s) (Ep +mp) Q~

4mp (Ep +mp)my/s o

my (mp + /)

4m ps

2
ny,
2mps\/§

Ey (Ep+mp)(Ep—mp)+(Ep—Ey+mp)n(s,t)
4m%\/§

Bss,0 +n(s, t) Bsai
(Ep +mp) (Vs —mp) Q™
4(Ep+mp)s  OF
my (Ep +mp) O

- 24/2s (Ep—l—mp)?

(Ep 4+ mp) (—Ep + Ey +mp) n(s, 1) o~
4mp (Ep +mp)my /s o+
my (/5 —mp) (Ep + mp)
4m /s
n(s, 1) (/s — mp) (Ep + mp)
4m%7
my (Ep + mp)
4mp /s
n(s, t) (Ep +mp)
4m%,

(C4)
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Appendix D: parity-violating s-channel amplitude

The calculation of the PV amplitude is very similar to the
PC one carried out in Sect. 2. In practice, one effectively
needs to consider the Ay, to have J¥ = %7. This turns out
into switching the constraints for the natural and unnatural
partial waves obtained before. We sketch the derivation. The

covariant basis is given by

M= plt, M =l MY =p, bl (Dla)
M= py,pp. M{ =y M{=p,y".  (DIb)

and the kinematical singularity-free helicity partial-wave
amplitudes Ai,,, Aohy (s) by

Jn n i—M AJjn .3
A)np,)nbkw = KMN(pq)j A)Lp,)hb)w/ for j > 55 (D2a)
I—n
AV P/s <Q/1/z)" K7, AV
psrbrMy m /2,1/2 Ap by
v
for j=1and M =1, (D2b)
1/2, .
A%, =0 forj=Jand M =3, (D2c)

with

Kt = (Px/E)Mé (M)MJF% ( ! )MN o't
MV my mp —s ’
(D3)

(D4)

such that K/ /Ky = (9)M N (5521077 Q. The
Q' are

i+ Ep(~2Eymybmi—s)

Q"' = (Ep + mp)\/s (D5a)
if one considers MacDowell symmetry, as discussed in
Sect. 4, or

o'+ =1 (D5b)

as required by the isobar model and implemented in Appe-
ndix G.

The matching can be performed in the same way, giving
a matching equation analogous to Eq. (19),

C Fiiy
G2 Fj-—,+0
C3 _V EP + mp Q/+ (LB/ +Re /) FJ—:HF,
Co| = VErm -~ \p? ) Fras |
Cs Fi o
Co L
(D6)

with the B’ matrix

DBy4 DBis DBis DB11 DBz Riz0 + DBisy

0 0 0 0 0 0
B — DB34 DB3s DB3g DB31 DB3 Rizo + DB331
0 0 0 0 0 0 ’
0 0 0 DBs; 0 DBs3
0 0 0 DBy 0 DBg3

D7)

where D = —/s(1 + E,/mp)Q*/Q~, D = D710TQ'~
/ 0~ Q't, the elements of the B matrix are defined in
Appendix C, and B;; « stands for the term in 5;; of order
[n(s, HIF. Up to irrelevant factors which do not enter the
equations (as the multiplicative factors of D, or the terms
R13.0 # Bi3,0 and R33,0 # B33.0), the conspiracy relations
are going to be the same as in Sec. 2, upon swapping the
natural and unnatural partial waves. For completeness, we
report the matrix elements of Reg':

0 0 e 00 0
mmy,
0 0 (Eptmp) (v/s=mp)+/5 00— stm 0~
Zm%m,/, 2mp\/E(E[)+m]7) ot
0 0 Ep(Ep—Ey+mp)+mp(mp+4/5) 00 0
’r_ 4m2,m¢,
Reg' = 0 0 _(Eb-ll-mb)ﬁ 00— 1 o |’ )
2mmy 2smp(Ep+mp) OF
_mpts oy (Eptmp)(Ep—mp)(v/s—mp)+n(s,0) mp+4/s) _ Afstmp O
4m 0 4m2m ﬁ 00 dmpy/s Q'F
1 (Ep+mp)(Ep—mp)—n(s,1) 10~
4m 0 4m%,m¢, \/E 00 4mp./s O'F
0t = :

 SVE, +myJE, +m),’
Q" = V5VEp +myyEp+my,

@ Springer



727 Page 18 of 25

Eur. Phys. J. C (2018) 78:727

Ab,Pb l[ Pp> P
u
-
p_Ka K+ p_lﬁ’lp

(a) Diagram

Fig. 4 The u-channel reaction

and

—mpm%b + E,QEymyp + m% —5) Q-

Riz,0 = (Ep +myp)

4m,(E, +mp)s o+’
(DY)
Ey(—Ep + Ey +mp) +mp(/s —mp) Q'
Razo = (E P )
33,0 = (Ep 4 mp) am o (Ep + mp)s o+
(D10)

Appendix E: the u-channel parity-conserving amplitude

We briefly review the u-channel process A, K+ — pir scat-
tering process, where the pentaquark peak is observed. We
call py = —py,and px = — pg the physical four-momenta
of ¥ and KT in the u-channel scattering kinematics. The
momentum p;, defines the z-axis, the momenta p, and py
lie in the xz-plane, p, and g, denote magnitudes of rela-
tive momenta in the incoming, A, KT and the outgoing, pyr
states. The scattering angle 6, is the polar angle of the proton.
The kinematics is summarized in Fig. 4. The quantities are
expressed through the Mandelstam invariants,

ut —s)+ (mi

—mg)mp = mi) 1)

Zy = cosb, = = R
4u puqu Puqu
1/2 1/2
A A
bK Py
= , = R El
Pu Zﬁ qu 2ﬁ (E1)

As before, the function 4u n(u, t) is a polynomial in u, z. For
the covariant amplitude, we have

A)\p)w[/s)\b(u’ t) = 6;(131[17 )\'Ip) L_l(pp’ )‘-p)

6
x (Z Ci(u, 1) Mﬁ) u(pp. 2. (E2)

i=1

with the same covariant basis M; as in Eq. (16); the polar-
ization spinors are the same as in Eq. (A1), with the obvious
replacements 6, — 0, Ei(s) — E;(u), withi = i, b, p.
The i polarization is given by
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W Py
(b) Kinematics
M (py, by = 1) =

0, +cos6,, —i, Fsinb,),

GM(ﬁw, Ay =0) =

\/_
Ey
sm@u, 0, — cos 8,
mw nmy ny,
(E3)

We remark that, since in the final state the fermion (p) is
lighter than the boson (), the factor \/E, — m, will have
the threshold singularity only, while \/E, + m, the pseu-
dothreshold singularity only.” Therefore, the factorized kine-
matic factors will be different for the threshold and pseu-
dothreshold. The latter is accounted for by the explicit factors
of /u —u_ below. The PCHAs read

L
Ky *Mwﬂlb(u’t)
1 . i
=— Y @j+D(puq)’ ™

47 iSn

n —
kakw,kh(u’ t) =

—-n

MN d])\/ (Zu)}

A 5+ AN
X [Akva,,kb(”)dxx/(zu) +AA ohy }»b( )
N

1 . 14+n
L g ()<61 \/_>

STA b
2m et mp

x (Q”z)_)7 \/5(—1)E(M_MH_N)‘SINIJ/% (E4)

where now A = A, A’ = A, — Ay, and
M+1 M=3
K+ = (pu\/ﬁ> 2 (QM\/E) :
MN =
mp mp

1

M—-N
_ - +
S uT ( ﬁ) 0", (E3)

M-N
—> 0", (E6)

9 This is, of course, apart from the uncontrolled branch point singularity
atu =0.
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andug = (my £m p)z the final-state (pseudo)threshold. The
Q' are

_ 1 VEp+mp
VE, +my Ju—u=’

— AJu—u_
=VEp +mp—Y—oun—
Q b+ mp E, T,

Q+

0% = (E, + mp)Vu

(E7a)
if one considers MacDowell symmetry, as discussed in
Sect. 4, or

oH12 =1 (E7b)

as required by the isobar model and implemented in Appe-

Ky) M—N 7o
= MY (ki) G he
matching equations yield

ndix G. Hence

Cy
C
1
G2 Ot VE, +my (—28+ P+Reg)
Cy q; u—u_
Cs
Ce
+

Ftr+,+

Fio,+

P ] (ES)

F+_+,+

FJ_ro,+

Foo 4

where the matrices 53, P, and Reg are regular at (pseudo)thr-
eshold:

0 0 0 0 0 0

Bor By Bxz Bau Bys B
s_|0 o o 0o o o
" | Ba Bsa Bsz Baa Bas B
Bsi 0 Bss 0 0 0
Be1 0 Bes O 0 0
o 0 0 O o0 o0
0O 0 0 0 0 Py
s_|0 00 0 0 0
Pai 0 0 Pag 0 Pas|’
0 0 0 Psg 0 Psg
0 0 0 Pea 0 Pes
0 0 Reg;z 0 0 Regg
0 0 Regy; 0 0 Regy
_ 0 0 Regzz 0 0 Regsg
Reg=1"0 0 Regy 0 0 Regy |’ (E9)
Regs; 0 Regs3 0 0 Regsg
0 0 Reggs 0 O Regg

with
By = —m,,miz//\/m
s /E, T
By — _mpmw(mp + Ju)Ju—u_
2By + g
Bor (Ep=mp)(Ep-tm 3, 4n(u,0) (w3 +2(E ptm ) (Sii=m ) )
3= amZ JE,+mpJu
x ST
E, + m,,mzw o~
B = 4(Ep + mp)uJu —u_ QF

Bys — Y Ep Hmpmy (it —my) 0=
2V2(Ep + mp)uJu —u_ OF
_ \/W(Ev, +mp)m2wn(u,t) o

Bas 4my(Ep +mp)myuJu —u_  QF
By — my3Eym, + Zm%J + mi)m
i B, TP

Bis — mpmy Ju —u_

a5 Ty
Bus — (Eh*mb)(Ep+mp)(E./,m,,+m2,2,,)+(E¢mp+mp(Ep+m,;)fm2,,,>n(u,t)

> 4mp JEp+mpu

X Ju — u_

VEp +my(Eym, + mzlﬂ) o~
Bas =

T MEp+mpdJu—u_ O+
Bue — VEp +mpmy g
© 2V2(Ep + mp)uJu —u_ OF
VEp +mp(Eym), + mlzp)n(u, t) g

Baig =
46 dmp(Ep + mp)ympuJu —u_  QF

B m,,,/Ep—f—mP(mzw—E,/,mp)a/u—u_
51 = —

4my(m3, —m?2)
Ber — _‘/Ep +mpn(u, H(Ju — mp)Ju —u_
> 4ml%
mpEp+mpJ/u—u_
Be = —
dmp/u
VEp +mpn(u,t)Ju—u_
4m§ ’
n(u,t) <2EPE,// + 3m2w> + Ep(Ey — mp)mzw +mbm2¢ﬁ
- dmp(Ep + mp)m pu

Bez =

N s
* VB v, 07
my (2 u+3mp) (u—u_)>?
4mpu3/? (Ep +m,,)3/2
my +2J/u Jimus Q-
MEp +mp)ud? JE, +m, OF
(Ep +mp)(Eym) — mi) +mpn(u,t)
4myp(Ep +mb)mp\/Wu
mp+Ju  Ju—u_ Q”
A(Ep +mp)Ju JE, T m, OF

Par =

Pas =

46 =

Q_
v u —u,§

Pss = —
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_ n(u,t)(mp—}—\/ﬁ)«/u—u_ g
T dmp(Ep +mp)m,yJE, + m, O

Py — Ju—u_ 0~
* T 4JE, T my(Ey + mp)Ju OF
P — n(u,t)J/u—u_ g
66 = dmp(Ep + mp)mp JEp +m, ot’
and
Reg _(ﬁ+mp)4/u—u,
13 Zm%,/Ep +mp
Regc = — VEp +mp(Ju—mp) [
816 = 2mp(Ep +mp)mpJu —u_ QF
Regoa — Ep(mp + Ju)J/u —u_
537 T oml JE, Tmpu
Reans — 2n(u, t)(Ep + Ju —mp) + EpQu + m%p —2mp/u)
826 = dmp(Ep + mp)mpu
o VEp+mp Qo
Ju—u— QF
Ju—u_
Regys = —5—F———
2mh,/Ep +mp
Regzg = — Epmy e
2mp(Ep +mp)mpJu—u_ QF

m (Eb—mb) 2mp/u
Regyy = —2 Vu

dmy JEp +mpu

,/Ep +mp (Zmbf— (Eb-l—mb)mp) o~

Regyg = — =
846 4mp(Ep + mp)mpJu —u_ o+
m2 . Ju—u_
Regs) = — £ B 2
4mb1/Ep+mp(mw —mp)
Regss = (Ep —mp)(mp + Ju)Ju—u_
53 = — 2
4mb,/Ep +mp
Re —(f_mp)VEp_{—mpg
856 = dmpmpJu—u—  QF
Reges = (Ep —mp)Ju —u—_
03 = 4mb‘/EP +mp
Reg _ 1/E[]+mp Q_
06 = dmpmpJSu—u_ ot

Notice that the factor \/(u —u_)/(E,+m)p) is regular at
pseudothreshold. Since the set of conspiracy equations does
not have a nontrivial solution for general u, we follow the
same argument we used for the unnatural isobars in Sect. 2.
Imposing the constraints at threshold for the A Aphyohps and
restoring the kinematic factors, we get the conspiracy rela-
tions expected from the LS analysis, analogous to the ones
in Egs. (24), (29) and (35)

AL L)

(52 L =13 =) (3 —5: 4 = 3.01j. 3]

@ Springer

A"'+ u
— +( +) 0, (E10a)
(3. 3 0|J’ ) T
++(u+)
ISR IR Y TS
j+
_ Ai+,+(“+)
1 1. 3 1\/3 1. . 3
(3.2: L =13, =3){3, —3: 7 — 3.01j. —3)
— 0, (E10b)
U—u
AL (uy)
1 1. 1 1\/1 1. . 1
(3.2: L =13 =3)(3. =31 — 5. 01j, —3)
B Ao 4 ()
1 1. 1 1\/1 1. : 1 .1
(3.2 1013, 5){3. 307 — 3. 01 3)
Al (uy)C
e + () — (E10c)
<2 550 = 3. 01j, 5) v

where C was defined in Eq. (34). The —— 0 indicates
Uu—u+

that, for u — u, the left hand part of the equation vanishes
as fast as g;, 112 These equations agree with the predic-
tions for the LS couplings. The same conspiracy equations
hold at pseudothreshold for the natural case, whereas for the
unnatural isobars at threshold we find

Al o)
(E 313 —3]0 —% 7 - 5.0 3)
Ai( +(u )C
<3 3. 0|] ) U—u_ (Ella)
2 2’ ’
Al 4 o)
(2:2: 1,013 3}z 33 = 3.0 3)
AT (u )C
+2<3 2+ .+ o ) — (E11b)
202°J 2’ S 2

The latter system of equations overconstrains the relations
between the unnatural isobars, which are expected from the
LS in Eq. (E10c) to depend on two independent functions. To
avoid this, we impose all these functions to vanish indepen-
dently at pseudothreshold. All these constraints are satisfied
by choosing

Al L =0t pl TPl
x [(%,%;1,—1% ~5)(3. -5 =301 - 3) g
+q? fj+(u)], (E12a)
AL Ly =0t it gl

11,03, 3)(30 57 - 3.0 3) gl @

B —
B —

X[<
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+q5f}+(s)], (E12b)
AE = ot p TPl

x [(%, - %, olj, %)g;f+<u> +q? f;;m)], (E12¢)
AL s =0 pl Pl

x[*E’;;‘;"P<<%e:l,—ua—%>

X(%,—% Jj= %01, - 2>g,_(u)

b g3 -3 (3 g - B0 -3k w)

+qa fj+(u)], (E12d)
Al w =0 pi el

s GRS}

x(%,%;j—%,Ol], %>g}_(u)

{54103, 3)(3 b = 40 4w w)

+ qu (u)] (E12e)
AL =—0pi gl

x [E”%:”’(% 35 -4.0.3) (é gf +h;-’,<u)>

+ap f}L(u)], (E12f)

with gjr(us) = g (ux) = g7 (us), gj—(uz) —
¢ (us) = ¢/ (us)and hj_(us) = W_(us) = h)_(us).
Note that the choice of the factor £, +m, in the Ai_j\w’ 4 ()
can be also justified through the singularity analysis for neg-
ative «/u as well, as in Sect. 4.

Appendix F: the u-channel parity-violating amplitude

To carry out the analysis for the PV part of the u-channel
amplitude, we remark that changing the spin-parity of the

1 1
ApfromJP == toJP ==
p Irom 2 (0] 2

related to the initial state A, K ™. Since the arguments in the
previous channel were based on the (pseudo)threshold of the
final state pir, the derivation of the conspiracy relations is
unaffected. Therefore, the kinematical factors are identical
to the ones for the PC u-channel amplitudes, and will not
be discussed any further. For completeness, we report the
matching matrices,

only affects the arguments

Cy
C
(& 1
Ci = Q""VE, +my (q—zB/ + + Reg’)
u
Cs
Ce
F{+,+
Fio,+
x ?:—Hr : (F1)
+++
FJ_ro,+
Fi_
The Q' are
VE,+m
= /E Yy PP
Vuv/ Ep +my, ——
0 = 1 Ju — u_
JuEp + mp \/Ep +my
Q'V2 = (E, +mp)Ju (F2a)

if one considers MacDowell symmetry, as discussed in
Sect. 4, or
o'H12 =1 (F2b)
as required by the isobar model and implemented in App-
endix G. The matrices are given by

0 0 0 0 0 0

By By By By By By
g_|0 0 0o o0 0 0
B Bz:u B, 3%3 By, 3215 Bas
B;l 0 8?3 0 0 0
By, 0 Bgy 0 0 0
o o0 o0 o0 0 O
000 0 0 P
m_|000 0 0 0
oo o0 o o Pl
0.0 0 Py 0 P
00 0 P, 0 P
0 0 Regj3; 0 0 Reg
/
0 0 Regy 00 0
;|0 0 Regjy; 0 0 Regy
Reg = 0 0 Regj; 0 0 Regjy|’ (F3)
0 0 Regy; 0 0 Regig
0 0 Regg; 0 0 Regy
where
, mpmlz/f«/u —Uu_

B —
2T T A(Ey + my) JE, + mpud)?
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By =—

mpmey (mp + /u) Ju —u_
2V2(Ep + mp)JE, + mpu’/?

Eb(Ep +mp)m12/, +mb(Ep +mp)m2,/, +

(2Ey (Ep+mp) +m3 ) ntw, 0

A L A
Amp JE, + m, Q'"

dmp(Ep + mb)\/E,, +mpu

X J/u—u_

2 _
VEp +mpm]// 0’

n(u, )JuJu—u_ Q'™

By = Y P Trw L Pl ,
2 dmpuJu —u_ Q' 66 4mimp,/Ep +m, O'F
B, VEp +mpmy(Ju—mp) Q' q
= an
» 2V2mpJuJu —u-  Q'F
: _,/Ep+mpn(u,t)(2E¢mp+mf,—s) 0'- Regl, = (mp + Ju)Ju—u_
26 dmim ,\fu — u_ o'+ 2mp(Ep +mp)JE, + mpu
;o mp(mpy + V) Ju—uz Reg/ :_(u—m,,\/ﬁ)JEermp 0~
T AEy + mp)JE, + mpud? o 2mimpJu—u- Q'
B MpMy JU — U_ Reg); = n(u, t)+2Eb(mP+“/_) \/;
=- 23 =
2 2V2(E + my) JE, +moud? 4my(Ep + mp)JE, + mpu
Ey —my)m,+ EpEy(E,+my,)+ (Ep, +my, — Ey)n(u,t) + E,mp/u
B __mp(Ey p)Mp viZp P P p v P < S ==
43 4mp(Ep + mp)/Ep +mpu
B = VEptmp(Ju—mp) Q'
i dmpJuJu —u_ Q'+ Regls = — Ju—u_
/ VEp+mpmy Q' 2mp(Ep +mp)JEp +mpJu
B — =
s 2V 2mpJuJu —u_ Q'F

—mpmp(Ey +mp) + (Ey — Ep +mp)n(u,t) + Epmbﬁ

— 0
=
Bis dmim p\Ju — u_ XV Epmp o't
5 _ mp/Ep +mp(Ju—mp)Ju—u_ Reg}s = Ep +mp*/_ Q/_
o 4(Ep +mp)u 2mbm,,4/u —u_ Q/"‘
Bl — ,/Ep+mpn(u,t)(f_mp),/u—u_ Regﬁ;3= EpJ/u—u_
> 4mp(Ep +mp)/u 4mp(Ep +mp)JEp +mps
B __mpVEptmpJu—u_ Reg) — Ey/E,+m, Q'~
o1 4(Ep + mp)u 46 4m127mp4/u —u_ Q'
B, = _\/Wn(u, DU —u_ Regh — (mp + i) —u_
4mb(Eb +mp)/u 853 = dmp JEp +mpu
2 _
’Péﬁ— mbm — EpyQEym), — mp—i-s) — g Res! (Ep —mp)(E, + Ey _mp)\/m 0~
- — c . —_—
amim, JE, +m, v o'+ 8s6 AmZm,Ju —u_ o't
'Piﬁ _ EbEw«/u —Uu_ Q/_ Reg/ . Ju — u_
2 =
dmymp JE, +m, Q" 63 4mpJE, +mpu
— / p—
Pl = (mp + u)Ju —u—_ Q/+ Reg’66=—(Eb_mb)ﬁ‘/Ep+mp 0 .
4my JE, +m, Q dmimpJu—u_ Q'
n(u, 0)(mp + Vu)Ju —— Q"
Pse = —

4mbmp,/E +m s
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Appendix G: A practical covariant parameterization for
the amplitude

‘We combine the s and u-channel PV and PC isobars. The full
covariant amplitude reads '°

12
As,tu) =ii(p) Y Y € (1) M u(Ap)e™ (),

i=1 x=s,u

(GD)

with x = s, u. The tensors Mj... have been introduced in
Eq. (16), and we define the M7...12 = M| _ for the PV ten-
sors in Eq. (D1). We square the amplitude, contract with the
leptonic tensor which describes the ¥ — u™u™ decay, and
sum over polarizations

REGRED 3D 3 S IR

pol i=1 x=suij'=1x'=s,u
< [(py +mo) Mt (p, +my) 001}y

xC (x, 1) CS* (', z)]

m,
X (1,515 +00 - g,NT) ,

with I' and /% the momenta of u* and u~, respectively.
This amplitude is has bilinear form in the couplings of the
intermediate resonances. We use R = x, j,n, L, S, np as a
collective index, to indicate a resonance in the channel x =
s, u, having spin j, naturality n, coupling to the Apyr, pyr
state in spin S and orbital momentum L, and naturality of the
Ap np.!!

SAP =23 gr(0) g () Tr

pol R,R’

(G2)

12

Lowem (St (o4 m)

i=1

12 ¥
xy? (Z M;c;f) »]
i'=1

2
my,

x (z;z& + 00— g,wT) : (G3)

10 For simplicity, we do not specify the helicities explicitly in Eq. (G1),
since matching the helicities in the s- and u#-channel would induce addi-
tional Wigner rotations, which eventually cancel when the amplitude is
squared and summed over the polarizations. See for example [24,41].

1" For the u-channel resonances 7 = (=1)JtL+1/2 for the s-channel
resonances n = nh(—l)/‘LL“/z, where 1, = 1 (—1) for PC (PV)
processes.

The functions g (x) encode all the information about the
dynamics, and may be parameterized as Breit—Wigners times
the customary Blatt-Weisskopf factors. The scalar CZ.R func-
tions depend only on kinematics

CR e\ Mat(x) 0 FR ((x,1)
(671%--16) = fact(o) < 0 Mat’(x)) (F711?-.12(x’ ”) ’

(GH
where
NEO Ty for x =
fact(x) = { VEp&)+m, ' (G5)
VEyuw)+mp forx = u,
s —l—m% —mzw
Ep(s) = —————,
b(s) 25
2 2
s —mj, +mw
E =
v (5) NG
s —|—m2 —m%(
Ey(s) = —F2—=2 G6
p(8) NG (G6)
e — kl/z(s,mi,mzw)
s 2\/; El
1/2 2 2
q‘=)\/ (s, m3, my) @7
S 2\/5 )
2 2
Ep(u) = LH_mb—mK
2/u
2 2
u—ms5 +m
E _ p v
v (@) 2/u
u —i—m2 —m?
E — #’ G8
p(u) N (G8)
_ )»1/2(u,m%,m%()
Pu = —2«/5 s
)\1/2(14 m2 m2)
> Y
= £ = G9
qu 2«/5 (GY)

where A is the Kéllén triangular function, and

Mat(s) is given as M~ in App. C,

Mat' (s) is given as (B/p? + Reg) in App. D,

Mat(u) is given as (B/qf + P/(u —u_) + Reg)in App. E,
Mat’(u) is given as (B/q,f + P/(u —u_) + Reg) in App. F.
The matrices Mat”) (x) will be available for download on the
JPAC website [42]. The functions F l.R contain the kinematical
dependence of the KSF-PCHAs,

FER o(x, 1)
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:(Ff+’PC(x,t) FFHPC ) FRYPC(x p
FEPCwn B n FEP0n), @10)

F7142..12(x7 1)

=(Ff+~PV(x,t) FF™ e ) PRV (e )
FR ) FENV e FR PV(x,t)), (G11)
with

Rr/ PC

(s,1)

= —(2j + 1) (psgs)? ~11/2H
4

(I+m)é;.1/2
ot

n
Psmp Aj—
+ &y, n<—q 1//) df/zx,l/z(Zs)}

1 1 1 . .1
><<7,7 A‘S——A><S —,\,L,o‘],i—)\>
(E]// S))(l [AD(1=38,1/28,1)
X
my
mym = :
x ( - ”) (py) LI HIHn2, (G12a)
ni/s
Rr; PV(S 0

= —(2j + 1) (psgs)? 7112
47

(1=m)38;.1/2
s+ Ps/s
x [‘Sn,ﬁdl/z—m/z(zs)( m )

n
mI/,m,, Aj_
+ 8y, (S Dods ) dlj/Z—A,l/Z(ZS):|

x % L, —x‘s l—x><s ——A;L,O’j,%—k)

)(1 [AD(1=38;1/285,—1)

) (p)Emiti=n/2, (G12b)

R)] PC( )
= —(2j + 1) (pugu)’ 127
4

(+m)38j.1/2
Si+ CIM\/E
X |:3nﬁd1/2,1/2—x(Zu)< " )

p
1
quhp Aj—
H,_-(_) ]
n.-n pump(u_u) 1/2,1/2—a\~u
1 1 1 . -1
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1-n

Iy S
Ep)+mp\ 2 (mpmp\*7"
X - (qu) ’
2m, ni/u
(G12¢)

Rr; PV

(. 1)
= L@j + D(puguy TV
4

141)8;
5 _dAJ"*‘ Qu\/ﬁ (1+m)8j.1/2
X | 8n.7di 12,123 (2u) m,

n
quip Pul p Aj—
+ 8y, <—) df/2,1/2—,\(Zu):|

u—u

x(% L, —A‘S ——A><S,%—A;L,O’j,%—k>

1—n

Ep(u)+mp\ 2 (mpm) Pt L—j+14n/2
X - (qu) .
2m, nivu
(G12d)

We remind the reader that the KSF-PCHASs contain contri-
butions from partial waves of both naturalities, which we
explained when we introduced these amplitudes in Eq. (14).
Therefore, 1 is the index of the naturality of the PCHAs,
related to the entries of the vector in Eq. (G10), and does not
coincide with the naturality of the intermediate resonance 7.
To make this compact form more understandable, we show
the meaning of the factors in F), Rip, PC (s, t). Let us consider

the example of the A (1520) with j¥ = % (and naturality
= +), and coupling to pK~ in L = 2 and S = 3/2. The
factors in Eq. (G12a) are:

e (psqs )j_“/z_)‘| is the factor (pqu)j_M that cancels
the threshold and pseudothreshold singularities of the
alt 1/2.1/2-2 (zs). It corresponds to the barrier factors com-
patlble with the minimal L available in a given helicity;

° 5y, ndl/z 12— _; (zg): since the A(1520) is natural, it will

appear as leading term in the natural F, R+PC (s, 1);

(A+m)8j,1/2
° (p “[) Y is the special factor appearing for j ©

My

%+. In the case at hand, the factor is 1; see Eq. (12b);
N oni_
I (%) dl)5_; 1 p(zs):since the A (1520) is natu-

ral, it will appear as subleading term in the F. ARf’PC (s, 1),

-1
with (%) the mismatch factor between natural
s

and unnatural KSF-PCHAs; see the factor K ;,,r,’\,/ K ;‘74 N
Eq. (14);

o (Lhitalst-a) s d-nL0)jh-2) are
the standard Clebsch—Gordan coefficients that appear in
the LS construction. In our example, L =2, § = 3/2;

Ey(s) (I=IAD(1=38;,1/285.1)

- (55)

derived via our construction. Since the j*

is the energy-dependent factor

-1
= 5+ case
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evades the conspiracy equation, there is no need to intro-
duce that factor in that case. See Eq. (36b);

8)"'71 . .
° (m‘”m" ) is the mismatch factor between the

\ Mis N
A", _(s) and A", | (s). See Eq. (12a);

o (pg)L=/+1H0/2 — 1if L is minimal, or p? if it is nonmin-

imal. In our example L = 2 is nonminimal (the minimal
L allowed is L = 0) and the factor appears.
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