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Abstract

We use incremental homogeneity, gain adaptation and incremental observability for proving new results on robust observer
design for systems with noisy measurement and bounded trajectories. A state observer is designed by dominating the incre-
mentally homogeneous nonlinearities of the observation error system with its linear approximation, while gain adaptation
and incremental observability guarantee an asymptotic upper bound for the estimation error depending on the limsup of the
norm of the measurement noise. A characteristic and innovative feature of this observer is the mixed low/high-gain structure
in combination with saturated state estimates and dynamically tuned gains and saturation levels. The gain adaptation is im-
plemented as the output of a stable filter using the squared norm of the measured output estimation error and the mismatch

between each estimate and its saturated value.
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1 Introduction

Homogeneity and homogeneous approximations have
been investigated by many authors for the stability anal-
ysis of an equilibrium point: see e.g. the first contribu-
tions Massera (1956) and, more recently, Kawski (1989)
and Rosier (1998). The homogeneity property has been
exploited in the design of global state observers (Qian
(2005), Qian & Lin (2006), Yang & Lin (2003), Andrieu
et al. (2008)): the idea is to design a state observer for
the homogeneous approximation of the system and con-
vergence to zero of the estimation error is preserved un-
der any perturbation which does not change the homo-
geneous approximation. The class of systems for which
an observer can be designed by domination techniques
has been enlarged by adding dynamic gain adaptation
(Khalil & Saberi (1987), Bullinger & Allgower (1997),
Lei et al. (2005), Astolfi & Praly (2006), Andrieu et
al. (2009)). The class of homogeneous systems has been
enlarged by introducing (incremental) homogeneity in
the upper bound in Battilotti (2014) and used to-
gether with gain adaptation and self-tuned saturations
for designing global observers in Battilotti (2015a)
for systems with bounded trajectories. Homogeneity in
the upper bound gives enough a general framework for
including triangular structures (feedback and feedfor-
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ward systems), homogeneous and interlaced structures.
Self-tuned saturations were previously used in Lei et al.
(2005) in the observer design for feedback-linearizable
systems with bounded trajectories. However, the gain
adaptation is such that the dynamically adapted gain
is non-decreasing along solutions. As known, this may
lead to serious growth problems in the presence of mea-
surement disturbance (Egardt (1979, Example 4.2),
Peterson & Narendra (1982), Mareels (1984), Khalil
& Saberi (1987)). This problem has been addressed
by several authors (Egardt (1979), Mareels (1984),
Peterson & Narendra (1982), Ioannou & Kokotovic
(1984)), trying to reduce the adapted gain instead to let
it grow with no bound, for example when the measured
output estimation error is decreasing. In Vasilijevic &
Khalil (2006) it is shown that measurement disturbance
introduces an upper bound on the gain when good esti-
mation performances are required. In this direction, we
find the works of Ahrens & Khalil (2006), which relies
on the knowledge of a bound for the nonlinearities of
the system, and Boizot et al. (2010), which relies on
the knowledge of a bound for the dynamic gain and the
Lipschitz constant of the nonlinearities of the system.
The effect of measurement disturbance on observer de-
sign has been studied, following Boizot et al. (2010), for
a class of lower triangular systems with bounded tra-
jectories and for a given class of observers in Sanfelice
& Praly (2011), satisfying additional properties on the
mismatch between the vector fields of the system and of
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the observer, by proving an upper bound (depending on
the measurement noise) for the estimation error in the
mean and an upper bound on the limsup of the estima-
tion error in the mean. In the absence of measurement
noise, this last bound can be made arbitrarily small by
setting properly the parameters of the class of observers.
This, however, does not discard a potential oscillatory
behavior of the estimates (Mareels et al. (1999)).

In this paper, we prove new results on robust observer
design in the presence of measurement disturbance for
systems with bounded trajectories by using incremen-
tal homogeneity in the upper bound (Battilotti (2014))
and gain adaptation (Andrieu et al. (2008), Bullinger
& Allgower (1997), Khalil & Saberi (1987), Lei et al.
(2005)) with saturated estimates and dynamically tuned
saturation levels (Lei et al. (2005))). A state observer
is designed by dominating the incrementally homoge-
neous (in the upper bound) nonlinearities of the obser-
vation error system with its linear approximation. The
gain adaptation and updating of the saturation levels is
implemented through a stable filter which regulates its
output by using a suitable function of the squared norm
of the measured output estimation error. Our observer
guarantees an upper bound on the limsup of the norm
of the estimation error depending on the limsup of the
norm of the measurement noise. As a particular case,
if the measurement disturbance tends asymptotically to
zero the estimation error itself tends to zero.

The paper is organized as follows. In section 2 some no-
tation is introduced. In section 3 the class of system is
described and the problem is formulated. In section 4 an
observer is presented together with the main result and
the parameter observer design is discussed in section 4.1.
In section 4.2 example and simulation are given and in
section 4.3 the main result is proved. In the appendix the
notion of incremental generalized homogeneity is shortly
recalled together with some of its properties and related
results.

2 Notation

(N1) R™ (resp. R™*™) is the set of n-dimensional real
column vectors (resp. n x n matrices). R (resp. RZ,
RL*™) denotes the set of real non-negative numbers
(resp. vectors in R™, matrices in R™*" with real non-
negative entries). R. (resp. RZ) denotes the set of
real positive numbers (resp. vectors in R™ with real
positive entries). A\pin(A) (resp. Az (A)) denotes the
minimum (resp. maximum) eigenvalue of A € R™*".

(N2) For any matrix V' € RP*™ we denote by V;; the
(i,7)-th entry of V and for any vector v € R we de-
note by v; the i-th element of v. We retain a similar
notation for functions. For any v € R™ we denote by
diag{v} the diagonal n x n matrix with diagonal ele-
ments vy, ..., U,. Also, |a| denotes the absolute value
of a € R, |a| (resp. |a]p) denotes the euclidean (resp.

weighted by P) norm of a € R", | A|| denotes the norm
of A € R"*" induced from the euclidean norm | - || and
«ay the column vector of the absolute values of the
elements of a € R", i.e. a) := (|a|---|a,|)7.

(N3) We denote by C' (2, %), with j > 0, Z < R"
and % < RP, the set of j-times continuously differ-
entiable functions f : 2~ — %, CY(2,%) the set
of uniformly continuous functions f : & — %, by
L*(R>, %) the set of functions f € C°(Rs, %) such
that supg=, [ f(0)| < +o0 and by L7 (R, %), with j >
1, the set of f € C°(R5, %) such that §; [ f(6)|7df <
+00. For each d € L*(Rs, %), we have the sup norm
of d defined as |d|o := sup, [d(t)]. Moreover, Ko
denotes the set of functions f € C°(Rs,R>), strictly
increasing with f(0) = 0 and K denotes the set of
functions f € Ky such that f(0) = 0.

(N4) A saturation function saty(-) with levels h € R”
is a function saty(x) := (satp, (z1),...,saty, (x,))
such that for eachi = 1,...,n and z; € R:

saty, (x;) { (1)

sign(x;)h; otherwise.

(N5) For any vectors € R", v € R? and ¢ € R, we
define

€= (e, -

e Eor = ("ay, e an)T (2)

viz. € o x is the dilation of a vector x with weights t.
Note that for any z,y € R”,ty,v2 € RZ and e € R

€loePor=c2ocor=e""0n, (3)
(€1 0a) (2 oy) = (€2 o) (e o)
_ (6t1+t2<>$)Ty= .I‘T(th+t2<>y> (4)

(N6) for any vectors x,y € R"™ we write z < y if and
only if z; < y; forallt = 1,...,n. We retain the same
notation for matrices A, B € R"*™: A < B if and only
if A;; < B;jforalli,j =1,...,n. On the other hand
A = B (resp. A > B) for matrices A, B € R™*" if and
only if A — B is positive semidefinite (resp. positive
definite).

3 Main assumptions and problem statement

Consider the system

&= f(z) =[A+ BF + HClz + ¢(z), (5)
y=h(z,d)=Czx+y(x)+d (6)



with state z € R™, measurement y € R and disturbance
d € R. The triple (A, B, C) is in prime form:

01 0 0 0
0 0 1 0 0
A= S , B= s (7)
0 0 O 1 0
00 0 --- 0 1
C=(1 0O --- 0 0) (8)

with ' € R™"™ and H € R®*!. Moreover, ¢ and 1 are
locally Lipschitz continuous with ¢(0) = 0, (0) = 0,
22(0) = 0 and $2(0) = 0 so that & = [A+ BF + HC]z,
y = Cx + d, represents the linear approximation of
(5)-(6) around the origin. Motivations for considering
& =[A+ BF + HCz, y = Cz + d as the linear approx-
imation of (5)-(6) around the origin rely in the fact that
any linear single-output system is equivalent under co-
ordinate transformations to ©1 = (A+ BFy + H1C)x1 +
BFsxo9,39 = HoCxy + G, y = Cxy where (A, B,C)
is in prime form and x5 = Gz is the zero-dynamics.
Therefore, for simplicity and to focus on main results we
are neglecting in (5)-(6) the zero dynamics of its linear
approximation around the origin. We can also assume
without loss of generality that BT H = 0.

We consider in (5)-(6) the class D(A) of disturbances
d € L*(Rs,R) such that ||d|, < A and uniformly con-
tinuous on their domain. The problem is to give an esti-
mate of the state of (5) using only the noisy measurement
(6). Our assumptions on the class of systems (5)-(6) are
the following ones (see the appendix for few recalls on
incremental homogeneity in the upper bound which we
will abbreviate as i.h.u.b. throughout the paper):

(HO) (incremental homogeneity)

(i) CTy and AT (¢ + HC) are incrementally ho-
mogeneous in the upper bound (i.h.u.b.) with
quadruples (t,v — g,9,CT¢y) and, respectively,
(ta t—g,9 A (¢U + HUC))7 with ¢U(07 0) = 0 and
Y (0,0) = 0 for some Hy € R™*1

(i) (I — AAT)(¢ + BF) is i.h.u.b. with quadruple
(ta (I - AAT)(t + 9)797 (I - AAT)(¢U + BFU) for
some Fy € RYX™,

(iii) the degrees g and weights t satisfy for each j =
2,...,n

2(gj—gj-1)+gj—1 +vj_1 <t —g;<gj—1 + i1,

(H1) (state boundedness) (-, o) € L*(Rx, R) for each
xo € R™, where z(t,zo) is the solution of (5) with
initial condition xg.

Remark 1 Assumption (HO) captures a large class of
nonlinear systems (5)-(6) and it is suitable for charac-
terizing at the same time triangular and interlaced struc-
tures, in particular:

(i) lower triangular vector fields ¢:

¢(x) = (¢1(.’E1), Ty ¢n($1,$2, s 7mn))T
with Y(x) = 0, where each ¢5, j = 1,...,n, is a sum
of terms having the form x?ll xjj’ for some reals

tj, = 0 such that ), t;, > 1. For example, in the case
3

of ¢(x) = (az},bzix3)T, a,b € R, (HO) is met with
t= (17 1)T7 g= (672)T;
(i) strict upper triangular vector fields ¢:

¢(x)::(¢1 ($3, .- y ¢n—2(xn)a 0, O)T

with ¥(x) = Yo(x2,...,2n), where each ¢j, j =

1,...,n—2, and iyg is a sum of terms having the form

x;il . xzjl for some realst;, = 0 such that ), t;, > 1.
For example in the case of ¢(z) = (azszs,bx?,0,0)T
and Y(x) = croxy, a,b,c € R, (HO) is met with
v = (85 6747 1)T) g= (717 715 717 72)T;

(i4i) homogeneous (in the classical sense: Rosier
(1998)) vector fields ¢ , resp. functions ), with weights
t such thattj 41 —v; = 2gg forallj=1,...,n—1 and
homogeneity degree 2gy, resp. 0. For example in the
case of ¢p(z) = (m‘f/Q,ascg/S)T and P(z) =0, a € R,
(HO) is met with v = (1,3/2)T, g = (1/4,1/4)T.

(iv) non-triangular vector fields ¢, for example ¢(x) =
(0,2224 + 23,0,0)T.

'73777.)7"'

It is not difficult to check for assumption (H0). In general,
it amounts to solve a set of algebraic inequalities in the
unknowns v € R2 and g € R™. For example, if ¢p(x) =

(axlg,bx%xg)T, a,beR, Y(x) =0, F=0and H=0 we
must have with t1,to >0

(a) 3v1 < v — g2 + g1 for (i) of (HO), which
amounts to satisfy |(w})? — (e w!)2| < |(w))? —
(w])2 |27 92781 for allw), w! € R and € > 1;

(b) 2t1+3te < to+go+g1 and2t1+3ty < to+2g9 fO?” (ZZ)
of (H0), which amounts to satisfy |(e"1w])? (€ 2wh)> —
(€ wi)?(e2wy)®| < e=Fotan|(wy)? — (w])?[Jwy|®
+€5271202 |7 2] (wh )3 — (wh)3] for allwy, wy, wh, wh € R
and e = 1;

(¢) 392 — g1 <t — 1 < g2 + g1 for (iii) of (HO).

Also, we should notice that if (tv,g) is a solution of the
above set of inequalities, then (kt, kg) is another solution
for any k > 0. Moreover, (iii) of (HO) implies that the
degrees {g;}j=1,...n are non-increasing.

A technical motivation for (HO) is the following: under
(HO), for each fized compact set Q < R™, containing
the origin, there exist L € R™, symmetric and positive
definite P € R™*"™ and o > 0 such that the characteristic
polynomial of A+ BF + HC — LC' is Hurwitz and

(x = &)TP[f(z) — £(€) — L(h(x,0) — A(£,0))]



< —alz €[ (9)

Jor all z,& € Q. This means that, for each fized compact
set @ < R™ & = f(§) + L(y — h(£,0)) is an observer
for any state trajectory x(t) of (5)-(6) with d(t) = 0 as
long as z(t) and &(t) remain in Q for all times, i.e. a
semiglobal observer for (5)-(6) in the absence of mea-
surement disturbance. Condition (HO) is very close to be
necessary for solving an inequality of the form (9).

Remark 2 We want to stress the fact that globally con-
vergent observers designed in the absence of measurement
noise may show instability when used in the presence of
measurement noise. This implies that standard observer
design tools cannot be used for designing observers in the
presence of measurement noise. For example, consider
the system with two outputs and one input

T1=—x1+2, y1 =21 +dy
(tQ =T1x3, Y1 = T2 + d2 (10)
T3 =—X1To + u, u = sint. (11)

Ifxq is constant, (10)-(11) is an harmonic oscillator with
a periodic input. Any solution x(t) is bounded and the
nput u does not cause resonance. An observer of the form

SG=-&+2+ (1 —&)

5:2 =&8+ (12 — &2) (12)
§3=—6& +u+ (Y2 —&2) (13)
is globally convergent to x(t) with di(t) = da(t) = 0.
However, if di(t) = —x1(t) and d2(t) = 0, with
£1(0) = 1 (the same result is obtained for any & (0) with
limy 4 ondi(t) = —2 and limy_, 1 do(t) = 0), we get

that & (1) = 1 and |(€(£),&(1))| — +o0 ast — + (we
have a resonance condition for (12)-(13) at the frequency
of 1 rad/sec with the input at the same frequency).

Therefore, tools for observer design in the absence of
(measurement) disturbances cannot be directly extended
to a noisy measurement environment. To our knowledge,
only Ahrens & Khalil (2006) and, more recently, Prasov
€ Khalil (2013) has considered the problem of semiglobal
observer design (i.e. state trajectories in a fized compact
set) in the presence of measurement disturbances for sys-
tems (5)-(6) with ¢(x) = Bp(z) and ¥(z) = 0. Follow-
ing Boizot et al. (2010), the effect of measurement dis-
turbance on global observer design has been studied for
a class of lower triangular systems with bounded trajec-
tories and for a given class of observers in Sanfelice &

Praly (2011).

Remark 3 Homogeneity in the upper bound, while im-
plied by homogeneity (Rosier (1998)) as pointed out in
(iii) of remark 2, is conceptually different from homo-
geneity in the co-limit (Andrieu et al. (2009)). Indeed,

this last notion characterizes homogeneous approxrima-
tions (when x is large) while homogeneity in the upper
bound (Battilotti (2014)) characterizes homogeneous up-
per bounds (for large ). Moreover, homogeneity in the
upper bound allows for more flexibility in the choice of
the degrees (we have two vector degrees (0,h) instead of
the same degree 0o, for each coordinate function). For
this specific reason triangular vector fields are homoge-
neous in the upper bound while not all triangular vec-
tor fields are homogeneous in the co-limit. For ezample,
(x) = (z2, —x1 + 22(1 —2323))T is not homogeneous in
the co-limit but it is homogeneous in the upper bound with
weightst = (1,2)T and degrees (0,5) = ((9,5)7, (8,3)T).
Similar remarks can be repeated for local homogeneity
(Efimov & Perruquetti (2016)), which characterizes lo-
cal homogeneous approrimations.e

Remark 4 Assumption (H1) is somewhat restrictive.
However, many physical systems have this property (Van
Der Pol and Fitzhugh-Nagumo oscillators, Lorentz sys-
tems, ...). A very simple relazation of (H1) is obtained
for example by assuming additionally that ¢ and ¢ are
globally Lipschitz. Significant relazations of (H1) will
be more naturally considered when the estimate of the
state is used for global stabilization of the system via out-
put feedback. In other words, for a system with input u
which is globally stabilizable by state feedback u = a(x)
and after applying a feedback law v = «(§), where £(t)
is an estimate of the state trajectory x(t), the closed-
loop system is expected to satisfy assumption (H1) when
[z(t) — £(t)]|| is bounded by some Ky -class function v of
[2(t)], ve. |o(t) — £®] < 1(|2()]). The upper bound
lz()] < a(lzo]) +v~*(J=(t) = £(#)]), for some Ko-class
function o and for t = 0, characterizes how the state
grows unbounded when we apply a feedback law u = «(§)
instead of u = a(x): we relax (H1) exactly in this sense. o

4 The structure of the observer and main result

The observer we propose for (5)-(6) has the following
interconnected structure. The first part of the filter is
devoted to the estimation of x

€= Af + (BF + HCO)sat.« (€) + d(sate.«(€))
+ L [y — C& — p(sate.<(€£))], £(0) := &, (14)

where

L. = k2?8 (1 - ATG.)7'CT, G. = diag{l'z*"%} (15)
with ¢,k > 0 and diagonal positive definite I' € R™*™
(specified in section 4.1), while the second part of the

filter is devoted to the gain adaptation and tuning of the
saturation levels

zZ= z_zlg"‘a<22(gl_tl) max {(Iz &) (16)

— h(A)zQ(“*gl*g”)H),0}), 2(0) :== 29 = 1,



where
o(s)=s/\V1+ s,
q,z(g, y) = |y - Cf - w(satcz‘ ('g))|2 - 2A2 (17)

+ 221780287 6 (€ — sat.. (€))%
and h € K (specified in section 4.1).

The estimator (14) is a copy of the system equations
(5), except for saturating estimates inside the terms
BF+HC+¢ and 1, plus an innovation term L, [y—C&—
t(sate.:(€))]. Note also that the gain matrix L, and the
saturation levels are adapted according to the values of
z. The dynamics of z is implemented as a stable filter
forced by the term ¢,, which depends on the squared
norm of the output estimation error y—CE&—1)(sat.,: (£))
and the mismatch between £ and its saturated value
sat..: (£), dynamically weighted by adaptation of z. As
we will see using the incremental properties in the up-
per bound of ¢ + BF + HC and v, the trajectories of
(5)-(6)-(14)-(16) are shown to be defined and bounded
(the state x is bounded by (H1)) for all times, in particu-
lar the behavior of z is bounded in time from above and
away from zero (actually, it has a finite limit). Due to the
uniform continuity of the solutions and boundedness of
their time derivatives, the right-hand side of (16) tends
asymptotically to zero (by Barbalat’s lemma), which im-
plies that the limsup of ¢.(§,y), as time tends to infin-
ity, is bounded by some K-class function of A, the upper
bound for ||d|, possibly depending on the limit value
of z. This leads to establish that also the limsup of the
norm of the estimation error is bounded by some K-class
function of A, possibly depending on the limit value of
z. More precisely, the main result of this paper is the
following. Let ¢y denote the vector of initial conditions
xo, & and zg = 1. Also, let d; denote the measurement
disturbance and let x¢(xg), resp. & (¢, d), z¢ (o, d), de-
note the solution of (5), resp. (14)-(16), ensuing from
initial condition xg, resp. ¢¢ with measurement distur-
bance d € D(A).

Theorem 5 Assume (HO) and (H1). There exist ¢, k >
0, h € K and diagonal positive definite I' € R™*™ such

that the solution xi(xo), &(do,d), zt(do,d) of (5)-(6)-
(14)-(16) is defined and bounded for all t = 0, initial
conditions ¢o and measurement disturbance d € D(A).
In addition,

tl}IJPDO Zt(¢07 d) = 2w (18)

Amaz(P)X2, Q)

lim sup|| @ (z0) —& (o, d)||*<
t—+o0

with

Xou(8) = (IBF + HC|

- sup o (wn, ws)|
lwy l<2nel=5 |
[wal<2n(y/vzo (A)+clzi 1)
L., sup 1o (wn,ws)] ) /s, (A)

lwi | <2ne] =5, |

wall<2n(y/vzg (A)+clzi 1)

Ve (B)| Ly, — LI+ LA
iz () 1= A(A) 25 FO7EH L 9A2,
Ve () 1= iz, (A) 25 000 (20)

and L € R™, symmetric and positive definite P € R™*™
and a > 0 such that

(2 — € P[f(x) — () — L(h(x,0) — h(&,0))]
< —ale - ¢} (21)

for all z,& € Q, where Q < R™ is any compact set for
which x(x0), & (Po, d) € Q for allt = 0.0

Remark 6 The inequality (21), which is exactly (9), is
instrumental only to obtain the bound (19) on the esti-
mation error and it is not needed in the observer design
(see next section). Under assumption (HO) and accord-
ing to Battilotti (2014), theorem V.1, there indeed exist
L € R”, symmetric and positive definite P € R™*™ and
a > 0 (all depending on Q) such that (21) holds for all
x, & €.

Remark 7 Asitresults from (19) the limsup of the norm
of the estimation error is bounded by a K-class function
of A, which is an upper bound for the supremum norm
of d. The limsup of the norm of the estimation error can
be further reduced by replacing, in the equations of (16),
A with some Ay, such that limsup,_, . |di| < Ay : it
can be shown, following the same lines of the proof of
theorem 5, that the conclusions of theorem 5 remain true
with A replaced by Ay. In other words, the sup morm
of the disturbance may be large, but the limsup of its
norm may be smaller, so that the limsup of the norm of
the estimation error is also smaller. Since we can take
Ay = limsup,_, ., |di|+¢ for arbitrary e > 0, it follows
by lettinge — 0 thatlimsup,_, ., |x¢(x0) =& (o, d)| =0
when limsup,_, . |d¢| = 0.

4.1 Choice of the observer parameters

The observer (14)-(16) is characterized by the pa-
rameters ¢,k > 0, h € K and diagonal positive def-
inite I". These quantities are chosen as follows. Let
ou,Yu, Fu, Hy, v and g be as in assumption (H0O) and
let A be the upper bound for the sup norm of the mea-
surement disturbance d. Towards the filter definition,
the following calculations should be accomplished:

(i) find k£ and I" such that for some a > 0

2aI < X(k,T) = 2(kCTC + ATT A) (22)



- [2(1 + ATD)(BFy + HyC) + A + ATT?
AT ATy -1
+2max|g;|4 I‘](I ATT)
(I - ATD) T [2(1 + ATD)(BFy + HyC) + A + ATT?
]T

+2 max lg:| ATT]" — 2diag{vy, ..., v, }.

Inequality (22) is alway solvable in the unknowns ¢, k and
I, on account of the fact that X'(k,T") can be obtained
recursively as follows (recall that I'; ; denotes the i-th
diagonal entry of T)

X(nil) = 2]-—‘n—l,n—la
or . _+Z("*J—) (Z(”*j))T
n—jn—j 1 2
ZQ(”‘J)
x© = x(k,T) (23)

x(n=i).—

,=2,...,1,

‘ y(n—it1)

with Tgg = k and 2{" 7 20" j =92 . n, are suit-
able functions of I'y_ji1n—jt+1,---;n—1,n—1. There-
fore, it is sufficient to pick any I',,_1,—1 > 0 and for
each increasing j = 2,...,n select I',_; ,_; > 0 such

; ()
that X9 > (. Finally, set a := %ﬂ

(ii) define ¢ > 0 as follows: if ® € CY(R5,RZ*"™) and
¥ e CO(Rs,RL*™) are matrices for which ®(0) = 0,
U(0) =0and forall s >0

ou(w, z) < ®(s),Yw,z e R" : ||z| < ns, |w| < ns, (24)
Yy(w,z) < ¥(s),Yw,ze R": |z] < ns, |w| <ns (25)

(we recall that < for matrices means < for each entry),
calculate ¢ > 0 such that

al <Y(c,k,T):=X(k,T)
—2[(I + ATT)®(c) + kCT T (c)](I — ATT) ™!
—2(I = ATD)"T[(I + ATT)®(c) + kCT W (c)]". (26)

The number ¢ always exists on account of (26) and conti-
nuity of ¢y and ¢y with ¢(0,0) = 0 and ¥ (0,0) = 0.

(iii) define h € K as follows:
©:=9|(I - ATD)7H?
2
+ 2”CT(C +20(e)(I - ATT) ) H (27)
h(A) :=10k*A%0 /a®. (28)

4.2 Example and simulations

The system

.’j?l = T2
fg = —x1 + (1 — 22220, y =21 +d (29)

with measurement disturbance d; € [—4, 4] satisfies as-
sumptions (HO) and (H1) of theorem 5 with t; = 1, vy =
2, g1 = 8and gy = 3. Notice that ¢(x) := (9, —z1 +(1—
2223)15)7T is neither homogeneous nor homogeneous in

the oo-limit.

Fig. 1. State x1(t) (continuous line) and its estimate (dotted
line) versus time with d; = e ‘sin(10t).
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15
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Fig. 2. State x2(t) (continuous line) and its estimate (dotted
line) versus time with d; = e*sin(10t) (tail).

An observer has been designed according to our proce-
dure and a simulation has been worked out with initial
conditions z(0) = (5, —5)7, £(0) = (0,0)7, 2(0) = 1 and
A = 4. The saturation levels of the estimates are set
with ¢ = 0.1, the diagonal elements of I' are respectively
8 and 30 and k = 100. The states x1 ¢, T2+ together with
their estimates are shown versus time in Figs. 1,2 with
vanishing disturbance d; = e~ (1/?*sin(10t), in Figs. 3,4
with persistent disturbance d; = sin(10t) and in Figs.
5,6 with d; = sin(10t) + 3sin(2t) — sin(4t) + sin(20t).
The last disturbance configuration has a structure which
tends to that of a general periodic disturbance as the
number of harmonics tends to infinity. Moreover, Figs.
1,2 refer to the case in which limsup,_, , , |d¢| = 0.

In Figs. 7 and 8 we have shown the effect on the estima-
tion errors of a disturbance d; = (0.1 + 3.9¢=2!)sin(10t)
with ||d||c = 4 but limsup,_,, . |di] = 0.1 << 4. In
our observer we replaced A = 4 with Ay, = 0.2, which
is a tighter upper bound for limsup,_, , , |d¢|. The sim-
ulations show that the estimation error is significantly



Fig. 3. State x1(¢) (continuous line) and its estimate (dotted

line) versus time with d; = sin(10¢).

Fig. 4. State x2(t) (continuous line) and its estimate (dotted
line) with dy = sin(10¢).

Fig. 5. State  zi(t) line)  and
its  estimate  (dotted line) versus time  with
dy = sin(10t) + 3cos(2t) — sin(4t) + cos(20t) (tail).

(continuous

improved with respect to the case of Figs. 3,4 in which
|d]o = limsup,_, . |di| = 1: the estimation error for
x1 is reduced by a factor 2 while the estimation error for
9 is reduced by a factor 20.

Fig. 6. State z2(t) (continuous line) and its estimate (dotted
line) with d; = sin(10t) + 3cos(2t) — sin(4t) + cos(20t) (tail).

Fig. 7. State z1(¢) (continuous line) and its estimate (dotted
line) versus time with d; = (0.1 + 3.9¢72")sin(10t) (tail).
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Fig. 8. State x2(t) (continuous line) and its estimate (dotted
line) with d; = (0.1 + 3.9¢72")sin(10t) (tail).

4.3 Proof of the theorem 5

For simplifying the main passages of the proof, we will
consider ¢ = 0 in (6) (this term can be treated in the
same way as ¢) which requires to set ¥ = 0 in (26).
Let ¢, k, h(A), ®(c) and T be selected as in section 4.1.
Consider the following coordinate transformation

($,§,Z)'—> (ﬂ?ﬂ%z) n= X,;l(x_g)7 (30)



with X, = (I —
Recalling that L,

ATG )71 (the identity matrix is n x n).
= k2291 X,CT and using the identities

cct =1, ATG,ACT =0, CX, = C,

ATG,AAT = ATG,, X, -1 =ATG. X,
and 4 ATG ) = 2diag{AT Ag}ATG., after few pas-
sages 55 14)- (16) reads out in 7-coordinates as

ﬁt = *Zzﬂ?t
+ 7, (Xz_lmt) — T, ( —n + Xz_lxt)

_ 2§diag{ATAg}ATGtiztnt + oo (end)  (31)
t
“ ZJQ\QR\U('Z’?(QPH) max {th(_Xzﬂ?t + 21, y)
_ h(A)ZtQ(t1+91_gn)+l’ 0}),
with

Y, =k?CTC + ATG LA (32)
m(w) = [I — ATG,] [(BF + HO)(sat(cz", Xyw:))

+ ¢(sat(czt,sz1))] + (A - ATG?) X wy, (33)

po (w1, ws) = [[—ATG,] [(BF+HC)(w1 —sat(cz*, wn))
+d(wy)—¢ (sat(czt, wl))] + k229 0T wy (34)

We split up the proof into five steps.

(A) The solutions n; and z; have infinite escape time.

The solutions 7, and z; of (31) are defined over some

maximal extension intervals [0,7},) and, respectively,

[0,T,), where T;,, T, < +o0. Notice that z, > 0 at each

te[0,Ty). From 20 1 it follows that

for all t € [0,T,).

. : -2
Since o(s) < 1 for all s > 0, we have 0 < % < z lonl

for each t € [0,7}). It follows that for each ¢ € [0, T%)

1
( 2|gn| + 1 t+ 22‘9n|+1> 2lan[+1 (36)

0< i < ;2‘Qn| < 1. (37)

By letting t — T, in (36), it follows that T, = +o0 and
(35) and (36)-(37) hold for all ¢ > 0.

Also, by integration over [0, t] and subsequent majoriza-
tion of the second equation in (31) we can see that also
T,, = +o0, with [0,T},) being the maximal extension in-
terval of 7;. Indeed, as a consequence of (i) and (ii) of
lemma 12 and the definition of incremental homogeneity
in the upper bound,

Y. (2fow) =280 (Z(,zg ow)), YweR"™ z>1, (38)

(rferow) - ferowr)) =

<z'8o (HU<<29 o (w'fw”)>>>,Vw', w' eR", z>1,

(recall that < means < componentwise and (-} means
| - | componentwise: see notation section) where

¥ =kCTC + ATT A, (40)
My — [2(1 + ATF)(BFU+HUC’+<I>(c))+A+ATF2]X
Xy =: (I —ATT)~L. (41)

Since z € L*(Rs,R™) (consequence of (H1)) and
[d]lc < 400 with (36)-(39) and on account of lemma 10,
by integrating the second equation of (31) over [0, ¢] for
each t € [0,T;,) we have

¢

f sl

+(sup o)) (sup |221) Mg Hnsl\ds

0<s<t 0<s<t

el < ol + (_ sup |,
0<s<t

t
s, d) ot + 2147 Ag] sup. HATGz&Xzb INZE
<s<t 0

— 51(t) + ba(t) f Inallds (42)

with 01,82 € Ky. It follows by a generalized Gronwall
inequality (Beesack (1975)) that

t
Inell < 81(2) + 6 (1) f 61 (s)elt B2 ir g
0

for all ¢ € [0,T})). By letting ¢ — T~ above, we conclude
that T;, = +oc0.

(B) A Lyapunov function for the estimation error sys-
tem.

Let V. (n) = |z~ on|?. We evaluate the time derivative
of V, along the trajectories of (31):

1
——
_daV;
*lary o ln=m izl

z=2z¢




(2)

~

— {ﬂ—zt ((th)_lmt) — Mz ( — N+ (th)_lxt)}

z=zt

. oV,
an

3)

e
Zt 07]

- T T
- diag{A" Ag}A~ G, X.,m

4) (5)

+ raVZ
on

Vz

p=(Te, di) + (ne)z (43)

n=n¢ Oz |n=nt
z=zy z=z¢

In many occasions, we will exploit the monotonicity
of the degrees {g;}j=1, . .n, i.6. git1 < g@; for all § =
1,...,n — 1, which is a consequence of (iii) in (H0). We
begin with majorizing the term (1) in (43). On account
of (38) with w:=2z""on, forallt =0

on Tnzm
= =2z "oz T om) B, (2 0 2 " o) (44)
= —2(z; " on)T (Z[t SN CHET AR Ut))
< =20 ome) B TP o)y = =202 ol
(in the second and third passages we used properties
(3)-(4)). Next, we majorize the term (2) in (43). On

account of (39) with w’ = z7% ¢ ((Xz)*lz) and w” =

Ezt Tt

z %o ( —n+ (XZ)*1x>, forallt >0

V) (0 2) ()

=2(z; %oz " ont)T{wzt (ztt oz, "o ((th)_lxt))
— (z; o2 to (— e+ (th)_lxt>>} (45)
<2t o nt>>T{zt_t o <<7r (z; o2t ((XZt)*lxt))

—Tz, (Ztr ozt o ( et (th)ilzt)>>>}

<2 on) Myl ome) = 22" o mellfr, 4z

n="nt
z=2z¢

(in the second and third passages we used properties (3)-
(4)). Next, we majorize the term (3) in (43). Notice that
by monotonicity of the degrees {g;};=1,..n

(TP on) <2728 28 7 o ) < 221801297 o ) (46)

AT o) < (0 om) (47)
for all n € R™ and z > 1 and, moreover, by (v) of

lemma 12, ATG, X, is i.h.u.b. with quadruple (t,v —
g?QaATFXU):

<<ATGZXZ (z ow — 2o w”) >>

<z % (ATFXU<<29 o (w’fw”)>>),

Vo', w” e R", z > 1.
Using these facts, for all t > 0

v,
on 1z

2|t onon) T AT G, X, (5502 om)
t

Zt

diag{A” Ag}A” G, X

Zt

< dmax |gi|

z i _
< 4|2 a0 ) ATE X T 0

Zt 2gnli _a—
< 2| - maxclail= T onlrrc, 1 xpra
< 2max|gil |2 onlArry, 4 xrra (48)

(in the second and third passages we used properties (3)-
(4), in the third we used (46) while (37) in the fourth
passage). Next, we majorize the term (4) in (43). By
Young’s inequality and using properties (3)-(4) together
with |d]|o < A

oV,
an

Pz (T, dt) (49)

4k‘2A2 2(g1—t1)
a “t

n=nt
z=2zt

., g 4. g ¢
< 5l on [ + =2 * " 0ds, () |* +
a
with
5.(z) = [I — ATG.] [(BF+HC)(x—sat(czt, )

+¢(x)—¢ (sat(czt, 1:)) ] .

Finally, we majorize the term (5) in (43). On account of
(37) and (47) we also have

V.
0z

< 2||ZtgitQntﬂiiag{tl,.“,tn}' (50)

. ét — 2
L o [CaX 1

Collecting (44)-(45) and (48)-(50), upon noting that
with ¥, Iy in (40) and Y in (26) (with ¥ = 0 by our
simplifying assumption ¢ = 0)

al <Y =2% — 2ma2x|gi\[ATFXU + X[TA]
=

—[My + %] — 2diag{ry, ..., v},
we obtain for all ¢ > 0
V| <=Lt ol + 2 0, ()2
“l(31) 2 a ‘

+ 4kZA2 th(glftl)

(51)



and using the monotonicity of the degrees {g;};—1.... n,

a

V., <——
“1(31) 2
+ 4k2aA2 Z?(glftl)

4. .
thgnvzt + a”zt ¢ to(szt (:Et)HQ

(C) We claim z € L®(R-,Rs). Since z; is non-
decreasing for ¢t > 0, we have either lim;_, o z; < 400
or limy_, ;o 2; = +00. Assume by absurd that

lim z; = 400
t—+00

(53)

Pick Z > 1 and T > 0 such that z; > Z for all ¢t > T and

sat(czf,x¢) =z, VE =T (54)
and, consequently,
5. (xe) = 0, ¥t = T. (55)

Directly from (i) and (iii) of lemma 12, for all z,n € R"
and z > 1

(X)) = m(( =+ (X)) ))
N e

where

k(W) = =X, w + sat(cz", X w).

Throughout the remaining proof we will denote
q-(—X,n + x,y) simply by ¢.. Recalling the definition
of ¢, in (17) and © in (27) (with ¥ = 0 by our simpli-

fying assumption ) = 0 and taking into account that
CXy =C), we have for allt > T

2(g1—v1)
Zt QZt

oo [ s sat(enfs o+ )|
220 (o, + P - 27)
TN

—sat (Cztt’ =Xz + $t>] H2
20 (o, + P - 27)

< Hzf_r o <</-£Z ((th)flxt)
e )

2(g1—t1 —
+22, @Oy |2 < (9)Xu |2 + 2ICTC) |28 o mil?
1= 02" om? (57)

2
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(in the second passage we used (54), in the third (56)
and properties (3)-(4)). From here, on account of the
monotonicity of the degrees {g;},;-1....n

20 g, <00V, (58)
Now, let

W, = 22(9179n)+1’

R = {(z,n) e [1,+0) x R" : V, < MAT)WZ}. (59)

Also, let s > T any time at which (z,,75) € R and
ts = 1inf{t > s: (z,m) ¢ R} (i-e. the first exit time of

(z¢,m¢) from R). We claim that ¢ = 4+00. Indeed, assume

(A)

that t; < +o0. Since V,, < % for all t € [s,ts) (by

definition of t,) and using (58), for all ¢ € [s, ts) we have
Zt—2t1 th/

)

h(A)W,
<v,, < MAW= g =
and, consequently, qzt,2,5_2(91_9”'“1)_1 < h(A). From
this with (zt,nt).e R for all t € [s,t5), it follows Z; = 0
and, therefore, W, = 0 for all ¢ € [s,t5). Moreover, di-
rectly from (52) with (55) and by definition of A(A) in
(28),

h(A)
TWZt

4h(A)

> ‘/Zt = WW% = Vzt|(31) < 0.

(60)

4h(2) W,.} for

It follows from (60) that V., < max{V._, =3

all t € [s,ts). This implies that

4h(A)
50

Wy < M AW,

() (S

V., < max{V,_,

for all t € [s,ts). By letting t — ¢ and by continuity, we
Ay o A

. AYW, .
obtain V,, < max{V,_, %5 )@ = which
contradicts the definition of t,.

We conclude that the set R is forward invariant for (31)
and that z; remains constant when (z;,7;) enters the set
R. If (244, m1,) ¢ R at some tg = T, either (z,,m,) € R
for some t; > ¢ (and therefore for all ¢t > t; by forward
invariance of R) or (z¢, 1) ¢ R forallt = to.If (z¢,,m¢,) €
R for some t; > ty then we get a contradiction with
(53) since z¢ = 2z, < +0o0 for all ¢ = ¢;. We remain with
discussing the case (z¢,n;) ¢ R for all t > tg. In this case,

V., = hvgz* for all t > to and directly from (51) with (55)

. a., o 2297
V| <=5z om)? + F—n(A)W,

“1(31) 2 5
a ., g 2z7n h(AYW.
< L2 4 25 ( —V. 7%)
a, g
<=l ome (61)



which by integration over [tg, +00) gives for all t > ¢

¢ ) 10

J |28 o, Pdr < =V, (62)
t a °
0

On the other hand, since ¢ is monotone increasing, with
o(s) < s for all s = 0, and on account of (57),

2 <O om? (63)
which, together with (62), gives for all t > to

100
Zt, + TV

Zt < Ztq

(64)

which contradicts (53). Therefore, lim;_, o 2 1= 250 <
+00 which proves claim (C).

(D) We claim lim sup,_, , q=,(§:, y¢) < §(A)Z§§tl+91_9n)+1 .

From (52) and z € L®(Rs,Rs) and z € L*(Rs,R")
(claim (C) and assumption (H1)), we have

Valey < == Ve + Njgl Jz)0.8

for all t > 0 and for some Nz |z|..,a > 0 which de-

pends only on the sup norms ||z]w, [|z]s and A. This
implies that

2|gn
T

5 Nislelizlo.a}

V., <

, < max{V,,,

(65)

for all ¢ > 0 and, therefore, V,(n) € L*(Rs,Rs). Since
z € LPRs,Rs) (claim (C)), we conclude that n €
L®(Rs,R™) and, therefore, £ € L*(Rs,R™) (see the
change of coordinates (30)).

Set
0 (&) = max { . (€ y) — h(A)z e o

On account of the fact that &,z € L*(Rs,R")
and z € L®(Rs,Rs), also z,£ € L*(Rs,R") with
2 € L®Rs,R) so that x,& € CY(R-,R") and
z € CY(Rs,Rs). Since z € L®(Rs,R>), by integra-
tion of the Z; equation we get a,(£,y) € L®(Rx,R>) n
L!(R-,R>). If we prove that also a, (€, y) € C)(Rs,R>)
it follows

lim a,, (&,y:) =0 (66)

t—+o00

by virtue of Barbalat’s lemma. In order to prove that
a.(€,y) € CY(Rs,Rs) it is sufficient to prove that
7.(&,y) € CY(Rx, R) (27, v € R, is uniformly continuous

11

since z is uniformly continuous and bounded from above
and below with bounded derivative and max{-, 0} is uni-
formly continuous since it is globally Lipschitz). First of
all, sat(cz*, €) € CY(Rx,R"): indeed, using (i) of lemma
10, lemma 11 and the triangle inequality with the uni-
form continuity of £ and 2%, for each ¢ > 0 we always
find 6,71, m2 > 0 such that for all to,t1 = 0: [to—t1| <6
we have

Isat(czt,, &) — sat(czt,, & )|

< Hsat(czga &2) - Sat(czgv &1)”
+sat(czi,, &, ) —sat(cz;,, &, )|

<28k, — &l +cllzt, — 21, <2m +emp <

which proves that sat(cz*, &) € CJ(Rs,R™) and also
28 % o sat(cz", €) € CY(Rx,R"). Finally, y € CJ(R>,R)
since d € CY(R>,R) and £,z € L®(Rx,R™). This proves
that ¢.(£,y) € CJ(Rx,R) being ¢.(£,y) the product of
uniformly continuous functions.

From (66) (recall that lim sup,_, | ., a; < limsup,_, , ,(as
—by) + limsup, , ., by when limsup, , . (a¢
limsup,_, , , b < +0) it follows

- bt)a

0 = limsup {qu, (&6, 1) — 5(A)Zt2(t1+91_gn)+l}

t—+00
> limsup gz, (&, y+) — 0(A) lim sup 2'752(t1+917g'”)Jrl (67)

t— 400 t—400

This gives (recall that z; is nondecreasing with
lim¢—, 1o 2t < 400 by claim (C))

(68)

0> litm sup ¢z, (&, y) — 5(A)Z§O(t1+grgn)+1
—+00

which finally implies (D).

(E) An upper bound for the limsup of ||z; — &|?. As
a consequence of claim (D) and definition of ¢, since
im0 2t = 2o € [1, +00) and using the monotonicity
of the degrees {g;};=1,..n

h(A)225F 9= 8F > fimsup g, (€, )

t—+00
= —2A? + limsup ly — C£|2
t—+00
+limsup 22779287 o (€ — sat.« (€))|?

t—>+00
> —2A? + limsup |y — C¢J?
t—>+00

2(t1—max; t;—g1+0gn

422 )limsup |€ — sate.« (&)
t—+00

so that

limsup |y — C¢|?
t—+00



< h(A)Zgo(n-i'gl—En)-‘rl + 2A2 _ sz(A)’

lim sup Hf — satc,« (5)“2
t—+00

< (D)2 MO — (A (69)
Let be = R™ be a compact set including the origin
such that z¢,& € Q for all t > 0. Under assumption (ii)
and according to Battilotti (2014), theorem V.1, there
exist L € R™, symmetric and positive definite P € R™*"
and a > 0 (all depending on ) such that (21) (with
¥ = 0) holds for all z, & € . On the other hand, (5)-(6)
can be rewritten as follows

i?t = (A + BF + HC’)xt + gb(xt), (70)

& =(A+BF + HCO) + ¢(&) + LO(xp — &) + Wy,
where

W= (BF + HC)(sat.(£) — £)
+o(satez<(€)) — d(&) + (Lz — L)(y — CE) + Ld.

Using (69) and the incremental properties of ¢ (as-
sumption (i) of (HO)), recalling that limsup,_, , ., a¢b; <
limsup,_, o, a; limsup;_, b, and limsup,_, ., f(b;)
< SUD|y|<antimsup, . .., o] f (0) if [be] < nfe| for all
t = 0 with bt7 Ct € Rn),

limsup [Wy|| < (HBF—!—HCH
t—+o0

+ sup o (w1, w)])v/v-, (A)

lwy | <2nelz5 |

lwall<2n(y/Vacs (B)+el 5 1)

TV (D) L2y, — L]+ LA = X2, (D) (71)
Pick € > 0 and let T, > 0 be such that
HWtJrTé < Xz (A) + €, vVt =0 (72)

(which always exists by (71)). With V; = |z — &[% we
have from (21) and (70) and for all ¢ = 0

)\maw <P>
(%

2

)

Wi,

VHTe (70) S —aViir, +
so that, on account of (72),

2
< Vigr

)\min(P)Hmt+Te =&t
—at + Amam (P) (XZoo (A) +€)2

t+T.
< Vre J e~ tHT=s) g
o T.
)\maz P z A 2
Vo D PO Q)P

Passing to the limsup on both sides of the above inequal-
ity, we get

lim sup |z — ftHZ = limsup |zi+1, — &t 2
t—+a0 t—+0

12

_ A (P) (=, () )2
0[2 )\mzn (P)

(73)

which, on account of € being arbitrary, gives the conclu-
sions of theorem 5.

5 Conclusions

We have presented a class of nonlinear observers for sys-
tems with noisy measurements and bounded trajecto-
ries. The main ingredients are: domination techniques
of the incrementally homogeneous (in the upper bound)
nonlinearities of the observation error system with its
linear approximation, gain adaptation and estimate sat-
urations with dynamically tuned saturation levels. The
adaptation of the gains and saturation levels is imple-
mented through a stable filter which regulates its out-
put according to a suitable function of the squared norm
of the measured output estimation error. Our observer
guarantees an upper bound for the limsup of the norm
of the estimation error depending on the limsup of the
norm of the measurement noise. In future research we
will consider disturbances affecting also the state equa-
tions and unbounded state trajectories.

A Incremental homogeneity in the generalized
sense: a review

The notion of (incremental) homogeneity has been intro-
duced in Battilotti (2014) in the context of semi-global
stabilization and observer design problems. Here we re-
call this notion in a slightly more general form.

A.1 Definitions

Definition 8 A parametrized function ¢, € C°(R™, R!),
z € R, is said to be incrementally homogeneous (i.h.)
with quadruple (v,0,h, d) if there exist 0 € R h € R™,
te R2 and ¢ € CO(R™ x R™, RY*™) such that for alle > 0
and w',w" € R"

be(€Fow') — Pe(eF o w”)

=0 (gb(w’, w”) (eh o(w' — w”)))

In few words, the increment of ¢. between two dilated
points €' o w’ and €* ¢ w” behaves “homogeneously” in
the sense that it is equal to the image of a linear oper-
ator ¢(w’, w”) € R™™ under the increment between the
two dilated points €) 0w’ and €? ow”, followed by a com-
ponentwise dilation by €®. The vector @ € R’ describes
the “vertical” degrees and the vector h € R™ describes
the “horizontal” degrees. The notion of incremental ho-
mogeneity incapsulates as a particular case the notion of
homogeneity (see for example Rosier (1998)). When w”
is set to 0 in definition 8 we say that ¢, is homogeneous
with quadruple (t,0, b, ¢).



Note that the function ¢, may be parametrized by the
dilating parameter itself. The function ¢, (z) = z; + 23
(in this case ¢, does not depend on the dilating parame-
ter) is i.h. with quadruple (,0, b, ¢), where v :== (1,2)7,
h = (1,6)" and p(w’, w") = (1, (wh)* + (w§)? + wiw)).
The function ¢, (z) = z(x1 +23) (here ¢ does depend on
the dilating parameter) is i.h. with quadruple (¢, 1, h, ¢)
and the same ¢ above.

There are functions, like sin x, which are not i.h. but be-
haves in the upper bound as an i.h. function. This moti-
vates the following definition ({a)) denotes the column
vector of the absolute values of the elements of a € R™).

Definition 9 A parametrized function ¢ € CO(R™, R!),
z € Ry, is said to be incrementally homogeneous in the
upper bound (i.h.u.b.) with quadruple (v,0,h, ¢yr) if there
eristd € Rl h e R, v € R?, ¢y € CO(R™ x R™, RL™)
such that for alle = 1 and w’',w” € R"

(pe(e o) = pe(e 0ow"))

<eo (¢U(w/, w”)<<Eh o(w' - w”)>>)

When w” is set to 0 in definition 9 we will simply say that
¢, is homogeneous in the upper bound with quadruple

(t7a’ b? ¢U)'

The function ¢ (z) == z (22 23g(z1))", g € CO(R,R)
any bounded and globally Lipschitz function, is i.h.u.b.
with triple (r,9,b, ¢rr), where v = (1,2)T, 0 = (3,7)7,
b == (1,0)T and the matrix ¢y (w’, w”) defined as

[¢v (w', w")]az = |(w)* + (w5)? + whwslg(w))]-

A.2 Properties of incrementally homogeneous func-
tions

The proof of the following properties can be found in
Battilotti (2014).

(P0) For any ih.u.b. (resp. ih.) functions ¢, €
CO°(R™,R!) with quadruple (v,0,b,¢y) and 1, €
C°(R™,R') with quadruple (r,0,b,%y), the func-
tion ¢, + v, is ih.u.b. (resp. ih.) with quadruple
(t’aaba¢U+wU) .

(P1) Any i.h.u.b. (resp. i.h.) function ¢, € CO(R", R
with quadruple (t,0,h,¢y) and diagonal ¢y is also
ih.u.b. (resp. i.h.) with quadruple (v,0",b’, ¢y ) for all
pairs (0, ') such that d+h < 0'+b’ (resp. 0+h =0’ +h’).

In particular, we can replace the degrees (9, ) with some
upper bounds (?’, ') or swap them: (?',5') = (h,9).
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(P2) For any ih.u.b. functions ¢, € C°(R* R
with quadruple (v,0,h,¢y) and ¢, € COR" R?)
with quadruple (v,—bh + v,p,¢y) if there exists
mr € CO(R® x R, RL*) such that for all ¢ > 1 and
w,z € R™

(A1)

(ZSU(’U_)/, ZI) w/=eT T o (eFow) < 7TU(U)7 Z)

z/=e" Yo (et oz)
then ¢, o1, is i.h.u.b. with quadruple (v,0,p, Tyy).

In particular, for ¢ with constant ¢y (A.1) is trivially
satisfied with II = ¢y.

Let Im{W} denote the vector space generated by the
columns of the matrix W.

(P3.1) given any ih.u.b. (resp.ih.) ¢, € C°(R™ R!)
with quadruple (t,0,h, ¢r), Ap. (resp. AT ¢, ) isih.u.b.
(resp.i.h.) with quadruple (r,Ad + 3,b, A¢y) (resp.
(v, AT + 3,0, AT¢y)), for any 3 € Im{I — AAT} (resp.
3eIm{l — AT A}).

(P3.2) given any i.h.u.b. (resp.i.h.) ¢. € C°(R",R!),
(z,2) — ¢.(x), with quadruple (t,9, b, ¢y) and constant
du, ¢. 0 A (resp. ¢, o AT) is i.h.u.b. (resp.i.h.) with
quadruple (v,0, AT (h—t) +t+3,¢rA) (resp. (v, 0, A(h—
t) + v+ 3,0uAT)), for any 3 € Im{I — AT A} (resp.
s3eIm{l — AATY).

B Auxiliary results

Lemma 10 If saty, is a saturation function with levels

heRY, forallw,ze R"

(1) (saty(w) —saty(2)) < 2w - 2)
(i) Lsatp(w)) < Lwp, (i) Lsaty(w)) < (h). o

Lemma 11 If sat, and sat, are saturation functions
with levels h € RY and, respectively, k € RZ, {saty(x) —
saty(x)) < Lk —h) forallzr e R™. o

For the proof of lemmas 10 and 11 see lemmas 9 and 10
of Battilotti (2015b).

We usually identify matrices A with linear applications
A :n— An. In this sense we mean that A is i.h.u.b. (or
i.h.) with some quadruple.

Lemma 12 With assumption (H0O) and for each ¢,k > 0
and diagonal positive definite T,

(i) ., defined in (32), is i.h. with quadruple (v,v +
g,0,%), where ¥ is defined in (40),

(ii) 7, defined in (33), is i.h.u.b. with quadruple (t,t+
9,9, Iy ), wherey is defined in (41) and ®(c) € R™*™
is a matriz satisfying (24),



(13) k., defined in (56), is i.h.w.b. with quadruple (t,v—
9,9, 3XU)7

(1v) & is i.h.u.b. with quadruple (tv,t + ¢, 9, ov ),
(v) ATG.X, is i.h.u.b. with quadruple
[ ATFXU)'D

(v,v —

PROOF. Proof of part (iv). Notice that ¢ = AAT¢ +
(I — AAT)¢ and that A(x — g) < AAT (v + g) (by (B.3)
since AATA = A) and AAT (v+g)+ (I — AAT)(v+g) =
t + g. From (HO) and (P0), (P1) and (P3.1) we get the
desired result.

Proof of parts (i), (ii) and (v). We break up the proof in
several claims. Condition (iii) of assumption (HO) reads
out as

24g + AAT(r—g) < A(r—g) < AAT(r+g)  (B.1)
and notice the following ensuing inequalities

AT (v 4+24g —g) < ATA(x — g) (B.2)

AAT (Av —v) < AAT (Ag + g) (B.3)

(the first by multiplying the first inequality of (B.1) by
AT and using ATAAT = AT the second by multiply-
ing the second inequality of (B.1) by AAT and using
AATAAT = AAT).

Claim I. ATG, (resp. ATG?) is i.h.u.b. with quadruple
(t,t —g,9, ATT) (resp. (v,t + g,9, ATT?)). Since by its
definition G, isi.h.u.b. with quadruple (v,t,24g,I") and
I is diagonal, by property (P1) with ?’ := t+2Ag—g and
b =g, G, isih.u.b. with quadruple (v,v+24g—g,g,T).
By (P3.1) with 3 == (I — ATA)(x — g), ATG, is i.h.u.b.
with quadruple (v, AT (v + 24g — g) + (I — ATA)(x —
9),9, ATT). On account of (B.2) and (P1) we get that
AT@G, is ihab. with quadruple (r,v — g, g, ATT), i.e.
the first part of the claim. On the other hand, since by
its definition G2 is i.h.u.b. with quadruple (r,t,4A4g,'?)
and T is diagonal, by (P1) with ?’ = v + 4Ag — g and
b’ =g, G, isih.u.b. with quadruple (v,t+44g—g,g,T).
By (P3.1) with 3 == (I — ATA)(x + g), ATG. is i.h.u.b.
with quadruple (v, AT (v + 4A4g — g) + (I — ATA)(x +
g),9, ATT?2). On account of (B.2) and (P1) we get that
ATG? is ih.aub. with quadruple (v,t + g, g9, ATT?), ie.
the second part of the claim.

Claim II. X, = (I — ATG,)™1, is i.h.u.b. with quadru-
ple (v,t—g,9, Xv), Xy = (I — ATT)~L. Notice that the
identity function ¢ is i.h.u.b. with quadruple (v,t,0,I).
Therefore, since I is diagonal and invoking (P1) with
o =1t+gandb = —g, ¢ is is i.h.u.b. with quadru-
ple (v,t — g,9,I). On the other hand, notice that
X. = (I - ATG.)™ = Y7 )(ATG.) (notice that
(I - ATG.) Y75 (ATG.)Y = I since (ATG.)" = 0).
As already established, (ATG.)? = I is i.h.u.b. with
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quadruple (t,v — g,9,1). We proceed by induction.
Assume that (ATG.)? for some j = 1,...,n — 1,
is i.h.u.b. with quadruple (v,v — g,g,(ATT)7). Since
(ATG.)*t = (ATG ) AT G, and both (AT G, )? (induc-
tion step) and AT G, (claim I) arei.h.u.b. with quadruple
(tv t—g,9, (ATF)J) anda respeCtiVQIY7 (tv t—g,9, ATF)a by
property (P2) it follows that (ATG,)7*1 is i.h.u.b. with
quadruple (v,t—g, g, (ATT)7*1). By induction and prop-
erty (P0), since Xy == (I — ATT) 7! = Z?;Ol (ATT), it
follows that X isi.h.u.b. with quadruple (v,t—g, g, Xv).

Claim III. H, is i.h. with quadruple (t,t+g, g, H). Since
by its definition G, is i.h. with quadruple (t,t,2Ag,T),
by using property (P3.1) with 3 := 0 and (P3.2) with 3 ==
(I-AT A)2g, ATG, Aisih. with quadruple (v, AT, 2g—
ATv+v, ATT A). Since AT G, A is diagonal, by (P1) with
o =rt+gand b =g, ATG.A is i.h. with quadru-
ple (v,t +g,9, ATT A). Similarly, k22¢8C7TC is i.h. with
quadruple (t,t + g, g, kCTC). By (P0) the claim follows.

Claim IV. sat..: (resp. sat.,- oX,) are i.h.u.b. with
quadruple (v,t—g,g,2[) (resp. (t,t —g,9,2X)). On ac-
count of (i) of lemma 10 with h = ¢z¥, (z,1) — sat..:(n)
is i.h.u.b. with quadruple (¢, t,0,2I). By (P1) with ?’ ==
t—gand §’ = g, sat,,: is also i.h.u.b. with quadruple
(v,t—g,9,2I), ie. the first part of the claim. Finally, by
virtue of (P2) and claim II we obtain the second part of
the claim.

Claim V. AX, (resp. ATG, X)) isi.h.u.b. with quadru-
ple (v,t + g,9,A4) (resp. (v,v — g,9, AT Xy)). Note
that the identity function ¢ is i.h.u.b. with quadruple
(v,t,0,1), therefore by (P1) with o’ ==t —gand b’ == g,
(z,m) — z is also i.h.u.b. with quadruple (v,v —g,g,I).
Using (P3.1) with 3 == (I — AAT)(g + ), A is i.h.u.b.
with quadruple (v, A(x — g) + (I — AAT)(g + ), g, A4).
Upon noticing that At — AATv < Ag + AATg (from
(B.3) since AAT A = A) and on account of (B.3), we get
by (P1) that A is i.h.u.b. with quadruple (v,t+g,g, A).
From claim IT and (P2) it follows that AX, is i.h.u.b.
with quadruple (v,t + g, g, A). The second part of the
claim follows directly from claims I and II and (P2).

Claims IIT and V prove (i) and (v) of the lemma. Let
us prove part (ii). Since [|z7% ¢ sat.,:(w)| < en for
all w € R® and z > 1, we find out that any matrix
®(c) € R™™ for which (24) holds true is such that
AT (277 o sat.« (X, w), 27F o sat..« (X.n)) < AT®(c)
for all w,n € R™ and z = 1. By virtue of (HO), claim IV
and property (P2), it follows that A7 (BF+HC)sat,.<o
X, + ¢ osat..: o X,) is i.h.u.b. with quadruple (r,v —
9,0,2AT[BFy + HyC + ®(c)] Xy). Finally, from claim
III, (P2) and (P0) and on account of part (iv) of the
lemma it follows that (I — H,AT)((BF + HC)sat,.« o
X, + ¢ osat.,: o X,) is i.h.ub. with quadruple (v,t +
0.0,2(I + HAT)[BFy + HyC + ®(c)| Xy).

On the other hand, by claims I, V and (P2) and (P0),



[A—ATG?]X, isih.u.b. with quadruple (v, t+g, g, [A+
ATT?]Xy). Using (P0) we obtain part (ii) of our lemma.

Proof of part (iii). As part (ii) using (HO), claims IT and
IV and (P0), (P2). e
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