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1. Introduction
1.1. The logistic function

A logistic function is
U
t) =
(t) ug + (1 —up)e~t/M
with M positive and ug positive and less than 1. The function was introduced by Pierre Francois Verhulst [1] to model the
population growth. At the beginning of the process the growth of the population is fast; then, as saturation process begins,
the growth slows, and then growth is close to be flat.
The logistic function is solution of the logistic differential equation

(1.1)

() = - (u() — u(¢))
M
with initial condition
u(0) = up.
The key assumptions in the logistic model are:
- The population is composed by individual not distinguishable;
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- The population is isolated;
- Self-limiting growth, that is an intrinsic mechanism of saturation holds when the density of population reaches a
certain level.

These basic assumptions may be checked in laboratory for biological diffusion. At least for bounded time they agree to
the experience, hence they may be adopted to describe phenomena as biological models of tumour growth [2-5]. As well
many processes may be modelled by the logistic differential equation, or generalization of it, and the applications are wide
and in different field of applications [6].

Sharing the applications with the logistic case, the fractional equation is a model for the growth of a given population,
describing the population behaviour and showing an increase, a saturation and a flat asymptotic behaviour. The global shape
is also respected by the fractional logistic case by numerical evidence; however, some peculiar differences show that the
fractional model is a good candidate to model a memory effect on the population (see (1.7)) and that the fractional order
may be modified along the process in order to constrain the growth (see for example [7] for the estimation of fractional order
by observations).

The problem to give a solution of the fractional logistic equation was unsolved and several attempts have been done (see
for instance [8-11]). A close answer from an empirical point of view is contained in [12]. The solution we propose here has
an exact representation given by a closed formula for the coefficients in the convergence set. The convergence analysis is
stated in Theorem 3.1

A model considering a modified logistic equation has been also treated in [13].

To our knowledge, from a mathematical point of view, the fractional logistic function is undefined. This paper answers to
the question for limited time. The observation is that for any positive t less than 7, denoted by u the logistic function (with
all the parameters simplified) the equality holds true

1 Ex
t)= - —t", 1.2
u(t) ng! (1.2)

with Ej the Euler’s numbers. In the next subsection we explore this point.
1.2. The logistic fractional function

In this subsection we introduce the logistic fractional function. As usual by I" we denote

+o00
I'(x)= / t*le~tdt
0

for any real positive x.
Let R > 0 fixed. In (0, R), we introduce the function

Ef e
t)= — M=>1, €(0,1), t<R 13
wit) ;Mﬂkr(,skﬂ) AN AL LA (3)
where the Euler’s S-numbers {Ef }ken, are defined here by considering the relation

Bn == 2 r(Bi+ 1)I(Bj+ T

i.j

i+j=k
BrB
1 E’E;
=- Yo keaN (1.4)
Bk +1 y B(Bi+1,8j+1)
i-Hj=k
together with the logistic constrains
1 0 0 (1.5)

Ef =1)2.

The result we obtain is that, in the convergence set, the function w is solution (in the Caputo sense) of the fractional
logistic equation. We recall that the Caputo fractional derivative is given by

wnf _ 1 /[ w'(s)
Diw(t) = ra—pJ/ (t—s)ﬁds’ t>0, Be€(0,1)

with w'(s) = dw/ds. Thus, the fractional logistic equation is

1
xnB. _
Diw = E w(1l —w) (1.6)
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for M = 1. The proof of this result leads to introduce a new class of numbers that corresponds to Euler’s numbers for special
value of the fractional order. This new class that we called generalized Euler’s numbers has an interest by itself. As we will
see in the paper they share with the Euler’s numbers properties helpful to find solutions. The method we propose here is
suggested by the logistic case and goes back to the exact solution to the logistic equation in (0, 7 ). However, in the fractional
logistic case other considerations are no more valid to solve the problem in the whole positive line.

The fractional equation (1.6) has the following interesting integro-differential counterpart

dw . 1 1
dt ~— MP I'(B)
that we also consider further on.

/ (w(s) — W)t — s~ ds (1.7)
0

2. Logistic equation and fractional derivatives
2.1. The Euler’s numbers

We first recall the Euler’s polynomials

1 < (k+1
B0 = 7 (‘f )25 Bi(x/2)

s=0
where the Bernoulli polynomials can be written as

Bi(x) =) (j) bs_j ¥
j=0

in terms of the Bernoulli numbers b; = B;(0) (usually denoted by B ). In particular,
1 1 1 1 1
bo=1, bi=—--, b=_, =—— =0 = 0 =——
i 1 3 2= 5
We recall the useful formula

(k) B 1\¥
Ex(x) = g <S>?<X - 5) .

We also recall some explicit case of the Euler’s polynomial

1 3 1
Eo(x) =1, E1(x)=x—§, Ey(x) = x> —x, E3(x)=x2—§x2+z, Esx)=x*—2x> +x, ...

and the Euler’s numbers are usually referred to as 2"Ek(%). Here, we consider the Euler’s polynomials at x = 1 and, in

particular we have that the Euler’s numbers E;, = E(1) are given by
1 1
Ep =1, E1=5, E, =0, E3s=—-, E4=0,....

We refer to the book [ 14, formulas from no. 9.6] for details on this topic.
2.2. The logistic equation

Let us consider the generating function (]| 14, formula no. 9.65])
ex[ 1 tk

—_— == Ex(x)—, |t 2.1

o zkgk()k! It <7 (2.1)

of the Euler’s polynomials Ei(x) introduced above. For k odd, we have that (see [ 15, Corollary 3])

k+1
k+1 T
—1) 27 ———E(x) — cos(wx) ask — oo.

(-1 4F(k+l)k() (mx)

We immediately recover the uniform convergence for the series (2.1) on compact subsets of C.
For the sake of simplicity we now assume that M = 1in (1.1). Throughout, we consider the function (1.1) written as in

(1.2), that is formula (2.1) with x = 1. This is a special case obtained form (3.1) with 8 = 1. Indeed, we show that, for 8 = 1,

E] — @ Ek(l)

_ 2.2
k 2 2 ( )

where E;, = E;(1) are the Euler’s polynomials evaluated at x = 1.
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Remark 2.1. Observe that,

a k g(t) — [Eu(s)ds -1
U(t)=2<@) =a+g(t)=(1+e ) . glt)<a

k>0

where v(s) = (Ing(s))’ 1(g(s)>a) Solves the logistic equation
U'=(Ing) (U-U?*, gt)<a.

For the sake of simplicity we equals to one the growth rate and the carrying capacity considered in the literature. Thus,
(1—u)is the biological potential describing the density dependence, if negative, the population decreases back to the carrying
capacity. The logistic model may be generalized as follow

K® xu = f(u)
where

(K® xu')t) = /t K®(t —s)u'(s)ds.
and 0

fw) =u(1—u). (2.3)
Definition 1. A function ¢ : (0, o0) — R is a Bernstein function if ¢ is of class C*°, ¢(A) > 0 for all A > 0 and

—(=1)"¢™M(x)>0 foralln e Nand A > 0.

We introduce the Bernstein function

P = /OO (1—e™) M(dz) (2.4)
0
with
20 = /Ooe—“n((z, 00))dz (2.5)
A 0

where I7T on (0, 0o) with f(l A z)I1(dz) < oo is the associated Lévy measure (and I7((z, 00)) is the tail of the Lévy measure
IT). If ®(1) = A for instance, we have that
M(dz) = Lz’ﬂqdz and M((z,00)) = ———.
ra-g) ra-g)
Let M > 0 and w > 0. Let M,, be the set of (piecewise) continuous function on [0, co) of exponential order w such that
lu(t)] < Me®*. Denote by 1 the Laplace transform of u. Then, we define the operator 33?’ : My, > M, such that

Z_ﬂ

/‘ooe’“BD?u(t)dt = o(Mu(r) — —u(0), r>w
0

where @ is given in (2.4). Since u is exponentially bounded, the integral 7 is absolutely convergent for A > w. By Lerch’s
theorem the inverse Laplace transforms u and ”Df’u are uniquely defined. Since
_ P() ~ D(2)
P(Au(Ar) — TU(O) = (Au(x) — u(0)) B (2.6)

the operator ©? can be written as a convolution involving the ordinary derivative and the inverse transform of (2.5) iff
ue M,NC(0, o), Ry)and v’ € M,. Throughout we consider

ofu = f(u). (2.7)

For different definitions and representations of the operator ¢ the interested reader can also see the recent works [ 16-18]
and [19,20] for fractional calculus and derivatives.

Remark 2.2. We observe that for @(1) = A (that is we deal with the ordinary derivative) we have that Eq. (2.7) becomes
the logistic equation.

Remark 2.3. If &()) = A#, the operator D2 becomes the Caputo fractional derivative

O n kB 1 Eou(s)
D, u(t) ="*Diu(t) == ra —5)/0 T —s)ﬂds’ t>0, Be(0,1)
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with v/(s) = du/ds. Thus, Eq. (2.7) becomes the equation
*DPu = f(u) (2.8)
which is well-known in the literature as the fractional logistic equation.

Remark 2.4. A further example is given by the symbol ®(1) = A% + A% for B € (0, 1/2), that is, ©? becomes the telegraph
fractional operator. Since we have infinite Bernstein function, then we can define a number of fractional operators together
with the correspond fractional equations (2.7).

We denote by Df the Riemann-Liouville derivative

5 _ 1 d Eou(s)
Diu(t) :== F(l—,B)dt/o (t—s)ﬂds’ t>0, Be(0,1)

with Laplace transform

o0
/ e M DPu(t)dr = APU).
0
We recall that
o0
/ e " *pPu(t)dt = APU(r) — AP 1u(0).

0

We also recall the Stirling’s approximation for the Gamma function

o0 x X
Ir(x) :=/ e %z ldz ~ 2nx<7)
0 e

and the Beta function

1 —1/2,y—1/2
x<12yy=1/
— x—1 _ -1 ~
B(x,y) = /0 1=z dz ~ V2m CESITETE (2.9)
for large values of x > 0 and y > 0. Moreover, the following bounds hold true [21]
1
Bx,y) = —, xy>1 (2.10)
Xy
and [22]
27'<rx+1)<1, 0<x<1 (2.11)
We also consider the following bounds for the Gamma function [23]
xXv X172
s < I'(x) < = x> 1 (2.12)
where
y ~ 0.577215. (2.13)

is the Euler-Mascheroni constant. Note that, from (2.9),
t
PO = p)PDful < [ W) =) Pds <B1+6.1-p) if W] <0, 0> -1
0

and, from (2.11) and the fact that (1 — 8)I"'(1 — 8) = I'(2 — B) we have that
"Dful <(1—BB(1+6,1—B)<B(1+6,1—p).

From the Laplace transform (2.6), by Young’s inequality, we obtain that

00 (o] D\ p
f 1D%ul’dt < </ |u’|"dr> <lim Q) ., pell,o00) (2.14)
0 0 Ao A

where lim, @ (1)/A is finite only in some cases.
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3. Fractional logistic equation: Main result and proof
3.1. The fractional equation

Let R > 0. We consider the function

Ef P
t)= —— M>1, €(0,1), t<R 3.1
v ;Mﬂkl’(ﬂlc+1) =1 pe@D < G-
where
k+1
== X 1 e Y
rgi+nrgi+1) -’
t+jk
BB
1 E’E:
—- S o ke (32)
Bk+1 " B(Bi+1,8j+1)
irj=k
with the logistic constrains
B B B2
Ey =Ey — (),
1 0 0 (3.3)

Ef =1/2.

We refer to the sequence of Euler’s fractional numbers {Ef Jnen, as the Euler’s f-numbers (we introduce the Euler’s @-
number further on).

We are not able to prove absolute or uniform convergence of (3.1) in (0, R). Our approach is therefore focused on the
Weierstrass M-test in order to obtain different intervals of convergence depending on the fractional order g for different
values of 8. Thus, we obtain that (3.1) is convergent in some subsets of (0, R), thatis w(t) is absolutely convergentV t € (0, rg).
In particular, we have uniform convergence in (0, rg ). Each interval of convergence turns out to be givenin terms of 8 € (0, 1]
and it depends continuously on 8. As § increases to one we recover the solution to the logistic equation and the convergence
in (0, 7) of ' and u in (1.2) has been extensively investigated in the literature. Concerning the differentiation of w for
B € (0, 1) we easily have convergence on (0, rg) from (1.6) and the uniform convergence of the product of uniformly
convergent series.

Theorem 3.1. Let B € (0,1), M > 1,0 < rg < R. Let y be the Euler-Mascheroni constant. The series (3.1) uniformly converges
in each compact subsets of (0, rg). In particular,
(i) we have that
1
(1"(,3 + 13+ 1)) 28
I’/g =M
reg+1)

andrg | Masp | 0,rg * Mcyas B 1 1wherecy ~ 1.732051.
(ii) Moreover,

2 (38 +1 28+1/2
> =Ml = 3 1)p+1/2=v)
s = Pp (eﬂ(zﬂJr] (38+1)
and pg T Mcy as B 1 1 where c; ~ 1.647524.

-

The series (3.1) solves the fractional logistic equation
“DPu(t) = iw(t)(1 —w(t)), w(0)=1/2 (3.4)
t Mﬂ ’ . K

Proof. We first show that (3.1) solves (3.4) pointwise and then we study the convergence of (3.1).
(1) The Riemann-Liouville derivative of w gives the series

Ef ¢Bk—p tBk—p
p _
Dew(t) = Z1\/1ﬁkr(,3k+1 ﬁ)_E°F1 +2Mﬁ’<1",3k—|—1—,3)

that is, the Caputo derivative of w is given by
B
Epiq tPk
MAKD (B + 1)

*Dfw(t) = Df (w(t) — w(0) =)

k>0
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Let Lw = w — w? be the logistic operator. From (3 1) we have that

5
Ek
Lw(®) =D _ i I( ﬂk 1)

k>0
_rP Brp
=E} —EJE}

Ef ths

k>0 s>0

Ef EPEP '\ tf
+ -2 —
r+1) “rp+1) M

ZZ MPBk ( ,8k+ 1)MBs C(Bs+ 1)

E} EJE; EVE! £2
* (F(Zﬂ +1) rEB+1) T(B+DI(B+ 1)) M2
E EPES EPES t3
+ (F(Bﬂ +1) “TrGBA+1) “TrB+N1res+ 1)) M3#
Ef EPES EPES EPES t4
* (F(4ﬂ +1) “T@p+1) TTB+VOILG+1) T2+ DI+ 1)) M4
+ ...
Under the constrains (3.3) we obtain the coefficients Ef for k > 1. In particular, we have that
1 B EPE?
MET(B+1) TL(B+1) “T(B+1)
1 B EPE?
METQB+1)  TL(B+1DIB+1)
1 E B EPES
MET(BB+1) I'BB+1) T'BB+1)
1 B EPES
METMAB+1)  “T(B+1)IrB+1)
1 B E 5 EPE!
MET(58+1) I'(58+1) TI'(58+1)
1 B EVEL ESES
MET(6+1) “T(B+DIGA+1) TG+ DIGBA+1)
0B B
MPT(IB+1) I(71B+1) " T(IB+1)
1 E EPES EPEL
MET@BB+1)  T(B+10II+1) TG+ 1)IGBA+1)
1 Bl EVEl ESE! EPEL
MPT(I0B+1) “TB+DIOB+1) "TGE+DIT+1) I'(GA+1I(BA+1)
that is
rng+1)
MﬁEf“ Zj: r@g+1rg e +1 )E'ﬁE’ﬂ'

i+j=n

As a consequence of the logistic conditions (3.3) we have that Ez, =0.
(2) Now we prove uniform convergence of (3.1). We first rewrite the coefficient E,f as follows

=+F(/3+1)(
Ef:—r(2ﬁ+1<

=+2I(48+1)

i =1/4
rpg+1)

reg+1

ﬂ+1>
)
)

rag+1

EF ’
rg+1)

1087
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4
b o (48 + D26 + 1) < (25+1)>2 Ef
b=-2 F(SﬂH{ BB+ DIGA+1)  4\TGE+1) rg+1)
reg+1rE4g+1)rep+1) 1r(4ﬂ+1)<r(2ﬂ+1)>2
rag+nrsg+1rEg+1)  2r68+H\rEg+1)

5
, 1068+ 1) (TRE+1)) Ey
FEIEAET) gy r(7ﬁ+1)<F(3ﬂ+1)> } (F(ﬂ“))

from which we get that, for n > 2, the following representation holds true

§=+fnw+n{

B e \UE ey
r{(n+1)+1) 2 rg+1) i1 r@+n+1 "
Since
Aj = M < Aj_l (35)

ri+1ng+1)
we obtain that
n/2
< g2 1—[ rjp+1)
ri+ng+1

and therefore, we have that

2 1 n .
‘ Ery ‘ < 42 Ef : ﬁ repg+1
rn+1)g+1)| — rpg+1) i ri+ng+1)
From (3.5), we also obtain that
li[ rQp+1)  _ (r(25+1)>”
i r@+ns+1) —\r@ag+1
and therefore,

‘ Ef+1 ’ - Ef 4 Ef reg+1) e (3.6)
rn+1)+1)| - rB+1H)\ rB+1)r@g+1) ' )

Since EZk = 0, further on we write Ezk 4 instead of EP .. We now continue our analysis from (3.6) and obtain two related
results:

(i) The first result immediately follows by considering that

2

k>1

n+1°

B
EZk+l ‘

r(2k+18+1)

B2k+1) Ef th t26k
< - -
MB2k+1) — F(ﬂ + 1) M#A — akMZ/Sk

where

k
oo 4 ET T@BED)
CT\TTB+NTGE+)
and, we recall that Ef = 1/4. Then, the majorant series converges uniformly in (0, rg) and
(2 1 T2
rﬂ:M( (26 +1) ) with 8 € (0, 1)
rg+nrEg+1)

which increases as 8 1 1. Without loss of generality we consider M = 1. Thus, rg — V3= 1.732051as 8 — 1.
(ii) By taking into account (2.12) and the left-hand side of (2.11) for 1/I"(8 + 1), we get that

-

B L8 (2t __e -
r(k+1+1)| - Ir(p+1) 38+1 BB+ 1pH2—y | 7k .
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The series
B2k+1)
Z b MPB@I+1)

k>1

uniformly converges in (0, rg) with 8 € (0, 1) and

€1
2571 38 + 1 2B+1/2 2B
rg = M(eﬁ ( p ) (38 + 1))

28+1
For M = 1, we have thatrg 1 1.647524as 8 — 1. O

3.2. Integro-differential equation

Let us focus on the Sonine kernels
t=# th-1
t)= ———, k(t) =
r(-a) rp)

for which we have that

t 1
(k % %)(t) :=f0 Kk(s)k(t — s)ds = mfo sU=P=1(1 — 5)flds = 1.

By considering the Laplace transform techniques, we immediately have that

(*D¥u s )(t) = *D¥ Pu

and
d du
D’ t
dt( uxK)(t) = T
The Eq. (3.4) can be therefore rewritten as
dw 1 1 t )
— = — t—s)f'd 338
= T ), e e =5y as (38)

where a singular kernel is involved. We underline that the function (3.1) solves the integro-differential equation (3.8) and
the fractional logistic equations (3.4).

Roughly speaking, we can study the solution to ®®u = f(u) by considering the equation v’ = ©® % f(u) where € is a
kernel depending on the symbol &.

3.3. The Euler’s @-numbers

The Euler’s S-numbers have been introduced in the previous section as the sequence
E) =1/2, El =1/4, E  asin(3.2)fork € 2N

such that
tﬂk
w(t) = Z Ek
pas r'(Bk+1)
solves the fractional logistic equation
*Df w=w—w’
The Euler’s @-numbers can be therefore defined as the sequence {E,fb }ken, such that
tﬂk
Z ‘
ﬁk +1)
solves the fractional logistic equation
’Dfpv =v—°

We provide below some examples concerning the equation with specific .
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3.3.1. The Caputo-Fabrizio operator
Recently, in a series of papers starting from [24], some authors considered the Caputo-Fabrizio operator (for a given
constant a)

(C()f /f [ (__O:)]df

where M(«) is a normalizing function such that M(0) = M(1) = 1 and « € (0, 1) is the fractional order of the derivative (in
the Caputo-Fabrizio notation). As pointed out in [24], we have that %(“)f(t) — f(t) asa — 1and %(“)f(t) — f(t) —f(a)as
o — 0.The authors provided some properties of Qt(“)f (t), in particular, for a = 0, the Laplace transform reads as follows (as
usual we denote by f the Laplace transform of f)

/ e M f(t)dt = (“) (Af(k) F(0)) / e Me Tudt
0 0
M( )
— (A 0)).
T )(f( ) —f(0))
Notice that, for « = 1/2, the Laplace transform takes the form

/\Ooef)“t@t“/z)f(t)dt =2 1(1/2) ()»f( ) f( ))
0

that is, up to the constant 2M(1/2), the Laplace transform of the derivative ¢ with

D(A) = % and TI1((z,00)) =e77%.

Let us consider the operator

t
o2u(t) = / u'(s)et9ds (3.9)
0
and the fractional non-linear equation u = ®?U where U(t fo u(s) — u(s))ds, that is
t
u(t) = / u(s)(1 — u(s)e " ds. (3.10)
0

From Eq. (3.10) we get that

u'(t) = u(t)(1 — u(t)) — / u(s)(1 — u(s))ef(tfs)ds
0

and

U 4+u=u(l-—u)
which can be reduced to u’ = —u?. Let us focus now on the solution u of the logistic equation v’ = u(1 — u). From (3.9), we
write

t
ofu(t) = / u(s)(1 — u(s))e " ds
0

and

d

—2%2u+2%u =u(1-u).

dt

By considering the Caputo-Fabrizio notation, we have that the solution to
Qfa/z)u + %(1/2)11 =u(1l—u)

is also the solution to u" = u(1 — u). In our view, find the solution to the telegraph-like logistic equation is an interesting
open problem. For the linear case 33 Pu+ 8{3 u = 32u the solution is associated with the motion of particle moving with finite
velocity [25,26]. We provide in Fig. 1 the profile of the numerical solution to the telegraph-like equation

U +u =u(l1—u). (3.11)

Let us consider the fractional integral

(Zu)( =7 / T2 4 2(t — 5)'?) u(s)ds
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u (0),
u(0)=0.5, u'(0)=0

1.0

0.8

0.6

0.4

021\

t value

Fig. 1. The upper profile shows the numerical solution to (3.11) with u(0) = 1/2 and below, u" are u” are respectively plotted.

for which we have that (for a well-defined function u)
o 1+ A 1+2 1
—At — — _
/0 e " (Zu)(t)dt = Ty P

By considering the Riemann-Liouville derivative D of order o = 1/2, we have that

o 1+A 1
/ e (DM Tu)(t)dt = 1 —
0 A o(2)
This allow us to study the equation

ou = u(1—u)

by considering the equation

1/2
U = Dt/ Zu(1 — u).

The detailed discussion on the previous arguments will be considered in a forthcoming work.

3.3.2. Tempered derivatives
The tempered fractional calculus has both mathematical and practical advantages. We consider, for 8 € (0, 1)and u > O,

P P :3 00 e 1S

P(A) = — A with I1((z, 00)) = ——— —ds

09 = (4 — G+ 2F) (oo =57 [ S

so that ”Df’ is the so-called tempered derivative usually denoted by Df *# that is by also considering the tempering parameter
u (see [27,28] and the references therein for a detailed discussion). This is a special case in which in the integro-differential
equation we have a kernel belonging in the well-known class of Kawashima functions. This kind of kernels are considered
in the analysis of viscoelasticity with fading memory [29].
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