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Abstract—The paper deals with the stabilisation of strict-
feedback dynamics with a delay on the last component of the
state. It is shown that the Immersion and Invariance approach
provides a natural framework for solving the problem. An
accademic simulated example is provided.

Index Terms— Nonlinear stabilisation, Systems with delays,
Nonlinear sampled-data systems.

I. INTRODUCTION

Stabilisation under Immersion and Invariance - I&I -,
proposed in [1] for continuous-time dynamics, has been the
object of several investigations in the last decade. Several
extensions and applicatisve results have been developed
which identify a recognized control approach ([2], [3], [4]).
It was extended to the discrete-time domain in [5] in relation
with adaptive control in presence of parameter uncertainties.

More recently, in [6], it has been shown that the I&I
approach provides a natural framework to deal with sampled-
data stabilisation of input-delayed dynamics; while in [7] it
has been fruitfully applied to design sampled-data controllers
for dynamics which exhibit specific structures such as strict-
feedback forms. Exploiting sampling to control systems with
delayed inputs is a well known practice which has found
renewed interest in the current literature ([8], [9], [10], [11],
[12]). The present work follows these lines.

In this paper, the stabilization of a strict-feedback dynam-
ics with delays on the last connecting state is addressed.
More precisely and for simplicity we consider dynamics with
one cascade of the form

2(1) = fa (1) + g ()t —1), %) =ul) 1)

where x; € R", x; € R, u € U CR, f and g are smooth vector
fields on R”, i. e. C~, and 7 denotes a delay acting on xp,
the connecting state.

The problem is set in the digital context assuming that the
measures of the state are available at the sampling instants
t = k06, k> 0 and the control is maintained constant over
time intervals of length 6. The sampling period & is chosen
so that T = N§ for a positive N € NT.

The idea developed in the sequel starts by noting that
under a simple coordinates change, the delayed dynamics
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admits a higher but finite dimensional sampled-data equiv-
alent model over which stabilization is reformulated in the
1&I context with target given by the sampling of the delay-
free dynamics. Then the design of the controller is achieved
by driving the dynamics to the invariant manifold with
boundedness of all the extended state trajectories.

The proposed solution combines two previous contribu-
tions of the authors:

« the sampled-data 1&I stabilizer discussed in [6] which
naturally identifies the target with the delay-free dynam-
ics;

« the direct sampled-data 1&I stabilizing in [7] to define
the immersion mapping and feedback which render
invariant the target manifold.

We note that the same type of state delays on connected
dynamics was studied in [13] according to a continuous-time
backstepping procedure.

This paper is organized as follows: in Section II the class
of system under study is defined and some preliminary results
are given; in Section III the main result is given and specified
in the particular case of 6§ = T in Section IV; an academic
example is discussed with some simulations in Section V.

II. PROBLEM SETTLEMENT AND PRELIMINARY RESULTS

We summarize in the following the recurrent assumptions:

A) the sampling period &, small enough, is a multiple of
the delay 7, i.e. T=N§ for a suitable N € N™;

B) the input u(z) is set constant over time intervals of
length 0; namely, u(t) =u; t € [k0,(k+1)d];

C) the delay free x-dynamics of (1) is smoothly stabiliz-
able trough a fictitious continuous-time controller x; =
¥(x1) and a control Lyapunov function, W : R” — R,
is assumed known (see [14]);

[Ly+7Ls]W(x1) <0 Vx; € R"/{0}.

Accordingly, assuming the I&I framework [1], one defines
for the delay-free dynamics:

o the target dynamics § = f(&) +g(&)v(&);

o the immersion map w(€) = (£’ vy §))/;

« the implicit manifold z = @ (x) = xo — y(x1), with z(0) =
x2(0) = y(x1(0));

o the on-the-manifold control law @(&) = y(£) which
renders invariant the manifold.



Finally, the control law which makes the manifold attractive
with boundedness of the trajectories of the full dynamics

X1 =f(x) +gxn)[z+ v(x1)]

X =y(x,z)
i=y(x,2) -
=7(x1) —

7(x1)

is set as y(x,z2) K(x)z with suitably chosen gain

function K(x).

A. The extended hybrid representation

Consider the continuous-time dynamics (1) and set x3(¢) =
x2(t —T) so moving the delay into the input variable

X1 (1) = fa (@) +glxa(t)xs(t), i) =ult—1) (2)

so that the approach proposed in [6] can be used. Setting 7=
N& and under Assumption A, the hybrid extended dynamics
over R"1*N is defined for ¢ € [k8, (k+1)8] as

X1(1) = f (1) +8(x(1))x3 (1)
X3(t) = V]1<7 Vllc-l,-[ = V]%a
It results that the control design problem can be set on the
sampled-data equivalent of (3), which is finite dimensional

dynamics, with state extension of order N, strictly related to
the delay length.

3)

N
Vi1 = Uk

B. Sampled-data delay free 1&I stabilization

Following [7], Assumption C provides sufficient condi-
tions for the existence of an I&I sampled-data controller
preserving GAS of the equilibrium when 7 = 0. Setting
T = 0, one defines the equivalent sampled-data dynamics
of (1) through integration over the time interval [k6,(k +
1)8[;k >0, as in [15]. It is provided in the form of a map
parameterized by §:

2
%ukGa(xlkaXZkauk) @)

Xiie1 = F2 (e, o) +

Xok1 = Xok + Outye

when x; = x(t)| +—xs- The following proposition summarises
the results in [7], where a complete proof is given.

Proposition 2.1: Consider the nonlinear continuous-time
dynamics in (1) under Assumptions A, B and C in the delay
free case (i.e., T = 0). Then, its sampled-data equivalent
dynamics (4) is I&I stabilizable with target dynamics

FO (&, 7° (&) + = 0° (&) G (&, ¥ (&0), 9° (&)).
)

The mappings ¥°(-) and @°(-) are solutions of the two
equalities:
W)= WE)+ [ P LesgW(E(T)dT  (6)
7 (Eeer) = () +89° (8. (7

We note that the mappings ¥°(-) and @?(.) are defined by
their asymptotic series expansions in powers of & as follows

(&) =n(&) +Z % (&)

l>0

k1 =

5i

Accordingly, both the immersion mapping 7%(&) =
& (‘g’))/ and the implicit manifold characterisation
¢%(x) = xo — ¥¥(x;) are parameterized by the sampling
period 6. Setting 0 = 0, one recovers the continuous-time
solutions (7(-),d(:), 0(+)).

We note that the equality (6) ensures Input Lyapunov
Matching - ILM - at the sampling instants (see [15], [16])
of the closed loop behavior of the function W(-) on the
target dynamics (5).This guarantees that the equilibrium of
(5) is GAS. On the other hand, equality (7) guarantees
the invariance of the manifold. Accordingly, it is implicitly
defined as ¢%(x) = 0. On these bases, the I&I stabilizing
sampled-data feedback u = y?(x,z) is designed to drive z
to zero while preserving boundedness of the complete state
trajectories

0% (&) =

@i (&)

2

)
= F® (x1,%01) + jukG (X1k, X2k, Uk)

Zhpt = 2+ O — ¥° (X)) + 7P (x1k).

It follows that the equilibrium of the closed-loop x dynamics
is GAS in the delay free case.

X1k+1

Xok41 = Xok + Oy,

III. MAIN RESULT

Consider the continuous-time dynamics (2) (or, equiva-
lently, (1)) and its hybrid representation (3) over R"T!*V
when 7 = N§. Its sampled-data equivalent dynamics is
described as

5 &
= F° (e xs) + oy

1 1 2
X3kl = X3+ 0V, Viwy =V

X1k+1 —ViG® (x1g, X34, vh) ®)

N o _
Vi1 = Uk

or, in a more compact way, as x; ; = F ‘S(x,i,uk) with x¢ =
col(x}, x3, v, ..., vV) € RN In [6], the authors define
the GAS sampled-data 1&I target dynamics as the closed-
loop dynamics (4) under the delay-free feedback w®(-,-),
as defined in Proposition 2.1. Hence, the attractive manifold
is the one where the delay on the input is recovered. An
alternative approach is stated by the following result.

Theorem 3.1: Consider the input-affine continuous-time
dynamics in (1) with state delay 7= N§ under Assumptions
A, B and C. Let the extended sampled-data dynamics (8) with
equilibrium x¢ = col(x,, Ole) then it is I&I stabilizable
with target dynamics 5 and 3/5 ) R" — R defined as
in Proposition 2.1.

Proof: To prove the thesis, one has to show that the con-
ditions in Theorem 2.2 in [6] are verified. For this purpose,
suppose Y0 (-) and @%(-) defined according to Proposition
2.1 as solutions to the I-LM problem in (6-7) with control
Lyapunov function W : R" — R™. Consequently, one can
define the extended immersion mapping 7% : R" — R H1+N

2280 = (& (&) 0°(&) 9% (&iv-1) ©



and extended mapping @¢ : R* N1 RN+ g5

21k = 0P (i, i) = x3 — V0 (x1e)
22k = (ﬁf(xk,vk) :VJIC*(PS(Xlk) (10)

IN+1,K = 4313+1(xk7vk) = VkN - (Pé(xl,kJerl)
where v =col(v!, ..., VN

By construction, the three instrumental condition for 1&I
stabilization are satisfied (see Theorem 2.2 in [6]). More in
detail, the target dynamics & = a®(£) as in (5) has a
GAS equilibrium &, € RP. Then, the Immersion Condition is
satisfied by the choices (9)-(10) with zo = @ (xg,vp). On these
bases, it is straightforward that the sampled-data feedback
ue =0 (x{,zk) designed in order to bring z to zero and make
all the trajectories of the dynamics

2ikst =2uk+ 8lzae — 9% (x1)] + ¥ (x1) — ¥ (1)
2k+1 =23k INk+1 = ZN+1k
ke =9 (5, 2) — 0% (xikew)
X1 =F2 (0, 90 (0 20)-
(1)
bounded, globally asymptotically stabilizes the equilibrium
of (1). ]

Remark 3.1: When the system dynamics reaches the in-
variant manifold, the feedback reduces to c5(~) correspond-
ing to the delay-free stabilizing feedback @°(-) in Propo-
sition 2.1. When N = 0, the delay-free case, one recovers
®(&) = (&)

Remark 3.2: For a given 7, the pair (N, J) has to be
chosen as a trade off between computational effort and
required performances on the closed-loop system.

1) On the definition of the sampled-data control law:
Theorem 3.1 states sufficient conditions for the existence of a
1&I stabilizing controller uy = l/'/‘s (X, vk, 2x)- In this section,
we describe a multirate design strategy of order equal to
the dimension of the off the manifold state component z.
For, let us introduce the (N + 1)-order multirate sampled-
data dynamics associated with (11) when the 1&I controller
Wi (-,-) is denoted as u

N+1
Zik+1 =21k + 6 Z ik + @ (x1k+’ 2 )]+
i=2

P (1) = 7P (Rigeer) + Suf

20k+1 ZM% - ¢5(xlk+l) ¢6(x1k+2N 1)

N
Z = U, —
Nk+1 k e

N+1

_ 5
IN+HIk+L = — @ (xlk+1\%]1)

] . N
Xt =FP (5, uf) 31 = x3c+ Ol + Y vi]
i=1

N N+1

1 _2
Vi1 =Ug Vi1 = Uy

(12)
in which the control u(r) is_mamtamed constant at values
u over intervals of length & = W for all r € k0 + (i —

1)8,k8 +id], i

N+1

Remark 3.3: The prediction steps required with a single
rate strategy is N; the multirate strategy requires, at most,
N +1 prediction steps.

The hypotheses of Theorem 2.2 in [6] are naturally pre-
served under the multirate controller. Though, an accurate
rewriting of the immersion condition may be useful to point
out that the so-defined sampled-data controller preserves
manifold invariance under multirate-sampling. In particular,
by defining ¢#9 (&) :c‘s(éHﬁ) (i=1,...,N+1), one has

that V& € R”
& = a5<5k>
PG = P& +5 L 076 )+ 858
23(8) = @ (xixr1) NS (&) = (x1k+2N 1)
cN+1~5<¢k> qoS(leNzgl).
(13)

Finally, one can see that the 1&I stabilisation is achieved by
the (N + 1)-rate control u defined as

514' =01z, — Yg(xlk) + Vs(xlkﬂ )—

N+1
Y lzx+o ( 1k+,{,;fl)}
i=2
2 =—Tozoe+ 0% (x1es1) (14
N 5
u, =—Inzve+ @ (x1k+2NN—;11)
| 5
T = —Tnvpizvine+ @ (xlk+%)

with suitably defined gains I; (i = 1,...,N 4+ 1). More in
detail, when such a controller is applied, one has that all
trajectories of (12) are bounded for all kK > 0 with
lime ez =0 §2(7%(8),0) = P (&)
fori=1,...,N+1.
Without loss of generality, the proof of the existence of
such a solution is reported for the particular case of 7= .

IV. THE CASE T =0

Let us discuss more in detail the design of the feedback
W9 (x,z) in the single-rate case in which 7= §. In such a
case, Theorem 3.1 specifies as follows.

Proposition 4.1: Consider the continuous-time dynamics
(1) satisfying Assumptions A, B and C with state delay 7=
3. Let the extended dynamics on R"*? be

2

o)
X1k = FO (xi,xa) + kaG (X 14 X306, Vic) (15)

X3kl =X3+ 0V,  Vipl = Ug.

Then it is 1&I stabilizable with target dynamics (5) whose
equilibrium is made GAS with suitable choice of ¥, @°
R" — R.

Proof: The proof proceeds in the same way as in the
one of Theorem 3.1, so it will be omitted. ]



A. On the design of the sampled-data stabilizer

In this section, a possible choice of the controller which
satisfies the condition on Manifold invariance and attractivity
with trajectory boundedness is proposed. When 7 = §, the
double rate sampled-data equivalent model of the hybrid
dynamics (3) over time intervals of length § = 2§ is defined
as in (12) with

19 Cone, v ze) = W (o 26)
and ) i
V2 (e v 2) = W0 (g 13 1)-
Setting
59" (xig, viozk) =8T 12k + 76 x1k+1 (16a)
—75 (x1k) — 8lzok + @ (Mk)]
W9 (i, vk ze) =Dazog + 0% (x11) (16b)

the reduced z-dynamics is

21 = [1+ 0T zik, 2ot = [1+ 2]z

The existence of such a controller is proved in the following
Proposition.

Proposition 4.2: Given the sampled-data dynamics in (15)
verifying Theorem 3.1, then there exists a double-rate control
ensuring, at each step, I&I stabilisation of the dynamics in
(15). )

Proof: Denoting by ¥'® = u}. The proof consists in
verifying that there exist solutions in the form

W (i vio zk) + Y 8" (xX1k, v 2x) (17)
i>1
for j =1,2 to equalities (16a) and (16b).

The existence of a solution to (16b) is guaranteed since the
right-hand side of the equality does not depend on ¥29 itself;
hence, a series inversion is needed in order to compute the
resulting controller. For, one rewrites 'yg(x1k+1) as the sum
of two component:

Vs(xlk+1) = 7’?()51101/(70

V_ij(xlkaVk»Zk) =

)+ Sub 7 (xix,za,u))
where
7715()61/<,Zk,0) = VS(FS(xllekJrYS(Xlk),sz+<P8(x1k)))

does not depend on the control while

T’zé(xlkazk»uk) =

(x1k7Z1k+'}’6 (X1k), 20k + @ (xlk) ”k)]

Z x F‘S
25 axl =

is control dependent. One can now rewrite the equality
among formal series in (16a) as

Sug[1 — 775(X1k,Zk7uk)] — 8T (xf) 21—
0) + 9 (v1x) + 8lzax + 9% (x11)] = 0.

8S(8, X1k, 21, up) =

7716()611021{7

The existence of a solution is proved by means of the Implicit
Function Theorem. Indeed, for § = 0 one has

~uaen 252, ()

= W (X155 2%)

+g(x1)[zik + 0 (x1)]} + [z2x + @o(x1)] =0

S(0, X1k, 7k, 14} )

where % (-) and @o(-) are defined according to Proposition
2.1. Such an equality is solved if

{f o)+
226 + @0 (x14)]

Wo (Y1, z) = T (6)z1x —

|x1k

&) [zix + Yo(X1k)]} -

i.e., the controller defined on the double-rate Euler sampled-
data model of (3). Since the partial derivative

aqs,@’

is non-zero for any (xi,z), one can conclude that there
exists, for 6 small enough, a control u = 1/715(x,v,z) in a
neighbourhood of W (x,v,z) such that

p(8),

where p is the formal inversion p(8) =S~'(8,p(5)). Such
a solution can be defined as an asymptotic series of & in
the form (17) with ¥} (-,) = p(0). The I&I stabilisation is
guaranteed since the invariance of the multi-rate controller is
verified at the inter-sampling and sampling instants as in (13).
Hence, Theorem 3.1 is satisfied for a suitable choice of 5F1
and I, (not necessarily static) in order to have boundedness
of the whole state trajectories in 12, with N = 1. At this point,
the choice of 8I") and I', can be performed by means of a
control Lyapunov function defined as V% (x,v,z) = W(x;) +

2 2
):,-zlz,- . |

0 <= u= l/_/ls(x,v,z) =

S(8.p(8)) =

B. Some constructive aspects

In this part, some constructive aspects are sketched for the
computation of the solution in an approximate context, [17].
More in detail, considering (12), with N = 1, one gets in
O(|z]?) the approximation below

Xkt =F0 (1, ¥ (x10), @° (x16)) + PP (x1k 21 220) 21+
8’ - 18

SV (XK, Vies 2x)

G(x1k, 21k + '}’S(xlk)szk + (Ps(xlk)7 v

st(xlk,zlk,zzk)zzk+
19 (x, vie, 20))

with, discarding the dependence on the state and the control,

OF3 5 OF°

5 _ _
P = ox3 ‘x3:y5(x1) B = En ’V @3 (x1)’



Accordingly, one can write the Taylor expansion of y5 (*1k+1)
and @%(x15y1) in O(|z]?) as

#1960 +0(|zP) + 0(19'? ).
(18)

One can now define the controls 11715 and _l/‘/z‘s by their
asymptotic series expansions with respect to d truncated at
the p-th order; namely,

- ‘ P

1I7j5’[pﬂ (x1,1,2) = II_/(; (x1,v,2) + Z 5lu7ij (x1,v,2)

i>1

for j=1,2. Substituting (19) and (18) into (16a) and (16b),
under suitable boundedness assumptions on I'j(xg,vi), j =
1,2, for the corresponding approximated dynamics in O(5?)
and O(|z|?), one has that limy_,..zx = 0 with manifold invari-
ance and boundedness of the approximated state trajectories.
This implies that the computed feedback at least locally
stabilizes the delayed continuous time dynamics in (1).

19)

V. EXAMPLE

Let us consider the system in strict-feedback form

%1(0) =3 (1) +xa(t — 1), x2(t) = u(r). (20)

A. Continuous-time design - the delay free case

Let us consider T = 0. In the continuous time case, one
has that the I&I control law which makes the origin globally
asymptotically stable is

uc(x) = =Tez+7(x1) @:(x)=7%x) K>a>1

with T =2 and ¥.(x;) = —x? — x;. The immersion mapping
and invariant manifold are defined as in the proof of Propo-
sition 2.1. The target dynamics is & = —&.

B. Sampled-data design - the delay free case

Once again, suppose T =0 and introduce the sampled-data
equivalent model associated to (20) as below

2
Xt = X1+ 8 (03 +xox) + 8201 (03, +x01) + S+ O(83)
Xok+1 = Xk + Oty

In this case, the resulting target dynamics is GAS by setting

W) =-&—& 1n&) =28
@o(&) = &+2&  @1(&) = —2& —8EF —4&}

where Y, 71, and ¢q are the terms of yé,[z} and (p‘s*[l] which
are defined according to Proposition 2.1. The final second-
order approximated sampled-data I1&I control law is provided
by SWp(xik,xak,2k) = —Tzk + Y0 (x1xr1) — ¥° (x1x),where

(x1k+1) is computed as its Taylor extension around xij
truncated at the second-order.

C. Sampled-data design - the case of T =0

According to Section II-A, one introduces x3(f) = x(t — 7)
and the sampled-equivalent extended dynamics associated to
(20) as

2

1)
Xtk 1 = X1+ O (xf +x3) + 821k (¥ +x3¢) + ETICE 0(8%)

X341 = X3k +OVk  Viy1 = Uy
21

According to the sampled-data delay-free design, one in-
troduces the target dynamics, immersion mapping and off-
manifold component as in Proposition 4.1 and the problem
results in finding (x,v,z) such that limy .z = 0 and
7o (7%(&),0) = % (&), with boundedness of the trajectories
of the system with state (z, x, v). Accordingly to Section
V-A, one can define sampled-data controller by considering
the double-rate sampled-equivalent model. Setting
13}

~18,[2] (

SV

)
> Xik> Vi, 2k) = §F1Z1k+75(x1k+1)—

Y (xix) — g[ZZk + 9% (x1e)]

X1ky Vo 2k) = Dazon + 02 (X1 11)

(22)

g2

one ensures stability of the closed-loop sampled-data input-
delayed dynamics.

D. Simulations

Fig. 1. §=0.1s and xo = (0.5,0.5)"

Simulations are carried out on the example in Section V
for different sampling periods 8. The control law is defined
according to an I&I double-rate design when T = § with
gains I'y, I, = 1. All the simulations are performed for
the initial condition x = (0.5 O.S)T. The control approach
presented in this paper is compared with the continuous-time
and sampled-data ones (respectively in [1] and in [7]), when



the former ones are applied to the delay-free dynamics. In
general it can be pointed out that the so-defined feedback
leads to good performances even with respect to the delay-
free case. This is achieved since the control law is not
explicitly designed in order to predict the delayed-state, but
to stabilize the dynamics with no information on the delay-
free controller. As a matter of fact, the proposed controller
directly stabilizes the delayed-dynamics by leading it to
the invariant manifold where the implicit prediction aim
is fulfilled. Promising performances are obtained when &
increases with still limited control efforts and reasonable
smoothness of the trajectories.

X, ecdonoer e

,cdnoer e

Fig. 2. 8§ =0.4 s and xp = (0.5,0.5)7

VI. CONCLUSIONS

In this paper a multi-rate sampled-data I&I controller
is proposed for a special class of dynamics in which one
state is affected by delays. The performances are shown
through simulations on an academic example. The proposed
approach can be extended to the case of dynamics with
delayed interconnection (e.g. through the state component
Xxp) taking advantage of possible intrinsic properties of the
sampled-data equivalent models [18].
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