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Abstract

The self-potential method responds to chemical potential gradients of charges
carriers creating polarization in the porous media. Of specific interest are the
streaming potential due to fluid flow and the "electro-redox" effect associated
with redox potential gradients.

To evaluate the self-potential distribution resulting from all these charge po-
larisation mechanisms and enable the study of variably saturated flow problems of
complicated geometry, a two-dimensional finite element algorithm is implemented
in Matlab. This forward algorithm explicitly calculates the distribution of electric
current sources and solves for the self-potential given a model of pressure and/or
redox potential and prescribed values of electrical resistivity. The numerical pro-
cedure is verified to be accurate and stable through a comparison with synthetic
simulations. The capacity for producing 2-D reconstruction of transient or steady
state flow models in anisotropic, heterogeneous and water-saturated porous ma-
terials is illustrated throught the model of a leak in a dam, the case of a pumping
test in an unconfined aquifer and the problem of coupled hydroelectric problem
associated with the presence of a cavity.

A new laboratory apparatus is presented to explain the physical and chem-
ical mechanisms that generate self-potential anomalies in the vicinity of buried
metallic objects and to validate a linear inversion algorithm. The controlled lab-
oratory experiment involves a metallic body buried with vertical orientation and
centered through and in the capillary fringe within a sandbox. Preliminary tests
were performed to choose a right sand through a performance comparison among
different materials and to evaluate approaches to remove electrode effects and
provide adequate corrections. Large dipolar self-potential anomalies developed
in association with the progressive corrosion of the vertical body. The inverse
problem is solved by accounting for the electrical conductivity distribution and
the self-potential data in order to recover the source current density vector field
using a 2-D LSQR finite-element modeling approach. This experiment indicates
that passively recorded electrical signals can be used to nonintrusively monitor
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corrosion processes, lending support to the geobattery model over organic con-
taminant plumes. Furthermore, synthetic and real simulations, performed on
heterogeneous models with anomalies included, provide low-error inverted mod-
els whereas anomalies are well-detected both for shape and position. In particular
the inversion algorithm was applied to a field data set collected in the San Vit-
torino Plain, located in Central Italy, in order to identify the location of sinkholes
and investigate the effects of different resistivity structure assumptions on the SP
inversion results.

The whole geophysical process (data processing, forward modelling and in-
version) has been included through an interactive Matlab algorithm divided in
sections, where the operator can act to change. The algorithm is suitable for lab-
oratory and field investigations, because of its high flexibility and reliability now
reached by forward and inversion routines, with the primary aim of extending the
approach to engineering and environmental applications.
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Riassunto

I potenziali spontanei sono potenziali elettrici quasi-statici di origine naturale
generati da sorgenti distribuite nel sottosuolo. Le componenti principali sono il
potenziale elettrochimico legato alla presenza del gradiente del potenziale redox
e il potenziale elettrocinetico prodotto dal flusso dell’acqua che circola nei mezzi
porosi.

Al fine di riprodurre tali segnali di potenziale spontaneo in mezzi saturi ete-
rogenei e anisotropi caratterizzati da geometrie complesse, l’attività di ricerca è
stata incentrata sull’implementazione di un algoritmo in Matlab. La soluzione del
problema diretto 2-D è stata ottenuta a partire da un modello di pressione o po-
tenziale redox e dalla distribuzione di resistività elettrica tramite la formulazione
numerica dell’equazione di Poisson. L’algoritmo agli elementi finiti sviluppato si è
dimostrato essere stabile e accurato mediante procedure di simulazione rispetto a
casi di studio sintetici e reali riportati in letteratura. Nel dettaglio, si è verificato
che questo approccio può essere utilizzato per produrre modelli 2-D per l’indivi-
duazione e caratterizzazione dei flussi di infiltrazione d’acqua (seepage) attraverso
i corpi-diga, per l’interpretazione di prove di emungimento e per l’identificazio-
ne e localizzazione di cavità isolate/forme carsiche superficiali esistenti, le quali
costituiscono naturali vie di convogliamento delle acque meteoriche incidenti e
corrivanti sulla superficie topografica nel sottosuolo.

Per approfondire lo studio del potenziale elettrico generato dalla presenza di
corpi metallici sepolti e validare l’algoritmo presentato per l’inversione dei dati
di potenziale spontaneo, è stato effettuata una prova sperimentale. Sono state
eseguite misure 2-D di potenziale e resistività elettrica su un modello fisico di la-
boratorio capace di simulare un acquifero, favorire le reazioni di ossido-riduzione
e lo sviluppo progressivo dell’anomalia negativa in corrispondenza di un elemento
in ferro a seguito del processo di corrosione. Test preliminari di laboratorio han-
no messo in luce i principali problemi della campagna di misura provocati dalla
tipologia di sabbia utilizzata e dagli errori di misura sugli elettrodi. L’apparato
sperimentale, dopo opportune modifiche e la minimizzazione dei suddetti errori,
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ha fornito misure stabili e ripetibili. I valori di potenziale spontaneo acquisiti
in profondità e quelli di conducibilità elettrica sono stati forniti all’algoritmo di
inversione basato sul metodo LSQR e utilizzati per ricostruire fedelmente la di-
stribuzione della densità di corrente esterna, nonchè per riprodurre il modello di
"geo-batteria". Inoltre, simulazioni numeriche eseguite su un sintetico di labo-
ratorio e su dati di campagna acquisiti nell’ambito di un’indagine condotta per
la localizzazione di sinkhole incipienti nella piana di San Vittorino (RI), hanno
fornito dei modelli finali con valori limitati di errore e una buona ricostruzione
delle anomalie sia in termini di forma che posizione.

L’intero processing geofisico (elaborazione dei dati, modellazione e inversione)
è stato incluso all’interno di un codice in Matlab interattivo, il quale consente di
lavorare sia su dati ricavati da indagini di campagna che su quelli ottenuti da
sperimentazioni in laboratorio grazie alla flessibilità e affidabilità raggiunta dalla
modellazione e dall’inversione, con l’obiettivo primario di estendere tale approccio
risolutivo alla più ampia casistica di applicazioni del metodo del potenziale spon-
taneo dal punto di vista geologico, in ambito idrogeologico, in campo ambientale
e ingegneristico.
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Chapter 1

Introduction

1.1 Environmental Geophysics

Geophysics applies the knowledge and methods of physics, mathematics and
chemistry to understand the structure of Earth and its environment. Detailed
characterization of the subsurface is critical in environmental, groundwater, and
geotechnical investigations, as well as tectonics, mining, and petroleum reserve
studies.

As the range of applications of geophysical methods has increased, particularly
with respect to contaminated land investigations, the discipline of "environmental
geophysics" has developed in the last decades. This is due to several reasons: (i)
the increasing awareness of environmental problems (ii) the continuing improve-
ment in survey equipment performance, automation and information resolution of
sensors and devices; (iii) the advances in processing and imaging software. In par-
ticular, two sub-disciplines have been introduced: hydrogeophysics (geophysics in
groundwater investigations; [90, 110, 138]) and bio-geophysics (geophysical man-
ifestation of microbial activity within geological materials; [7]).

Hydrogeophysics has grown since 1990s as a multi-disciplinary subject that
focuses on the use of geophysical methods for characterising subsurface features,
determining hydrogeological properties and monitoring processes relevant to soil
and groundwater processes.

The subdiscipline of bio-geophysics has emerged over the last decade or so and
examines the geophysical signatures of microbial cells in the Earth, the interac-
tion of microorganisms and subsurface geological materials, and alteration of the
physical and chemical properties of geological materials as a result of microbial
activity.

Environmental geophysics is used to characterize subsurface conditions for
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1.1. ENVIRONMENTAL GEOPHYSICS

geologic, hydrogeologic and engineering investigations, as well as to assess the
occurrence and potential for impact of hazardous materials and chemical con-
tamination [47, 106, 125, 139].

Electromagnetic (EM) methods in general are highly sensitive to water content
and are therefore most suitable for addressing the problems related to subsurface
physical properties and processes. Furthermore, the reason for the success of
the application of EM methods to environmental problems lies in the variation of
conductivity caused by different geometry of pore fluids and clay contents in rocks,
and by the presence of organic and inorganic contaminants [113, 132]. Among
these geophysical techniques, ground penetrating radar (GPR) technology is of
particular interest for providing high-resolution subsurface images and specifically
addressing water-related questions, including GPR applications in environmental
studies, such as the characterization of abandoned landfills: thickness of the
deposit, location of metal and non-metal objects (barrels, voids, etc.), soil profiles,
groundwater level and contaminant plume [64, 85, 97].

During the last two decades, various seismic methods have been developed and
widely used to study the shallow subsurface to engineering, environmental and
groundwater-related investigations. For example, the shallow-reflection technique
has recently been used in mapping bedrock beneath alluvium in the vicinity of
hazardous waste sites, detecting abandoned coal mines, following the top of the
saturated zone during pump tests in alluvial aquifers, and in mapping shallow
faults [118, 126].

Geoelectrical methods, commonly used in hydrogeological, mining and geotech-
nical investigations, have also been widely and successfully utilized for environ-
mental surveys in the past twenty years [34, 67, 145]. The resistivity data can
be used to identify, delineate and map the subsurface defining such things as
electrical conductor contamination plumes, lithologic units with clay, the salt
water/fresh water interface and the vadose zone. Besides the resistivity, in last
decade, the Induced Polarization (IP) technique have been affirmed as one of
the most important methods for detection of contamination plumes [20, 25], in-
vestigation of waste dumps [22, 141] and monitoring of in-field bio-remediation
[30].

The self-potential (SP) method has been a breakthrough method in the past
few decades for a broad range of applications, including hydrology [17, 130],
geothermal and volcanic systems [33, 77], geotechnical and environmental engi-
neering [32, 116], mineral exploration [53, 111], and petrophysics [55, 68].
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1.2. AN OVERVIEW OF THE SELF-POTENTIAL METHOD

1.2 An overview of the self-potential method

The self-potential method involves the passive measurement of the electrical po-
tential distribution at the ground surface of the Earth with non-polarizable elec-
trodes. SP anomalies are associated with charge polarisation mechanisms occur-
ring at depth. The two main mechanisms are (1) the streaming potential due
to electrokinetic coupling [13, 45] and (2) the "electro-redox" effect associated
with redox potential gradients [31, 79, 80]. All these mechanisms are related to
chemical potential gradients of charges carriers creating polarization in the porous
media.

Since the first measurements of self-potential by Fox [44], the method has
been applied to mineral exploration, oil well logging and geothermal exploration.
Early research for explaining all driving forces that give rise an SP response can be
attributed to Marshall and Madden [69], Sato and Mooney [111] and Nourbehecht
[82]. Historically, the self-potential method has been mainly used in qualitative
analysis of the measured data. However, in the last decades, many researches have
given a more quantitative interpretation of SP anomalies for hydrogeological,
environmental and engineering applications. Many methods of interpretation
were developed for self-potential data.

Geometric source techniques, originally employed to infer the locations of
SP anomalies associated with ore bodies, are based on the assumption that the
sources may be approximated by a polarized model of simple geometry. Curve-
matching [39, 72] and parametric curve [11, 87] have been used to recover source
parameters such as the surface location, depth, geometry and dip or polarization
angle of the body.

In this context, source image methods have been applied to reconstruct the
most probable location and shape of discrete SP buried sources, by estimating the
position of their centres and critical points of their boundaries, as corners, wedges
and vertices. These methods assume that measured SP data result from the ag-
gregation of poles, dipoles, quadrupoles and octopoles in the subsurface, and
consequently they must employ normalized cross-correlation to enable a compar-
ison of sources at different depths. These approaches aim to locate self-potential
sources in terms of a charge occurrence probability (COP) function [40] and a
dipole occurrence probability (DOP) function [56, 100]. Within the framework
of numerical approaches, the conventional and extended Euler deconvolution has
been used to determine location, depth and geometry of the causative source [4].
Shape factor, depth and polarization angle for simple geometries of source models
have been also estimated by sophisticated optimization methods, such as genetic
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1.2. AN OVERVIEW OF THE SELF-POTENTIAL METHOD

algorithms [2], particle swarm optimization [89], very fast simulated annealing [14]
and ant colony optimization [124]. Source parameters have been also retrieved
through automatic imaging methods, aiming at improving the interpretation of
potential field anomalies related to mining and environmental studies [1].

Other methods are based on the continuous wavelet transform, which allows
the characterization of discontinuities or abrupt changes in the measured signal
and a quick analysis of potential field data [41, 78].

Forward modeling methods have been developed to predict the self-potential
response to a primary fluid flow field. Sill [119] was the first to introduce a
physics-based approach to simulate numerically the occurrence of SP anomalies
associated with ground water flow. He used the finite-difference method. Later,
the streaming potential problem has been solved with the finite element approach
[58, 99, 142] and the finite volume approach [116].

The inversion of SP data provides a more rigorous means of interpreting a
subsurface distribution of current sources. Shi [117] implemented an inversion
method for 3D self-potential which requires a priori information to improve the
robustness of the solution. Minsley et al. [74] further developed this inverse
procedure by introducing sensitivity scaling and constraints. They performed
an inversion of SP data to define the shape and extension of a contaminant
plume where redox processes are occurring [75]. Linde and Revil [66] solved the
Poisson equation to determine the distribution of the redox potential versus depth
over a contaminant plume associated with the presence of a municipal landfill.
Mendonca [73] proposed an algorithm to invert self-potential signals to delineate
the position of ore bodies at depth using the geobattery model developed by [128].
Soueid Ahmed et al. [121] introduced a finite element algorithm for localizing the
causative source of self-potential signals associated with ground water flow. All
these models generally include the distribution of the electrical resistivity as prior
information in the inversion process.

Most recent applications of the SP method have been hydrologic investigations
aimed at mapping fluid flow patterns [18, 54], reconstructing the geometry of
the water table [13, 59], and determining hydraulic parameters of porous media
and aquifers [19, 70]. Several other recent efforts have included the detection
and imaging of groundwater infiltration into subsurface voids and sinkholes [60],
investigating geothermal system and volcanic vent characteristics [107], and the
localization of hydromechanical disturbances associated with hydraulic fracturing
activities and other natural or manmade seismic sources [48, 84].
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1.3 Thesis objective and outline

The purpose of the research presented in this thesis is to develop numerical al-
gorithms for modeling and inversion of self-potential signals generated by both
electrokinetic and electrochemical mechanisms. The idea is to accomplish this
approach by focusing the problem into the following four primary objectives:

1. Present a new 2-D forward solver for predicting the SP response and validate
the finite element numerical solution through comparison with approaches
and synthetic examples reported by other authors;

2. Conduct a laboratory experiment to test the geobattery model associated
with the corrosion of a metallic body and to investigate the physical prop-
erties that govern the occurence of the self-potential signals;

3. Develop an inversion algorithm to evaluate the spatial distribution of the
source current density within the near-field regiojnns of electrical charge
carriers in the subsurface;

4. Validate the numerical algorithms through laboratory experiments and field
surveys.

Chapter 2 provides background information regarding the general behavior
of the coupled phenomena and the origin of self-potential signals generated by
hydraulic and chemical forcing mechanisms. The chapter illustrates a conceptual
pore-scale model of streaming potential and a theoretical basis for the geobat-
tery model used to localize ore bodies and, more recently, to explain some strong
self-potential anomalies observed, under some specific circumstances, over con-
taminant plumes.

Chapter 3 introduces a 2D finite element algorithm for calculating the self-
potential distribution. The algorithm was developed to enable the study of prob-
lems of complex geometry for application to engineering, environmental and hy-
drogeological investigations. The chapter outlines the development of the forward
modeling scheme, which involves discretization of the domain and coupled flow
equations, and application of the boundary conditions. A serie of examples com-
paring predicted and measured self-potential data are presented with the appli-
cation of the numerical procedure to studies in the literature. The discussion of
the numerical solution technique includes the application of MaxSym, a Matlab
tool which is designed specifically to simulate axisymmetric flow (Louwyck et al.,
2012), for a pumping test analysis, and the utilization of the coded algorithm in
Matlab for a comprehensive solution of the other SP problems.
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1.3. THESIS OBJECTIVE AND OUTLINE

Chapter 4 describes the inversion algorithm for recovering a two-dimensional
source current density distribution from measured self-potential data. This ap-
proach enables to extract pertinent information about the underlying hydraulic
or chemical regime from the geophysical data, and permits to include the effect of
heterogeneous conductivity distributions. The inverse problem is solved by min-
imizing a model objective function to recover the simplest source current density
model that leads to an acceptable fit with the observed self-potential data.

Chapter 5 shows inversion results from 2-D laboratory investigations and field
surveys. The chapter introduces a laboratory apparatus designed to measure
electro-redox potentials generated by a metallic iron bar inserted in a cylinder
Plexiglas sandbox filled with a calibrated sand partially infiltrated by water. In
addition to this, also a real example is reported to understand potential and limits
of the of the inversion reconstruction where streaming potential is the dominant
mechanism. These examples also serves to demonstrate how prior information
about the hydraulic, chemical and electrical flow systems can be used to help
constrain the solution. Finally Chapter 6 summarized the key finding of the
research, discusses the practical contributions and comments on area of future
challenges.
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Chapter 2

Self-potential method

The self-potential or spontaneous polarization method is a passive geophysical
technique based on the measurement of the electric potential resulting from var-
ious electrochemical processes occurring in the subsurface.

This Chapter provides background information regarding the origin of self-
potential signals generated by hydraulic and chemical forcing mechanisms and
discusses the principle of the measurements, strategies to map or monitor the
self-potential field and the sources of noise. It also gives a short overview of
the electrical double layer coating the surface of the minerals. Indeed, a good
understanding of the electrical double layer is of paramount importance in the
study of self-potential signals.

2.1 The origin of self-potentials

Self-potentials are the result of coupling between electric and non-electric flows
and forces in the earth. On the macroscopic scale, coupled transport phenomena
are typically discussed in the context of non-equilibrium thermodynamics (e.g.
[38]), and it is assumed that fluxes are linearly related to driving forces. This
results in a linear system of coupled equations (2.1), where Lij are phenomeno-
logical coupling coefficients that link the forces Fi to fluxes Γi:

Γ1

Γ2

Γ3

Γ4

 =


L11 L12 L13 L14

L21 L22 L23 L24

L31 L32 L33 L34

L41 L42 L43 L44



F1

F2

F3

F4

 (2.1)

Onsager [83] showed that, for small flows, the matrix of coupling coefficients
is symmetric (i.e. Lij = Lji). Because of the coupling described by Equations in
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2.1. THE ORIGIN OF SELF-POTENTIALS

(2.1), it is also possible to have contributions to any of the fluxes from any other
non-conjugated forcing, i.e:

Γi =
∑
j

LijFj (2.2)

All sixteen possible phenomena are summarized in Table 2.1. The table lists
primary and coupled flow phenomena and illustrates the interdependence of fluid,
temperature, electrical and ionic system. Primary flow laws are listed as diagonal
terms and coupled flow phenomena are listed as off-diagonal terms.

Table 2.1: Coupled forces and fluxes (after [74], modified).

Electric gradient Hydraulic gradient Chemical gradient Temperature gradient

Electric Ohm’s Law Electrokinetic effect Electro-diffusion Seebeck effect

Fluid Electro-osmosis Darcy’s Law Chemico-osmosis Thermo-osmosis

Solute Electrophoresis Ultrafiltration Fick’s Law Soret effect

Heat Peltier effect Therma filtration Dufour effect Fourier’s Law

When more than one flow exists in a system, each flow could be represented
as a combination of all other forces. As a result, the total electric current density,
i.e. J (Am−2) could be expressed as:

J = Jc + JK + JD + JT , (2.3)

where Jc,JK ,JD and JT are conduction current, streaming current, diffusion cur-
rent and current due to temperature gradient, respectively [74]. The conduction
current can be written as:

Jc = σE, (2.4)

where σ is the electrical conductivity (Sm−1) and E the electric field (V).
The self-potential problem, by definition, is concerned only with currents that

vary on the time scale of the forcing mechanism, which is generally very slow for
processes in the earth [74]. Therefore, the quasi-static form of Maxwell’s equations
can be applied:
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2.1. THE ORIGIN OF SELF-POTENTIALS

∇× E = −∂µH

∂t
' 0 (2.5)

∇×H =
∂εE

∂t
+ J (2.6)

∇ · εE = ρ (2.7)

∇ · µH = 0, (2.8)

where H is the magnetic field (Am−1), µ the magnetic permeability (Hm−1), ε
the electric permittivity (Fm−1) and ρ the charge density (Cm−3),

By neglecting the magnetic induction in Faraday’s Law (Equation (2.5)) the
electrical field is conservative and it consequently can be derived from the gradient
of a scalar potential Ψ, expressed in V:

E = −∇Ψ. (2.9)

Taking the divergence of Ampère’s Law (Equation(2.6)):

∇ · (∇×H) = ∇ ·
(
∂εE

∂t
+ J

)
= 0, (2.10)

and substituting Gauss’ Law (Equation(2.7)) yields the equation for the conser-
vation of charge:

∇ · J = −∂ρ
∂t
. (2.11)

For the quasi-static case, the time derivative of the charge density is neglected,
resulting in the familiar equation for the conservation of current:

∇ · J = 0. (2.12)

This means that the total current density is conservative (all the current entering
a control volume must also exit in the absence of sources and sinks; there is no
storage of electrical charges inside the control volume).

Substituting Equation (2.3) into Equation (2.12), and separating the forc-
ing from the electrical response, the self-potential field Ψ is the solution of the
following elliptic (Poisson-type) equation:

∇ · (σ∇Ψ) = ∇ · Js = s, (2.13)

where the source current density s (Am−3) equals the divergence of the sum of
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2.2. ELECTRICAL DOUBLE LAYER

the current densities due to the forcing mechanism(s), i.e.:

Js = JK + JD + JT =
∑
j 6=1

L1jFj. (2.14)

Equation (2.13) is the fundamental field equation in the interpretation of
(quasi-static) self-potential signals. It states that an electrical potential distri-
bution is created by a source term, corresponding to the divergence of a source
current density. The coupling coefficients, Lij , found in the source term clearly
play an important role in determining the self-potential response. A significant
amount of research has therefore gone into understanding the coupling coefficients
for various forcing mechanisms (e.g. [29], [98]). While the coupling coefficient
is not a focus of this thesis, a brief review of the coupling for electrokinetic and
electrochemical processes is presented in Sections 2.3 and 2.4 as the concepts are
relevant to subsequent discussions.

2.2 Electrical double layer

Before proceeding with the description of the self-potential signals, it is worth
describing the concept of the electrical double layer (often described as a triple
layer) at the pore water–mineral interface, because of its importance in all that
follows.

The innermost layer is the solid surface having a net electrical charge, either
positive or negative, which is controlled by surface chemistry. Factors influencing
the polarity of this charge include for example mineralogy or chemical composi-
tion of the solid particles, pH of the pore fluid or imperfections in the molecular
or lattice structure of the solid [129]. For instance, clay particles are negatively
charged due to isomorphous substitution, incomplete occupation of the positions
available for metal ions and release of protons from hydroxides. At near-neutral
pH values, the negative surface charge of the mineral attracts the ions of positive
sign (counterions) in the fluid and repels the ions of the same sign (coions). The
positively-charged region of sorbed ions adjacent to the mineral surface consti-
tutes the second layer, called the Stern (or fixed) layer [127]. The Stern layer is
located between the o-plane (mineral surface) and the d-plane, which is the inner
plane of the more loosely bound electrical diffuse or Gouy layer [102] (Figure 2.1).
This third layer is made of free ions that move in the fluid under the influence
of electric attraction and thermal motion rather than being firmly anchored. Be-
cause of this, the relative movement between solid and liquid tends to cause the
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2.2. ELECTRICAL DOUBLE LAYER

transport of some of the charges, creating an electric current (see Section 2.3).

Figure 2.1: Sketch of the electrical double layer at the pore water–mineral interface
coating a spherical grain (after [104], modified). In the present case (negatively charged
mineral surface), M+ denotes the counterions while A− denotes the coions. The pore
water is characterized by a volumetric charge density Qv corresponding to the (total)
charge of the diffuse layer per unit pore volume (Cm−3).

There are three fundamental consequences associated with the existence of
the electrical double layer [104]:

1. The pore water is never neutral;

2. There is an excess of electrical conductivity in the vicinity of the pore
water–mineral interface responsible for the so-called surface conductivity;

3. The double layer is responsible for the (non-dielectric) polarization of the
porous material.

The first consequence is fundamental to understanding the nature of electrical
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currents associated with the flow of the pore water (see Section 2.3); therefore,
the occurrence of self-potential signals associated with ground water flow.

The second consequence is crucial to the understanding of electrical conduc-
tivity in porous materials, and to the interpretation of resistivity data. The local
conductivity σ(x) depends on the local distance x from the charged surface of
the mineral. The Stern layer is responsible for the excess surface conductivity ΣS

(S) with respect to the conductivity of the pore water σf while the diffuse layer
is responsible for the excess surface conductivity Σd (Figure 2.1). These surface
conductivities are sometimes called specific surface conductance because of their
dimension but they are true surface conductivities.

The third consequence is important to the understanding of induced polariza-
tion, which translates into the frequency dependence of the electrical conductivity.

2.3 Streaming potential

Streaming potentials result from the coupling between fluid flow and electric
conduction in porous media, a phenomenon known as the electrokinetic effect
[55]. This generates a macroscopic electrical field due to the movement of pore
water through the capillary or porous medium.

In the absence of significant chemical concentration or temperature gradients
the coupled flow equations that describes electrokinetic processes in a water-
saturated medium heterogeneous are [119]:

u = −k
µ
∇P − ke∇Ψ, (2.15)

J = −L∇P∇P − σ∇Ψ, (2.16)

where k is the intrinsic permeability of the porous medium (m2), µ the dynamic
shear viscosity of the pore water (Pa s) and P the pressure (Pa). The hydraulic
gradient is expressed in terms of ∇P = ρwg∇h, where ρw denotes the mass
density of the pore water (Kgm−3), g the acceleration of the gravity (ms−2) and
h the hydraulic head (m). Using this convention, the phenomenological coupling
coefficients take the form of the pressure gradient L∇P =

Lji
ρw

(A2Kg−1), the
coefficient of electro-osmotic permeability ke =

Lij
ρw

(m2(sV)−1), the electrical
conductivity σ (Sm−1) and k

µ
.−ke∇Ψ describes electro-osmotic fluid flow due

to the viscous drag of the pore water associated with the displacement of the
excess of electrical charge in an electrical field while−L∇P∇P describes streaming
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2.3. STREAMING POTENTIAL

current flow due to the drag of the electrical excess charge contained in the
electrical diffuse layer.

In the study of the streaming potential phenomenon, Mitchell [76] reported
negligible contribution of the electro-osmotic flow term in materials with K >

10−9 ms−1. Hence, fluid flow in cohesionless soils and most broadly graded glacial
tills is governed by the primary hydraulic gradient, and Equation (2.15) is reduced

to Darcy’s law. For most geologic materials, the quantity
k
µ
σ

ke
are order 103 to

107 [42]. Therefore, the contribution of the primary flow term to the overall fluid
flow will be much greater than that of the coupled flow term, regardless of the
hydraulic conductivity of the material [115].

According to the convection current model proposed by [119], coupled elec-
trical current flow can be described by a convection current or streaming current
Jconv, induced by the hydraulic gradient, and a conduction current Jcond, induced
by the resultant separation of charge within the porous medium. Equation (2.16)
can be expressed in terms of these two current densities:

J = Jconv + Jcond, (2.17)

where:

Jconv = −L∇P∇P, (2.18)

Jcond = −σ∇Ψ. (2.19)

Figure 2.2 presents this conceptual pore-scale model of streaming potential.
Under static no-flow conditions, the saturated medium is electrically neutral with
adsorbed ions from the fluid completely balancing the negative surface charge of
the solid particles. The onset of fluid flow pulls positive ions from the diffuse outer
layer in the direction of flow, which generates the electrical current Jconv while a
charge imbalance results from the movement of ions in the direction of flow, which
induces the opposing conduction current, Jcond. The convection and conduction
currents balance each other under steady-state fluid flow conditions, and create
a closed current loop. Although the streaming current is strictly limited to the
saturated pore channels, the conduction current permeates the entire medium
and may be quantified with self-potential measurements [115].

25



2.3. STREAMING POTENTIAL

Figure 2.2: Convection and conduction currents in a saturated pore channel (after[74]).

The alternative formulation to Equation (2.16) is [103]:

J = −Qvu− σ∇Ψ, (2.20)

where Qv is the excess of charge (of the diffuse layer) per unit pore volume
(Cm−3). It can be predicted from the hydraulic conductivity K according to
log10Qv = −3.49− 0.82log10K. The validity of this empirical expression is shown
in Figure 2.3 for a broad variety of rocks and sediments [61]. These measurements
were performed at various salinities and pH values (pH between 5 and 7 except
for the limestones).
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Figure 2.3: Quasi-static charge density Qv (excess pore charge moveable by the quasi-
static pore water flow) versus the hydraulic conductivity K for a broad collection of core
samples and porous materials (after [122]).

The constitutive equations (2.15) and (2.20) are combined with two continuity
equations for the mass of the pore water and the electrical charge, respectively.
The groundwater flow is governed by the diffusion equation [10]:

∂P

∂t
= ∇ · (D∇P ), (2.21)

where D = k
µβs

denotes the hydraulic diffusivity (m2s−1) and βs is the specific
storage (Pa−1). It is subjected to the following Dirichlet and Neumann boundary
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conditions:

P = PD at ΓD; −n · k
µ
∇P = 0 at ΓN . (2.22)

The pressure PD denotes the pressure fixed at the boundary ΓD and n is the unit
vector normal to the boundary ΓN .

Combining Equations (2.12) and (2.20) gives a Poisson equation with a source
term that depends only on the seepage velocity in the ground:

∇ · (σ∇Ψ) = ∇ · (Qvu). (2.23)

Generally, a Neumann-type boundary condition ΓN is imposed at the insu-
lating air–ground interface while a Dirichlet condition ΓD is established at the
others boundaries:

Ψ = 0 at ΓD; −n(σ∇Ψ−Qvu) = 0 at ΓN . (2.24)

The physical model described above indicates that the source current density
responsible for the occurrence of the self-potential signals is strongly related to
the ground water flow pathways [105].

2.4 Electrochemical potential

Electrochemical or diffusion potential is the result of coupling between the chem-
ical gradient (force) and the electric current density (flux). The potential is
generated because of the difference in the ion’s mobilities in different solutions’
concentration [114, 74]. The occurrence of a significant amount of this type of
self-potential anomalies is associated with redox half-reactions involving electron
donors and electron acceptors and working together with an electronic conduc-
tor allowing the long-range transport of electrons. In order to explain qualita-
tively these self-potential signals, a geobattery model was introduced by Sato
and Mooney [111] (Figure 2.4). This model, later revisited by Sivenas and Beales
[120], Stoll et al. [128] and Bigalke and Grabner [12], consider both the distri-
bution of the redox potential and the kinetics of the chemical reactions at the
surface of the metallic particles. The metallic body participates directly in the
two half-cell reactions of the electrochemical cell, which consists of anodic (ox-
idizing) and cathodic (reducing) reactions. These reactions are located at the
bottom and the top of the ore body, respectively Figure 2.4. Stoll et al. [128] and
Bigalke and Grabner [12] derived an inert electrode model, which is based on the
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classical electrochemical model for metallic electrodes of Bockris and Reddy [16].
This model is based on the non-linear Butler–Volmer equation between the elec-
trical potential and the current density generated at the surface of the metallic
body. Once linearized, this equation yields:

Js = J0
nF

RT
(−EH + Em −Ψ), (2.25)

where J0 is the exchange current density at the surface of the metallic body, n
is the number of molar equivalents transferred for the given exchange reaction
between the electronic conductor and the surrounding medium, F = Ne is the
Faraday constant (9.65×104 C mol−1), R is the gas constant (8.31 J K−1 mol−1),
T is the temperature (K), EH is the redox potential (V), and Em is the redox
potential of the metallic conductor (V). The redox potential of the metallic con-
ductor corresponds to the chemical potential of the electrons inside this body.
Because the resistivity of the metallic conductor is very small, Em has approxi-
mately a constant value. The current density Js equals zero everywhere except
at the surface of the iron bar. Mendonca [73] presented an inverse procedure to
determine the causative distribution of source currents in the ground, responsible
for the observed distribution of the self-potential at the ground surface, where a
known electrical conductivity model is assumed.

An alternative model is considering a linear relationship between the source
current density and the redox potential [6, 66]:

Js = −σ∇EH . (2.26)

For the two models described above, in the quasi-static limit of the Maxwell
equations, we have:

1

Re

(−EH + Em −Ψ) = ∇ · Js, (2.27)

−∇ · (σ∇EH) = ∇ · Js, (2.28)

where Re = RT/(gJ0nF ) is the electrode resistance (Ω) in the inert electrode
model and g the specific surface area of the surface of the metallic body.
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Figure 2.4: The Sato and Mooney (1960) geobattery model whereby the redox gradient
is attributed to the gradient of dissolved oxygen in groundwater and the ore body serves
as the electron conductor (after [7]).

Sandbox experiments have been widely used to test these conceptual models
at an intermediate scale, between the core sample and field scales. In detail
the physical and chemical mechanisms that generate such electrical signals have
been studied through the insertion of buried metallic bodies centered through the
capillary fringe [26, 108]. In this case, the process results in an electrochemical
cell, where iron serves as the electron donor at the anode and oxygen gas serves
as the terminal electron aceptor at the cathode.

The first step in corroding iron consists in its oxidation to ferrous ions accord-
ing to Fe → F+2

e + 2e− in the lower part of the metallic body. Then, Fe(II) ions
are further oxized to form ferric ions (Fe(III)) according to F+2

e → F+3
e + 1e−.

The formation of a green rust called fougerite, which may occur away from the
erosion, is an intermediate step.

Therefore, the elctrons flow in the iron piece providing the source current
density Js. These electrons are used to reduce oxygen according to 1/4O2 +

1/2H2O + e− → OH− at the bottom of the iron bar. Consequently the redox
reaction for iron is Fe + 3/4O2 + 1/2H2O → FeOOH.

This sequence of redox reactions is responsable for:

• a perturbation of the distribution of the redox potential in the vicinity of
the iron bar: the redox potential can reach hundreds of millivolts close to
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the top surface of the tank (because of the effect of the oxygen) and is close
to 0 mV or strongly negative around the metallic object as it corrode . This
indicates reduced conditions close to the iron object;

• a vertical gradient in the redox potential at distance from the iron bar: the
far field contribution can vary mainly with depth and range from hundreds
of mV at the top surface of the tank to −50 mV at the bottom. This feature
implies an abrupt change from oxidizing to reducing conditions. It is likely
that the chemical reactions at the surface of the iron bar consumed the
dissolved oxygen of the pore solution and make its diffusion slower;

• a depletion in the concentration of oxygen inside the tank;

• a dipolar anomaly in the vicinity of the metallic object, negative above the
metallic pipe and positive below it;

• a basic pH front diffusing inside the tank. The positive or basic pH anomaly
developed near the top of the vertical pipe suggests that the reduction pro-
cesses at the surface of the upper half of the vertical pipe helps to produce
OH− ions in solution above the phreatic surface. As the metallic body
corrode, the pH increases above it;

• the formation of a crust on the surface of the bar, probably responsible for
an increase of the resistivity at the surface of the iron bar.

2.5 Field procedures

Self-potential measurements are generally perfomed using a pair of non-polarizing
electrodes connected, by means of a long wire, to the terminals of a calibrated high
impedance voltmeter. The impedance of the voltmeter has to be at least ten times
higher than the impedance of the ground between the two electrodes, in order to
avoid leakage of current in the voltmeter. A voltmeter with an internal impedance
greater than or equal to 10 MΩ would be high enough for most applications. The
spacing between two successive measurement-stations depends on the size of the
anomalies we expect. At each station, a small hole (∼ 10 cm deep) is dug to
improve the electrical contact between the electrode and the ground (Figure 2.5).
The approach in self-potential is to establish a map of the distribution of the
electrical potential at the ground surface.
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Figure 2.5: Typical recording system to monitor the self-potential response. Picture
showing the non-polarizing electrodes and the recording multielectrode voltmeter.

In this case, one electrode (reference) is kept fixed at a base station while the
other electrode (scanning) is carried to different points. Both prior to and after
the measurements, the difference of voltage between the reference electrode and
the scanning electrode has to be checked by putting the electrodes one against
the other and measuring the difference in electrical potential. The drift of the
voltage between the electrodes should be kept as small as possible over time (e.g.,
≤ 2 mV per day is an acceptable drift for self-potential mapping) [104]. Values of
electrical potential are given with respect to the arbitrary reference station that
is conventionally a zero-potential reference point.

When surveys span large areas, measurements are made with respect to a
single reference until the maximum amount of wire is deployed. This last sur-
vey location then becomes the new reference, and measurements are generally
perfomed forming loops (closed profiles or profiles connected at both extremi-
ties to othe profiles) in order to evaluate and correct the drift undergone during
the acquisition of the data as a result of environmental pertubation (e.g. soil
mosture, soil temperature, instrumental errors, etc...). This process requires two
corrections of the raw SP data:
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• reference correction;

• closure correction (or loop correction).

The reference correction consists in shifting section by section in the direc-
tion in which the measurements were acquired while the first section remains
unchanged because the first base station is used as a global base station for the
entire loop (Figure 2.6).

The closure correction is applied on all the datapoints of the profile to ensure
that the sum of the drop potentials along a closed loop is zero, increasing the
correction factor from the first to the last point (Figure 2.7). The initial point
is the reference of the profile so that no correction is applied to it. The first
point (after the reference) is corrected for 1/nth of the total drift (where n is
the nhumber of data points without counting the reference). The second point
is corrected for 2/nth of the total drift, etc. . . until the last point which will be
corrected for n/nth of the drift (i.e. the total drift) because it must reach the
same value than the reference point [8].

In a completely different, and less frequently used, approach, first the differ-
ence of potential between a set of base stations (separated from each other by
several hundred meters) is determined. These points of reference are arranged to
form a network composed of radial profiles. Thus all the reference points and all
the points linked to each of them have been attributed an SP value with respect
to one of the base stations [45].

A third strategy, which has almost not employed for practical purposes, is
to directly measure the electrical field (not the electrical potential) at a set of
station. The electrical field, which is locally tangential to the ground surface, can
be measured at a station P by measuring the potential difference in two normal
directions. This method is reference free, does not require long wires and is easy
to carry out [104].

Another limiting case is called the gradient configuration, where the two elec-
trodes have a constant mutual separation x and they are advanced together along
the line of measurements in steps equal to the mutual separation, so that the rear
electrode each time occupies the position previously occupied by the front elec-
trode.
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Figure 2.6: Schematic representation of the reference correction on a closed SP-profile.
The orange arrows represent the shift of the data, section by section (after [8]).

If the potential difference between the electrodes is V2 − V1, then (V2 − V1)/x

is approximately the gradient of the potential or the electric field (mVm−1) at the
point midway between the electrodes. Gradient measurements have the advantage
that their operational range is unlimited.
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Figure 2.7: Example of the closure correction of SP data in a closed profile composed
of 10 datapoints. Point 0 and point 10 are geographically the same (after [8]).

On the other hand, the chances of discovering a weak SP anomaly which varies
slowly with distance are greater if the potentials are observed directly (Figure 2.8).
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Figure 2.8: Self-potential and self-potential gradient along a profile across bodies with
varying depth to the top (z1) (after [14], modified).

2.6 Sources of noise

As with all geophysical techniques, data errors degrade the ability to interpret
the measured signal. Common sources of self-potential measurement error can be
associated with the degradation or drift of the measuring electrodes, poor contact
between the electrode and soil, topographic effects associated with streaming
potentials, photovoltaic potentials, and changes in soil composition, moisture
and vegetative cover.

Numerous authors have investigated electrode designs that reduce measure-
ment errors and are stable over long periods of time [91, 94]. Measurement errors
on the order of several (∼5) millivolts should be expected with modern survey-
ing equipment, and this can be significantly reduced by installing the electrodes
(semi) permanently [92].

Also the influence of cultural noise (e.g. power lines, cathodic protection,
grounding systems) can be significant [33], and should be accounted for when
surveys are conducted near developed areas. Of course, the level of noise should
be considered with respect to the magnitude of the measured signal; large anoma-
lies that register hundreds of millivolts should not be significantly influenced by
relatively small errors.

More in details, the most common sources of noise in SP measurements are:

• transient sources: include induction of telluric currents occurring inside the
conductive Earth, due to transient current flow in the ionosphere, lightning,
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the presence of large cumulus clouds, and induction in the ground associated
with power lines, as well as direct current injection associated with cathodic
mise-à-la-masse (grounding) used to prevent corrosion of metallic pipes.
These signals can be filtered if a fixed dipole is used to record the electrical
signals during mapping (or, in the case of telluric noise, a magnetometer to
record correlated magnetic signals, see any texbook on the magnetotelluric
method);

• spatial noise: associated with strong heterogeneity of the resistivity distri-
bution in the shallow subsurface, due to dry conditions and/or the presence
of resistive bodies (like stones) embedded in a more conductive (clayey)
matrix, like a fine-grained soil with higher moisture. It can be filtered out if
measurements are made with a high spatial density (e.g., five measurements
over a square meter at a given station). Generally, Fourier or wavelet-based
filters can be used to remove such a noise in a self potential map;

• electrode drift: due to temperature differences between the sensing and the
reference electrodes and diurnal variations in environmental temperature.
It can be filtered out if raw data are detrended to suppress an assumed lin-
ear signal attributed to temperature variations during a short time period.
Figure 2.9 shows an example of electrode drift correction performed by [59]
on the measured self-potentials (raw data) during a pumping/injection test.
This potential measurement was divided into five time intervals denoted I
to V. The data were considered to be the sum of the time variation due to
the pumping/injection test and its recovery plus a drift. The drift itself was
believed to be generated by the variation of the temperature over time and
was adjusted by a polynomial of the third order with the coefficients of this
polynomial fitted in time intervals I, III, and V. This trend was removed
from the raw data, which gives the data shown in Figure 2.9b.
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Figure 2.9: Example of self-potential data during a dipole pumping/injection test. (a)
Raw data. (b) Detrended data. We can recognize five phases in the pumping test:
I corresponds to the data obtained prior to the start of the pumping test; II is the
transient phase during pumping; III is the steady-state phase; IV is the rapidly changing
portion of the recovery phase; and V corresponds to the slowly changing to steady-state
portion(s) of the recovery phase (after [59]).
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Chapter 3

Forward problem

The so-called forward solution consists in the derivation of a model that predicts
SP measurements on a certain domain, given the conductivity distribution and
the physical parameters.

In this Chapter a forward algorithm implemented in Matlab to simulate the
occurrence of SP signals is presented. The algorithm was developed to enable the
study of self-potential problems for application to engineering, hydrogeological
and evironmental investigations.

At the beginning of the Chapter, the elliptic partial differential equation that
governs all these problems is illustrated. The Finite Element Method (FEM)
is employed because of its flexibility and widespread use for many engineering
applications. For the discretization, the Galerkin method is adopted on linear
triangular elements.

In the second half of the Chapter, the reliability of the algorithm is tested
by comparison of the results with those obtained by other authors on synthetic
models. The algorithm was applied to simulate both the electric field resulting
from the existence of a leak in the dam and SP signals associated with a pumping
test in an unconfined aquifer. In addition, the case of the localization of subsurface
cavities is discussed.

3.1 Governing equation

As illustrated in Chapter 2, the forward problem for the self-potential involves
solving a Poisson equation. This field equation that governs the electrical response
due to a source in a conductive medium is expressed by Equation (2.13) where
the volumetric current density can be written as:
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s = Qv∇ · u +∇Qv · u, (3.1a)

s = ∇σ · ∇EH + σ∇2EH , (3.1b)

where Equation (3.1a) is valid if self-potential signals are associated with ground-
water flow (see Section 2.3) and Equation (3.1b) for electro-redox potentials (see
Section 2.4).

Hence, the self-potential forward problem consists of calculating Ψ from Equa-
tion (2.13), given s and σ. Using the Green method of integration, the electrical
potential distribution is written as [88]:

Ψ(P ) =
1

2π

∫
Ω

ρ(M)
s(M)

MP
dV +

1

2π

∫
Ω

∇ρ(M)

ρ(M)
· E(M)

MP
dV, (3.2)

where x = MP is the distance from the source, located at positionM , to the self-
potential station placed at position P where the electrical signal is measured and
Ω represents the conducting subsurface. dV is the infinitesimal volume element
of the conductive medium and ρ is the resistivity function that characterizes
the inhomogeneous, isotropic subsurface volume Ω. The first term of the right-
hand side of Equation (3.2) corresponds to the primary source term while the
second term corresponds to secondary sources associated with heterogeneities in
the distribution of the electrical resistivity in the medium [63].

It is also possible to rewrite Equation (3.2) as the following convolution prod-
uct, according to [123, 137]:

Ψ(P ) =

∫
Ω

K(P,M)Js(M)dA, (3.3)

where K(P,M) denotes a linear mapping function referred to as the Kernel (see
Chapter 4). The elements of the Kernel are the Green functions connecting the
self-potential data at a set of measurement stations P located at the ground sur-
face (possibly in boreholes) and the sources of current density at a set of source
points M located in the conducting ground. The Kernel K depends on the num-
ber of measurement stations at the ground surface, the number of discretized
elements in which the source current density is going to be determined, and the
resistivity distribution. For example, the resistivity distribution can be character-
ized from a number of geological strata with distinct resistivity values. Generally,
the subsurface is discretized. Mixed boundary conditions are used in conjunction
with Equation (3.1). A Neumann boundary condition is usually specified at the
air-earth interface, such that n · σ∇Ψ = 0. Whitin the earth, a Dirichlet bound-
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ary condition requires that Ψ→ 0 as the distance from the sources becomes large
(r →∞).

The calculation of Ψ, given s and σ, is a well-posed forward problem and
can be accomplished with a variety of numerical algorithms. A finite element
algorithm was developed in Matlab to solve Equation (3.1). There are two sig-
nificant benefits of this code: (1) the flexibility for incorporating complicated
model geometries and (2) the multiphysics approach that allows the physics of
the source mechanism to be coupled directly into the problem. The forward al-
gorithm mainly concerns to the determination of the Kernel K in Equation (3.3).
The computation of the Green functions entering K incorporates the resistivity
distribution of the model by solving the Poisson equation numerically for 2M
elementary dipoles using the Galerkin method.

The modeling method is a three-step process (Figure 3.1). First, Equation
(2.21) is solved with appropriate (Neuman or Dirichlet) boundary conditions for
the pressure or groundwater flow. Then, the current source density is calculated
on the basis of previously obtained hydraulic and/or redox gradient distribu-
tion (Js = Qvu and/or Js = −σ∇EH). Finally, the SP signals are computed
by solving Equation (2.13) with appropriate boundary conditions on the electri-
cal potential. An interactive interface was developed to call all the functions in
order to add geometry, mesh, physics settings, boundary conditions, solvers, post-
processing and visualizations. During code execution, the procedure first loads
the mesh, which is created in Netgen, an adaptive mesh generator able to retain
an accurate forward solution without drastically increase the number of elements,
a huge problem using standard machines with limited local memories (for further
details sourceforge.net/projects/netgen-mesher). Next, the designed algorithm
requires a priori information in terms of hydraulic and electrical conductivities.
Then, the solver is executed for the hydraulic and the electrical problem. Fur-
thermore, it permits to arbitrarily include equations that may describe a material
property, boundary, source or sink term, or even a unique set of partial differential
equations.

The main steps are the assembling procedures of the stiffness matrix (Sec-
tion 3.3), the implementation of the right-hand side (Section 3.4) and the incor-
poration of the Dirichlet boundary conditions (Section 3.5).

Efficiency of the forward algorithm was tested before solving the inverse prob-
lem. In our case, the 2D inversion corresponds to the determination of the two
components of the current density for each discretized element of the medium.
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Figure 3.1: Flowchart for the forward modeling of the self-potential data associated
with groundwater flow and redox gradient.

3.2 Finite element formulation

The problem under consideration is the one described by the set of Equations
(2.15) - (2.24) which is solved by means of the Galerkin formulation of the finite
element method. In order to apply the Galerkin approach, the so-called weak
variational form of the problem must be derived first. The unknown fields are
the pressure P (Pa) associated with the streaming potential and the electrical
potential Ψ (V) associated with both the streaming potential and the electro-
redox contribution. Multiply Equation (2.21) by an arbitrary weight function,
w(x, y), integrate over an arbitrary domain, Ω, whose boundary is Γ:
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∫
Ω

βs
∂P

∂t
wdxdy +

∫
Ω

∇ ·
(
−k
µ
∇P

)
wdxdy = 0. (3.4)

By applying Green theorem [9]:

∫
Ω

∇ ·
(
−k
µ
∇P

)
w = +

∫
Ω

k

µ

∂P

∂x

∂w

∂x
dxdy +

∫
Ω

k

µ

∂P

∂y

∂w

∂y
dxdy

−
∫
∂Ω

k

µ

∂P

∂x
wnxds −

∫
∂Ω

k

µ

∂P

∂y
wnyds

= +

∫
Ω

k

µ
∇P∇wdxdy −

∫
∂Ω

k

µ
∇Pnwds.

(3.5)

Finally, Equation (3.4) is equivalent to the following variational formulation:∫
Ω

βs
∂P

∂t
wdxdy = −

∫
Ω

k

µ
∇P∇wdxdy +

∫
Γ

k

µ
∇Pnwds (3.6)

The assumed solution of Equation (3.6) for an arbitrary, n− node element is
defined by:

P e(x, y) =
n∑
j=1

P e
j ϕ

e
j , (3.7)

where P e
j is the nodal value for P (x, y) at node j for the element, and ϕej is the

interpolation function at node j within the element. The interpolation functions
must satisfy the conditions:ϕej(xk, yk) = δjk at all nodes (j, k) = 1, 2, ..., n,∑n

j=1 ϕ
e
j(x, y) = 1 ∀(x, y) ∈ Ω.

where the Kronecker’s delta is defined as:

δjk = 1 for j = k,

δjk = 0 for j 6= k.

Because the weight functions represent a variation of the primary variable
P (x, y) on the nodes, they are equal to wi = ϕei , i = 1, 2, ..., n. On substitut-
ing Equation (3.7) into Equation (3.6), exchanging the order of integration and
summation, for stationarity conditions we obtain the generalized matrix equation:

43



3.2. FINITE ELEMENT FORMULATION

n∑
j=1

Ae
ij Pe

j = Qe
j i = 1, 2, ..., n

where:

Ae
ij =

∫
Ω

c

(
∂ϕei
∂x

∂ϕej
∂x

+
∂ϕei
∂y

∂ϕej
∂y

)
dxdy,

Qe
j =

∫
Γ

qnϕ
e
jds +

∫
Ω

fϕejdxdy,

with c =
k

µ
, qn =

k

µ
∇

(
n∑
j=1

P e
i ϕ

e
i

)
n and f = 0.

(3.8)

Computing the electrical potential requires the determination of the external
source term s = ∇ · Js by Equation (3.1), which will be used as source term of
Poisson equation after rewriting its variational formulation, following the same
method used above for the hydraulic problem:

∫
Ω

σ∇

(
n∑
j=1

Ψe
iϕ

e
i

)
∇ϕejdxdy =

∫
Ω

sϕejdxdy +

∫
Γ

σ∇

(
n∑
j=1

Ψe
iϕ

e
i

)
n︸ ︷︷ ︸

=Jn

ϕejds, (3.9)

n∑
j=1

Ψe
i

∫
Ω

σ∇ϕei∇ϕejdxdy =

∫
Ω

sϕejdxdy +

∫
Γ

Jnϕ
e
jds. (3.10)

In terms of matrices, we write:

n∑
j=1

Ae
ijΨ

e
j = Qe

i i = 1, 2, ..., n

where:

Ae
ij =

∫
Ω

σ

(
∂ϕei
∂x

∂ϕej
∂x

+
∂ϕei
∂y

∂ϕej
∂y

)
dxdy,

Qe
i =

∫
Ω

sϕejdxdy +

∫
Γ

Jnϕ
e
jds.

(3.11)

Equations (3.8) and (3.11) are solved using a Gaussian elimination with
partial pivoting. In the first solution, we start from hydraulic boundary conditions
and hydraulic conductivity values to obtain the water pressure distribution. In the
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second solution, we start from the calculated source, the electrical conductivity
and electrical boundary conditions to obtain the self-potential.

3.3 Assembling the stiffness matrix

The local stiffness matrix A is determined by the coordinates of the vertices of
the corresponding element. For a triangular element T let (x1, y1), (x2, y2) and
(x3, y3) be the vertices and η1, η2 and η3 the corresponding basis functions [5]:

ηj(xk, yk) = δjk j, k = 1, 2, 3.

A moment’s reflection reveals:

ηj(x, y) = det

1 x y

1 xj+1 yj+1

1 xj+2 yj+2

 /det

1 xj yj

1 xj+1 yj+1

1 xj+2 yj+2

 , (3.12)

whence:

∇ηj(x, y) =
1

2|T |

(
yj+1 − yj+2

xj+2 − xj+1

)
.

Here, the indices are to be understood modulo 3, and |T | is the area of T , i.e.:

2|T | = det

(
x2 − x1 x3 − x1

y2 − y1 y3 − y1

)
.

The resulting entry of the stiffness matrix is:

Ajk =

∫
T

∇ηj(∇ηk)Tdx =
|T |

(2|T |)2

(
yj+1 − yj+2, xj+2 − xj+1

)(yk+1 − yk+2

xk+2 − xk+1

)
,

with indices modulo 3. This is written simultaneously for all indices as:

A =
|T |
2
·GGT with G =

 1 1 1

x1 x2 x3

y1 y2 y3


−10 0

1 0

0 1

 . (3.13)
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3.4 Assembling the right-hand side

The volume forces are used for assembling the right-hand side [5]. For the electri-
cal problem, using the value of s in Equation (3.1) in the centre of gravity (xs, ys)

of T the right-hand side is approximated by:

∫
T

sηjdx ≈
1

kT
det

(
x2 − x1 x3 − x1

y2 − y1 y3 − y1

)
s(xs, ys), (3.14)

where kT = 6.
Likewise, the Neumann conditions contribute to the right-hand side. The

integrals on Γ, in Equations (3.8) and (3.11) are approximated using the value
of g (qn for the hydraulic problem and Jn for the electrical problem, respectively)
in the centre (xM , yM) of E with length |E| by:∫

E

gηjds ≈
|T |
2
g(xM , yM), (3.15)

where E represents each edge of an element T .

3.5 Incorporating Dirichlet conditions

With a suitable numbering of the nodes, the system of linear equations AU = b

without incorporating Dirichlet conditions can be written as follows [5]:(
A11 A12

AT
12 A22

)
·

(
U

UD

)
=

(
b

bD

)
, (3.16)

where A is the coefficient matrix and b indicates the right-hand side resulting
from the construction described in the previous sections, U are the values at the
free nodes which are to be determined, UD are the values at the nodes which are
on the boundary and thus are known a priori. Hence, the first block of equations
can be rewritten as:

A11 ·U = b − A12 ·UD. (3.17)

In the second block of equations in (3.16) the unknown is bD but since it is
not of interest to us it is omitted in the calculation.
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3.6 Mesh geometry

In choosing mesh geometry it is important to consider the geometry (polygo-
nal, curved, polyhedral etc.) of the domain where the solution is searched, the
type of physical problem under consideration, the type of application (structural,
geotechnical, geophysical, geological, archaeological etc.), any specific target and
the computational time.

Certainly for many applications, a mesh made by triangular elements is the
most suitable, due to its capability to model with great accuracy a wide set of
domains. The accuracy of the discretization increases, especially for curvilinear
domains, reducing the area of the elements and resulting in an non-linear increase
of the computational time. In situations of simple domains (e.g. polygons),
however, one can use quadrangular (rectangles, trapezoids, prisms etc.) elements
having a better accuracy/computational time ratio. We can distinguish three
main type of meshes for triangular elements:

• regular, with equivalent elements;

• irregular, made by a number of fixed zones in which elements are equivalent;

• adaptive, in which the mesh is denser near the regions requiring more res-
olution (as described in Figure 3.2).

The mesh reliability and consequently the accuracy of the forward solver depends
primarily on the mesh density and quality. One commonly used quality measure
is the ratio between the radius of the largest inscribed circle and the smallest
circumscribed circle in the triangles:

q = 2
rin
rout

=
(b + c − a)(c + a − b)(a + b − c)

abc
, (3.18)

where a, b, c are the side lengths. An equilateral triangle has q = 1, and a
degenerate triangle (zero area) has q = 0. As a rule of thumb, if all triangles have
q > 0.5 the results rated good [93].

For a single measure of uniformity, we use the standard deviation of the ratio
of actual sizes (circumradii of triangles) to desired sizes (an element size function
h(x, y)). That number is normalized by the mean value of the ratio since h only
gives relative sizes.

Note that h(x, y) does not have to equal the actual size; it gives the relative
distribution over the domain. This avoids an implicit connection with the number
of nodes, which the user is not asked to specify. For example, if h(x, y) = 1+x in
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Figure 3.2: Three different 2D adaptive meshes (with their quality histograms) built
by Netgen. Triangular meshes are used to discretize the domain for the finite element
simulations of the ground water flow problem and the resolution of the semi-coupled SP
problem of a dam model with the presence of a leak (a, b), a volcano with permeable
conduits (c, d) and a sinkhole (e, f).
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the unit square, the edge lengths close to the left boundary (x = 0) will be about
half the edge lengths close to the right boundary (x = 1). This is true regardless
of the number of points and the actual element sizes [93].

3.7 Synthetic tests

3.7.1 Pumping test

First, the case of a pumping test in an unconfined aquifer was simulated. The
model of the test site and details of the experiment were described by [135]. The
electrical and hydraulic parameters were estimated by the authors and illustrated
in Figure 3.3 and Table 3.1: the values of electrical conductivity σ were taken
from an electrical resistivity tomographic cross-section, while the hydraulic trans-
missivity T was assumed larger for the first meters from the pumping well than
far away and the storativity S was assumed to be constant through the entire
aquifer. Taken into account that we used the hydraulic parameters determined
by the authors on the basis of the Theis solution [133] and a trial and error proce-
dure to find the best fit between experimental and synthetic data, we considered
the aquifer confined in the course of the pumping test (with the initial head at
48 m above the datum).

Hydraulic heads h in the aquifer were calculated analytically using the so-
lution given by [21]. This solution assumes the pumping well is located at the
center of a disk with radius R embedded within an infinite matrix. Hydraulic
properties are considered uniform within each zone (disk and matrix), but may
differ between the two zones such as in this case. For the hydraulic modeling,
MAxSym was utilized. In this way, we modeled the pumping phase, keeping
fixed the known values of hydraulic parameters. We assessed the consistency of
the model by comparing the piezometric levels reconstructed by [135] and our
synthetic hydraulic heads (Figure 3.4).
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(m)

Figure 3.3: Sketch of the pumping test. Petrophysical parameters (T and S are the
aquifer transmissivity and storativity, respectively, σ is the electrical conductivity) as
well as the initial head distribution ho = 48 m, and the pumping rate Q = 2.7 ls−1

are involved into the numerical computations.

Table 3.1: Model parameters for the synthetic case study.

Parameters

T (m2d−1) S(−) σ(Sm−1) Radius(m)

T1 T2 S1 S2 σ1 σ2 r R

50 12 4.8 · 10−4 4.8 · 10−4 10−2 10−1 r 40
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Then, we also determined SP signals on the basis of the calculated distribution
of hydraulic head and the known electrical conductivity values. We used the no-
flow condition on the ground surface and the condition of zero electrical potential
on the other boundaries of the aquifer. The right boundary of the model was
located far away from the pumping well in order to ensure that the boundary
conditions have no influence on the computation of the SP. The potentials were
calculated relative to infinite point in the vicinity of the pumping well at the end
of the pumping phase (quasi-state condition), when there is a perfectly linear
relationship between the SP signals and the hydraulic heads. As is shown in
Figure 3.5, the positive electrical source is centred on the pumping well, while
negative sources are located far away under transient regime of the groundwater
flow in accordance with the results obtained by the authors.

Figure 3.4: Modelled hydraulic head at the end of the pumping phase using MaxSym
(red circles) and synthetic data from [135] (black triangles).
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Figure 3.5: Cross-section of the synthetic SP radial distribution around the pumping
well (only one side is modeled, because of the symmetry of the problem with an axis
of symmetry corresponding to the well). (a) Streaming potentials obtained by adopting
the finite element algorithm. (b) Computed SP signal from [135].
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3.7.2 Leakages in dams

A second synthetic case is shown in Figure 3.6. We performed the numerical
simulation for a synthetic embankment dam reported by [54].

Figure 3.6: Leakage in a dam. (a) 2-D geometry used for the simulation showing a
preferential flow pathway crossing the dam and Darcy velocity map obtained by solving
the groundwater flow problem. (b) Triangular meshes used to discretize the domain for
the finite element simulation.
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A leakage was reproduced by adding a permeable pipe located inside the dam
core that simulates the existence of a preferential ground water flow pathway
with permeability much higher than the permeability of the surrounding area.
The material properties, we used to run the numerical model, are provided by
the authors (Table 3.2). We chose a high quality triangular mesh denser at the
position of the conduit in order to guarantee the accuracy of the forward solver
(Figure 3.6b).

Table 3.2: Model parameters for the synthetic case study.

Parameters k(m2) σ(Sm−1) Qv(Cm−3)

Water 0 7 · 10−2 0

Bedrock 0 5 · 10−4 0

Dam 0 5 · 10−4 0

Leak 2 · 10−8 7 · 10−3 1.2 · 10−3

Seal 0 2 · 10−3 0

The self-potential synthetic data were referenced to a point located at infinity.
Boundary conditions were defined as follows: water head pressures were imposed
along the lateral boundaries using a Dirichlet condition. At the bottom of the
dam and at the ground surface we imposed an insulating boundary condition
((n · j = 0) where n is the unit vector normal to the ground surface). For the
electrical problem, the Neumann boundary condition was imposed at the air-
ground interface while a Dirichlet boundary condition was applied at the other
boundaries. The numerical model was performed for steady-state flow conditions.
The groundwater flow due to the hydraulic gradient between the upstream and
downstream of the dam is illustrated in Figure 3.6a. The hydraulic gradient
and the average velocity in the conduit resulted around of 0.17 and 0.017 ms−1,
respectively. The simulated self-potential signals are on the same order of magni-
tude than those obtained by the authors using a commercial finite element code
(COMSOL Multiphysics) (Figure 3.7).

The position of the infiltration inlet is characterized by negative SP signals
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while a positive anomaly denotes the outlet of the flow path and is associated to
the divergence of the source current density.

Figure 3.7: Self-potential values from the forward model showing the position of the
anomalous flow path through the core of the embankment dam. (a) Simulation of the
self-potential signals using the finite element numerical algorithm with reference at
infinity. (b) Numerical modeling of the synthetic case reported by [54].

3.7.3 Localization of cavities

Finally, the forward algorithm was used to solve the boundary-value problem
for the coupled hydroelectric problem associated with the presence of a cavity
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responsible for stress concentrations and the formation of a network of cracks.
The proposed field case is that reported by [62]. The geometry of the model is
shown in Figure 3.8. The first layer corresponds to a loess cover (from the ground
surface to a depth of 2.5 m), the second layer to the clay-with-flint formation
(between 2.5 m and 7 m), and the third layer (in which is located the cavity)
to the chalk formation. The cavity is surrounded by two vertical conduits. The
interfaces between the layers are assumed to be flat.

The distribution of the electrical conductivity and the values of the excess
charge density and hydraulic conductivity for each of the three lithological units
(loess, clay, chalk and cavity) are reported in Table 3.3. The authors determined
the values of these parameters by electrical resistivity tomography and core mea-
surements. In addition, the hydraulic conductivity of the conduits is taken equal
to 10−3 ms−1, a high value by comparison with the hydraulic conductivity of the
background in order to impact on the distribution of groundwater flow.

The side-boundaries Γ3 and Γ4 are assumed to be impermeable to force the
flow to be vertical. In steady state conditions, the flux at the bottom boundary
is equal to the flux of water at the ground surface. For this reason, a fluid
pressure of the order of 5 KPa was imposed at the upper boundary Γ1 and a
value of −5 KPa was fixed at the at the lower boundary Γ2. The amplitude of
the source was chosen by trial and error to fit the self-potential data obtained
by the authors. This pressure source acts in our model as a “surrogate” force
replacing the unknown pressure distribution driving the descent of water from
the surface to depth. For the electrical potential, it was considered to be equal
to zero at infinity (except at the ground surface where n · j = 0, where n is the
outward unit vector normal to the boundary).

With the characteristics mentioned above, the finite element simulation agrees
well with the self-potential data calculated by the authors using the finite-element
code Femlab (Figure 3.9).

The numerical simulation pointed out the role of open conduits in electrical
charge accumulation near the roof of the cavity and the resistivity contrast be-
tween the conduits and the surrounding formation. The self-potential signatures
of the conduits are related to the flux of water passing through them. The pos-
itive SP anomaly at the conduit outlets indicates clearly the presence of ridges
that can channel shallow groundwater flow into the cavity.
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Figure 3.8: Geometrical model used for the finite element calculation. The boundary
conditions are discussed in the main text.

Table 3.3: Material properties used in the numerical simulation.

Material K (ms−1) ρ(Ω m) Qv(Cm−3)

Loess 10−6 70 27

Clay-with-flint 10−8 10 1.2 · 103

Chalk 10−10 100 5.2 · 104

Conduits 10−3 60 0.1

Instead, the roof of the cavity is characterized by negative charge accumula-
tions that correspond to the entrance of the ground water in the conduits and
percolating in the vicinity of the roof of the cavity. Therefore, the conduits are
characterized by a negative anomaly close to the inlet with respect to a reference
electrode taken at infinite (because located outside the area where the phenomen
is present) and a positive one at their outlets [58, 121].
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Figure 3.9: Comparison between the self-potential signals calculated by the forward
algorithm presented in this thesis (a) and the distribution of the SP determined numer-
ically by [58] using the finite element numerical model Femlab (b).
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Chapter 4

Inversion of SP data

One of the most impressive advances made in self-potential interpretation over
the past few years has been the inversion of the self-potential signals to locate
their source in the ground. This has applications in mapping groundwater flow
and redox potential. The inversion of self-potential signals is in itself not new.
However, most of the classical methods were based on polarized spheres [143],
dipole current lines [87], source and sink pairs [52], or other simple geometries
[43, 82, 109]. Such types of methods have also been used to interpret other
potential field problems in magnetism and in gravity. Despite the fact that these
methods are useful, little information is gained about the source itself, and the
physics of the primary flow problem [119] is sometimes missed.

In general, the scope of a geophysical inverse problem is to find an earth model
described by a set of physical parameters that is consistent with the observational
data. The inverse techniques usually involve the optimization of a certain objec-
tive function (e.g the misfit function between predicted and observed data) in
order to obtain a good approximation to the desired unknown solution. In par-
ticular, the self-potential inversion problem is known to be highly ill-posed with
a fundamentally non-unique solution, which is compounded by the limited set of
available measurements contaminated by various form of noise. This dilemma is
common to nearly all geophysical inverse problems and is solved imposing ad-
ditional constraints or a priori information to reduce the space of the solution.
Regularization is, thus needed, even if there is a large ambiguity in its choice
[112]. The purpose of numerical regularization theory is to provide efficient sta-
ble methods for including proper side constraints that lead to useful stabilized
solutions, and to ensure the choice of the optimal weight given to these side con-
straints such that the model gives the best fit to the data [50]. We present the
deterministic and local approach, which consists of inverting for the source cur-
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rent density distribution using the modified singular value decomposition and the
linear formulation of the forward problem. This work focuses on a large-scale it-
erative least-squares QR factorization (LSQR) algorithm for computing solutions
to the Tikhonov regularization problem [134]. The method adopted for choosing
the regularization parameter is the generalized cross-validation (GCV).

4.1 Methodology

The data and the model parameter vectors are represented respectively by N
self-potential observations ψi and M elements in which the source current density
Js is determined (2M represents the number of elementary current sources to
consider with one horizontal component and one vertical component):

y = [ψ1, ψ2, ψ3, . . . , ψN ]T , (4.1)

x = [Jx
s ,J

z
s ]
T . (4.2)

The data and model parameters are related by a linear operator to obtain:

y = Kx, (4.3)

where K = (Kx
ij,K

z
ij) is the N × 2M Kernel matrix corresponding to the self-

potential, which can be measured by each component of the sources coordinates
x. In our case, the potential at any station P is given by a convolution prod-
uct between the Kernel K and the source current density at each source point
(Equation (3.3)). Each element of K is a Green function:

K =


Kx

11 Kz
11 . . . Kx

1M Kz
1M

...
... . . . ...

...
Kx
N1 Kz

N1 . . . Kx
NM Kz

NM

 (4.4)

This matrix depends only on the number of observation stations N, the num-
ber of elementary sources M, the distribution of the electrical resistivity and
the boundary conditions for the electrical potential or the total current density.
When computing the elements of K, we consider that the electrical potential is
determined relatively to a reference electrode located somewhere in the system.
By definition, the electrical potential at the reference station is taken equal to
zero and this condition should be fulfilled for all the elements of K by removing
the potential computed at this location from the self-potential distribution deter-
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mined over the field. To determine the elements of the Kernel, we consider that
each elementary cell used to discretize the system has a uniform electrical resis-
tivity and each elementary current density can be written as Js(M) = mδ(M)

where m is the dipole moment, δ(r) is the Dirac function, and M is the position
of the elementary source. For all these elementary dipoles, we solve the Poisson
equation.

The matrix K can be written with simple analytical functions only in the case
for which the electrical resistivity is uniform all over an infinite system (or for
very simple geometries using for example the image method). In this case, we
have [63]:

Kx,y
ij =

1

4πσ

(rPi − rMj)x,y

|rPi − rMj|3
, (4.5)

with i ∈ {1, ..., N}, j ∈ {1, ...,M} and σ is the electrical conductivity of the
medium. According to Equation (4.5), it is clear that Kx,y

ij is large for sources
located in the vicinity to the ground surface. In the cases reported in this Thesis,
we are dealing with heterogeneous resistivity distributions and the elementary
Green functions are computed numerically using the finite element code.

The reconstruction of Js requires that the predicted values must agree with
the self-potential observations by minimizing the data misfit function defined by:

Φd = ‖Wd(Kx− y)‖2
2. (4.6)

where ‖.‖2 denotes the L2 (Euclidian) norm. It may be desirable to use a weight-
ing matrix Wd for reducing the impact of data uncertainties or because the ele-
ments of the data vector may have different dimensions or ranges of values. It can
be given by a square diagonal weighting (N×N) matrix whose elements are the re-
ciprocal of the standard deviation squared of the data (Wd = {1/σ2

1, . . . , 1/σ
2
N})

[61] or it can be formed by the norm of the rows of the matrix K [144]:

Wd = diag

(√∑
j

(Kij)2

)
− diag(KKT )1/2. (4.7)

To reduce the number of solutions that equally reproduce the observed data,
also a model objective function must be included:

Φm = ‖L(x− x0)‖2
2, (4.8)

where x0 is a prior model while L is the depth weighting matrix for the model pa-
rameters. In the general case, it is identified by the diagonal integrated sensitivity
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matrix [144]:

L = diag

(√∑
i

(Kij)2

)
= diag(KTK)1/2. (4.9)

In other words, it is formed by the norms of the columns of the matrix K.
Alternatively, the lack of depth resolution might be reduced somewhat by

introducing a priori information in the form of a depth weighting function. One
function could be:

L(z) = (h+ |z|)−β/2, (4.10)

where h is the height of data points and the parameter β is referred to Structural
Index or Attenuation Rate. The β exponent plays a critical role to correctly
estimate the depth to the causative body, because it measures the field decay of
the source. Following Euler’s theory, different geometric types of sources give rise
to different decays of their field, characterized by the quantity β which is given
by Table 4.1 according to [65] and [15]. To this end, Cella and Fedi [27] proved
that the choice of the exponent of the weighting function is flexible within the
allowed interval 0 ≤ β ≤ 3. In our procedure, the models (see Chapter 5) are
obtained by setting β = 3 and the results confirm that the causative source is
recovered at its correct position.

Table 4.1: Structual index of different sources.

Gravity Magnetization

Source types β β

Point source 2 3

Prism 2 3

Cylinder 1 2

"Sheet" of dipoles 0 1

Contact −1 0
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4.2 Tikhonov regularization

As mentioned above, the best model is one that minimizes the model objective
function while fitting the data within an acceptable range of data misfits. For
a linear system y = Kx, where the rank of K is smaller than the dimension of
x, some additional information is needed to find a satisfactory solution because
infinitely many solutions exist if there is one at all. In some applications, the
acceptable solutions may require the “smoothness” of some function, curve, or
surface constraints on m. In this case, the objective function is modified using
Tikhonov regularization [134]:

Φ = ‖Wd(Kx− y)‖2
2 + λ2‖L(x− x0)‖2

2, (4.11)

where λ is a regularization parameter under the constraint that 0 < λ < ∞.
It controls the weight given to minimization of the side constraint relative to
minimization of the residual norm.

The solution of the problem corresponding to the minimum of the global
objective function Φ is given by [51]:

x∗ = [KT (Wd
TWd)K + λ(LTL)]−1 × (KT (Wd

TWd)y + λ(LTL)xo). (4.12)

Suppose that it is given the singular value decomposition (SVD) of K, i.e.,
K = UΣVT =

∑n
i=1 uiσiv

T
i where U = (u1, ...,un) and V = (v1, ...,vn) are

orthonormal matrices, UTU = VTV = In, and Σ = diag(σ1, ..., σn) has non-
negative diagonal elements appearing in non-increasing order such that σ1 ≥
... ≥ σn ≥ 0. Then, the Tikhonov regularized solution x∗, can be expressed in
the standard form as:

x∗ =
V(Σ(UTy)) + λ2VTx0

Σ2 + λ2
. (4.13)

In absence of a prior model (x0 = 0), we obtain:

x∗ =
n∑
i=1

fi
uTi y

σi
vi, (4.14)

where fi = σ2
i /(σ

2
i + λ2) is the Tikhonov filter factor. The numbers σi are the

singular values of K while the vectors ui and vi are the left and right singular
vectors of K, respectively. The condition number of K is equal to the ratio σ1/σn.

In connection with discrete ill-posed problems, two characteristic features of
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the SVD of K are very often found.

• The singular values σi decay gradually to zero with no particular gap in the
spectrum. An increase of the dimensions of K will increase the number of
small singular values.

• The left and right singular vectors ui and vi tend to have more sign changes
in their elements as the index i increases, i.e., as σi decreases.

The SVD also gives important insight into another aspect of discrete ill-posed
problems, namely the smoothing effect typically associated with a square inte-
grable Kernel. Notice that as σi decreases, the singular vectors ui and vi become
more and more oscillatory.

4.3 LSQR method

This work focuses on an efficient implementation of an iterative algorithm devel-
oped by [49], who discussed several ‘two-level methods’ for the solution of the
Tikhonov problem. The algorithm is based on the least squares formulation of
the Tikhonov problem:

x∗ = argmin‖K̂x− ŷ‖2
2, (4.15)

where the "stacked" matrix and vector are:

K̂ =

[
K

λL

]
ŷ =

[
y

0

]
The key idea in the work of Hanke and Vogel is a splitting of the solution

space Rn into two subspaces, one of them with a small dimension and with basis
vectors chosen such that this subspace represents approximate regularized solu-
tions. Similarly to multi-level methods, the residual is projected into a small
dimensional subspace (the coarse grid) in which the problem is solved with a
direct method, while the component of the solution in the remaining subspace is
computed by an iterative algorithm. The two levels are created by a splitting of
the solution space Rn into two subspaces V and W of dimensions n and n − k,
respectively. To make the algorithm practical one should choose k � n. Let the
columns of the matrix V ∈ Rn×k span the subspace V , and let the columns of
the matrix W ∈ Rn×(n−k) span the subspace W . The solution is obtained in the
form:
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x∗ = Vv + Ww. (4.16)

This problem can be solved efficiently by means of the LSQR algorithm [86].
There are two advantages in this approach: the implementation is more efficient,
and the algorithm is numerically more robust because it avoids the use of the
normal equations. It is well known that the LSQR algorithm is algebraically
identical to conjugate gradient least-squares (CGLS) and to the conjugate gra-
dient (CG) algorithm on the normal equation system. However, LSQR can be
considered as treating the least squares problem in a more direct way, and in
finite precision LSQR is often capable of achieving more accurate results than
CGLS and in particular CG [57].

We want a solution of the form of Equation (4.16) to the least squares system
in Equation (4.15). Thus we need to obtain:[

v

w

]
= argmin

∥∥∥∥∥K̂ [V W
] [v

w

]
− ŷ

∥∥∥∥∥
2

2

. (4.17)

Introducing the QR factorization:

K̂V = QR̂ =
[
Y Z

] [R
0

]
= YR, (4.18)

with Q =
[
Y Z

]
orthogonal and R upper triangular. Then, ZT K̂V = 0 and

R = YT K̂V, we get:[
v

w

]
= argmin

∥∥∥∥∥
[
YT

ZT

]
K̂
[
V W

] [v

w

]
−

[
YT

ZT

]
ŷ

∥∥∥∥∥
2

2

= argmin

∥∥∥∥∥
[
YT K̂V YT K̂W

ZT K̂V ZT K̂W

][
v

w

]
−

[
YT ŷ

ZT ŷ

]∥∥∥∥2

2

= argmin

∥∥∥∥∥
[
R YT K̂W

0 ZT K̂W

][
v

w

]
−

[
YT ŷ

ZT ŷ

]∥∥∥∥∥
2

2

Thus, the Tikhonov solution is found from:

w = argmin‖ZT K̂Ww − ZT ŷ‖2
2, (4.19)

Rv = YT (ŷ − K̂Ww), (4.20)
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x∗ = Vv + Ww. (4.21)

The QR factors in Equation (4.18) can be computed conveniently by means
of Householder transformations.

Defining p = Ww, we can proceed in cases where W is not available. Sub-
stituting into Equations (4.19-4.21) gives:

p = argmin‖ZT K̂p− ZT ŷ‖2
2, (4.22)

Rv = YT (ŷ − K̂p), (4.23)

x∗ = Vv + p. (4.24)

in which the main computation is solving for p. The resulting algorithm is dis-
played in Figure 4.1, where for completeness all details of the LSQR iterations
are included. The Lanczos vectors are denoted by ūi and v̄i, and the w̄i are work
vectors [57].

4.4 Generalized cross-validation

The problem of estimation of the regularization parameter λ for linear problems
has been investigated by several researchers. A popular technique is the gener-
alized cross-validation (GCV) [46, 140]. The basic idea for GCV is that a good
regularized solution should predict missing data values and the choice of regu-
larized parameter should be independent of an orthogonal transformation of the
right hand side. The GCV method intends to balance the data error and the
regularization error. Numerator and denominator of generalized cross-validation
criteria can be regarded as representing the variance of the estimated observation
error, and the bias resulting from the regularization term, respectively, for the
practicable reason that the singular value decomposition approach was used to
compute the matrix G(λ). The optimum λ for the GCV method corresponds to
the minimum of the following function G(λ):

G(λ) =
‖Kx∗(λ)− y‖2

2

[Trace(I−A(λ)K)]2
, (4.25)
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Figure 4.1: Scheme of the subspace preconditioned LSQR (after [57]).
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where A(λ) = KWd[K
T (WT

d Wd)K+λ(LTL)]−1KTWT
d , I is the identity matrix,

x∗(λ) is the minimum of the cost function and "Trace" denotes the trace of the
matrix.

Alternatively, the filter factors (Section 4.2) can be used to evaluate the nu-
merator and denominator (for m ≥ n) of Equation (4.25) by means of a simple
expression in the standard form (Equation (4.29)). First, by replacing K by its
SVD (Section 4.2), the regularized least squares system in the equivalent form
(KTK + λ2I) = KTy can be approximated by:

(VΣ2VT + λ2I)x∗ = VΣUTy, (4.26)

which gives the approximate regularized solution:

x∗ = V(Σ2 + λ2I)−1ΣUTy. (4.27)

For convenience, s = (σ1, ..., σl)
T and t = (UTy)./s are introduced, where ./ is

the componentwise division. .∗ is the componentwise multiplication, and f =

(f1, ..., fl)
T with fi = σ2

i /(σ
2
i + λ2). Then, the approximate regularized solution

in Equation (4.18), its norm η and residual norm ρ can be evaluated respectively
by:

x∗ = V(f . ∗ t),

η = ‖x∗‖2 = ‖f . ∗ t‖2,

ρ = ‖y −Kx∗‖2 = ‖y −UΣ(f . ∗ t)‖2

=

√
‖(I−UUT )y‖2

2 + ‖UUTy −UΣ(f . ∗ t)‖2
2

=

√
‖(I−UUT )y‖2

2 + ‖UUTy −U(f . ∗ (UTy))‖2
2

=

√
β2

0 + ‖(1− f). ∗ ŷ‖2
2,

(4.28)

where ŷ = UTy and β2
0 = ‖(I−UUT )y‖2

2 = ‖y‖2
2−‖ŷ‖

2
2. Hence, using the above

formulae, the GCV function can be rewritten as:

G(λ) =
β2

0 + ‖(λ2/(σ2
i + λ2)). ∗ ŷ‖2

2

(m− n+
∑n

i=1 λ
2/(σ2

i + λ2))2
. (4.29)
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4.5 Proposed algorithm

The algorithm implemented in Matlab models the medium under investigation us-
ing a simplex based finite element representation, and images were reconstructed
using regularized inverse techniques. It is a two-dimensional code which allows
to solve forward and inverse problems for electrical potential equation. It gives
also the possibility to couple groundwater equation with electrical potential equa-
tion. Simulations can be run in transient and stationary modes and performed
on heterogeneous domains with anomalies included, providing low-error inverted
models whereas anomalies are well-detected both for shape and position.
To estimate the goodness of the model, the associated Root Mean Square Error
(RMSE) is defined:

RMSE =

√∑N
i=1(Ψcalc

i −Ψobs
i )2

N
. (4.30)

When the solution x∗ is obtained, the forward problem is solved together with the
RMSE absolute value. Then, when necessary, the model x∗ is updated to compute
new SP distribution until the desired RMSE tolerance criterion, depending on the
nature of the problem under investigation, is fulfilled (Figure 4.2). However, it is
worth to underline that the recover of the shape and the position of the principal
anomalies is given higher priority than reconstructing their amplitude.

The algorithm consists of four primary subfolders:

• Meshing: contains functions for generating geometry and meshes.

• Finite Element Formulation: contains all functions necessary for imple-
menting the finite elements method.

• Inversion: contains inversion and regularization functions.

• Graphical output: contains post-processing functions which permit to
visualize results.

Separating all the functions in different folders depending on their functionality
makes the code cleaner and easier to understand and modify.
The main of the algorithm is divided in sections, where the operator can act to
change:

• Creating Geometry and Mesh: this step is performed by Netgen code.
Read a mesh file or Make a new mesh for 2D geometries:
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Figure 4.2: Flowchart of the inverse algorithm for searching the best source current
density model.
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MakeMesh permits to build an adaptive mesh by Netgen.
ReadMesh is able to read a .mat file generated by MakeMesh or a .vol file
generated by Netgen.

• Fixing boundary conditions: the algorithm uses SetBoundary for defin-
ing boundary conditions.
Suppose you want to solve your problem and apply non homogeneous
Dirichlet boundary conditions on top and bottom boundaries and non ho-
mogeneous Neuman boundary conditions on remaining borders.
You can define your borders as follows :

bdFlag = SetBoundary (node,elem,’Dirichlet’,’(y==ymax) | (y==ymin)’,...
’Neumann’,’(x==xmin) | (x==xmax)’)

where node is a 2 column vector containing all nodes coordinates and elem
is a 3 column vector containing for each triangle the node numbers of the
vertices.
After defining your boundaries you create vectors containing values you
want to affect to those boundaries. For example, if we want to impose
Dirichlet boundary conditions with values zero, we do as follows :

function DirichletBoundaryValue = dc(x)
DirichletBoundaryValue = zeros(size(x,1),1)

where dc denotes the data on the Dirichlet boundary and y = dc(x) returns
function values at N discrete points on the Dirichlet boundary. This input
data has to be choosen by the user. x has dimension N × 2 and y has
dimension N × 1.

• Assembling Stiffness, Mass matrices, right hand side and Solving
linear system of the problem: Local, global Stiffness and Mass ma-
trices and right-hand side (see Sections 3.3, 3.4, 3.5) are all computed by
FEMstatic function whether we use stationary simulations. This function
returns the solution of the problem and the Stiffness/Mass matrices. Code
syntax is used as follows:

[A,b,u] = FEMstatic(Q,node,elem,Dirichlet,Neumann,S)

Inputs:
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– Q: sink source;

– node: node coordinates;

– elem: mesh connectivities;

– Dirichlet, Neumann: boundary edges;

– S: material properties

∗ in the case of ground water flow, it is the hydraulic conductivity,

∗ in the case of electrical potential, it is the electrical conductivity;

Outputs:

– u: solution of the problem;

– A: Stiffness matrix;

– b: right-hand side;

• Inverse Problem: The inverse problem consists to recover the horizontal
and vertical components of the source current density. It can be done with
the function:

x=invlsqr(K,L,y,lambda,V,max,stop);

Inputs:

– K: Kernel matrix;

– L: depth weighting matrix;

– y: vector of observed data;

– lambda: regularization parameter;

– V: principal right singular vectors of K;

Output:

– x: solution of the problem;

The function invlsqr implements the subspace preconditioned LSQR al-
gorithm to compute (an approximation to) the standard-form Tikhonov
solution x for a fixed value of the regularization parameter λ. The precon-
ditioner is based on the subspace defined by the columns of the matrix V
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whose columns should be “smooth” and preferably chosen such that a signif-
icant component of the exact solution lies in the range of V. The parameter
max is the maximum allowed number of iterations (default value is maxit
= 300). The parameter stop is used a stopping criterion for the norm of the
least squares residual relative to the norm of the right-hand side (default
value is tol = 1e−12). The output holds all the solution iterates as columns,
and the last iterate x(:,end) is the best approximation.

Another important step in the inversion process is the choice of the regu-
larization parameter. It is calculated using the function named Regulariza-
tionParameter adopting the GCV method.
For example, suppose we want to computes the regularization parameter
with the GCV method, we do like this:

lambda=RegularizationParameter(’GCV’,’TIKHONOV’);

200 logarithmically distributed regularization parameters are generated,
and G in Equation (4.29) is plotted for these values. Then the minimizer of
the GCV function is computed via fmin, using the minimizer of G as initial
guess and the filter factors.
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Chapter 5

Application to laboratory and field
investigations

5.1 Laboratory experiment

A controlled experiment, inspired by the work of Castermant [26], was designed
to apply the inversion algorithm presented in this work in an effort to recover the
2D vector distribution of source current throughout a tank for two purposes:

• testing the concept of geobattery at an intermediate scale, between the core
sample and field scales;

• localizing the major causative sources of observed electrical disturbances.

An electrochemical system was developed to facilitate corrosion of an iron bar
inserted in a Plexiglas cylinder filled with a calibrated sand infiltrated by water.
The iron bar served to transmit electrons between the electron donor and oxygen
used as the terminal electron acceptor. The self-potential signals were measured
at the surface (at different time lapses) and inside the tank on a regular grid at the
end of the experiment. Also electrical conductivity distribution within the tank
was determined because it is required in the formulation of the kernel matrix used
for localization, so as to represent a more realistic scenario in application. This
type of experiment is extremely complementary to field measurements, allowing
to test the physics of these problems, and providing relative orders of magnitude
for the material properties. In this sense, the occurrence of a self-potential dipolar
anomaly and the role of the electrical resistivity distribution are the major issues
to be addressed.

Preliminary tests were performed to:
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• choose an appropriate sand type through a performance comparison among
different grain size distributions and permeabilities;

• evaluate approaches to remove electrode effects during self-potential exper-
iment and provide adequate corrections.

5.1.1 Material and methods

The laboratory experiment was conducted in the Plexiglas cylinder adopted by
[35] for acquisition of frequency-domain electrical tomography data. The tank
having a height of 25 cm and a diameter of 50 cm was filled with sand to depth of
20 cm by taking care to avoid air entrapment (Figure 5.1). The sand was added
in uniform, submerged layers to a standing water column. Each newly added
layer was sprinkled over the surface of the standing water and allowed to settle
out of suspension before it was combed and tamped to remove cavities and air
bubbles and mixed uniformly with the underlying sand. The preliminary test was
performed over several weeks using river sand, while the main experiment was
carried out with the same setup and procedure, where silica sand was introduced
within the tank. A metallic body consisting of a rectangular piece of iron with a
thickness of 2.5 cm and a height of 11 cm was centered at the phreatic surface.
The phreatic surface was maintained constant by adding small amounts of water
to the base of the tank through a vertical plastic tube installed prior to filling
with sand (Figure 5.2). A hood filter-paper was inserted inside the tank upon
the phreatic surface for reducing evaporation.

A total of 49 holes were drilled through a Plexiglas plate every 5 cm in an 7×7
grid and used as a template for electrode placement and manual insertion at five
elevations. Because the SP electrodes were not permanently installed throughout
the tank, this plate was fitted to the tank to allow for accurate repopulation of
the data collection grid for the duration of the study.

Experiment began by first taking measurements at the surface of the tank at
the 49 positions indicated in Figure 5.1b and then collecting data along the cross
section shown in Figure 5.1a to further explore the nature of the SP signals, once
significant surface anomalies were observed to develop. These data were manually
collected throughout the tank at 4-cm-depth intervals from 0- to 20-cm depth,
resulting in a total of 53 measurements at the end of experiment. These latter
were performed with Ag/AgCl non-polarizing electrodes (pellet electrodes with a
diameter of 2 mm, a length of 4 mm and a exposed wire of 70 mm) and a calibrated
voltmeter (ABEM Terrameter SAS300 resistivity meter with a sensitivity of 1µV
and an internal impedance of 10 MΩ). These micro Ag/AgCl electrodes were
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(a)

(b)

Figure 5.1: Sketch of the experimental setup showing the location of depth SP data
points (upper right) and the position of surface data points (lower right) for the actual
experiment, the iron bar installed during placement of sand (upper left) and patterns
of ferric staining of pore fluid and sand below the phreatic surface at the conclusion of
the study (lower left).
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Figure 5.2: Cross section of the cylinder showing the elevation of the established phreatic
surface and the metallic body buried in the capillary fringe.

adopted by inserting their wires into a 1-cm-diameter flexible plastic tube (to
minimize the invasiveness of the depth measurements) and threading them with
banana plugs. To avoid damage and insertion trauma, electrodes were placed into
a thin plastic cover and then used to manually probe the sand at depth throughout
the tank with minimal introduction of oxygen to the system (Figure 5.3).

Figure 5.3: Photos showing the Ag/AgCl nonpolarizing electrodes and the high-
impedance voltmeter during the SP data acquisition along the cross section.

The reference electrode for the self-potential measurements should be ideally
placed at infinity, where by definition the electrical potential falls to zero. The
reference electrode was collocated at the upper side of the tank to be far from the
perturbed zone, approximately 2 cm below the surface of the sand (Figure 5.1b).
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Bulk electrical-conductivity distribution in the tank was determined by per-
forming a 2D resistivity tomography using Syscal-Pro resistivimeter (IRIS In-
struments) with 10 channels and a dipole-dipole array. The maximum "a" and
“n” value used are 5 and 2, respectively. Data were collected utilizing 17 gold
electrodes along a profile and 2.5-cm spacing between electrodes (Figure 5.4).

Figure 5.4: Photos showing the gold electrodes and the Syscal-Pro resistivimeter during
the resistivity data acquisition along the central profile of the measuring grid.

5.1.2 Preliminary tests

Effects of the sand type

Firstly, two different types of sand were tested in order to choose the best ma-
terial capable to make the streaming potential contribution of the recorded self-
potential signals insignificant. The material properties of the two sands are de-
scribed in Table 5.1.

The 2D surface SP distribution was monitored for the development of any
SP anomalies associated with the metal body buried in the river sand first, then
in the silica sand. Self-potential measurements were taken only at 20 stations
using a total of 21 electrodes to reduce acquisition time and temporal drift. The
reference electrode was placed approximately 2 cm below the surface of the sand
in the left upper corner of the measuring grid.

Sequence of 2D SP data (plan-view) collected on the surface of the river
sand is shown in Figure 5.5. The time-lapse monitoring of SP data denotes
the development of anomalies (yellow-red) due to the rapid movement of water
towards the surface. It is worth noting that the use of river sand likely resulted
in a faster water upwelling and therefore a stronger pressure gradient. This
gradient, in combination with a lower water saturation in the upper region of
the tank, resulted in more spatially extensive and larger amplitude SP anomalies
compared to experiment conducted with the silica sand (Figures 5.6a and b).

78



5.1. LABORATORY EXPERIMENT

Figure 5.5: Evolution of self-potential data at the surface of the tank in presence of
river sand. Black crosses indicate positions of the self-potential stations.
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Table 5.1: Properties of the two sands used in the experiment.

Properties River sand Silica sand

Physical characteristics
Unit weight γ (Kgm−3) 1600 1300÷ 2500
Mohs hardness 6 7
Granulometry (mm) 0÷ 4 0.1÷ 0.63
Particle shape rounded polyhedral

Chemical analysis
Silica oxide - SiO2(%) 79.8 90÷ 96
Iron oxide - Fe2O3(%) 2.42 0.13
Aluminum oxide - Al2O3(%) 3.28 1.35
Calcium oxide - CaO(%) 4.60 −
Magnesium oxide -MgO(%) 2.18 −
Sodium oxide - Na2O(%) 2 −
Potassium oxide - K2O(%) 1.96 1.1
pH 7 7÷ 8

On the contrary, the finer-grained silica sand and decreased water saturation
above the phreatic surface likely caused a higher bulk conductivity and a more
spatially compact negative pole due to the EH gradient across the metallic object.
Figure 5.7 shows the initial stages of the generation of this negative SP anomaly
located above the vertical pipe. This indicates that the silica sand allowed to
reduce the capillarity, avoiding the ascent of water to surface and the development
of the electrokinetic SP component. Due to the results obtained, silica sand was
adopted for the laboratory campaign, as described in the following section.

Effects of the electrodes

The second purpose of the preliminary study was to provide a quantitative eval-
uation of electrode effects. Based on their study, Petiau and Dupis [95] found
Ag-AgCl electrodes to be among the best non-polarizable electrodes for geophys-
ical applications, given their low noise and short stabilization time, but other
works mention important electrode effects. Self-potential data are usually inter-
preted after some sort of simplistic removal of electrode effects such as removing
linear drifts of the electrodes between two points in time when the true SP sig-
nals are assumed to be known [71, 131] or by shifting the raw data to zero after
a monitored hydrologic event [66].

Against this background, before introducing the metallic object into the tank,
monitoring was conducted with two Ag/AgCl electrodes inserted into the silica
sand at 49 locations. The calculated SP average value was assumed as back-
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Figure 5.6: Comparison between the self-potential profiles at four different times. Raw
data collected over 5 days on (a) river sand and (b) silica sand. (c) Configuration of
the tank used in the preliminary test with the position of the electrodes.
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Figure 5.7: Surface self-potential maps after replacing the river sand with the finer
particles of the silica sand.
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ground noise and subtracted from all the actual SP measurements. In addition,
during the actual experiment the electrode drift was checked after each survey
and removed from the raw data. The drift was determined by subtracting the SP
signal between the reference electrode and a working one recorded at the begin-
ning of the experiment and those measured after the investigation. Then, it was
divided by the total number of measurements.

After these steps, the first measurement was subtracted from all the data to
reallocate the first data to zero (reference point). An example of the different cor-
rections applied to self- potential data is shown in Figure 5.8. The first electrode
is used as a common reference for each profile and over time.

5.1.3 Synthetic example

Before performing the data inversion, to test the efficiency of the inversion algo-
ritm based on LSQR approach, a simple synthetic model was created. It helped to
control the inversion algorithm and to ensure accuracy and reliability. In partic-
ular it was important to verify if the algorithm was able to reconstruct some am-
plitude anomalies embedded within a background medium. The proposed model
is subdivided in several blocks (9×9 cells). Based on measurements, the spatial
distribution of the source current density and the electrical conductivity were
assigned as shown, respectively, in Figure 5.9a and Figure 5.9c. Self-potential
signals were obtained by solving the forward problem and sampled at the surface
of the model (see Figure 5.10). This SP profile was then inverted to retrieve
the source current density Js. The data were first contaminated by a zero-mean
Gaussian noise having a standard deviation of 2 %.

The inverse problem consists, in the first place, in computing the kernel matrix
connecting the distribution of the source current density vectors and electric
potential data and then optimizing the objective function using LSQR algorithm.
The inverse solution is shown in Figure 5.9b. It recovers reasonably well the shape
and the position of the principal anomalies as well as their amplitudes.

5.1.4 Data acquisition and inversion

Self-potential measurements were monitored for eight weeks, and self-potential
anomalies due to the corrosion of the iron bar were observed during that period
at the top surface of the tank. The collected self-potential data were corrected
as explained in Section 5.1.2, gridded by kriging with a linear variogram model
and contoured using the software Surfer9 (Golden Software, Inc). Figure 5.11
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Figure 5.8: Self-potential data processing. (a) Three steps to obtain correction of raw
SP data. (b) Configuration of the sandbox used in the preliminary test with the position
of the electrodes.

84



5.1. LABORATORY EXPERIMENT

Figure 5.9: Synthetic example.(a) True source current density.(b) Result of the inversion
using LSQR algorithm.(c) Distribution of the electrical conductivity.
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Figure 5.10: The self-potential signal calculated at the surface of the model (z=20 cm).

shows the progressive development of the negative SP anomaly located above the
vertical bar during experiment.

On the 8th week of experiment, the negative surface anomaly, indicating a flux
of electrons through the metallic bar, was deemed to have reached a steady-state
condition, and the SP depth data collection was conducted throughout the tank.
Figure 5.12 shows the 2D vertical cross section of the self-potential. The polarity
of the anomaly agrees with field observations [111] and the amplitude is similar
to those reported in the laboratory by [108]. The self-potential distribution has a
dipolar character, with a positive anomaly located in the bottom part of the iron
bar and a negative anomaly located in the vicinity of the top part of the metallic
object.

After 8 weeks, the iron bar was removed from the tank and evidence of corro-
sion was observed on its surface (Figure 5.13). It was possible to notice that the
colour of the sand in the vicinity of the iron bar turns into a blue-greenish colour
over time. If the sand is exposed to air, this colour turns to ochre.

This behaviour is typical of the formation of fougerite (the green rust is trans-
formed into lepidocrocite when exposed to air, see [136].

Figure 5.14 illustrates the results of 2D inversion of surface electrical-resistivity
measurements. ERT dataset were inverted with the VEMI algorithm - Versatile
interface for Electrical Modelling and Inversion-, built within the EIDORS en-
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Figure 5.11: Sequence of 2D SP data (plan-view) collected on the surface of the sand in
experiment. Redox processes resulted in the development of a -45 mV anomaly in two
months (Figure continues on page 81).
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Figure 5.11: -Continued.

Figure 5.12: 2D vertical cross section of SP data collected on day 60 of experiment. A
relatively large dipolar perturbation in the electrical potential field can be seen to have
developed along the vertical iron bar.
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Figure 5.13: Picture showing the almost totally clean surface of the bar after a week
(upper) and the presence of lepidocrocite at the end of the experiment (lower).

vironment [3]. This algorithm is able to perform both 2D and 3D inversion, by
solving the forward problem with a finite-element approximation of the Poisson
equation governing the physical problem while inversion is carried out using a
Gauss-Newton formulation [35, 36, 37]. The code incorporates the electrode size
(penetration depth for rods and plate length for surface electrodes) within the
forward modelling. It is also possible to add a priori information to the inversion
process. In this particular case, for all the boundaries, Neumann-type boundary
conditions were assumed. Resistivity varies from 200 Ωm in the saturated portion
of the tank to 3500 Ωm close to the surface of the tank.

Once the algorithm was tested, experimental resistivity and depth SP data
were used as input for the inversion to localize the causative source body. In
the first step, the kernel computation accounted for the electrical resistivity dis-
tribution (Figure 5.14) and for the insulating boundary conditions applied to
the system and governed by the tank walls. In the second one, the reconstruc-
tion of the electric source current density required self-potential data along the
cross-section perpendicular to the tank (Figure 5.12). Figure 5.15 illustrates 2D
inversion results, where from top to bottom shows the observed SP data, the mag-
nitude of the recovered source current density distribution calculated using the
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Figure 5.14: 2D resistivity tomography. The resistivity ranges from 200 ohm-m in the
saturated portion of the tank (and in the capillary fringe) to nearly 3500 ohm m close
to the top surface of the tank.

recovered 2D vector field of source current density distribution and the recovered
SP data, respectively.

The development of an SP anomaly associated with the corrosion rate of the
vertical metallic bar is clear. Using the GCV approach to selecting an appropri-
ate regularization term and imposing weighted smoothness constraints on depth
as described in Chapter 4, the inversion returns a predominantly vertical current
density that is elongated in the z-direction, which means a single dominant ver-
tical dipole extending from top to bottom of the bar. Although the anomaly is
not perfectly centered on the coordinates of the metallic body, reveals indication
of the vertical length with relative high-amplitude source current distributions
in the upper part of the bar. The coordinate discrepancy could mainly due to
the spatial refinement of the kernel matrix and resultant model parameterization
spacing used for this study. Added constraints such as object’s location, size, and
orientation would help to ensure that source currents in the recovered model were
predominantly in the exact position but they were not applied to the inversion
procedure so as to represent a more realistic scenario in which target object’s
dimensions are unknown.

There is very good agreement between the measured and recovered SP distri-
bution (Figures 5.15a and c) in terms of trend with a negligible change in values
(RMSE=10 mV), demonstrating that this inversion process is useful in recon-
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struction of source current density distribution at depth whereas the recover of
the shape and the position of the principal anomalies is given higher priority than
reconstructing their amplitude.

5.2 Field survey: the San Vittorino Sinkhole Plain

The inversion algorithm was then applied to a field data set collected in the San
Vittorino Plain, located in Central Italy [23] in order to investigate the effects
of different resistivity structure assumptions on the SP inversion results. The
spatial distribution of sources provides useful information that can subsequently
be interpreted in terms of physical processes that generate the SP data. In
particular, it is shown how the SP signals can help to identify the location of
sinkholes.

5.2.1 Hydrogeological background

The San Vittorino Plain lies on the Velino River Valley floor at an elevation of
425-400 m above sea level (a.s.l.) and is bordered by the Terminillo and Reatini
mountain chains on the right bank of the Velino River and by the Giano-Nuria
mountain chain towards East on its left bank. The area is at the meeting point
between the Latium-Abruzzi carbonate Apennines (Mt. Nuria-Mt. Giano ridge)
and the Umbria- Marches-Sabina domain (Mt. Terminillo ridge).

The lithology of the geological units is substantially calcareous even if some
of them also show a variable alternation of marly-calcareous-cherty layers. The
plain, in particular, is characterized by a karst affected carbonate bedrock, ar-
ranged in a set of splays with clayey-marly or siliciclastic footwall (whose thickness
is estimated to be more than 150 m along the plain) and filled by fluvial and la-
custrine deposits of the upper Pleistocene–Holocene; gravel lenses and travertine
(mostly sandy) are found locally (Figure 5.16).

The middle valley of the Velino River and the S. Vittorino Plain are the
areas of discharge of important fractured carbonate aquifers belonging to the
carbonate platform domain. The key factors controlling the points of discharge
of groundwater are: i) the fractured carbonate aquifers supplying the regional
groundwater of the Giano-Nuria- Velino Mts. hydrogeological system; ii) the
Mt. Paterno-Canetra hydrogeological unit, through which a substantial portion
of groundwater flows and, above all, iii) the multi-layered aquifer of the Quater-
nary intramontane plain of S.Vittorino, where carbonate groundwater mixes with
dominantly gaseous deep fluids rising from the main discontinuities. The spring
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Figure 5.15: Inversion results showing color contour plots of the (a) observed and (c)
recovered SP depth data, and (b) magnitude of the current density distribution Js.
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Figure 5.16: Simplified geological map of the sinkhole-prone area in the S. Vittorino
Valley (Latium) with a borehole data stratigraphic column (after [81]).

water intake structures and the Velino River flood control works complicate the
natural situation [96].

This plain, extensively studied in the past through geological, hydrogeological,
geophysical and geochemical surveys, is also characterized by the presence of
numerous sinkholes, often filled with mineralized spring waters. The development
of sinkholes in the study area is mainly due to deep suffusion and deep piping
processes, linked to fluid upwelling along fracture-fault systems and to dissolution
(by H2S and CO2) in the continental deposits [28]. The wide circulation of
waters in this area, which includes the presence of the Peschiera Spring system
with a relevant discharge rate of about 18 m3s−1, emphasized the action of karst
processes. In addition, the minimum depth to the water table in the alluvial-
detrital deposits, the complex hydrodynamics of subsurface water discharge and
the aggressiveness of waters in some sectors play a crucial role, in developing
sinkholes.

The sinkholes, although generally of subcircular shape, exhibit a wide range
of diameters (a few to several tens of metres) and persistence over time. Some
of them are now inactive, others are seasonally recharged and others constitute
permanent ponds and lakes. This different behaviour is probably due to the
different nature and flow-rate of the water discharge at each spring, although a
detailed understanding of the occurrence of the sinkholes, triggering factors and
development is still incomplete. They are mainly located in the norther sector of
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the plain and are aligned along the NE-SE path of the Fiamigiano-Micciani fault.
The most recently formed sinkhole lies in the northern sector of the plain close to
the Cotilia thermal bath. It is a small circular pond with springs and gas vents.

5.2.2 Data acquistion

Cardarelli et al. [23] employed self-potential method in combination with electri-
cal and seismic tomography for detection of piping sinkholes in the San Vittorino
Plain, located in Central Italy, along the Velino River Valley.

We focused only on the results of the ERT and SP surveys performed on
the line illustrated in Figure 5.17, where surface evidence of a piping sinkhole
appeared with the formation of a small water pond (around 2.0 m diameter)
after about one year from the geophysical measurements. The goal was to verify
that negative SP signals are associated with the position of this known sinkhole
(this is marked as “A” in Figure 5.17).

ERT line was carried out using Iris Syscal Pro resistivity meter equipped with
48 electrodes (stainless steel stakes) spaced 2 m apart, depending on the target
depth and the required resolution. ERT 2D pseudosection was inverted using
the VERDI algorithm [24]. The pole-dipole array was employed, as it combines
consistent signal strength with good resolution and depth of investigation.

SP measurements were collected with Pb/PbCl2 non-polarizable electrodes
and ABEM Terrameter SAS300 resistivity meter using a simple scheme for data
acquisition with a reference (fixed) electrode and a moving one. The SP contri-
bution of the main groundwater flow in the SW-NE direction towards the Velino
River [96], which can be considered as linear on first approximation, was removed
from the raw data in the x and y-directions, by a linear interpolation along both
directions.

5.2.3 Inversion of field data

Because sinkholes are associated both with self-potential and electrical conduc-
tivity anomalies, an inversion of self-potential data using the LSQR approach is
proposed as a way of delineating the location of the known sinkhole. Both field
SP data and ERT results are necessary inputs to the inversion algorithm: the
self-potential method is the only geophysical method that is sensitive to the flow
of groundwater while the inversion of the resistivity data provides the distribution
of electrical conductivity, which is sensitive to the water and clay contents of the
shallow cover.
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Figure 5.17: Aerial plan of the surveyed area and position of the ERT and SP line.

The results of the ERT investigation is reported in Figure 5.18a. The anomaly
(marked by a black dashed line) corresponding to the conductive geometry is not
perfectly U-shaped, probably because of the effect of the water table, which is
supposed to be at about 3–5 m depth, as indicated by seismic velocities above 1500
ms−1 in the seismic section (Figure 5.18b). Anyway, the ERT anomalous area
confirms the geometrical reconstruction and identifies morphologies that suggest
the presence of an incipient sinkhole.

The result of the application of the inversion algorithm to the self-potential
anomaly observed at the top surface is shown in Figure 5.19.

The positions of the insulating boundary conditions and the reference elec-
trode were used to determine the kernel. The solution depends on the value of
the regularization parameter λ and a prior model. To determine the value of λ
the GCV method was used (Figure 5.20) while no a prior model was adopted.
A depth-weighting matrix (see Chapter 4) was introduced to counteract the sen-
sitivity of the kernel matrix to near-surface model parameters and to force the
source to depth within the model space.

The source (Figure 5.19a) and the negative anomaly (Figure 5.19b) are located
in correspondence of the incipient sinkhole markes as A. Although the inversion
of surface self-potential data tends to generate a shallower source current density
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A

Figure 5.18: (a) Inverted model of ERT line. (b) Inverted model of STR line (after[23],
modified). Black arrow indicates the sinkhole marked as A. Black dashed lines indicate
the shape of the anomalous zones.
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Figure 5.19: Inversion results. (a) Magnitude of the inverted two-dimensional streaming
current source density accounting for the resistivity distribution shown on Figure 5.18.
(b) Distribution of the reconstructed self-potential signals.

distribution (Figure 5.19a) because the sensibility of the self-potential field decays
quickly with the depht, the proposed approach permits however highly precise
localization of the sinkhole.

Negative anomalies, associated with the percolation of water in the sinkhole,
are of a few tens of millivolts as showed by [58]. It is worth noting that there is
also a minor anomaly likely associated with a shallow smaller sinkhole at x=125
m.

A comparison between the self-potential profile measured at the ground sur-
face and the self-potential profile determined from the inversion process along
the same profile is shown in Figure 5.21. It is possibile to see a good agreement
between the model and the data (RMSE = 2 mV). This indicates clearly that
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Figure 5.20: Determination of the regularization parameter using the GCV method.

self-potential signals can be used to observe remotely the pattern of groundwater
flow (or changes in this pattern) and to detect the occurrence of sinkholes when
the support volume of the source is small with respect to the distance between
the position of the center of the source and the reference point.

Figure 5.21: Comparison between the self-potential signals determined at the ground
surface using the inversion algorithm (empty circles) and the self-potential measure-
ments performed along profile (filled circles).
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Chapter 6

Conclusions

The aim of this dissertation has been to explore thoroughly potential and limits
of quantitative reconstruction of self-potential distribution for environmental and
engineering applications, starting from the controlled laboratory conditions and
ending with field investigations. The main objectives presented in Section 1.3,
has provided the following conclusions:

1. The solution of the 2-D forward problem for the self-potential is achieved by
computing the Green functions entering the Kernel and the Poisson equa-
tion numerically for elementary dipoles through the Galerkin method. The
finite element algorithm, implemented in Matlab to solve numerically these
equations, has proven to be accurate and stable through a comparison with
synthetic simulations. The modeling method is a three-step process. First,
the Poisson equation is solved with piecewise (Neuman or Dirichlet) bound-
ary conditions for the pressure or groundwater flow. Then, the current
source density is calculated on the basis of previously obtained hydraulic
and/or redox gradient distribution. Finally, the SP signals are computed
by solving the Poisson equation with appropriate boundary conditions on
the electrical potential. This approach has been used to produce 2D re-
construction of steady state flow models in anisotropic, heterogeneous and
water-saturated porous materials such as the model of a leak in a dam, the
case of a pumping test in an unconfined aquifer and the problem of coupled
hydroelectric problem associated with the presence of a cavity. The use of
an adaptive mesh, denser near the regions requiring more resolution and
having an high quality factor, can help to reduce errors in forward compu-
tations without increase exponentially the allocated memory. There are two
significant benefits of this code: (1) the flexibility for incorporating compli-
cated model geometries and (2) the multiphysics approach that allows the
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physics of the source mechanism to be coupled directly into the problem;

2. Thanks to the experimental apparatus which was developed, it has been
possible to simulate SP anomalies observed in the vicinity of buried metallic
objects and ore bodies or over groundwater plumes associated with organic
contaminants. Preliminary tests have highlighted the main problems due to
saturation, electrode effects and sand performance. These preliminary mea-
surements seem to be essential to ensure the generation of a large-amplitude
SP response and to remove potential errors into recovered datasets. The
physical model built up in the laboratory have demonstrated that, to pro-
duce SP signals associated with a redox potential gradient, an electronic
conductor localized in the capillary fringe has to intercept an area of strong
redox potential gradient. The generation of an electrical current in the
metallic material is associated with the corrosion of the metallic material
and the formation of a dipolar SP anomaly. The far field contribution varied
with depth and ranged from 70 mV at the top surface of the tank to −70

mV at the bottom. This feature implies an abrupt change from oxidizing to
reducing conditions. It is likely that the chemical reactions at the surface of
the iron bar consumed the dissolved oxygen of the pore solution and make
its diffusion slower. The corrosion modifies the conductivity distribution
(by forming a resistive crust on the surface of the metallic object) and the
distribution of the redox potential in the vicinity of the metallic object;

3. A deterministic and local approach, which consists of inverting for the
source current density distribution using the linear formulation of the for-
ward problem and the modified singular value decomposition, is presented.
When the solution is obtained, the forward problem is solved together with
the RMSE absolute value. Then, when necessary, the calculated model is
updated to compute new SP distribution until the desired RMSE toler-
ance criterion, depending on the nature of the problem under investigation,
is fulfilled. The inversion algorithm is based on the subspace precondi-
tioned LSQR algorithm to compute (an approximation to) the standard-
form Tikhonov solution for a fixed value of the regularization parameter.
The preconditioner is based on the subspace defined by the columns of the
Kernel matrix whose columns should be “smooth” and preferably chosen
such that a significant component of the exact solution lies in the range of
the matrix. The method adopted for choosing the regularization parameter
is the generalized cross-validation (GCV). Simulations with Gaussian noise,
performed on heterogeneous models with synthetic anomalies included, pro-
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vide low-error inverted models whereas anomalies are well-detected both
for shape and position. The decrease of resolution, due to the fact that
the self-potential field decays quickly with the distance, is controlled by the
numerical procedure even though the amplitude response is not completely
satisfactory whereas there is not an adaptive mesh. However, it is worth
to underline that the recover of the shape and the position of the principal
anomalies is given higher priority than reconstructing their amplitude.

4. Laboratory and field investigations results have confirmed the reliability of
the algorithm proposed. There is a good agreement between the measured
and recovered SP signals, demonstrating that the inversion process is use-
ful in quantitatively reconstruction of source current density distribution in
terms of location and shape. This indicates clearly that self-potential can
be used to observe remotely the pattern of groundwater flow (or changes in
this pattern) and to detect the occurrence of sinkholes, as well as the buried
SP sources at depth in regions where electronic conductors exist. In light of
this the goal to develop an accurate and stable finite element algorithm to
solve forward and inverse problems for the self-potential has been achieved.
Future work should concern further developments on the optimization of
the inversion approach, looking also at the 3-D formulation and new engi-
neering and environmental applications. In this sense the Matlab algorithm
developed in this work including the whole geophysical data processing, can
be improved through the insertion of new functions in order to extend the
basic approach to allow for more complicated scenarios where anomalies are
due to deeper sources responsible for both the streaming potential and the
electrochemical potential.
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