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Driving water cavitation into a hydrogel cavity†

Michele Curatolo,a‡ Paola Nardinocchi∗b‡ and Luciano Teresia‡

We study the dynamics of the dehydration process of a hydrogel with a cavity filled with water. We
identify two transient phases: the first one dominated by an inflatable-balloon deformation mode,
and the second by a suction effect, determining highly not homogeneous deformation modes of
the hydrogel walls. This last phase triggers negative pressures into the cavity up to the typical
values of water cavitation. An analysis of the factors allowing to get cavitation pressure inside the
cavity is proposed, to allow for precise tuning of the key geometrical and material parameters.

1 Introduction
Cavitation is the phase transition liquid-to-vapor which happens
in water under negative pressure, that is, under tension, and at
constant ambient temperature; it has been firstly studied, as of
great interest, in some industrial contexts such as marine pro-
pellers1, and petroleum2 industry. In the last years, cavitation
occurring in microscopic confinement has received great atten-
tion, being one of the processes exploited in nature to realize
shooting mechanisms used for prey capture, defense, and repro-
duction3–5. We only cite Ref. 3, and references therein, dealing
with the dynamics of spontaneous or triggered cavitation inside
water-filled micro-cavities of a hydrogel, where the stability of
water under tension has been tested in experiments at constant
tension and controlled humidity. Water-filled micro-cavities are
the elementary units of fern sporangium which uses the cavitation
induced by evaporation of the water to realize the shooting mech-
anism allowing for seeds dispersal. This shooting mechanism,
described and discussed in Ref. 4, is composed of two phases:
a slow opening phase driven by water evaporation which ends
when cavitation pressure is attained within the micro-cavities; a
fast closing phase triggered by water cavitation. The dynamics of
the fern sporangium has been deeply studied, following optically
the opening and closing of sporangia, computing the deforma-
tions of the annulus during the two phases, and interpreting the
dynamics in terms of a one-dimensional beam model which is
shown to finely capture the characteristics of the motion.

Results in Ref. 6 highlight the importance of the precise tuning
of the parameters without which the function of the leptospo-
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rangium as a catapult would be severely compromised. Likewise,
it is important to discuss and investigate through appropriate
models the role of the key geometrical and material parameters
allowing for the attainment of cavitation pressure in water-filled
micro-cavities of a hydrogel. To do it, the de-hydration process
of a hydrogel cavity, initially filled with water, exposed to air has
to be modeled. The model has to take into account the pump-
ing induced by the difference in chemical potential inside and
outside the cavity, as well as the suction effect realized by the
cavity walls during the evaporation phase. Some of the Authors
have been involved in the investigation of hydration and dehydra-
tion processes in hydrogels for many years, and have elaborated
a multiphysics model to describe such phenomena from a dynam-
ics point of view which has been successfully tested in different
situations7–9.

Here, we deal with the following model experiment: a free-
swollen hydrogel, having a cavity filled with water, is pulled out
from the bath and exposed to air. The difference in chemical po-
tential drains the water out of both cavity and gel walls, and a
drying process begins. We study the dynamics of the dehydration
process, identifying a transient phase dominated by an inflatable-
balloon deformation mode, followed by a phase dominated by
a suction effect, which determines highly not homogeneous de-
formation modes of the hydrogel. This phase triggers negative
pressures into the cavity up to the typical values of water cavita-
tion. This latter strongly depends on the geometry of the cavity,
as well as on the shear modulus of the hydrogel. An analysis of
the factors allowing to get cavitation pressure inside the cavity is
proposed, to allow for precise tuning of the key geometrical and
material parameters.

2 Theoretical Background
Our starting point is the multiphysics model presented and dis-
cussed in Ref. 7 and successively refined in Ref. 8 and Ref.
10, where the buckling dynamics of a solvent–stimulated and
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stretched elastomeric sheet are investigated. The physical pro-
cesses associated with swelling and de–swelling are described
within the limits of a nonlinear field theory which views the
water–polymer mixture as a homogenized continuum body, al-
lowing for a mass flux of the solvent11–14. The mathematical
modeling is derived from basic principles: the principle of null
working and the conservation of the water mass deliver the bal-
ance equations of forces and solvent concentration, respectively;
the dissipation principle select the admissible constitutive pro-
cesses.

2.1 State variables and free energy

We introduce a dry-reference state Bd of the gel, and denote
with Xd ∈Bd a material point and with t ∈ T an instant of the
time interval T ; we use the notation [α] to indicate the IS units
of a quantity α. Our multiphysics model of gel has two state
variables: the displacement field ud(Xd , t) ([ud ]=m), which gives
the actual position x = Xd + ud(Xd , t) of the point Xd at time t,
and the molar water-concentration per unit dry volume cd(Xd , t)
([cd ] =mol/m3). A key point of this model is the volumetric con-
straint coupling these two state-variables:

Jd = detFd = Ĵd(cd) = 1+Ωcd , (2.1)

where Fd = I+∇ud is the deformation gradient and Ω is the mo-
lar volume of the water ([Ω] = m3/mol). The constraint (2.1)
implies that any change in volume of the gel is accompanied by
an equivalent uptake or release of water content.

We consider a relaxed version of the Flory–Rehner thermody-
namic model15,16; the free energy ψ per unit dry-volume is as-
sumed to depend on Fd through an elastic component ψe, and on
cd through a polymer–water mixing energy ψm: ψ = ψe+ψm. The
relaxed free–energy ψr, which includes the volumetric constraint,
is written as:

ψr(Fd ,cd , p) = ψe(Fd)+ψm(cd)− p(Jd − Ĵd(cd)) . (2.2)

The pressure p represents the reaction to the volumetric con-
straint, which maintains the volume change Jd due to the dis-
placement equal to the one due to solvent absorption or release
Ĵd(cd). Key features of ψ (or ψr) are the following: the elastic
contribution ψe hampers swelling; the mixing contribution ψm fa-
vors swelling.

2.2 Stress and chemical potential

The constitutive equation for the stress Sd ([Sd ]=Pa = J/m3) at
the dry configuration Bd , henceforth termed dry-reference stress,
and for the chemical potential µ ([µ]=J/mol) are derived from
(2.2), which yields

Sd = Ŝd(Fd)− pF?
d and µ = µ̂(cd)+ pΩ , (2.3)

with

Ŝd(Fd) =
∂ψe

∂Fd
, µ̂(cd) =

∂ψm

∂cd
, and F?

d = Jd F−T
d . (2.4)

Typically, the Flory–Rehner thermodynamic model prescribes a
neo-Hookean elastic energy ψe and a polymer–water mixing en-
ergy ψm:

ψe(Fd) =
Gd

2
(Fd ·Fd −3) , ψm(cd) =

RT
Ω

h(cd) , (2.5)

with

h(cd) = Ωcd log
Ωcd

1+Ωcd
+χ

Ωcd

1+Ωcd
, [h] = 1 , (2.6)

G being the shear modulus of the dry polymer, R the univer-
sal gas constant, T the temperature, and χ the Flory parameter.
Their physical units are [G]=J/m3, [R] =J/(K mol), [T ] = K. The
dimensionless Flory parameter χ, called dis-affinity, is specific of
each water–polymer pair. The parameter χ may possibly depend
on temperature and deformation; these dependence are impor-
tant when temperature–driven volume transition in hydrogels is
studied, as in Refs. 17–19. Using (2.4), we can obtain the consti-
tutive equations specific to our energy choice (2.5):

Ŝd(Fd) = Gd Fd ,

µ̂(cd) = µ̂(Jd) = R T
(

log
Jd −1

Jd
+

1
Jd

+
χ

J2
d

)
,

(2.7)

where, with a light abuse of notation, we wrote the relation for
the chemical potential µ = µ̂(cd) in terms of Jd as µ̂(Jd) by exploit-
ing the volumetric constraint (2.1). The actual stress (Cauchy) T
is then given by the constitutive term T̂(Fd) minus the pressure
term

T = J−1
d Sd FT

d = T̂(Fd)− pI , (2.8)

with T̂(Fd) = Gd/Jd Bd , and Bd = Fd FT
d .

2.3 Solvent flux

A key element in the transient swelling and de–swelling processes
is the solvent flux. We assume the following prescription for the
reference solvent flux hd , [hd ]=mol/(m2 s),

hd = hd(Fd ,cd , p) =−M(Fd ,cd)∇(µ̂(cd)+ pΩ) , (2.9)

which is consistent with the dissipation principle, provided that
the mobility tensor M(Fd ,cd) is positive definite ([M]=mol2/(s m
J)). Among the many admissible representations for the mobil-
ity, we assume M to be isotropic, and diffusion always to remain
isotropic during any process. This is a largely shared assumptions
(see Refs. 11,13,14, and Ref. 7 for a full discussion on the rep-
resentations of M different from the isotropic one), and linearly
dependent on cd . We have:

M(Fd ,cd) =
D

RT
cdC−1

d , Cd = FT
d Fd , (2.10)

with D ([D]=m2/s) the diffusivity. Using m to denote the outward
unit normal, qs =−hd ·m represents a boundary source of solvent,
[qs]=mol/(m2 s). Hence, qs > 0 corresponds to a positive source,
that is, an inward flux.
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2.4 The Initial-Boundary Value problem

The model is based on a system of bulk equations, describing the
balance of forces and the balance of water concentration, cou-
pled through the volumetric constraint (2.1), and the constitutive
equations (2.3)-(2.6): on Bd ×T

0 = div Sd and ċd =−div hd , (2.11)

with a dot denoting the time derivative and div the divergence
operator. Equations (2.11) must be complemented with boundary
conditions on the traction t and/or displacement ūd :

Sd m = t ,on ∂tBd ×T , ud = ūd ,on ∂uBd ×T ; (2.12)

and with chemical boundary conditions on solvent source qs

and/or concentration c̄d :

−hd ·m = qs , on ∂qBd ×T ,

µ̂(c̄d)+ pΩ = µext , on ∂cBd ×T .
(2.13)

We note that the boundary concentration c̄d is assigned implicitly
by controlling the external chemical potential µext .

Notation ∂sBd with s = t,u,q or c in the above equations refers
to the portion of the boundary of Bd where traction t, displace-
ment ūd , solvent source qs, and concentration c̄d are prescribed,
respectively. Finally, the model is completed by the initial condi-
tions for the state variables ud and cd :

ud = udo , cd = cdo , on Bd ×{0} (2.14)

3 Drying–driven suction effect

The time–dependent stress–diffusion problem described above al-
lows to investigate both hydration and dehydration, which cause
swelling and de–swelling, respectively. The latter process has re-
ceived little attention in the Literature, even if it can induce note-
worthy phenomena as the one we are studying here. Let us start
by considering an ideal experiment. A dry hydrogel Bd , with an
inner cavity Cd , is immersed into a water bath in absence of con-
straints and loads, and kept there until both the hydrogel walls
and the cavity are completely filled with water∗ At this point, the
hydrogel is in a steady, stress-free state Bo, with cavity Co; it is
then taken out of the bath and exposed to air: dehydration be-
gins, and water is expelled from both the cavity and the gel walls
(figure 1).

∗We can imagine cube, with a cubic cavity, and a cut open face; the cube is immersed
into a bath until it is fully swollen. Then, the cut is sealed, and the swollen cube,
with its cavity filled with water is put in open air and let dehydrate.
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Fig. 1 Top: A hydrogel cube with a cavity sits into a bath, in a free-
swollen, steady state; the cavity is completely filled with water (left). The
same hydrogel is pulled out and exposed to air: dehydration begins and
water is pumped out of the cavity by the difference in chemical potential.
As water content of the cavity reduces, the walls experience a suction
pressure which yields an inward bending (right). Bottom: Free-swelling
volume Jo versus shear modulus Gd for an external chemical potential
µext = 0 J/mol (see Table 1 for parameters value).

3.1 Modeling Dehydration

Here, we are interested in the dynamics of the dehydration pro-
cess, that is, in describing the actual configuration of the gel Bτ ,
and of its cavity Cτ , during the time evolution:

Bd , Cd︸ ︷︷ ︸
dry-reference state

→ Bo , Co︸ ︷︷ ︸
free-swollen state

→ Bτ , Cτ︸ ︷︷ ︸
dehydration dynamics

(3.15)

As well described in Literature (see Refs. 4–6), the volume of the
cavity has to match the volume of the water it contains: as water
is pumped out, the volume of the cavity reduces, a suction pres-
sure develops, and the hydrogel walls slowly bend inward. Cor-
respondingly, elastic energy is stored into the walls. The suction
effect, due to the water incompressibility, yields a negative pres-
sure in the water, that is, a tension; eventually, if water tension
reaches a critical value (in the range minus 9 ∼ 20 MPa) relative
to the ambient pressure, cavitation can occurs: the formation of
vapor bubbles in the cavity suddenly increases the volume occu-
pied by water, yielding a jump of the suction pressure: hydrogel
walls quickly release all the elastic energy previously stored. This
whole process can be viewed as a power amplifier: chemical en-
ergy is used to slowly increase the elastic energy of the gel, a
low-power process; then, this elastic energy is rapidly converted
in kinetic energy and dissipated, a high-power process. This point
of view has been illustrated in Ref. 4 and largely reviewed in Ref.
5; water cavitation is the breaking factor that switches the slow
process to the fast one.

Being interested in dehydration, we consider as initial configu-
ration the swollen, stress-free, steady state Bo: with zero loads,
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no constraints, and an external chemical potential µext = µo, the
mechanical and chemical balance laws prescribe Sd = 0, µ = µo,
and yield a uniform deformation Fd = Fo = λoI. The stretch λo

is characterized by the value µo of the bath’s chemical potential:
the zero-stress condition yields the pressure p

Sd = GdFo− pF?
o = 0 ⇒ p =

Gd

λo
. (3.16)

By substituting p in the constitutive relation for the chemical po-
tential yields a non linear equation relating µo and λo

µ̂(Jo)+
Gd

λo
Ω = µo , with Jo = λ

3
o . (3.17)

The relationship between Jo and G given by the equation (3.17)
is represented for µo = 0 in figure 1 (bottom); it shows as the
initial conditions change, depending on the shear modulus of the
hydrogel, once all the other parameters have held fixed. Equation
(3.17) is also used to set the initial conditions (2.14) specific to
our problem†:

uo = (λo−1)x , cd = cdo =
Jo−1

Ω
, on Bd×{0} . (3.18)

The deformation from Bo to the actual state Bt is then de-
scribed by the deformation gradient F = Fd F−1

o . As regards
mechanical boundary conditions, we consider a steady uniform
pressure pe on the external boundary ∂eBd , and a time-varying
pressure pi on the internal boundary ∂iBd = ∂Cd , with ∂Cd the
boundary of the cavity; in terms of reference stress, we have

Sd m =−pe F?
d m , on ∂eBd ×T ,

Sd m =−pi F?
d m , on ∂Cd ×T .

(3.19)

The external pressure pe describes the effect of the atmospheric
pressure, and we assume as base value pe = 0 Pa. The internal
pressure pi = pi(t) is a key element in our problem, and arises
as reaction to the volumetric coupling between the water volume
vw = vw(t), and the cavity volume vc = vc(t). As water flows out
of the cavity it must hold

vc(t) = vw(t) (3.20)

at each instant t ∈T . The global constraint (3.20) is enforced by
adding a term to the total relaxed free-energy ψr:

Potential Energy =
∫
Bd

ψr dV − pi (vc− vw) ; (3.21)

thus, pi can be viewed as the Lagrange multiplier enforcing the
constraint (3.20). The cavity volume vc depends on the actual
configuration of the gel, described by the displacement ud , and
can be evaluated as

vc(t) =
∫
Ct

dv =
1
3

∫
∂Ct

x ·nda =
1
3

∫
∂Cd

(Xd +ud) ·F?
d mdAd . (3.22)

†The initial condition for ud assumes that the cubic region Bd is centered at the
origin.

On the other hand, the water volume vw equals the initial water
content vwo, minus the volume vi

w(t) of water outflown through
the inner boundary, that is, that has left the cavity during the
time interval (0, t):

vw(t) = vwo− vi
w(t) . (3.23)

The initial water content equals the initial cavity volume vco =

vc(0), and is given by (3.22), evaluated at time t = 0:

vwo = vco = vc(0) =
1
3

∫
∂Cd

(Xd +uo) ·F?
o mdAd . (3.24)

To evaluate the volume vi
w of the water that has left the cavity, we

have at our disposal its time-rate v̇i
w as qs =−hd ·m measures the

water flux entering the gel through the boundary. It follows

v̇i
w(t) =

∫
∂Cd

qs dAd =−
∫

∂Cd

hd ·mdAd . (3.25)

Eventually, by time-integrating v̇i
w(t), with initial condition

vi
w(0) = 0, yields the function vi

w(t). It is worth noting that both
vc and vw depend on the state of the gel, that is, on the two state
variables ud , cd , which were coupled as a consequence of (2.1).
Hence, the new global constraint (3.20) adds a further coupling,
through the inner pressure pi.

As regards the chemical boundary conditions, we use different
values for the external chemical potential µext, at the inner and
the outer boundary of the gel:

µext = µw on ∂Cd , and µext = µa on ∂eBd , (3.26)

being µw = 0 J/mol a constant value at the surface in contact
with water, and µa = µa(t) a time varying value at the surface
being exposed to air (see figure 1, top). To model the transient
time interval during which the outer boundary condition changes
from water to air, we assume the following time law for µa:

µa(t) = µo +(µ∞−µo)(1−exp[−log2(t/Tc)]) , (3.27)

with µo = 0 J/mol, corresponding to Relative Humidity (RH)
equal to 1, and µ∞� µo, corresponding to RH� 1; Tc is the time
needed to go from µo to (µo + µ∞)/2. In our numerical experi-
ments we use the following values of the materials parameters:

Table 1 Numerical values of the parameters

Parameter value IS Units Description
Ω = 1.8 ·10−5 m3/mol water molar volume;
χ = 0.2 1 dis-affinity;
D = 10−9 m2/s diffusivity;
µ∞ =−2000 J/mol chemical potential for air (J∞ ' 1);
T c = 500 s time to switch wet-to-dry;
T = 293 K ambient temperature.

4 Dehydration dynamics
We consider as dry-reference Bd a cube with side length l, having
a cubic cavity Cd at its center with side length l− h, so that the
gel walls have thickness h/2.
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4.1 Early dynamics

To discuss dehydration dynamics we introduce the following vol-
ume ratios, whose time behavior is shown in figure 2:

• vi
w(t)/vco water through the inner boundary;

• ve
w(t)/vco water through the external boundary;

• vg(t)/vco gel volume: vg =
∫
Bd

Jd dV ;

• vw(t)/vco water content of the cavity.

We also remember that water flux is measured with respect to the
gel, that is, positive values of vi

w and ve
w represent water entering

the gel.

Fig. 2 Top: Volume ratios of different quantities versus the dimensionless
cavity volume vc/vco: volume of water crossing the internal boundary,
vi

w/vco (blue); volume of water crossing external boundary ve
w/vco (yellow);

gel volume vg/vco (green); water content of the cavity vw/vco (red). We
set: Gd = 108Pa, h = 0.0025m, l = 0.02m; at t = 0, cavity volume is twice
the gel volume.

Let tc = h2/4D be the characteristic time of the diffusion prob-
lem. At early times, that is for t/tc << 1, when hydrogel begins to
release water from the external walls towards the environment,
we have the highest gradients of chemical potential. The small,
steep, ramp at the beginning of the curve ve

w(t)/vco (yellow line)
corresponds to a large negative flux (water exits from the walls);
during the same time interval, the water entering the gel from the
cavity is much smaller, ‖vi

w(t)/vco‖ � ‖ve
w(t)/vco‖, the water con-

tent in the gel decreases very fast, and so does the gel volume,
vg(t)/vco < 1 (steep initial ramp of the green line); meanwhile,
the cavity volume remains almost unchanged, vw(t)/vco ' 1 (red
line).

As a consequence, the inner pressure pi increases up to a max-
imum positive value (figure 3, top panel), and we observe a sort
of inflatable–balloon effect of the cavity which is especially visible
under certain conditions, as we are discussing in the next subsec-
tion.

Fig. 3 Top: Dimensionless inner pressure pi/Gd versus cavity volume
vc/vco; cavity pressure changes sign from positive in phase I to negative
in phase II. At point 2, the pressure has its maximum, denoted as pm

i .
Middle: Gel configurations under positive (left) and negative (right) inner
pressure. Bottom: Gel configurations at the four points 1−2−3−4 high-
lighted in the top plot; coloring according to the gel-volume variation J.
We set: Gd = 108 Pa, h = 0.0025 m, l = 0.02 m.

The pink region in figure 2 and 3, labeled I, identifies this phase
of the dehydration, characterized by a positive inner pressure pi

and the inflatable–balloon deformation mode. This mode is rep-
resented with a cartoon in figure 3 (bottom panel, left), where
coloring corresponds to the value of J = Jd/Jo, the ratio between
the current and the free-swollen volume of the hydrogel.

After this initial transient, when t/tc > 1, the gel volume
vg(t)/vco remains almost constant, see green line in figure 2, as
the water entering into the gel from the cavity (blue line) is equal
to water exiting the gel from the external boundary (yellow line).

The gray region in figure 2 and 3, labeled II, identifies the sec-
ond phase of the dehydration, during which the inner pressure pi

has negative values, thus yielding the suction effect. During this
phase, the hydrogel walls bend inwards, and the water inside the
cavity undergoes tension; this effect is represented with a cartoon
in figure 3 (bottom panel, right).

4.2 Flow rates

A better view of the dehydration process can be obtained through
the analysis of the fluxes and the pressure versus the cavity vol-
ume, as shown in figure 4; here phase I is larger than phase II,
due to the smaller value of the shear modulus that has been used
(Gd = 107 Pa) with respect to the one used for figure 3 to better
discuss the process.

It can be noticed that the external flow rate v̇e
w (yellow line)
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begins with a very high negative value: a lot of water exits from
the gel towards the external; at the same time, the internal flow
rate v̇i

w (blue line) has a much smaller negative value: few water
exits from the gel towards the cavity. Pressure (green dashed line)
is positive and the inflatable–balloon effect takes place; when the
two flow rates approach the same absolute value, ‖v̇e

w‖/‖v̇i
w‖→ 1,

the inner pressure crosses the zero value and becomes negative:
the suction effect begins.

Fig. 4 Top: Flow rates v̇i
w (blue, solid) and v̇e

w (yellow, solid) of water
crossing the cavity boundary, and the external boundary, respectively;
values are reported on the left vertical axis. Dimensionless pressure
pi/Gd (green, dashed) inside the cavity; values are reported on the right
vertical axis. Bottom: Gel configurations corresponding to the four points
highlighted on the above plot. The arrows show flow rates; coloring ac-
cording to the gel-volume variation J. We set: Gd = 107 Pa, h = 0.0025 m,
l = 0.005 m.

The cartoon at the bottom of figure 4 shows four different con-
figurations corresponding to the points reported in the above plot.
Configuration 1: very early times; v̇e

w < v̇i
w < 0; hydrogel walls are

releasing water towards both the external environment and the
inner cavity; pressure is positive and inflation begins. Configu-
ration 2: early times; v̇e

w < 0 < v̇i
w; water exits from the cavity

and from the external boundary, while pi > 0; inflation persists.
Configuration 3: flow rate are almost equal, but opposite in sign:
‖v̇e

w‖/‖v̇i
w‖ → 1; pressure is almost zero. Configuration 4: inward

flow rate from the cavity remains slightly higher than the out-
ward flow rate to the external environment; |v̇i

w| & |v̇e
w|; pressure

becomes negative; suction begins.
All in all, the flow rate from the cavity v̇i

w depends on the geo-
metrical characteristic of the cubic sample. In particular, our cube
with edge length = l and walls thickness = h/2, has external faces
with area Ae = l2, and cavity faces with area Ac =(l−h)2; the ratio
aβ = Ae/Ac has a key role. Given the slenderness ratio β = h/l, it
holds aβ = 1/(1−β )2. We tested values for β ∈ (1/8,1/2), that is,
from thin wall and large cavity (β ∼ 1/8), to thick wall and small

cavity (β ∼ 1/2), yielding aβ in the range (1.3,4). As expected,
see figure 5, v̇i

w is a decreasing function of aβ and is lower for
stiffer hydrogels (green lines) than for softer hydrogels (orange
and blue lines); these values correspond to the instant τ̄ when,
for each different sample, the cavity volume is half the initial size:
vc(τ̄)/vco = 1/2.

Fig. 5 Semi-log plot of the flow rate through the boundary of the cavity
v̇i

w, evaluated when vc/vco = 1/2, versus the surface ratio aβ . The three
curves refer to different shear moduli, ranging from Gd = 107 Pa to Gd =

109 Pa (semi–logarithmic scale).

4.3 Elastic energie and stress

Finally, we discuss the evolution of two mechanical quantities, the
elastic energy and the stress state, by comparing the behavior of
gels having different shear moduli.

Fig. 6 Dimensionless elastic energy ψe/ψeo versus vc/vco for different
shear moduli spanning three orders of magnitude. We set: h = 0.0025 m,
l = 0.02 m.

During dehydration, a large part of elastic energy should be
stored as a consequence of the suction–effect deformation mode,
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that eventually yields a cavitation pressure inside the cavity‡. In
figure 6 we plot the evolution of the dimensionless elastic en-
ergy ψe/ψeo, with ψeo the elastic energy stored at the free-swollen
state. We observe that, for a stiff material (green lines), the func-
tion ψe/ψeo is not monotone: at early times elastic energy de-
creases; then, at later times, it increases much more with respect
to the previous loss. For softer hydrogels, the elastic energy be-
haves differently (orange and blue lines): most of its change hap-
pens at early times, with the consequence that the change of elas-
tic energy during the process is much smaller with respect to the
one seen for stiff gels.

To analyze the stress state, we focus on a beam-like portion of
the gel’s wall, that is, we consider a region at the center of a cube
face, having length (l−h) and cross section h/2×h/2 (see cartoon
at bottom of figure 7). Denoted with e the direction of the lon-
gitudinal axis of the beam, we are interested in the longitudinal
component of the stress σ = Te ·e, which is the stress component
important for the bending. In figure 7, we plot the evolution of
the dimensionless stress σ/Gd evaluated at a point of the exter-
nal wall (solid lines), and of the internal wall (dashed lines). The
stress analysis is interesting for two reasons. Firstly, it shows as
stiff hydrogels (green) have a stress distribution in accordance
with the suction–effect mode (stress is negative at outside, and
positive at inside), whereas soft gels (orange lines) presents an in-
version of the bending couple when deformation mode switches
from the inflation–balloon (positive at outside, and negative at
inside) to the suction–effect (negative at outside and positive at
inside). Even softer hydrogels (blue lines) only presents bending
stresses compatible with the inflation–balloon mode. Moreover,
in these latter softer hydrogels, bending stress attains a very high
values at early times.

‡ In Ref. 4, it has been noted as an array of cells, each undergoing a suction–effect
deformation mode, exhibits a global bending deformation.

Fig. 7 Top: Dimensionless bending stresses σ/Gd versus vc/vco for dif-
ferent shear moduli. Values taken at the external side (solid lines), and
the internal side (dashed lines) of the cross section. Bottom: cartoon of
the cubic sample with the beam-like region highlighted in blue (left), and
the points used to evaluate the stress in red (right). We set: h = 0.0025
m, l = 0.02 m.

4.4 The inflation–balloon effect

At the best of our knowledge, the inflatable–balloon mode ob-
served at early times has never been noted in the Literature. This
phenomenon strongly depends on Gd , χ, µ∞, β and the ratio
Tc/tc; in particular, by controlling Tc, the inflation effect can be
enhanced or diminished. To quantify the effect of Tc/tc and Gd ,
we fixed the aspect ratio β = 0.125 of the cubic sample, the ex-
ternal chemical potential µ∞ = −2000 J/mol, and we studied the
dependence of the maximum inner pressure pm

i , made dimension-
less by Gd (see point 2 in figure 3), on Tc/tc and on Gd . It is worth
noting that, being µo fixed, from equation (3.17) Jo = Jo(Gd), see
equation (3.17); thus, in the plot we report the values of Jo in-
stead of Gd .
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Fig. 8 Inflatable–balloon mode. Top: Maximum dimensionless pressure
pm

i /Gd versus Jo at different ratios Tc/tc (panel a). Bottom: Log-log plot
of maximum dimensionless pressure pm

i /Gd versus Tc/tc at different Jo
(panel b). We remember that Jo = Jo(Gd); thus to each value of Jo there
correspond a unique value of Gd ; see figure 1, bottom.

Figure 8a shows pm
i /Gd versus Jo. The inflatable–balloon mode

increases with Jo, and becomes appreciable when Jo > 2; more-
over, the same effect is hampered for Tc > tc (yellow). Indeed,
only when Tc < tc (blue), the water begins to outflow from the
external boundary faster with respect to the water entering in the
gel from the cavity: thus, the shrinking walls have to be stretched
in order to wrap the water volume in the cavity which is still
large. Figure 8b shows pm

i /Gd versus Tc/tc. The curves show
two regimes: for Tc/tc . 2 · 10−1, pressure remains constant; for
Tc/tc & 2 ·101 pressure decreases linearly (in a log-log plot). When
Tc/tc > 102, the maximum inner pressure is too low, and it is al-
most impossible to observe the inflatable-balloon mode. The di-
mensionless pressure pm

i /Gd is higher for the softer gel (blue)
than for stiffer ones (yellow); the same holds for the dimensional
pressure pm

i : at early times, pm
i ∼ 6 · 105 Pa for the soft gel, and

pm
i ∼ 1.6 ·105 Pa for the stiff one.

5 Determinants for cavitation
We investigate how geometrical and material factors may trig-
ger water cavitation, assuming pi =−10 MPa as threshold for the
phenomenon to happen. Through our numerical experiments, we
discovered that shear modulus Gd , and slenderness parameter β

are the main determinants in attaining cavitation.

Fig. 9 Dimensionless inner pressure pi/Gd versus vc/vco, for different val-
ues of β and fixed Gd = 108 Pa. Solid lines are obtained with h = 0.0025 m
and l = (0.02m,0.01m,0.005m), corresponding to β = (0.125,0.25,0.50),
respectively (blue, orange and green solid lines). Dashed lines are
obtained with l = 0.02 m and h = (0.005m,0.01m), corresponding to
β = (0.25,0.50), respectively (orange and green dashed lines). The black
dashed line represents the dimensionless pressure of water cavitation
pc/Gd =−0.1, with Gd = 108 Pa.

At first, we investigate the dependence on β with a constant
Gd = 108 Pa. Figure 9 shows dimensionless inner pressure pi/Gd

versus volume ratio vc/vco, for different values of β . We note
that only the green curves, corresponding to β = 0.5 attain val-
ues below the dimensionless cavitation pressure (black, dashed).
Cavitation should occur when the volume of the cavity has been
reduced to about 70%. More slender sample, with shear modulus
Gd = 107 Pa cannot achieve cavitation pressure.

Fig. 10 Dimensionless inner pressure pi/Gd versus vc/vco for different
values of Gd (solid lines). Dashed lines correspond to the dimensionless
cavitation pressure for Gd = 107 Pa (blue), Gd = 108 Pa (green), Gd = 109

Pa (orange). We set: h = 0.0025 m, l = 0.02 m.

Then, we investigate the dependence on Gd with a constant
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β = 0.125. Figure 10 shows dimensionless inner pressure pi/Gd

versus volume ratio vc/vco, for different values of Gd , from Gd =

107 Pa to Gd = 109 Pa. The solid blue line represent the same
case as the solid blue line of figure 9 (with a different scale of
the vertical axis); this curve does not intersect the dashed blue
line corresponding to the dimensionless cavitation pressure. On
the contrary, both the green and orange solid lines, correspond-
ing to higher Gd intersect the cavitation pressure lines (orange
and green dashed lines); for Gd = 109 Pa, cavitation pressure is
achieved very soon, for vc/vco slightly less than 1.

Finally, in figure 11, we present the result of our analyses with
a contour plot of the inner pressure in the plane Gd , β ; in fig-
ure 11 the iso-contour pi =−10 MPa is highlighted by the arrow;
such a contour plot may be interpreted as a phase diagram for
cavitation to occur. We ran many numerical experiments to ex-
plore the space (β ,Gd), and for each experiment we evaluated
the inner pressure at vc/vco = 0.3, that is, at the maximum achiev-
able value without self contact of hydrogels walls. Based on these
pressure values, we interpolated iso–pressure lines; the contour
at pi = −10 MPa discriminate between a region where cavitation
may occur and a region where it cannot.
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5

Fig. 11 Phase diagram of cavity pressure. In the plane Gd , β , we high-
light the isolines for the inner pressure pi. The isoline pi = −10 Mpa
corresponds to the cavitation threshold: above this line, cavitation may
occur. All the values of pi have been evaluated at vc/vco = 0.3.

6 Dehydration under spherical symmetry

We discuss our ideal experiment, dehydration of a gel with a cav-
ity filled with water, by considering a spherical sample. For a
spherical geometry, this problem also allows for an analytical ap-
proximation based on the analysis developed in Ref. 20. Therein,
the phenomenon of hole formation in the interior of an elastic
body in a state of tension has been studied and referred as cavi-
tation, as it was common since the ′80 after the seminal paper by

J.M. Ball cited as Ref. 23§.
When dehydration preserves the condition of spherical symme-

try, no inflatable–balloon mode is visible. Nevertheless, at early
times, as already observed for the cubic sample, the inner pres-
sure pi increases, meanwhile the wall thickness decreases. Then,
after achieving a maximum positive value, the pressure decreases
to negative values, while the walls thicken.

It follows that, also for the spherical geometry, dehydration
exhibits two phases, see figure 12. In particular, compare the
top panels of figures 3 and 12. These two phases, wall-thinning
and wall-thickening, determine the so-called breathing mode, a
not monotone deformation mode characteristic of cavities filled
with water. In this case, the cavity reduces its size but retains the
spherical shape25. We remark that the same phenomenon, a non
monotone change of the wall thickness during dehydration, has
been observed in our numerical experiments with cubic samples.

Fig. 12 The breathing mode of a spherical cavity is represented in
terms of the dimensionless pressure pi/Gd (top), and of the dimension-
less walls thickness ho (central panel) versus vc/vco. Results from an
approximate explicit analysis (dashed orange lines) and from numerical
solutions (solid blue lines) are compared. The change in volume of the
sphere walls is represented through a colour code related to Jd (bottom
panel). The geometry of the dry sphere is fixed by the external Re and
internal radius Rc: Re = 0.01m, and Rc = 0.00875m.

§ Successively, within the context of solid mechanics, cavitation has also been used as
a synonymous for discontinuous change of size of an existing cavity in a solid, as in
Refs. 21,22,24 which focus on a hydrogel sphere with a cavity.
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6.1 The explicit solution

We propose an explicit solution of the dehydration problem by
following the solution proposed in Ref. 20. We consider a dry
sphere having radius Re, with a spherical cavity at its center of
radius Rc. Under spherical symmetry conditions, the deformation
of the sphere is described by the map r(R) which delivers the
actual radius r corresponding to the dry one R.

Our numerical experiments show that, both for the cubic and
the spherical samples, the gel volume vg(t) remains constant dur-
ing dehydration when t� Tc; we can write:

vg(t)|t�Tc ' J̄d vgd , withvgd = gel volume at dry state. (6.28)

Moreover, the value of J̄d can be approximated by averaging the
values of Jd imposed by the chemical boundary conditions: at
∂Bc we have µ = 0 J/mol, and Jd = Jo; at ∂eBd we have µ = µ∞,
and Jd = 1; it holds

J̄d =
1+ Jo

2
, (6.29)

with the value of Jo controlled by the chemical potential through
the equation (3.17). Equation (6.29) is the key to solve our prob-
lem; introducing the radial stretch λR and the hoop stretch λϑ :
we can write

J̄d = λR λ
2
ϑ , with λR(R) = r′(R) , λϑ (R) =

r(R)
R

. (6.30)

Equations (6.30) yield an ODE that can be integrated explicitly:

r′(R)
(

r(R)
R

)2
= J̄d ; boundary condition r(Rc) = rc . (6.31)

The solution of (6.31) is the function

r(R) = (r3
c + J̄d (R

3−R3
c))

1/3 . (6.32)

The hoop stretches at cavity and at the external boundary are

λc = λϑ (Rc) =
rc

Rc
; λe = λϑ (Re) =

r(Re)

Re
. (6.33)

Then, given the elastic energy density per unit reference volume
Ŵ = Ŵ (λR,λϑ ), the total potential energy of the sphere can be
written as:

E =
∫ Re

Rc

4π R2Ŵ (λR,λϑ )dR− pi 4πR3
c(λc−1) , (6.34)

Following Ref. 20, we assume a change of variable, r/R = t, and
consider the elastic energy as a function of t:

Ŵ (λR,λϑ ) = Ŵ

(
J̄d

λ 2
ϑ

,λϑ

)
=W (t) . (6.35)

Moreover, from the change of variable, and from (6.32), we have

dt =
J̄d − t3

t2
dR
R

, R3 =
r3

c − J̄d R3
c

t3− J̄d
, (6.36)

and we can use these relations to rewrite the first summand of

(6.37) as an integral over t∫ Re

Rc

4π R2Ŵ (λR,λϑ )dR = 4π (r3
c − J̄d R3

c)
∫

λc

λe

t2

(t3− Jd)2 W (t)dt .

(6.37)
Then, integrating by parts, we obtain:

E =
4π

3
(r3

c − J̄d R3
c)
∫

λc

λe

W ′

(t3− J̄d)
dt

+
4π

3

(
R3

e W (λe)−R3
c W (λc)

)
− pi 4π R3

c (λc−1) . (6.38)

Finally, from the stationary condition we obtain a formula for pi

dE

drc
= 0 ⇒ pi = λ

2
c

∫
λc

λe

W ′

(t3− J̄d)
dt . (6.39)

For a neo–hookean elastic energy, we have

W (t) =
Gd

2
(J̄ 2

d t−4 +2 t2−3) . (6.40)

Inserting (6.40) in (6.39) yields the inner pressure as a function
of Gd , J̄d (that is, the chemical boundary conditions), and the two
hoop stretches λc , λe:

pi

Gd
=

λc

2

(
J̄d +4λ 3

e
λ 4

e
− J̄d +4λ 3

c
λ 4

c

)
. (6.41)

Actually, J̄d , λe, and λc are not independent; as example, by using
(6.32), we can write λe as a function of J̄d and λc

λe = J̄d +

(
Rc

Re

)3
(λ 3

c − J̄d) . (6.42)

It is worth introducing the cavity hoop-stretch λ̃c, as measured
with respect to the hoop stretch at the free-swollen state λco; it is
given by

λ̃c =
rc

Rco
=

λc

λco
=

(
vc

vco

)1/3
. (6.43)

Thus, using (6.42) and (6.43), it is possible to rewrite (6.41) as
a function of the free-swollen stretch of the cavity λco, and the
volume ratio vc/vco:

pi

Gd
= −1

2

(
vc

vco

)1/3 J̄d +4λ 3
co (vc/vco)

λ 3
co(vc/vco)

λco (6.44)

+
1
2

5 J̄d −4(J̄d −λ 3
co (vc/vco))(Rc/Re)

3

(J̄d − (J̄d −λ 3
co (vc/vco))(Rc/Re)3)4/3

λ
2
co (vc/vco)

2/3 .

Figure 12, top panel, shows the dimensionless pressure pi/Gd as
evaluated by the explicit formula (6.44) (orange, dashed), and
by numerical simulations (blue, solid), for λco = 1.077 and J̄d =

1.124. The dimensionless thickness

ho =
r(Re)− rc

(Re−Rc)λco
, (6.45)

is an important determinant of the breathing mode: figure 12
(middle) shows the non monotone behavior of ho versus (vc/vco).
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7 Conclusions
In summary, we have proposed a mathematical model that de-
scribes the de–hydration process of a hydrogel with a cavity filled
with water and comprehend the modeling of the so–called suc-
tion effect. Moreover, we also implemented the model through a
commercial finite element software and showed the emergence at
early times of a deformative mode which makes the sample sim-
ilar to an inflatable balloon. The numerics and experiments we
carried on underlied the importance of material and geometrical
parameters in pursuing water cavitation within the cavity. Finally,
we showed as, for spherical samples, the early times deformative
mode is a breathing mode.
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