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Abstract: We prove some existence results for the following Schrédinger—Maxwell system of elliptic equa-

tions:
{ —div(M(x)Vu) + Aplul2u =f, ue Wr(Q),

~div(M(x)Ve) = [ul’, P € Wy (Q).

In particular, we prove the existence of a finite energy solution (u, ¢) if r > 2* and f does not belong to the
“dual space” L s Q).
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1 Introduction

In the paper [1], Benci and Fortunato studied an eigenvalue problem for the Schrédinger operator, coupled
with the electromagnetic field. Set in IR?, this study lead to the Schrédinger—-Maxwell system

—IAv+ v = wy,
—AY = 4mv?,

for which the existence of an increasing and divergent sequence of eigenvalues {w,} was established. Their

result was proved using the fact that the solutions of (1.1) are critical points of an indefinite functional,

unbounded both from above and below. In the subsequent paper [3], the related Dirichlet problem with a
source term f was studied, that is,

~div(M()Vu) + Aplul2u=f, ue Wy*(Q),
~div(M(x)Ve) = |ul", P € Wy(Q),

(1.1)

(1.2)

where r > 1, A > 0, Q is an open bounded subset of RN with N > 2, f belongs to L™(Q) with m > A%—fz, and
M(x) is a symmetric measurable matrix such that

(MO = alél?,  IM()| < B (1.3)

for almost every x in Q and every ¢ in RY, with 0 < a < B.
As in the case of (1.1), solutions of (1.2) are critical points of an indefinite functional, and in [3] it is

proved that if

2N 2Nr N+2
—— <m< —F—, rz ,
N+2 N+ 2+ 4r N-2
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2 —— L.Boccardo and L. Orsina, Regularizing effect for a system of Schrédinger—-Maxwell equations DE GRUYTER

then there exists a solution (u, ¢) in Wé’Z(Q) X Wé’Z(Q). The fact that ¢ belongs to Wé’Z(Q) is interesting
since under the assumption r > %, the right-hand side |u|" of the second equation does not belong to the
“dual space” L s (Q) (recall that % = (2*)"). Hence, the fact that ¢ belongs to Wé’z (Q) does not follow from
it being a solution of the second equation, but from the coupling between u and ¢ given by the system. In
other words, there is a regularizing effect on the solution ¢ due to the fact it solves a system.

In this paper we improve some existence results of [3], always in the spirit of this regularizing effect.
Indeed, we prove that there exist finite energy solutions also when the datum f does not belong to the dual
space L s (Q), and that one can obtain such solutions by taking data almost in L1 (Q), under the assumption
that the exponent ris large enough. Once again, in order to do that, we take advantage of the coupling between
the two equations of the system.

Our strategy to prove such a result will be the following. In Section 2 we will prove that, in the case of

bounded data f, a solution (u, ¢) of (1.2) can be found as a saddle point of the functional

I = 5 [ Meovavz - 2 [ Mooy + % [rtar - [ 1

Q Q Q Q
defined on Wé’Z(Q) X Wé’z(Q). We will then use the solutions found in this case to build an approximating
sequence {(un, @n)} of solutions — corresponding to data f,, converging to f in L™(Q) — which will converge to
a solution (u, @) of (1.2). This and the summability properties of both u and ¢, which are the main results of
this paper, will be proved in Section 3. In the final section, Section 4, we will prove that the solution we find
in Section 3 is still a saddle point of the functional J above, in a suitable sense (thanks to the use of T-minima,
introduced in [3]).

2 Data in the dual space

Our first result (which was the starting point in [3]) deals with bounded data f. In this case, as stated in the
introduction, one can find a solution (u, ¢) of (1.2) as a saddle point of a suitable functional.

Proposition 2.1. Let f be in L°(Q), and let A > 0 and r > 1. Then there exists a weak solution (u, @) of (1.2).
Furthermore, u and ¢ belong to L*°(Q), ¢ >0 and (u, ¢) is a saddle point of the functional defined on
Wy (Q) x W(Q) as

T = 3 [ MOOV2VzZ - & [ M)V + £ [ n*lzl = [, fz if [ n*lzl” < +oo,
+00 otherwise.

(2.1)

Proof. Fix € Wcl)’z(Q), and let v = S(y) in Wé’z(Q) be the unique minimum of
Ii(z) = J(z, ).

Note that such a minimum exists since I; is weakly lower semicontinuous and coercive on Wé’z (Q). Evidently,
v is the unique weak solution of the Euler-Lagrange equation
—div(M(X)VV) + AP Vv = £, ve Wit(Q). (2.2)

Observe that, by the classical theory of elliptic equations with discontinuous coefficients and since * > 0,
we have
WVllwi2q) < Cillflie@,  IVize@) < Cillflie@)- (2.3)
Consider now the functional
L) =], n).
Since v belongs to L*°(Q), I, (n) is finite for every n in Wé’z (Q). Since -1 is both weakly lower semicontinuous
and coercive, there exists a unique maximum ¢ = T(v) of I, on W(l)’z(Q). Since I,({) = I>({*), we have

A A A A -
-2 [ Moavewe + 2 [ v = -2 [ meowgrver + 2 [ @i

Q Q Q Q
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DE GRUYTER L. Boccardo and L. Orsina, Regularizing effect for a system of Schrédinger-Maxwell equations =— 3

and it is easy to prove from this inequality that { > 0. Observe now that since { > 0 is a maximum, we have

;4 IM(X)V(V(+ = j SIvl" = JM(X)V(V(+ 4 J' v

Q Q Q

\|D>

~=|D>
Oteme— O—r

Privl”

S

M)VYV +

MO)VYPVY + — [Plv]',

IV
S

O —_— D—,D

so that ¢ is a maximum on Wé’z(Q) of

A A
L) = jM(x)VnVn + 2 j vl
Q Q

Hence, it is the unique weak solution of the Euler-Lagrange equation
—div(M(X)VE) = VI, ¢ e Wy (Q). (2.4)

Recalling the estimates
”("Wé'Z(Q) < ClVize@ys  ISle@) < C2lVIeoq) (2.5)
and (2.3), we have
”("Wé'z(g) < Clflfw(q) = R,

so that the ball of Wé’z(Q) of radius R is invariant for the map ¢ = T(S(y)).

We are now going to prove that T o S satisfies the assumptions of Schauder’s fixed point theorem. Let {{,}
be a sequence in Wé’z(Q) that is weakly convergent to some 1, and let v, = S(i,). Since the sequence {v,}
is bounded both in Wé’z(Q) and in L*°(Q) by (2.3), it follows that (up to subsequences, still denoted by {v,})
it weakly converges to some function v in Wé’z (Q), and strongly converges to the same function in L7(Q) for
every g > 1. This fact implies that v is the solution of (2.2) with datum 1, i.e., v = S(3). Furthermore, since
the sequence {|v,|"} is strongly compact in (say) L2(Q), classical elliptic estimates imply that the sequence
{n = T(vy) (which is bounded in W(l,’z(Q) and in L*(Q) by (2.5)) is strongly convergent in Wé’Z(Q) to some
function ¢, which is the solution of (2.4) with datum v. That s, { = T(v), so that { = T(S(y))). We have therefore
proved that if {i,,} is bounded in Wé’z(Q), then one can extract from {,, = T(S(y,)) a subsequence which is
strongly convergent in Wé’z(Q), so that T o S transforms bounded sets of W(l,’Z(Q) into pre-compact sets of
Wé’z(Q). Furthermore, if 1, is strongly convergent to ¥ in Wé’z(Q) and we consider any subsequence {{y, }
of ¢, = T(S(1n)), then a sub-subsequence exists which is strongly convergent in Wé’z(Q) to ¢ = T(S(y)). This
latter fact follows from the uniqueness results for both (2.2) and (2.4). Therefore, since the limit does not
depend on the subsequence extracted, the whole sequence {T(S(y,))} converges to { = T(S(y)). Thus, we
have also proved that T » S is continuous, and this allows to apply Schauder’s fixed point theorem.

Let ¢ be the fixed point of T o S. Observe that since u = S(¢) is a minimum for I; and ¢ = T(u) = T(S(¢p))
is a maximum of I,, we have

J(u,n) <J(u, @) <J(z,p) forallze WS’Z(Q) andalln € Wé’Z(Q),
and so (u, @) is a saddle point. Since ¢ = T(S(¢)), we have that (u, ¢) is a weak solution of
—div(M(x)Vu) +A(p|u|"2u =f, ue Wé’z(Q),
{ ~ div(MO)Ve) = lul', ¢ € Wy*(Q),
with the required regularity properties. O

Remark 2.2. The only place in the proof of the previous theorem where we used that f belongs to L*°(Q) was
to prove (2.3). However, such an estimate holds under the weaker assumption that f belongs to L™(Q) with
m > ¥ thanks to the results of Stampacchia (see [8]). Therefore, the same existence result for (u, ¢) can be
proved under this weaker assumption.
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4 = |.Boccardo and L. Orsina, Regularizing effect for a system of Schrédinger-Maxwell equations DE GRUYTER

To conclude this section, we recall the existence result proved in [3], thus completing the “picture” in the
case of data in the dual space (which yield finite energy solutions).

Proposition 2.3. Let f in L™(Q) with m > % = 2.. Then there exists a weak solution (u, @) of (1.2), with u
and ¢ in Wy (Q).

3 Regularizing effect

We now deal with the case of data not in the dual space, proving the main result of this paper. In this case
the interplay among the two equations of the system will be crucial in order to obtain estimates. If k > 0, we
define the functions

Tx(s) = max(-k, min(s, k)), G(s) = s — T(s).

Let {f,,} be a sequence of L*°(Q) functions strongly convergent to f in L™(Q), m > 1, and such that
fnl < If1. (3.1)
Then, by Theorem 2.1, there exists a solution (u,, ¢,) of the system

(3.2)

—div(M(X)Vup) + A@nlunl2un = fn, un € Wy(Q),
—div(M(X)Ven) = |unl’, Pn € WyP(Q),

with u, and ¢, in L*(Q).
We begin with a result concerning the the positive and negative parts of u,, and the truncates of ¢,; the
proof is inspired by the techniques used in [7].

Lemma 3.1. If (uy, @p) is a solution of (3.2), then
jM(x)VTl(gon)Vw > J lun"w (3.3)
Q {0<@n<1}

for every win Wé’z(Q), w > 0.

Proof. Let He(s) =1 - %T ¢(G1(s")), and choose H.(¢,)w as test function in the second equation of (3.2),
with win Wé’z(Q), w > 0. We have

1
= | MevVepaw [ MEOVLYWHL(n) = [lunl wHegn).
{1<@n<l+e} Q a

Since the first term is negative by (1.3), we can drop it, obtaining

jM(x)VgoanHs(gon) > j|un|’ng(<on>.
Q Q

Letting ¢ tend to zero, we obtain (3.3). O
Our next result deals with a priori estimates on {u}.

Lemma 3.2. Let m > 1 and k > 0. Then there exists Co > 0, independent of n and k, such that

JIGk(un)lm(”” < Co j 1™ + Co meas({lunl > k}) (3.4)
Q {lun|=k}
and
( 1ok )™ <o | 1am)" (3.5)
Q {lun|=k}

In particular (choosing k = 0), {|un|P} is bounded in L(Q) with p = max(m(r - 1), m**).
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Proof. Let y > —1. First, we work with the first inequality. Let € > 0, and choose (|Gx(un)| + €)Y Gr(uy,) as
test function. Note that since y may be negative, we need to “add” the term with ¢ since the gradient of
|Gx(un)|” Gx(un) may be not defined when Gy(u,) = 0, even though |Gy (un)|” Gk(uy,) is well defined since
y + 1 > 0. After using (1.3) and (3.1), and dropping the positive term involving the principal part, we obtain

A I @nltnl (1Gi(un)| + €)Y 1Gi(un)| < J|f|(|Gk(un)| + &)Y |Gi(un)l,
Q Q

which implies, by letting € tend to zero (recall that every u, is a bounded function), that

A j Pulttnl MG ()P < j F1IGr(un)7*
Q Q

Therefore, since |Gy (uy,)| < |uy| and r > 1, we have

A j G < A [ @ulGilun) "™

{pn=>1}

A | @nlGr(un)l™H Greu)

<A (pn|un|r_1|Gk(un)|y+1

[ e L e T

< j|f||Gk(un)|y+1. (3.6)
Q

Now we work with the second equation in two different ways, according to the value of y.
Suppose that y > 1. Choose w = |G (uy)|¥ as test function in (3.3) to obtain

yJM(X)VTl(‘Pn)VGk(un)|Gk(un)|y_sz(un)2 I [un!"1Gr(un)l” = j |Gr(un)”*". (3.7)
Q {0<pn<1} {0<p,<1}

On the other hand, choosing yT1(@»)(IGx(un)| + €)Y 2 Gk (uy) as test function in the first equation of (3.2), by
dropping the terms

y J MX)VunV[(IGi(un)| + €)' Gi(un)] T1(¢n)
Q
and
Ay J @nltnl > T1(@n)(IGr(Un)| + €)' *unGr(upn),
o)
which are positive, we get

y[M(x)vak(un)vn(<pn><|Gk<un>| + )2 Gy < yj|f|(|Gk(un>| reyl,
Q Q

Letting € tend to zero, we obtain

y J M)V G(un)VT1(Pn)|Gi(un)l' > Gic(un) < y | If11GR(un)’~,

Q

oY S—

which, together with (3.7) and the fact that |Gy (un)|Y ™ < |Gr(un)|Y*! + 1 (since y > 1), implies that
| 16 <y [iGinr <y [fiGar+y - [ i (3.8)
{0<@,<1} Q Q {lun|>k}
Therefore, (3.6) and (3.8) give
1
[ G [ iGkor < (5 +y) [ifiGaor ey [,

{pn=1} {0<@n<1} Q {lun|2k}
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6 —— L.Boccardo and L. Orsina, Regularizing effect for a system of Schrédinger-Maxwell equations DE GRUYTER

that is,

1
16k < (5 +v) [rGinr +y [ i1 foraity> 1. (3.9)
Q Q {lunl>k}

Now we study the case -1 < y < 1, and choose w = |G (uy)| as test function in (3.3) to obtain
| MoV @ova ) senGiw > [ iG> [ Gl G.10)
Q {0<pn<1} {0<pn<1}
Choosing T ((pn)% T:(Gy(uy)) in the first equation of (3.2), and dropping two positive terms, we get
1
| MOOvG T @0 TeGrw < | 11
Q {lun|=k}
so that, by letting € tend to zero, we get
| MCovGLu VT senGrunn < |1
Q {lun|=k}
which, together with (3.10), yields
| et [ s, (3.11)
{0<p,<1} {lun|=k}
Since y < 1, we have
Geunl™ < [ 16l + meas({lual = k)< [ 11+ meas({lual > k),
{0<p,<1} {0<pn<1} {lunl=k}
which, together with (3.6), implies that
1
16k < 2 116l + [ 171+ meas({lunl = id). (3.12)
Q Q {lun|zk}
Summing up the results of (3.9) and (3.12), for every y > —1, we obtain
[16xnr < ¢ {6kt + o [ 111+ Cimeas({iunl > ).
Q Q {lun|=k}

Observe now that we have

j|f||Gk(un>|Y“= j FlIGr(un) P + j F11Gr(un)
Q {If1<61Gr(un) ™1} {81Gi(un) I <If 1}
saj|ck<un>|y”+cs j FIE.
Q {lun =k}

We now choose y such that % = m. This implies that y > —1, since m > 1, and that y + r = m(r — 1). Thus,
choosing 6 such that C;6 = %, we have

1
j|Gk(un>|y+’ <3 j|Gk(un>|y+’ i j ™ + C J If] + C> meas({lunl > k}),
Q Q {lun|=k} {lun|=k}
so that
j|Gk(un)|'"<'-1> < j IfI™ + C5 meas({lunl = k),
Q {lun|=k}

which is (3.4).
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To obtain (3.5), suppose that y > %, and choose (|Gi(un)| + €)2Y~2 G (uy) as test function in the first equa-

tion of (3.2) with & > 0. Since
V[(IGk(un)| + €)?Y 2 Gi(un)] = VGi(un)(|Gi(un)| + €)* 2 [(2y = 1)|Gi(un)| + €]

and
2y = DIGr(up)| + € 2 miny - 1, 1)(|Gr(un)| + €),

we have, by dropping a positive term and using (1.3), that

amin(2y - 1,1) J|VGk(un)|2(|Gk(un)| +e) % < JIfI(IGk(un)I +e) 7t
0 0

Using the Sobolev embedding on the left, Holder’s inequality on the right, and then letting € tend to zero, we

have
aSmin(2y - 1,1 N> -
CEE D fioxunt ) < [iiGiur
Q Q
- | rickr
{lun 1=k}
: 1
<( ] wm)"(Jioanerm)
{lun |2k} Q

Choosing y = ’g—, and simplifying equal terms, yields

(j|Gk(un)|m**)'”l”sco( j Ifl"’)%,
Q

{lun|zk}

as desired.

O

Remark 3.3. If m = 1, the estimate proved in [4] implies that the sequence {u,} is bounded in L$(Q) for every
s< % On the other hand, choosing T, (uy)/€ as test function in the first equation of (3.2), by observing that

UnTe(uy) = |un||Te(uy)| and dropping a positive term, we have

I Te(u)] A Te(un)l Te(un)
A j |un|'1%sAj<pn|un|”% jfn%snfup(m.
{pn>1} Q Q

IN

Letting € tend to zero, we obtain
A |l <l
{pn>1}
On the other hand, (3.11) with k = 0 implies that

lun|™t < I [un|™* + meas(Q) < [fll1(q) + meas(Q),
{0<pn<1} {0<pn<1}

so that we have
J|u,,|H < (1 + 1)||f||L1(Q) + meas(Q).
A
Q

Thus, since r - 1 > §% if r > 28=1, we have that {u,} is bounded in L$(Q) forall s < % if 1 < r < 24} and

= ) N2
bounded in L™-1(Q) if r > 281,

Now we recall that for the single equation
—div(M(x)Vw) + a()wlw|" 2 = f, a(x) >ay >0,

it has been proved in [6] that w belongs to Wé’z(Q) if f belongs to L™(Q) with m > r'.
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8 —— L.Boccardo and L. Orsina, Regularizing effect for a system of Schrédinger—-Maxwell equations DE GRUYTER

In our case a(x) is ¢(x) and we only know that ¢(x) > 0. Nevertheless, we are able to prove (in the next
result, the main of this paper) that the solution of the first equation belongs to Wé’z(Q), under the same
assumption m > r', using the fact that we are dealing with a system.

Theorem 3.4. (A) Letr > 2*, and let f in L™(Q), with

' Y emc< 2N
r-1 N+2°

Then there exists a weak solution (u, @) of system (1.2), with u and ¢ in Wé’Z(Q).
(B) Let1 <r<2* andlet f in L™(Q), with

m <

maX(NJXrZr’ 1)< N+2

Then there exists a weak solution (u, @) of system (1.2) with u in Wé’m* (Q), and @ in Wé’q(Q) with

: 2Nr 2N
q= 2 lf N+2+4r sm< N+2°
Nm : Nr 2Nr
Nr-2mr-m lf rnaX(N+2r’ 1) <m< N+2+4r°

Remark 3.5. If r = 2%, both cases of the previous theorem “collapse” to m = I\%—i\’z, and in this case the exis-

tence result is given by Proposition 2.3.

Proof. We begin with case (A): r > 2*. Thanks to Lemma 3.2, the sequence {uy,,} is bounded in L™~1(Q) (note
that we have m(r — 1) > r— 1 > §#2 > 1 forevery m > 1), and in L™ (Q). Since

s Nr-2
mr-1)>m" < m< -——
2r-1
and
Nr—2> 2N forevery r > 2*
27-1 N+2 2 ’

we have m(r — 1) > m** for every r > 2* and every 1 < m < A%—ivz, so that the better estimate on {u,} is the

boundedness in L™-D(Q), m > 1.

Thus, {|u,|"} is bounded in L7 (Q). In order to continue, we have to make a further restriction on m.
Namely, m > r’, since we need the sequence {|u,|"} to be bounded at least in L(Q), in order to obtain estimates
on {¢,} using the second equation of (3.2). Therefore, from now on, we are working with the assumption

r>2% r<mc< ZN.
N+2

We choose now uy, as test function in the first equation of (3.2). Using (1.3), we have

a [ 1Vl + A [ ulual” < [ futtn < flimiey ltnlo -
Q Q Q

Here we note that the assumption r' < m implies that m’ < m(r - 1), therefore {u,} is bounded in Wé’z(Q)
and

J §0n|un|r < (Cy.
Q
Choosing ¢, as test function in the second equation of (3.2), using (1.3) and the last estimate, yields

aj|w>n|2 < [q)nwnr <C,
Q Q

so that also {¢,} is bounded in Wé’Z(Q). Thus, up to subsequences, (un, ¢,) converges to (u, ¢) weakly in
(Wé’z(Q))z, strongly in (L?(Q))? for every p < 2*, and almost everywhere in Q. In order to prove that (u, @) is
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a solution of the system, we have to pass to the limit in the two nonlinear terms. However, the strong conver-
gencein LP(Q) with p < 2* < r, is not enough to pass to the limit, so that we will have to use again Lemma 3.2.
Indeed, since m(r — 1) > r by the assumption m > ', inequality (3.4) implies that

r

m(r-1)

Jle(un)lr < c2< j IfI™ + meas({[un| > k})) . (3.13)

Q {lunl=k}

Therefore, if E is a measurable subset of Q, then we have

[|un|’ <21 lek(un)r b2t j|Gk<un)|f
E E E
< 21k meas(E) + 2" 1 Jle(un)l’. (3.14)
Q
Let € > 0, and fix kg > 0 so that
21 JIGkO(un)I’ < ; foralln € N.
Q

This can be done (using (3.13)) since f belongs to L™(Q), and the measure of {|u,| > k} is uniformly (in n)
small if k is large by the a priori estimates on {u,}. Once k is fixed, choose meas(F) small enough so that

2" 1kl meas(E) < ; foralln € N.

Thus, by (3.14), the sequence {|u,|"} is equiintegrable, and by Vitali’s theorem we have

lim jlunlr - Jlulr.
n—-+oo

Q Q

This is enough to pass to the limit in the second equation of (3.2), with test functions in Wé’z(Q) N L®(Q).
Choose now %Tg(Gk(u n)) as test function in the first equation of (3.2). By dropping a positive term, and then
letting € tend to zero, we get

eulin <3 [ hlsg | (3.15)

{lun|=k} {lun|k} {lun|zk}

Thus, if E is a measurable subset of Q, then

jeonmnv-l < jganm(un)r-l N j Palital ™ < K jgon £ G j 1.
E E En{|un|>k} E {lun =k}

As before, for fixed £ > 0, we use the estimates on u,, and the fact that f belongs to L1(Q), to choose ko > 0
such that
C3 I Ifl < ; foralln € IN,
{lun|=k}
and then use the fact that ¢, is strongly compact in L*(Q) (by Rellich’s theorem) to choose meas(E) small
enough so that
Kt j On < ; foralln € N.
E

Thus, the sequence {¢,|u,|"~} is equiintegrable, so that, by Vitaly’s theorem,

lim J(pnlu,,l"1 = J(plul"l.

n—+oo

Q Q

Now this convergence is enough to pass to the limit in the first equation of (3.2), with test functions in
Wy (Q) N L®(Q).
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10 —— L.Boccardo and L. Orsina, Regularizing effect for a system of Schrédinger—-Maxwell equations DE GRUYTER

We turn now to the case (B): 1 < r < 2*. Note that if r < 2*, then

Nr—2< Nr B 2N <
2r-1 N+2r N+2 )

Using Lemma 3.2, we have that {|uy|’} is bounded in L1(Q), with
{m** itm>45=2m>1,

= Nr

m(r-1) ifl<m< 3=

In order to have that {|uy|"} is bounded at least in L1(Q), we need p >, so that

: Nr- Nr 2N
ifm=3=,m>1, that is {N+2r_m<N+2,m>1,
b

r
{wzl ifl<mc< r'<m< N2

1°

However, since r < 2*, we have g’ : % <1, so that the second inequality above is never satisfied. Thus, the

range of possible values of r and m becomes

Nr

1 2, <m< -,
<r< N+2r =" “N=+2

m> 1. (3.16)

Since the summability of uy, is the one obtained using only the principal part of the operator in the first
equation and not the lower order term, one cannot expect boundedness in Wé’z(Q) for the sequence {uy}.
In other words, the regularizing effect of the second equation on uy is lost in this case, and one only has
the estimate proved in [5]. More precisely, {u,} is bounded in Wé’m* (Q). As for ¢, we can use the second
equation of (3.2), and the fact that {|u,|"} is bounded in L$(Q), with s = "’T > 1 by (3.16). Again, by the
theory of elliptic equations, we have the following cases (see [4, 5]):

(i) {@n}isbounded in Wé’Z(Q) ifs> 2,
(ii) {@n}is bounded in W1 STQ)if1 < s < N+2,

(iii) {¢on} is bounded in Wo’q(Q) forall g < m ifs = 1.

Note that
2Nr m< 2N s 2N
N+2+4r ™ N+2 “N+2’
max(i 1) <A=>1<s<—
N+2r’ N+4r+2 N+2’

ands =1ifm = N > and m > 1. Therefore, the following hold:

(i) {@n}isbounded in W*(Q) if v <m< 22,

(ii) {@n}is bounded in W1 () 1fmax(N+2r, 1)<m< Nfévll;r’
(iii) {¢,} is bounded in Wé 9Q) forall g < m ifm= N+2r, m> 1.
Since

r Nr-2mr-m’

we have the desired estimates on ¢,,.

In order to pass to the limit in the approximate equations, we can follow the same steps as in the case
r > 2*, using (3.5) for the second equation of (3.2), and (3.15) (which still holds) for the nonlinear term of
the first one. O

N

Remark 3.6. Theorem 3.4 does not deal with the case m = 1 and 1 < r < 5= . However, following the proof

of (B) above, we can prove the following:

(i) the sequence {uy,} is bounded in W,'(Q) for every g < ¥,

(i) {¢n}is bounded in Wé 2Q)if1 <7< g}v\;zz)’

(iii)) {@n} is bounded in Wy (Q) if Sy <7< g with 1< p < .

Note that the first case above is empty if N > 6 since r > 1.
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4 Saddle points

In Proposition 2.1, we have proved that if f is bounded, then there exists a saddle point (u, ¢) of the func-
tional J defined in (2.1). Thus, the approximating solution (u,, ¢,) of (3.2) can be found as a saddle point of
the functional J,, defined as

]n(Va l/)) =

N[~

J M(x)VvVv — A J Mx)VYVy + — J Y| - anv, (4.1)
Q

Q Q Q

in the sense that
Tn(un, ¥) < Jn(un, @n) < Jn(v, @) forallve Wé’z(Q) andall ¢ € Wé’z(Q).

In this section, we study how the convergences on (uy, ¢,), proved in the previous section, can be used in
order to give a meaning to the concept of “saddle point of J” if the function f does not belong to L*®(Q)
(actually, if it does not belong to L2+ (Q)). Note that in this case the functional J is not well defined, since the
are two terms (with opposite signs) which can possibly be unbounded.

Recalling that (u,, ¢,) is a saddle point for J, (v, ) and that ¢, is positive, we have

% JM(X)VunVun - % JM(X)VIIJVIIJ + é J YT |unl” - anun
Q

Q

I/\

Q
A A
5 JM(X)VunVUn - = JM(X)V¢nV¢n 7 J @nlunl” - anun
Q Q Q

o

IN

1 A
5 JM(X)VvVv - = JM(X)WPnV(pn > J(pnIVI’ - anv
Q Q Q

for every vand ¢ in Wé’z(Q), with v such that

J onlv|” < +o00.
Q

Splitting the above inequalities, simplifying equal terms, and rearranging them, we get

3 [ M00v0nT0n ~ [ galual” < 3 [ MOOVHTY - [ 9l

Q Q Q Q

and

N[~

JM(X)VunVuméJ(pnlunl —jf %JM(X)VWV+£J%IVI —jf .
Q Q

Q Q Q Q

Now we follow [3] and choose ¢ = ¢, — Ti(¢, — n) with 7 in Wé’z(Q) N L*°(Q) and n > 0 in the first inequal-
ity, and we obtain

1
5 [ M00v0u50n + [(0n - Tetgn -] lunt
Q ) Q
< 3 | MCOVIpn - Tutpn - 1VIgn - Til@n =] + [ ulual”
Q Q
We observe now that V[¢p, — Tk(¢n — n)]is Ve, where |p,, — 17| > k, and Vnp where |¢, — | < k, and that, since
n=0,[@n— Ti(en — )" = @n — Tr(@n — n). Therefore, simplifying again equal terms, we have

1 1
5 I Mx)Veo,Vo, < 5 I M(x)VnVvn + J Ti(@n — M)lunl".

{lon—nl<k} {lon—nl<k} Q
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Recall now that, under any assumption on f and r, we proved that u,, converges to u strongly in L"(Q), so that
one can pass to the limit in the last term. Furthermore, using Lebesgue’s theorem, one can easily pass to the
limit in the second term. As for the first one, we remark that on the set {|¢, — 17| < k} one has |¢,| < h, where
h =k + [nllL=(q). Therefore, one has

M)V @V, = j MOOVTH(9n)VTh(Pn).
{lon—nl<k} {lon—nl<k}

Recalling that Tk (¢,) weakly converges to Tx(¢p) in Wé’z(Q) (since {¢,} or {Tn(¢y,)} is bounded in Wé’z(Q),
depending on the assumptions on f and r), we can use weak lower semicontinuity to have that

1 1
5 J MOOVpVp < 5 J M)V + j Ti(p - )lul”

{lo—ni<k} {lo-nl<k} Q

for every nin Wy'*(Q) n L®(Q), = 0.
Using the inequality for u,, and choosing v = u, — Tx(u, — w) with w in Wé’z(Q) N L*®(Q), as before, we
obtain
1 A . o1
= J M(X)VunVun+7j¢n[|un| = lup = Ti(un - w)|"] < 5 J M(x)VwVw+anTk(un—w).

2
{lun—wl|<k} Q {lup—w|<k} Q

Observe now that since
[IsI" = s — ¢I"] < r(Is| + (¢ el
we have

[lunl” = lun = TicCun = WI"| < r(lunl + [ Tic(un = WD Tic(un — w)| < rk(lun| + k)"

Recall now that we have proved, under any assumption on f and r, that ¢, |u,|"~! strongly converges in L (Q)
to @|u|""1. Therefore, Vitaly’s theorem implies that

lim j(pn[lunl’ = |un = Ti(un - w)|"] = j«p[|u|’ —|u - Ti(u-w)].

n—-+oo

Q Q

Hence, recalling that Ty (u,) weakly converges to Tx(u) in Wé’z(ﬂ), and observing, as before, that

M)Vt Vit = j MOV Th(un)V Th(un),
{lup—wi<k} {lup—wl<k}
where h = k + |w|r~(q), we have

! J MO)Vuvu + é J ollul” - u - Te(u - w)l'] < MO)VWYW + jka(u —w)

2
{lu-w|<k} Q {lu-w|<k} Q
for every w in Wy'*(Q) n L®(Q).
We have therefore proved the following result. Note that (4.2) and (4.3) below state that both u and ¢ are
T-minima of suitable functionals (see [2] for the definition of T-minimum of a functional).

N~

Theorem 4.1. Under the same assumptions on f and r made in Theorems 2.3 and 3.4, if (un, @) is a saddle
point of the functional ], (v, ) defined in (4.1), and if (u, @) is the solution of (1.2) obtained as limit of (un, ©n),
then we have

1 1
5 | mMoavevess | mMeovnvn+ [ T - mir (4.2
{lp-nl<k} {lo—nl<k} Q
for every nin WS’Z(Q) NnL*®(Q), n >0, and
1 A 1
3 j MOOVuvu + j pllul’ - - Tew - wil'] < 5 J MOO)VWYW + jka(u “w) (43)
{lu-w|<k} Q {lu-w|<k} Q

forevery win Wé’Z(Q) NL®Q).
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