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ABSTRACT. We introduce a class of stochastic Allen-Cahn equations with a
mobility coefficient and colored noise. For initial data with finite free energy,
we analyze the corresponding Cauchy problem on the d-dimensional torus in
the time interval [0, T]. Assuming that d < 3 and that the potential has quartic
growth, we prove existence and uniqueness of the solution as a process u in
L? with continuous paths, satisfying almost surely the regularity properties
u € C([0,T]; H') and u € L2([0,T]; H?).

1. INTRODUCTION

The analysis of stochastic perturbations of the Allen-Cahn equation, due to
their relevance both from a theoretical and applied viewpoint, has been a main
topic in the development of the theory of stochastic partial differential equations.
We consider the case in which the space variable belongs to the d-dimensional
torus T¢ := R?/Z4. The typical setting is the following. Fix a smooth double well
potential W: R — R and a filtered probability space equipped with a cylindrical
Wiener process a. A class of stochastic perturbations of the Allen-Cahn equation
is then given by

duy = (Aug — W (ug))dt + V25 * day . (1.1)

Here, the unknown u = w(x), (t,2) € [0,T] x T4, T > 0, is real-valued and it
represents the local order parameter, A is the Laplacian, j = j(z): T¢ — R, and *
denotes convolution in the space variable. The case of perturbation by space-time
white noise is formally recovered when j is the Dirac’s delta function.

The so-called semigroup approach [9] to the analysis of the stochastic Allen-Cahn
consists in writing the Cauchy problem with initial datum @ associated to (1.1) in
the mild form, i.e.,

ut:emfao—/ AW (uy) ds—i-\f/ (=925 4 day, | (1.2)
0

where e*® denotes the heat semigroup. In the one-dimensional case with j = d or
in d > 1 with j smooth enough, the last term on the right-hand side of (1.2) is,
with probability one, a process in C(T%) with continuos paths. By a fixed point
argument in C([0,7]; C(T%)), it is then possible to prove existence and uniqueness
o (1.2), for almost all realizations of the noise, see, e.g., [6], where a more general
setting is considered. When W' is Lipschitz, this approach applies also to the case
in which the state space is L?(T?) instead of C(T%), and the same holds even when
W’ has polynomial growth, relying on the one-side Liptschitz property of W’ [7,9].
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Considering still the case with W' Lipschitz and with the same restrictions on j,
the stochastic Allen-Cahn equation (1.1) can be also analyzed using the so-called
variational approach [23,30]. This approach relies on the embeddings H'(T9) C
L*(T4) ¢ H~Y(T%), the Cauchy problem associated to (1.1) is then understood as
the following equality in H~!(T%),

t
w = o —I—/ [Aus — W’(us)] ds +V2j *ay . (1.3)
0

The main step for existence is an 1t6’s formula for the map u — HUHQLZ(W)’ which
yields the a priori bounds needed to construct the solution wu, by compactness
arguments, as a process in L?(T%) with continuous paths and u € L2([0, T]; H*(T9))
with probability one. More recently, in [25] the variational approach has been
extended to the case of W’ with some polynomial growth again in view of the
one-side Liptschitz property.

Approximation of the Allen-Cahn equation (1.1) by time discretization has been
considered in [22], in terms of the backward Euler scheme; indeed, as the time step
goes to zero, this method recovers the unique solution discussed above. Similar
time and space discretization of (1.1) were previously investigated first in, e.g., [15]
under Lipschitz assumption on the nonlinear term and extended in [18] when W’
has polynomial growth.

In the case of perturbation by space-time white noise, j = §, and d > 1, the
last term in the right-hand side of (1.2) is, with probability one, only a distribution
and the well-posedness of the stochastic perturbation of the Allen-Cahn equation
becomes a major issue. In particular, to make sense of the equation a proper
renormalization of the non linear term W’ is needed. In dimension d = 2, when
W is a polynomial, this renormalization amounts to the Wick ordering [2,8,19]. In
dimension d = 3, the renormalization of the non linearity is more involved; for a
quartic potential W, a local existence and uniqueness result is proven in [14], and
it has been extended in [28] to arbitrary time intervals.

Regarding the choice of the random forcing term in (1.1), we would like to make
the following model remark. The choice of the space-time white noise has the
doubtless appeal of simplicity and universality, and it is really mandatory when
(1.1) is used in the framework of stochastic quantization or to model dynamical
critical fluctuations [16]. In the latter case, the potential W is not arbitrary but
the quartic potential. Indeed, as shown in [4,12] for d = 1 and in [27] for d = 2,
with these choices (1.1) describes the asymptotic of the fluctuations at the critical
point for a Glauber dynamics with local mean field interaction. On the other
hand, if we regard (1.1) as a phenomenological model for phase segregation and
interface dynamics, the choice of a noise with nonzero spatial correlation length,
i.e., a smooth j, is not unsound since we are going to look at the order parameter
on larger space scales. Analogously, any reasonable double well potential W will
yield essentially the same limiting behavior.

The deterministic Allen-Cahn equation, i.e., (1.1) with 7 = 0, can be viewed as
the L2-gradient flow of the van der Waals free energy functional,

Fu) ::/[%|Vu|2+W(u) dz (1.4)
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Correspondingly, in the case when j is the Dirac’s delta function, the process u is
(informally) reversible with respect to the (informal) probability measure P(Du)
exp { — F(u) } Du.

With respect to the setting described above, in this paper we analyze a stochastic
Allen-Cahn equation in which we introduce a mobility coefficient, that is,

duy = o(ug) (Auy — W (wp))dt + /20 (uy) j * dey (1.5)

where the mobility o: R — R, is smooth, bounded, and uniformly strictly positive.
Moreover, W is convex at infinity with at most quartic growth. In terms of gradient
flows, (1.5) with j = 0 is the gradient flow of F in L?(o(u)~'dx). Finally, the choice
of the random forcing term in (1.5) is suggested by the case of constant mobility.
Indeed, when o is constant and j is the Dirac’s delta function, the process u is
still (informally) reversible with respect to the (informal) probability P(Du) o
exp{ - F (u)}Du regardless of the specific value of o. In the physical literature,
see e.g., [16, Sect. IV.A.1] or [33, Sect. I1.7.3], this choice is usually referred to as
the Onsager’s prescription.

A motivation for the introduction of the mobility in the Allen-Cahn equation
relies in the analysis of the corresponding sharp interface limits. For instance, as
well known, for suitably prepared initial data, in this singular limit the determinis-
tic Allen-Cahn equation (with constant mobility) converges to the motion by mean
curvature, see e.g. [11,17]. As discussed in [34, § 4], this approximation to motion
by mean curvature has the peculiar feature of exhibiting a trivial transport coeffi-
cient in the limiting evolution. On the other hand, when a non-constant mobility
coefficient is introduced as in (1.5), we expect that the limiting interface evolution
is described by motion by mean curvature with a non-trivial transport coefficient
satisfying the corresponding Einstein’s relation [34, § 3] (see [10,20] for the case of
a non-local equation). As far as the stochastic Allen-Cahn equation is considered,
a relevant issue is the large deviation asymptotics in such sharp interface limit. In
the case of constant mobility, this analysis is carried out in [3], see also the related
discussion in [21].

To our knowledge, the stochastic Allen-Cahn equation with mobility has not
been discussed in the literature. In this paper, we consider the Cauchy problem
associated to (1.5) with initial datum @p € H'(T?) when d < 3, the potential W is
convex at infinity with at most quartic growth, and j belongs to the Sobolev space
H 1(Tl‘d). We prove the existence and uniqueness of the solution as a process u in
L?(T%) with continuous paths satisfying v € C([0,7]; HY(T4)) N L%([0, T]; H%(T4))
almost surely and such that the corresponding norms are random variables whose
moments are all finite.

The semigroup approach does not seem to be applicable to equation (1.5), first
because it cannot be recasted in a mild form in terms of a linear semigroup (the
diffusion term is now nonlinear), but also because the reaction term —oW’ no
longer satisfies the one-side Lipschitz property. On the other hand, our result
seems difficult to obtain by the variational approach discussed above even in the
case of constant mobility, see the discussion at the end of Section 2.

The restriction d < 3 is connected to the quartic growth of the potential, allowing
to control some non-linear terms via Sobolev embeddings. The choice of periodic
boundary conditions does simplify computations, but the arguments here presented
are robust enough to be adapted to the case of a bounded domain with either
Dirichlet or Neumann boundary conditions.
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From a technical viewpoint, existence of solutions to (1.5) will be proven by a
compactness argument on suitable approximate solutions in the same spirit of the
variational approach. More precisely, the approximate solutions are constructed by
time discretization of the mobility coefficient and regularizing the nonlinear term.
The necessary a-priori bounds are obtained, taking full advantage of the variational
structure of the equation, by deriving an It6’s formula for suitable approximations
of the map u + F(u) defined in (1.4). Uniqueness will be achieved by an H 1
estimate inspired by the one in [1] for similar deterministic evolution equations,
together with a Yamada-Watanabe type argument.

2. NOTATION AND RESULTS

Throughout this paper we shall shorthand LP = LP(T%), p € [1,+00], and let
H® = Hs(']l‘d), s € R, be the fractional Sobolev space. Moreover, given T' > 0
we also shorthand C(LP) = C([0,T); L?), C(H?®) = C([0,T); H®), and LP(H®) =
Lr([0,T]; H?).

We consider the following stochastic partial differential equation,

du = o(u) [Au — W' (u)]dt +dM , (2.1)

where, for ¢ € L2, Mf := (My, )12, t > 0, is a continuous square integrable
martingale with quadratic variation,

(M#], = Qt/[j * (v o(u) @)]de . (2.2)

Here j € H' is a fixed function, * denotes the convolution on T%, and the following
conditions on the potential W and the mobility o are assumed to hold.

Assumption 2.1 (Assumptions on W and o).

(1) W € C?(R;[0,+00)) and W is uniformly convex at infinity, i.e., there exists
a constant C' € (0,400) and a compact K C R such that W"(u) > & for
any u ¢ K.

(2) W has at most growth 4, i.e., there exists a constant C' € (0,400) such
that |W(u)| < C(Ju* + 1) for any u € R.

(3) W' has at most growth 3, i.e., there exists a constant C' € (0,400) such
that [W'(u)| < C(Jul® + 1) for any u € R.

(4) There exists a constant C' € (0, +00) such that |[W" (u)] < C(/W(u) + 1)
for any u € R.

(5) o € C*(R), o is bounded and uniformly strictly positive, i.e., there exists
a constant C' € (0, +00) such that & < o(u) < C for any u € R.

(6) o', ¢” are bounded.

We prove the existence and uniqueness of the Cauchy problem associated to
(2.1) with a deterministic initial datum %y € H' in space dimensions d < 3. To
formulate the precise result we introduce two different notions of solution.

Given T > 0, we consider C(L?) = C([0,T]; L?), endowed with the norm topol-
ogy, the associated Borel o-algebra B, and the canonical filtration By, ¢ € [0,T].
The canonical coordinate on C(L?) is denote by u = (u¢)sefo,1)-

Given g € H', a probability P on C(L?) solves the martingale problem associ-
ated to (2.1) with initial datum g iff P(ug = @p) = 1, P(u € L*°(HY)NL?(H?)) =1,
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and for each ¢ € C°°([0,T] x T%) the process,

MZZJ = /Ut¢t dx — /Uowo dx — /Ot/ {usaﬂps + J(us)<Aus — W’(us))z/),;] dxds

(2.3)
is a continuous, square integrable P-martingale with quadratic variation,

[Mw]t:2/0t/[j*(\/m ]2 dads . (2.4)

We shall refer to such probability P as a martingale solution to (2.1) with initial
datum ug. Uniqueness in law (or uniqueness of martingale solutions) holds when-
ever there exists at most one probability on C'(L?) meeting the above requirements.

To introduce the notion of strong solution it is first necessary to construct the
martingale in terms of cylindrical Wiener process, whose definition we next recall.
A L2-cylindrical Wiener process on the probability space (€2, G, P) is a measurable
map «: Q — C(H™ %), § > d/2, such that ay, t € [0,77], is a mean zero Gaussian
process with covariance,

g(at(¢)at’ ((b/)) =tA t/ <¢7 ¢/>L2 =tA tl <¢7 (Id - A)_§¢I>H§ 3 ¢7 ¢/ S Hg )

where £ denotes the expectation with respect to P. A L?-cylindrical Wiener process
can be constructed as oy = Y, BFey, where {ex} is an orthonormal basis in L? and
{B¥} are independent standard Brownian processes on R. Note that, since the
embedding L? < H~* is Hilbert-Schmidt for s > d/2, (Id — A)~° is trace-class
on H~%. We refer to [9] for a general overview on infinite dimensional stochastic
calculus. We denote by {G} the filtration generated by a completed with respect
to P.

Given v € L?, we let B(v): L? — L? be the linear operator defined by B(v)y) =
\/20(v) j * . Since j € H', B(v) is Hilbert-Schmidt, i.e., Trzz(B(v)B(v)*) < oo.

Given g € H!, a measurable map u: Q — C(L?) is a strong solution to (2.1)
with initial datum @ iff u is a G¥-adapted process, P(ug = @y) = 1, P(u €
L*°(H') N L*(H?)) = 1, and, for each ¢ € C*°([0,T] x T%) and ¢ € [0,T], the
following equality holds P-a.s.,

t
{utey o) 2 = (a0, o) 2 + /0 {11y, Dyths) 12 ds
(2.5)

+/O(U(us)(AuS—W’(us)),ws>Lz d3+/0<’(/J5,B(US)dOés>L27

where the last term is understood as an It6 stochastic integral, see [9]. Note that
(2.5) corresponds to (1.5) tested with the function v. Uniqueness of strong solutions
holds if any two such solutions u, v’ satisfy P(u, =) Vt € [0,7]) = 1.

It is worthwhile to observe that the requirement that strong solutions are adapted
to the filtration generated by « means that they can be obtained as non-anticipative
functions of a.

In the analysis of (2.1) two specific functionals play an essential role, the afore-
mentioned van der Waals’ free energy functional F: L? — [0, +oc], defined by

/E\Vu\z + W(u)} de  ifue HY,

+o0 otherwise,

F(u) = (2.6)
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and the Wilmore functional W: L? — [0, +cc], defined by

/U(u) [Au — W’(u)rdx if ue H2.

W(u) := (2.7)

400 otherwise.

Observe that since W has at most quartic growth and d < 3, by Sobolev embedding,
u € H' implies W (u) € L*, and, more precisely, F(u) < C(1 + ||ul|}1). Similarly,
since W' has at most cubic growth, again by Sobolev embedding, if v € H? then
W'(u) € L* and W(u) < C(1+ [|ullfp + [lull3n).

Theorem 2.2. Given g € H', there exists a unique martingale solution P to (2.1).
Moreover, P(u € C(H')) = 1 and for p € [1,00) there exists C = C(ug,T,p) > 0
such that
T P
IE( sup F(ut) —l—/ W(uz) dt) <C. (2.8)
te[0,T) 0
In addition, given a probability space (2,G,P) equipped with a L?-cylindrical
Wiener process ., there exists a unique strong solution u to (2.1) with initial con-
dition ug. The law of u is the martingale solution P.

In view of the bounds on F and W discussed above, we notice that if P is a mar-
tingale solution then the integrand in (2.8) is P-a.s. finite; the estimate (2.8) states
that its moments are finite. We remark that this bound relies on the assumption
that the function j in (2.2) belongs to H'. In particular, in one dimension, the case
of space-time white noise is not covered by the previous theorem. In the case of
constant mobility the corresponding solution u exists, e.g., in C([0,T]; C(T)), but
the H! norm of w; is infinite almost surely for each ¢ € [0, 7.

The proof of Theorem 2.2 is structured through the following steps, in the same
spirit of [26]. The existence of a martingale solution is obtained in Section 4 by
means of compactness estimates on the laws of a sequence of adapted processes in
C(L?). In order to handle the mobility, these processes are constructed by intro-
ducing a time discretization and solving in each time interval a suitable semilinear
approximated versions of (2.1) obtained by freezing the mobility and regularizing
the reaction term. The actual construction of these approximated processes re-
quires an existence result for semilinear equations in C(H'), which is the content
of Section 3. To prove compactness, the key ingredient is the apriori estimate in
Lemma 4.2 which basically states that the bound (2.8) holds uniformly in the ap-
proximation parameters. This estimate relies on the variational structure of (2.1)
and its proof is achieved by applying 1t6’s formula to a suitable approximation of
F. To prove uniqueness of martingale solutions, in Section 5 we introduce the no-
tion of weak solution to (2.1); by a martingale representation lemma we show that
martingale solutions produce weak solutions. Then, after proving the regularity
properties of solutions, we show pathwise uniqueness of weak solutions via H !
estimates. Finally, by adapting the argument in the Yamada-Watanabe theorem,
we obtain the existence and uniqueness result as stated in Theorem 2.2. Some
generation results on a class of Cy-semigroups, needed to the theory developed in
Section 3, are stated and proved in Appendix A by applying the Lumer-Phillips
theorem.

As stated before, the Allen-Cahn equation with mobility does not appear to have
been considered in the mathematical literature and it does not seem directly analyz-
able by the variational method. For instance, the one-side Lipschitz condition (see,
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e.g., [24, Condition (H3)]) fails for the Gelfand triple H'(T¢) C L?(T?) ¢ H~1(T%)
even in the case of W with quadratic growth. On the other hand, in the case of
constant mobility the method applies, as shown in [25] and in the subsequent pa-
per [24], with a dimensional dependent growth condition on the reaction term. In
the one dimensional case the cubic growth is covered, however, Theorem 2.2 pro-
vides better regularity properties of the solution u, in particular, v € L2([0,T]; H?)
almost surely. In principle, the latter regularity property could be deduced by work-
ing with the Gelfand triple H2(T?%) ¢ H'(T¢) ¢ L%*(T¢), but this would require
strong restrictions on the nonlinearity.

Still in the case of constant mobility, an abstract existence result for stochastic
partial differential equation of gradient type is proven in [13], using an approxi-
mation argument relying on apriori bounds analogous to the ones in the present
paper. When applied to the Allen-Cahn equation, see [13, Rem. 4.9], the regularity
properties are slightly weaker than the ones in Theorem 2.2. It would be interesting
to generalize the approach of [13] to cover the case of nonconstant mobility.

3. AN AUXILIARY SEMILINEAR EQUATION

In this section, we provide an existence result for a semilinear equation that will
be used to construct an approximation of the stochastic Allen-Cahn equation. The
arguments below follow the semigroup approach in [9], it is however possible to
obtain the same result by the variational approach in [30] choosing the Gelfand
triple H?> c H' C L2

Recall that (2,G,G:,P) is a standard filtered probability space equipped with
a cylindrical Wiener process a: Q@ — C(H %), § > d/2, such that G, = G is the
filtration generated by a completed with respect to P. Let f: R — R be globally
Lipschitz. Fix a subinterval [to,t1] C [0,7], a Gi,-measurable random variable
w: @ — H' and a Gy -measurable random variable v: Q@ — H?. Let n > 0 and
R, = (Id — nA)~!. Consider the following Cauchy problem on the time interval
[to, ta],

{dut =o(v) [Aut + Rnf(Rn“t)]dt + \/Mj wday (3.1)

Uty =W .

We say that u is a strong solution to (3.1) if u: Q — C([to,t1]; H') is Gi-adapted,
Pluy, = w) =1, P(u € L*([to,t1]; H?)) = 1, and, for each ¢ € C*>([to, t1] x T%)
and t € [0, 7], the following equality holds P-a.s.,

t
(utes ) e = (w0, ) 2 + / (1tg, Dtbs) 12 ds

fo , (3.2)

n / (0(0)(Ats + Ry f (Ruus)), ths) 2 ds + / (6o, B(v) dav) 2 |

to to
where we recall B(v): L? — L? is defined by B(v)y = \/20(v) j * 1.

Proposition 3.1. Assume the initial datum w in (3.1) satisfies E(|w||%:) < oo.
Then, the Cauchy problem (3.1) has a strong solution u. Moreover, there exists
C > 0 depending only on n, Lip(f), and E(||w||%.) such that

EulZ o,y m1) + 1l F2 (29,121, 2)) < C - (3.3)
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Furthermore, if S(HwH%’l) < oo for some p > 1 then there exists C' > 0 depending
only on n, Lip(f), E(HwHifl), and p such that

g(Hu||2C7p([tO7tl];H1)) S C . (34)

Proof. By Lemma A.1, the operator A = o(v)A generates a Cp-semigroup S(t) on
the Hilbert space H'. As in Lemma A.1, o(v) € H? and it is a bounded multiplier
on H'. Moreover, the function f induces a Lipschitz map F,: H' — H' given by
F,(u) :=o(v)R, f(Ryu), in view of the simple estimate,

1 (ur) = Fy(u2)l[ g < Cllo() a2 1Ryl o o [1f (Ryua) — f(Ryuz)| L2
< Cllo() a2 l[Ryll o, o Lip(H)l[ur — uaL2 -

Finally, by a direct computation, the operator B: L? — H' defined by Bw =
V20 (v)j * b, ¢ € L2, is an Hilbert-Schmidt operator with norm bound || B||%¢ <
Cll/a @) 1321121

In view of the previous statements, we can apply [9, Thm. 7.4] and deduce
the existence of a unique G;-progressively measurable map u: Q — C([to,t1]; H')
satisfying the mild formulation of (3.1), i.e.,

g = S(t — to)w + /tS(t — §)Fy(us) ds + /t S(t—s)Bday, (35

and the estimate sup;ep, 4, & (uellF) < C(1 4 E(lw]|F1))-

In order to obtain the bound (3.3) we would like to apply Itd’s formula to ®(u) :=
%f|Vu\2dx. However, since ® is not C? on L2, to accomplish this step we first
introduce a suitable approximation scheme. For § > 0 let As be as in Lemma A.1,
and consider the following linear Cauchy problems,

{dzt = [A(;Zt + Fn(ut)] dt + BdOét y (3 6)

2ty — W,

where u is the unique solution to (3.5). By Lemma A.1, As generates a Co-
semigroup S5 and there exists constants mg and C such that,

t1 ~
/ 1S5(r = to) Bl Frs dr < C(t1 — to)e™ =) |\/a (v) |2 1511 1 -

to

Therefore, the process uf defined by
t t
uS = S5t — to)w +/ Ss(t — 8)F () ds +/ Ss(t—s)Bdas  (3.7)
to to

is a P-a.s. well defined H'-valued with continuous trajectories and G,-progressively
measurable. By Fubini’s Theorem (see [9, Thm. 4.18] for the stochastic case) a
direct computation shows that u’ solves (3.6) in the sense that, P-a.s.,

t
uf =w —|—/ [A(;ug + Fn(us)] ds + Bay t € [to, t1] - (3.8)

to

Observe that, for each ¢ € [to, 1],

e(

Z) _ /tt [S5(t — s) —S(t—s)]BH;ds.

/ [Ss(t —s) — S(t — s)]Bdas




STOCHASTIC ALLEN-CAHN EQUATION WITH MOBILITY 9

Combining the previous identity with Lemma A.1, items (2) and (3), equation
(3.7) and dominated convergence easily imply that for each t € [tg, 1] ul — u; in
L?(Q; H') and, in addition, u® — u in L?(Q; L?([to, 1] x T?)) as § — 0.

Let ®°: L2 — R be defined by

1 1
D (u) := /§|VR5u\2dx = —i(u, RsARsu)r2

so that for u € H' we have ®°(u) — [1|Vu|?dz = ®(u) as § — 0.

Since ®° is C2 with locally bounded and uniformly continuous first and second
derivatives, we can apply It6’s formula, see, e.g., [9, Thm. 4.17]. Then, in view of
(3.6), we get,

t
®°(u?) +/ /J(Rgv) ’R(;AR(;U‘SS|2 dzds
to

= ®%(w) +/t/ Rs(—A)Rsul Fyy(uy) dz ds (3.9)

t—1to

t
+ TI“L2 (R(;(—A)R(;BB*) +/<R5(—A)R5U§,Bd0¢s>L2 ,

to

where B := B(v) = Id B

Hl 127"

We next estimate separately the terms on the right-hand side of (3.9). By
Young’s inequality, for each ¢ > 0 there exists C¢ > 0 such that

t t
/ /Rg(fA)R(suan(us) deds < g/ /|R5AR5U§’2 dz ds
to tO

t
+ Cellole (1£OF +Lin(r)? [ fulias)

0

Clearly, if {e;} C L? is an orthonormal basis we have,

Tr,, (Rs(—A)RsBB*) = Y [|RsVBeq||7: < CllVo(0)|32il7 -
)4

Let Ny, t € [to, t1], be the continuous martingale N; = jZ) (Rs(—A)Rsul, Bdas) 2.

Since B*Yp = j * (1/20(v)®), the quadratic variation of N can be estimated as
follows,

t t
N = [ 18 Rsl-8)Reudl[3s ds < Clollclils [ [ [RobRsid]” aras.
t() t(J

By taking the supremum for ¢ € [tg,t1] in (3.9), using again Young’s inequality,
taking the expectation, and gathering the above bounds together with the L2-
Doob’s inequality,
2
5( sup Nt) <4E&([Ny,) »
telto,t1]
we conclude that there exists C' > 0 such that

t1 5 ]
e( sup (ud) + / / Ry ARsul|” du ds sc(anw%p>+||o||oo|m|i1
to

tElto,t1]

+ llolloo (1£(O)[ + Lin(f)? / E(ual2) ds) + (11 - to>||¢a<v>||%p||j||zl) :
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Since sup;epyy ¢, € (luell31) < C(1 4 E(lw]|F:)) we finally get,

t1

E| sup @°(ufd) +/ /‘R(;ARgugf deds | <C(1+&(wlF)) . (3.10)
t€[to,t1] to

for some C' = C(t; — to, 0, ||v| g2, Lip(f)) > 0.

Since u € C([to, t1]; H'), P-a.s. we can take a countable dense set S C [to,11]
and a subsequence still denoted by § — 0 such that, P-a.s., ug — ug, s € S,
in H' as § — 0. Thus, as ® — & pointwise in H', we get, P-a.s., ®(us) <
lim; ,, ®°(ul) for all s € S. Then, the continuity ¢ + u; implies that, P-a.s.,
SUPseiiy ey P(ue) < Llimg o SuPyepy 4] ®%(uf). By Fatou’s’ Lemma and (3.10) we
conclude 5(Hu||20([t0’t1];H1)) < C(1+E(|wl3)).

Again by Fatou’s Lemma and (3.10) we have,

€ (;iﬂé |AR635U6||2L2([t0,t1]xW)> <C (1 + 8(Hw||§11)) )
-

In particular, P-a.s. we have lim;_, ||AR5R5U6H2L2([tO,t1]><']1‘d) < 00. As RsRsu® —
u in L2(Q x [to,t1] x T%), by elliptic regularity and lower semicontinuity we get
u € L*(Q x [to, 1] H?) and E([[ullF2(42y) < C (1 + E([w]Fn))-

Next, we show that u satisfies (3.2). Fix ¢ € C°°([to,t1] x T¢) and consider the
function W: [tg,t1] x L? — R given by W(t,u) := (¢, us) 2. Clearly ¥ is C? with
locally uniformly continuous first and second derivatives, hence It6’s formula and
(3.6) give, for any t € [to, t1],

t
()i = (w )i+ [ (0, 0utdin + (Asud + Fy(us) )] ds
t
. 0 (3.11)
+/ (Y5, B(v)das) 2 P-as.

to
Recalling that u® — u in L2(Q x [t, ;] x T?) and ul — u; in L2(Q;L?), up to
subsequences we have u® — u in L?([tg,t1] x T%) and u! — u; in L? P-a.s.. In
order to take the limit as 6 — 0 in (3.11), it remains to show that P-a.s. we have
Asu® — o(v)Au in L?([tg, 1] x T?). To this end, notice that for P-a.s. w € Q there
exists a subsequence depending on w such that ARs;Rsu® — Aw in L?([tg, 1] x T%).
Since Rsv — v in H?, by Sobolev embedding we have o(Rsv) — o(v) uniformly,

hence the desired statement follows.
Finally, the bound (3.4) is the content of [9, Thm. 7.4, item (iii)]. O

4. EXISTENCE OF MARTINGALE SOLUTIONS

In this section we prove the following existence result.

Theorem 4.1. Given iy € H', there exists a martingale solution P to (2.1) with
initial condition ug. Furthermore, for any p € [1,00) there exists C > 0 such that

2 2
an%mmzﬂwﬁwoso. (4.1)

The martingale solution will be obtained as a weak limit point of an approximat-
ing sequence of probabilities on C'(L?), that are the laws of a sequence of processes
recursively defined according to the following scheme.
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Let (£,G,G;,P) be a standard filtered probability space equipped with a L2-
cylindrical Wiener process a: Q — C(H %), § > d/2, such that G, = G is the
filtration generated by o completed with respect to P. Given £ > 0 let also Wy: R —
R be the C? function defined by

= {W(€) B I T R Y D

Observe that, for any ¢ large enough, the function W, has quadratic growth at
infinity both from above and below. Moreover, Wy is globally Lipschitz.

Fix n > 0 and a smooth approximation i, of the Dirac d-function with ||z, || =
1. Given n € N, consider the partition 0 = ¢j < t} < ... < &} = T with
i —ty =T/nfori=0,...,n—1. In each time step of this partition, we recursively
construct a sequence of G;-adapted continuous processes u” and a sequence of G;-
adapted processes v™ which is constant on each time interval [t}', ¢}, ) as follows.
Define,

o =1, ¥ g € HX(T?) for t e [th,t7) (4.3)

and set o = o(vin). According to Proposition 3.1 we define uf, t € [tg, 1), as a
solution to

du’ = off (Auf — RyW)(Ryu?))dt + /208 j * doy (4.4)
’U,g’ = U . '
By induction, for 1 <7 <n — 1 we define,
1 &
vy = 7/ ul ds, te [t tiy) (4.5)
Tty S,

and o] := o(vj). Again by Proposition 3.1, we let uj, t € [t}, 1}, ), be the solution
to
dul = o' (Au — RyW/(Ryup))dt + /207 j * doy , (4.6)
upn = limgper uy
We finally set ujn = limgyn ug. Notice that, by recursively using Proposition 3.1
and (4.5), we get P-a.s. v" € L*®(H?) and u" € C(H') N L?(H?). Note that,
although not indicated in the notation, the process u™ also depends on 7 and /.

The proof of Theorem 4.1 is split into three lemmata.

Lemma 4.2 (A priori bounds). Let u™ be the process constructed by solving (4.4)-
(4.6) and Fy,y: H* — R be the functional defined by

1
Folu) = / SVl + Wy (Ry) da (4.7)
Then, for any p € [1,+00),
p 1 T p
E| sup Fo,(uy)| + =€ / /a(vf)(Au? - RnWé(Rnu?))dedt <C,
t€[0,T] 2 0

(4.8)
where C > 0 depends only on ||tg||g:, T, and p but is independent of n, £, and 1.
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Proof. The lemma is essentially achieved by applying It6’s formula to F,,, however
we need to introduce a suitable approximation scheme to actually carry out the
computation. Given § > 0, let ]:té,n: L? — R be defined by

1
-7:25,17(“) = /§|VR6U|2 + Wi(Ryu)dz . (4.9)

By straightforward computations, }'Zn is C? with locally bounded and uniformly
continuous first derivative (D]-'g ) € L? and second derivative (D2.7-'€5 ) (L2 —
SN N/ u
L? given by

(D}_g,n)u = R;ARsu — RyWy(Ryu) , (DQ‘FZn)u = Rs(—A)Rs + RyW/ (Ryu) R, .

Hence, by It6’s formula, for each t € [t},t}, ] we have,

t
Fiaw)+ [ [ ot (RsRouts = Ry Wi(Ry)) (A = Ry Wi(Ry) o ds
t

= ff’n(ugb) + 3
tn

Trre (BY; [Rs(—A)Rs + RyW/ (Ryu™)Ry] By i) ds+ N/V5°
(4.10)

where B, ;: L? — L? and is defined as B,, ;1 = /207 j %% and N ¢ € [t? il
is the martmgale

t
Ntmz’é - / <R5(—A)R5u? + RnWé(Rn“?)aBn,ida6>L2 : (4'11)
t

n

Letting {ex}, k € 74, be the standard orthonormal Fourier basis in L?, we bound
the trace terms as follows,

Trp2 (B;;,iRé( RSBn z Z | RsV By, zeka < Z 1A% ( 2077 * ek) ||%2
<4y’ (||<v\/a:l>j wenllfe +[1V/oT (V) *enllE2)

< CZ ( R)PIVo [7: + ool V()] ) < C@)illE A+ [IVonll2)

and

Trp2 (B} ;RyW (Ryul )Ry By ;) = Z / |Ry, Byier|* W, (Ryu?) dz
k
< S IR Buserlle [IW7 (Rl de < ol [197 (R da
k

where we used that ||j s el < [7(K)] and || V) * eg|| L < |§\](k)|
As u™ € L*(Q; LA2([t7, ¢ ]; H?)) then Rs(—A)Rsu™ — (—A)u™ — 0 in L?(Q x
[, 47, 1] x T%). This implies N;""° — N;* in L?(Q), where N™" is the martingale

t
N :/ (—Au" + RyW}(Ryu™), By i da) ., - (4.12)
t

n
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Indeed,

E(NF — N2 = € [ || By [Rs(~A)Rsul — (—A)ul] |22 ds =30
t

Using that P-a.s. u™ € C([¢7, 7 ]; HY) N L2([t7, t7,1]; H?) we can take the limit
as & — 0 in the first three terms of (4.10) by dominated convergence. As N/**° —

Ny " P-as. for a suitable subsequence, combining with the previous bound on the
trace terms we finally get, for each t € [t}, 7],

t
Frtu) + [ [or (du - R Wi(Ry)* dnds
" . (4.13)
< Fonlu) + C(0) 13 / /(1 VP 4 (W (Ryu?)) dards + N
, ;

where we used that v™ is constant in the time interval [t}, ¢}, ).

Fix ¢ € [0,7] and let i,,(¢) be such that ¢ € [t} ).t ;),,), by summing (4.13)
in all the time intervals [t},t},), j < in(t), we deduce,

¢
Fon(ui) —|—/ /a(v?)(Au? — RnWé(Rnu?))2dx ds
0

. (4.14)
< Fonio) + CONillp [ [ (14 (907 + W7 (Ryu)]) dods + N
0
where N™ is the continuous P-martingale Ny* = 3., ) Nﬁ‘i + Ntn’i"(t). In
" J

particular, the quadratic variation of N™ is

[N"]; = 2/0/{j * [Vor)(— Aul + R,W(Ryul))] }2 dzds . (4.15)

By the assumptions on W and the definition of Wy, (4.2), there exists C' > 0
independent of £ such that |[W/'(-)| < C(14+W,(-)). Moreover, for each s € [t}, 7, )
with ¢ > 1 we have,

1 g
IVl < g [ VB3 ds < sup [ Va3
s'<s

- n n
t =t Je

Since vy = i, * o, the previous bound yields ||[Voy||L: < supgcg<g ||Vul||z2 for
any 0 < s <T. Thus, combining the two estimates above we have,

/(1 LIV 4 (WY (Ryu™)]) dx < C(1+ sup Fep(u))

s'<s

hence, taking the supremum over time in (4.14) we obtain,

t
sup Frp, (ul) +/ /J(U?)(Au;‘ — RnWé(Rnug))Qdm ds
s<t 0

) (4.16)
< 2{ Fufao) + C [ 14 sup Fiy(u) ds-+ sup N7
0

s'<s s<t
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Given p > 1, the previous inequality implies,

<Sup f&n(ug))p + ( /0 t / o(v™) (Au? — R,Wi(Ryu?)) da ds>p

s<t

t ) @
< raun) + [ 1+ (sup Feotad) ) ds+ (supz) )

s'<s s<t

for some C = C)}, > 0.
By Young’s and BDG's inequalities (see, e.g., [31] for the latter) there exists a
constant C = C,, > 0 such that for each v > 0 we have,

p v 2p 1 » 1
e (supNr) )< e (supN2) )+ o= <207 E(NTE) + o
(o) ) =3 () ) oo =20mevn o

t p
<40vE (( [ [otm (- au s rwit,un)® s as) ) o
0

y

where we used (4.15). Choosing v > 0 small enough and taking the expectation in
(4.17) we have,

e (s Fy@) +2e ([ o (dar — Rawimum) deds)
s<t 2 0

< c{ (Fon(@o))” + /0t1 +E (Sup fe,n(ug,))p ds}

s'<s

(4.18)

As Fyp(-) < C(1+]|-]|%:) for some C independent of ¢ and 7, applying recursively
P

(3.3) and (3.4) on each time interval [t} ¢, ] we get £ (supte[O’T} .Fgw(u?)) < 0.

Thus, the bound (4.8) follows from (4.18) by Gronwall’s inequality.

Lemma 4.3 (Tightness of the approximating sequence). Let Py, be the law of

the process u™ constructed by solving (4.4)-(4.6). Then (]P’Zn) is a tight family of
probabilities on C(L?).

Proof. In view of compact embedding H' — L?, a sufficient condition for a subset
A of C(L?) to be precompact is that

sup sup |lutl|gr < 400, lim sup w(u;8) =0, (4.19)
uEA 0<t<T 00 4ecA

where w(u;§) is the modulus of continuity of the element u € C(L?), i.e.,
w(u;d) ;== sup |ur — usl|2 - (4.20)
t,s€[0,T]
[t—s|<é
The family (]P’Zn) is tight if the following conditions are fulfilled.
(i) For each ¢ > 0 there exists a > 0 such that
IP’Z,]( sup |lug|| % > a) < Vn,l,n.
0<t<T

(ii) For each € > 0 and ¢ > 0 there exists § € (0,7 such that
]P’Zn(w(u;é) > 5) <( Vn,l,n.
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Indeed, if (i) and (ii) are verified, given any ¢ > 0 we can find @ > 0 and Jj,
k € Ny, such that

¢ 1 ¢
IP"( 2 <> 1- 2, ”( 5 <f)>1— .
£,n OiltlgTHUt”Hl sa)> 9 £,n (JJ(U k) =k 9k+1
Therefore, the closure K¢ of the set
1
{u: sup w3 < a, w(u;dy) < — Ve NO}
0<t< k
is compact in view of (4.19) and has probability P}, (K¢) > 1 — (.
Now, we claim that, for any p > 1,
sup E( sup Hu?”i’,’l) < 00 (4.21)
Cmn NO<t<T
and, for each p > 1,
lim sup sup 75( sup |juz — ug||%‘;) =0. (4.22)
6=0¢.n.n s€[0,T7—0] t€[s,s+46]

By Chebyshev’s inequality, (4.21) implies (i) and, by a simple inclusion of events,
see, e.g., [5, Eq. (8.9)], and again Chebyshev’s inequality, (4.22) implies (ii).

The estimate (4.21) is a direct consequence of (4.8) since it can be easily checked
that, in view of the assumptions on W, there exists C' > 0 such that |[ul|%, <
C (14 Fyp(u)) for any £,7.

To prove (4.22) we observe that by (4.4)-(4.6) and Itd’s formula, for each s €
[0, — ] and t € [s,s+ ¢],

lup —ulll72 = AP™ + Ry™ + M (4.23)

where .
AP = 2/ /J(vf) [Aul — R, Wy (Ryul)] (uf — ul)dzdr,
and

B = / [+ Vo) dedr < ol il 6 (4.24)

finally, M™%, t € [s,s + 8], is a continuous square integrable P-martingale with
quadratic Varlatlon

e, =4 [ [ e (Vo ) asar

<dlofle sup lup —ug|72 4,
re(s,s+94)

(4.25)

By Cauchy-Schwartz inequality,

t 1
457 < 2oloc ([ 1 = )’
S

<(/ t [ote @ - rwiryup)* do ar)’

<262 ||ollee sup |lu — u| 2
re[s,s+4]

/ / - R77Wé(]~277u?))2d96dr)5 ,
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so that, by Young’s inequality, there exists C' > 0 such that

1 T
A7) 5 e =l [ fotur) (o = R
2r€[s,s+6] 0

Therefore, taking the supremum for ¢ € [s, s 4 4] in (4.23) we deduce,
sup |jup —u?|2. <2 sup M 4+2 sup RP"

t€ls,s+4] te(s,s+6] te(s,s+46] (4 )
.26

T
+ 205/ /a(vf)(Au:f - RnWé(Rnu?))2dx dr.
0

By BDG inequality, see, e.g., [31], for any p > 1 there exists C' = C}, such that

/2 1 2

5( sup (M;" p)SC’E MR < 5( sup |lul —ul p)—l—C(SP,
te[s,540] t ) ([ }s+6) 9p+1 rels,546] H HL2

where we used the bound (4.25) and Young’s inequality in the second step. By

taking the p-th power and then the expectation value in (4.26), the last bound,
together with (4.8) and (4.24) implies the claim (4.22). O

Lemma 4.4 (Properties of the cluster points). Let P be a cluster point of the
sequence (P}, ). Then P is a martingale solution to (2.1) with initial condition to.
Furthermore, P satisfies the bound (4.1).

Proof. Let P be a cluster point of the sequence (IP’ZT]), so that, passing to a subse-
quence, ]P’Zn — P weakly.

We start by proving the estimate (4.1). In view of the assumptions on W and
the definition (4.2) of Wy, there is C' > 0 such that |lu||2, < C(1+ Fy,(u)) and,
by Sobolev embedding, ||R,W/(Ryu)||?. < C(1 + [Jul|$:) for any u € H', where
C > 0 is independent of ¢ and 7.

Hence, the bound (4.8) combined with Calderon-Zygmund inequality readily
implies, for any p > 1,

E7, ( sup w37 + ||u|i€(H2)> <C, (4.27)
+€[0,7]

where C' > 0 depends only on ||tg]||g:, T and p but is independent of n, £, and 7.
Since both the norms in (4.27) are lower semicontinuous under C(L?)-convergence,
by Portmanteau’s Theorem we infer that for any p > 1 the bound (4.1) holds with
the same constant C' > 0 in (4.27).

Now, we show that P is a martingale solution to (2.1) with initial condition
ig. By construction, ]P’Zn(uo = @g) = 1 for any n,¢,n so that P(ug = @g) = 1.
Furthermore, by (4.1), P(u € L>=(H') N L*(H?)) = 1.

It remains to prove that for any ¢ € C°°([0, T] x T¢) the process M¥ as defined
in (2.3) is a continuous square integrable P-martingale with quadratic variation as
in (2.4).

Fix 0<s<t<T, e C®(0,T] x T%), and for u € L>®(H") N L2(H?) let

G"l,n(u) = <Ut,7/1t>L2 - <Us,1/)s>L2

t 4.28
_ / {{ur, 0rthy) 2 + (o (V) [Au, — RyWy(Ryur)], tbr)p2 b dr (4.28)
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with v™ the average of u defined as in (4.3), (4.5). Similarly, let
G(U) = <utawta>L2 - <usaws>L2

- / [t 00y 12 + {0 () [ Ay — W ()], ) 12} dr

and, for 6 > 0 and u € C(L?), we define the regularized version of (4.29) as
G (u) = G(Rsu) . (4.30)

Observe that the function defined in (4.30) is continuous on C(L?) since R : L —
H? continuously. Furthermore, by Sobolev and Holder inequalities and since R,
contracts any L” norm,

|Gt ()] + G ()] +1G° ()| < OO+ L2 qmzy + ullFee ) - (4.31)
where C' > 0 does not depend on n,¢,7n, and §. As a consequence, by (4.27) and
(4.1) we get, for any p > 1,

Ey (G +1Gnenl”) +E(IGIP +|G°1F) < C (4.32)

where C' > 0 does not depend on n, ¢, 7, and §.
In view of (4.3)-(4.6), for any F': C(L?) — R continuous, bounded, and measur-
able with respect to the canonical filtration at time s we have,

n(F ()G n(uw) =0 (4.33)

(4.29)

and

n (F(u) [ - / / (W%)Y dmer —0.  (4.34)

We would like to pass to the limit in (4.33)-(4.34) as n,¢ — 400 and 7 — 0 in order
to conclude that
E(F(u)G(u)) =0 (4.35)

B 1 (Rt s

which, by the arbitrariness of F and 0 < s < t < T, shows that MY as defined in
(2.3) is a continuous P-martingale with quadratic variation as in (2.4).

In order to prove (4.35) and (4.36) we use an approximation scheme based on
(4.30). We fix a decreasing sequence 0y \, 0 and, for each a > 0 we define D, as
the closure in C(L?) of the following set,

ﬂ {u € LYH)NLA(H?): ulloo gry +lullF2(mey < @y w(u;éy) < %} , (4.37)
keN
where w is defined in (4.20).
We observe that in view of (4.19) the set D,, is compact for any a > 0 . Moreover,
by Lemma 4.2 and the argument in the proof of Lemma 4.3, we can choose d; \, 0
such that

GEIEOO SL;F:] Py, (Dg) =0, agrfoo P(D;)=0. (4.38)
We claim that, for each a > 0,
lim lim sup |Gy ep(u) — GO(u)| =0, lim sup |G(u) — G°(u)] =0. (4.39)

6—>On€nuepa 5—0 u€D,
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Postponing the proof of this claim we first derive (4.35). We write,

B} (FG ) = Ef,(FG®) + E, (Ip, F (G — G°)) + B, (Ipg F(Grey — G)) -
(4.40)
Since F' is bounded, by (4.39), for any a > 0,

lim Tim E? (Ip |F - @) =
limg lim B¢, (Ip, |F(Gn,e.n — G7)[) =0

and, in view of (4.32), (4.38), and Chebyshev’s inequality,
lim lim lim E}, (Ipe|F(Gnem — G)|) =

a—00 §—0n,ln

hence, by (4.33) and (4.40),

g —
%l—% 713};1171&3 (F(u)G°(u)) =0.

Since G°: C(L?) — R is continuous and satisfies (4.32) we get,
0= lim E(FG°) = E(FG) + lim E(F(G° - G)) .
6—0 6—0
Finally, writing
E(F(G° - G)) =E(Ip,F(G® - G)) + E(Ip: F(G° — G)),

by using (4.32), (4.38), and (4.39) as before we obtain (4.35).
In order to prove (4.39), first notice that for u € C(L?) and v™ the average of u
defined as in (4.3), (4.5) we have,

&

lu —v"|[poo(z2y < sup |lug —1n * ugllz2 V. max sup ut—ﬁ/ ug ds

0<t<7 i=1,...,n— 1t€[tn £, D T tr
< w(w; 2T'/n) + [Jan * uo — uo| 2 -
Thus, by definition of D,, for each a > 0,
lim sup ||lu—v"||pe(r2y =0. 4.41
i sup | [l oo (L2 (4.41)
We define
Gog(u) = /utzbt dz — /ust/}s dz

(4.42)

¢
+ / /{u,ﬁ,«wr + o (ur) [Auy — RyWi(Ryuy)| ¥y } dadr .

Since o is Lipschitz and by Sobolev embedding ||R,W/(R,u)||3. < C(1 + ||u|%:)
for any u € H', where C > 0 is independent of ¢ and 7, by definition of D, and
(4.41) we easily obtain,

lim sup |Gy p(u) — Gop(u)|

n,4,n yeD,

(4.43)
< hrn su})) Cllu —v"|| oo (£2y (1 + [Jul| 22y + ||u||Loo(H1)) =0.
Nue
We are going to show that
lim sup |Gy,(u) — G(u)| =0, lim sup |G(u) —G®(u)| =0, (4.44)
4n weD, =0 4eD,

which clearly imply (4.39) by (4.43).

L2
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Since 1 is bounded and R,, contracts also the L'-norm we estimate,
t
|@MW—QW§C//MWW—RM%&WWMM7
t
< C/ /‘W’(u,«) — Ry W' (up)| + W' (up) — Wy (u,)| da dr (4.45)

¢
—|—C/ /|Wé(ur) — Wi(Ryu,)|dadr =T+ 1T + 1T .

Notice that ||R,v — v||2, < n|jv]|%, for any v € H' and, by Sobolev and Holder
inequalities, for any v € H? we have,

W @)l < ClIL A+ 0Pl < A+ ollz + lollzllvlzs) |

hence,

t t
ISC/WWWMJ—RMVWwdeTSCU/(PHWN%rHWAMAww%Jmﬂ

(4.46)
On the other hand, by the assumptions on W and the definition (4.2) of W,, we
have |[W'(u)| + |W)(u)| < C(1 + |ul?) for a C > 0 independent of ¢. Combining
Cauchy-Schwartz, Sobolev, Chebyschev, and Young inequalities we get,

t t
Hsc// <umm%wsc/u+ww%mmwwwﬂw
s Jun|>l s (4.47)

t
< C/ (1 flur 3| 22672 dr < COM2( 4 [[ull o 41y -
Finally, noticing that |W/(u) — W/(u')| < C(1+ |u|? + [u/|?)|u — «/| for an absolute
constant C' > 0 independent of 7,7’, and ¢, by Cauchy-Schwartz, Holder, and
Sobolev inequalities, arguing as above we get,
t
I < C/ /(1 + | |* + |Ryur)®) Juy — Ryu,| dz dr
ot
go/a+wm@mm—wamw (4.48)

¢
<Cn'’? / (L ) e | dr < O 2 (1l Goe a1y -
Combining (4.45)-(4.48) the first claim in (4.44) follows. The proof of the second

claim in (4.44) is entirely similar. Indeed, first recall that o and ¢ are bounded and
that Rs; and A commute on H2. Thus, in view of (4.29) and (4.30),

t
w%wGw»sc(wtfwmm+n%meu+/dwRwAUM)
t
+c/mwmm_wmmwmyw
=1+ I+ 10 .

t
+ /S /(R(;U(R(;ur)Aur — o(uy)Au,) ¥, dedr

(4.49)
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Since ||Rsv — v||32 < 8||v||3,. for any v € H', we have,
I' < Cllu = Rsul| o2y < C82 ]| oo sy (4.50)
and arguing as in (4.47) we also obtain,
I < C8"2(1+ [Jullf e (arr)) - (4.51)

Combining (4.49)-(4.51), the second claim in (4.44) follows once we prove that, for
each a > 0,

lim sup

=0. 4.52
JHOUE'DQ 0 ( 5 )

t
/ (Rso(Rsur) Auy — o (ur) Ay, 1) 2 dr

We argue by contradiction and suppose that (4.52) fails. Then, there exists a > 0,
p >0, 6, — 0, and a sequence {u*)} C D, such that, for each k > 1,

t
/(ngU(R(;kulﬁ)Au’ﬁ —o(uf)AuF ) padr| > p > 0. (4.53)

It is easy to check that {u¥} C D, C C(L?) is equicontinuous and {uf} C H*
is equibounded; in view of the compact embedding H' < L? we can apply the
Ascoli-Arzela theorem to infer that, up to subsequences, u* — u € C(L?) as
k — o0o. Moreover, by standard lower semicontinuity argument is easy to check
that u € D, and in addition Au¥ — Aw in L2([0,T] x T%) as k — co.

Since u* — u in C(L?) and o is bounded and continuous we have Rs, u* — u,
o(uF) = o(u), o(Rs,u*) — o(u) and Rs o(Rs,u*) — o(u) in C(L?) and in turn
in L2([0,7] x T¢) as k — oco. As 1 is bounded and smooth and Au* — Aw in
L2([0,T] x T?), as k — oo we have,

¢
lim [ (Rs,0(Rsuf)Auf — o(uF)AuF 4,) 2 dr =0,

k—oo [

which contradicts (4.53) and proves (4.52).
To deduce (4.36) from (4.34) we first notice that

lim B}, (F(u) /:/(j x (\/W%))2 dxdr)

n,l,m
=& () [ [ (i Vaotuien) drar)

Indeed, as u — F(u) fstf (j * (v/20(ur) r))2dx dr is bounded and continuous,
restricting the expectations to D, and its complement the conclusion follows from
(4.38) and (4.41).

Finally, arguing as in the proof of (4.35) and using (4.32) for some p > 2 we
have,

(4.54)

lim E7 (F(w)Ghep(w)?) =E (F(u)G(uw)?) ,

n,l,m

which together with (4.34) and (4.54) yields (4.36). O
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5. UNIQUENESS RESULTS AND STRONG EXISTENCE

In this section we conclude the proof of Theorem 2.2. To connect the notions of
martingale and strong solutions we first introduce the notion of weak solution.

A pair ((Q,G,Gt, P), (u,«)), where (2, G, G, P) is a standard filtered probability
space and (u, «) are Gi-adapted processes, is a weak solution to (2.1) with initial
datum g iff

i) a: Q= C(H™%), 3> d/2, is a L?-cylindrical Wiener process with respect
to Gy, i.e., it is a L?-cylindrical Wiener process and its increments oy — o
are independent of G, for 0 < s <t € [0,T];
i) u: Q — C(L?), P(ug = iig) = 1, and P(u € L=®(H') N L?(H?)) = 1;
iii) for each ¢ € C*°([0,T] x T%) and ¢ € [0, T, the identity (2.5) holds P-a.s.

Pathwise uniqueness of weak solutions holds if whenever ((2,G, G, P), (u,a))
and ((©,G,G:, P), (v/,a')) are two weak solutions on the same filtered space with
a = o then P(uy =u, Yt €[0,T]) =1.

We remark that if a weak solution ((€2,G,G;, P), (u,«)) is such that u is G-
adapted (recall that G* denotes the filtration generated by a completed with respect
to P) then the map u: Q — C(L?) is a strong solution on the probability space
(©,G,P) equipped with the cylindrical Wiener process a.

By a martingale representation lemma, we first show that existence of weak
solutions can be deduced from the existence of martingale solutions.

Lemma 5.1. Given g € H', let P be a martingale solution to (2.1) with initial
condition tg. There exists a weak solution ((2,G, G, P), (u,)) to (2.1) such that
Poul=P.

Proof. Let P be a martingale solution. Recall (2.3) and let {e;}, k € Z?, be an
orthonormal basis in L?. We claim that the process M = (M¢)efo,r) defined by
M, =), M{*ey is a Lo-valued, continuous square integrable P-martingale with
quadratic variation,

[M]: = /0 B(us)B(us)* ds , (5.1)

where we recall B(u): L? — L? is the Hilbert-Schmidt operator given by B(u)y =
/20 (u)j * 1.

The martingale property of M is obvious and (5.1) is a direct consequence of
(2.4). Since |B(u)||gs is bounded uniformly w.r.t. u € L?, M is square integrable.
Moreover, by (2.3),

t
My =uy —ug — / o(us) (Aus - W’(us)) ds Vte[0,T) P-as.
0

where the identity has to be understood between elements of L?. Since P(u €
L>®(HY)YN L?(H?)) = 1 we deduce the P-a.s. continuity of M.

In view of the previous claim, we can apply the representation theorem [9,
Thm. 8.2] and deduce the existence of an enlargement of the filtered probabil-
ity space (C(L?),B,B;,P), denoted by (Q,G,G,P), equipped with a cylindrical
Wiener process a: Q — C(H %), 5§ > d/2, and a G;-progressively measurable map
u: Q — C(L?) such that Pou! = P and M; = ng(us) da. In particular,
((2,G,G:,P), (u,a)) is a weak solution to (2.1) with initial condition . O
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By the previous lemma and It6 formula we next show the continuity property of
the trajectories for martingale solutions.

Lemma 5.2. Given iig € H', let P be a martingale solution to (2.1) with initial
condition ty. Then, P(u € C(H')) = 1.

Proof. Since P(u € C(L?)N L>(H')) = 1, we already know that P-a.s. the trajec-
tories are H'-weak continuous, so we have only to show the P-a.s. continuity of the
real-valued process t — ||u;||g1. To this end, let ((22,G,G;, P), (u, «)) be the weak
solution associated to P as constructed in Lemma 5.1. We shall prove the P-a.s.
continuity of the map ¢ — F(u;), where F: H* — R is the functional,

Flu) = / %|Vu|2 + W (u)de . (5.2)

Note indeed the map [0,7] 2 t — [W(u;)dx is P-a.s. continuous since P(u €
C(L?)N L>(H')) = 1.

In order to apply Ito’s formula to F, we proceed by approximation as in the
proof of Lemma 4.2. Given § > 0 and £ > 0, let ]—"g: L? — R be the regularized
version of F defined by

1
Fo(u) = / S|V Rsul® + Wy Rsu) de (5.3)

where, as usual, Rs = (Id — 6A)~! and W, is defined in (4.2). Since F? is C?
with locally uniformly continuous first and second derivatives, we can apply It6’s
formula and deduce,

¢
F(uy) +/ /U(us)(AuS — W' (us))(RsARsu? — R,W;(Rsul))dz ds
0
1t

= Fiu) + 5 /O Trpo (B(uy)* [Rs(—A)Rs + Rs W, (Rsus) Rs) Blus)) ds

t
+/ (Rs(=A)Rsus + RsWj(Rsus), B(us) dag) . Vit e[0,T] P-as. .
0

Recall that, by definition of martingale solution, P(u € L*(H') N L*(H?)) = 1.
Given k > 0 let

t
Tk = mf {t S [O,T} / Hus”%{Z dS > I{} )
0

setting 7, = T if the set in the right-hand side is empty. Note that 7., T T as Kk — oo
P-a.s.. By stopping at 7, the It6 ’s formula above, straightforward estimates (similar
to those in the proof of Lemma 4.2) allow to take the limit 6 — 0 and ¢ — co. By
taking afterwards the limit as kK — oo we finally get,

Flu) + /O t / (1) (Atis — W (ug))? dz ds
1 t

:]—'(uo)—i—i/o Trrz(B(us)*[—A + W (us)]|B(us)) ds

t
+/ (—Aug + W'(us), B(us) dos) ;. Vit e [0,T) P-a.s. .
0

Since P(u € L>®(H') N L?(H?)) = 1, P-a.s. the second term on the left-hand side
is P-a.s. continuous and the trace in the second term on the right-hand side is
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P-a.s. bounded uniformly in time. Indeed, arguing as in (4.10)-(4.14) we deduce
the inequality,

Trpa (B(us) [=A + W (us)] B(us)) < Colljll7n /(1 + [ Vus|* + W (us)]) dz

< ColljllEn (1 + Fus)) -

Combining these facts with the a.s. continuity of the stochastic integral we get the
P-a.s. continuity of the map ¢ — F(uy). O

By means of an H~! estimate inspired by [1], we next prove pathwise uniqueness
of weak solutions.

Proposition 5.3. Let ((,G,G:,P), (u,«)) and ((Q,G,Gt, P), (v,a’)) be two weak
solutions to (2.1) with initial condition ug € H' defined on the same filtered space.
If o/ = o then P(u, = v, Vt € 0,T]) = 1.

Proof. We observe that by P-a.s. continuity it is enough to show that P(u; =
vy) = 1 for any ¢t € [0,T]. For k > kg := 2||tp||g1 we introduce the stopping time
Tt © = R4 defined by

Te = Inf{t € [0, T]: ||ue||mr + ||vel| g2 > K},
setting 7, = T if the set in the right-hand side is empty. Note that, P-a.s. the
H'-continuity yields 7., > 0 and 7, 1 T as k — 0o. Therefore, it is enough to prove

that P(utnr,, = viar,.) = 1 for any k > kg and ¢ € [0,7T]. This will be achieved by
showing that the real random variable ¥;:  — R defined by

: R
e

is P-a.s. vanishing for any x > kg and ¢ € [0,T]. To this purpose, we estimate the
evolution in time of W; via Itd’s calculus.

Since the function ¥: L2 x L? — R defined by ¥(u,v) := %Hh(u) - h(v)qu,1 is
not twice differentiable, we proceed by approximation. We introduce the regularized
version of ¥ defined by W°(u,v) := 3||h(Rsu) — h(Rgv)||2_1. Since h: R — R is
C3, Rs: L?> — H? is bounded, and H? is compactly embedded in C(T?), it is easy
to show that W0 is C2. Setting f°(u,v) := Ry (h(Rsu)—h(Rsv)), the first derivative
(DW?),., € L? x L? is given by

W (Rsu) f* (u, v)
) _ g ;
(D\Ij )u,v — R6 (h’(Rgv)f‘S(u,v) )
and the second derivative (D?W¥°),, ,: L? x L? — L? x L? reads,
h"(Rsu) £ (u,v) 0
20 _ g ;
(D v )u,v - Ré < 0 —h”(Rgv)f‘S(u,v) R5
R W (Rsu)Rih'(Rsu)  —h'(Rsu)Rih'(Rsv) R
S\ —n(Rsv)Rih/(Rsu)  h'(Rsv)Rih/(Rsv) ) 70

As h is Lipschitz we have |[(DW%), ,llr2xz2 < C(||ullrz + ||[v]lz2) hence the
first derivative is bounded on bounded subsets of L? x L?. As Rs: L? — C(T?) is
compact, L? 3 u + h/(Rsu) € C(T%) is uniformly continuous on bounded subset,
hence the uniform continuity of DW® on bounded subset follows. Concerning the

1
Uy = *Hh(ut/\-rn) - h(”mm)
2
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second derivative, notice that since A’ and h” are bounded and ||f?(u,v)||p~ <
C(|ul|z2 + ||v||z2) with a constant independent of &, for each ¢1, ¢ € L? we have
|<<f;) (020 (5)) | < Ol + ol + D6l + loal).
2 2 L2x L2
(5.4)

where the constant C' does not depend on §, ¢1, and ¢o. The same argument
used for the first derivative entails that the second derivative D?®¥° is uniformly
continuous on bounded subsets of L? x L2.

By Itd’s formula (notice W°(ug,vo) = ¥ (i, %) = 0),

\Il‘s(ut,vt) = /0t<(D‘I’5)usv“S ’ (i((ﬁg%ﬁx : %:E:j:)))» >L2><L2 @

t
+/ TrL2xL2((D2\116)u5,v5B(u57US)B(US7US)*) ds (5'5)
0

t
—l—/ <(D‘I’6)u5,vs ,B(us,vs)da8>L2xL2 ,

0

where B is the Hilbert-Schmidt operator on L? x L? defined by

_ (B(us)
B(us,vs) = <B(’US>> .
In order to take the limit as 6 — 0 in the previous identinty, notice that for
u,v € C(L?) we have W0 (uz, v;) — ¥(ug,v;) and

. _ (W' (u)Ra(h(ue) = h(wvr))
(%%(D\I/‘s)ut,vt = (h/(Ut)Rl(h(ut) - h(ﬂt))) 7

in L? x L? uniformly for ¢ € [0,T], as h, h’ are Lipschitz and R;: L? < L*. Since
P-a.s. u,v € C(H') N L2(H?), this allows to pass to the limit also in the first
term on the r.h.s. of (5.5) by dominated convergence. Moreover, the same uniform
convergence together with the computation of the quadratic variation allows to pass
to the limit (up to subsequences) in the stochastic integral. Finally, we rewrite the
trace term in (5.5) as

Trrexre (D?U0)u, v, B(us, vs)B(us, vs)*)

Z< s)ek; ( DQ\I/ )us,vsB(us’vS)ek>L2xL2 ’
k

where {ex} C L? is an orthonormal basis. Since B is Hilbert-Schmidt and the bound
(5.4) holds, in order to take the limit in the trace term by dominated convergence
w.r.t. to k it is enough to show that

. 9 (W (us)R1(h(us) — h(vs)) 0

%E}%(D \Pé)us,vs - ( 0 —h”(’l]S)Rl(h(US) _ h(’Ug))>
B (us)Rih'(us)  —h'(us)Rih (vs)

+ (—h’(vS)th’(us) B (vs) Rib (05) ) )

in the weak operator topology on L? x L?, uniformly for s € [0,T], as h, k', b’ are
Lipschitz and Ry: L? «— L.
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By stopping at 7, and recalling that b’ = 1/0, we finally get

;= /0 . (Ri(h(us) = h(vs)), Alus — vs) = W'(us) + W' (v5)) . ds

1

+ 5/0 T"”"TrLz ([Rl(h(us) - h(vg))] [h”(us)B(uS)B(us)* _ h”(vs)B(vs)B(vs)*]

+ (B(ug)*h (us) — B(vs)*h (vs)) Ry (' (us) B(us) — h’(vs)B(vs))> ds

. / T Ralhtw) - o), [ Bl -

o(us)

73(1)5)} d045>L2

o(vs)

Let {ex} C L? be the Fourier orthonormal basis and define

fs= Rl(h’(us) - h’(Us)) ’ Bs : ! L

. Vo(us)  v/o(vs) .
By using that RiA = —Id + Ry, and recalling the definitions of h(u) and B(u),

after some simple algebraic computations evaluating the trace by Fourier series the
above identity reads,

tAT,
U, + / (h(us) = h(vs),us — vs) o ds = I} + IF + I} + Myns, (5.7)
0
where

tAT
Itl = / <fsvus —Us — W/(US) + W/(US)>L2 ds,
0

et [ o (S22l o

tAT,
It3 = / Z <ﬂ3] * ek,Rlﬁsj * €k>L2 s
0

kezd

and M., is the stochastic integral (the last term in the previous Itd’s formula).
By Assumption 2.1, Holder inequality, and the Sobolev embedding H' < L% we
have,

tAT,
< [ = o1 a4 02) o ds
0
tAT,
s/ el llus — vallze |1+ 2 + 02 s ds
0

tAT,
< C/ sl s = vsllze (1 + lusllzp + llvsl7) ds
0

tAT,

SC(1+’{2) Vs ”us*USHL2 ds,
0
where in the last inequality we used that || fs|| g = v2U, and |lus||3: + [Jvs][3: <
2k2 for any s < 7.
To estimate I? we observe that by Assumption 2.1 there is C' > 0 for which
lo(a)"0’(a) — o(b)~'o’(b)| < Cla — b], so that, from Cauchy-Schwartz inequality
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and arguing as before,

tAT, tAT,
2] < | / /fs(év)lus(w)—vs(w)ldwdséc / 1 fellers s — vl 22

tAT,

<C Vs |lus — vsllp2 ds .
0

In view of the definition of h(u) and Assumption 2.1, it is easy to show that, for
a suitable C' > 0,

max{(a — b)?; (h(a) — h(b))?} < C(h(a) — h(b))(a —b) . (5.8)

Therefore, by the previous estimates and Young inequality,
1 tAT, tAT,
|IH 4 |I2| < 5/ <h(us)fh(v,;),us—US>L2 ds+C’(1+,.;2)/ Uy.ds. (5.9)
0 0

To estimate I3, we first notice that there is C' > 0 such that, for any f € H*
and g € H~1/2,
1fgllz—2 < Cllfmllgllg-2/2 - (5.10)
Indeed, by Fourier expansion and Parseval identity,

\ 1
||f||H1—Zl+|k|2zzl+|k‘2 d/Qka K)g )
ke k'eZd

kezd

<3 (X e wa )

keZd k'€Z?

1 k k/ |§k/)‘2
Zl+||2Z|f (1+] |)271+\k W

kezad k' €Zd ke
1
= £l D 19D 3 55 < ClfInllgl -
2 T 2 R [k W)
where we used that there is C' > 0 such that, for d =1, 2, 3,
1 C

2 AT AT E= R S T

kezd

By (5.10) and standard interpolation,
Z <Bs,7 * eg, Ry Bs] * ek>L2 = Z H/st * ek“?{*1

kezd kezd 5 11)
<C Y i *erllznlBsllz -2 < CllillzllBsllz -2 < CllBs L2 1Bsll -1 -
kezd

By the definition of A(-) and Assumption 2.1 it is straightforward to verify that
|Bs| < C|h(us) — h(vs)|. Moreover, we claim that v, := (h(us) — h(vs))18s €
L N H! and that, for a suitable C' > 0, ||vs|| g1 < C(1+ ||us|| g2 + ||vs|| ). To see
this, notice that the function &(r) := o(h~(r))~'/2 is C? with bounded derivatives,
and satisfies

1
o= / 5 (h(va(x)) + A(h(us(z)) — h(va(x)))) dX
0

from which the claim follows.
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By using (5.10), for any s < 7,

18: -1 < Cllvsll g [[Bus) = Bv) y-12 < C+26)|[Aluts) = Bws) || -/
hence, by (5.11), interpolation and Young inequality, for any € > 0,

tAT,
|I?| <C(1+ 2“)/0 Hh(uS) - h(")S)HLth(US) - h('US)HHﬂ/z ds

§C(1+25)/0 TNHh(us)fh(vs)Hi/th(us)fh(vs)H;I/ids

tAT, tAT,
SE/O Hh(us)—h(vs)Hiz ds—l—CE(l—i—ng)/o Hh(us)—h(vs)HZ,lds.

Since by (5.8) Hh(us) - h(vs)Hiz < (h(us) = h(vs), us — ’US>L2, by choosing € small
enough we conclude that there is C' > 0 such that,
tAT,

1 tAT,
13| < 5/0 <h(us) — h(vs), us —’US>L2 ds+C(1+ﬁ2)/0 Uyds. (5.12)

By (5.7), (5.9), and (5.12) we get,
AT, ¢
\I’tSC/ \I/SdS—FMt/\TKSC/\I/SdS—FMt/\TN.
0 0

By the optional stopping theorem E(Min..) = E(Mp) = 0; therefore, by taking
the expectation in both sides and applying Gronwall’s inequality we conclude that
E(¥;) =0, and therefore P-a.s. ¥, = 0. O

By the Yamada-Watanabe argument [36] (see also [31,32]) we next deduce
uniqueness of the law of weak solutions.

Proposition 5.4. Given 1y € H', the following holds.
a) The law Q = P o (u,a)~t on C(L?) x C(H™%) is the same for any weak
solution ((2,G,Gt, P), (u,a)) to (2.1) with initial datum tg.
b) There ezists a Borel map ©: C(H=%) — C(L?), B,(C(H~%))/B; measur-
able, and such that for any weak solution ((2,G,G:,P), (u,«)) we have
u=0oaP-a.s..

Proof. The proof can be easily achieved by adapting the argument in [31] for fi-
nite dimensional diffusions. However, for the reader’s convenience, we present the
complete strategy.

a) Fix 1g € H' and let ((Q%,G% Gi, P, (ul,a?)), i = 1,2, be two weak solutions
to (2.1) with initial condition ug. To take advantage of the pathwise uniqueness
proved in Proposition 5.3, we need to bring them on a same filtered probability
space.

Denote by P* the law of the cylindrical Wiener process on C'(H~%). Set also
Q! = Pl o (u,a’)~! be the probabilities on C(L?) x C(H %) induced by the pair
(u?, a?). As the spaces involved are Polish, these probabilities can be disintegrated
w.r.t. P* so that

Q'(dv,dv’) = Q% (dv) P*(dv'), i=1,2,
where P*-a.s. Q¢, is a probability on C(L?). Moreover, v’ — Q¢,(A) is a Borel
map for any A € B(C(L?)). In the sequel, we need the following result, which is a
straightforward adaptation to the present context of [31, Chap. 4, Lemma (1.6)].
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Lemma 5.5. If A € B,(C(L?)), t € [0,T], the map w* — Q' 5(A) is B,(C(H*))-
measurable up to a negligible set.

Consider now the product space W := C(L?) x C(L?) x C(H %), whose elements

are denoted by w = (w!,w? w?). On W we define the probability measure,
M(dw!, dw?, dw?) := QL s (dw')Q% s (dw?)P*(dw?) ,

and we endow W with the filtration G; defined as the completion with respect to

IT of the canonical filtration B;(W).

We now claim that, for i = 1,2, (W,G,G;,1I), (w’,w?)) are weak solutions
to (2.1) with initial condition %y on the same filtered space, and such that P* =
Pio(u?) =1 is the law of w'. The latter assertion, which is immediate by construction,
clearly implies condition ii) in the definition of weak solution, hence it remains to
verify conditions i) and iii).

To prove that w? is a L?-cylindrical Wiener process with respect to G;, we only
need to check that for any 0 < s < t € [0,T] the process w; — w? is independent
of G,. This property follows by noticing that, letting Ay, Ay € Bs(C(L?)), B €
B,(C(H™%)), by Lemma 5.5, for any v € C>(T%),

E" [exp (i(¥), w} — w?)) Ly ea, Ly2ea, Luses]

_ /B exp (i1, w? — w3)) QLo (A1) Q2 (An)P* (dw?)

/B[/exp (i<¢,wt—ws>)P§w3(dw)] L (A1)Q2 (A2)P* (du?)

= exp (= (6= s)uE) | Qho (4@ (40P (@)
= exp (= (t = s)l[v[72) T(A1 x Az x B) ,
where P} s is a regular version of the conditional probability P*(- |w?, s € [0,1]).

Let ¢ € C°°([0,T] x T?) and t € [0,7]. Since P'-a.s.,

t
(o) 2 = (10, o) 12 + /0 (D) 12 ds

+ / (o )( At — W (), 04) 1 s + / (6o B(u) daf) 2 |

then, as follows from, e.g., [31, Chap. 4, Ex. (5.16)], II-a.s.,
t
(wy, i) 2 = (o, o) L2 + / (wg, Osvs) 2 ds
0

+ / (0w (A’ — W (wh)), o) 2 ds + / (e B(uw) dud) 12 |

which is property iii) in the definition of weak solutions.

By the pathwise uniqueness in Proposition 5.3, H((wi,w}) = (w2, w}) Vt €
[0,7]) = 1, which implies Q' = Q?, i.e., the uniqueness of the law of weak solutions.
b) Let ((£,G,G:,P), (u,)) be a weak solution of (2.1) with initial condition o,
whose existence is ensured by Lemma 5.1. We apply the previous construction with
(Q1,G4, G PY, (ut, ab)) = ((,G,G, P), (u, ) for i = 1,2. Thus, for

Po(u,a) ' =Q,  Q(dw',dw?) = Qus(dw’) P*(dw?®), i=1,2,
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O(dw!, dw?, dw®) = Qus (dw')Qys (dw?)P* (dw?) ,
1

pathwise uniqueness yields II(w; = w? Vt € [0,T]) = 1. As a consequence, the
processes w! and w? are simultaneously equal and independent under the measure
Qus (dw!)Qys (dw?) for P*-a.s w3. This is possible only if there exists a Borel map
©: C(H™*) — C(L?) such that Q2 = dg(y2) for P*-a.s w3. Furthermore, in view
of Lemma 5.5, © is By(C(H~%))/B;(C(L?)) measurable. Therefore, Q(dw?, dw?) =
6@(w3)(dw1) P*(dw?), whence u = © o a P-a.s.. O

Proof of Theorem 2.2. By Theorem 4.1, for each initial datum g € H' there exists
a martingale solution P to (2.1) satisfying (4.1), which implies (2.8) in view of the
growth assumptions of the potential W. Moreover, P(u € C(H')) = 1 in view of
Lemma 5.2. By Lemma 5.1 and item a) of Proposition 5.4, the uniqueness of the
martingale solution P follows.

The pathwise uniqueness proved in Proposition 5.3 clearly implies the uniqueness
of strong solutions. Therefore, we are left with the proof of existence of strong
solutions.

Given @p € H' and a probability space (£, G,P) equipped with a cylindrical
Wiener process «, we claim that the process u = © o a, with © as given in item
b) of Proposition 5.4, is a strong solution to (2.1) with initial datum @y. To show
this, we observe that the law of (u, ) is equal to the law Q of weak solutions,
uniquely determined according to Proposition 5.4. In addition, as seen in the
proof of that proposition, denoting by (w!,w?) the elements of C(L?) x C(H ™)
and by G [resp. G| the g-algebra B(C(L?) x C(H~®)) [resp. filtration B;(C(L?) x
C(H~%))] completed under Q, the pair ((C(L?) x C(H~®),G, G, Q), (w*,w?)) is a
weak solution to (2.1) with initial datum #o. Therefore, setting G, = (u, @)~ 1(Gy),
the same reasoning as in the proof of Proposition 5.4, based on [31, Chap. 4, Ex.
(5.16)], implies that the pair ((€2,G¢,G,P), (u, ) is a weak solution to (2.1) with
initial datum ug. Since © is By(C(H~%))/B;(C(L?)) measurable, the process u is
Gy -adapted, hence u is a strong solution. O

APPENDIX A. A cLASS OF Cy-SEMIGROUPS

In this appendix we prove the following lemma, concerning the generation of
Cy-semigroups on the Sobolev space H!. Here we set X := H' and denote the
norm and inner product in H simply by || - || and (-, -).

Lemma A.1. Let H = H', d =2,3, v € H? and A: H> C H — H defined by
Au = o(v)Au. Then the following holds.

(1) A is closed, densely defined, and it generates a Cy-semigroup S(t), t > 0,
on H satisfying ||S(t)|| < e™t for any t > 0 for some mg > 0 (depending
only on o).

(2) Given § >0 let Rs := (Id — 6A)~! and As: H — H be defined by Asu =
o(Rsv)RsARsu. Then As is a bounded (indeed compact) operator on H
and generates a uniformly continuous (semi)group of linear operators Ss(t),
t > 0. Moreover, ||Ss(t)|| < €™t for any § > 0 small enough (depending
only on o(v)) and any t > 0.

(3) Consider the linear operator lims_o As defined on {u € H: Ilims_,o Asu}
as (limg_0 As)u := lims_o Asu. Then lims_,o0 A5 = A as unbounded oper-
ators and Ss(t)u — S(t)u in H for every u € H and every t > 0.
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Proof. (1) The operator A is densely defined and closed. Indeed, let Au,, = f, — f
in H and {u,} C H?, u, — uin H. Since v € H? and d < 3, it is easy to check that
multiplication by o(v)~! is a bounded operator on H, hence Au,, = o(v)~1f, —
o(v)~f in H. By elliptic regularity {u,} C H? is bounded, hence u € H?. In
addition, u,, — u in H? and therefore Au = f in L? and in turn in #.

The rest of statement (1) follows from the Lumer-Phillips theorem [29] once we
prove that there exists mg > 0 such that

a) ||((m + mg)Id — A)u|| > m|u|| for any m > 0 and u € H?;

b) A — (m + myg)Id is surjective for each m > 0.

To prove a) it is clearly enough to show that ((mold — A)u,u) > 0 for some
mo > 0 and any u € H>. We have,

{(mold — A)u, u) = mol|ul|* — /J(v)uAudx + /cr(v) (Au)* dz

mol|ul|? + (inf o) /(Au)2 dz — (supo) / |u||Au| da

(mo — (;'(‘Ef’?;> [l + %(infa) /(Au)zdx ,

where we used Young’s inequality in the last step. Claim a) follows for mg large
enough.

To prove b), for A € [0, 1] we consider the family of bounded operators A*: H? —
H defined by AMu = —(m + mo)u + (Ao(v) + 1 — X) Au. Notice that [0,1] > X —
A € L(H3H) is norm continuous and A = —(m + mg)Id + A is surjective
(actually a Banach space isomorphism). Thus, by the continuity method, claim b)
follows once we prove that there exists ¢ > 0 such that ||ul|ys < c||A*u| for any
u € H3 and \ € [0,1]. Arguing as in the last displayed formula we get,

Y

v

(max{1,supo})?
2min{(1,inf o)}

<m +mg — ) [lul|® + %min{l,inf o} /(Au)2 dz < [|Aul|||ull ,
and, by Young’s inequality, ||u|| < ¢||A*u|| for a suitable ¢ > 0 depending only on
mg, m and o.

Finally, notice that Au = (Ao(v) +1—\)"" (AMu+ (m+mo)u) € H, which
together with the previous inequality gives ||Au|| < C(mg,m,o,v)|| A u + (m +
mo)u|| < C'(mg, m,o,v)||A || and the conclusion follows by elliptic regularity.

(2) First we notice that Rs: H® — H**? is continuous (a linear isomorphism),
ARsu = RsAu, |Rsul|gs < ||u||gs, and Rsu — u in H® as § — 0 for any u € H*®
and s € R. Note also that Rsv € H* C C? for d = 2,3, hence o(Rsv) € C2. Since
RsARs: H — H3 is bounded, H® — H? is compact, and multiplication by o(Rsv)
is bounded on H? we see that As: H — H? is compact, hence As: H — H is a
compact operator. Therefore, As generates a uniformly continuous (semi)group of
linear operators Ss(t), t > 0. As in part (1) above, in view of the Lumer-Phillips
theorem, the exponential estimate follows once we prove that there exists mg > 0
such that, for any 6 > 0 small enough,

a) [|((m + mo)Id — As)ul| > m||ul| for any m > 0 and v € H?;

b) As — (m + mo)Id is surjective for each m > 0.

To prove a), again it is enough to check that there exists my > 0 such that for
any & > 0 small enough ((mold — As)u,u) > 0 for any u € H>. Integrating by
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parts,
((mold — As)u,u) = moHuH2 + Is + 15
where

Is = — /a(Rav)uR5AR5udx , IIs .= /Au o(Rsv)RsARsu dz .
Now, using Sobolev inequality,
Is = /(U(Rgv)VuVRgu + uo’(Rsv)VRsvV R3u) dx

> = (sup o+ Cllo’[loc[v]l ) [Jul®

which leads to chose mg = supo + C||o'||c||v]|gz. On the other hand, as Id =
(Id — §A)Rs we have,

IIs = /U(R50)|AR5U|2 dz + /AR(su(Id — 5A) [U(R(;”U), R(;] ARsudx

> (infa —||(1d = 6A) [0 (Rsv), R5]||Lg_>L2 ) /|AR5U|2 dz ,

since ARsu € L3, the closed subspace of functions with zero average, and claim a)
follows once we show that || (Id — 6A) [o(Rsv), ]?,5]||L2_>L2 =o(l) as § = 0.
0

To estimate the commutator, notice that for w € L%, g = Rsw and f =
Rs(o(Rsv)w), we have f,g € H?, g — 6Ag = w, f — Af = o(Rsv)w and

(Id = 6A) [0(Rsv), Rs) w = (Id — 6A) (= f + o(Rsv)g)
= —6(gAc(Rsv) + 2VgVo(Rsv))
= —4[0’(Rsv)gRs Av + 0" (Rsv)g|V Rsv|* + 207 (Rsv) VgV Rsv]

If ¢ € L and ¢ = Rsp € H? solves ¢ — Ay = ¢, then [¢? + §|Vy]* <
llell 2 1] 22, whence ||V 2 < 67'/2||¢||z> and, by Holder and Sobolev embed-
ding H' — LS, we have ||¢)||» < C56=3P)/4P| || 12 for any 2 < p < 6. Analogously,
J8|Vp|2+ 62| AY|? < 6|l 2 || A 12, whence ||A][z2 < 87 |p| L2 and by Holder,
Sobolev and Calderon-Zygmund inequalities we have ||V r» < C5E=5P)/4P| ]| 1o
for any 2 < p < 6. Applying these estimates to ¢ = w and ¢ = Av € L3 we have,

|(Id - 6A) [0(Rsv), Rs]w|| .. < 8llollez (gl pal RsAvlps + [lgll ro |V Rsv]|36

HIVgll | VRsv|1e) < C83|lollo2 (14 [[ollFre)l[wll 2
so that ||(Id — 0A) [0(Rsv), Rs]|| ,2_, ;» < C6'/% and the claim follows.
9

To prove b), notice that As is a compact operator, hence As — (m + mg)Id is
Fredholm of index zero. Since it is injective by part a), then it is surjective.

(3) Concerning the first statement, we notice that lims_,o Asu = Au for any
u € H3 because RsARsu — Au in H', o(Rsv) — o(v) in H? and the product
is jointly continuous for d = 2,3. Conversely, suppose lims_,o Asu exists for some
u € H, we claim that u € H? and the limit is Au. To see this, notice that Asu is
bounded in H, hence RsARsu = o(Rsv) ™! Asu is also bounded in H, which implies
Au € H, where the Laplacian is taken in the sense of distributions. Then u € H?
by elliptic regularity and the conclusion follows from the initial observation.

To finish the proof it is enough to apply [35, Thm. 5.2] to infer convergence
of semigroups from convergence of the corresponding resolvent operators at some
common point. Fix mg > 0 as in part (1) and (2) above and m > 0 so that both
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(m+mg)ld — A and (m+mg)Id — As are injective on their respective domains and
onto. We claim that us := ((m +mo)ld — A5) ™" f = (m+mo)ld— A)"' f = u
as § — 0 for any f € H. Indeed, by definition (m+mq)us— Asus = f and in view of
the dissipativity inequality (part (2) of the proof, claim a)), we have m|us|| < || f||
but indeed even ||ARsus||L2 < C(m,mo, ||v] g2)||f|| for § > 0 small enough. Thus,
by elliptic regularity Rsus is bounded in H? and, up to subsequences, Rsus — @
strongly in H'! and weakly in H? as § — 0 for some @ € H? possibly depending
on the subsequence. Observe that us — Rsus = 6ARsus — 0 in L2, hence us — @
weakly in H!. Since ARsRsus = o(Rsv)™1 ((m +mg)us — f) is also bounded in
H, hence RsRsus is bounded in H3 by elliptic regularity, RsRsus — @ in H', which
in turn gives @ € H? and RsARsus — Au weakly in H'.

Since H? — CY for d = 2,3 and o(Rsv) — o(v) uniformly, taking L? scalar
product of the equation for us with some g € L2, as § — 0 we get ((m + mg)u —
Au,g)r2 = (f, g) 12, which in turn gives (m+mg)a— A = f because g is arbitrary.
By injectivity, & = wu is independent of the chosen subsequence and so far we get
us — u weakly in H and the proof is complete once we show that ||us|| — |lu| as
d — 0. In order to conclude, we argue as in part (2) above and and we write,

(mo -+ m)lus|? + / o (Rs0)| ARsus[* da = {f, ug)

+ /0(R5U)U5R5AR5U dz — /AR(;U(; (Id - 5A) [J(R(;U), R(;} AR5U§ dx .

Since [|(Id — 6A) [or(R(;v),R(;]HLQHL2 = o(1) as & — 0, the previous convergence
0
properties yields,

(@) [(mo +m)||lus||® + /U(R5U)|AR5U5|2 dx} = (f, us) + /U(v)uAudx

= (mo + m)|Jul]® + /a(v)\Au|2dx .
On the other hand, by L2-weak lower semicontinuity,

lim (mo +m) [lus||* + /o(v)\AuIde < lim (mo + m)||us|?
6—0 5—0

+lim [ o(Rsv)|ARsus|> dz < lim [(mo 4+ m)||us||* + /U(R5U)|AR5u5|2 dz] ,
50 6—0

hence lims_, |lus||? < ||u||?> and therefore ||us|| — |lu|| as § — 0 as claimed. O
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