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1. Introduction

We consider a Brownian motion on the sphere, sayB : t S% and a real-valued random field T : S% > R.We study here
the time-space dependent random field X = T o B. We restrict ourselves to Gaussian isotropic random fields T for which the
expansion in terms of spherical harmonics holds (see Marinucci and Peccati, 2011 and the references therein). The explicit
law of the Brownian motion on S% was first obtained in Yosida (1949). For Brownian motion processes on S‘{’, (see Karlin and
Taylor, 1975, pag. 338).

Time-dependent random fields on the line or on arbitrary Euclidean spaces have been studied by several authors (see,
for example, Kelbert et al., 2005; Angulo et al., 2008; Leonenko et al., 2011 and the references therein).

We study here the time-space dependent random fields on the sphere S?, governed by different stochastic differential
equations.

We first study random fields emerging as solutions to the Cauchy problem

B

B]
y—Du+o5 X(x)=0, xe€S8*, t>0,0<B<1,y>0

Xo(x) = T(x),

(1.1)
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where Dy is a suitable differential operator defined below and % is the Dzerbayshan-Caputo fractional derivative. We are
able to obtain the solution X; (x) of (1.1) and to show that its covariance function displays a long-memory behaviour.
We then consider the non-homogeneous fractional equation

(y —Dw)PX(x) =T(x), xS, 0<B <1 (1.2)
of which
5\F
(y—DM—qJ&) X (x) = Ty (x), xeS%, t>0,0<B<1,y>0,¢0>0 (1.3)

is the time-dependent extension. We obtain a solution to ( 1.3) which is arandom field on the sphere with covariance function
with a short-range dependence.

The couple (B, T(x + B;)) describes a random motion on the unit-radius sphere with dynamics governed by fractional
stochastic equations (1.1) and (1.3).

Random fields similar to those examined here are considered in the analysis of the cosmic microwave background
radiation (CMB radiation). In this case, the correlation structure turns out to be very important as well as the angular power
spectrum. The angular power spectrum plays a key role in the study of the corresponding random field. In particular, the
high-frequency behaviour of the angular power spectrum is related to some anisotropies of the CMB radiation (see for
example D’Ovidio, 2014; Marinucci and Peccati, 2011). Such relations have been also investigated in D’Ovidio and Nane
(2014) where a coordinates change driven by a fractional equation has been considered.

The time-varying random fields studied here can be useful because the CMB radiation can be affected by some anomalies
captured by the angular power spectrum. For a fixed t (t = 1 for instance), our models well describe different forms of the
angular power spectrum. For t > 0, our evolution models well outline anomalies due to instrumental errors, for instance.

Diffusions on the sphere arise in several contexts. At the cellular level, diffusion is an important mode of transport
of substances. The cell wall is a lipid membrane and biological substances like lipids and proteins diffuse on it. In
general, biological membranes are curved surfaces. Spherical diffusions also crop up in the swimming of bacteria, surface
smoothening in computer graphics (Bulow, 2004) and global migration patterns of marine mammals (Brillinger and and
Stewart, 1998).

2. Preliminaries
2.1. Isotropic random fields on the unit-radius sphere

We introduce notations and some properties of isotropic random fields on the sphere (for a complete presentation see
the book by Marinucci and Peccati (2011)). We consider the square integrable isotropic Gaussian random field

{T(x); x € $7} (2.1)
on the sphere $? = {x € R* : |x| = 1} for which
ET(gx) =ET(x) =0,
ET?(gx) = ET?(x) = const
E[T(gx1) T(gx>)] = E[T(x1) T(xy)] for arbitrary x;, x, € S%,

for all g € SO(3) where SO(3) is the special group of rotations in R®. We will consider the spectral representation

oo+l 00
T =) D anhm® =) T'® (2.2)
=0 m=—I =0
where
aim =/ TOY nA(dx), —l<m<=<I1>0 (2.3)
52

are the Fourier random coefficients of T and ¥ m(x) = (—1)myl’f7m(x). We denote by y;fm(x) the conjugate of Y; ,(x). The
spherical harmonics ¥, (9, ¢) are defined as

2141 (1 —m)!
47 (I+ m)!

Yim (@, @) = Qum(cos®)e™, 0<® <m, 0<¢ <27
for | > 0 and |m| < [ where, form > 0,

%mzemaﬁ%%ﬂm,M<LWSHM%m=Qmw
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are the associated Legendre functions and Q; are the Legendre polynomials with Rodrigues representation, for [ > 0,

1 d B )
Q'(Z)_ZTI!@(Z_ ).zl < 1.

The convergence in (2.2) must be meant in the sense that

Lo+ 2
fim E /S , (T(x) =2 D am yz,m(x)) Mdx) | =0

=0 m=—I

(2.4)

where A(dx) is the Lebesgue measure on the sphere S%. For the sake of clarity we observe that for all x € S% and0 <9 <,

0<¢ <2m:
A(dx) = A(dv, dp) = dp dV sind
and
x = (sin v cos ¢, sin ¥ sin ¢, cos ).
We shall use the following notation

oo+l

2. =2

=0 m=-I Im

and write f (x) instead of f (¢}, ¢) when no confusion arises.

The random coefficients (2.3) are zero-mean Gaussian complex random variables such that (Baldi and Marinucci, 2007)

Iem 2
Elam ay w1 = 8; 8y Elaim|
where

Elaml*=G, 1>0

(2.5)

(2.6)

is the angular power spectrum of the random field T which under the assumption of Gaussianity fully characterizes the

dependence structure of T. Clearly, 82 is the Kronecker symbol.
We remind that the spherical harmonics solve

AgYim == Yom, 1=0, |ml <1

where u; = I(I+ 1) and

A L + 0 sin ¢ 9
ST sin? 0 92 | sing 90 90
is the spherical Laplace operator or Laplace-Beltrami operator.
In view of (2.5), the covariance function of T (x) writes

2041
i Q({x, ¥))
4r

EITOTW] =Y GYm® %) =Y G
Im 1

where in the last step we used the addition formula for spherical harmonics

L 20+ 1
D PP = = —Q(x.9)
T

m=—I
and the inner product
(x,y) = cosd(x, y) = cos ¥ cos ¥, + sin O sin ¥, cos(gx — @y)

where d(x, y) is the spherical distance between the points x, y.

2.2. Subordinators and fractional operators

Let F(t), t > 0 be a Lévy subordinator with characteristic function

ElF® — p=to®) _ e—t(ib§+j5’°(eiéy_1)M(dy))’ £eR

(2.7)

(2.8)

(2.9)

(2.10)
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where b > 0 is the drift and M (-) is the Lévy measure on R, \ {0} satisfying the conditions:
o0
/ YA 1DM(y) <oo and M(—o0,0) =0.
0

The Laplace transform of the law of a subordinator F(t), t > 0 defined above, can be written as
e EFO) — o—tW(&) _ oto) _ e—t(b$+j6°°(l—e—EY)M(dy))7 £>0 (2.11)

where ¥ (&) is known as Laplace exponent of F. If F(t), t > 0, is the B-stable subordinator, then ¥ (£) = &%, 8 € (0, 1).
Hereafter, we assume b = 0.
We write the transition density of a Brownian motion on the unit sphere (see Yosida, 1949) as follows

Pr{x + B; € dy}/dy = Pr{B; € dy | By = x}/dy
oo+l

=Y ) e MY Y ®)

=0 m=—I
21+ 1
=Y el y)) (212)
7 4
where we used (2.9). Furthermore, we shall write
PS) = Ef(x+8) = [ SQIPrix B € ) 213
Sl

where P;f (x) is the solution to the initial-value problem

ou_ 4 2 t>0
[8[_‘ = S%u, X e 1s t > (214)

u(x,0) =fx

for a measurable function f (x), x € S%.
Let f be a square integrable function on the unit sphere, that is f € L? (S%). We define the following operator

D f (x) 1=/ (Pef () — f(x)) M(dt) (2.15)
0

where, from (2.12) and (2.13), we have that

oo+l

PE) =YY e MY m(fim (2.16)

=0 m=—I

and f; , are the Fourier coefficients of f.
Let s > 0. We introduce the Sobolev space (Aubin, 1998, pages 35-45)

H¥(S?) = {f e’ : Y @+ ¥ < oo} (2.17)
=0

where

IEDNHEDY

Im| =<l Im|=<l

2
, 1=0,1,2,....

/ FQOYEn(0A(d0)
5

We now present the following property of the operator Dy,.

Proposition 1. Let ¥ be the symbol of a subordinator introduced in (2.11). Let f € HS(Sf) and s > 4. Then,

oo+l

Duf ) ==Y fimbrmO¥ () (2.18)

=0 m=—I

where
fim = /zf(x)y;‘jm(x)x(dx)
S1

are the Fourier coefficients of f.
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Proof. The series (2.18) converges absolutely and uniformly. Indeed, fi < [7* withs > 4 (being f € H*(S?)), [|Yi.mlloo < I'/?

(see Varshalovich et al., 2008) and ¥ (1;) < I? and thus, by considering that

1

> liml < (Z m,m|2) @+ 12 =@+ Dfi <Crts

for some positive constant C, we get the claim. O

The operator (2.15) can be rewritten as
Duf(x) = /Z FO) = f(0)J &, y)r(dy) (2.19)
Sl
where A is the Lebesgue measure on S? and

~ X214+ 1 ~
Jouy = Y- S 0P )
1=0

with ¥ (1) = [;° e **M(ds) if the integral exists. Indeed we can write
Dy £ 09 = /O " (R0 — F0) M(ds)
- fow E[((x + B) — F()] M(ds)
- fo N /S () —F00) Prix + B, € dy}M(ds)

= / F @) — F)Jx, y)A(dy)
s

where

-~

Jx, y)A(dy) = / Pr{x + B; € dy}M(ds)
0
201+ 1 <
ﬂ(dy)Z?Ql«y,x)) /O e "M (ds)
2141 ~
= i(dy) Z o QD ).

Furthermore, from (2.16), the operator (2.15) can be written as follows

Dyf (%) = / (Psf (x) — Pof (x)) M (ds)
0

= Y it [ (€ = 1) M)
Im 0

=[by (2111 == finYrm ¥ (1)
Im

= - Z (/ f(V)y;fm(V))»(d}’)> YrmO¥ (1)
Im S%

= - f f® (Z wwz)yl.m(x)y;imcv)) A(dy)
S% Im

__ / O M)
S1

where
oo+l . 00 21+1
Joey =3 D ) m OB 0) =D ¥ ()=, — Q%) (2.20)
1=0 m=—1 =0

(in the last step we have applied the addition formula (2.9)). The results above show that we are able to give two alternative
forms of the operator Dy,.
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We now define the following semigroup which will be useful in the sequel.

Definition 1. P; := exp(tDy) is the semigroup associated with (2.19) with symbol Iﬁ = exp(—t¥) where —V¥ is the
Fourier multiplier of Dy,.

3. Some fractional equations on the sphere

We recall the Dzerbayshan-Caputo (D-C) fractional derivative

a/’l( £ — 1 /tau(x,s) ds (3.1)
b VT A= )y s (t—s)P '

for0 < B < 1,x € R, t > 0, see, e.g. Meerschaert and Sikorskii (2012, p. 38). The D-C fractional derivative is related
to the inverse of a stable subordinator, say of , in the sense that u(x, t) = Pr{):é3 € dx}/dx solves the fractional equation

Z%‘ x,t) = —% (x, t). The inverse 2{3 of a B-stable subordinator ﬁf can be defined by the following relationship

Prigf < x} =Priof >t}

. . 8
for x, t > 0 (see, e.g. Meerschaert and Sikorskii, 2012, p. 101) and, we have that Ee *% = Eﬁ(—ktﬂ), A > 0, where the
one-parameter Mittag-Leffler function is defined as (see, e.g., Meerschaert and Sikorskii, 2012, p. 35)

o k

X
Eﬁ(x):Zm, x € R, ,3>0 (32)

k=0
The random field T introduced in (2.2) is Gaussian and therefore its Fourier coefficients a;,, are independent,

complex-valued, zero-mean Gaussian r.v.’s. Denote by F (2’[3 ) the subordinator with symbol ¥ time-changed by the inverse
of a stable subordinator of order 8 € (0, 1).
From now on we consider random fields of the form

oo 4+l

DD @ TilE) Yum(x) (3.3)

1=0 m=—I
with

7i(t) = Elexp —uF (L)1, 1> 0, t>0, (34)
where the series (3.3) converges in L>(dP x dA) sense for all t > 0, that is

L+ 2
Jim & /2 (X[(x) =Y ) am i) y,,m(x)) Adx) | =0, V. (3.5)
- S] 1=0 m=—I

We now pass to the first theorem.

Theorem 1. Let us consider y > 0and 8 € (0, 1). The solution in L?>(dP x dX) to the fractional equation
Pl
()/ — Dy + atﬁ) X[(X) =0, xe S%, t>0 (36)
with initial condition Xo(x) = T(x) is a time-dependent random field on the sphere Sf written as

oo+l

X)) =Y aumEg (—t° (v + ¥ (u)) Yum®) (37)
=0 m=-I
where
am = /S , Xo(X) Y )A(dx). (3.8)

Furthermore, the following representation holds

X0 = E[T0c+ B2l +Fedy)|s ] (39)

where 37 is the o -field generated by Xo = T.
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Proof. First we notice that

a
- B0 —gy ) (310)
t t=0

where Ee~§+F(®) coincides with (2.11) for y = b. Indeed, we are dealing with the symbol ¥ of the subordinator F;, without
drift. Furthermore, it is well-known that the Mittag-Leffler function Eg is the eigenfunction of the D-C fractional derivative,
that is

hld
Bt = —uEp(=t"), >0, (3.11)

Assume that (3.7) holds true. From the fact that
Dy Yrm(x) = / (PsY1m®) — Y1.m(0)) M(ds)
0
where Y m(x) = (=D)™Y_,,(x) and

PeYim(x) = e MYy m(x) (3.12)
we obtain that

Dy Yim () = / (™M Y1m () — Yum(X)) M(ds)
0

_ / (€7 — 1) M(ds) Yo,m(x)
0

= =¥ (w) Yrm(X).
Formula (3.12) can be obtained by considering that

Psyl,m(x) = IEyl,m(x + Bs)

_ Ze—sun y;;,m/(x)/ Yim D Y. A (dy)
I'm’ S%

=Y ey =D / YOV )2y
Sl

I'm’

=) e Yy (=D 8, = e Y n(x).

o
Thus, we get that
oo+l
O =DX@ =YY amy+¥)Epr (—tPy — PO () Yrm®)
=0 m=—I

and, from (3.11), we arrive at

aﬂ 00 +l aﬂ
(w +y - DM) X (x) = ; m;az,m (W +y+ wm)) Eg (—tPy — tPw () Yumx) =0

term by term and therefore Eq. (3.6) is satisfied. This concludes the proof. O

Remark 1. Since

TX) =Y amPin®) (3.13)
Im
we have that
PT(X) = E[T(x+B)I§r] = Y e ™amPn(0) = Ti(x). (3.14)
Im

This represents the solution to (3.6) with § = 1,y = 0and Dy = As?- From (3.9), for 8 = 1, ¥ (§) = &, that is for the
elementary subordinator F(t) = t (and 2} = t) we have that

X®) =E[Tx+Byt +0)|§r] = Y apme™ Y0y, 0 (0).
Im
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Theorem 2. Let us consider y > 0, ¢ > 0and B € (0, 1). A solution in L?>(dP x d}) to the fractional equation

9 B
<)’ — Dy — ¢§> X(x) =T, (x), x€S, t>0 (3.15)
where T, (x) is given in (3.14), is a time-dependent random field on the sphere S% written as

X®) =Y ame™™ (v + o+ ¥ (1)) Yun(x), (3.16)

Im

where e~tMa, ,, are the random coefficients involved in the representation (3.14) of the innovation process T; (x) in (3.14) in terms
of spherical harmonics.

Proof. We have that

9\ F
Xe(x) = ()/ — Dy — wa> T; (%)

o0 sP=1 Rl
= / ds ——— et~V M T, (x)
o I'(B)

o sP=1 il
= / ds ) ¥t VP Ty (x)
0

o0 Sﬂ—l
= / ds F(ﬁ) e_SVPSTt+w5(X)
0

where we used the translation rule
if2) =f(z+a), aeR

which holds for bounded continuous functions f on (0, +00) (see, for example, formula (3.9) in D’Ovidio, 2015 and the
references therein for details). From the fact that

II;Dsyl.m(x) = efs'll(ul) yl,m(x) (3]7)

where P; = exp(sDy) we get that

o) sﬁ—]
X, - m d =Sy —(t+<p5)m]p>s m )
¢ (x) Elm a, ( /0 s F(ﬂ)e e Yim(x)

© (t+s)t =S¥ (1))
= E a, / ds eV o= (LHPIp=s¥ (i ) Yim(x)
=" ( o TP "

sA1

o0
— —tu —Sy —sQui—s¥ (u)
= qne / ds ——e ) Yim(X)
; " ( o TP "
=Y ame M (v + o+ ¥ () Ym®)
Im
and this concludes the proof. O
We now examine the special case ¢ = 0.
Corollary 1. Let 8 € (0, 1]. The solution to

(y —Duw)P X(x) = T(x) (3.18)

is written as

X@) =Y an (v + ¥ (D) Ym0). (3.19)
Im
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Proof. For 8 € (0, 1) we consider the following relation concerning the fractional power of operators (Bessel potential).
For f € L*(S3) we have that

® ds e
F(l -B / ﬂ+l VM) £ ()

© g
- F(l—ﬁ)/ sﬂil f(x) — e Pf ()

where, we recall that Pyf is the transition semigroup associated with the operator Dy and u(x, t) = P.f(x) solves the
Cauchy problem (% — Dy)u(x, t) = 0 with u(x, 0) = f(x). Therefore, if we assume that there exists the following spectral
representation for the solution X as a random function on S?,

(v —Dw)P f(0)

X =Y tmPim®) (3.20)
Im

then we can immediately write

B L[ ds B
m Zal,mA SB+1 (y[m(X) —e€ yPsylm(X))

— e SVe™S (p)
- m—ﬂ)z l’"/ g ( 7e ) Yo (%)

= aim (v + ¥ ()’ Yim®).
Im

(y — D)’ X(®)

Eq. (3.18) turns out to be satisfied only if
pn = am (v + W () 7.

On the other hand, by repeating the arguments of the proof of Theorem 2 we have that

Xx) = —-Dw) P Tw

=) sﬁ—]
= / ds———e SV TPMT(x)
0 rp)

oo sﬂ—]
= / ds——e VP, T (x)
0 rp)
p—1

= %: a,_m/ ds;Tme—SVe—sw(#l) yl,m(x)

0

= am (r + ¥ ()P Yum ).
Im

This confirms result (3.19). O

We now study the covariance of the random fields introduced so far. Let us consider the representation

X (x) = ’Zal,mmt)yz,m(x) = Z TI(OT' (%) (321)
already introduced in (3.3). We also recall that, for x, y € S2,

EXo () Xo(y)] = Z 2’: G Q((x,y)) = EITX) Ty)]. (322)
Furthermore,

E[T(X) T(y)] = ZEW@«) T'y)]. (323)

This is due to the fact that the coefficients q; ,, are uncorrelated over 1.

Remark 2. Let us consider (3.3). We observe that
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o for X;(x) as in Theorem 1,

1
7i(6) = Ep (=" (v + ¥ (w))) = , 20,120 (3.24)
g )2 A poG e
For this inequality, consult Simon (2014, Theorem 4).

o for X;(x) as in Theorem 2,

i) = e (y + i+ ) P <e (y+ P +w @), =010 (3.25)
o for the stationary case X (x) of Corollary 1,

lrad J— 7ﬁ 2 7‘3

T =@+¥w)’<(y+wv@®) ", t=01>0. (3.26)
Remark 3. Let B(t;) = B o 1 be a time-changed Brownian motion on the unit sphere where t; is a random time

process. We refer to B(t;) as a coordinates change for the random field on the sphere T. From the previous results, we
observe that

Xe(x) = E[To(x + B(t)|37] = E[T, (®)|5r], x€S7, t >0 (3.27)
where
L) =Y e™T'x), xeS, t>0. (3.28)
1
Moreover,
Ti(t) = Ee ., (3.29)

We can state the following result for which the spherical Brownian motions x + B;, y + B; underlying X;(x) = T(x + B;)
and X; (y) = T(y + B;) are assumed to be independent.

Theorem 3. For x,y € S%,for all g € SO(3), we have that

241
E[X: (gx) Xs(gy)] = Z G 7i(t) Ti(s) Qu({x, y)), t,s=0. (3.30)
[
Proof. First we observe that
Ela)may ] = (—1)"8] 8™,C, (331)

from the property Y, m(x) = (—1)™¥[_,, (%) of the spherical harmonics. From the representation (3.21) we can write

EX () X1 =D D Elamarm 1711 (5) Y1.m () Jrm ()

Im I'm’

=Y GTOTE) Ym0 Y n©®)
Im

241
=y G TIOTi(s) Qu((x, ))
. 4
where 7;(t) is given as in (3.29) and we used the addition formula in order to arrive at Q;({x, y)). O

Remark 4. We can immediately see that the variance becomes

2141
4

E[X (g0 =) GO, Vg eSsoE). (332)

1

We recall that C; is the angular power spectrum of T and, is usually assumed to be C; ~ 7V with y > 2 for large I to ensure
summability (or G; ~ L()/I, 6 > 0 where L(-) is a slowly varying function as | — co). As Remark 2 shows we have the
high-frequency behaviour also for 7;(t) in both the variable t > 0 and the frequency [ > 0. The convergence of (3.32)
therefore entails different correlation structures for the solutions X; (x) of the equations investigated so far.
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We say that the zero mean process X; (x) exhibits a long range dependence if

D EXesn(0X (y)] = 00, x.y €S (3.33)
h=1

Conversely, we say that X exhibits a short range dependence if the series (3.33) converges. The series (3.33) diverges if the
dependence of the r.v.’s of the processes X; (-) slowly decreases in time.

Remark 5. We write

K, y) = Y EXepn ()X @], >0

h>1

forx,y € S%. From the discussion above, we have that:

e write
1

1+ T —= Bty + ¥ ()’
for X;(x) as in Theorem 1,

() =

204+ 1
Ky =YY LGBy (—t (y + 0 () Ep (— (€ + WP (y + ¥ ()%, )

== 27
21+ 1

> ) 5 —Gama+h QX y)

h>1 >0

21+ 1

> Gg(t N t+h
> ; 5 GO Qul(x Y));gl( )
= 00,

that is the random field exhibits a long-range dependence;
e for X;(x) as in Theorem 2,

2041 0 _
Ke(x,y) < ZZ?QE 2112 —hi2 ()/ +(p12 +'1/(12)) 28 Q(x, )
h>1 >0

21+1 G o2 —28
sl; a7 el £ W) Q)

< 00,

that is the random field has a short range dependence.
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