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Band structure and electron-phonon coupling in H3S: a tight-binding model
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We present a robust tight-binding description, based on the Slater-Koster formalism, of the band
structure of H3S in the Im3m structure, stable in the range of pressure P = 180 —220 GPa. We show
that the interatomic hopping between the 3s and 3p orbitals (and partially between the 3p orbitals
themselves) of sulphur is fundamental to capture the relevant physics associated with the Van Hove
singularities close to the Fermi level. Comparing the model so defined with density functional theory
calculations we obtain a very good agreement not only of the overall band-structure, but also of
the low-energy states and of the Fermi surface properties. The description in terms of Slater-Koster
parameters permits us also to evaluate at a microscopic level a hopping-resolved linear electron-
lattice coupling which can be employed for further tight-binding analyses also at a local scale.

I. INTRODUCTION

The recent report of high-temperature superconductiv-
ity with 7, > 200 K in compressed sulphur hydride opens
new exciting perspectives in condensed matter and in the
wider field of physics™ The practical applications of this
superconducting state is however hampered by the need
of extremely high pressures P. Within this context a
microscopic understanding of the underlying electronic
states responsible for the pairing, and of many-body in-
teraction mechanisms is thus fundamental to master the
origin and properties of such extremely high critical tem-
perature, with the perspective to predict new materials
or suitable conditions where high-T, superconductivity
can be achieved at room pressure.

Most of the theoretical work in compressed sulphur
hydrides have been carried out so far by means of first-
principle calculations, providing useful insights® 1 For
instance, the most stable compound in the range of
pressure relevant for superconductivity (P > 180 GPa)
has been predicted to be H3S with Im3m structure ™
Such prediction has been also confirmed by recent X-ray
experiments 141819 The band structure and the electron-
phonon coupling have been also computed by means of
ab-initio techniques 22 1HIS More detailed calculations
show that the high-frequency vibrational mode can be
concomitant with a large coupling A ~ 2, whose origin
is however not strictly related to the vibrational spec-
trum, but it can also profit of a locally high density of
states N(0) at the Fermi level“® Such high density of
states, on the other hand, has been, associated with the
presence of two Van Hove singularities very close to the
Fermi surface 2% Along with density functional the-
ory (DFT) calculations, a couple of tight-binding models
have been also discussed in the field** but without suc-
ceeding in reproducing the Fermi surfaces and the Van
Hove singularities, and hence the main electronic charac-
teristics of these compounds.

Although the overall scenario provided by first-
principle calculations suggests the picture that HsS
can be one of the best optimized conventional
superconductor 2222 the actual experimental phe-

nomenology of this compound is quite non trivial. Ra-
man spectra for instance are extremely broad and not
conclusive ! as likely results of the large atomic zero point
motion. The relevance of such quantum fluctuations has
been also pointed out in Refs. [15HI7TI23l24] Further-
more, the superconducting critical temperature has been
shown to depend crucially on the annealing processes and
on the pressure/cooling procedures.t These observations
suggest that lattice fluctuations and local effects due to
interfaces, defects and impurities, and to the coexistence
of different metastable phases/2? can possibly affect and
control the superconducting properties. Addressing these
issues in first-principle approaches is however a hard task,
because of the need of a large supercell. A reliable tight-
binding model is thus highly desired, with the aim to
address all these issues with a affordable computational
cost, and to provide an analytical description of the ele-
mentary excitations and of their coupling with the vibra-
tional degrees of freedom, which can be easily extended
at the local level.

In this work , using ab-initio calculations as a refer-
ence, we present a suitable Slater-Koster tight-binding
model, providing an accurate analytical description of the
electronic band structure. We show that the Van Hove
singularities can be properly reproduced by taking into
account the role of the hopping between nearest neighbor
s and p sulphur orbitals. The description of the tight-
binding model in terms of a Slater-Koster approach,2®
in addition, allows for an analytical description of the
electron-phonon coupling at the local as well as a uni-
form level. The strength of the electron-phonon coupling
is thus related to the dependence of the Slater-Koster
hopping parameters on the interatomic distance. The
hopping-resolved electron-phonon coupling is hence nu-
merically computed by using first-principle calculations.

The tight-binding model here presented can provide a
paradigmatic base for the several future developments, as
for instance the investigation at the local scale of impu-
rities, vacancies, hopping disorder and grain boundaries.
Lattice distortions can be as well included at the classical
level. The present tight-binding model represents also a
suitable basis for the inclusion of many-body (electron-
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FIG. 1: (Color online) Lattice structure of HsS. a denotes
the shortest H-H distance (or, equivalently, the shortest H-S
distance, d = 2a is the size of the cubic structure of the S bce
lattice.

electron and electron—phonon&leffects within the Quan-
tum Field Theory framework:

II. THE MODEL

We investigate H3S in the range P = 180 — 220 GPa,
where the material has predicted to a structure belong-
ing to the Im3m space group™ with the sulphur atoms
lying on a bcc lattice, and three hydrogen atoms per
unit cell on the octahedral sites around each sulphur.
The crystal structure is shown in Fig. [I where we
denote a the nearest-neighbor H-H (or equivalently H-
S) distance. For our convenience, we also label Hj,
Hs, H3 the three hydrogen atoms per unit cell accord-
ing Fig. [[] The volume change as a function of the
pressure has been studied in Ref. [BJ6, varying from
a = 1.5075 A at P = 180 GPa, to a = 1.4795 A at
P = 220 GPa. The Brillouin zone is thus characterized
by the high-symmetry points I'=(0,0,0), H=(7/a,0,0),
N=(m/2a,0,7/2a), P=(7/2a,7/2a,7/2a). Also relevant
will appear the point F=(37/4a,7/4a,m/4a) with lower
symmetry, which lies midway between H and P.

Density-functional-theory calculations were performed
using the generalized gradient approximation (GGA),
with the linear augmented plane wave (LAPW) method
as implemented in the WIEN2K code. Up to 288 k
points were used in the self-consistent calculations with
an LAPW basis defined by the cutoff RgK e = 6. A
larger number of 2456 k points were used for calculat-
ing the density of states (DOS). The resulting electronic
band structure along the relevant axes of high-symmetry
I-H-N-T'-P-H, for the representative case P = 200 GPA,
is shown in Fig. [2h, whereas the corresponding elec-
tronic density of states N(e) is shown in the panel (b)2%

(d)

FIG. 2: (Color online) Panel (a): first-principle band struc-
ture of H3S (red dots), compared with the band structure re-
sulting from the tight-binding model (black solid lines). Panel
(b): corresponding density of states N(¢). The black dashed
lines mark the position of the Fermi level Er. The comparison
of the Fermi surfaces of the most relevant band obtained from
first-principle calculations and from our tight-binding model
is shown in panels (c)-(d).

Both calculations are in agreement with the previously
reported first-principle calculations! Most no-
ticeable is the peak in the density of states, which arises
from two (upper and lower) Van Hove singularities (VHs)
close to the Fermi level*** The upper VHs is visible in
the band structure [Fig. [2h] as a local maximum along
the cut H-N, whereas the lower VHs lies out of the high-
symmetry cuts and it is not immediately visible in Fig.
257

As mentioned in many works, the orbital character of
the band structure close to the Fermi level is mainly re-
lated to the 1s orbitals of hydrogen, and to the 3s, 3p
orbitals of sulphur. Following Refs. Bl9, we restrict thus
our analysis to the Hilbert space defined by the 7-fold
vector

T (pt ot ot ot ot
¢ = (h’i’lvhi,Qahi’37siaqu’zvpi,y7pi,z)7 (1)

where h;a creates an electron on the a-labeled H atom

in the i-unit cell, s;r creates an electron in the 3s orbital

of the S atom in the ¢-unit cell, and p;ra creates an elec-
tron in the 3p, orbital of the S atom in the é-unit cell.
In order to provide a tight-binding model as a suitable
basis for the inclusion of many-body effects by means of
diagrammatic techniques, we assume that the basis or-
bitals are orthonormal, so that the overlap matrix is the



unit matrix.

A tight-binding Hamiltonian is defined by the speci-
fication of all the on-site orbital energies and of all the
relevant hopping terms. A basic model was introduced in
Ref. 3 were only hoppings between nearest neighbors H-
H and H-S (namely, with inter-atomic distance a) were
considered. Such model was further improved in Ref.
9, including further (selected) interatomic hoppings, but
still being unable to reproduce the fundamental features
related to the Van Hove singularities.

As we show see below, a crucial ingredient missing in
the previous tight-binding models is the direct hopping
between 3s and 3p orbitals on nearest neighbor sulphur
atoms. In our analysis, we include thus, using a Slater-
Koster framework, the nearest neighbor hybridization be-
tween all the orbitals of the Hilbert space. More explic-
itly we consider: the hopping between nearest 1s orbitals
of the hydrogen, at distance a, ruled by the Slater-Koster
parameter Hggo; the hopping between nearest 3s orbitals
of the sulphur, at distance v/3a, ruled by the parameter
Ssso; the hopping between nearest 3p orbitals of the sul-
phur, at distance v/3a, ruled by the Slater-Koster param-
eters Sppe, Sppr; the hopping between the 1s hydrogen
orbital and the 3s sulphur orbital, on nearest neighbor H-
S atoms at distance a, governed by the parameter Usggy;
the hopping between the 1s hydrogen orbital and the 3p
sulphur orbital, on nearest neighbor H-S atoms at dis-
tance a, governed by the parameter V,,; and the hop-
ping between the sulphur orbitals 3s and 3p on nearest
neighbor S atoms at distance v/3a tuned by the param-
eter Wyp,. Additional parameters of the tight-binding
model are the on-site orbital energies ey, €s,, €s,, corre-
sponding to the H 1s, S 3s, S 3p, respectively.

The Hamiltonian matrix assumes thus the relatively
simple form:

A ,00) 0,() Vy(k)
Hk) = | Ulk) Sy(k) Wy(k) |, (2)
Vik) Wik) S(k)
where
R €H 2Hsso'Cz 2Hssacy
H,(k) = | 2H,oC.  en  2H.0C, |, (3)
QHSSO'Cy QHSSO'CI €H
Sg(k) = €5, +8Sssgcz,y,za (4)
Sw(k) = Espf—‘r
s ( SiCrus SpSraCs 854Gy
| SwSenCe S5Cens SpySyCa | (5)
SppSz.:Cy SppSy :Co S5,Cr y, -
A Cw
Usk) = 2Usse | Cy |, (6)
C.

= . 8Wspo

W,(k) = i 7 (5:Cy2 SyCaz S:Coy ), (7)

) S, 0 0
VO’ (k) = 2“/5170' 0 ) (8)

oo

0
0 S,

and where S;rp = Sppo + 2Spprs Spp = Sppo — Sppr, Ci =
cos(kia), S; = sin(k;a), C;; = cos(k;a) cos(k;a), S;; =
sin(k;a) sin(kja), C; 1 = cos(k;a) cos(k;a) cos(kja).

Eqgs. — define our tight-binding Hamiltonian in
terms of ten energy parameters: en, €s,, €s,, Hsso, Ssso,
Sppaa Sppﬂ'v Ussaa ‘/spoa Wspa-

The matrix structure of such Hamiltonian is simple
enough to allow for an analytical solution in all the high-
symmetry points I', H, N, P, of the Brillouin zone. A
detailed analysis of the eigenvalues of the Hamiltonian in
these high-symmetry points is provided in Appendix [A]
A careful inspection of the orbital character permits also
to identify qualitatively each eigenstate of the TB Hamil-
tonian with a corresponding level in the DFT band struc-
ture. It is clear that, given the limited number (ten) of
adjustable tight-binding parameters, it is not possible to
match the energy of each DFT level with a correspond-
ing tight-binding eigenvalues on all the high-symmetry
points. Moreover, a careful inspection reveals that the
parameter W, as well as the combination S,,, never
appear at the high-symmetry points ', H, N, P5Y How-
ever, as we show below, the parameters Wy,, and S,
play a pivot role in the realistic band structures, being
responsible for the non-monotonic dispersion of the con-
duction band along the cut H-N, whose maximum is asso-
ciated with the most relevant Van Hove singularity close
to the Fermi level.

In this regards, we can explicitly compare the analyt-
ical properties of our tight-binding model with the ones
presented in Refs. [3[9l In particular, we notice that the
model of Ref. [3] can be obtained by considering only the
hopping terms Hy,r, Ugse and Vipe. On the other hand,
the minimal model of Ref. [9] corresponds to consider the
nearest neighbor hoppings Usss, Hsso, the linear combi-
nation S, plus few farther neighbor hoppings. In both
the cases, the hoppings Wy, and S, were not included.

III. BAND STRUCTURE AND
TIGHT-BINDING PARAMETERS

Egs. — provide us a suitable tool to describe in
an accurate way the band structure of H3S. To this aim,
guided by DFT calculations, the ten tight-binding pa-
rameters must be specified. A widely used procedure,
employed in Refs. [3l9, is to evaluate the hybridization
constants between atomic orbitals on different locations
by means of a Wannier representation. This method,
however, as mentioned in Ref. [9 is not straightforwardly
cast in terms of a Slater-Koster description. In order to



€H -4.34

es, [-14.63

€s, -3.25
Hgso | -2.73
Ssso | 2.31
Sppo 1.69
Sppr | -0.07
Usso | 2.81
Veps | 4.65
Wepo| 3.33

TABLE I: Slater-Koster tight-binding parameters for HsS at
P =200 Gpa. All terms are in units of eV.

show the feasibility of our tight-binding model in giv-
ing a satisfactory description of the band structure, we
use thus a more analytical approach to estimate the ten
Slater-Koster parameters, keeping in mind that a better
set of parameters can be achieved by more refined meth-
ods.

We first note that, as mentioned above, the simple form
of the Hamiltonian matrix allows for an analytical solu-
tion of the eigenvalues on all the high-symmetry points
T', H, N, P. In principle, the identification of appropriate
ten eigenvalues on these high-symmetry points with the
corresponding DFT energy levels can provide a way to de-
termine in an unambiguous way all the ten tight-binding
parameters. However, as remarked in the previous Sec-
tion, one can notice that the parameter W,,, and the
combination S,, = Sppe — Sppr, do not appear at the
high-symmetry points I';, H, N, P. Further insight can be
thus achieved by considering also the point F, midway
between P and H. Although with relative less symme-
try, the analysis of the eigenvalues in this point is useful
because, as shown in Appendix [A] they depend in a in-
dependent way of Sp,e, Sppr, allowing thus to evaluate
them independently. A further natural way to estimate
Wepo, away from the high-symmetry points, is to asso-
ciate it with the properties of the Van Hove singularities.
More precisely, we determine W), by fixing that the en-
ergy of the upper Van Hove singularity to be the same
in the tight-binding model as in first-principle calcula-
tions. Details of the procedure are reported in Appendix
Bl The set of all the ten tight-binding parameters, esti-
mated in this way, is listed in Table [I] (first column) /2
and the comparison of the resulting band structure with
DFT calculations is shown in Fig. Ph. As we can see, in
spite of the simplicity of the model, the agreement with
first-principle calculations is remarkable. Most notice-
able is the fair reproduction of the local maximum close
to the Fermi level along the line H-N. This maximum
can be shown to be a three-dimensional Van Hove singu-
larity and, due to its small average effective mass? it is
reflected in a kink/peak in the density of state close to
the Fermi energy (Fig. ) Also remarkable is the ex-
cellent capture of the shape of the Fermi surface sheets,
as shown in Fig. [2k-d. Such agreement is even more
remarkable considering that no information about the

Fermi surface properties was employed to estimate the
tight-binding parameters. In order to stress the crucial
role of the Wy, hopping, we also show, for comparison,
in Fig. the band structure of the tight-binding model
obtained by setting W,, = 0, as implicitly done in the
models considered in Refs. [BI9. The local maximum
along the cut H-N is in this case missing, as acknowl-
edged in Ref. [0l The corresponding electron density of
states and Fermi surface are shown in Fig. [@p and @,
respectively. Both result to be quite different from the
realistic DF'T ones. Note in particular how the peak in
the density of states close to the Fermi level is completely
washed out for Wy, = 0.

In addition to the low-energy properties (Fermi sur-
faces, etc.) it is also instructive to check the goodness
of the TB results on a wider energy scale. Such analy-
sis is addressed in Appendix [B] where the fair agreement
between the total DOSs (as well as the partial DOSs
projected on single orbitals) evaluated in TB and DFT
provides further evidence oabout the quality of the TB
description.

IV. HOPPING-RESOLVED
ELECTRON-PHONON COUPLING

The tight-binding Hamiltonian in Eqgs. (2)-(8]), along
with the set of Slater-Koster parameters in Table [[} pro-
vides a suitable description of the electronic band struc-
ture in the periodic lattice structure. On the other
hand, atomic lattice fluctuations (phonons) from the
equilibrium positions are expected to be strong in such
hydrogen-based compounds, and the coupling between
the electronic degrees of freedom and the lattice distor-
tions is claimed, according a general consensus, to be the
likely pairing mechanism for superconductivity. Several
first-principle studies have quantified this issue in terms
of the electron-phonon Eliashberg function a?F(w), and
of the corresponding dimensionless electron-phonon cou-
pling constant A = 2 [ o*F (w) /w ST Numer-
ical DFT estimates predict A ~ 1.5 — 2, signalizing in-
deed a strong electron-phonon coupling. An interesting
decrease of A as a function of the pressure, in the high-
pressure regime, has also been predicted #&: Tt should
be keep in mind however that such DFT estimates are
obtained by means of linear response calculations (with
possible inclusions of anharmonic effects)* in a homoge-
neous system, whereas at such high pressures the lattice
structure of realistic materials is expected to be closer to
a amorphous phase than to a crystal one. It would be
thus high desirable to describe the electron-lattice inter-
action at a local level, in order to include inhomogeneity
in a simple way.

This is indeed the main motivation of the use of a
Slater-Koster formalism in our analysis. Within the
Slater-Koster context 2% the inter-atomic hopping in Egs.
— are described in terms of few two-body energy in-
tegrals (Table [) whose magnitude depends essentially
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YHgsso 2.30 Ra =a
VSeso |-1.18| Ra = V3a
VSppo | 0-29|Ra = V3a
YSppm [0.75| Ra = V/3a
Vsso |-3-61|Ra = a
VWapo |-3-87|Ra = a
YW,po |-0.23| Ra = V/3a

TABLE II: First column: Electron-lattice coupling constant
Xao and v, of the Slater-Koster tight-binding model obtained
by hydrostatic expansion/contraction. The values are in units
of eV/A. Second column: two-center interatomic distance rel-
ative to each hopping parameter t.

only on the interatomic distances R. The electronic
structure can be thus computed even in the presence of
local inhomogeneous lattice displacements once the de-
pendence of the Slater-Koster parameters between two
atoms on the corresponding inter-atomic distance is pro-
vided. The essential ingredient is here the hopping-
resolved electron-lattice coupling v, = dt,/dR,, where
ta = HSSO'7 Sssaa Spp07 SppTH USSO’) Vtspaa Wspo-

The compelling estimation of the hopping parameters
in our model from the comparison with the first-principle
band structure, and the fair agreement with it, permits us
to obtain thus the hopping-resolved electron-lattice cou-
pling constants v, in a controlled way. More specifically,
we apply a isotropic expansion/contraction of the lattice
constant, 2.959 A < d = 2a < 3.015 A, corresponding to
the pressure range 180 GPa < P < 220 GPa where the
system has been predicted to be in the Im3m structure.
The same procedure above described allows us to extract
thus the dependence of the hopping tight-binding param-
eters t, on the relative interatomic distance R,. The de-
pendence of the parameters ¢, (R,) on the relative atomic
distance is shown in Fig. [Bh. The dependence of the
on-site orbital energies F, = en, €s,, €5, on the lattice
constant is also obtained in this way. Note however that,
within the spirit of a Slater-Koster scheme, the hopping
tight-binding parameters t, are thought to depend only
on the two-body interatomic distance, independently of
the specific lattice deformation, and thus to be repre-
sentative also of phonon lattice displacements, whereas
the modification of the on-site orbital energies F, de-
pends strictly on the specific lattice deformation. The
dependence of the on-site orbital energies F, on the lat-
tice constant, for such isotropic expansion/contraction,
is thus also shown in Fig. Bp. All the tight-binding pa-
rameters depends in a linear way on the variation of the
interatomic distance (or of the lattice constant). The nu-
merical values of the electron-lattice coupling constants
Yo = dto/dRs and xo = dE,/da, obtained by a linear
fit, is listed in Table[[T} It is worth to remark that the ab-
solute value of almost all the hopping parameters, |¢,],
results to decrease with increasing the interatomic dis-
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FIG. 3: (Color online) (a) Dependence of the Slater-Koster
hopping parameters ¢, on the relative interatomic distance.
as extracted from the comparison with DFT calculations.
Dashed lines represent linear fits. (b) Dependence of the on-
site orbital energies E, on half of the lattice constant a. Open
symbols are numerical values extracted from the comparison
with DFT band calculations, while dashed lines represent lin-
ear fits.

tance, apart from the quantities Sppe, Sppr, ruling the
interatomic hopping between S 3p orbitals, which appear
to increase for larger interatomic distance. This result is
at apparent odds with the simple Slater-Koster picture
relating the interatomic hopping with two-center orbital



integrals. However it should be kept in mind that, in the
mapping with a DFT calculation, the extracted Slater-
Koster parameters represent effective quantities that take
into account many-body physics. In this respect, a sim-
ple explanation for this unconventional behavior could
be that it results from a reduction of the underlying mi-
croscopic two-center orbital integrals compensated, and
even overwhelmed, for the 3p-3p hopping, by a reduction
of the screening effects. More specific analysis is how-
ever needed to investigate in more details, and possibly
confirm, this hypothesis.

V. CONCLUSIONS

In conclusion, in this paper we have introduced a ac-
curate tight-binding model, based on the Slater-Koster
formalism, for the electronic band dispersion of Hj at
high-pressure in the Im3m structure. The tight-binding
parameters have been numerically evaluated by means of
a direct comparison with first-principle calculations. We
show that the inter-atomic hopping between the 3s and
3p orbitals of sulphur plays a crucial role in determining
the existence and energies of the Van Hove singularities
that hive rise to the peak of density of states at the Fermi
level. Our tight-binding model provides not only an accu-
rate description of the band-structure in the whole Bril-
louin zone, but also an exceptionally good description of
the relevant Fermi surface. The model here presented
provides thus a fundamental base for the future inclu-
sion of many-body (electron-electron, electron-phonon)
effects.

In addition, by computing the effective dependence of
the tight-binding parameters on the interatomic distance,
we have also numerically estimated a hopping-resolved
linear electron-lattice coupling, which can be used for
further refinements of the electronic properties in the
presence of lattice disorder. Furthermore, the knowledge
of such inter-atomic electron-lattice couplings permits in
principle to obtain an estimate of the electron-phonon
coupling also in the homogeneous case. Such modelling,
although cannot replace accurate DFT calculations on a
quantitative level, can be nevertheless useful in provid-
ing a suitable tool for understanding in a semi-analytical
way the role of each microscopical orbital hybridization
(e.g. in the pressure dependence of lambda in the high-P
regime) and for making qualitative predictions in more
complex and realistic conditions, e.g. in the presence of
disorder etc... Such computational analyses are however
out of the purposes of the present paper, and they will
be addressed in a further work.
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Appendix A: Analytical insight about the
Hamiltonian at the high-symmetry points

In Egs. — we provided the matricial expression of
the tight-binding Hamiltonian for a generic momentum
k in the Brillouin zone. In this Appendix, for sake of
convenience, we summarize the analytical expression of
the eigenvalues obtained at the high-symmetry points.

1. T point

In the basis , the Hamiltonian acquires at the I' =
(0,0,0) point the simple expression:

A = (ﬁHs(F) 0 )7

0  Hss(I) (A1)

€H 2Hssa 2Hsso
2 _ 2Hssa €H 2Hssa
2Hsso 2Hssa €H
2W,er

2USSO'
2USSO'
2USSU ’
2WUsso 2Ussq €Ss+8ssso

(A2)

R 8 .
Hss(I') = [631, + Sﬂ I3x3.

3]717

(A3)
Eq. (A3) predicts three degenerate eigenvalues

Bs,(T) = es, +(8/3)S,,, (A4)
with pure character S 3p,, 3py, 3p..

On the other hand, in order to deal with (A2), a better
Hilbert basis is:

d’j,r = (h;r,rlvhj,rgvhz,rgvsjvp;x’p;yvpl,z)» (A5)
where
1
hI;FI = % (h;l + hi,z - 2h1’3,) ) (A6)
t Lot t
hi,Fz = \7@ (hi,l - hi,Qa) ) (AT)
t Lo i t
hir, = % (hi,l +hio+ hi,37) . (A8)



In this basis Hyus(I') reads:

HFl (F) 0 0 0
. B 0 Hr,(T) 0 0
Hus(I') = 0 0  Hp,(I) 2V3Uww |’
0 0 2\/§Ussa SSS (F)
(A9)
where

Hp,(T) = Hp,(T) = ey — 2H,40, (A10)
HF3 (F) = eg +4H,,,, (All)
Ss, (F) = €s, +85ss0- (A12)

We get thus an analytical insight on the further eigen-
values. In particular Eq. (A9) predicts two degenerate

eigenvalues,

EH(F) = €H — 2HSSO’7

(A13)

with pure H character, and a bonding/antibonding cou-

ple of eigenvalues:

1
EH—S,i(F) - 5 [€H + €S, + 4Hssa + 8Sssa'

=+ \/(EH —€s, + 4H 4o

— 8S5s0)2 + 4802

s§so

(A14)

resulting from the hybridization of the H 1s with the S

3s orbitals.

2. H point

The Hamiltonian acquires a simple and analytical ex-
pression also at the H= (7/a,0,0) point. In this case we

have:
A(H) = (HHS(H) 0 )
0 Hgs(H)
where
€H 2Hsso‘ 2Hssa
~ 2Hgsg € 72Hss¢7
Hus(H) = | 557 o5 o
_2U35g 2Usso’ 2Usso’ €s
and

(A15)

_QUSSU
2Usso
2US$0’

s 83550’

(A16)

(A17)

7

Eq. (A15) has the same formal structure as (A1), with

some sign replacements. .

The Hamiltonian sub-block Hgg(H) gives rise to three
degenerate eigenvalues with pure character S 3p charac-
ter:

Es, (H)

) = es, — (8/3)S,. (A18)
On the other hand, a better appropriate basis can be
found also in this case, in order to deal with the sub-block

Hyg(H). We write thus:

¢I,H = (hl‘L,Hl ) h;r,HQ ) hj;,Hg’ Sz’p;w’p;{,yvpj,z)’(Alg)
where
1
I,Hl = % (hzl - h;’r72 + 2h3,3’) ) (AQO)
1
h;r,Hg = ﬁ (h:'r,l + h’j,27> ’ (A21)
1
hzT,Hs = ﬁ (h;'r,l - hl‘L,2 - hl,?n) . (A22)
In this basis Hys(H) acquires the block form:
Hy, (H) 0 0 0
B B 0 Hy,(H) 0 0
} Hys(H) = 0 0 Hy,(H) —2V3Uss0
0 0  —2V3Usow Ss,(H)
(A23)
where
HH1 (H) = HH2 (H) = €Hg + 2Hssoa (A24)
HH3 (H> = €H — 4Hss<7a (A25)
SSS (H) = €g, — 85850. (A26)

Similar as at the I' point, we have thus two degenerate
eigenvalues with pure H character,
Eg(H) = ey + 2Hgs0, (A27)

and a bonding/antibonding couple of eigenvalues coming

from the hybridization of the H 1s with the S 3s orbitals:

1
a [EH + €S, — 4Hsso -

2 SSSSO'

Fy s+(H) =

:|: \/(EH — ESS — 4Hsso’ + 85550)2 + 48Us25cr :

(A28)



3. N point

The single elements — of the Hamiltonian (2| read
at the N= (7 /2a, 7/2a,0) point:

R €H QHSSU 0
H,(N) = | 2Hs5o e 0 |, (A29)
0 0 €H
Sy(N) = es,, (A30)
S(N) = €spf3x3 +
8 O_ Spp 0
3 S, 0 0], (A31)
0 0 0
. 0
Us(N) = 0 , (A32)
2USSO'
Wy(N) = (00 0)7 (A33)
. 20Vspe 0 0
VU(N) = 0 2iV9pa 0 (A34)
0 0 0
A proper basis can be found in this case to be:
¢I,N =
(h’;,‘r’NJral’);N+ Y h37N7 7pI,N7 ) h;?,a Sj7p;,’r)z)7 (A35)

where hz,Ni = [hz,l + h1,2]/\/§ and p‘z!‘,Ni = [pj,m +
P, 1/V2.

In this basis the Hamiltonian has the simple block
form:

H, (N) 0 0 0
0 0 Hy, s, N) 0 ’
0 0 0 Hsp(N)
(A36)
where
2 _ €H + 2Hsso inspa
) = (g 2V )

_Qi‘/TSpO'

2 €H — 2Hssa
- ( g ) aw

2iVsper

2 € 2Usso’
Hiy,—s,(N) = <2UI:SU €s, )’ (A39)
and
HSP(N) = Gsp. (A40)

The 2 x 2 blocks H, (N), H__(N) are associated with
the hybridization of he hydrogen atoms 1 and 2 with the
S 3p., 3p, orbitals, and they give rise to the eigenvalues:

1
Eiyx(N) = 5 [en+es, +2Hos — 25,
+ \/(eH —es, + 2H o + 25pp)? + 16V2,,
(A41)
1 —
B (N) = 5 [en+es, = 2Hsso +25,

= \/(en — €5, — 2Hso — 257)% + 16V2,, | .

(A42)

The 2 x 2 block Hy, _g.(N) describes the hybridization
between the hydrogen atom 3 with the 3s sulphur or-
bitals, which gives rise to the bonding/antibonding en-
ergy levels:

1
Eyy-s.,+(N) = 5[6H+€ss

+ /(e —es )2+ 16U§SG} .(A43)

Finally, the term Hg_ (N) represents a state with pure 3
p. sulphur character, with a straightforward eigenvalue

ESp(N) = €Sp- (A44)

4. P point

The Hamiltonian acquires a simple analytical expres-
sion also at the P= (w/2a,7/2a,7/2a) point, where we
can write

H,(P) = enlzxs, (A45)
S (P) = es,, (A46)

S(P) = es, Isxs, (A47)
X 0

U,(P) = 8 : (A48)



W,(P) = (000), (A49)

VO’(P) = 22.V:spaf3><3- (A50)

In this case, the Hamiltonian acquires a block expres-
sion after a simple re-ordering of the vector :

(bI,P = (hz,lhpz,m?h'ir,27pj,y7hj,37p;lr,z7sz)' (A51)
Using this basis, we obtain thus:
Hyus(P) 0 0 0
) = 0  Hus(P) 0 0 | (a52)
0 0  Hus(P) O
0 0 0 €s,
where
S € 20Vpor
Hyg(P) = <—2ﬂ2pa ESS:’ > (A53)

The energy spectrum is characterized thus by a single
energy level with pure S 3s character,

Es (P) = €5,

s

(A54)

plus three couples of degenerate (bonding/antibonding)
eigenvalues arising from the hybridization of the H 1s
with the S 3p orbitals:

1
By s+(P) = 3 len + es,

+ \/(eH —es,)2 +16V2, | . (A55)

5. F point

Along the high-symmetry points I', H, N and P, it
is useful to consider also the Hamiltonian matrix struc-
ture (and corresponding eigenvalues/eigenvectors) at the
point F= (37 /4a,n/4a,7/4a). The single elements (3)-
of the Hamiltonian acquire a simple form also
at the F= (37 /4a,n/4a,7/4a) point. At this points the
single elements — of the Hamiltonian read

) €H \/§HSSU \/EHSS(T

HU(F) = \/iHssa €H _\/iHssa (A56)

\/EHSSO' _\/iHssa €H
S,(F) = es. — 2V2S4ss (A57)

Se(F) = 6sl[,f?,xS‘*‘

-S+ S- S

24/2 ’pp “pp 73
—3 Sp_p — 1;_; _Spf , (AbB8)

Spp pp _Spp

—1
U,(F) = VoU,o [ 1 ], (A59)

1
W, (F) = z'm\gs“’(l -1 —1), (A60)
Vo(F) = ivV2VipoIzxs. (A61)

An appropriate base in this case is:

@T,F = (h;r,Fl»pzT,Flvhz,prj,szh;r,ngsLhZ,prj,Rg)»
(A62)
where
1
I,Fl = NG (thT,l + hjz + h;?),) ; (A63)
t 1 t
h; F, = \ﬁ ( 7,2 hi,3,> ) (A64)
i L t t A
hi,Fg - % (hz,l - hz,Q hz,?ﬂ) ) ( 65)
i Loy t i A66
pi,Fl - % pi,z + pi,y +pi,z7 ) ( )
t Loy t A
bip, = ﬁ (pz,y _pi,z’) ’ ( 67)
pi,Fg - \/g Py _pi,y —DPiz |- (

In this basis the Hamiltonian takes the simple block
expression:

A Hy(F) 0 0
H(F) = 0 Hoyo(F) 0 ,(A69)
0 0 Hsy3(F)
where
. 2H V2iV,
o (F) = (8 Y2He 25 )
2X2( ) < _\@Z‘/spa €3, _2\/§Spp7r
(A70)
and
X es, 0 O
H3X3(F) = 0 €H 0
0 0 €sp
*2\/5‘5‘550' *\/6(]350 iQﬁWspa
+ *\/éUsscr *QﬁHsscr ﬁivspa
7i2\/§WSpU *\/51“/5;70 *Qﬁsppa'



(AT1)

The degenerate blocks Hayo(F) gives rise to (double de-
generate) bonding/antibonding levels with mixed char-
acter (H 1s-S 3p) and energies

1
E2><2,:|:(F) = 5 |:6H + €s, + \/gHsso' - 2\/§Sppﬂ'

+ \/(GH —€s, + \/§Hssa' + 2\[25;;;071')2 + 8V52pa

(A72)

On the other hand, the 3x 3 block ﬂgxg(F) does not allow
for a simple analytical solution of the eigenvalues, but the
orbital character of the eigenvectors can be predicted to
be a mix of all the three orbital species, (H 1s +S 3s +
S 3p).

Appendix B: Slater-Koster parameters of the
tight-binding model

In this Appendix we discuss the method we used to
estimate the ten tight-binding parameters, including the
orbital energy potentials and the hopping parameters de-
scribed within the Slater-Koster formalism.

We notice that, as discussed in the previous Appendix,
the Hamiltonian allows for an analytical solution of
the eigenvalues in all the main high-symmetry points T,
H, N, P, of the Brillouin zone. By a closer inspection
of the atomic/orbital character, it is possible to identify
almost each eigenvalue with a corresponding energy level
in the DFT band structure.

In Table we report the DFT atomic/orbital con-
tent for each relevant energy level at the high-symmetry
points I', H, N, P. The corresponding eigenvalue in
the tight-binding formalism, obtained by comparing the
atomic/orbital content, is also shown. The identification
of each DFT energy level with a corresponding tight-
binding level, along with the analytical expression of the
tight-binding eigenvalues in terms of the Slater-Koster
parameters, allows in principle for a closed set of equa-
tions that can be inverted to obtained the microscopic
tight-binding parameter. This procedure however can be
used only at a limited extend. On one hand, four of the
DFT non degenerate levels at the N point present the
same mix of orbital content, so that it results impossible
to identify each of them with a single tight-binding level
belonging to the subspace E4 4y 1+ (N), E__ 1 (N). Even
excluding from the analysis these levels, the DFT-TB
one-to-one mapping still provides in principle 14 equa-
tions, more than the number of parameters to be evalu-
ated. The system appears thus overdetermined. On the
other hand, as evident from Table [[TI} the Hilbert set of
atomic orbitals here considered does not encompass the
total orbital weight, with a sizable contribution from S
3d, H 1p being present (included in the six column).

| DFT [H1s[S3s[S3p| IS [other] B |
I" point
2252315 %] 34% | - |51 %|<1%| Eus, (L)
0.88% | - - 1 68% [20%| 3% | Es,(T) (%)
1.13" |49% | - - 135%|16 % |  Eu(T) (%)
7.93 25 %|51 %| - |23%|1% | Ea_s+(I) (*)
H point
1281 (10 %[ 67 % | - [23%|<1%| FEu_s,_(H)
-9.80" (36 %| - - 152% |12 % | Eu(H) (%)
-8.25% | - - | 43% |53 %| 4% Es, (H)
17.56 | 62% | 20% | - |18 %|<1%| Eu_s.+(H)
N point
1782[9% [46 % | - [42%| 3% | Eu,-s._(N)
-16.89 (20 %| - | 24% |55% | 1% | Eaa+(MN)T
-5.05 (28 %| - | 35% |36% | 1% | Faax(N)T
-3.25 | - - | 56% |41 %| 3% | Es,(N) (%)
-1.86 [ 23% | 21% | - |41 %| 15% | Euy—s.,+ (N) (¥)
1275 129 %| - | 31% (36 %| 4% | Faa+M)T
1277 [15%| - | 40% (39 %| 6 % | Faax+(N)T
P point
1463 - [65%| - [33%| 2% Es.(P) (%)
A13.11%(21 %) - | 24% |53 %| 2% | Fu_s,—(P) (%)
12995 | 3% | - |45% |32 %|20 % | Fu-s+(P)
F point
-15.45 | 6 % |57 % | < 1%|35 %| 2% Esu3(F)Y
213997121 %| - | 22% |54 %| 3% Eax2,—(F)
-2.98 |12 %|< 1%|52 % |33 %| 3% Esxs(F)T
1.44% |15 %| - | 21% |47 %| 17% | Eaxa+(F) (¥)
4.83 | 4% [14 % |< 1%|57 % |25 % Fsy3(F)T

TABLE III: First principle atomic/orbital character for the
relevant energy levels at the main high symmetry points
', H, N, P, F of the Brillouin zone. The content of the
orbitals H 1s, S 3s and S 3p is explicitly reported, as well
as the contribution from the interstitial states (IS) and
from other orbitals (“other”). The right column provides
the identification of each DFT level with the corresponding
eigenvalues of the tight-binding model.  For the levels
marked by § at the N point, it is not possible a straight-
forward identification with the each of the four eigenstates
Eoa+(N) = E44 +(N), E__ +(N). In similar way, it is not
possible associate straightforwardly the levels marked with
q at the F point with the three eigenvalues of the block
Hsy3(F). Energy levels marked with (*) represent energy
levels used to determine the tight-binding parameters.

T double degenerate level

§ triple degenerate level

All these considerations point out the impossibility for
the tight-binding model to reproduce all the energy levels
on all the high-symmetry points. Nevertheless, a mathe-
matically compelling procedure can be still defined by re-
quiring that the tight-binding model correctly reproduce
the DFT results on a subset of energy level. Clearly, the
choice of the selected energy levels is subjective and its
reliability must be checked from the overall agreement of
the whole band structure. After a careful analysis, we
found the best agreement by using the DFT-TB levels



marked by (*) at the high-symmetry points T', H, N, P
in Table [ITI} Note that only 8 energy levels are thus se-
lected, determining the 7 tight-binding parameters ey,
€S.s €5,> Hssos Sssos Ussos Vipo, and the linear combina-
tion S = Sppo + 25y, This is due to the fact that the
parameter Wj,, does not appear in the determination
of the tight-binding energy levels at any high-symmetry
point. In similar way, excluding the levels E,, (N),
E__ £(N), also the linear combination S, = Spps — Sppr
never appears among the eigenvalues of the tight-binding
model on any high-symmetry points I'-H-N-P.

The remaining quantities Wy, S, must be deter-
mined thus by imposing a DFT-TB correspondence on
some band structure property not related to the high-
symmetry point.

A step forwards in determine these parameters comes
from considering also the lower-symmetry point F=
(37 /4a,7/4a,w/4a).  As shown in Section [AF[Egs.
(A70)-(A72))], this results to be very profitable because
on this point the Slater-Koster parameters Sp,, and Sppx
appear in an independent way in different eigenvalues.
Quite useful appears in particular the level Eoyo 4 (F),
whose energy is ruled by only S,,, (and not by Sp,s),
and which, after an identification with the DFT energy
levels by means of the orbital character (see Table ,
results to be at 1.44 eV, relatively close to the Fermi level.
Including this level among the analytical constraints, we
can therefore estimate, from the DFT calculations on the
T, H, N, P, F points, all the Slater-Koster tight-binding
parameters but W,,.

Motivated by the relevance of the Van Hove singular-
ity on the electronic properties at the Fermi level, we
choose to fix this last parameter such to reproduce the
energy of upper VHs, close to the Fermi level. As dis-
cussed in the main text, the saddle point associated with
such VHs is visible as a local maximum in the band dis-
persion along the cut H-N. The energy of such thus sin-
gularity in the our DFT calculations is EDET = 0.085
eV, in agreement with other DFT calculations based on
the same code” We thus fix the value of the parameter
Wspe by requiring the tight-binding band-structure to
have a similar Van Hove singularity at the same energy,
ie. EYB = 0.085 eV. All the tight-binding parameters,
estimated in this way, are reported in Table [} and the
comparison between the DFT and TB band structures
and density of states is shown in Fig. [2h,b, as well as,
for commodity, in Fig. [lh,b on a different scale. In Fig.
[ we also mark the DFT points used as constraints to
estimate the TB parameters. As already discussed in the
main text, the overall agreement is remarkably good.

Note that no direct information about the Fermi level
was employed to estimate the tight-binding parameters.
In this perspective, the agreement between the TB and
DFT Fermi surfaces (Fig. ,d) is particularly significant
and it points out the robustness of the present tight-
binding model.

It is also worth to stress here that the direct hopping
between S 3s and S 3p orbitals on nearest neighbor sul-
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FIG. 4: (Color online) Panel (a): comparison between first-
principle (solid black lines) and tight-binding (dashed red
lines) band structure. Filled green symbols represent the
constraints used to determine the tight-binding parameters.
Panel (b): comparison between the corresponding density of
states. The black dashed lines mark the position of the Fermi
level Ep. Panels (c)-(d): similar as panels (a)-(b) but setting
Wepo = 0 in the tight-binding model. Panels (e)-(f): Fermi
surfaces in the tight-binding model using the full set of TB
parameters (panel e), and setting Wpo = 0 (panel f).

phur atoms, governed by the parameter Wy, is fun-
damental in order to reproduce the correct low-energy
properties (and hence the Fermi properties) of the band
structure. This is indeed evident in Fig. [fk,d where we
compare the DFT band structure and density of states
with the tight-binding model where we set W, = 0. As
clear by construction, the resulting TB dispersion still
reproduces the chosen DFT energy levels on the high-
symmetry points, but the overall band structure is nev-
ertheless quite different. More striking is the lack of the



saddle point (and Van Hove singularity) along the cut H-
N, and as a consequence the low-energy properties and
the Fermi surface (Fig. 7f) appear radically different.
The lack of the VHs close to the Fermi level also implies
of course the lack of a peak at the Fermi level in the
density of states (Fig. 4{).

It is also instructive to compare the first-principle and
the tight-binding results on a wider energy scale. The
comparison for the band structure is shown in Fig. [Bh.
As discussed in the main text, considered the unavoid-
able approximations, the agreement is fair in the low-
energy region [—10 : 5] eV, whereas it appears less ac-
curate at energies far from the Fermi level, where the
hybridization with orbitals not considered in the tight-
binding model becomes more relevant. Further informa-
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tion can be gained by the analysis of the partial density
of states, i.e. density of states projected on the atomic
orbitals. This comparison in shown in Fig. [Fb,c, where
we plot the total and the projected DOS for both DFT
and TB calculations. For an easier reading, we also in-
clude, together with the total DOS, the partial density
of states which are also reported in the separate panels.
Few points are worth here being underlined: ) at low
energy, the TB model captures the correct orbital com-
ponent, with a dominant equal content of H 1s and S 3p,
in agreement with previous works;® ii) at high-energy,
the TB model estimates a total bandwidth ~ [—20 : 15]
eV for the set H 1s + S 3s + S 3p (Fig. [Bk), also in good
agreement with the projected density of states obtained
by first-principle calculations (Fig. )
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FIG. 5: (Color online) Panel (a): comparison between DFT
and TB band structures on a wide energy scale. Panels (b)-
(c): total and partial DOS as computed by DFT and in the
tB model. In both cases, the partial DOS is includes in the
panel with the total DOS, and repeated in the lower panels,
for a better readibility.
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