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Abstract

This paper provides quantitative Central Limit Theorems for nonlinear transforms of spher-
ical random fields, in the high frequency limit. The sequences of fields that we consider are
represented as smoothed averages of spherical Gaussian eigenfunctions and can be viewed as
random coefficients from continuous wavelets/needlets; as such, they are of immediate interest
for spherical data analysis. In particular, we focus on so-called needlets polyspectra, which are
popular tools for nonGaussianity analysis in the astrophysical community, and on the area of
excursion sets. Our results are based on Stein-Malliavin approximations for nonlinear trans-
forms of Gaussian fields, and on an explicit derivation on the high-frequency limit of their
variances, which may have some independent interest.
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1 Introduction

1.1 Background and Notation

Let {f(:z:)7 T € SZ} denote a Gaussian, zero-mean isotropic spherical random field, i.e. for
some probability space (Q, S, P) the application f(z,w) — R is {S X 6(52)} measurable,
B(S?) denoting the Borel g-algebra on the sphere. We shall use do(z) to denote the Lebesgue
measure on the sphere which, in spherical coordinates, is defined as do(z) := sin 6dfdp. It is
well-known that the following representation holds, in the mean square sense (see for instance
Leonenko 1999 or Marinucci & Peccati 2011):

=] £
f($) = Zfe(x)v fé(x) = Z aém%m(x)v

=1 m=—/{
where {Yz(.)} denotes the family of spherical harmonics, and {a¢m} the array of random
spherical harmonic coefficients, which satisfy Ea¢m @y = Cgéflé,”,”{/; here, 82 is the Kronecker
delta function, and the sequence {C,} represents the angular power spectrum of the field. As
pointed out in [17], under isotropy the sequence C; necessarily satisfies >, Ce% =ET? <
oo and the random field f(x) is mean square continuous.

The Fourier components { fe(z)}, can be viewed as random eigenfunctions of the spherical

Laplacian:

Agafo=—LUl+1)fr,0=1,2,..;
the random fields {f,(z), = € S*} are isotropic, meaning that the probability laws of fe(-) and
f7() == fi(g-) are the same for any rotation g € SO(3). Also, {fe(-)} is centred Gaussian,
with covariance function

20+ 1
4

E[fe(x) fe(y)] = Co Py(cosd(z,y))
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where P, are the usual Legendre polynomials defined dy Rodrigues’ formula

1 od 5 .
Po(t) = g (= 1),
and d(z,y) is the spherical geodesic distance between = and y. The asymptotic behaviour of
fe(z) and their nonlinear transforms has been studied for instance by [4], [40], [41], see also
[20, 21, 23].

More often, however, statistical procedures to handle with spherical data are based upon
wavelets-like constructions, rather than standard Fourier analysis. For instance, the astrophys-
ical/cosmological literature on these issues is vast, see for instance [24], [34] and the references
therein. As is well-known, indeed, the double localization properties of wavelets (in real and
harmonic domain) turn out to be of great practical value when handling real data.

In view of these motivations, we shall focus here on sequence of spherical random fields
which can be viewed as averaged forms of the spherical eigenfunctions, e.g.

2J+1
Bile)= 3 Mg )fe(a)  5=1,2,3..

¢=27—1

for a smooth (e.g. C°°) weigh function b(.), compactly supported in [B™!, B], and satisfying
the partition of unity property >, bz(%) =1, for all £ > B. The fields {8;(z)} can indeed be
viewed as a representation of the coefficients from a continuous wavelet transform from 7'(z),
at scale j, see also the discussion in [19]. More precisely, consider the kernel

2J+1

() = 3 W) Pl w)
=231
= Y W) Y VeV en ()
(=2i—1 m=—~

Then ¥;((z,y)) can be viewed as a continuous version of the needlet transform, which was
introduced by Narcowich et al. in [25], and considered from the point of view of statistics and
cosmological data analysis by many subsequent authors, starting from [2], [18], [29]. In this
framework, the following localization property is now well-known: for all M € N, there exists
a constant Kps such that )
J
()] < BT

{1+ Bid(z,y)}
where d(z,y) = arccos({x,y)) is the usual geodesic distance on the sphere. Heuristically, the
"needlet” field

9J+1 /
Bi@) = [ l@aDf@ay = 3 W) he)
£=27—1

is then only locally determined, i.e., for B’ large enough its value depends only from the be-
haviour of f(y) in a neighbourhood of z. This is a very important property, for instance when
dealing with spherical random fields which can only be partially observed, the canonical exam-
ple being provided by the masking effect of the Milky Way on Cosmic Microwave Background
radiation [30, 31].

It is hence very natural to produce out of {8;(x)} nonlinear statistics of great practical
relevance. For instance, it is readily seen that

2J+1

E{B@}= Y Blgnitc,

¢=27—1

which hence suggests a natural “local” estimator for a binned form of the angular power
spectrum. More generally, we might focus on statistics of the form

v = [ HalB@))de

where Hy(.) is the Hermite polynomial of g-th order, which can be labelled needlets polyspectra
for a straightforward analogy with the Fourier case. For ¢ = 3 we obtain for instance the



needlets bispectrum, which was introduced in [10] and then widely used on CMB data to study
nonGaussian behaviour, see for instance [32, 33, 7] for more discussion and details; for ¢ = 4
we obtain the needlets trispectrum, which is the natural candidate to estimate higher-order
nonGaussian behaviour such as the one introduced by cubic models through the parameter
gnL, see [30]. As we shall show below, the analysis of such polyspectra for arbitrary values of
g provides moreover natural building blocks for other nonlinear functionals of the field 3;(x).
We shall investigate in particular quantitative Central Limit Theorems for the excursion sets,
as j — oo.

Concerning this point, we stress that the limiting behaviour we consider is in the high
frequency sense, e.g. assuming that a single realization of a spherical random field is observed
at higher and higher resolution as more and more refined experiments are implemented. This is
the setting adopted in [16], see also [1],[13],[39],[35] for the related framework of fixed-domain
asymptotics, and [30, 31] for applications to cosmological data analysis.

1.2 Statement of the main results

The main technical contribution of this paper is the derivation of analytical expressions for the
asymptotic variance of the needlet polyspectra v;,,. In particular, under suitable regularity
conditions on angular power spectra, see Condition 1 below, we shall be able to show the
following result (compare with [21]).

Theorem 1. For g > 2, we have

lim 2% Var[v;,q] = qleq
j—o0

where ) 5
o 8 B 1-2a .
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and finally for ¢ > 5

o (fl b2(x)xl~ O‘dx / / / Hb o)z, Jo(zkp)pdipday - - - day;

where Py is the set of all (1,22, x3) € R® that satisfy the ‘“triangular’ conditions (4.2).

Here, Jy denotes the standard Bessel function of order zero, defined as usual by

e 1)k 2k

Z 22k (k)2

=0

For each ¢ > 2, the scaling factor for the needlets polyspectra is of order 227. This result can be
heuristically explained as follows. Needlets polyspectra can be viewed as linear combination
of random polynomials of degree ¢ x j. On a compact manifold as the sphere, there exist



exact cubature formulae for such polynomials, so that the integrals defining v;;4 can be really
expressed as finite averages sums, of cardinality 2%/, In view of the uncorrelation, we expect
the variance of these averages to scale as the inverse of the number of summands, e.g. exactly
2729 Making this heuristic rigorous is indeed quite challenging, and requires a careful analysis
on the behaviour of Legendre polynomials (Hilb’s asymptotics, see [21, 23]) and Clebsch-
Gordan/Wigner’s coefficients.

Once the asymptotic behaviour of the variance is established, in view of the celebrated
results from Nourdin and Peccati [26] the derivation of quantitative Central Limit Theorems
and total variation/Wasserstein distances limits requires only the analysis of fourth-order cu-
mulants. These computations are quite standard and we show that

Theorem 2. For N a standard Gaussian random variable, as j — oo, we have that

Vi. .
d —2L___ N | =027,
v < Var(vjq) ) 2

drv denoting as usual Total Variation distance between random variables, see below for details
and definitions. While this result is quite straightforward given the previous computations on
the asymptotic variance, it has several statistical applications for handling Gaussian random
fields data, where wavelets polyspectra are widely exploited.

It is also possible to establish a more challenging result on the behaviour of excursion sets,
which we expand in the L? sense in terms of the polyspectra. More precisely, let us define the
empirical measure ®;(z) as follows: for all z € (—o0, o) we have

®;(2) == /52 ]I{Bj(x)gz}da(w)7

where f;(z) has been normalized to have unit variance; the function ®;(z) provides the (ran-
dom) measure of the set where 3; lies below the value z. We shall hence be able to prove the
following

Theorem 3. For N a standard Gaussian random variable, as j — oo we have

D, 1
#f), N| =0 (T) ,
Varld, (2) Vi
dw denoting Wasserstein distance between random variables. This result is close in spirit to

some recent work by Viet-Hung Pham [38], who considered a Euclidean setting and traditional
large-sample asymptotics; we exploit several ideas from his proof in our argument below.

dw

1.3 Relationship with some recent literature on random spher-
ical eigenfunctions

Some questions related to those considered in this paper were recently investigated in the
literature for the case where the sequence of needlet fields {3,(x)} is replaced by the spherical
eigenfunctions {f;(z), } e.g., focussing on

he;q = /2 Hq(fg(x))dm ,f = 1,2, ceey
S

see for instance [20, 21, 23]. However, the results presented here for {v;,4} are qualitatively and
quantitatively different from those in the literature for sequences such as {he.q}, and require
rather independent arguments, as we shall now detail.

The crucial point to realize is that the sequence of fields {fe(z)} has a very different
correlation structures from the smoothed averages {8;(z)} that we consider in this paper. In
particular, normalizing variances to unity we have the correlation function

Corr(fe(x), fe(y)) = Pe((x,y)) ,

Py(.) denoting as usual Legendre polynomials. At high ¢, Legendre polynomials can be ap-
proximated by Bessel function through the Hilb’s asymptotics approximations that are widely
discussed below, (e.g., Pr(cosf) =~ Jo(£8) + O(£72)); Bessel functions are known to decay
slowly, indeed the following upper bound is sharp for arbitrary values of 6

K

PZ(COSG) S W )

some K >0 .



The correlation behaviour of the fields {3;(x)} is very different, indeed as deeply exploited
throughout the present submission we have the correlation inequality

Ky

Corr(B@) BW) < g
To draw an analogy with the more common case of random fields on R, the eigenfunctions
{fe} show some sort of long range dependent behaviour (e.g., non-integrable autocorrelation
functions), while the fields {8;(z)} are characterized by much quicker decay in the correlation
(which is indeed integrable), and hence, in a loose sense, they exhibit some form of short
range dependence. Both these statements should be taken in a very loose sense, as these fields
are defined on a compact manifold (the sphere) and hence long range/short range behaviour
has a rather different meaning than usual; however this heuristic argument may provide some
intuition to explain the very different behaviour we observe under the two frameworks, and
the different methods of proofs which are required.

To make our comparison clearer, let us pretend that 29 = ¢; this identification makes sense
heuristically, because 3; is obtained by averaging {f¢} over multipoles such that % < 2% <2

for all M € N, some K not depending on j,z,y .

so 2/ can be takes as a sort of representative multipole. In this setting, we have that:

A) The variance of nonlinear transforms of eigenfunctions {h¢,q} has a different rate for
different values of ¢ = 2, 3,4, and it stabilizes for ¢ > 5 (see [20, 21]); in particular, the variance
is of order £~ for ¢ = 2, log¢/¢? for ¢ = 4, £ for ¢ = 3 or ¢ > 5. By contrast, the rate for
the variance of {v;.,(2)} is equal to 27% and indeed the same for every value of ¢. A heuristic
explanation for this difference is as follows. In both cases (e.g, for {heq} and {vj,}) we
are actually dealing with integrals of polynomials on the sphere. As mentioned earlier, these
integrals can be evaluated exactly (by means of cubature formulae, see [25, 3]) as discrete
sums over approximately ¢2 ~ 227 (n, say) terms, and in this setting they can be viewed as
sample means over these grid points, which are at distances of order £=*. Of course, under
short range dependence one expects the variance of a sample mean to be of order n™!, and
this fits indeed with the 272 rate for the fields {3;(z)} that we shall provide below. On the
other hand, by diagram formulae, one expects the correlation function of Hermite transforms
of random spherical harmonics at points x,y to be of order {Pr({(z,y)}?; after scaling, this
yields expressions of the form

k=1 y:d(z,y)~k

which are summable only for ¢ > 4, where indeed one finds the ”short range dependence”
rate £~2. For smaller values of ¢, these sums diverge; note indeed that the number of points
at distances of order k/¢ grows linearly with k, as easily verifiable by elementary arguments
(compare [3])

B) The rates of convergence in the total variation bound for Hermite transforms of random
spherical harmonics (as given in [23]) are different from the one presented here, and again
depends on g; for ¢ = 4 it is not even algebraic but logarithmic. This is strictly related to
the peculiar behaviour of the correlation functions that we described in the previous point. It
should be noted that while in the present submission the exact total variation rate is provided
for Hermite transforms of arbitrary orders, the rates currently available for transforms of ran-
dom spherical harmonics are slower for ¢ > 5, and presumably not sharp; hence the results
provided in this paper are stronger.

C) The excursion sets of {f;} have again a rather different behaviour from the one es-
tablished in this paper for {8;(z)}. Exact total variation rates have not been given so far
for excursion sets of {f¢}; a Central Limit Theorem has been given in [20] with an entirely
different technique than provided here, e.g., exploting a convenient degeneracy in the Hermite
expansion, which is again similar to what was found in a long range setting by [5]. The same
technique cannot be used in the setting of the present paper, due to the lack of this conve-
nient degeneracy (again because of ”short range”, rather than ”long range”, behaviour). The
techniques we exploit below are then much more complex, and much closer to some recent
contribution by [38] in a Euclidean setting.

We can now turn to review the background material that we will need throughout the
paper.



2 DMalliavin operators and quantitative Central Limit
Theorems

In a number of recent papers, summarized in the monograph by Nourdin and Peccati [26], a
beautiful connection has been established between Malliavin calculus and the Stein method to
prove quantitative Central Limit Theorems on functional of Gaussian subordinated random
processes. In this section we review briefly some notation on isonormal Gaussian processes
and Malliavin operators and we state the main results on Normal approximations on Wiener
chaos, which we shall exploit in the sequel of the paper; we follow closely [27].

Let $) be a real separable Hilbert space, with inner product (-, -)s. An isonormal Gaussian
process over ) is a collection X = {X(h) : h € HH} of jointly Gaussian random variables defined
on some probability space (2, F,PP), such that E[X (h)X (g)] = (h,g)s for every h,g € $. We
assume that F is generated by X.

If A is a Polish space (e.g. complete, metric and separable), A the associated o-field and p
a positive, o-finite and non-atomic measure, then $ = L?(A, A, i) is a real separable Hilbert
space with inner product (g, h)s = [, g(a)h(a)p(da). For every h € $ it is possible to define
the isonormal Gaussian process

X(h) = /A h(a)W (da) (2.1)

to be the Wiener-Itd integral of h with respect to the Gaussian family W = {W(B) : B €
A, 1(B) < oo} such that for every B, C € A of finite p-measure E[W (B)W (C)] = u(BN C).

Throughout this paper, we shall make extensive use of Hermite polynomials H,(z). We
recall the usual definition: Ho(z) = 1 and, for every integer ¢ > 1,

Hy(x) = (-1 (@) o o(a),

where ¢(x) is the probability density function of a standard Gaussian variable.

For each q > 0 the g-th Wiener chaos H, of X is the closed linear subspace of L*(Q, F,P)
generated by the random variables of type Hy(X(h)), h € $ such that ||h||s = 1.

The following property of Hermite polynomials is useful for our discussion (for a proof see
[27], Proposition 2.2.1).

Proposition 2.1. Let Z1,Z> ~ N(0,1) be jointly Gaussian. Then, for all n,m >0
E[H,(Z1)Hm(Z2)] = n!{E[Z1 Z2]}" (2.2)

tf m=mn and E[H,(Z1)Hm(Z2)] =0 if n # m.

The next result is the well known Wiener-Ité decomposition of L?(2, F,P) (see e.g. [27]
Theorem 2.2.4 for a proof). Every random variable F' € ? (Q, F,P) admits a unique expansion
of the type

F=E[F]+> F,
g=1

where F, € H, and the series converges in L*(Q, F,P).

We denote by $%¢ and ¢ the ¢-th tensor product and the g-th symmetric tensor prod-
uct of §3 respectively. In particular if § = L?(A, A, u) then H%? can be identified with
L*(A%, A9, u?). For every 1 <p<gq, f € L*(AP, AP, uP), g € L*(A9, A7, p%) and r = 1,...,p,
the contraction of the elements f and g is given by

f®rglar, ..., aprq—2r)

= f(xh ey Ty A1y . 'vap—’f)g(xh vy Ty Qp—rly - - '7ap+q—27")dlu(m1) . d/,L(lIr)
AT‘

For p = ¢ =r we have f ®, g = (f,g)ser and for r = 0 we have f ®0 g = f ® g. Denote with
f®,g the canonical symmetrization of f®,g.
Let S be the set of smooth random variables of the form

F(X(h),..., X (hm))

where m > 1, f : R™ — R is a C* function such that its partial derivatives have at most
polynomial growth, and h1,...,Am € .



Let L*(Q, F,P; $°9) be the H®9-valued random elements Y that are F-measurable and
such that IEHY||52.3@(, < oo. For F € § and q > 1, the ¢-th Malliavin derivative of F with
respect to X is the element of L?(Q, F,P; $®7) defined by

a . of

i1y yig=1 4

If ¢ = 1, we write D instead of D*'.
Let ¢ > 1 be an integer. We denote by Dom 8 the subset of L*(Q, F,P; $®?) composed

of those elements u such that there exists a constant ¢ > 0 satisfying

[B[(D?F, u)seq]| < cv/B[F?],

for all F € S. If u € Dom 67, then ¢7(u) is the unique element of L*(Q, F,P) characterized by
the following integration by parts formula

E[F6%(u)] = E(DF, u)geq],

for all F € S, 67 is the divergence operator of order ¢ . Let ¢ > 1 and f € $®%. The g-th
multiple integral of f with respect to X is defined by I,(f) = 67(f). If f € L?(A%, A%, u9) is
symmetric, and we regard the Gaussian space generated by the paths of W as an isonormal
Gaussian process over $ = L?(A, A, 1), then

()= [ flar,.a)aW(ar)--aw(ay),

(see [27], page 39).

We state now two fundamental properties of multiple integrals that we shall exploit in the
sequel. For a proof see again [27], Theorem 2.7.4 and Theorem 2.7.5. Let ¢ > 1 and f € $%9,
for all » > 1, we have

DI (f) = (qi—!r)!fq_m (2.3)

ifr<qand D"I,(f) =0if r >¢q For 1 < q<p, f € H° and g € H®? we have

E[L,(f)1a(9)] = PXS, 9)ser (2.4)

if p=gqand E[I,(f)I4(g)] = 0 if p # q. The linear operator I, provides an isometry from
$H°? onto g-th Wiener chaos H, of X. In fact, let f € $ be such that ||f||s = 1, then for any
integer g > 1, we have

Hy(X(f)) = Lo (f), (2.5)

see once more [27], Theorem 2.7.7. In particular, if f € L?(A, A, u), for (a1,...,a,) € A, we
have

FP%a, . aq) = flar)--- flaq).
The following well-known product formula implies, in particular, that the product of two

multiple integrals is indeed a finite sum of multiple integrals. In fact for p,q > 1, f € H°? and
g € H°7 we have

L(D1a(g) = 1! (q) (p> Lpra-20(f&rg). (2.6)
r=0

For a proof see [27], Theorem 2.7.10.

We say that F € L*(Q,F,P) belongs to Dom L if 33°2 | ¢°E[F7] < co. For such an F we
define the Ornstein- Uhlenbeck operator LF = — 22021 qF,. The pseudo-inverse of L is defined
as L™'F = =32, L Fy.

Let A be a standard Gaussian random variable and define as usual the Kolmogorov, Total
Variation and Wasserstein distance, between A and a random variable F, as

dw (F,N) = sup [E[A(F)] = E[R(N)]],

heLip(1)



drv(F,N) = le;}()R) |P(F € B) —P(N € B)|,

dgo(F,N) =sup |P(F < z) — PNV < 2)|.
z€ER

The connection between stochastic calculus and probability metrics is summarized in the
following proposition ([27], Theorem 5.1.3.). Let D'? be the space of Gaussian subordinated
random variables whose Malliavin derivative has finite second moment; we have that:

Proposition 2.2. Let F € D"?, such that E[F] = 0 and E[F?] = ¢° > 0. Then

dw (F,N) < %EHJZ — (DF,—~DL™'F)s]l.

Assuming that F has a density we have
2 _
drv(F,N) < —E[le* = (DF,=DL™'F)s|},

1 _
dxo(F,N) < —E[l0* = (DF,—=DL™'F)s|.

3 Needlets Random Fields and Wiener Chaoses

As motivated earlier, in this paper we shall focus on sequences of needlet random fields, defined
by a sequence of spherical random fields which can be viewed as averaged forms of the spherical
eigenfunctions, e.g. they take the form

=, ; Bi(@) .
Bj(x): b(i)f (ZE), Bj(x) = ] :17273
:Z 27 E[52 (@)

for a weight function b(-) such that b(-) is smooth (b(-) € C*) compactly supported in [3,2],
and satisfies the partition of unity property Zj bz(é) =1, for all £ > 2, see also [19]. To
investigate the correlation, we introduce some mild regularity conditions on the power spectrum
Cy (see [16], page 257).

Condition 1. There exists M € N, a > 2 and a sequence of functions {g;(-)} such that for
27 << !

Ca l
whev"60<co_1 < g; <co for all j € N and for some c1,...,cp >0 and r =1,...,m, we have
sup  sup g, (w)] < cr.

Jo2-1l<u<2 du”

Condition 1 entails a weak smoothness requirement on the behaviour of the angular power
spectrum, which is satisfied by cosmologically relevant models. This condition is fulfilled for
instance by models of the form

Co=L""G(¥),

where G(£) = P(£)/Q(¢) and P(¢),Q(¢) > 0 are two positive polynomials of the same order.
Indeed, in the now dominant Bardeen’s potential model for the angular power spectrum of
the Cosmic Microwave Background radiation (which is theoretically justified by the so-called
inflationary paradigm for the Big Bang Dynamics, see e.g., [8], [6]) one has C; ~ (£(£+1))~! for
the observationally relevant range ¢ < 5 x 103 (the decay becomes faster at higher multipoles,
in view of the so-called Silk damping effect, but these multipoles are far beyond observational
capacity). This is clearly in good agreement with Condition 1; in what follows we denote with
G the limit G := limy—, o G(¢), which certainly exists given Condition 1.

The following property is well-known and gives an upper bound on the correlation coefficient
of {B;(-)}, for a proof see [16], Lemma 10.8.

Proposition 3.1. Under Conditions 1, for all M € N, there exists a constant Ky > 0, not
depending on j, x, and y, such that the following inequality holds
K

|Corr[B;(x), B (W] < (14 2id(z,y))M’

(3.1)

where d(x,y) = arccos((z,y)) is the geodesic distance on the sphere.



Since {fe(z)} is Gaussian for each = € S?, then §;(z) is a standard Gaussian random
variable and (;(x) is centred with variance
20 4 20+1 20 1
E[g](z)] = Y b*(5;)Ce P((z,2) = Y b(5;)Ce

29 4 27
¢=27—1 (=2i—1

20+ 1
4’

with ¢;2727%) < E[37(x)] < ¢22?®~*). From Proposition 3.1, for the covariance function we
have

2J+1 2J+1

l 2041 K 14 20+1

B8 @AW = Y B0 Pley) € qrgraneym 2 Y0
=27—1 ’ ¢=2i—1

(3.2)

As in [19], we exploit here the fact that the field {3;(-)} can be expressed as an isonormal
Gaussian process. Let

20 a4
B‘ = 2 -
J z—;l b (2J )CZ 47

and for all z € S? let us define
1 XN 20+ 1 1
O;((z,")) == b(=)VC —=———=P((z, ")) =1 —=0;({z,-)). 3.3
o= o 30 UGWETEE Al ) = il ). 63)

We have that ©,({z,-)) is in the Hilbert space $ = L?(S?,do(y)) and we can represent {3;(-)}
as

B = [ enWis).  wes

where W is Gaussian white noise on the sphere as in formula (2.1). In fact the covariance
function is given by

Pi({,u)) = 503 ((3,9)). (3.9

It follows immediately that that the transformed process { Hy(3;(-))} belongs to the g-th order
Wiener chaos generated by the Gaussian measure governing f; and so does any linear transform
including

via = [ HB(@)do (o)
s
Let 17y be the usual the indicator function, clearly ]l{Bj(x)Sz} belongs for each z and z € 52
to the L? space of square integrable functions of Gaussian random variables and we can write

[e%) jq » -
U2, 5y o)

L5, )<y
q=0

where the right hand side converges in the L? sense i.e.

lim E [Z T 1, 3ywn)| =0

N— oo
q=N

uniformly w.r.t. z, z. It is possible to provide analytic expressions of the coefficients {7,(-)},
indeed for ¢ > 1
Tz = [ Vo Ha(wowidu = ~Hya(210(2)
R
and Jo(z) = ®(z) where ¢, ® denote, respectively, the density and the cumulative distribution

function of the standard Gaussian (see [20, 23]). Let us define the empirical measure ®;(z) as
follows: for all z € (—o0, 00) we have

CI)](Z) = /S2 ]I{Bj(w)Sz}dU(x)'



The function ®;(z) provides the (random) measure of the set where Bj lies below the value z.
The value ®;(z ) at z = 0 is related to the so-colled defect (or ‘signed area’) of the function
/J’J S? — R, which is defined by

Dj = meas(ﬁ 1(0,00)) — meas(B{l(—oo,O))

and is hence the difference between the areas of positive and negative inverse image of Bj. By
a straightforward transformation we have D; = 47 — 2®;(0). Instead 47 — ®;(z) provides the
area of the excursion set {z : 5;(x) > z}.

4 On the variance of v;,,
In this section we obtain, for all fixed ¢ > 2, the explicit value for the limit of 2% Var [v},4] as
J — oo.

Theorem 4. For g > 4, we have

lim 2% Var[v;,,] = qle,
j—o0

where

g = (f e adm / // H62 zi)zy,” “Jo(zrp)dipday - -

Remark 4.1. It is obvious that cq > 0 for all ¢ > 0. In the sequel, se shall assume that the
inequality is strict when needed, e.g., in Theorem 8.

Our proof is close to the argument by [21]; in particular let us start by recalling the following
fact on the asymptotic behaviour of Legendre polynomials (see for instance [36], [40], [41]).

Lemma 4.1 (Hilb’s asymptotics). For any e > 0, C > 0 we have

1
0 \2
Py, (cos0) = <sin9) Jo((€x +1/2)0) + 6,(0)
where
6? 0<0<1/by
(0 _
(©) {91/%3/2 0> 1/0;
uniformly w.r.t. £ > 1 and 0 € [0, 7 — g].
Lemma 4.2. Let ¢ > 4. For £ =27, 0, € 297 27T where k=1,...,q, as j — 0o, we have
U +1/2
zz/ Py, (cost) - P, (cose)smade_/ HJ ( L / ¢,> wdw+0(7) (4.1)

Proof. From Lemma 4.1 we have

/2 Py, (cosB) - Py, (cosB)sin §d
0

:/% ﬁ Ksiie)% JO((fk+1/2)9)+5k(9)] sin 00
0 k=1
:/0% ﬁ5k(9)+ q (Sii9>lJo (b +1/2)0) T 60 (0) +--- <Sm9>qﬁ (o +1/2)

k=1 k=1 k'#k k=1

k
HJU ((bm +1/2)0 H S (6) sin 0d6,
m/=k+1

h
=}
>
B
I
S—
[NE
VRS
w
=
=
>
\_/

3

0) | sin6de.



e For k = ¢, with the change of variable ¢ = ¢0, we have

£r

STMCO N

11
For ¢ € [0, %], we write (sirf%ia) =14 O(f—;), that is

= g

1 [F b +1/2 1 bn+1/2
Ao’q:ﬁ/(; 171;[1J0<£/7/)>7/)d¢+0(l4/ HJO( / )¢d1/)>

We consider now the error term. Since for z € [0,2] we have Jo(z) € (0,1], if ¢ =

1 € (0,¢] we have Jy (Md)) € (0,1]. Recalling that |Jo(z)| < 272, we have

/%HUO(Z +1/2 )|w3d¢
:/0 £1|J0 (e +1/2¢) iy li_[(e +1/2)—5/E%”w3q/2d¢

_1 1 441 .
<o ] (E +1/2 L s> 2k (en)™F) g8,
=i 1og —log(e) if g =8,
so that
Lr q —4 -2 .
1 2 by +1/2 O+ 2 if 8,
Ao,quz/ H(]O(L/dowdw_'_ ( 4) q#
L 4 O (™ + ¢ *log(T)) ifg=8.

_3
e For Ay, since, in view of Lemma 4.1, 0., (0) < 0%&”2, we obtain

$o 3
Ag0 —/ H 8, (0) sin 06 <<( ) / 6% sinfdf = O(¢~2%),
0

m/=1

e Fork=1,...,q—1,

3(g— b k
1 2(‘1 k) 7 1 x 0 2 k
0 =

m=1
1 2(q—k) 7 S (a—k)
=\ (5) Aok-

_2
— 2¥1/2°

for

O

Remark 4.2. Note that formula (4.1) is meaningful only if £1,...,¢q satisfy the following

‘polygonal’ conditions, i.e., for g > 4 and for allk =1,...

54,

by <l 4+ L1+ g1 + -+ Lg,

while otherwise we have

/2 Py, (cosB)--- Py, (cosB)sinfdd = 0.
0

We exploit Lemma 4 to prove the following:

11

(4.2)



Lemma 4.3. For { =27, ¢ > 4 and 7(|4zx ], ) = b*( Léa;kJ)QMZﬁgH (qu)ia G([Lxr]), we

have

2 T 4
ﬁlim KQ/ / /2 H F(Lxk], £)Plog,, | (cos 0) sin OdOdx, - - - da,
/—5 00 1 Jo

2 k=1

2 2 oo 4
= (g) ﬁ .. /1 /0 H 62 (wk)mllciaz]o(ka)djdd)dl‘l - dl'q.
2 2 k=1

Proof. j;From Lemma 4.2, we have

q L .
/ /1 zlggog 11 (| zr], /0 kli[l Pg,, | (cos 0) sin 0dOdx, - - - dag
! e ¢ 1/2
:/ / H wakH)/ H Jo (Mdf) Ydpdzy - - - dx
% k=1 0 k=1 e

Set v(l,x1,...,2q) = fo%r [T, Jo (WQZJ) 1d1), by dominated convergence we obtain
that

/zle v(l,z1,...,2q)
o 4
0 5 2m k 1
— [ 1L nlarvyvas
0 k=1

in fact, there exists a finite real number M such that

e (L’“Jﬁ” )wl{we m>}|<|HJo (L’“Jﬁ/z )zm

k=1
€ if ¢ € [0, €]
< q 4 1-4 .
Hk:l (m) P T2 <M lfl/) S [5,00}.

=

This leads to

q aQ q oo 94
Zlim H Y(Lzr |, v, z1,. .. xq) = (2—> / H b2(mk)xi*ajo(l’k¢)¢d1/).
—oo T 0

On the other hand, we apply again dominated convergence to the sequence of measurable
functions

q

T q
2
we(x1,...,2Tq) = H’y([ﬁxkj,é)/o HPLgka(COSG) sin 6d0
k=1

on the set [$,2]7. Since, from Lemma 4.2, for all £ and all (z1,...,z,) € [5,2]?, we have

a

lwe(z1, ..., xq)] H (|lxr], £)] \/ HPLL%J (cos 6) sin 6d0)|
Sﬁ LékafH/ HJ (LékaJrl/Q )Q/Jd?/)+1|

: e g ) 1 g

1:[ (| bxx ], 0)] V wdw+/5 k];[l (Wu +%) YT Edy 41
where € = T21/2’ there exists a finite real number M’ such that for all £ and for all (z1,...,z4) €
[l 2]

29

q
H @xk




and this leads to

/ / hm we(z1, - - ,xq)d:c1--~dxqzzlim/ / we(x1, ..., xq)dey - - - dag.
—

O

Remark 4.3. The previous discussion yields the following corollary: for q > 4, £ = 27,
zp € [5,2) withk=1,...,q, we have

lim ¢° / ’ Piig,)(cos8) - Plyg, | (cos 0) sin Odf = / Jo(z19)) - - - Jo(zq2p)abdap.
0 0

£— 00

For g = 3 it is well-known that, if x1,x2,z3 > 0, we have

oo 1 .
/ Jo(x14p) Jo(x29)) Jo(230)hdip = {M’ if o1 =@ <@5 <@t o2
0

0, if 0<x3<|z1—x2| or x3 > x1 + T2,

where A = 31/[22 — (z1 — 32)2][(z1 + 32)2 — 23] is equal to the area of a triangle whose sides
are x1, x2 and x3, see [9] formula 6.578.9.

Before proving Theorem 4, we introduce some further notation i.e.

2J+1

G\ 260 +1, 4
Be= > 0 (?1) Z (7°G(h),

£1=29—1

and we prove the last lemma:

Lemma 4.4. For ¢ = 27, we have that

2

lim ¢ 2B, = 3 / b2(x)x17adw.
1
2

L— o0 2

Proof. We first note that

o= i e 3 [, (S e HE G

- (4 ()2t

and using dominated convergence, we have the statement. O

Proof of Theorem 4.

Varlyy,] = E [( . Hq@(x))dmﬂ = [ E[H @),y )] dotar)doaa)
by Proposition 2.1, for £ = 27, we have

Varlo = [ {E [ml)ﬁj(m)] V' doer)do(e2)

S2x 52
—B; / E (8, (21)8 (22)]}* do(e1)do(w2)
2 0 20+ 1 !
= ¢!B;“ > (i) Lt e QU Py (21, 22)) S do(a1)do(x2).
2 2 N
s2xs2 |, S L 4m

Let 5(0, ) := b2 (“) 2641 (%)_a G(0y) where, for all k = 1,...,q, £ € [2971,2771); we
have

Var(vg] = g™ B; 1 " A0, 0) -+ (L, 0)
£1...8q

13



< [ P @) Py (o)) do (o) do o),
S2x 82
where
/ Py ({1, 22)) - P, ({1, 22))do(21)do(22) = 8r? / Py, (cos ) --- Py, (cos0)sin 0d
S2x 852 0
Then

Varlvj,] = 87202 1B, Z F(l1,0) - -F(lq, ) / Py, (cosB)--- Py, (cosB)sin 6d
018 0

— @8RBI ST F(6,0)-F(lgy )2 | Pay(cost) -+ Py, (cos0) sin 00
: A Y€1, Y(€q;s g 2, (COS 24 (COS 6) sin

0. tq
S Ipeven
since
/ Py, (cosB)--- Pe,(cosB)(cos @) sin 0db
0

)2 fog Py, (cosB)--- Py, (cosf)sinfdf, for D1 . Iy even,
o, for 39_, Ix odd.

Also

Var(vj,] = qi8a* 0" IB; 1 N " 56, 0) - 5(Lg, 0) / ’ Py, (cosf) - - Py, (cos 0) sin 0d0
£9...4, 0

BES fq+1
4 [
],

V(w1 ],€) - 3([€xq], £)

9
[

20 20
_ 2 )—aq+2q p—
=gty S
=% ¢

pa i
—£v 72
a2

x /0 Plozy ) (cos0) - Plog, | (cos0) sin 0dOda: - - - dzg
:q!87r2g—aq+2qBZ—Q/ / A([Lx1],0) - 7(|L2q], £)

1 1
2

X / Pz, )(cos0) - -+ Plgg,)(cos0) sin 0dOdxy - - - dxg
0
and then

2 2

lim £*Varfvj,] = lim ¢!87*¢" " B, / / A([lx1],0) - 5(|Lxq], 0)

£— 00 £— 00 % %

></ P4z, (cos0) - - - Pleg,)(cos ) sinfdOdz, - - - di.
0

The statement follows by applying Lemma 4.3 and Lemma 4.4. O

For the cases ¢ = 2, 3, 4 we write a different proof based on the representation of the integral
of the product of spherical harmonics in terms of Wigner’s 3j coefficients.

Theorem 5. For g =2, we have

lim 2% Var[v;,2] = 2lco
j—o0

where

872 2 4 1-2a
Cco = 5 b (x1)xy dxi.
(ff bQ(x)xl—adx) 3
2

Proof. For £ =27 and ¢1,05 € [2j_1, 2j+1] we have as before

Varly;s) = 20B; 2 / (E (8, (21)B; (22)]}? do (1) do ()

S2x 52

14



_ _ ¢ O\ 200412041 (1l °
— 91 2 20+2 2 2 71 2 72 1 2 1€2
21870 B, ;4 b (g)b (z) 7 ) (62 ) G(1)G(¢2)
1£2

X / Py, (cos 0) Py, (cos ) sin 6d,
0

from the orthogonality property of Legendre polynomials, we have

20 2 —2a
_ _ V4 201 +1 2 2
1 olg 2p—20+2 p=2 4 (b 1 5% 2 2
Varlyj] = 21874 B, E e b (Z) ( At ) (£> G*(¢1) 20 +1

0==4

5 (L&;lj) ENES <Le:§1J)_2a (G(Lfflﬂfdm.

- 2!873[2&*23;2/
1
2

So we see that
lim £*Var(v;.»]
£— 00

2 —2« 2
= lim 218720 20%2B;2¢% [ ! o] 2Llza] + 1 ([l Gl )" g,
£— 00 1 V4 20 V4 2T

2

and by applying Lemma 4.4 and dominated convergence we arrive at the statement. O

We introduce now the Wigner’s 3j coefficients

(él b 43), —(20;4+1)<m; <20, +1, i=1,2,3.
ma mo ms

The Wigner’s 35 coeflicients are zero unless the triangle conditions |¢; — €| < £, < £; + £, for
i,r,k = 1,2,3 are satisfied and m1 + ma + ms = 0, see [16] Section 3.5.3 for further details.
When m1 = m2 = mg = 0, the analytic expression reduces to

b 4y L3
4.
(O 0 0 (4.3)
L1+la—L3 y Lo tp. 1
=1 2 ) 01405 —03)1(61 —Lo+03)1 (=01 +Ea+03)1] 2
= L1+l =03 (L1—Latls |2*€1+‘52+‘33 | [( e 3)((411+Z22L33ﬂ21()! Lt 3)} ’ b+l + 05 even,
(g ) (e ) (S,
0, {1+ 0o + U3 odd,

see [37], equations 8.1.2.12 and 8.5.2.32.
Lemma 4.5. For every fized (x1,22,73) € P3, define

gelwr, w2, 73) = (Wgu 2] nggJ){

we have that

2 1
T A/T1 + X9 — T3+/Z1 — T2 + Z3v/—21 + T2 + T3+/21 + T2 + 23

. 2
lim 0°g¢(z1, 22, 23) =
£—o00

where the limit is defined for all £ such that |€x1] + [lx2] + [Lx3] is even.

Proof. Let Ao = |fx1]+ [lx2] + [lx3], M = —[Lx1]| + [bz2]| + [Lxs ], A2 = [Lx1]| — [Lz2]| + |Lx3]
and A3 = [fz1| + [lx2] — [Lz3], from (4.3), by applying Stirling’s formula

0 =Varttiet o)
we see that
lim 6295(1’1,:172,13)
L— 00

20 4 1 A a1
_ Vor ()R I1, V2mA, 2 e
£— 00 N SE+E A (I 1)\0+§ —Xo—1
v (3) e | VEROe

15



e

Xo+1 i+
= lim ngMQﬂwuz?:lh AT, A

£— 00 (2m)3V27 (Mo + )/\0+2 Hi:l /\?,;+1

N[=

2 2 Ao 1\

Zli}{olo?\/)\l)@)\g ()\0—‘,—1)% (1—"_)\70)

2e 22
lim —
tmoe /(= [lxr] + [lwz] + [Cas])([lar] — [Cxz] + [xs])([lx1] + [z2] — [£z3])

[4x1]| + |lxa] + [fx3] (
(€1 ] + [x2] + [bzs] +1)3 [lz1 ] + [x2] + [lzs)

2 1
; VT + 22 — 23v/T1 — T2 + B3/ —T1 + B2 + T3\/T1 + T2 + X3

1 )—(L€11J+L5zzj+tf13j)

O

Remark 4.4. Note that for [fz1]| = |lx2] = [fxs] = € we have the same result as in [22]
Lemma A.1, in fact

.ol 0t N 1N 2
lim ¢ = lim N Y] 14+ — = —.
£— o0 0 0 O L—oo T A\/f (3g_|_ 1)5 3¢ 71'\/§
Theorem 6. For g = 3, we have

lim 2% Var[v;.3] = 3les
Jj—oo

where

2

“T (f b2(x)xt~ O‘dx / /Hb2 e

\/azl + 2 — w311 — 22 +$3\/*x1 + 22 + 231 + 22 + 23

x 1p; (1, z2, v3)dz1drades.

Proof. For £ =27 and £1,¢2,¢3 € [277",277!] we have

Varlpsol = 315" [ {B[3 (@), (2]} do(en)do ()

=3187°B,? Z Hb2 ( ) 26 +1€ G / Py, (cos 0) Py, (cos 6) Py, (cos ) sin 0do.

040005 i=1

By expressing Legendre polynomials in terms of spherical harmonics and by applying the well-
known formula for the integral of the product of three spherical harmonics over the sphere
(see [16] Section 3.5.3 for a proof), we obtain

T 2
/ Py, (cos 0) Py, (cos 0) Py, (cos ) sin 0df = 2 (KOI 502 %’) ,
0

and then, from (4.3),

_ 2641, ol ts)
Varlys] = 3187° B, ? Z Hb2 ( ) G(4;) 2 (01 02 5)
£1L9¢3 l

016003 =1
l3 20
>l even

siies
y (L&mJ)“" G(ltwi)), (wm L6, ] wgu)? dzsdssadzs.

— 318722 t6 g8

¢ 27 0 0
Applying dominated convergence again and Lemma 4.5,

lim £*Var(v;s]
£— 00

16



1141 I3+1 3

:elirgoglgﬂzg—swaBg—s 3 / 7 / J G (M;ﬁj) 2L€1’2¢i+1 (LZ;Z.J)—Q

2l * o
G(lfwi)) 2e, &
2r (=l | + L] + [La3]) ([ L1 ] — (Lo ] + [Las])([€x1] + [Lo2] — [Las])
I_El'lj + I_EJS'2J + I_EJS'SJ (1 1 )(L€I1J+LZIZJ+LZ$3D
(| bx1] + |Lxa) + [fxs] +1)2 [lz1] + [lz2] + [£zs]

X ]1133 (ml, xa2, xg)dl‘ldl’gdmg,

21+1 2l+1 —
o | €z; ] |4z ] + | €x; | *
2 )—3a+6
= hm 3187 4~ B, / / | | < ) 20 ( 7

G([Lxi]) 2¢ &
2r (= [la1] + [x2] + [€xs])([€x1] — [€x2] + [Las])([€x1] + [£z2] — [fzs])
fx1] + [fas] + |65 (1 1 )QMHWZHWBD

(bx1] + |Lx2) + [Lxs] +1)2 [lz1] + [fz2] + [Lzs]

X ]1133 (1'1, xa2, l'g)dl'ldl'le’g,

Then, by dominated convergence again and Lemma 4.4, we arrive at the statement. O

Theorem 7. For q =4,
lim 2% Var[y;.4] = 4les

Jj—oo
where
Cqp = 16 / / H b 3,’1 -«
(ff b2(z)ﬂc1_°‘dw
2
1
o IV T T2 ¥ yE — @2 T y/E F @2 - ya F a2y

1
X
V=3 + 24 +yyrs —xs+yv/r3 + s —yJ/r3+ sty
X 1py (21, 22, y) 1Py (y, T3, 24) dy d1 - - - dza.

Proof. For £ =27 and £1,02,03,04 € [277" 277! we have

Var(vj] = 4B, " /S2 - {E [8)(x1)B;(x2)]}" do(z1)do(22)

=4187°B;* Z HbQ( )2Z +1 GG /HPg (cos 0) sin 6d6.

0160304 i=1 0 =1

;From the product formula

01422 2
Viao0,6)Yian(0,0) = CIEEED S a0 By i),
L=[t1—¢2]

and the orthogonality property of spherical harmonics, we obtain the following formula for the
integral of the product of four spherical harmonics over the sphere

27 x4
/ / [ 2006, ¢) sin 6dode
0 JO0 =1

L1+4L2 2
6+ 1) (262 + 1) \/(263 +1)(204 4+ 1) 6 b Iy
_\/ pp P > V2Li+i{y g

Ly=[€1—£2]
L3440y ) ; I 2
3 4 2 L
X E \/2L2+1(0 0 O) 6Lf
Lo=|t3—1{4]

4 2 2
20; +1 {1 U L b3 Ly L
:4”}:[1\/ dr ;(QL“LU(O 0 0) (0 0 0) ’

17



that is

2 2
/HPg (cos 6) 51n9d6—222L+1)(% % g) (%’» %1 éz)

We can write the variance as

Var[vj.4) = 4'87°B;* Z Hb2< )% +1€ “G(4)
l1lolgly i=1
6 6 L\°(ts €y L\°
X 2 ; (2L+1)(0 0 0) (0 o o) -

l1+lg+L even
l3+1lg4+L even

Since max{|¢1 — la|, |¢3 — £4]} < L < min{l; + €2, 03+ €4} where |[¢; — li| > 0 and £; + £, < 42,

we can write
Hb2 ( |0 | ) 204z | +1
01890304 4 2¢

X(Lé;d)*aGQ;ZiDQ LZU / 2ty 1

l1+1lg+L even
I3+1lg+L even

X(Lzlej 625 ] Myj>2<[£x3j A VOyJ>2dydx1-~dx4.

Var[v;a) = 418x%¢~ e t10g,

0 0 0 0 0
Then, by dominated convergence and Lemma 4.5, we have
lim £V ar(v;.4]
£—o0
141 £y

+1 4
Y 1on2 p—dat8 p—4 L 7 o [ fx:i] \ 2[4z +1
Jim 4187 Bt > . /K; Hb ( / o

01020304

« (LZ?J)_Q G(Lj:iJ) 9 Z / 2L£y +1 z;eQ

Iy 4154 L even
l3+l4+L even

£2
g V(=[x ] + [xa] + [by]) (o] — [x2] + [Ly])([€xr] + [x2] — [€y])
I_&L’lj + |_£-732J + I.ZyJ ( 1 )(L511J+LZI2J+L@J)
([z1] + [fza) + |Ly) +1)2 [la1] + [Lz2] + [Ly]
62
g V(= lxs] + [lxa] + [by])([€xs] — [€xa] + [by])([fxs] + [€xa] — [€y])
[€ws] + [fxa) + | £y] <1 1 ><W3J+W4J+LM>
([lxs] + |Lxa) + [0y +1)2 [lxs] + [Lza] + [Ly]
X 1p, (21, 22, y)1py (23, T4, y)dydz: - - - dz4

1
= lim 4!872¢~ 4aJrgB 4 /

L— o0

/ H ( |4z; | )QLEJ,';é—l-l
y (Léanj)_“ G([fx;]) /T 2| Ly | +14L

14 27 20 2
X 42
V(=i ] + [xa] + [y]) ([€x1] — [la2] + [ly]) (a1 ] + [fz2] — [£y])
x| + [la2] + [ Ly] (1 1 )—HMUHWH@D
(llxz1 ] + [€x2] + [Cy] +1)3 x| + [lx2] + [Ly]

»€2
) V(=] + [Lxa] + [y])([Las] — [Lxa] + [Ly])([lxs] + [Lza] — [Ly])

18



CNEACAET N | )<W3J+w+tw
([bxs] + [Lxa] + |Ly) +1)2 [lxs] + [Lza] + [Ly]
X 1py (1, z2,y)1p, (23, T4, y)dydx: - - - dx4.

Once again, applying dominated convergence and Lemma 4.4, we have the statement. O

5 Quantitative Central Limit Theorems for v;.,

We start by recalling that H,(3;(x)) belongs to the g-th order Wiener chaos and so does the
linear transform v;,4. Inside a fixed Wiener chaos it is possible to get explicit estimates on the
speed of convergence to the Gaussian law for the Kolmogorov, Total Variation and Wasserstein
distance by applying Proposition 2.2 and by explicitly relate norms of Malliavin operators with
moments and cumulants. In fact, for A standard Gaussian, we have

N TR WP PES e
Var(vjiq) - 3¢ Var?(vjy)
where d is the Kolmogorov, Total Variation or Wasserstein distance and cumy is the fourth-
order cumulant of vj,4. See [27], Theorem 5.2.6 for more discussion and a full proof.

Quantitative Central Limit Theorems for v;;, then follow easily from the results of Section
4 and by computing the fourth-order cumulant as in [19] Section 5.1. The arguments are
indeed quite standard but nevertheless for completeness we report them below.

We start by expressing the 4-th order cumulant as an integral over (52)47 using the well-
known Diagram formula, see [16], Proposition 4.15 for further details.

Fix a set of integers au,...,ap, a diagram is a graph with a; vertexes labelled by 1, a2
vertexes labelled by 2, ... «, vertexes labelled by p, such that each vertex has degree 1. We
can view the vertexes as belonging to p different rows and the edges may connect only vertexes
with different labels, i.e. there are no flat edges on the same row. The set of such graphs that
are connected (i.e. such that it is not possible to partition the vertexes into two subsets A and
B such that no edge connect a vertex in A with a vertex in B) is denoted by I'c(aq, ..., ap).
Given a diagram v € I'c, 7:(7) is the number of edges between the vertexes labelled by i and
the vertexes labelled by k in . The following proposition holds:

Proposition 5.1 (Diagram formula for Hermite polynomials). Let (Z1,...,Z,) be a cen-
tered Gaussian vector, and let H,,..., Hy, be Hermite polynomials of degrees l1,...,1,(> 1)
respectively. Then

cum(Hy, (Z1),...,Hi,(Zp)) = Z H (E[Z: ;)73 ).

FYET(l1y.-es lp) 1<i<j<p

For a proof see [28], Section 7.3.

Theorem 8. For N standard Gaussian variable and for all g such that cq > 0, as j — oo, we

have that
drv (2 W) (2 N ) = 0027),
Var(vjq) Var(vj,q)

Proof. In view of Proposition 5.1, for p=4 and l; = --- = l4 = ¢, we obtain
cunilys) = cums | [ HoBoo0)do@) - [ Ho(B(e)doon)]
S2 S2
= [ comalHaBn) - H By )] doan) - doe

- /(52)4 > [T {EB;(@)Bi (@)} do (@) - - do(wa)

v€Tc(q,9,9,9) (3,k) €Y

! () B ()Y do (1) - - do (s
/(Sz) > I EBi@)s @l do(ar) - do(za),

= 732}1
J v€Tc(q,9,9,9) (i,k)EY

since >, 1)c, Mik(y) = 2¢. Now we apply formula (3.2) and we obtain

cuma[vjq]
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Nik ()
1 Ky 2, 1 20+ 1
< — - b (— d <o d
= B > /(32)4 (Zlk_)[@ { (11 297d(zs, zx)) M ; (56— } o(z1) - do(za)

Y€lc(q,9,9,9)

N 1
29 E : | | .
Car ~/(S2 4 (1 + 29d(zs, zx)) Mnik (1) do(z1) - do(za).

vele(aq.a.9) * 5 @rey

To compute the integral we note that for spherical symmetry we can assume without loss of
generality that e.g. x3 is the North Pole denoted by pn, and we get

1
. do(z1)---do(xa
/<52>4 Al G5 i, sy o) )

1 1 1 1
< : : : :
- /(52)4 (14 27d(w1, 22))M (1 + 27d(22, 23))™ (1 + 29d(z3,24))M (14 29d(1, w4))M
< 47r/ 1 1 1
- (523 (1 +29d(w1,22))M (14 27d(x2,pn))M (14 27d(pN, x4))M
; 1 1
<4 02*27/ : :
= (s2y2 (1+ 2d(wr, 22))™ (1+ 27d(wa, p)) ™
< const 27%

da(azl) . ~d0’(:L'4)

do’(a?1)d0'($2)d0'(l'4)

do(z1)do(z2)

since, for example, for M > 2
1 2 0 sin 0 > 0
. <2 —_—
fo B et = d¢/ arpa <2 [ e

(% o0 (%
=27 A 7(1_’_2]0) df —|—/2_j (1+2j9)Md9:|

2
§27r/
0

-

0d0+2’jM/ 0 Mdo

2—3J

—2j

M —2

=2or|2717¥ 4 } < const 27

O

6 A Quantitative Central Limit Theorem for the em-
pirical measure

In the next theorem we obtain a bound on the Wasserstein distance for the speed of convergence
of ®;(z) to the Gaussian law.

Theorem 9. For N standard Gaussian, as j — oo we have

(i) -o()

We start by proving the following lemma.

Lemma 6.1. For integers q,q' > 2 we have that

r

and’ 2/, 2
) -1 2 —65 2 2fq—1 qg -1 /
E{((Dbsa, ~DL ™ i)o)"] < const 27* 3 = 1)} (T_l) < _1> (a+q -2,
- —1 ‘
Var[(Dvj.q, —DL ™ 'vj.4) 6] < const 27%¢° E (r—1)1° <q 1> (2¢ — 2r)\.
r—
r=1

Proof. Since Hy(B3;(x)) is in the g-th order Wiener chaos, from (2.5), we obtain

Vijig = /52 dx /52)q H @ (@, y:) )W (do(y:)) = /(32)q 9a.5 (W1, - - ya)W(do(yr)) - - W(do(yq))

= 14(9q,j (Y1, - ,yq)),
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where

PRICERAESY 8 | CXCAMEE

and, from formula (2.3),

q' i z = 1 z oY1 g 1
G ta1Gaalyns - Ya-1,2)) Q/(S2)q_1gq,](yla--qu—lv W (do(y1)) - - W(do(yg-1))-

Dvj.q =
Applying the definition of the pseudo-inverse of L, we obtain
(Dvj,q,—DL™ 1/] aNe = (Dllqu,Dyj Q)6
= q<Iq—1(gq,j(y1, o Ya-1,2)) Ly —1(gr (W, Y1, 2))) 0
=4 [ Ter(Gs e v Do 1,2 ()
and by the multiplication formula (2.6)

(Dvjsq, *DLil’/j;q’ﬁﬁ

qng’ -1 /
qg—1\(qg -1 -
¢ T!< , >< , >/2Iq+q/—2—2r(9q,j(y17-~7yq1,Z)®T9q/,j(y1w~-7yq'—1,z))d0(2)
S

r=0

qAq’ -1

qg—1 qg —1 -
=q Z T"( ) < >Iq+q’22r(gqvj(y1a"'7yq)®7”+1gq'7j(y17"-ayq’))

qng’ ’
g—1\(q -1 -
=gy (r—1)! (T B 1) (T B 1>Iq+q'2r(gq,j(y1, s Ya)®rgq (W Yg)-

(From the isometry property (2.4) we have

E[({(Dvj;q, _DLile;q’>fJ)2}

and’ 2/ 2
qg—1 qg —1 -
:q2 § (T_l)!Q (T—1> <7‘—1> (Q+q/_zr)!||gq,j(y17'-'7yQ)®qu',j(y17'"7yq/)H,2r)®q+q’—2r
r=1

qng’ 27 2
2 2fq—1 qg-—1 2

<¢* ) (r-1)! <1> <1> (a4 = 20) 190 (1, 9)®r 9 5 (W1, U)o ar-
r=1

Applying Lemma 6.2.1 in [27], we write

Var[(Dvj.q, —DL™ v 4)5]

q-1 4
qg—1
<gy (r—1? < 1) (24 = 201190, (Y15 - -+ Ya)Rq—rGa,s (W15 - -, Ya) | [oar-
r=1 r-
We determine now the explicit form for the contractions:
9a.5 (W1, - Ya)®rgq 5 (Y1, - - Ygr)

:/2 9a,i (Y1, - Yg—r b1y te)Ggr i (Ygart1s - o3 Ygrq/ =205 b1, - Er)do (B1) ... do ()
S ™

/sz)r /521_[9 (@1 ym) H ({z1,t:))do (21)]

q+q’ —2r

X[/s2 7]__[+1~ (22, Ym) U (2, t:))do(22)]do(ty) . . . do(t,)
_aq+d a-r a+q —2r

=B, Z do(z1)do(xz2 O;((x1,yn O;((z2,Ym
i TLoswm) T estenum)

m=q—r+1

X /(Sg),,. il:[lG)j(<x1,ti>)®j(<x2,ti>)d0(t1)...da(tr)
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q+q’ —2r

= B;% /<S2)2 dU(l’l)dO’(mz) H @j(<$1,yn>) H @j(<x27ym>)P;(<$l7$2>)7

n=1 m=q—r+1

for ©; and p; as in (3.3) and (3.4). It follows that

2
||947j(y15 R yq)®r9q’,j (yla R yq’)||3§®q+q’*27'

q—r
SEZLLN N O R O]y R § CHCRCHIEAY
(S2)ata’—2r (S2)4

q+q’ —2r -
< JI €@z, ym))O; (@a, ym))pf (1, 22)) 05 (3, a) Yo (1) - - - do(w4)]
m=qg—r+1

=B, [ el () (o) (s, )do(an) - doas).
(s2)4
Since p;((z,y)) < B; and from (3.2)

(e )do(e) < | (M Cdo(w) < BYKY2Y,
52 s2 \ (1 +27d(z,y))

we have
90,5 (W15 - ¥a)@rGar (W1 -, Yo )| 3 @asar—2r
=B; """ B; /( oy Pl (@ i) (@, 22))do(@) - doas)
< const Z_Gj,
and analogously
94,5 (W15 - - Ya)Rq—rGa,i (Y1, - - Yo)|[o2r
=By /(S2)4 P (w1, 23))p] " ((w2, 4)) P ((%1, 2)) P (23, T4) )do (1) - - - dor(4)

< const 2764,

Proof of Theorem 9. Let us introduce the following notation:

Ja(2)
|

_ Var[éj,N(z)] N 2
p ] Ny ~ N (0,0%) .

. 2 _ Y lm, N
Visa: N Var[27®;(z)]’

~ . N
n(z)=2")
We have that
®,(2) ®,(2) P, n(2)
dw | —==,N | < dw ) -
( Var[®; ()] ) (x/Var[‘Pj(ZH \/Var[2“1>j(Z)]>
@~ (2)

+ dw (\WW,NN> +dw (Nn,N).

e For the first term we apply the properties of the Wasserstein distance to get:

dW( () dw(e) )
VVar[®;(2)] /Var[2/®;(2)]

<{s

,; J G Jq(2) o Ndo(a 2
 /Var[27®;(2)] {E [2 /32 q:;ﬂ q Hy(B5(x))do( )] } .

1/2

Qi) PN ()
VVar[®;(2)]  /Var[21®;(2)]




and since 2/®,;(z) — ®; n(z) belongs to the Hilbert space of Gaussian subordinated random
variables, with continuous inner product (X,Y’) := E[XY], we have

- o 1/2
,(2) )N (2) 1 Tz (2) 2jrr 2
dW ) - S : 2 EVJ?Q .
<\/Var[<1>j(z)] \/Varp@j(z)}) \/Var[QJ'i‘j(z)]{ Z (g)? [ ]}

g=N+1

22
Since for any finite z, as ¢ — 0o, the asymptotic formula e™ % Hy(z) < const q% e~ % holds (see
e.g. [11] formula (4.14.9)), by applying the Stirling’s approximation to the factorial (¢ — 1)!
we have (see [38]),

W) _ o 6(2)
q! q! [e” T H, 1(2)]° < const T

(From this we obtain the first bound, in fact form Theorem 1, we have

& oo . 1/2
®;(2) D; n(2) cons ;ﬁ 2
dW <\/Var[‘1’j(z)]7 \/Var[2j<1>j(z)]) < const {q_%:ﬂ Wi=-14d E[ a,q}}

1
< const N 4.

e To bound the second term, we apply now Proposition 2.2 and we get

&, (2)
dw | ——===—=——x,Nn
<\/Var[2j¢'j(z)] )
V2 ! E[|Var[§>-N(z)] — (D, ~N(2) —DL ', N(2))s]]-
= O'N\/E Var[ZJ'@](z)] Js Js ’ Js 2]

Since, in view of (2.2), we have

Var[®; v (2)] = a(2) Jo 2%7 Cov

q' q'

M=
Q

[Visas Visg']
’

2

Q

Ja(2) Ja 52i 50’ 5 NA a
# 7! 270, q!LZst{E[ﬁj(w)ﬂj(y)]} do(x)do(y)

/=2

(2)
DE

Q

=

I
M= 1M+ 1M
M=

2 Var (v,

<
I
[v]
—
(=

we write

@5 (2)
dW 7’-/\[1\7
<\/Var[2j¢'j(z)} >

V22 s Tl@g Tue) vy, 0 S TG by, )

~ on/m Var[29®;(z)] ot q! q = q'
V22 (RT7() ‘ . -
S on /7 Var[2i®, ()] (1:22 (q)2 E[|Var([vjiq] — (Dvjiq, =DL™ vjiq) 5]
V2 27 8 Ja(2) ~ Tu(2) _ 1
UNﬁ Var[2j<1>j(z)] g q' qg(;/ q/! EH(DVJ;W -DL Vj§ql>ﬁ|]‘

By Theorem 2.9.1 in [27] and by Cauchy-Schwartz inequality, we have

. <<I>N<> NN)
Var[27®;(z)]
V2 2% N J7(2)
= ony/m Var[27®;(z)] 2 (g")?

{Var[(Dvjsq, _DLil’/j;q>ﬁ]}l/2

q=2
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%ff Var[29<1> 1qzjq.z ; T EI(Ds, ~DL vy IF

Finally, in view of Lemma 6.1, we write
oy
dw _ %in() NN
Var[27®;(2)]’

, _ 4
V2 22 Y J2(2) |2 g—1
< e — 2!
< const JNf Var[?ﬂ‘i' 22 (ql 2 q Z(T’ 1) r—1 (2(1 2’!’)

r=1

+Z Z;ﬁzw Z(r—w(ﬁj) (i’:f) (a-+q —2r)!

a#q’ r=1

We now bound the two sums by reproducing in our case calculations analog to those performed
in [38]:

qng

Z(r—l)!2(3_1> <‘fﬁ_11> (g+q —2r)!
=(qg—1!¢" —1)! ; (3 _ i) (i_f) (q +qu; 2T>

ang’ g—1 q¢—1 ,
< (qg—D!(q = 1) B I P
<(¢—1D!q )Z(T_1>(T_1>

r=1

=(q— 1)!(q' — 1)'2!1+q’72 quz:— (q - 1) < 1)2 2r

q/\q —1 . 1 qng’ —1 -1
< (g—1D)(q —1)1277 2 q 27 q 2"
0

r=

< (g- D¢ — 1)120t7 2 [q 1 <q1> ] S (q 1)2‘

= (¢— D¢ - 12 21+ 1/2 1 +1/2)7 7 = (g - D¢~ DB (6.1)
and likewise
>r-r (i - i) (2q — 2r)! < [(g — 1)!]?8%72, (6.2)

Since for any finite z, as ¢ — oo, we have

Tulz) _ o (2) _ oG

g g Val\/alg — 1)

from (6.1) and (6.2), we obtain

z ALY qg—1 ’ qg -1 ’
q (7“1)!2<T_1> (T_1> (g+q —2r)!
r=1
(

- q\/(q = DNg — 1)13a+a’=2

’

M=
ol
Tl
iNg
<

IA
M=
K
|
X
™
Q

q=2 qa#q’
N gazl N gdd
< const < const 3N,
&
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and

N 720, q—1 A\
ijlg)q Z(r—l)p(g_i) (2 — 2r)!

N N
Jq (2 - 39!
< E a ( )q(q —1)1397" < const E
=2

1

Since 0% > 1 — const N~ 2, it follows that the second term, as N — oo is at most equal to

dur ®;n(2) N < const ﬁ
Var[29®;(z)] 1_N-3 2

e For the third term, by Proposition 3.6.1 in [27],

~ 0 T2(z) 22E[7 )
Var[‘l’j,N(Z)}’_ 2| XN T

w (W, N \f . :
) Var[®; n(2)] Var[27®;(z)] ™ Zoo ‘7(12(2)%

Var[29 & (2)] =2 4 a!

< const Nﬁf.

Summing up the three bounds, choosing the speed N = log(27)/2 and observing that the

. .1 .
dominant term is N~ %, we arrive at the statement. O

Remark 6.1. To obtain a bound on the Kolmogorov distance, it is enough to recall the standard
inequality

droi(F,N) < 2¢/dw (F,N).
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