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Abstract We investigate the size of the regular set for suitable weak solutions of the
Navier—Stokes equation, in the sense of Caffarelli-Kohn—Nirenberg [2]. We consider
initial data in weighted Lebesgue spaces with mixed radial-angular integrability, and
we prove that the regular set increases if the data have higher angular integrability,
invading the whole half space {¢ > 0} in an appropriate limit. In particular, we obtain
that if the L? norm with weight |x| 2 of the data tends to 0, the regular set invades

{t > 0}; this result improves Theorem D of [2].
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1 Introduction and main results

We consider the Cauchy problem for the Navier—Stokes equation on [0, ) x R?
du+ wu-Viu—Au = —VP
Viu=0 (1.1)
u(0,x) = up(x).

describing a viscous incompressible fluid in the absence of external forces, where
as usual u is the velocity field of the fluid and P the pressure, and the initial data
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satisfy the compatibility condition V - ug = 0. We use the same notation for the norm
of scalar, vector or tensor quantities:

1Pl = (T P20E,  ul =SB 1Vl = X9 2 (1)
and we write simply L?(R?) instead of [L?(R?)]3, or ./(R?) instead of [.#/(R3)]3
and so on. Regularity of the global weak solutions constructed in [17], [21] is a noto-
rious open problem, although many partial results exist.

The case of small data is well understood. In the proofs of well posedeness for
small data, the equation is regarded as a linear heat equation perturbed by a small

nonlinear term (- V)u, and the natural approach is a fixed point argument around the
heat propagator. More precisely, one rewrites the problem in integral form

u=euy— [§e"APY - (u@u)(s) ds in [0,00) x R3 (1.3)
where P is the Leray projection
Pf:=f—VA(V-f), (1.4)

namely the projection onto the subspace of the L? divergence free vector fields, and
then the Picard iteration scheme is defined by

up = eup, Uy = ePug— [ APV - (1, Quy_1)(s) ds. (1.5)

Once the velocity is known the pressure can be recovered at each time via the rep-
resentation formula P = —A~!'V® V(«® u). Small data results fit in the following
abstract framework.

Proposition 1.1 ([20]) Let X C (yco L2L?,. .((0,5) x R})! be a Banach space such
that the bilinear form '

B(u,v) := [ e APV - (u®v)(s) ds (1.6)
is bounded from X x X to X :
[1B(u,v)|lx < Cxlullx[[v]lx-
Moreover, let Xy C ' (R3) be a normed space such that ¢ : Xo — X is bounded:
e fllx < Axo x £ l1x-

Then for every data ug such that ||ug||x, < 1/4CxAx, x the sequence u, is Cauchy in
X and converges to a solution u of the integral equation (1.3). The solution satisfies

lJullx < 2Ax, x ||uol|x,-

! The space Lz,m, consists of the functions that are uniformly locally square-integrable (see [20] Defini-

tion 11.3). The operator (1.6) is well-defined on ;<o L2LZ . ((0,8) X R?) x N0 2L, - ((0,5) x R?).
We refer to [20], Chapter 11, for more details.
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The space X is usually called an admissible (path) space, while Xj is called an
adapted space. Many adapted spaces X, have been studied: L3 [18], Morrey spaces
[16], [33], Besov spaces [4], [14], [24] and several others. The largest space in which
Picard iteration has been proved to converge is BMO~! [19].

A crucial ingredient in the theory is symmetry invariance. The natural symmetry
of the Navier—Stokes equation is the translation-scaling

uo(x) — Aug(A(x —xo)), A eRT :=(0,00), xp R,

and indeed all the spaces Xy mentioned above are invariant for this transformations.
On the other hand, in results of local regularity a role may be played by some spaces
which are scaling but not translation invariant, like the weighted L? spaces with norm

_3
Il 7 ) e

When p = 2 this is the weighted L? space with norm H|x|_%u(x)|| 12, used in the
classical regularity results of [2]. We recall a key definition from that paper.

Definition 1.2 A point (f9,x9) € RT x R? is regular for a solution u(t,x) of (1.1) if u
is essentially bounded on a neighborhood of (#,x). It follows that u is smooth in the
space variables near (fo,xo) (see for instance [28]). A subset of R™ x R3 is regular if
all its points are regular.

The following result (Theorem D in [2]) applies to the special class of suitable
weak solutions, see the beginning of Section 2 for the precise definition. The weak
solutions constructed in [21] are actually suitable. We use the notation

2
Ha::{(f7x)€R+XR33t>|):x|} (1.7

to denote the region above the paraboloid of aperture ¢ (in the upper half space ¢ > 0).
Note that Iy is increasing in .

Theorem 1.3 (Caffarelli-Kohn-Nirenberg) There exists a constant € > 0 such
that the following holds. Let u be a suitable weak solution of Problem 1.1 with di-
vergence free initial data uy € L>(R3). If

|~ 2uo][7> g3y = € < €0 (1.8)
then the set
_ [x[*
gy =49 (t,x) 1 t> P (1.9)

is regular for u.

The theorem states that if the weighted L? norm of the data is sufficiently small,
then the solution is smooth above a certain paraboloid with vertex at the origin. If the
size of the data tends to 0, the regular set increases and invades a limit set Ilg;, which
is strictly contained in the half space r > 0.
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It is reasonable to expect that the regular set actually invades the whole upper half
space t > 0 when the size of the data tends to 0. This is indeed a special case of our
main result, see Theorem 1.5 below and in particular Corollary 1.6.

However our main goal is a more general investigation of the influence on the reg-
ular set of additional angular integrability of the data. We measure angular regularity
using the following mixed norms:

oo L
U 2 P e Y.
5= () 00 Mipeyp®d0) " 11, = s0p o s

(1.10)
The idea of separating radial and angular regularity is not new; it proved useful es-
pecially in the context of Strichartz estimates and dispersive equations (see [5], [8],

[13], [23], [26] [34]). The L‘p‘LI7 scale includes the usual L” norms when p = p:

1,15 = s i

Note also that for radial functions the value of p is irrelevant, in the sense that?

uradial = ||”HL"’,‘L’32||”HL”(R3) Vp,p € [1,0] (1.12)

while for generic functions we have only

el gy < Vol g gy 0 P (1.13)

With respect to scaling, the mixed radial-angular norm LIP |L” behaves like L” and in
particular we have for all p € [1,e0] and all A > 0

. 3
Il Auo (Ax) | LprHX\”‘uo( )HLPLg» provided o =1--". (1149

As afirst apphcatlon we show that for initial data with small |||x|%uo|| L,, norm and

L”
p>2p/(p—1), the problem has a global smooth solution. As we prove 1n Section 2,

this norm controls the By o LB/ horm (for g large enough), and this space is embedded

in BMO™!, thus the ex1stence part in Theorem 1.4 could be immediately deduced
from the more general results in [4], [19], [24]. However, we are especially interested
in the quantitative estimate (1.18), which will be a crucial tool for the proof of our
main Theorem 1.5, so we prefer to give a more direct proof of Theorem 1.4 in Section
3.

Theorem 1.4 Let 1 <p <5 p>2p/(p—1), « =1-3/pand let uy € L’
be divergence free. Moreover, let

|x|*Pd IXI

o <g<oo ifl<p<2

p—
p{" _q<3" if2<p<3 (1.15)
p<q< if3<p<5

2 As usual we write A < B if there is a constant C independent of A, B such that A < CB and A ~ B if
A<Band B<A.
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and
2 3

Sii=l (1.16)
roq
There exists an € = E(p, p,q) > 0 such that, if

Il *uoll p 5 <&, (1.17)

L
Then Problem 1.3 has a unique global smooth solution u satisfying’

el 19 < Clllx*uoll (1.18)

Ll
for some constant C = C(p, p,q) independent of ug.
In the following we shall need only the special case corresponding to the choice
p=2, p=4, qg=4. (1.19)
Thus, using the notations
€ :=£&(2,4,4), Cy:=C(2,4,4), (1.20)
we see in particular that for all divergence free initial data with
I~ 2o,z 15 < & (121)
there exists a unique global smooth solution u, which satisfies the estimate
lellzges < Cullbxd™ oz 13- (1.22)
To prepare for our last result, we introduce the notations
0(p) = )P4, 6y(p) = (3P, pe(2,4). (1.23)

It is easy to check that

lim 6; =0, lim 6, =1, (1.24)
p—2+ p—4—
lim 6, =1, lim 6, =0. (1.25)
p—2t p—4~

Thus we may set 6;(2) =0, 6,(2) = 1. We also define the norm

2B L0k
(o] == [[|[x[ " Puol| % g|||x| vuoHLg : (1.26)
X

Note the following facts:

3 Here and in the following we use the notation || f|lxyz := |||l fllz|l¥ |x for nested norms. When we
write ||u|| 1779 We mean that the integration is extended to all x € R’ and 7 > 0.
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1. Ttis easy to construct initial data such that [u] is arbitrarily small while ||uo|| gy;0-1
is arbitrarily large. Indeed, fix ¢ € C2°(R3) and denote with ¢x (x) := ¢ (x — KE)
its translate in the direction £ for some |£| = 1 and K > 1; we have obviously

=

1 —
11Xl 7kl p ~ K (1.27)

since the LY norm is translation invariant. On the other hand, if the support of ¢
is contained in a sphere B(0,R), we have

. p oo 3 1 -
Il ™7 9k, = Jo™ (2 [0(8p — KE)|PdSe) 2 pdp < [EF K pdp =1
0
(1.28)

I+l

and we obtain 1

oclp s (DK 0 E =k,

=

(1.29)
Thus, by the translation invariance of BMO~!, we conclude that if p € [2,4)
[0k]5 — 0 while |¢g||gpo-1 = const as K — oco. (1.30)
2. In the limit cases p =2 and p = 4 we have simply

k> = Il ™ uollzz, [uola = 161~ uoll 2, s (1.31)

and actually the [ - ] norm arises as an interpolation norm between the two cases
(see (4.2), (4.3) and (4.7) below).

We can now state our main result, which interpolates between Theorems 1.3 and
1.4:

Theorem 1.5 There exists a constant & > 0 such that the following holds. Let u be a
suitable weak solution of Problem 1.1 with divergence free initial data uy € L*(R?),
andlet p € [2,4) and M > 1.

If the norm [uo|; of the initial data satisfies

0 - [l/to]'p‘ <9, 0, - [u()]i; < 56_4M2 (1.32)
then the set
Iys =< (¢ )-t>ﬁ (1.33)
MS — s X)L M5 .

is regular for u.

The result can be interpreted as follows. Since 6,(p) — 0 as p — 4, we can choose
P = pu as a function of M in such a way that

M0y () — 0 as M — oo, (1.34)

Then, since 6;(p) — 1 as p — 4, from the theorem it follows that, for all sufficiently
large M,
[uol5,, <0 = Ilys is aregular set for u. (1.35)
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In other words, if we take M — +oo and the norm [ug]j,, is less than &, then the
regular set invades the whole half space ¢ > 0. Note that, as remarked above, the
[uo]5,, norm can be small even if the BM O~! norm of uy is large.

Even in the special case p = 2, which is covered by Theorem D of [2], the result
gives some new information on the regular set. Indeed, for p = 2 we have 6; =0,
6, = 1, and we obtain:

Corollary 1.6 There exists a constant & > 0 such that for any suitable weak solution
u of Problem 1.1 with divergence free initial data ug € L*(R?), and for every M > 1,
if the initial data satisfy

- a2
%71 2uo | 2 ges) < 8™ (1.36)
then the set I1ys is regular for u.

Thus, taking M — 4o, we see that if the weighted L? norm of the data is suf-
ficiently small, then the regular set invades the whole half space ¢ > 0, as claimed
above.

The rest of the paper is organized as follows. In Section 2 we collect the necessary
tools, in particular we recall the fundamental Caffarelli-Kohn—Nirenberg regularity
criterion from [2]; in Section 3 we prove Theorem 1.4; Section 4 is devoted to the
proof of Theorem 1.5.

2 Preliminaries

‘We recall some definitions from [2].

Definition 2.1 Let uy € L*(R?). The couple (u,P) is a suitable weak solution of
Problem 1.1 if*

1. (u,P) satisfies (1.1) in the sense of distributions;
2. u(t) — up weakly in L? as t — 0;
3. for some constants Ey, E;

/3 ul(t) dx < Eo,
R.

forall + > 0 and

// Vul® didx < Ey;
Rt xR3
4. for all non negative ¢ € C°([0,00) x R*) and for all t > 0
t
Lo +2 [ [ vulo @1
R3 0 JR3
t t
< [ woPo@+ [ [ 1Pe+a)+ [ [ (P +2p)u-vo.
R3 0 JR3 0 JR3

4 This definition of suitable weak solutions is appropriate to work with the initial datum uo. For more
details compare the Sections 2 and 7 of [2].
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Suitable weak solutions are known to exist for all L? initial data, see [27] or the
Appendix in [2]. Such solutions are also L2-weakly continuous as functions of time
(see [35], pp. 281-282), namely

/3 u(t,x)w(x) dx — / \ u(t',x)w(x) dx (2.2)
R IR

for all w € L2(R3) as t — ¢/ (t,¢' € [0,+0)); thus it makes sense to impose the initial
condition (2).
Next we define the parabolic cylinder of radius r and top point (¢,x) as

Ot x):={(s,y): x—y|<r, t—1r* <s<t} (2.3)
while the shifted parabolic cylinder is
O (t,x) == Q,(t+7%/8,x) = {(s,y): [x=y] < =7 /8 <5< t+r2/8} 2.4
The crucial regularity result in [2] ensures that:

Lemma 2.2 There exists an absolute constant €* such that if (u, P) is a suitable weak
solution of (1.1) and
1
1imsupf// Vul? <&, 2.5)
r F(1x)

r—0

then (t,x) is a regular point.

We shall make frequent use of the following interpolation inequality from [1] (see
also [9], [10] for extensions of the inequality):

Lemma 2.3 Assume that

1. r>00<a<l,y<3/rha<3/2 B<3/2

2. —y+3/r=a(—a+1/2)+(1—a)(—B +3/2);

3oao+(1—-a)f <7

4. when —y+3/r=—a+1/2, assume also that y < a(o.+ 1) + (1 —a)B.
Then

1

ol ey < CllogVallga s llofh ull 2 ks 2.6)

where oy == (1 +[x|*)~"/2%, n > 0, with a constant C independent of 1.

A key role in the following will be played by time-decay estimates for convolu-
tions with the heat and Oseen kernels. It is convenient to introduce the notation

2 2
Ala,p,p)=a+——=. .7
p P
Proposition 2.4 ([22]) Let 1 <p<g<o, 1 <p<g<ooand
ﬁ>_3/q7 (X<3—3/p, A(avpvi;) ZA(Bvqaa) (28)

For every (possibly zero) multi-index UL,
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lf\,u|—|-%—g+a—ﬁ >0, then
1
Byu A G — P = :
[[|x[” 0¥ e uO”L“i‘L" ~ ul+ 73+a7ﬁ)/2”|x| MOHL“;LP’ t>0; (2.9)
2, if1+|u|+%—g+a—ﬁ>o, then
1
B tA o
[[|x[”H e PV - FHLq Lq S (a2 . B/ZH‘X‘ FHLPLP7 t>0. (2.10)
An easy consequence of Proposition 2.4 is the embedding
143 . ~
3 if a:1*3/p, PZZP/(P* ) qzmaX(PalA’)v

Ligarary
< BMO™! for ¢ > 3. Indeed, using estimate (2.9)

L b, < Bk
which is not needed in the following, but allows to compare Theorem 1.4 with earlier
—143/q . .

@2.11)

results; recall also that B
(=3/0)/2||x| ¢HLp i

we can write
3 3 )/2
e 9l () < Cr=CIP=3/a+ 02 | g chLpr:C

and then the embedding follows immediately from the following ‘caloric’ definition

13/0)/2 for 0<t<1.

only if
A
€2 Ol a(rsy < Ct
The best constant C in (2.12) is equivalent to the norm [[¢ ]| 113/, ®)
oo
We conclude this section with an estimate for singular integrals in mixed radial-

of Besov spaces; see e.g. [19]
Definition 2.5 A distribution ¢ € .%"(R3) belongs to By ' ?(R%) (¢ > 3) if and
(2.12)

angular norms. Let K € C!(S?) with zero mean value and
K©) ~_ Y
Tf(x):=PV | flx—=y)5—5dy, y=7
R? v [y

Theorem 2.6 Let 1 < p < oo, 1 < p < oo, Then
||Tf||LP LP ~ ||f||LI’ Ll" (213)
The inequality (2.13) has been recently proved by A. Cérdoba in the case p =2
([6], Theorem 2.1); essentially the same argument gives also the other cases.
Proof Consider first the case p > p. Let 1 /¢+ p/p = 1 and denote by X the set of all

g € .7 (R) with [;"" g4(p)p>dp = 1. Then we can write

1T

751, 15 = (4 U T 00O dSe)” p dp)
= sg}gﬁf‘” Je2 |Tf(p,0)Pg(p)p? dSedp
8

= sup [ps [T f(x)|Pg(|x])
ex
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Write I(f,g) := [g3 |Tf(x)|”g(|x|)dx. By Proposition 1 in [7] we have

1(£,8) S Jea lf I (Mg*(x))* dlx, 2.14)

for all 1 < s < oo, where M is the Hardy-Littlewood maximal operator and g*(x) =
(g(]x]))*. Since Mg* is radially symmetric, this can be written

1(£,8) Ss Jo™ Js2 | £ (P, 0) P (Mg*(p))+ p2dSodp. (2.15)

Now, for s < g = pLﬁ Holder’s inequality with exponents p/p, g gives

17.0) S (i U 0. 0)7dS0) 07 dp) (g (0))* pdp)”

1/s /s
< ||fHL‘1;‘LpH g ||Lq/f R3 < ||f||Lp Lpllg ||Lq/€ R3
1
A1y 6 o) ap) = 111

[x|™0

and taking the supremum over all g € X we get the claim in the case p > p. The case
p = pis classical, and the case p < p follows by duality.

Using the continuity of 7 in weighted Lebesgue spaces (see Stein [31])
IXPT fllipmey S MNP Fllpesy for T<p<eo, —2<B<3-2  (216)

we can also obtain weighted versions of (2.13). In particular, by interpolation be-
tween (2.13) in the case (a, po, po) = (0,2,10) and (2.16) in the case (¢, p1,p1) =
(—4/3,2,2), with interpolation parameter 8 = 3/8 (= (g, po,po) = (—1/2,2,4)),
we get

H|x|71/2Tf||leleg S |||x|71/2f||L‘2x‘Lg- (2.17)

Remark 2.7 We denote with R; the Riesz transform in the direction of the j-th coordi-
nate and R := (Ry,R2,R3). By (2.16, 2.17) the boundedness of R; in L*(R3, |x| ~'dx)

and L‘2 |L4 (R3, |x|~'dx) follows, and so that of P = Id + R® R; see (1.4).

3 Proof of Theorem 1.4

We first need two technical lemmas. By standard machinery, integral estimates for
the heat flow and for the bilinear operator appearing in the Duhamel representation
(1.3) can be deduced by the time-decay estimates of Proposition 2.4.

Lemma 3.1 ([22]) Let f > —3/q, 0 <3-3/p, 1 <p<g<oo, 1 <r<ooandla
(possibly zero) multi-index such that

1<p<g<eo if (jul+a—=B)p+1<0,

1<p<q<y if (lul+oa—=p)p+1=0.

3p 3.1
[ul+a—B)p+1
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Assume further that

ul+o+3/p=B+3/q+2/r,  Ale,p,p) = A(B,4:9). (3.2

Then

Il ot e uo| I}l ol (3.3)

< _

rrd 74 ~ pgp-
LiLh Ly Lf, Ly
Remark 3.2 Once we have assumed the scaling relation in (3.2), it is straightforward
to check that the assumption (3.1) is equivalent to p < r.

Proof The family of estimates (3.3) follows by the family of estimates (2.9) and
by the Marcinkiewickz interpolation theorem. The condition p < r, which as re-
marked above turns out to be equivalent to (3.1), is necessary in order to apply the
Marcinkiewickz theorem (see Proposition 3.4 in [22] for details).

Lemma 3.3 Let3 < g < oo, 2 < r < oosatisfying 2/r+3/q= 1. Then

1
H/ APV . (u@v)(s) ds
0

L1 S Meell o IVl - (34

The inequality (3.4) is well known, see for instance Theorem 3.1(i) in [12]. The
L/L{ Lebesgue spaces have been extensively used in the context of Navier-Stokes
equation since [12], [15].

Using the previous estimates, it is a simple matter to prove Theorem 1.4. We
follow the scheme of the proof of Theorem 20.1(B) in [20] and we take advantage of
the inequalities (2.9, 3.3).

Proof (Proof of Theorem 1.4)
Let pg :=2p/(p—1). We show that the space

X i={u o lull g < oo, supt 2 uliz (1) < +eo}, (33)
t>0
equipped with the norm || - [|x := || - || 79 + sup,~o?'/?|| ||z (), is an admissible path
space with adapted space Xj := Lf; jap d|x\LgG‘

The estimate ||e"4 f||x < ||f||x, follows indeed by the inequalities (2.9, 3.3); it is
straightforward to check that (3.1) and p, pg < g are equivalent’ to (1.15) and that the
last assumption in (3.2) and in (2.8) is satisfied because A (o, p, pg) = A(0,q,9) =
A(0,00,00) = 0. Notice also that the set of ¢ for which the third inequality in (1.15) is
satisfied is not empty provided p < 5. It remains to show that

[1B(u,v)llx < Hullx[vlx-
The bound [|B(u,v)|| ;19 < llull e lIv]l 719 follows by Lemma 3.3. In order too esti-

mate sup,- ot'/2||B(u,v)||z=(t), we split this quantity as

supt'/2||B(u,v) || () < T+1T (3.6)
t>0

5 Except that the value g = p is not allowed in (1.15).
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where
I = sup,>0t1/2 || fé/z =9)Apy . (u@v)(s) dS||Lw 3.7)

11 = sup,- 1" e tIAPY - (u@v)(s) ds| 1= (3.8)

and we use Minkowski inequality and the time-decay estimate (2.10). For I we have

t/2 1
1 5 Suptl/Z/O (Z‘—S)<1+3/(q/2))/2 ”uHLZ”VHL)‘?(S) ds

t>0

< —3/4 2
supt /4 [ g Il 5(s) s

t>0

1-2
< supt ™y ¥l ([ 200721) )
>0

-3/q-2
S ol g IV g0+

= llullgyrglVllzyee

while for 11 we have

II < suptl/z/
>0

(r— )1/2 5 ( 1/2||M||L;-;(s)) (s1/2||v||L;°(s)) ds
< (supr i) (s 2l g [
< (supr e (s s ) g -]

(

< (supr" 2l ) suptl/znan;).
t>0

t

Summing up we obtain

1B, v)llx < leell g IVl gz + (suprsotullzs ) (supsor'/?[Ivlles ) < leellx[1v]x-

(3.9)
The existence of a unique solution u to Problem 1.3 satisfying
g+ supe 2z (6) 5 1 “woll g (3.10)
t>0 0
follows by Proposition 1.1 and by the obvious inequality
IIIXI“uoHLp 176 S IIIXI“uoHLp i (3.1D)

Finally, inequality (3.10) implies the boundedness of the solution u in (8, 4o0) X
RR? for all § > 0, and this implies smoothness of u (see Theorem 3.4 in [12] or [11],
[15], [28], [30], [32], [36]).

We denote with BC(]0, ); L?) the Banach space of bounded continuous functions
u:[0,00) — L? equipped with the norm sup, o [|u(t)|| 2.
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Corollary 3.4 Assume ug € L*(R?) and that all the hypotheses of Theorem 1.4 are
satisfied. Then the solution u belongs to BC([0,00);L2) N L?H). In particular u is a
strong solution of (1.1), u(t) — uo strongly in L*(R?) as t — 0, and the energy identity
w(e)72 42 Jo [1VulZ, = luolI7, holds for all t > 0.

Proof Let X, Xy be the same admissible and adapted spaces used in the proof of
Theorem 1.4. We shall show that the space X NBC([0,0);L2) N L?H] equipped with
the norm || - |lx + [ =2 + || - [l 2 is an admissible path space with adapted space
Xo N L; equipped with the norm || - ||x, + 1| - [ -

The estimate ”etAfHXﬂBC([O,oo);L%) < Hf”x(')mL} again follows by (2.9, 3.3), while
the bound [[¢* f| ;251 < || fl 2. even if not covered by (3.3), is a well known property

of the heat kernel. Since we have already proved ||B(u,v)||x < ||ullx||v|
to show that

x, it suffices

[1B(u, ")||L;°L§mLt2Hxl S i|“||xm3c([o,oo);L§)mL,2H; ”V”XOBC([O,oo);L%)ﬂL,zHXI :

By the Minkowski and Holder inequalities and (2.10)
IBa)ll1z < sup / —1/2 (s 1/2\|u||L;o<s>) Ivla(s)ds  G12)
< (supt 2l () g sop [ =) 25712 s

Since [§(r —s)~'/2s71/2 ds < C with C independent of 7, (3.12) implies

2
1B sz 5 (0t ez ) Wliesz S Dolrmeqo.miad) IMxnmcomycs)
t>

(3.13)
Similarly, using Minkowski’s inequality, the L”>! boundedness of the Riesz trans-
form and (2.9)

VB S | [ Ww VIl s () ds|| L 314

)
L

where ¢ > 3. Then by Holder’s inequality and by the weak Young inequality for
convolutions

S| G g 90 ds

L

< | gl ern S [l 190153z

provided that 2/r +3/g = 1. These inequalities allow us to apply Proposition 1.1.
Thus if
lluollxy = lllx[*uoll p 5+ lluoll 2 <&, (3.15)
X6 "

with an & possibly smaller than in Theorem 1.4, then u € X N BC([0,00); L2)NL?H] .
On the other hand, rescaling the initial data and the solution as

up = Aup(Ax), u* =Au(A’,Ax), A >0; (3.16)
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we see that all norms remain fixed with the exception of [|uf || 2 [l | L [ 126]
A X

which goes to zero as A — +oo. Thus the (3.15) is satisfied by uf}, provided that
|Hx\°‘uo||Lp = p <&and A = A(p) is large enough. In this way we find that
|x|~6

[[|x[*uoll,» ,» < & implies that u* and hence u belongs to BC([0,0); L2) N L2H.
|x[ 6

In particular we have u(t) — ug strongly in L?>(R?) as t — 0. By this, and by
the smoothness of u, it follows that u is a strong solution of (1.1) which satisfies the
energy identity ||u(t)||i% +2[5 ||Vu|\i§ = HM()Hi%, t>0.

Remark 3.5 1t is straightforward to check that the solution constructed in Corollary
3.4 is unique in the class of the weak solutions satisfying the energy inequality. More
precisely, if u’ is another weak solution of (1.1) satisfying [|u’(1)[|7, +2 fo [ V¥/[I7, <
HMOHiz» t > 0, then the boundedness of |[u]|;,;¢ < e allows to apply the well known

Prodi—Serrin uniqueness criterion [25], [29] to conclude u = u'.

4 Proof of Theorem 1.5

We note that the statement of Theorem 1.5 is invariant with respect to the natural
scaling of the equation

uo(x) = ul (x) == Aup(Ax),  u(t,x) = u(t,x) := Au(A*t, Ax). (4.1)

Thus it is sufficient to prove the result for uf} (x), u* (t,x) instead of u(x), u(t,x), for
an appropriate choice of the parameter A. We choose A = A4 such that the following
two quantities are equal:

+o0 - 1 5 2 P

2 p_ —£ e
haop)i= ([ (e I77 pdp) =25 il Fuollfy,  42)
0

lxl o

14
2

oo 5 R ATt
B )= ([ (e l7, pdp) =25 Tullly 43
s ‘X
It obvious that such a A exists and one can easily calculate

L (A, u0, p) = I3 (A,u0, p) = [uo]; = €. (4.4)

In the rest of the proof we shall drop the index A and write simply uq := ug, u=ut.

We divide the proof into several steps. Note that in the course of the proof we
shall reserve the symbol Z > 1 to denote several universal constants, which do not
depend on ug,u and p € [2,4), and which may be different from line to line (and of
course the final meaning of Z will be the maximum of all such constants).
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4.1 Decomposition of the data
For s > 0 to be chosen, we write
up,<s(x) := up(x) if |up(x)| <, up,<s(x) :=0 elsewhere 4.5)
and we decompose the initial data as
1y = vy +wo, wo = Pug <, vo = P(up — o <) (4.6)

which is possible since uy = Puy. We also write ugp >, := up — up,<s. It is clear that
vo, wy are divergence free. Moreover one has

ST

— _r p/2 1 _
[l 2wl g < 28! 4( oo )77 p ) =25~ He
¥ (i

~ 4.7
s

P ) 1
Il 2voll s < 28" ([ fluop )17, p dp)z = 2s'"2e
0

for some universal constant Z > 1.
To prove (4.7), we use first the fact that the Leray projection IP is bounded on the

weighted spaces L?(R3, |x|~'dx) and lex‘L‘é (R3, |x|~'dx) (see Remark 2.7), then the
elementary inequalities

_ _r p/2 1
1l ™20 <z 04 < 55 (S lluo(p )17, p dp)?, *8)
d 0

P 5 1
Il = 2u0.25 12 < 55 ([ lluo(p )P, pdp)2, 4.9)
0

and finally property (4.4). Now we choose

2p—4
s=P~° (4.10)
4—p
and this gives, with 8; = 6;(p) and 6, = 6,(p) defined as above (see (1.23)),
|||x|*'/2wO|\L‘z‘L§ <z6ie,  |[]x|7" vl 2 < Z6se. (4.11)

Since the first norm in (4.11) is one of that we have considered in the well-
posedness Theorem 1.4, when Z6, € is small enough, we are allowed to look at the
(unique/smooth) solution w of the the Navier—Stokes equation with data wy. This so-
Iution has good regularity properties and satisfies the powerful space-time integral
estimate (1.22).

This suggests to decompose the weak solution # = w+ v, so that we reduce to in-
vestigate the regularity properties of v instead of that of . Looking again at the (4.11)
and recalling 6,(p) — 0 as p — 4, this decomposition turns out to be convenient
when p is close to 4, since, in this case, a substantially better smallness assumption
on the data vy is available.
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4.2 Decomposition of the weak solution

Consider the Cauchy problems

ow+(w-V)Iw+VP,—Aw =0

V-w=0
w(0) — wo 4.12)
P,=R®R (wew),
and
v+ -VIv+(v-V)Iw+ (w-V)v+ VP, —Av =0
Vov=0
+(0) = v (4.13)

P,=R®R (v®Vv)+2RQR (v@w).

Applying Theorem 1.4 (as in (1.21)) and Corollary 3.4, and recalling the first inequal-
ity in (4.11), we see that there exist two absolute constants €, C; such that Problem
1.1 has a unique global smooth solution w provided the data satisfy

70, < g, 4.14)
and in addition the solution w satisfies the estimate

IWlgse <Ci H|x|_1/2W0”L‘2X‘L‘é <CiZhie = |wljs, <CV(Z6ie) - Z6ie.
(4.15)
By possibly increasing Z by a factor bigger than both &, I and C?, this implies the
following: if € satisfies
Z61e<1 (4.16)

then Problem 4.12 has a unique global smooth solution w € BC([0,e0);L2) N L?H]
such that
Wil o < Z61e. 4.17)

As a consequence, the function v = u —w is a weak solution of the second Cauchy
Problem 4.13. Moreover, since u is a suitable weak solution, the function v inherits
similar properties (we shall say for short that v is a suitable weak solution of the
modified Problem 4.13).

4.3 A change of variables

Let & € R, T > 0 and consider the segment

L(T,§) :={(s,8s5) : s €(0,T)}.

We ask for which (T, &) the set L(T, &) is a regular set. To this purpose we introduce
the transformation

(t,y) = (t,x—&t), ve(t,y) = v(t,x), we (t,y) = w(t,x), (4.18)
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which takes (4.12) into the system

atW§ + ((Wg — é) -V)Wg —I—VPWé: —AW,): =0

V-W& =0
4.19
W& (O) =Wy ( )
PW‘: =R®R (W& ®W;’:),
and (4.13) into the system
8,v5 + ((v,: — é) . V)v§ + (V’g’ . V)W& + (W& . V)v§ +VPV§ 7AV5 =0
V. Vé =0
4.20
v€ (0) =0 ( )

Pvé —R®R (v§®v§)+2R®R (v5®w§).

Note that this change of coordinates maps L(7,&) in (0,T) x {0}. Now we fix an
arbitrary M > 1 and we define the set

s+T /M
so1.7.8) = {s€[0,7] / /R3|y|’1\Vv5(’c,y)\2d‘cdy>M} @21)

and the number 5 > 0

T\ T otherwise. '
From the definition of § one has immediately
5
/ . | Vve (T,y)]* dedy < M(M + 1) < 2M°. (4.23)
0 JR

We next distinguish two cases.

4.4 Firstcase: s=T

In this case the entire segment L(T, &) is a regular set. To prove this, we note first that

by (4.23)

Vi(

/ / V@D Joie < oo (4.24)
B —&t|

Suppose we can also prove that

v
/ / Yw@AP e < oo (4.25)
B —&t|

Then summing the two we obtain

|Vu
/ / d‘L’dx < oo, (4.26)
RS [x—&t] 5 \
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Now let 0 < s < T, and let r > 0 be so small that 0 < s —7r%/8 < s +r%>/8 < T and
|€]r < 1. For each (7,x) € Q% (s, &s) we have

k=&t < |x—&s|+|Ells— | < r+rPE[ < 2r 4.27)

which implies

Vau(
// |vurx\2drdx<2/ / Vu(© P g (4.28)
s—gr2 JR3 |x 5 |

By continuity of the integral function, we obtain that the regularity condition (2.5) is
satisfied at all (s, &s) € L(T, &), i.e. L(T, &) is a regular set as claimed.
It remains to prove (4.25). By (4.17, 4.11) we know that

Iwellsga = [Iwllse < 4oor [11xl™Pwoll 2y < +oo (4.29)
and that w, hence we, is a smooth solution. Thus we can write the energy inequality
Jos Olwe Pdx + 2 5 fr3 0| Vwe | < [gs ¢|wo|?dx (4.30)

+ Jo Jos we P (6 =& -V +A0) + g fos (Iwe > + 2Py, Jwe -V

where Py, =R®R (wg @wg) and ¢ € C>(R3) is any test function ¢ > 0. We choose

00) =0oqMx(Bh), o) :=Mm+pA T 1,6>0 (4.31)

where ¥ > 0 is a cut-off function supported in [—1, 1] and equal to 1 near 0 (compare
with the proof of Lemma 8.3 in [2]). Letting 6 — 0 and using the inequalities

IVop| < (n+y?) "' =0}, Aoy <0, (4.32)
we obtain
. t
[Jrs onlwel?] ) + 2 o Jrs o [Vwe [ <
< 1€ fo Jrs oqIwe [P+ Jo Jrs 07 (Iwe [P + 21 P |[we ])-

Our goal is to prove an integral inequality for the quantities

an@) = [ owe(t3)Pdy Ba) = [ [ onIVwe(e.n)Pavar. @.33)

To proceed, we use the weighted L? inequality for the Riesz transform ([3 1]), uniform
inn>0

loyRols <Zlloyols,  T<s<o, me(-2H3) @34
For the pressure term we have, using (2.6) and (4.34),
2 fos G%|PW§ [Iwe| =2 fgs O [we [[ROR (we @ we )| (4.35)

< |lonR@R (we @we) |l 55 llonwell s S llon we Pll /sl oqwe [l 5

7/4|| 12, /4

2
< [lwellgslionwe 2ys S llwellzsllog > Vwe I well, 2

7/8 1 8
= ||W,5H 4BTI/ an/

B
&+ Clhwells-an
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for some universal constant C. In a similar way,

Jes 03w < lwells loglwe Pll o = Iwellollomwe s (4.36)
1/2 7/4 1/2 1/4 B 8
< Iwellsllog Ve 175 oy *we 4" < =2+ Cllwe [ faay

and

1/2 1/2 ; B
€] Jis 02 Iwe 2 S 1E] - oy > Vwellp2 oy *we 2 = €] (Bnan)V/? < 7+ CIE Pay.
(4.37)
Plugging these inequalities in the energy estimate we get

an(t) +By(1) <an(0)+ [ (CIEP+3Cwels ) als) s, (@39)

and passing to the limit 7 — O we obtain, for some larger universal constant C (note
that [[we (s)[| 74 = [[w(s)]| 4 for all 5)

a(t) +B(t) < a(0) +C/(: (IE[>+ [[w(s,)|I34) a(s) ds, (4.39)
where
)= [ weenPas. B0 = [ [ b wg(e)Pasar. @ao

By a standard application of Gronwall’s inequality, we obtain a(t) < 4o for all > 0
which implies also B(#) < +oo for all # > 0 and thus the (4.25), as claimed.

4.5 Secondcase: 0 <5< T

Since vg is a suitable weak solution of Problem 4.20, the following modified energy
inequality is valid (see e.g. [3] for details): forall # > 0 and 0 < ¢ € C°([0,0) x R?),
we have

Jos 0(2.9) [ve (t,9)Pdy +2 [ [r3 0| Vve[? (4.41)
Jra 0(0,9)vo(y) Pdy + Jg fgs [ve > (¢ — & - Vo + Ag)

IN

+ o Jrs(velP 2P )ve - VO + [ Jrs [ve | (we - Vo)
+ 2o Jrs(ve - we)(ve - Vo) + 0 (ve - V)ve - we
which implies
Jes 0(1,3) e (t,)Pdy+2 fg fs 0 Vvel* < (4.42)

< Jrr 000 v Pdy+ fo Jrs [ve (9 =& Vo +A9)
+ JoJra(ve P 2P v - VO + g Jpa 3lve Plwe [V + 18[9 [ve [ Vve [|we]-
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By a standard approximation procedure (see the proof of Lemma 8.3 in [2]) the esti-
mate is valid for any test function of the form

¢(1,y) = yw(1)91(y) (4.43)
with ¢; € C2(R3), ¢; > 0, and
¥ : [0,00) — [0,00) absolutely continuous with € L'([0,)). (4.44)
We shall choose here
v()=1, g1 =0n(y)x(3]y]), (4.45)
where 7,0 > 0,
on () = (n+ %)%, (4.46)

and x : [0,0) — [0, 1] is a smooth nonincreasing function such that
x=1on[0,1],  x=0o0n[2,+c. (4.47)
Passing to the limit § — 0 in the energy inequality we obtain
[fia Onlve PTG + 2[5 Jis o Ve P < (4.48)
< Jo Juo [ve (=& -Voy +Aoy) + [ Jes (Ive P + 2R, Jve - Vo
+ 18 fg Jrs Onlvel[Vve llwe| +3 fo Js [ve Pwel [V oy .

Note that a similar argument is used in [2], one of the differences here being the
presence of the last two perturbative terms, which we control using (4.17). Recalling
(4.32), we deduce the estimate

[z Onlve P + 205 Juo 00l Vve > < IE]JG Jos onIve (4.49)
+ Jo Jrs 05 (Ve P +2|Po, [[ve | +3|velwe) + 180y [ve [[Vve[we .

We can now proceed as in the first case, using (4.49) to obtain a Gronwall type in-
equality for the quantities

anlt) = [ ot yPar By = [ [ o)IVre(e)Paar. @50)

We first estimate the term in P, ; recall that

5;
P,,é:R®R(v§®v§)+2R®R(v5®w§). 4.51)
‘We have
2]@3 0'12]|PV§HV§| < ZﬁRs O'%|V§HR®R (v5 ®v,§)|
+ 4 s O |[ve| [ROR (ve @we)| = 1 +11.
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Here and in the following, as usual, Z denotes several universal constants, possibly
different from line to line. By (4.34) we can write

1<2|/0aRER (v @ve)l 2| ove 2 < Zllonlve Pl 2 lovell e 452)
1/2
< Z|joy*ve sl onve .2
and then by the Caffarelli-Kohn—Nirenberg inequality we obtain

1< 2|0y *Vve |52 Nlo 2ve 1057 - llog*ve |42 log Pve |17 (4.53)

. B .
= ZByay]” < <+ ZByay.
In a similar way we have
< 4onROR (v @ we)| sllonvel s

< Zllonlvellwelll s lonvell s < Zlwellsllonvels

and again by the CKN inequality

114 1.1 B 8
1= ZlwellsaqBy® < “E+ Zlwe aan.

(4.54)

1/2 1/4 1/2
11 < Z||we | sll oy >ve 114 |0y > v |

Consider now the other terms in (4.49). Proceeding as above, we have

1/2 1/2 . B
1] fos 02|ve 2 < ZIE|low > Vve || 2 llon*ve |2 = ZIE|(Ban) /2 < B2+ Z|EPay;
(4.55)
and
2/3 1/2 1/2 1 2
Jes 02lve P = ll07*ve I < Zll oy *Vve % oy *ve 2 = ZByay]* < B2 + ZByay
(4.56)
while for the perturbative terms we can write
1/2 1/4 1/2 7/4
3 s G2 |ve Plwe ] < 3lwellpsllonve 2 < Zllwe |l sllon>ve 124 lon>Vve |75
8p7/8 B
— Z||wel|sar/*BY 6" +Z|we|%an (4.57)
and
1/2 1/2
18 s O Vel [Vve|[we | < 18] an > Vvel| 2 llwe [l sl o *vell o (4.58)

2 1/2 3/4 1/2 1/4
< Z|oy Vel e sl PVvel 5 oy *vell )

7/8 1/8 _ Bp
= Z|wg By *arf* < =+ Z]weFaan.

Now recalling (4.49), summing all the inequalities and absorbing a term [j By (s)ds =
By (1) from the left hand side, we obtain

an(t) +By(t) <an(0)+Z /0 t (&1 + B (s) + [lwe (s, )[}4) als) ds,  (4.59)
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and passing to the limit n — 0, we arrive at the estimate
t .
a0)+B(0) Sal0)+Z [ (EP+B(5)+[we(s. )} )alo) ds, (460

for some universal constant Z, where

t
at)= [ b1 wee)Pdy. B0 = [ [ b7 Vv(e)Pdyar. @61y

Noting [|wg (s, -)||;4 = [[w(s, )| ;4. by a standard application of Gronwall’s lemma we
getfor0 <t <3§

a(t) <a(0)(1+ZAe”Y),  A=B(3)+ ||WHE§L4 +3]E%. (4.62)

By (4.23, 4.17) we have A < 2M? + Z 4 5|€|?, while by (4.11) we have a(0) <
(Z6,€)?. If we restrict to the vectors & such that®

|E)%5 < M? (4.63)
the estimate becomes
a(5) < (26:6)>(1+ (3M> + 2)M+7) (4.64)
and taking a possibly larger universal constant Z, this implies
a(5) < Ze™ (6,62 (4.65)
Notice that (4.63) is satisfied provided that

LT c{(r2):e> %} (4.66)

We now repeat the argument, starting from the point (5,5&). We write the anal-
ogous of the energy inequality (4.42) on the time interval § < s <7 witht <§+4 T,
choosing as test function ¢ (t,y) := vy (t)on () X (0|y|) where x and oy, are as before,
while

!
(1) = e Bl Bl (1) = / / o[V 2 (4.67)
5 JR3
with k a positive constant to be specified. Note that Bs 5 is bounded if 1 > 0 by the
properties of v. In this way we obtain, letting § — 0,
[Jr3 Wnonlve P +2 JF fr3 Ynon|Vve 2 <
< i Jgs Yn|ve *(—kBsnoy —&-Voy +Acy) + [f [z Wi ([ve 2 +2Pv5"§) Vo
+ 18fs't Jr3 ‘Vn(’nh’éHV"&HWi | +3fs-t Jr3 Wnlve |2|W§||V0'n|a

6 Remember that § is a function of &.
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for § <t < §+T, and this implies, recalling (4.32),
[Jrs W Onlvel 542 [ frs Wi on|Vve|* < (4.68)
< fs‘tfR3 ‘Ifn|V§|2(|§|G% —kBsnon)
+ J5 W Jrs 05 ([ve [P +2|P [[ve |+ 3[ve [Plwe |) + 180y |ve| [ Vve || we .

Our goal now is to prove an integral inequality involving the quantities

1
an(®) = [ o0zl Bun(0)= [ [ oy)IVeg(z.)Paa.
(4.69)
We estimate the terms at the right hand side of (4.68). First of all we have

2 fis O Prg IV | < 2 Jes O ve RO (v @ ve)|
+ 4 g3 05 |ve| [ROR (ve @we)| = T+11.

With computations similar to those of the first step, using the boundedness of the
Riesz transform and the CKN inequality, we obtain

By

1< +ZBspay, (4.70)
and, by possibly increasing the value of Z at each step,

1/2 1/4 1/2 7/4 1/8 7 8
11 < Z)|wellsllon*ve |14} 0w > Ve |17} = Z|we s /*Bl} 4.71)

s

Next we have

& fza o lve | = & lllogvell?, < Zlilllcn/ Vvell,2 (4.72)
= Z|&|(Bs.pan)"/? < |E]? + ZBspan:
and
2/3 1/2 1/2 B;. 3
Jes G2 1velP = llow*ve I35 < Zllow > Vve % 0w *vellp = ZBsar)* < 50 + 2B pay.
4.73)
Finally, for the perturbative terms we have
3 fpa O lve [Pwe| < 3||W§\|L4||Gnvg||is/3 4.74)
12 1/4y _1/2 7/4
< Z|we | sllog vell )b llog > Vve 7,
B: .
and
1/2 1/2
18 [g3 Op|ve | Vvellwe| < 18|loy “Vvellallwe ll 4l on ve 14 (4.75)
1/4

1/2 3/4 1/2
< Zll6y > Ve [l 2 Iwe [l s o > Vve 15 oy *ve 15

1/8.57/8 _ Bs, .
SR8 < %+||w§||§4+ZB§7nan,

= Zllwellpsaq "By <
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We now plug the previous inequalities in (4.68) and we obtain

an ()W (1) — an(5) +2 f§ Bsy (s) ¥ (s)ds <
< JEwn(s)[3Bsy +6ZBsnan +|E +3||we H24 — kBs.pan](s)ds.

We subtract the first term at the right hand side from the left hand side; then we
choose k = 6Z and note that

R Binwn = =& [y = 100 = 10 (4.76)
so that, for § <t < §+ T, we obtain
_ 1-
an ()Y (1) = an () + 25 < &P [y (9)ds+3 [ |we (s, ) [Sads. 477)

Consider now the increasing function, for ¢ > §,

t
Blt) = [ [ 17 v (my)Pdyar @78)

which may become infinite at some point ¢ = ¢y > §. By the definition of §, we know
that Bs(t) > M fort > §+ T /M, since Bs, — B pointwise as 7 — 0, we have also

Bsy(s) > % for s>§4+ % and 7 small enough. (4.79)

Using this estimate for s > §4 7' /M and the obvious one Bs, > 0 for s <5+T /M,
we have easily

JE T y(s) ds = [FTT e 67Bsn () ds < o3 (T — 1) < 2% (4.80)

(remember Z > 1). We now use the estimate a(§) < Ze4Mz(92£)2 (proved in (4.65))
and note that we can assume

Be<l = a(5)<zM e (4.81)
Moreover by (4.17) we have also
wellfs s = IWlljs,o < Z61e (4.82)
so that inequality (4.77) implies
(an (1) — &)W (t) + & — 3261 — Ze* 026 —2|EP L < 0 (4.83)

or equivalently

an(t) + (& — 32618 — Ze"M 6y —2|E P L)eBin() < L. (4.84)
‘We now assume € is so small that
2
3Z61€ < 55, Ze™M 6y < <L, (4.85)

(this implies also (4.81) and (4.16)), so that (4.84) implies

an(t) + (157 —2/&|2 L)eb%Bsn () < L. (4.86)
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Assume in addition that & satisfies
(rz —20&P5%) >0 e [EPT < 7. (4.87)

Note that this condition is stronger than the first condition (4.63) on &, i.e. |€ |2s‘ < M2,
since M,Z > 1 and § < T. Then, if we let  — 0, we have

an(t) = a(t) == fgs [y ve (1,y)[*dy, (4.88)
Bsn(t) = Bs(1) == [; Js y1 ' [Vve(s,y) [Pdyds (4.89)

and (4.86) implies, forall § <t <§+T
a(t) + (167 — 2|E 2 L)ef2B:0) < L. (4.90)

Thus, using (4.87), we see that a(r) and B;(¢) are finite for § <t <§+T. Since by the
definition of § we already know that B(§) < 2M? < -0, we conclude that

B(s) < +e forall 0<s<§+T. 4.91)
In particular we have
B(T) = [y [y [Vve(s,y)Pdyds = [) [|x—sE|7!|Vv(s,x)[?dyds < o0 (4.92)

and then the same argument used to conclude the proof in the first case (§ = T') gives
also in the second case (5 < T) that L(T, ) is a regular set, provided (4.85, 4.87) are
satisfied.

4.6 Conclusion of the proof

Summing up, we have proved that there exists a universal constant Z such that for
any p € [2,4), M >1,T >0 and £ € R? the following holds: if € = [uo] is small
enough to satisfy (4.85), and T, £ are such that (4.87) holds, then the segment L(7, &)
is a regular set for the weak solution u.

Now define
1
S = 07 (4.93)
Then (4.85) is implied by
01e<5,  bhe<de M (4.94)

while (4.87) is implied by

&

EPT <Ms = T>45%

(4.95)

or equivalently
2
(T,TE) € Mys,  Iys:= {(t,x) 1> %} (4.96)

In other words, if € satisfies (4.94) and (7,T&) belongs to ITys, then L(T,&) is a
regular set. Since ITy,; is the union of such segments for arbitrary & € R3, T > 0, we
conclude that Iy, is a regular set for the solution u, provided (4.94) holds.
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