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Chapter 1

Introduction

Free electron lasers (FELs) are linac based sources of coherent synchrotron
radiation. This chapter briefly describes FELs features.

A FEL is made up of two main system: the undulator, an array of dipoles,
which produces synchrotron radiation and the photo-injector that is the elec-
tron source.

The Sparc project is a self-amplified-spontaneous emission FEL, that is
the synchrotron radiation is induced by the current modulation of the elec-
tron beam itself rather than by an external field.

The FEL characteristics strongly depend on the beam quality, achieved
in the photo-injector. A high quality beam characterize the 4* generation of
synchrotron radiation source; in this case the quality of a beam is described
by its emittance, €,, and its current or in a more compact way by its bright-
ness B, . This chapter describes the physical origin (liouville’s theorem) and
meaning of these important parameters.

As mentioned the high quality beam is achieved in the photo-injector; the
main causes of emittance and brightness degradation along the photo-injector
and how to compensate them are described here.

Finally the main features of this work are presented in the last section:
emittance degradation causes, such as transverse space charge and transverse

wake fields, are deeply studied. Such effects have been included in the code



Homdyn which is a very fast semi-analytical code. This tool has been used

to improve the beam characteristic of the SPARC project.

1.1 Free-Electron Lasers

1.1.1 Physics of Free Electron Lasers

Synchrotron radiation, the photons produced by charged particles moving in
a curved trajectory, is playing an increasingly important role in many areas
of basic and applied science.

Synchrotron radiation [1] was first discovered in storage rings: the elec-
trons, after being generated in an electron gun, are bunched, pre-accelerated
and then transported into the storage rings. In a storage ring, magnets bend
the trajectory of the electrons thus producing synchrotron radiation. An
array of strong bending magnets, with alternating field direction, called wig-
glers, can be used. The radiation produced in all wiggler dipoles adds up
incoherently but still provides a much larger amount of radiation than in a
single bending magnets. By reducing the magnetic field amplitude, and, as
a consequence, the curvature radius of the electron trajectories, the intensity
of the radiation can be further increased: the device is called undulator.

Free Electron Lasers (FELs), driven by linacs, constitute the fourth gen-
eration of synchrotron light source.

Fig. 1.1 describes the evolution of the radiation in terms of brilliance that
is the number of photons per second, frequency interval, area and divergences,
Versus years.

The first FEL, [2] was built in the middle of 1970 by John Madey and
colleagues. Nowadays it is considered a unique tool for scientific applications
providing tunable coherent radiation in the far infrared or VUV ranges. Sig-
nificant effort of scientists and engineers are directed towards the construction

of an X-ray laser.
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Figure 1.1: Development of X-ray source brilliance since 1895.
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Figure 1.2: Magnetic undulator in which magnets are arranged to provide a

magnetic field that periodically reverses direction.

As in a storage ring for synchrotron radiation production, a FEL requires
an electron beam to be injected into an undulator as in fig. 1.2.

The magnets in the undulator are arranged to provide a magnetic field
that periodically reverses direction; the electrons experience the Lorentz
force, produced by the magnetic field, and oscillate. At the same time an
external field, eventually produced by a laser source, propagates in the same
direction as the beam.

The electron beam interacts with the external electric field; some electrons
see the external force generated by the electric field opposed to the motion
of the electrons: the electrons lose energy which is gained by the external
electric field, see fig. 1.3a). On the contrary electrons shifted in phase with
respect to the electrons described above, see a force in the same direction as
its motion: the electron therefore gains energy from the external field, see
fig. 1.3b).

This energy exchange results in the modulation of the longitudinal ve-
locity of the electrons. Therefore electrons that gain energy speed up whilst
electrons that lose energy slow down, producing a bunching at the resonant

wavelength A scale
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Figure 1.3: Energy exchange between the electrons (curved line) and the elec-
tric field (straight lines). (a) represents electrons loosing energy, (b) the

electrons gaining energy.

A= ;—;(1+K2) (1.1)
where A, is the undulator wavelength, v the electrons energy and K =
eByA./2mme the undulator strength, being B, the on axis magnetic field,
¢ the speed of light, e and m the electron charge and rest mass respectively.

Finally electrons bunched within a wavelength emit radiation in phase
thus producing a coherent intensity. The coherent intensity leads to more
energy modulation and more bunching, leading to exponential growth of the
radiation. The process ends when the energy lost drives the beam out of
resonance.

The production of a coherent radiation in the short wavelength is lim-
ited by the external field wavelength. The problem is avoided not using
any seeding, that is any external field, to generate the coherent radiation.
Self-Amplifying Spontaneous Emission (SASE) FEL uses fluctuations of the
electron beam current density as input signal; therefore the radiation can be
extended to the X-ray regime.

The main advantage of a FEL over quantum laser is the tunability of the
radiation. In the quantum laser, the lasing wavelength is defined by discrete
energy transitions between the quantum levels of atoms or molecules of an

active medium. As concern the FEL their operating frequency is defined by

13
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Figure 1.4: Schematic layout of the SPARC photo-injector including the un-

dulator and by pass line.

their design, as eq. 1.1 emphasizes, that is by the electron beam energy, the
characteristic of the magnetic fields in the interaction region. For these rea-
sons, the FEL can be tuned, in principle,to any desired operating frequency.

Good performances of a FEL depends on the characteristics of the beam
at the entrance of the undulator. To achieve short radiation wavelength
A and short gain length L,, which determines the increase of the radiation
power along the undulator, we need a high brightness beam, B (see sec. 1.3),

since:

Ay 1+k%/2
Ar 1.2
el Ve (1.2)
3/2
7
: (13)

K\/Bl(l + K?/2)
1.1.2 The Sparc Photo-injector

The SPARC (Sorgente Pulsata e Amplificata di Radiazione Coerente) project,
[3] is the result of a collaboration of different Italian research institutes, such
as INFN, ENEA, CNR.

The Italian Government launched in 2001 a long term initiative devoted
to the realization in Italy of a coherent X-ray source, driven by the large
interest the 4" generation light sources, as X-ray SASE FELs, have raised
world wide in the synchrotron light scientific community, as well as in the

particle accelerator community.
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The SASE FEL experiment, in the Sparc project, is conducted using
a permanent magnet undulator made of 6 sections, each 2.1 5m long; the
radiation produced will be 500 nm and the power reached after 12 m will be
around 10% W.

The device preceding the undulator section, called photo-injector, is de-
voted to the production of a high quality electron beam that is with a low
emittance and high current beam (see sec. 1.3).

A photo-injector consists of an electron source and accelerator sections.

The electrons source for Sparc consists of a 1.6 cell RF gun operating
in the S-band (2.856 GHz) with a high peak field (120 MV/m). The RF
gun includes a metallic photo-cathode which is illuminated by a temporally
flat, pico-second laser source. Therefore the laser system driving the photo-
cathode employs high bandwidth Ti:Sa technologies with the oscillator pulse
train locked to the RF.

The system generates a 5.6 MeV electron beam whose time duration and
radius is 10 ps and 1.13 mm respectively. The bunch is then focused by a
solenoid whose field peak strength is 0.27 T'.

The accelerator device, following the solenoid, is made up of three ac-
celerating traveling wave sections, 3 m long, generating a peak electric field
of 25 MV /m, 12.5 MV /m and 12.5 MV /m respectively. The first section
is embedded in thirteen solenoid coils, which guarantee the focusing of the
beam.

In order to meet the FEL requirements, at the exit of the linac, we obtain
a high energy beam, 155 MeV, whose normalized emittance is €, < 2um,
the relative energy spread is Ay /vy < 0.1% and the peak current is I ~ 100A.

It’s worth noting the Sparc project includes also a second beam line, par-
allel to the one described and represented in fig. 1.4, for bunch compression
via magnetic fields. Such study will be very important for the generation
of a ultra high brightness, high peak current beam suitable for future X-ray

sources.

15



Bunch charge 1.1nC

Bunch radius 1.13mm

Bunch lenght 10ps

Bunch energy @ gun exit 5.6MeV

Bunch energy @ linac exit 155MeV

Repetition rate 1-10Hz
Cathode peak field | 120MV/m
Peak solenoid field @ 0.19m 0,273T

Table 1.1: Relevant parameters in Sparc project.

The scientific case shows a large interest, [4] in the community of syn-
chrotron light users. X-rays from synchrotron light sources are today widely
used in atomic physics, plasma and warm dense matter, femtosecond chem-
istry, life science, single biological molecules, imaging, holography, micro and
nano lithography. The high peak brilliance expected with the SASE FEL
sources will open new frontiers of research. New techniques in X-imaging
can be applied in the field of material science, biology, non linear optics.
Of particular relevance are the diffractive techniques with coherent radia-
tion on biologic tissues that allow the single-pulse crystallography of macro
molecules.

As already mentioned the performances of a SASE FEL are critically
dependent on the quality of the electron beam, thus the main purpose of the
Sparc photo-injector is the production of a low emittance high current beam

that is a high brightness electron beam before the undulator structure.

1.2 Liouville’s Theorem

A beam is made up of a great number of particles so global beam properties

are studied instead of analyzing each particle evolution.

16



Let’s consider N particles. In the six-dimension phase space, ¢; the canon-
ical space and p; the momentum coordinates, each particle is represented by
a point whilst a beam of particles occupies a volume. The number of particles

dN in an elementary volume dV of phase space is given by

dN = n(q1, 92, 3. 1, P2, p3)dV (1.4)

where n(q1, g2, g3, p1, P2, p3) is the particle density in the phase space.

The motion of the beam is associated with an equivalent motion of the
representative points in the phase space, thus the occupied volume in the
phase space changes its shape.

Introducing a velocity vector v = {¢;, p;} in phase space for each particle

and the Hamiltoninan of the system we can obtain, [5]

dn
7 0 (1.5)

Eq. 1.5 is called Liouville’s theorem and it states that, if the number of
particles is constant, the density of points in phase space remains constant
as well.

It’s worth noting the Liouville’s theorem is valid when the particles don’t
interact with each other. In our purpose the interaction of neighbor particles
is negligible compared to the average collective fields produced by further
(Debey length) particles in the beam.

It’s easy to demonstrate the Liouville’s theorem also states the volume in

the phase space occupied by given particles remains invariant

//dgqid‘r&pi = const (1.6)

This is also true in the trace space, v — ', y — ', 2 — 2/, being 2/, 3/, 2/
the divergence of the beam; besides if there isn’t any coupling between the x

motion and the other direction the area in the trace space remains constant

A= [ [ o (1.7)
17



¥ ¥ ¥Y.¥vy v 0

Figure 1.5: Particle orbits in a laminar beam: ideal parallel beam, converging
laminar beam and diverging laminar beam converted to a parallel beam by

linear lens.

This important property led to the introduction of the emittance of a

beam.

1.3 Brightness and Emittance

The emittance, [6], [5], [7], is a measure of the quality of a beam. Beam with
good parallelism and order are easier to transport and to focus. The ideal
charged particle beam has laminar particle orbits, that is orbits in a laminar
beam flow in layers that never intersect.

A laminar beam satisfies two conditions: first, all particles at the same
transverse position have identical transverse velocities; second, the magni-
tude of the transverse velocity is linearly proportional to the displacement
from the axis of the beam symmetry. If these conditions are not satisfied,
the orbits of two particles cross.

Fig. 1.5 shows some examples of particles’ trajectory in a laminar beam

whilst fig. 1.6 describes some particles’ orbit in a non laminar beam.

18
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Figure 1.6: 3
Crossing orbits for particles at the same position showing a velocity spread
(upper graphics) and for particles whose transverse velocity is not linearly

proportional to the displacement from the axis.
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The three particles distributions, ideal parallel beam, converging and di-
verging beam, of fig. 1.5 are depicted in the transverse trace space in fig. 1.7.
It’s worth noting that for the two conditions mentioned above, the trace
space representation of a laminar beam is always a zero thickness straight
line.

On the contrary particles in a non laminar beam have a random distri-
bution of transverse velocities at a transverse position: this means a trace
space representation wouldn’t be a zero thickness straight line but a filled
area as in fig. 1.8.

Thus a measure of the parallelism of a beam should be proportional to
the area of eq. 1.7.

Such filled area in the x — 2/, y — 3/, z — 2’ trace space, for Liouville’s
theorem, remains constant if the number of particles remains constant and
the coordinates are uncoupled.

Nonetheless, non linear fields, fringing fields and so on in accelerators can
modify the shape of the volume stretching and distorting the distribution.
Fig. 1.9 represents the progressive distortion of the trace space ellipse during
beam propagation when non linear forces acts. The enclosed area remains
constant whilst the beam quality get worst.

For this reason the above definition doesn’t distinguish between a well-
behaved beam, for example in a linear focusing system, and a beam with the
same trace space area but a distorted shape due to nonlinear forces.

A definition of the emittance that measure the beam quality rather than
the trace-space area is preferred; thus the emittance is defined as a statistical

mean area as in [§]

€y = \/(< 1?2 >< 2 > — < za/ >?) (1.8)

A particle distribution along a curved line in the trace space as in fig. 1.10,
gives a null area but an emittance which is different from zero.

It’s worth noting if there’s an energy change, that is By # const, the

20
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Figure 1.7: Laminar beam representation in the transverse trace space, for a

parallel beam, converging and diverging.
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Figure 1.8: Trace space view of a non laminar beam.
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Figure 1.9: Distortion of the trace space ellipse during beam propagation when

non linear forces acts.
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Figure 1.10: Particles distribution in the trace space along a curved line.

emittance €, does not remain constant. For this reason, one introduces the

normalized rms emittance

€nz = 7€x (1.9)

An increase of the normalized emittance is usually an indication that non
linear effects, causing a deterioration of beam quality, are present.

As a conclusion, a more complete definition of the normalized emittance

includes the case the area is not centered in the origin of the z — ' trace

space

e = (< (2— <2 >)? >< (Bya’— < By’ >)* >+

— < (z— <z >)(Bya’'— < Bya’ >) >2)% (1.10)

The emittance is an incomplete parameter describing the quality of a
beam; infact if we use an aperture to filter out the worst part of a beam,
we can focus it to a smaller area but only at expense of the total current I.
The current I of a beam is then an important parameter introduced in the

so-called transverse brightness of the beam [9]

d*I

Bl =— "
+ dxdx'dydy’

(1.11)
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In eq. 1.11 we restricted our attention to the transverse properties of the
beam.

The normalized transverse brightness includes in its definition the nor-
malized emittance thus for a uniform beam distribution,we obtain

21
lgnL =

(1.12)

€Enaz€ny

The meaning of brightness can also be understood by expressing the peak
current by the transverse current density I = Jo? and the emittance at a
waist as €, = yoo’, being ¢ and ¢’ the rms radius and the rms divergence of

the beam respectively. Taking €,, = €,, we obtain:

2.]
(v0')?

Thus a high transverse brightness represents a beam propagating with

B, = (1.13)

low divergence and high current density.

1.3.1 Emittance degradation

The propagation of a beam trough the device of a photo-injector induces
emittance growth. We can distinguish two different causes of emittance
degradation: respectively due to transverse non linear fields acting on the
bunch and due to longitudinal correlation along the bunch, induced by elec-
tromagnetic fields.

The former includes space charge non linearities, as well as RF fields non
linearities. As mentioned in the preceding section non linearities generates
distortion of the area filled by the beam in the trace space thus increasing
the statistical emittance.

The latter includes transverse space charge fields, wake fields and RF
fields. Fig. 1.11 represents the bunch in the trace space, when the longitudinal
correlation is induced along the bunch. The bunch has been divided into

slices; each one is subject to a different transverse force, due to the RF field,

24
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Figure 1.11: Fan shape of the emittance due to transverse fields induced

correlation along the bunch.

the space charge and the wake fields, so each slice fills a different oriented
area in the trace space assuming as a whole a fan shape. The consequence is
that even if the emittance of each slice is preserved (if only linear forces are
acting), it is not preserved the emittance over the whole bunch.

Emittance growth can be partially compensated as illustrated in the fol-
lowing section. Anyway the theoretical limit of the emittance is represented
by the so called thermal emittance; it’s the intrinsic emittance existing when
the bunch is generated.

Infact conduction electrons in a metal have an energy distribution that
obey the Fermi-Dirac statistics. Electrons extracted from the metal cathode
belong to the tail of the Fermi-Dirac distribution and have the Maxwell

velocity distribution given by

m(vl + v +v?)
2k, T

where k; is Boltzmann constant and 7" the cathode temperature.

f(vxavya Uz) - fO €exp — (114)

The result is that the particles emerging from the cathode have an in-
trinsic velocity spread thus an intrinsic emittance. Infact if x and y are the

cartesian coordinates perpendicular to the direction of the beam, the rms
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velocity spread of the electrons in the bunch emerging from the cathode are

7\ 12
k"—) (1.15)

<y >=< v, >= (
m
Moreover if the emitting surface is a circle with radius ry and with uniform

current density, the rms width of the beam is

<x>:<y>:% (1.16)

At the waist for a non relativistic beam the normalized emittance is simply

given by

=<1 >< U—C’” > (1.17)

Substituting eq. 1.15 and eq. 1.16 into eq. 1.17 we obtain the thermal

emittance

. (kT (1/2)
th — 7"_< b ) (1.18)

ne 2 \ mc?

1.3.2 Emittance’s Compensation

As previously announced, emittance growth along the photo-injector can be
partially compensated.

The laser generating the bunch in the photo-cathode is a temporally flat
impulse instead of an easier to generate gaussian impulse, because the bunch’s
energy is still very low at the exit of the photo-cathode and the bunch un-
dergoes strong space charge forces; transverse space charge forces generated
by a uniform bunch affect the emittance less than the space charge forces
produced by a guassian bunch; the reason is that the transverse linearity
of the space charge fields of a uniform bunch is greater with respect to the
gaussian one.

The RF cavity located inside the photo-cathode accelerates the emit-

ted electrons to relativistic energies thus reducing the space charge forces.
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Anyway the RF fields themselves give rise to an emittance growth due to
the different focusing forces experienced by the slices which have different
phase. This emittance degradation is controlled reducing the bunch’s dimen-
sion which result, anyway, in an increase of the space charge forces.

The correlated emittance growth, due to Both the RF field and the space
charge, is compensated by the field of a solenoid placed at the exit of the RF
gun: the fan like distribution in the trace space closes itself. It’s worth noting
the compensation doesn’t include the non linearities of the above fields.

To reduce emittance degradation due to space charge, the beam is driven
to an accelerating structure which must be properly matched. Infact when
the beam is in the space charge regime, mismatches between the space charge
forces and the external focusing field produce emittance oscillations. Beams
experiences two distinct regimes along the accelerator, depending on the ratio
p between the space charge force term and the emittance pressure term in

the transverse plane (see sec. 4.1)

Io?

- 2v14€2,

p (1.19)

When p > 1 the transverse beam dynamics are dominated by space
charge effects and the beam propagated in the quasi-laminar regime in which
particle trajectories do not cross each other. By accelerating the beam, a
transition occurs to the so-called emittance dominated regime, when p < 1;
in this case the transverse beam dynamics are dominated by the emittance
and trajectories are not parallel anymore.

It has been shown in [10] when the beam is in the space charge regime
the emittance oscillations can be damped when the beam propagates in the

subsequent accelerator structure so that the invariant envelope condition

1 o1 (120
o = | — )
NV F N\ Ta(1 +49Q2%)y

is satisfied, where v = 1 + T'/mc? is the normalized beam kinetic energy
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Figure 1.12: Emittance double minimum behavior, envelope evolution and

emittance behavior when accelerating structures are properly matched .

while the normalized accelerating gradient is defined by 7' ~ 2E,.., Euc. is
the accelerating field, I is the beam peak current in the bunch and 74, = 17k A
is the Alven current, [5]. Finally the normalized focusing gradient is defined

as

0?2 — (63501) Ll 1/8 Standing Wave

mey’ ~0  Traveling Wave

The o;yy is an exact solution of the rms beam envelope equation (see
cap.) for a laminar beam, with
/ Q2 2 T th2
o+ o' L oL - _~0 (1.21)
gl 2 204073 0%?

Following such theory, that is injecting the beam at a laminar waist, a

new working point was found in [11]. By increasing the solenoid magnetic
field, the emittance shows a double minimum behavior along the horizontal

axis as in fig. 1.12
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If the accelerating structure is placed where the emittance exhibits its
maximum then the second emittance minimum can be frozen and translated
at the exit of the accelerating section.

It is interesting to note that the double minimum in the emittance is due
to a chromatic effect inside the solenoid device [11]. Infact each slice has a
different energy v and the different position along the bunch experience a
different focusing solenoidal field. As a consequence only one slice has the
right ~ to satisfy the invariant envelope condition whilst all the other slices
oscillate around the equilibrium envelope equation. The different oscillation
of the slices generates a beating term which give rise to the emittance double
minimum as explained in [12].

Finally transverse wake fields in the accelerating structures generates
correlated emittance degradation as explained in the previous section. A
technique, called beam based alignment, compensates emittance degradation
caused by wake fields; it consists in the use of steering magnets to realign
the bunch on the axis of each structure thus canceling the transverse wake

fields.

1.4 Purpose of the study

Space charge and wake fields are also called collective effects: both are the
result of the Coulomb forces in a multi-particle system.The space charge is
the electromagnetic field produced by a bunch moving in free space; the
wake field is the electromagnetic field produced in an enclosed space, with a
non uniform shape and/or a finite resistive wall, by a charge traveling with
speed of light. They are called wake fields because they can neither act on
the charge itself nor on any charges in front of it but only on charges lying
behind it.

The aim of this work is the study of such phenomena in the Sparc project,

the improvement of the Homdyn code including off axis beam dynamics and
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finally the study of emittance degradation. The code Homdyn [11] is a semi-
analytical code which is very fast with respect well-known multi-particles
code such as Parmela. Such code has been improved including off axis beam
dynamics in which space charge on the centroid of the bunch and transverse
wake fields are considered.

The improved version of the Homdyn code, [13], [14]allow to study emit-
tance degradation due to misalignments along the photo-injector, to develop
a correction scheme for the SPARC project to control the bunch’s trajectory
and angle and to study the emittance and energy spread degradation in the
emittance measurements experiment.

Cap. 2 describes the electric field produced by a bunch moving in free
space for different bunch’s charge distribution. In particular we analyze the
case of a cylindrical finite length bunch with circular and elliptical section.
Significant effort is given to the elliptical section case, [15], infact the focusing
properties of some accelerator devices, as quadrupoles and bending magnets,
can change the charge distribution of a bunch from round to elliptical. A
general rule allows to associate the electric field on the axis of a round infinite
bunch to the electric field of an infinite elliptical one: the numerical solution
demonstrates this is not always true for a finite bunch length. Anyway the
Sparc project’s first phase deal with a bunch whose eccentricity remains low
enough: thus the general rule can still be used.

Cap. 3 briefly summarize the general definition of the longitudinal and
transverse wake fields, [16]. The geometric dimensions of the linac cavities
and the short bunch length involved in the Sparc project allow the use of
the diffraction model, [17], for the analytical solution of the wake fields in a
single cavity. The case of a periodic collection of cavities is also solved.

Cap. 4 describes the beam dynamics in the Homdyn code and the im-
provements achieved. The main approximation in the code lies in the as-
sumption the bunch is a uniformly charged cylinder; the cylinder is divided

in slices and the code follows the evolution of each slice, using the envelope
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equation. When the bunch is generated off-axis, transverse time dependent
fields can misalign neighbor slices. Thus an equation of motion for each slice’
centroid motion, transverse and longitudinal, is also inserted in the Homdyn
code. In this case wake fields and space charge are included. A bunch trav-
eling in a solenoid field is also considered. The envelope equation and the
emittance computation is described.

In cap. 5 the Homdyn code is finally used to study the misalignments
in the Sparc project. First of all the off axis beam dynamics is applied to
the study of the emittance meter experiment, [18]. The movable emittance
meter experiment’s aim is to measure the emittance just outside the gun
along the z axis. A bellow moves the emittance meter; such bellow, made up
of triangular cavities, generates longitudinal wake fields and transverse wake
fields when the bunch is misaligned with respect the bellow axis. Emittance
degradation is then studied. Finally we analyze a correction scheme using
steering magnets to correct the centroid orbit and minimize the emittance,
[13]. Different techniques are used, among these the beam based alignment

technique [19)].
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Chapter 2

Space Charge

The net effect of the Coulomb interactions in a multi-particle system can be
classified into two regimes: collisional regime and space charge regime. The
former is dominated by binary collisions caused by close particle encounters:
these are called single particle effects. The latter is dominated by self fields
produced by the particle distribution, which varies appreciably only over
large distances compare to the average separation of the particles: these are
called collective effects.

A measure for the relative importance of collisional versus collective ef-
fects is the Debye length Ap which represents the effective interaction range:
smooth functions for the charge and field distributions can be used as long
as the Debye length remains small compared to the particle bunch size.

We study in this chapter the collective effect known as space charge, that
is the electric field produced by a bunch moving in free space; we will consider
the case of a bunch moving in enclosed space in Cap. 3.

We study different bunch’s charge distribution; effort is given to the case
of a cylindrical space charge distribution whose section is elliptical. Infact
the focusing properties of different accelerators devices, as quadrupoles and
bending magnets, can change the charge distribution of a bunch from round
to elliptical one. Depending on the intensity of this effect, the dynamics

properties of the bunch could be affected. The consequent increase of the
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design emittance, reduces the performances of the machine.

We describe how to obtain the electric field of a uniformly charged infinite
cylinder, with circular and elliptical cross section.

We derive the on axis longitudinal and radial electric field of a uniformly
charged cylinder with circular cross section and finite length. The cylinder
is moving along the z axis at velocity v. For the longitudinal electric field
an exact solution can be obtained, whilst for the radial electric field only an
approximate solution is derived limited to a radial linear dependence.

Then we obtain an integral expression of the on axis longitudinal and
radial electric field of a bunch moving along the zaxis at velocity v and shaped
like a uniformly charged finite cylinder having an elliptical cross section.
Furthermore we derive an approximate solution of the longitudinal electric
field by a series expansion of the integral expression.

Finally we solve numerically the above equations and compare the nu-
meric solutions of the integrals with approximate formulas. Moreover it is
well known that for an infinite bunch with elliptical cross section, the ra-
dial electric field calculated on the two semi axis a and b, is equal to the
radial electric field of an infinite bunch with circular cross section of radius
r = (a + b)/2.We show that this general rule cannot be applied for finite
distributions.

We relate the electric fields behavior of a finite length bunch with the so
called aspect ratio defined as A = R/~vL, where R is the bunch radius, L its

length and ~y the relativistic parameter.

2.1 Infinite Cylinder with Circular and Ellip-
tical distribution

The electric field of a circular cross section charged cylinder with infinite

length can be easily derived form Gauss’s law:
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/60E~dS:/pdV (2.1)
S 1%

which gives inside the cylinder

p

E, =1
QEOT

(2.2)

being p the bunch’s charge density in the laboratory frame. The electric
field of an elliptical cross section cylinder with infinite length can be derived
following [11]. Starting from the potential of an ellipsoid of semi axis a, b,
¢ and charge density p with ¢ — oo, we obtain the potential of an infinite
cylinder with elliptical cross section moving at velocity v. From the potential

we get the radial electric field inside the cylinder [20],[6], [21], [22], [7], [23].

p bz

E,=— 2.3
€a+b (2:3)
p ay
E,=— 2.4
Y €0a+b ( )

Only the radial electric field exists since the longitudinal electric field is
zero for an infinite distribution. It is important to note that the electric
fields component on the cylinder axes, in @ and b, are the same, that is
Ey—q = Ey—p, and they are equal to the electric field generated by an infinite
cylinder with circular cross section, eq. 2.2, calculated in r = (a 4 0)/2

In sec. we will demonstrates the same method cannot always be used in

the case of a finite distribution.

2.2 Finite Cylinder with Circular Cross Sec-
tion

The longitudinal and radial electric field for a circular cross section finite

cylinder are, [11]:
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Figure 2.1: Uniformly charged bunch of finite length L, with elliptical (semi

azis a and b) and circular cross section ( radius r = (a +b)/2)

E.(e,r = 0) = g VR + (L = 2= VR4 932 402l == L] (25)

Py L—z z
—r +
4eg \/7"2 i VQ(L _ 2)2 \/7’2 + 4222

where 7 is the radial coordinate, L the bunch’s length, R and p its radius

E.(r,z)= ] (2.6)

and charge density respectively. The longitudinal electric field is calculated
on the bunch’s axis z, whilst the radial electric field is obtained from the on
axis longitudinal electric field by a linear expansion, considering linear terms
in r, [15]. As a consequence eq. 2.6 is an approximation and its accuracy
increases with longer bunch.

The longitudinal and radial electric field, generated by the estimated
bunch of the SPARC project, is shown in fig. 2.2. The longitudinal electric
field grows inside the bunch and its absolute value is at its maximum on the
bunchs head and tail, whilst the radial one is at his maximum in the center

of the bunch.
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Figure 2.2: Longitudinal (dashed line) and radial (continuous line) electric
field of a bunch of length L = 3.4mm, circular cross section of radius r =

Imm, charge Q = InC' and relativistic factor v = 1.
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2.3 Finite Cylinder with elliptical cross sec-
tion

The procedure used to calculate the longitudinal and radial electric field of a
bunch with elliptical cross section is similar to that explained in the previous
section. To this purpose we can use eq. 2.7 to calculate the longitudinal

electric field:

2
E.(z,r=0) = 47;207 /0 [\/R2 +92(L = 2)2 = \/R? 4 4222+

+ylzl =alz = Llld¢ (2.7)

The radius 7/, in the elliptic case, is not constant but depends on the
angle ¢ as:
/2 b2

e 2.8
1 — e2cos?¢ (28)

where the eccentricity of the ellipse is e = /1 — b%?/a? the eccentricity of
the ellipse is e = y/1 — b%/a? . It can be easily verified that as L approaches
infinite the longitudinal electric field goes to zero. To simplify the integral

eq. 2.7 we expand eq. 2.8 in e, up to the fourth order:

2
12 b

= (1 + *cos’p + etcosto + ... 2.9
o < btcteos'ot.)  (29)

The second order approximation can be easily derived; that is we neglect
the fourth order term in the expansion eq. 2.9 and solve the corresponding

integral of eq. 2.7 obtaining

Bt {aE[P2]—ﬁE[A2]—2%[IL—Z|—|z|]} (2.10)

€Y

with
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o= V(1 +e2) 4+ 2(L — 2)? (2.11)

b= V21 + €2) + 4222
e b’e?
b*(1+€?) +9*(L — 2)?
A2 — be?

V(1 + e2) + 7222

and

/2
= / v 1 — x2sin?¢deo
0

Moreover if we keep the fourth order term in eq. 2.9, the square roots of

eq. 2.7 become

2
Vb2 + k2 \/1 + 12 (e2cos?¢ + ecosto) (2.12)
Vb2 + k’z\/ k’2 (e2cos?¢ + ecosto) (2.13)
where
k= (L — 2)? (2.14)
k:/2 — 7222

We can expand the square root eq. 2.12 as

\/m{l—k (b fk>(ecos¢+ecos¢) }
2
<62 +k2) (e*cos’p + e'cos ¢) +

—. [3 (L)g (e2cos® + e4cos4¢)3] (2.15)

DO | —

1
8
48 \ b? + k2
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Expanding the square and the cube in the above expression and keeping

the term up to the fourth order we have:

N 1/ , D302+ 4K2)\ , .
b2 + ]{?2 |:1 + 5 (m) € CoSs gb + (W) € CoSs ¢:| (216)

The same can be done for eq. 2.13 getting eq. 2.16 with k replaced by &’

12
Vb2 + kK [1 + ! ( o ) e’cos’p + (w) e4cos4¢] (2.17)

2\ 0%+ K 8(b2 + k%)
Eq. 2.16 and eq. 2.17 can be inserted in the integral eq. 2.7 and solved

easily with respect to the variable ¢ thus obtaining the fourth order approx-

imation for the longitudinal electric field

p v’ s 30?m(3v* +4k?)
E.(2,0) = Inery {\/52 + k2 {277 + I kz)e + RETR) et —

v 302 (30 + 4K'°)
V02 + k|21 + 2 4 4” 2.18
[ oS T meay ) W

The radial electric field on the contrary can’t be obtained from the longi-
tudinal one as in the previous case. For an elliptical cross section, in fact, it
does not exist any ¢ angle symmetry. For this reason we calculate the radial

electric field referring to fig. 2.3:

q(1 - 57)

- degr?(1 — [2sin20)3/27

With some mathematics we get

E, = / / / i SPicosa ~ododpdl (2.20)
4meg (72(/2 — )2+ SP )

(2.19)

with

O<l< L
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Figure 2.3: 3D-coordinate system used to calculate the radial electric field of

a uniformly charged cylinder with elliptical cross section.

b2
0 .
o= 1 — e2cos?¢p
0<o<2m
and
SP' = /02 + R2 — 20Rcos(£ — ) (2.21)

R is the observer’s distance from the bunch center and & the angle between
the observer and the z axis.

Eq. 2.20 can be solved with respect to the coordinate [, thus obtaining:

g, = 1 - e L dod¢
= ~ — — — | cos aodo
dmeg SP' | \/4222 + SP \/y2(2 — L)2 + ST’
Using
SP' = /02 + R?2 — 20Rcos (£ — o) (2.22)
and
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0%+ SP? + R R—ocos(€ — ¢)
25P'R V/R?+ 0% —2Ro cos(€ — ¢)

cos . =

eq. 2.20 becomes:

P
47eg

E(R.&.2) =

2], — (2 — L)1) (2.23)

with

o(R—ocos(§ —¢))
= // (R2 + 02 — 2Ro cos(§ — ¢))\/7222 + R2 + 02 — 2Ro cos(€ — ) dodp

a(R — gcos(§ —9))
b= // (R2 + 02 — 2Ro cos(§ — ¢))y/72(z — L +Rz+02—2Racos(§—gb)dgd¢

and

b2

0<o< —
7 1 —e2coso
0<o<2m

Eq. 2.23 represents the radial electric field an observer sees if he is placed
at a distance R from the bunch center with an angle £ respect to the z axis
coordinate and at a distance z from the bunchs tail. It has been verified
numerically that as L approaches infinite eq. 2.23 approaches the electric

fields of an infinite elliptical cylinder (eq. 2.3 and eq. 2.4)

2.4 Comparison Between Numerical and An-

alytical Field

The two approximations of eq. 2.10 and eq. 2.18 for the longitudinal electric

field can be compared with the numerical solution of eq. 2.7 and with the
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Figure 2.4: Comparison between the longitudinal electric field obtained nu-
merically (dashed line), the longitudinal electric field of the circular cross
section case with r = (a+0b)/2 (continuous line) and the longitudinal electric
field approzimated by the 2nd and the 4th order terms (dotted line). The
length, the charge and the relativistic factor are the same of fig. 2.2; the ec-
centricity is (a) e = 0.999671 (b/a = 0.026) , (b) e = 0.979055 (b/a = 0.2),
(c) e =0.830901(b/a = 0.556) , (d) e = 0.56296 (b/a = 0.826).
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longitudinal electric field of the circular cross section cylinder with r = (a +
b)/2. Fig. 2.4 shows the comparison for different values of the eccentricity:

When the eccentricity is zero, that is the bunch has a circular cross sec-
tion, all the graphs coincide; more the eccentricity approaches to unity, more
the graphs draw away. For all the different eccentricitys values, the circu-
lar cross section bunch electric field (continuous line) is the closest to the
numerical solution, as can be seen form fig. 2.4. Fig. 2.5 shows a compar-
ison between the radial electric field obtained numerically from the above
eq. 2.23, on the semi axis a ({ =0) and b (§ = 7/2), and eq. 2.6, that is the
radial electric field for a circular cross section finite bunch whose radius is
r=(a+0)/2.

In the case of an elliptical cross section finite bunch, as can be seen from
the figures, the radial electric field calculated on the major semi axis, x = a,
is different from the one calculated on the minor semi axis, y = b. The
radial electric field in z = a is close to the circular cross section one even for
high eccentricity; meanwhile the one calculated in y = b is still far from the
approximation for lower eccentricity. Of course as the eccentricity approaches
to zero all the plots become closer; when the eccentricity is zero the fields,
calculated on the two semi axis, are of course the same. It is important to
note that, since the radial electric field of eq. 2.6 is an approximation, the

fields of fig. 2.5e do not coincide perfectly.

2.5 Role of the Aspect Ratio Parameter in
the Field Form Factor

We can explain the radial fields different behavior on the two semi-axis, with
respect to the infinite length case, observing that in this case the length of
the bunch plays an important role. When the eccentricity is close to unity

then b << L and as a consequence the fields behavior is similar to that of an
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Figure 2.5: Comparisons between the radial electric field obtained numerically
on the semi azxis a and b (£ = 0 and § = 7/2 respectively) (dashed lines)
the radial electric field of the circular cross section case with r = (a + b)/2
(continuous line). The length, the charge and the relativistic factor are the
same of fig. 2.2; the eccentricity is (a) e = 0.999671 (b/a = 0.026) , (b)
e = 0.979055 (b/a = 0.2), (c) e = 0.830901(b/a = 0.556) , (d) e = 0.56296
(b/a =0.826), (¢)e=0 (b/a=1).
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Figure 2.6: Radial (a) and longitudinal (b) electric field for a circular cross
section bunch. The length and the charge of the bunch are the same of fig. 2.2.

infinite bunch, that is it is constant with the longitudinal coordinate z and
shows a discontinuity as it reaches the edges of the bunch. On the contrary
since a is comparable to the bunch length L its behavior is different from
an infinite bunch. As L approaches zero we obtain the radial electric field
of an elliptical disk uniformly charged. Using eq. 2.23 we can numerically
verify that the radial electric field in z = a and y = b are still different.
Besides the bunch is moving with a velocity v along the z axis, so when its
velocity increases, or the relativistic parameter v increases, the radial electric
field becomes more and more squared. Of course the same behavior can be
obtained for a circular cross section bunch as well, just increasing its length
or increasing its relativistic parameter v as shown in fig.7. Note that the
longitudinal electric field approaches zero as for an infinite bunch.

It follows from the above explanation that the field’s behavior in z = a

and y = b depends on the size of the ellipse’s semi axis with respect to the
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bunchs length or its relativistic parameter «y, that is on the so called aspect

ratio, [24]:

R

A=—
vL

(2.24)

where R is the major semi axis a or the minor semi axis b. We deduce
that as the aspect ratio decreases the electric field becomes more and more
squared.

The longitudinal and radial electric field, for a circular cross section
bunch, as a function of the aspect ratio, can be easily obtained. For an
elliptical cross section cylinder the fields can be written as a function of the

aspect ratio as well:

B(469) =220 - (2 1) 1) (2.25)

L
E.(2,0) =" /0%

47eg

\/u2 + (1 - %)2 - %|1 - %|] dé  (2.26)

: s[A — s cos(§ — ¢)]
I'y = dsdg
// [A2 4 s2 — 2As cos(€ — ¢)]\/(5)2 + A% 4+ s2 — 2Ascos(§ — 9)

L

[ S[A — s cos(€ — 9)] s
[A2 + s2 — 2Ascos(§ — gb)]\/(% — 1)2 + A% 4 s2 — 2Ascos(é — ¢)

and



0<s<

0<o<2m

From the previous considerations we deduce that the longitudinal electric
field of a finite length bunch with elliptical cross section is well approximated
by the longitudinal electric field of a finite length bunch with circular cross
section and radius 7 = (a + b)/2. On the contrary the radial electric fields
on the envelope z = a and y = b become more and more different as the
aspect ratio A increases and the circular approximation cant be used any-
more. Fig. 2.7 shows the ratio between the two radial fields when the aspect
ratio grows for different eccentricity’s value. The aspect ratio in fig. 2.7 is
A=a/(yL).

Note that when the eccentricity decreases the ratio between the two fields

becomes closer to unity even for a higher aspect ratio.

2.6 Conclusions and Applications to the Sparc
project

We reviewed the analytical formulas for the electric field generated by a
cylindrical bunch either of infinite length with elliptical cross section and of
finite length with circular cross section. Moreover, we obtained the electric
field of a finite length bunch with elliptical cross section and compared its
numerical solution with the electric field of a circular cross section bunch of
finite length whose radius is » = (a 4+ 0)/2. Even if this rule fits the infinite
cylinder case, it is not appropriate for the finite cylinder case, unless the
eccentricity is lower than 0.8 for v = 1.

The different behavior of these two cases can be explained by the aspect

ratio A = R/~L. In particular the radial electric field of a finite bunch
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Figure 2.7: Ratio between the radial electric field in © = a and y = b in
z = L/2 as a function of the aspect ratio A for different eccentricity e =
0.999671 (b/a = 0.026), e = 0.95 (b/a = 0.31), e = 0.9 (b/a = 0.43),
e=08(0b/a=0.6) and e =0.5 (b/a = 0.866).
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becomes that of an infinite bunch when A becomes small, that is when the
length or « increases. For example, for a very high eccentricity (e = 0.99)
but small aspect ratio (A = 0.01) the circular cross section approximation
can still be used.

The Sparc project’s first phase deal with small eccentricity bunch and
high aspect ratio. This means the general rule that uses the circular cross
section transverse electric field can still be applied.

This won’t be true in the Sparc project’s second phase; in this case a
high eccentricity bunch is produced and the general rule can’t be applied

anymeore.
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Chapter 3

Wake Fields in the SPARC

Photo-injector and Linac

Let’s consider a point charge @ (the leading charge) moving in free space ; if
the charge () is moving at a velocity close to the speed of light, a test charge
q (the trailing charge) situated in front of or behind the particle, doesn’t
experience any electromagnetic force because the electric field lines lie in a
transverse plane with an opening angle of the order of 1/ as in fig. 3.1
The same happens if the leading charge in fig. 3.2 is traveling along a
perfectly conducting wall at a velocity close to the speed of light: the image

charge, on the conducting wall, will travel at the same velocity of the leading

1.7

Figure 3.1: Electric field lines for a relativistic charge.
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Figure 3.2: Charge traveling inside a perfectly conducting pipe of arbitrary
cross section. Shown are the image charges on the wall generated by the

leading charge.

charge without affecting it nor affecting any trailing charge traveling in front
of or behind the leading one.

On the contrary if the conducting wall has a non-vanishing resistivity the
situation is different because the image charge moving on the surface of the
wall now lag slightly behind the charge :thus both longitudinal and transverse
field components are now present.

Considering the more general case of wall discontinuities, that is linac
accelerating structures, bellows or complicated vacuum chambers, the charge
@ traveling with a velocity close to the speed of light gives rise to a scattered
electromagnetic field. These electromagnetic fields , generated in an enclosed
space, are called wake fields since, from causality, the leading charge cannot
affect itself nor any charge in front of it but only charges lying behind it. We
can estimate the distance( catch up distance) at which the electromagnetic
field generated by the leading charge reaches the trailing charge, traveling at

a distance s, as follow (see fig. 3.3)



B T W
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Figure 3.3: A wall discontinuity located at z = 0 scatters the magnetic field
generated by an ultra relativistic charge. When the charge is in z the scattered

magnetic field reaches z — s.

and if s € b

b2
Zeatchup = % (31)

In this chapter we briefly recall the general definition of the longitudinal
and transverse wake fields. We then apply it to the case of the Spark project,
where the cavities geometries and the short bunch length, allow the use of
the diffraction model for a single cavity. The diffraction model suppose the
electromagnetic field, scattered at the edge of the cavity, is just that of a
plane wave; thus it is possible to use the classical diffraction theory of optics
to calculate the fields. An asymptotic solution for a periodic collection of

cavity is also given.

3.1 Wake Fields and Impedances

When a charge @) travels along the axis of an accelerator structure, the trail-
ing charge ¢ changes its energy under the effect of the longitudinal Lorentz

force Fj(s, z) produced by the leading charge, [16]

U(s) =— /00 F(s,2)dz (3.2)
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Figure 3.4: Leading, Q), and trailing, q, charges on the axis z of a symmetric

cavity.

where z is the longitudinal coordinate along the structure, see fig. 3.4.
Using eq. 3.2 the impulsive longitudinal wake potential is defined as
_Ul)

Wio(s) = ) (3.3)

The impulsive longitudinal wake potential is measured in V/C and it

represents the time response of a system to a unit impulse, that is it’s a
Green function; as a consequence we can calculate the longitudinal wake field
of an arbitrary charge distribution @) by applying the superposition principle
that is by making the convolution of the bunch distribution with the Green

function

1 oo
Wi(s) = @/ Als = s")Wjp(s')ds’
where A(s) = @/L is the longitudinal density of a bunch of length L. For

all practical purpose, the impulsive wake potential of relativistic bunches is

zero for all negative s

1 oo
Wi(s) = = / A(s — &) Wio(s')ds' (3.4)
Q Jo
Analogously let’s consider a leading charge () traveling transversally dis-

placed with respect to the axis as shown in fig. 3.5.

In this case the leading charge excites electromagnetic fields which give
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Figure 3.5: Leading, ), and trailing, q, charges in a symmetric cavity. The

leading charge is transversally displaced.

rise to a transverse electromagnetic force F'| (s, z).The trailing charge, expe-

riencing it, gains a transverse momentum

M(s) = /00 F (s, z)dz (3.5)

Using eq. 3.5 the impulsive transverse wake potential is defined as

_ M(s)
qQx

where x is transverse displacement of the leading charge from the axis of

Wio(s) (3.6)

the chamber.

It represents, as in the previous case, the time response of a system to a
unit impulse; it’s units are V/Cm.

We can use the transverse Green function to obtain the transverse wake

field of an arbitrary distribution charge @) of particles

Wi (s) = %/Oo A(s — "YW po(s')ds' (3.7)

Both the transverse and longitudinal wake field have been obtained in the
time domain. Fourier transforming them in the frequency domain we get the

spectrum response of the point charge wake function
1 [ jws
Zyw) =~ [ Wip(s)e'"ds (3.8)
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Figure 3.6: Geometric parameters for a pill box with attached tubes .

Z)(w) = —% /OO Wio(s)e?eds (3.9)

3.2 Wake Fields for the SPARC Photo-injector

A bunch traveling off axis across structures whose shape is not uniform, such
RF cavity or bellows, generates longitudinal and transverse wake fields as
reported in sec. 3.1. The bunch produced in the SPARC photo-injector,
see cap. 1, is short enough as respect with the beam pipes connecting RF
cavities or bellows; thus the use of a diffraction model, [17] for the wake fields

calculation is allowed.

3.2.1 Single cavity: wake fields diffraction model

The wake fields diffraction model suppose each structure as a pill box cavity,
whose geometric dimensions are: a the beam pipe radius, b the cavity radius
and g its length, see fig. 3.6

When the bunch length ¢ is much smaller than the beam pipe radius a

oc<La (3.10)
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methods of diffraction theory are used to calculate the impedance at high

frequencies

w> = (3.11)
where w is the angular frequency and c is the speed of light.

When a bunch reaches the edge of the cavity, the electromagnetic field
produced is just the one that would occur when a plane wave passes trough a
hole; with this hypothesis it is possible to use the classical diffraction theory
of optics to calculate the impedance. According to it, the resistive part R (w)

of the longitudinal cavity impedance and of the transverse cavity impedance

Zy Jcg

RL@u)—~§EZ§-(5)W2 (3.13)

w3203 \w

are respectively

where Zy = 377€) is the impedance of free space. The wake function is
derived from the impedance by inverting the Fourier integral for the longi-

tudinal wake

1 [ .
Wis) = 5- | Ziw)eds (3.14)
7T — 0
and for the transverse wake
M@:%/ZMWWw (3.15)

From eq. 3.12 and eq. 3.13, using the properties of the impedances, we

obtain the impulsive longitudinal and transverse wake function respectively

Zyc g
Wio(s) = Z 3.16
l0(s) Tomra\ s (3.16)
2327 c
Wio(s) ST (3.17)



The above expressions are given for the ultra-relativistic case § — 1; the
case of low energy regime was studied in [25] and [7] where It was shown
a dependence of the energy loss and of the wake fields from the relativistic
factor v. However It was shown in [26] that the high energy regime represents
an over estimation of the low energy one.

It’s worth noting that both the longitudinal and transverse wakes do not
depend on the cavity radius b. The reason is that the diffraction model
considers only fields generated at the cavity edge, that is where the beam
pipe meets the cavity; part of the diffracted field, generated when the leading
edge of the bunch enters the cavity, will propagate in the cavity and if the
bunch’s rms length o is shorter than the cavity radius b, then the geometrical

condition

(b—a)®
20
is fulfilled and the scattered field coming from the upper wall of the cavity

g < (3.18)
will never reach the tail of the bunch itself: this is called “cavity regime”,
[16], [27]. Using eq. 3.16, eq. 3.17 as a green function, eq. 3.4 and eq. 3.7 we
can calculate the longitudinal and transverse wake field, inside and outside
the bunch, for a bunch of length L whose charge () is uniformly distributed,

we obtain inside the bunch

Wis) = [ Wil 3.19)

and outside the bunch

W (s) = % SL Wjo(s")ds' (3.20)

Solving eq. 3.19 and eq. 3.20 we obtain

0 5 <0
W (s) = %Zoc gs 0<s<lL

fZOC g(Vs—+Vs—L) s>L
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Analogously for the transverse wake fields:

Wi(s) = é/os Wio(s")ds' (3.21)
wu@:% ;wmwmy (3.22)

Solving eq. 3.21 and eq. 3.22 we obtain

0 5 <0
Wi(s) = %%\/‘533/2 0<s<lL
/ c
VI (87 = (s = L)) s> L

3.2.2 Periodic structure: asymptotic wake fields

For a periodic collection of cavity of period p, the asymptotic, longitudinal

impedance, at high frequency, is given by [28]

. 1211
Z(k) ~ ;k—i‘; 1+(1 +j)% (1) ] (3.23)

kg

with a(z) ~ 1 —0.465y/x — 0.070z. Note that for a periodic structure the
real part of the impedance R(Z) ~ k(=3/2).

Inverse Fourier transforming the above equation we can obtain the asymp-
totic longitudinal wake field per cell of for very short range wake field. Any-
way using a modal summation technique, it is possible to obtain the wake
field numerically, which can be easily fitted to a simple function. The ob-
tained impulsive wake field is valid over a larger range of s and it can be used

as a Green function for arbitrary distributions bunch [29]:

ZQC —/s/s
Woji(s) = —e s (3.24)
with
1.8 ,1.6
s =041 (3.25)
o)
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A similar derivation exists for the transverse wake field, which is found

Wou(s) = % {1 - (1 + \/g) e—\/s/_52] (3.26)

Sy = 0.17a1.79g0.38/p1.17 (327)

to be
with

It’s worth noting that in this case the longitudinal and transverse impulsive
wake field are given in V/C'm and V//Cm? respectively, that is their definition
is given per cell.

These results are asymptotic, that is they are valid only after the beam
has passed a critical number of cells N..;;. A qualitative estimation of the
number of cell needed for the wake to approach the asymptotic results is

given in [30] that is

a2

2a
2g <O’Z + 7)

where o, is the rms length of the bunch, which is quite similar to the

Nepit = (3.28)

numerical estimation given for a Gaussian bunch in [29] when v — oo

OZCL2

N, = 2% 3.29
" go. (329)

where o approaches unity. We uses eq. 3.28 because it was obtained in a
more general way.

We can now calculate, as for a single cavity, the longitudinal and trans-
verse wake field for a uniformly charged bunch, of charge (), and length L.
Solving the convolution integrals, eq. 3.19 and eq. 3.20, we obtain for the

longitudinal wake field

0 s<0
W (s) = 2o [1—6‘V5/51(1+ i)} 0<s<L




and using the convolution integrals, eq. 3.21 and eq. 3.22, for the trans-

verse wake field we obtain

Wi(s)

e

0

s<0
4Z00522

Zocs [_6+%+26*\/§<3+3 %JF%)} 0<s<L
4203352 {£+2 [e‘\/g <3+31/i+i> +
Ta ED) 52 52
+e_\/?<—3—3 %—ﬂﬂ}

s> L

S2

60



Chapter 4

Beam Dynamics in Homdyn

Homdyn is a semi-analytical code, developed to describe the dynamics of
charged particles beams moving along accelerators devices.

The simulation of a bunch moving, for example, from the photo-injector
of a FEL project trough the linac to the entrance of an undulator, involves
non linear forces; thus multi-particle codes, such as Parmela, requires several
hours of CPU time to run. On the contrary Homdyn, being a semi-analytical
code, is very fast.

The main approximation of the Homdyn code lie in the assumption a
uniformly charged cylinder represents the bunch. The cylinder is divided
in an array of cylinders; the dynamics of each slice is described by differ-
ential equations for the envelope and for the centroids. Each slice cannot
change its charge, anyway, for it is subject to the local field, the cylinders
can change their lengths, radius and angle with respect to the axis; using
such information the energy spread and the emittance degradation can be
calculated.

The basic optical equation, which describes the motion of particles, is
known as the paraxial ray equation. The paraxial ray equation is a second
order differential equation in which the angle between the particle trajectories
and the axis is assumed small: this means the paraxial ray equation specifies

the trajectory in the neighborhood of the axis and also that the fields, actually
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Figure 4.1: The Multi-slice approximation of the Homdyn bunch.

experienced by the particles, are expressed as first order expansions of the
fields on the axis. As a consequence the axial field components are essentially
independent of r and radial components are proportional to r, being r the
radial distance from the axis. A paraxial ray equation calculated on the
radius R of the bunch is known as envelope equation.

In this chapter we introduce the envelope equation used in the Homdyn
code to describe the dynamics of a bunch traveling on axis: the emittance
force and the space charge force for a finite length bunch uniformly charged
are included in the envelope equation.

The bunch is supposed to travel off axis; in this case to describe the
displacement of the bunch from the nominal axis it is necessary to introduce
in the code the differential equations for the centroid motion of each slice.

A bunch traveling off axis across structures whose shape is not uniform
experiences transverse wake fields; thus the longitudinal and transverse wake
fields are introduced in the differential equation.

The equations contain the space charge on the slice centroids generated
by the neighbor slices.

Besides the beam can move in a solenoid field; the solenoid coils misalign-
ment with respect to the nominal axis is included. To validate the models
adopted in Homdyn for the space charge on centroids we compared Homdyn’s

results with the well known code Parmela. Finally we show the emittance
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analytical computation used in the Homdyn code.

4.1 Omn-axis beam Dynamics in Homdyn

The motion of a particle due to the Lorentz force

F=¢FE+vxB) (4.1)

is determined by Newton’s equation

dP

The paraxial ray equation can be deduced from eq. 4.2. As mentioned

above the assumption is that the particle’s trajectories remains near the axis.

We obtain [5], [6]

~! eB 2
" ! - =0 4.3
TTaEn T (2m057> ' )

The second term on the left hand side contributes to the decrease of the
angle the particle form with the axis, as the particle accelerates. The fourth

term represents a magnetic focusing effect, being B, the on axis magnetic

field.

4.1.1 Space charge and emittance pressure

Let’s consider an infinite cylindrical bunch. From eq. 4.3 we can deduce the
envelope equation for an on-axis beam: we substitute the envelope R to r
and we add two other effects: the space charge force, which includes both
the electric and the magnetic field, and the emittance force.

Concerning the space charge force, we can use again eq. 4.2 for the trans-

verse motion

d(ymdR/dt)
dt

ek,
~2

= e(E, + (v x B),) =e(1 - *)E, = (4.4)
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The space charge electric field for an infinite uniformly charged cylinder
was obtained in sec. 2.1, thus substituting eq. 2.2 to E, we obtain, for the

only space charge force,

d*(ymR) el 1
a2 2meofey? R

where [y = 4megmc®/e ~ 17k A is the Alven current.

(4.5)

A beam with a non zero emittance expands; in order to obtain an ex-
pression for the emittance, we can view nonzero emittance in terms of an
outward force that balances the focusing force to maintain a constant radius
beam. In the hypothesis the beam is cylindrical and paraxial, we write the

linear focusing force as

Fu(r) = —Fy(r/R) (4.6)

thus

T+ r=0 (4.7)

ym
The orbit vector points of individual particles follow ellipses in trace space
as the particles perform radial oscillations. The oscillation frequency for all

particles is

wy =/ Fo/ymR (4.8)

The radial emittance is at the waste, by definition (see cap. 1)
¢ = RR' = w,R*/Bc (4.9)

Solving for the oscillation frequency, we obtain

w, = €,3c/R? (4.10)

Equating eq. 4.8 and eq. 4.10 we obtain the focusing force needed to

balance emittance on the envelope. This can be included in eq. 4.5
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d*(ymR) _ e2ym(fc)? el 1

dt? R3 * 2meoBey? R

It’s worth noting that unlike the first three terms inserted in the paraxial

(4.11)

equation, the space charge force and the emittance force are defocusing forces
induced by the self field of the bunch, see fig. 4.2
Using the rule

= — R 4.12
R p” R'Bc (4.12)

we can now write the complete envelope equation, where ’ is the space deriva-

tive d/dz as

! 2
/1 v / eBZ 2 K €
= — + — 4.1
R +762R +(2mcm)R R+R3 (4.13)
where
I
il (4.14)

K=———
2wegm(Pryc)?
The ratio p, see sec. 77, of the space charge force upon the emittance

force
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describes a thermal or a laminar beam: when p is greater than one the

o (4.15)

beam is called laminar otherwise it is thermal.

The envelope equation used in Homdyn is written in terms of the enve-
lope time derivative and it describes the dynamics of a finite length bunch
shaped as a uniformly charged cylinder; the electric field used in the envelope

equation is the one obtained in sec. 2.2 for a bunch of length L and charge

Q:

e

e e
R+ 67?8 = mgmssw(

4eth,c\? 1
. ) = (4.16)
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Figure 4.2: Schematic view of the envelope equation.

that is [11]

- 0hp € QY L—¢&s €s
R + 5’7 ﬂR - m73 dre LR \/,y2(L _ é‘S)Z + R2 + /7253 + RZ

4ethne\? 1
— (4.17
+< gl ) R (4.17)

where & = 2z, — 2; , 2; is the considered slice’s tail and zg represents any

position along the slice. Fig. 4.2 shows a schematic view of the envelope

equation.

From the Newton’s equation, eq. 4.2, we write the bunch’s longitudinal

motion
Z. = Pe

e

Bs = (Ez(gs) + EfF)

mey?
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that is

. € Q
= my3 {27?6R2I/y
(6]~ 1L~ &) + VAT - P+ B~ PE+ ) + B (418)

where z. is the slice centroid longitudinal position, Ef*" is the accelerat-
ing field, induced by RF cavities and FE, () the longitudinal space charge
generated by a finite cylinder uniformly charged. The Homdyn code uses the
differential equation showed above, eq. 4.17 and eq. 4.18, to describe each

slice evolution along the accelerator structures.

4.2 Off-axis Beam Dynamics in Homdyn

4.2.1 Longitudinal and Transverse Wake Field

Let’s consider now a bunch traveling across structures whose shape is not
uniform. As seen in Cap. 3, the bunch induces electromagnetic fields which
act back on the bunch itself: these fields, acting behind the bunch’s head,
are called wake fields. When the bunch travels on the structures’ axis, it
generates only longitudinal wake fields; we can introduce the longitudinal

wake fields in eq. 4.18, obtaining

z=—4w@+@%hﬁE@> (4.19)

where E)| is longitudinal wake field obtained in sec. 3.2 for cavity or a
periodic array of cavities.

Of course, if the bunch is traveling on axis the slice centroids x. don’t
experience any transverse motion. Anyway, due to lasers jitters pointing in-
stability or misalignments, a bunch can be travel slightly off axis and when

a bunch’s travels along an accelerating structures, transverse time depen-
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Figure 4.3: Off axis bunch.

dent fields, such as transverse RF components, may induce correlated slice
centroids displacement as in fig. 4.3.

In these cases, in order to describe the displacement of each slice centroid
z. and y. from the nominal axis of the bunch, it is necessary to include in
the code the differential equation describing the centroid motion [13], [14].

Such equations contain the transverse wake fields. It considers the wake
fields as produced by the sum of the wake fields generated by each slice; the
displacement is related to the displacement of each slice. The former includes
only the displacement of the first slice thus it’s an approximation, on the
contrary the latter doesn’t contain any approximation but the Homdyn code
is a little bit slower to run because it obtains the wake fields as the sum of
the wake fields produced by the single slices.

The Homdyn differential equation describing each slice’s centroid trans-

verse motion, including only the wake fields, is

S
Fo + B3B3, = fm ; By (70, €) (4.20)

where s is index over the S slices.

The same equations holds for ..

68



15 0.00075

1 0.0005

0.00025

0.004 0.006 —0.002 0.004 0.006

—0.00075

0.4 F

M .K M . k N
—0.002 0.002 0.004 0.006 —0.002 .002 0.004 0.006

c) d)

Figure 4.4: Longitudinal, (a) and (b), and transverse, (c¢) and (d), space
charge electric field, generated by the whole bunch, (a) and (c), and as su-

perposition of the single slice electric field, (b) and (d).

4.2.2 Space Charge

When each slice’s centroid is transversally displaced from the nominal axis,
it also experiences a transverse deflection due to the space charge force pro-
duced by the neighbor slices [13], [14]. As for the wake fields, we can use two
different approaches to obtain the space charge field: in the first approach
the whole bunch generates the space charge, see fig. 4.4 (a) and (c), whilst
in the second the single slices generates the space charge, see fig. 4.4 (b) and
(d).

The first approach supposes the space charge on centroids varies linearly
with the distance d,. of the considered slice’s centroid from a straight line r.

The straight line 7 is obtained interpolating the centroids along the bunch

with the least square method, see fig. 4.5, and the longitudinal and transverse
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Figure 4.5: Interpolating straight line for bunch centroids displacement.

Er

X, M

r— \.\.\L .

Ez

Figure 4.6: Space charge electric field projections along and perpendicular to

the longitudinal azis z.

space charge electric field are obtained as the projection of the longitudinal
and radial electric field with respect the new bunch’s axis r as shown in
fig. 4.6.

Following the first approach the centroid transverse motion due to space

charge is

@, + B2 e, = mivg[Ez(gs)sme — E,(&, dye)cost] (4.21)

and the longitudinal motion is described by

Z, = W[Ez(gs)cose — E, (&, dge)sind] (4.22)
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The longitudinal electric field remains unchanged (see eq. 2.6)

_ @
2weR? Ly

E.(&) = el =1L &)+ VPE—EP + B = /78 + 2|
(4.23)

whilst the transverse electric field contains the linear dependence on d,..

_ Qvdac
dreLR?

L— gs + gs
VPL =&+ R P+ R

In the second approach the space charge is obtained as the sum of the

Er (fsa da:c)

(4.24)

fields of the single slices

s
.. - e
o+ 0705 = — Y Br(&s, e — 2es) (4.25)
m’y s=1
being
. Q'Y(:L‘c — Les L— 55 55

Er (fsa xc_xcs) -

+ 4.26
4dme LR? \/72(L —&)2+ R2 \/W2§§ + R2 ( )
where F, simply varies linearly with the distance z.—z., of the generating
slice, x.s, from the considered slice, z..

The longitudinal equation of motion is:

S
e
e = —— E. (& 4.27
= s L EE) (.27
where F, remains unchanged.
As for the wake fields, the main difference concerning the two approaches

consists in the CPU run time of the Homdyn code, which remains anyway

very low.

4.2.3 Solenoid Magnetic Field

Finally the Homdyn code contains the beam motion in a solenoid field, which
was mention previously among the focusing effects. The solenoid magnetic

field, obtained as the sum of each coil field, is shown in fig. 4.7.
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Figure 4.7: Solenoid field B,, generated as the sum of the single solenoid coil

The code includes the case the solenoids coils are misaligned: the follow-
ing differential equations describes the centroid’s transverse and longitudinal

motion when solenoid coils are present

e
i = —(y.B, — 2.B,) =
x ~m (¥ Z y)

Ye + Zc < Ye ZwafBzz>

e
o= (5B, — 4.B,) = -
( 'ym(z T By) m

l’c+ Zc< Te szoffBzz>

(& e
c = 'ch - .cB = - .c cB, - 1,0, B,
— Y (chL - in,offB,/z,z)

where

1dBZZ
2 dz

B, = (Te — Zioff) (4.28)
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Figure 4.8: Bunch centroid motion, as computed by Homdyn, in a solenoid

field.

1dB,;
By = —= 2%
Y 2 dz

being x;,¢r and ¥, ofr the displacement of the coil 7 from the nominal

(Ye = Yiors) (4.29)

axis.
It’s worth noting the equation describing the z., y. and z. motion are cou-
pled. Fig. 4.8 describes the centroid motion in a solenoid field, as computed

by Homdyn.

4.2.4 Validation

We test the models adopted in Homdyn to describe the space charge on

centroids, using the Parmela code. In particular we generate a bunch whose
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Figure 4.9: Slices’ centroids lying on a bent axis.

slices lies on a bent axis as in fig. 4.9; in this case space charge on centroids
is stronger.

Fig. 4.10 show the centroids’ evolution along the z axis, as computed by
Parmela and Homdyn, when the only space charge force is acting.

The cross represents the first approach whilst the square represents the
second one; Parmela is the full circle. It’s worth noting there’s a good agree-
ment between the two models, anyway in the first case the space charge
depends on the distance d,. of each centroid from the interpolating straight
line r so as long as the only space charge is affecting the bunch, d,. = 0 and
we only observe a lengthening effect due to the longitudinal space charge. On
the contrary, in the second approach, the distance z. — x., of the considered
slice from the neighbor slices generating the space charge is not zero; thus
the radial space charge is not zero, even if quite small being the chosen tilt
angle small. The radial space charge depends on the sign of the distance d,.

and it has the effect of transforming the straight line r into a bent line. In
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and second (square) approach for Homdyn .
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Parmela the bending effect is stronger, this is caused by space charge non

linearities.

4.3 Emittance Computation

The total rms normalized emittance is calculated in the code following the

definition given in sec. 77

&, = (< (a— <z > ><(fya'— < By’ >)* > +

— < (z— <z >)(Bya'— < Bya’ >) >7) (4.30)

The bunch is divided in S cylindrical slices, uniformly charged and each
slice contains M particles. The whole bunch contains N = S - M particles;

thus the media <> can be expanded in the following way:

1 1 e 1
<>:N 1:,5'-—MZZ:§Z<>S (431)

Besides for a uniform cylindrical charge distribution, the following relation

holds:

2

2 S
< > = 4.32
x 0 (4.32)

The total rms emittance is calculated in the code as follow

0 = (M) + (ec? (4.33)

where € is the thermal emittance. When all the slices lies on the same

corr

~'" is only given by the ’envelope’ emittance

axis, the correlated emittance e

2 2
X
()” =< T >< ]%X >— < % >2 (4.34)

where X is the slice envelope and pxy = yX' is the transverse momentum.

On the contrary if the slices do not lie on the same axis then the correlated
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emittance is not simply given by the envelope emittance but it is given by the

quadratic sum of three terms: the envelope emittance, eq. 4.34, the centroids

2

(ecent)z =< (xc_ < x, >) >< (me— < PzC >)2 >+

n

— < (Te— < 20 >)(Poe— < ppc >) >2

and the cross emittance, respectively

PX

X
(e7059)? =< - >< (Te— < 2e>)? >+ < = >< (pac— < pec >)* > +
X
-2< % > (Te— < Te >)(ppe— < pge>) >

The emittance complete expression of an off axis bunch has been inserted
in the Homdyn code. We used the Parmela code to validate the emittance
computation described above. We run Parmela for simple cases, for example
a bunch generated on a photo-cathode with and without laser jitter and space
charge. The obtained results for the envelope, centroids positions, envelope
and centroids momentum are inserted in the above equations the envelope,
the cross and the centroid emittance: then we compare the analytical results
with the emittance as computed by Parmela.

Fig. 4.11 compares the total emittance to the Parmela emittance. In
fig. 4.11 (a) and (b) the space charge is off whilst it is on in fig. 4.11 (¢) and
(d). Fig. 4.11 (a) shows the emittance computation when the bunch is trav-
eling on axis: in this case the centroid and cross emittance are equals to zero
and Homdyn simply uses the envelope emittance. It’s worth noting fig. 4.11
(a) shows the calculation is right. Fig. 4.11 (b) shows the emittance compu-
tation when the bunch is traveling off axis. In this case, all the emittances
are different from zero. Again fig. 4.11 (b) demonstrates the agreement is
excellent thus validating the emittance computation used in Homdyn.

Finally fig. 4.11 (¢) and (d) compare the emittance when the space charge

is on and when both the bunch is on axis or off axis. The agreement is still
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b) and the space charge is on (c and d) with (b and d) without (a and c)
offset.
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good: they don’t coincide perfectly because the Homdyn emittance calcula-
tion assume the bunch’s charge distribution uniform. Anyway the good result

demonstrates the non linearities of the space charge force can be neglected.
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Chapter 5

Emittance Degradation Study
in the SPARC photoinjector

The Homdyn code, including its improvement on off axis beam dynamics,
has been used in the SPARC project, together with other codes, to study the
bunch quality along the photo-injector until the entrance of the undulator
device.

In this chapter we analyze emittance degradation due to misalignments
along the photo-injector. Infact when a bunch travels off axis, because the
bunch is generated off axis or the structure is misaligned, transverse wake
fields exist as well and influence the bunch itself.

As a first application of the Homdyn code to the SPARC photo injector we
study the emittance and energy spread degradation in the emittance meter
experiment. The emittance meter experiment’s aim is to measure, with a
pepper pot, the emittance just outside the gun to guarantee the bunch enters
the linac with the required features. Anyway the bunch’s emittance can be
degraded by the bellows preceding the pepper pot giving a false measure.
Analysis of the bunch quality before the pepper pot has been done with
Homdyn including off axis beam dynamics. The Homdyn results for different
emittance meter geometries led to the choice of a certain geometries and show

the bunch’s emittance degradation is negligible.
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Moreover we study a correction scheme for the SPARC project to con-
trol the bunch’s trajectory and angle at the entrance of the undulator. The
correction scheme consists of a number of steering magnets and beam po-
sition monitors placed along the photo-injector; we tested its validity by
the study of a configuration which causes the bunch’s centroid going fur-
ther from the nominal axis thus generating stronger transverse wake fields.
Two different steering approaches are analyzed and the emittance degrada-
tion is studied. The code demonstrates the steerings positions and number
do correct the bunch’s orbit and angle and give good results concerning the

emittance degradation.

5.1 The Emittance meter experiment: emit-
tance and energy spread degradation

Preliminary studies of the the SPARC RF-Gun are planned to obtain an
accurate analysis and optimization of the emittance compensation scheme,
measuring the beam emittance evolution downstream the RF-Gun with an
appropriate diagnostic system. Since the beam before the accelerating struc-
tures is still space charge dominated, the pepper-pot method is used [18]. A
pepper-pot consists in a multi-slit mask intercepting the beam; it selects one
or several beamlets reducing the dominated space charge incoming beam into
some emittance-dominated beamlets that drift up to an intercepting screen
as illustrated in fig. 5.1.

The use of a double slit, horizontal and vertical, allows the measure of
the emittance and Twiss parameters in both plane. The pepper pot is pre-
ceded by a bellow structure , as in fig. 5.2, which allows the pepper pot to
move along the nominal axis z and thus it gives the possibility to perform
measurements from about z = 83c¢m to z = 233cm.

An array of cavities constitute the bellow’s corrugation. Even if each
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Figure 5.2: Emittance-meter design.
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corrugation’s shape is triangular, we suppose them as squared cavities. This
assumption (cap. 3)and the geometric dimensions of the pill-box cavity with
respect to the bunch length (see eq. 3.10) allows the use of the diffraction
theory model for the calculation of the wake fields in Homdyn.

Tab. 5.1 shows the two bellows configurations for the emittance-meter
experiment, where a is the beam pipe radius, b the cavity depth and g its
length. The second choice, being its geometric dimensions bigger than the
first choice, generates lower wake fields. Anyway, as it will be shown later
on, the first choice was adopted for the emittance meter experiment being

the resulting emittance degradation negligible.

Bellow | a mm | b mm | g mm
first 26.0 47.5 3.40
second | 51.25 75.0 4.00

Table 5.1: The two bellows geometries for the emittance meter experiment.

The plots in fig. 5.3 and fig. 5.4 represents the transverse and longitudinal
loss factors as a function of the corrugations’ number for a triangular and
squared corrugation for the first and second choice respectively. The results
calculated with the code ABCI demonstrate the assumption of a pill box
cavity for the bellows corrugations give a worst result in terms of wake fields,
that is the choice is conservative.

The graph in fig. 5.5 shows the variation in percent of the beam emittance
at position z = 150cm from the cathode, due to a bellow misalignment for
different values of the beam transverse position with respect to the bellow
axis. In the worst case of 1mm misalignment the contribution of the wakes
to the emittance degradation is lower than 2% thus negligible.

The increasing of the energy spread of the bunch due to longitudinal wake
fields trough the long bellows is analyzed in the plot of fig. 5.6. As for the

emittance, the degradation of the beam has not practical relevance.
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It’s worth noting the z = 150cm position represents the emittance maxi-
mum along the photo-injector and it is the position at which the linac struc-
ture should be positioned to get the minimum of the emittance outside the
entire linac (see sec. 1.3.2. The emittance value is infact frozen outside the

linac structure to the emittance second minimum.

5.2 Misalignment Correction Scheme Study
in the SPARC Photo-injector

A bunch can travel off axis for different reasons: for example a laser pointing
instability can directly generate the bunch off-axis or the structures can be
misaligned. In this case transverse wake fields, RF transverse components
and space charge can further push off axis the bunch. Thus the bunch has to
be driven to the nominal trajectory with the help of steering magnets, placed
along the accelerator structure.

Fig. 5.8 is a conceptual drawing of the steering magnets and the beam
position monitors positions along the photo-injector.

A steering is positioned just outside the gun, whilst we place two steering

in each traveling wave structure. One more steer is placed at the end of the
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Figure 5.9: Traveling waves and solenoid coils misalignments in the Sparc

photo-injector.

linac, after the focusing quadrupoles and finally we can find the last steer just
before the undulator. Outside the linac beam position monitors are placed
after every steering whilst they are placed after every two steerings inside
the linac structure.

As a preliminary study of the emittance degradation, we analyze a case
for which the bunch’s centroid is driven further and further from the nominal
axis as shown in fig. 5.9.

The bunch is generated on axis whilst the traveling waves can be transver-

sally displaced with respect the nominal axis; besides the thirteen coils form-
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ing the solenoid of the first traveling wave can be independently displaced as
well: a study of different misaligned combination for the solenoid coils shows
which is the configuration that drives the centroid further from the nominal
axis.

Tab. 5.2 shows the solenoid coils and traveling waves misaligned config-
uration. It’s worth noting the mechanical design guarantee 0.05mm offset,

anyway the standard misalignment chosen in the analysis is 0.1mm.

Device | Azmm | Aymm

Solenoid coil 0.0 0.1
1

Solenoid coils 0.1 0.0
2-3-4-5-6

Solenoid coils 0.0 -0.1
7-8-9-10-11-12-13

TW1 0.1 0.1

TW2 -0.1 -0.1

TW3 -0.1 -0.1

Table 5.2: Solenoid coils and traveling wave misalignment.

To calculate the right angle in the vertical and horizontal plane that cor-
rect the trajectory, we use a transfer matrix between two points, for example

the steering and the following BPMs or two adjacent steerings

x a b e f x
x’ | e d g h x
Y - it Ll o p Y
v ), m n g b v ),

The matrix calculation is made up of two steps: the first step consists in

the calculation of the matrix elements.
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Let’s turn off the steering magnets, 2’ = ¢y’ = 0, we obtain the nominal

position on the following steering or BPM, x5, and s,

Toy = AT + €Y1
Yon = Y1 + 01

Turning on the horizontal steer we get the new positions zq, and yo

To, = Loy + b’
2% 2 (5.1)

Yok = Yon + p’
From eq. 5.1 we can obtain the matrix element b and p. The same rea-
soning apply to the determination of the matrix element f and [, turning on

the vertical steer:

Top = Ton + [Y
Yok = Yo + Y/
The second step determines the horizontal and vertical angle of the steer-

ing, being known the matrix element and the position wished on the following

steer or BPM:

b’ + fy' = xq
pr' + 1y =y
It’s worth noting such matrix determines the horizontal and vertical angle
for one steering. The general case of more than one steering is solved using the
superposition principle thus adding the contribution of each steering coming
before the ending point.
The above treatment includes the case the horizontal and vertical plane

are coupled, as in a solenoid magnetic field.
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Figure 5.10: Steering positions and BPMs used in the virtual experiment.

Figure 5.11: Bunch’s centroid position along the structure with and without

steering correction.

5.2.1 Bunch trajectory correction: a virtual experi-

ment

Let’s first correct the misaligned configuration trying to drive the centroid
trajectory back on the nominal axis. We use the Homdyn code as if we were
simulating a virtual experiment; this means we try to align the bunch on the
BPMs after each steering and we read the centroid position on the BPMs.
Therefore only one steering before each BPMs will be used. The positions of
the steerings and BPMs used are sketched in fig. 5.10.

The plots in fig. 5.11 represents the centroid position along the SPARC
photo-injector until the linac exit, with and without steering magnets.

Note that the centroid position is successfully driven back to the nominal

axis, anyway tab. 5.3 show an emittance which is around 1mmmrad but still
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Figure 5.12: Centroid’s trajectory drawing along the linac with the bump

technique.

gives rise to an emittance variation of 30%.

Offset €na €na €ny €ny
steeroff steeron steeroff steeron
0.1mm | 3.47urad | 1.08urad | 1.22urad | 1.06purad

Table 5.3: Horizontal and transverse emittance with and without steering

correction.

The reason is that even if the centroid travels back on the nominal axis,
the traveling wave structures are misaligned. Thus the transverse wake fields
exists and causes an emittance’s increase. Therefore the emittance should be

minimized.

5.2.2 Beam Based Alignment: emittance minimization

The beam based alignment technique consists in minimizing a certain param-
eter, for example the emittance, by forcing the bunch to undergoes bumps
and pass along the traveling wave axis as shown in fig. 5.12.

Such technique uses all the steerings placed inside the linac, [19] instead

of one per linac as in the previous case. We use again a transfer matrix to
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Figure 5.13: Centroid’s trajectory along the linac with the bump technique

with and without steering.

determine the steerings angles; the plots in fig. 5.13 represents the centroid
trajectory with and without steerings and demonstrates the centroid travels
on the axis of each traveling wave structure as depicted in fig. 5.12.

Tab. 5.4 shows the emittance at the entrance of the undulator after the
steering is brought back to the nominal value. Fig. 5.14 shows the emittance
evolution until the undulator entrance with and without correction and in

the nominal case.

€ €Eng €Eng €ny €ny

nominal steer off steer on steer off steer on

0.79umm | 1.81pumm | 0.92umm | 0.79umm | 0.92umm

Table 5.4: Horizontal and transverse emittance with and without steering

correction with the beam based alignment technique.

As a conclusion, it’s interesting to analyze what happens when, with a
given misaligned configuration and fixed steering angles, the bunch is gen-
erated off axis; that is a laser pointing instability is present. The plots in
fig. 5.15 shows the system is stable and the position and angle at the entrance

of the undulator still remains in the range allowed.
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dulator versus the bunch offset at the gun.
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Finally fig. 5.16 represents the emittance as a function of the laser point

instability.
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Chapter 6

Conclusions

A high quality beam, that is a low emittance and high current beam, is
needed to fulfill FELs™ requirements.

The main causes of emittance degradation along the photo-injector, pre-
ceding the undulator of the Sparc project, are the so called collective effects.

Collective effects includes space charge and wake fields that have been
deeply studied in this work.

Infact by inserting them in a fast semi-analytical code, Homdyn, we could
study the emittance degradation and finally compensate the degradation
along the photo-injector.The code has been one of the main tool used to
study the beam dynamics of the Sparc project.

The space charge is the electromagnetic field produced by a charged
bunch. In this work the case of a finite cylindrical bunch with circular
cross section, moving at relativistic speed, has been considered. Anyway
a more complicate analysis of an elliptical cross section bunch has been stud-
ied as well. Infact the focusing properties of some accelerator devices, as
quadrupoles and bending magnets, can change the charge distribution of a
bunch from round to elliptical.

An approximate analytical solution for the longitudinal electromagnetic
field has been obtained, whilst for the transverse electromagnetic field we

got numeric solutions. Anyway the study demonstrates a low eccentricity
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of the bunch’s cross section allows the use of a general rule to obtain the
electromagnetic field of an elliptical cross section bunch also for finite length
bunch. The general rule give the possibility to associate the transverse elec-
tric field on the axis of a round infinite bunch to the electric field of an infinite
elliptical one.

The eccentricity involved in the Sparc photo-injector are such that we
could apply the general rule in the Homdyn code thus simplifying the com-
putation. Anyway the more complicate equations for the elliptic case should
be used in the future second phase of the Sparc project for bunches traveling
across magnetic compressors.

The wake fields are the electromagnetic field produced by a charged bunch
traveling across devices whose shape is not uniform and/or its resistivity is
finite. A wake field can only affect charges following the generating charge.
The geometric dimensions of the cavities involved in the Sparc project com-
pared with the bunch’s dimension allow the use of the diffraction model to
obtain an analytical solution for the longitudinal and transverse wake fields.

Such result was inserted in Homdyn code as well.

Transverse wake fields exists when the bunch travels off axis. Thus we
introduced in the code the possibility to study the off axis beam dynamics as
well. In this case each slice can be transversally displaced from the nominal
axis with respect the neighbor slices; besides it also experiences a transverse
deflection due to the space charge forces produced by the neighbor slices.

The improved version of the Homdyn code was successfully compared
with the results given by a well known but much slower code as Parmela; thus
we used the improved version of the Homdyn code to evaluate the emittance
degradation when the bunch travels off axis along the Sparc photo-injector.

In particular a very accurate measure of the emittance evolution down-
stream the RF gun is required. The movable emittance meter device is used
in the Sparc project to measure the emittance along the z axis; it can be

moved thank to a bellow structure, whose triangular shape, generates wake
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fields. Homdyn allowed the analysis of the emittance degradation and gave
the possibility to choose one of the two bellow geometries proposed by the
Sparc team.

Moreover, to drive a bunch traveling off axis back to the nominal axis we
need an array of steering magnets and beam position monitors. We stud-
ied and verified a configuration of steering magnets with the Homdyn code
by investigating two types of correction: one correct the bunch’s trajectory
driving the bunch back to the nominal axis, the other, called beam based
alignment technique, looks for the bunch’s trajectory giving the minimum
for the emittance. We could compensate the emittance with such techniques
thus demonstrating the steerings positions chosen are correct.

The whole study was allowed by the Homdyn code, in particular the
off-axis version and th wake fields (not included in other code as Parmela)
as well as the space charge on centroid has been very useful. Thus beam
dynamics is successfully described by the Homdyn code and it was applied
to the Sparc project giving an important contribute to the development of

the project itself.
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