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Introduction

The theory of automorphic functions rose around the second half of the nine-
teenth century as the study of functions being invariant under the action of a
group on their domain and consequently well defined on the quotient space.

The so-called elliptic functions, for which the first systematical exposition
was given by Karl Weierstrass, are one of the simplest examples of automorphic
functions. These are meromorphic functions of one variable with two indepen-
dent periods and can be thus regarded as functions on the complex torus C/L,
where L is the lattice generated by the two periods .

A first classical generalization of this notion is suggested by working with
functions defined on isomorphism classes of complex tori. Since a bijection
exists between the isomorphism classes of complex tori and the points of the
quotient space H/SL(2, Z), H being the complex upper half-plane ?, a remark-
able example pertaining to the theory of automorphic functions is provided by
holomorphic functions on H, that are invariant under the action of SL(2, Z); this
is indeeed what is meant by modular function .

More generally, the classical theory of the so-called elliptic modular forms
points to the study of holomorphic functions on H, transforming with a mul-
tiplying factor satisfying the 1-cocycle condition under the action of a discrete
subgroup of SL(2,R). In the first half of the twentieth century Carl Ludwig
Siegel was the first to generalize the elliptic modular theory to the case of
more variable, by discovering some prominent examples of automorphic func-
tions in several complex variables; these are named after him Siegel modular
forms. In this theory ([I'], [KI], [ 1), His generalized by the upper half-plane
S, = {1 € Sym(g, C) | Imt > 0} and a transitive action of the symplectic group
Sp(2g, R) is defined on &g, thus generalizing the action of SL(2, R) on H:

Sp(2g, R) X Sg — G4

((é g),’[)—> (AT +B)-(Ct+ D)!

LA classical result completely describes these functions by means of the Weierstrass p-function
and its derivative; the elementary theory is detailed, for instance, in [FB]

2Gee, for instance, [FB].

3A classical result states the field of modular functions is generated by the so-called absolute
modular invariant, which was discovered by Felix Klein in 1879 (see Chapter 2, Example 2.3)
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The arithmetic subgroup T’y := Sp(2¢, Z) plays particularly a notable geometri-
cal role with respect to this action, as the points of the quotient space A, == S, /T'¢
are set in correspondence with the isomorphism classes of principally polarized
abelian varieties *.

Modular forms can be used as coordinates in order to construct suitable
projective immersions of level quotient spaces with respect to the action of
remarkable subgroups of I'y. Riemann Theta functions with characteristics:

O(1,2) = Z ol (5 )e(ne ) 42! (ne ) (24157 |

nezs

are, in particular, are a good instrument at disposal of the theory, to construct
suitable modular forms, since the so-called Theta constants:

Qm(T) = 6m(T/ 0)

and the Jacobian determinants

. %Qm lz=0(T) ... %Gm |2=0 (1)
D(ny, ..., ng)(1) = = : :

a X J i
(y_zlenglz:o () ... ngenglz:o (1)

turn out to be modular forms with respect to a technical level subgroup
I';(4,8) c Ty. A remarkable map can be defined in particular on the level

moduli space Ay® := Sy /T(4, 8)

PgrTh: Ay® — Gre(g,2871(28 - 1)

whose image lies in the Grassmannian of g- dimensional complex subspaces in
€271, the Jacobian determinants being its Pliicker coordinates. This map
is somehow a generalization of that studied by Lucia Caporaso and Edoardo
Sernesi in [CS1], which sends a plane quartic to the set of its 28 bitangents.

In their paper [ ] Samuel Grushevski and Riccardo Salvati Manni proved
the map PgrTh is generically injective whenever g > 3 and injective on tangent
spaces when g > 2. The map is conjectured to be injective whenever g > 3,
albeit it has not been proved yet. When g = 2, instead, the map:

PgrTh: A*® — P
is known not to be injective.

In this thesis, a description is provided for the congruence subgroup I' contain-
ing I';(4, 8) and being such that the map PgrTh in genus 2 is still well defined

4See, for instance, [GH], [De] or [SU]
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and also injective on the correspondent level moduli space Ar := S¢/T. T'is also
proved to be a normal subgroup of I'; with no fixed points, the level moduli
space Ar being thus smooth.

A structure theorem is also proved for the graded ring of modular forms A(I')
and for the ideal of cusp forms S(I') (namely the modular forms that vanish on
the boundary of Satake’s compactification) with respect to I'. Alas, a geometri-
cal description still misses, due to the the not simple algebraic structure of A(T')
and S(T).

Chapters 1 and 2 are designed to provide an outline of the basic theory; the
reader is obviously referred to the bibliography for a deeper exposition of the
topics.

Chapter 3 is mainly focused on Theta constants and related topics. Section
3.6 is particularly devoted to provide a new geometric description for a classi-
cal modular form of weight 30 in genus 2, being characterized by transforming
with a non-trivial character under the action of I'.

Chapter 4 is, finally, centered around the above mentioned results concern-
ing the group I".

The author wishes to thank Professor Salvati Manni for his help and also seizes
the opportunity to thank Professor Freitag for having performed some neces-
sary computations by means of a Singular program devised by himself.
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Notation

For each set A the symbol |A| will stand for its cardinality. The notation A C B
will mean that A is a not necessarily proper subset of B; to state the set A is a
proper subset of B, the symbol A ¢ B will be, though, used.

For any associative ring with unity R, the symbol M(g, R) will denote the g x ¢
matrices, whose entries are elements of R, while the symbol Sym,(R) will stand

for the symmetric ¢ X ¢ matrices.

For any field F, GL(g,F) and SL(g, F) will stand respectively for the general
linear group of degree n and for the special linear group of degree n on F.

The symbol S,, will mean the symmetric group of order n!.

The exponential function ™ will be also denoted by the symbol exp(w), where
such a notation will be needed.
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Chapter 1

The Siegel Upper Half-space
and the Symplectic Group

A more exhaustive discussion around these topics can be found in Siegel’s clas-
sical work [Si], as well as in Freitag’s [F] and Klingen’s [K]] books, where a focus
on Minkowski’s reduction theory is also available. Most of the topics are also
outlined in Namikawa’s Lecture notes [Na], where Satake’s and Mumford’s
compactifications are also dealt with.

1.1 The Symplectic Group Sp(g, R)

Definition 1.1. The symplectic group of degree g is the following subgroup of
GL(2g, R):

Sp(g,R) = {y e M2g, R) | 'y - Jg -y = ]

where:
(0 1
=
is the so called symplectic standard form of degree g.

The symplectic group naturally arises as the group of automorphisms of the
lattice 728, provided with the form J, 1. asit clearly turns out from the definition,
it is an algebraic group.

A generic element of the symplectic group can be depicted in a standard block
notation as:

a, b,
y = (cj d;) ay,by,c,,d, € M(g,R)

More in general, a symplectic group Sp(g, A) can be defined, whose elements are the linear
transformations preserving a given non-degenerate skew-symmetric bilinear form A of degree 2;
such transformations are in fact named symplectic transformations.

11



12CHAPTER 1. THESIEGEL UPPER HALF-SPACE AND THE SYMPLECTIC GROUP

By expliciting the conditions describing the elements of the group, one gains:

‘a,c, ='c,a, ; ;
Sp(g,R) =<y € GL2g, R | ,d, = 'd,b, ; layd, ey, =1, ¢ =
! (1.1)
a,

_ {7/ €GlgR) [y =T yJg = (—féy f y)}

The symplectic group is self-evidently stable under the transposition y — 'y;
hence, an equivalent characterization follows by expliciting the conditions for
the transposed element:

ath. = bt
Sp(g,R) = {y € GL(2g,R | Cytdy _ g a,)'d, —b)fc, =1, } (1.2)
y Gy = dy

A remarkable subgroup of Sp(g, R) the theory mainly focuses on is the so-called
Siegel modular group:

Definition 1.2. The subgroup:
T = Sp(3,Z) = {y € Sp(g, R) | ay, by, ¢, d,, € M(g, Z)} = Sp(g, R) N\ M(2g, Z)

is called the Siegel modular group of degree ¢ 2. When ¢ =1, T = SL(2, Z) is also
known as the elliptic modular group >

Proposition 1.1. The set:

Ol )
S.—{]g ’ {(0 Le SeSyny(Z)

is a set of generators for the modular group T,

Proof. For eachn eIy and h = 1,...g, let Afﬁ be the 2g X 2g matrix, whose
entries are:

an — 1 if i= ] = h,.
o | ik
(A,],h)i]' = Cyp if i=h+ g j= I
dq_l if i:j:h+g;
0 otherwise

Then:

© . (9]
Vop =log+ A% €Ty Vnely, Vh=1,..¢

2T, is then an example of arithmetic subgroup of Sp(g, R)
3A classical result states that T';/{x1} is the group of biholomorphic automorphisms of the
Riemann sphere C.
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8
nh

element u € GL¢(Z) is found to exist, being such that the (g + 1)-th column of
the matrix:

_(# 0O ®
N}’ - (0 tu—l) H y,]/h V4
nh

is made by the unit vector eg.1. Since y € T, the first row of N, must be made
by e1. Then, by induction, the group T’y is seen to be generated by:

u 0 1 S
o (s )} Al ) |
{ A 0 ‘u u€GLy(Z) 0 I SeSymg(Z)

9}
nh

elements and J,. The modular group itself is, therefore, generated by the set:

AR (IR TS (¢ | S
£ 0 fut ueGLy(Z) ' 0 18 SeSymy(Z)

Furthermore, for each u € GL¢(RR) one has:

o o= )5 )6 6, B o)

hence, the thesis follows. m]

By multiplying ) € I'y by suitable elements of the type y, from the left, an

However, the elements y°/ are plainly checked to be generated by the other

Corollary 1.1. The modular group I's is also generated by matrices of the form:

— a)/ b)’ -1 _ dV 0 ¢ i 't B
7/_(0 dy) s Y _(—by a, bydy = d)/b}, ; a},dy _1g

Proof. Thanks to Proposition 1.1, one only needs to check the set S is generated
by such matrices. However, since the following identity holds:

I_(lg 0)(1g 1g)(1g 0)
§\-1, 1)\0 1){-1, 1,

the thesis plainly follows.

1.2 Congruence Subgroups of the Siegel Modular
Group
This section aims to introduce remarkable subgroups of the Siegel modular

group I'y, which turn out to be the natural setting to generalize the notion of
modular function.
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Definition 1.3. For each n € IN let T ¢(nn) be the kernel of the natural homomorphism
I'¢ — Sp(g, Z/nZ), induced by the canonical projection. The group I'¢(n) is known as
the principal congruence subgroup of level n.

As a kernel of a group homomorphism, I';(n) is a normal subgroup of T,.
Moreover, since:

[o(n) ={y €Ty |y = 15y modn}

an immediate characterization is derived for this group:

To(n) = {y € M(28,2) | y = Tog + nM, }

'oam = by + n(*dpba — "bmdm) (1.3)

. ay b
with M), = (CM dM) s.t. tCM =Ccpmt+ n(taMcM — thaM)
M M

dM + taM + n(taMdM - tCMbM) =0

This subgroups are of finite index in the Siegel modular group; in particular,
the following Lemma holds:

Lemma 1.1. For each n € IN:
1
Ty Tem) =m0 T I (1 _ Tk)
pln 1<k<g P
Proof. A proof can be found in [Ko]. o

As concerns principal congruence subgroups with even level, some elementary
lemmas can be stated:

Lemma 1.2. If y € [¢(2n), then y* € Ty(4n).

Proof. Let y1 = lag + 2nMy,y2 = lpg + 2nM; € T¢(2n) with reference to the
notation introduced in (1.3). Then, one has:

Y172 = lag + 2n(My + M; + 2nM1M;) (1.4)
hence, the thesis follows. O
Lemma 1.3. Whenever y € I'q(2n), one has:

diag(‘a,c,) = diag(c,) mod4n diag('b,d,) = diag(b,) moddn

Proof. Using again the notation introduced in (1.3), the following simple chain
of congruences is derived:

2('EIZMCM)] =

=2ndiag(cm) + 4n2diag(taMcM) = 2ndiag(cy) mod4n

diag(‘a,c,) = diag['(14 + 2nay) - 2ney] = diag[2ncy + 4n

thus proving the first relation, as ¢, = 2ncy. Likewise, the second relation is
proved. m]
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Definition 1.4. A subgroup I' C I'y, such that T¢(n) C I for some n € IN is called a
congruence subgroup of level n.

Congruence subgroups are all the subgroups of finite index in I';. Remarkable
examples of proper congruence subgroups, namely congruence subgroups be-
ing not principal, are given by the following family:

[go(n) = {y €lglc, = Omodn} (1.5)
These are plainly congruence subgroups of level n being not normal in T',.

A notable family of congruence subgroups this work will mainly focus on, is
the following one:

Tg(n,2n) = {y € Ty(n) | diag(‘ayc,) = diag(‘b,dy) = OmodZn} =
= |y €T4(n) | diag(a,'b,) = diag(c,'d,) = 0mod2n}

Since I'y(2n) C I'¢(1,2n), such subgroups are congruence subgroups of level 2n.
Furthermore, Lemma 1.3 implies the following characterization:

To(2n,4n) = {y € Ty(2n) | diag(b,) = diag(c,) = 0modn| (1.6)

Congruence subgroups as in (1.6) satisfy some remarkable properties:
Lemma 1.4. If y € T4(2n,4n), then y* € Ty(4n, 8n).

Proof. Lety = 15, +2nM be as in (1.3); then, the thesis follows from (1.4), since
diag(bp) = diag(cpr) = 0mod2 by hypothesis. ]

Proposition 1.2. TI'¢(2n,4n) is normal in T for each n. Furthermore:
[[y(2n) : To(2n,4n)] = 2%

Proof. Lety = 1y, +2nM be, as in (1.3), the generic element of I'¢(21); then, for
each 1 one can define the map:

D, : Tg@2n) — Z5x7Z
y —  (diag(by) mod2, diag(cp) mod2)
Due to (1.4), D, is a group homomorphism. Moreover, I';(211, 41) is the kernel of
D,,, the condition D,(y) = 0 being equivalent to diag(b,) = diag(c,) = 0 mod4n;

in particular, I'¢(2n,4n) is normal in I'y(2n). To prove that I',(2n,4n) is normal
in T, one has to show that nyn™ € KerD, whenever y € I',(2n,4n) and 1 € T.

One has:
am bM tdn —tb,] _ a b

=
~
)
iR
1
—_——
D3
u
= 3
I =
—
—_——
=Wy
—_
oo
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where, for instance, V' = aby'a, — byeat'by + H(ay'dy'by) — (agam'by); by (1.3)
am + 'd,, = 0mod2n, hence the following identity arises:

diag(b’) = a, - diag(by) + by, - diag(cypr) mod2

Since y € KerD,, then ding(t’) = 0mod2; the identity diag(c’) = Omod?2 is
likewise gained

To prove the second part of the statement, one observes that D, is also surjective.
In fact, for (e1,€;) € Z3 X Z3, by (1.3) y1 € I4(2n) can be chosen in such a way
that ay, = cym, = dy, = 0 and diag(by,) = €1 mod2, while y, € I'¢(2n) can be
such that ay;, = by, = dy, = 0 and diag(cy,) = €2 mod2. Then, D(y1) = (e1,0)
and D(y,) = (0, €2), hence the surjectivity of D, follows, for D(y1y2) = (€1, €2).
Therefore, the following isomorphism is gained:

To(2n)/T(2n, 4n) = (Z,)*
hence [T4(2n) : Ty(2n,4n)] = 2%8. i

Proposition 1.3. T¢(2n,4n)/T¢(4n,8n) is a g(2g + 1)-dimensional vector space on
Zs.

Proof. Lemma 1.4 implies that each element in T¢(2n,4n)/T'¢(4n,8n), which
differs from identity, has order 2. T¢(2n,4n)/T4(4n,8n) is, in particular, an
abelian group. By Lemma 1.1 and Proposition 1.2, one immediately gains
[Tg(2n,4n) : To(4n,8n)] = 2838*D. Then:

To(2n,4n)/T(4n, 8n) = 75D (1.7)
which concludes the proof. m|

Proposition 1.4. For each couple of indices 1 < i, j < g one can denote by O;; the
matrix g X g, whose coordinates are Og?k) = 0inOjk. Then, the following matrices:

aj 0 . . 1,+20; ifi#j
A= _) 1<i,j< with ai-:z{ § o T
j (0 taijl ( j<8) j 1,-20; ifi=]
o 1g bi]' . . . o ZO,']'+26]'1' lfl#]
Bj; ._(0 1g) (1<i<j<yg) with by ._{ 20, ifi=j
Clj_Bl] (1Sl<]§g)

are a set of generators for I'¢(2).
Proof. A proof can be found in [I3]. m]
As a consequence of Proposition 1.4 one has the following:

Corollary 1.2. The g(2g +1) elements A;j (fori, j # g), Bij, Cij (for i < j), B3, C3, —1g
are a basis for the 7 - vector space [4(2,4)/T(4,8).

Proof. Thanks to the characterization (1.6), the elements described in the state-
ment are plainly found to belong to I';(2,4). More precisely, such elements are
checked to belong to distinct independent cosets of I'¢(4,8) in I'¢(2,4). Then,
the thesis follows from Proposition 1.3. m|
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Another important family of remarkable congruence subgroups this work
will focus on is defined by:

Tg(n,2n,4n) = {y € Ty(2n,4n) | Tr(a,) = g modn) (1.8)

In the next section the main features of the action of these subgroups on a
notable tube domain of the complex euclidean space will be reviewed.

1.3 The Action of Sp(g, R) on the Siegel Upper Half-
space

Definition 1.5. The Siegel upper half-space of degree g is the following subset:
&, = {1 € Symy(C) | Imz > 0 (1.9)

It is self-evidently a generalization of the complex upper half-plane H := {r €
C|Imt > 0} = &.

An action of Sp(g, R) can be defined on S, by means of biholomorphic auto-
morphisms as a generalization of the classical action of SL(2,R) on H :

Sp(g, R) X Sy — S
(1.10)
(7,7) = (@t +b) - (cyT+d,)7"

Proposition 1.5. The action in (1.10) is well defined and transitive.

Proof. For eachy € Sp(g, R) and t € Symg(C) the following identities are easily
found to hold:

t(a),T +b))(cyT +dy) - t(Cy’l' +d))a,T+by) =1~ f1=0 (1.11)

t(bl),’l' +b))(cyT +4dy) - t(CyT +d,)a,T +by) =1 -7 =2i(Im7) (1.12)

In order to be sure the expression in (1.10) is well defined, ¢, + d,, must be
proved to be invertible for each 7 € S, and for each y € Sp(g,R). Then, if
¢,T + d, were such an element not being invertible, a nonzero vector z € C2
would exist, such that (¢, 7 + d,)z = 0; hence:

0="2'(a,T +b))(c,T +dy)z = "2 (c)T +d))(a,T + b))z

and (1.12) would imply 2i'z(Imt)z = 0, thus contradicting the hypothesis 7 € S,.
Now, one needs to prove that yt := (4,7 + b)) - (¢, T + dy)‘1 € G, foreach 7 € S,
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and for each y € Sp(g,R). Since c,T + d, is invertible under this hypothesis,
(1.11) is equivalent to yt € Symg(C). This assertion and (1.12) imply:

Im(yn) = 5107 - (7] =

= %f(m +d)) M ayT + by)eyT +dy) = eyt + dy)ayT + b))yt + ) =

=Hc,t+dy) - Imt - (et +d,)7

from which Im(yt) > 0 follows, since 7 € Ss.

The law (1.10) is plainly checked to satisfy the properties defining action. Fi-
nally, thanks to the Cholesky decomposition (Corollary A.2), for each 7 € S,
there exists a matrix u € GL(g, R) such that Imt = u'u. Hence:

_[1g Ret\fu O ,
(i 6 e

and also the transitivity of the action is proved. m]

The action of the symplectic group on S, provides a complete description for
the group Aut(S,) of the biholomorphic automorphisms of S,:

Proposition 1.6. Sp(g, R)/{£1,} = Aut(S,).

Proof. The action (1.10) allows to define for each y € Sp(g, R) the holomorphic
maps T, : T — yT on S, to itself. Each map T), is clearly invertible with inverse

T,-1; a group homomorphism is therefore defined:

T : Sp(gR) — Aut(S,) (1.13)

Y - T,
whose kernel is precisely {+1,}. The proof of the surjectivity of T is provided in
[Si], by applying a generalized version of Schwartz lemma for several complex
variables. o

Some remarkable properties of the Siegel upper half-space related to the
action of the symplectic group can be stated here.

Proposition 1.7. G is a symmetric space.

Proof. One needs to prove that each point of ©, admits a symmetry. For such
a purpose, one can consider the generator:

0 18)
= € Sp(g, R
l4 (_1g 0| €5p(&R)

and the related holomorphic map T as in (1.13).

T, is an involution of &, for T}Z, = Idgg. Moreover, T)(ilg) = ilg, hence T,
is a symmetry for the point i1, € S,. Since by Proposition 1.5 Sp(g, R) acts
transitively on S, for each 7 € S, there exists 11 € Sp(g, R) such that 7 = nil,.

Tyt is thus a symmetry for 7. m|
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To prove other important properties of this action, a classical result regarding
the group action on topological spaces have to be recalled:

Theorem 1.1. Let G be a second-countable locally compact Hausdorff topological
group acting continuously and transitively on a locally compact Hausdorff topological
space X. Then, for each x € X the homeomorphism G/St, = X holds between the two
topological spaces.

Proof. The following map:
T: G/St,—> X
Sty — gx

is clearly well defined and injective; it is also surjective, for the action of G is
transitive. To prove T is indeed a homeomorphism, one needs to show the map
g + gx, which is continuous by hypothesis, is actually an open map.

Let thus U € Gbe anopenset; gU = {gx| g € U} will be proved to be an open set.
Then, let gx € gU and let V be a compact neighbourhood of the identity e € G
such that V7! = V and ¢gV? c U. Since G is second-countable, there exists a
collection of elements {g,}new C G such that G = U, ¢,V, hence X = U, ¢, Vx.
For each n, the set g, Vx is a closed set, for it is compact in X; furthermore, the
interiors of g,Vx can not be all empty, since X is a Baire space, for it is a locally
compact Hausdorff space. Therefore, there exists 1y € IN such that g,,Vx has
interior points, hence the interior of Vx is not empty, Vx being homeomorphic
to gn, Vx. Then, let xg € X such that xox € Int(g,, Vx); one has:

gx € gxy ' Int(g,,Vx) € gV%x C Ux

hence gx is an interior point of gU; since each point of gl is interior, gU is an
open set, which concludes the proof. m]

Proposition 1.8. S, is a homogeneous space.

Proof. The subgroup:
u() = {y € Sp(g, R)|d, = ay, ¢, = —by, a,'a, +b,'b, = 1]

is checked to be the stabilizer St;; of the pointilg. Asa consequence of Theorem
1.1 one gains, therefore, the homeomorphism:

Se = Sp(g, R)/UQ) (1.14)
o
In general, discrete subgroups on homogeneous spaces act as follows:

Proposition 1.9. Let X = G/K a homogeneous space. Then, each discrete subgroup
of G acts properly discontinuously on X.

Proof. It follows from the fact 7 : G — G/K is a proper map. ]

The following Corollary for the action of the Siegel modular group is thus
immediately derived:
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Corollary 1.3. The Siegel modular group Ty acts properly discontinuously on S, by
(1.10).

Proof. Since I'y is a discrete subgroup of Sp(g, R), the statement follows by
plainly applying Proposition 1.9. m|

Siegel provided in [Si] an explicit description for a fundamental domain for the
action of I'; on S,:

nimt'n>Imty Y n=(ny,---,ng) € Z8 k-admissible
Imti g1 20 Yk

|det(c,t+d)) 21 Vyel

|Ret| < 1/2

Jg =41 € S

where n = (ny,--- ,ng) € 738 is called k-admissible for 1 < k < ¢ whenever
Mg, ,ng are coprime. This domain is known as the Siegel fundamental
domain of degree g, and will be henceforward denoted by the symbol &, *.

Example 1.1. The Siegel fundamental domain in the case g = 1 is:
F1={rteH||Ret| £1/2, |t| = 1}

The following property is a remarkable consequence of Corollary 1.3:

Corollary 1.4. The coset space Aq = S, /T'q admits a normal analytic space structure.

Proof. 1t is a straightforward application of Cartan’s Theorem about the exis-
tence of an analytic space structure for quotients by the action of a finite group

(cf. [Ca]). m]

The coset space A, = S./T, plays an outstanding role in the theory of
abelian varieties, for its points can be set in a one-to-one correspondence with
the classes of isomorphic principally polarized abelian varieties (see [De] and

[GHD).

Some Lemmas will be outlined here to prove a useful property of the Siegel
fundamental domain §,, that is to say it is contained in generalized vertical
strip.

Lemma 1.5. Whenever t € §, one has:
1. Imtyy SIWlTkH,kH Vk € {1,...,g—1}
2. RImty| < ImTy Vk <l

3. dc¢ > 0 such that:

g
detImt < HImTl-i < cdetlmt
i=1

4The conditions I mTy k41 = 0and nImttn > Imty, for each n which is k-admissible are tradition-
ally expressed by stating the matrix Imt is reduced in the sense of Minkowski (or, equivalently, it
belongs to a Minkowski reduced domain)
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Proof. Let1 <k < g—1 be fixed. Since n Imt'n > Imty for each k-admissible 7,
condition 1. is obtained by choosing n = e;.1. By setting n = ¢, + ¢; for each [
such that k </ < g, one has:

Imty + Imty; + (Imtyg + Im7y ) = ImTyg + Imty; £ 2Imtyy > Imtyg

hence condition 2. is also fulfilled. Finally, condition 3. is a consequence of Her-
mite inequality, which holds for real positive definite matrices M € Sym,(R):

min 'kMk < cdet M
kez"

where ¢ > 0 is a constant depending only on #n (see [KI] for details). m|

By using Proposition A.4, the following technical statement can be derived by
Lemma 1.5 (cf. [KI]):

Lemma 1.6. For each T € Fq let ImtP be the diagonal matrix

Imtn 0 - 0
ImtP = 9 Itz : (1.15)
: ' 0
0 o 0 Imtg

Then, there exists ¢ > 0 such that:

cImt —Imt® >0

Thanks to this Lemma, the Siegel fundamental domain (IS'g is proved to be
contained in a generalized vertical strip:

Lemma 1.7. There exists A > 0 such that:
Fe C{re Sy | Imt—Aly >0}

Proof. Let 1 € Fg, ImtP as in (1.15) and 1) the element:

0 0 1 0
lo 1. 0 o0
=11 0 o o |l

0 0 0 1g4

Since 7 € &y, then, in particular, [det(c;T +d;)| = |[T11] > 1; moreover, [Rety;| <
1/2, hence Imt11 > \/5/2. Since for construction Imrg is diagonal and Iﬂ’l’[? =
Im7;; for each i, (by condition 1. in Lemma 1.5), one has (ImtP - A4 1¢) > 0 with
A= \/5/2. Then, let ¢ > 0 be as in Lemma 1.6; by setting A = A1c7t, one has
Imt - Aly = (Imt —c ' ImtP) + ("' ImtP — A1g) > 0, and the statement is proved.

O

Regarding level moduli spaces, it is important to recall a notable family of
such spaces admits a complex structure:
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Proposition 1.10. Let n > 3. The action T'y(n) on the Siegel upper half-space S, is

free; S¢/Tg(n) is, therefore, a g(g + 1)/2-dimensional complex manifold.

Proof. A proof can be found in [Se]. O

The following properties can be particularly derived:

Proposition 1.11. Lety € T'¢(4, 8) an element having fixed points on S, then'y = 1.
In particular, the so-called level moduli space Ag's = G¢/T4(4,8) is smooth.

Proposition 1.12. An element y € I'q having fixed point on S, is of finite order.
A useful consequence is expressed by the following:
Corollary 1.5. An element y € T¢(2,4) having fixed points on S, has order 2.

Proof. Lety € I'¢(2,4) such an element. By Proposition 1.12, y is of finite order;
moreover, > € I',(4,8) by Lemma 1.4; then, Proposition 1.11 implies y* = 1. O



Chapter 2

Siegel Modular Forms

2.1 Definition and Examples

This section aims to introduce a brief overview on the basic aspects of the theory
of Siegel modular forms.

For a detailed exposition of this topic, Freitag’s book [F] is one of the main
references. Klingen'’s introductory book [KI] and Van der Geer’s lectures [ ]
are also important references to be quoted, together with Mumford’s lectures
[Mf] and the Andrianov and Zhurav’s book [An]. Other works concerning with
this topic can be found in the ending bibliography.

Definition 2.1. Let k € Z and let T be a congruence subgroup. A classical Siegel
modular form of weight k with respect to I is a function f : S, — C, satisfying the
following conditions:

1. f is holomorphic on S,
2. f(y7) = det(c,T + d),)kf(T) VyeIl, VteG,

3. When g = 1, the function T — det(c, 7 + d),)_kf()/l') is bounded on ¥ for each
VS I 1

For any fixed k € Z the function:

(lf)(7) = det(c, 17 +dy1) " f(y71n) (2.1)
can be defined for each y € Sp(g, R). Since:

det(cy, T + dw/)k = det(c,y't + d},)kdet(cyﬂc + dy/)k Yy,y € Sp(g, R)
one has:

Yk f) = vV kf  loghf = f

I This condition, which is equivalent to the request for the function f to be holomorphic on co
when I =T, is indeed redundant when g > 1 (see Corollary 2.1)

23
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Hence (2.1) defines an action of Sp(g, R) on the space of the holomorphic func-
tion on S,

By means of the notation introduced in (2.1), the conditions appearing in Defi-
nition 2.1 can be translated into the following ones:

1. fis holomorphic on S,;

2.y Wf=f VyeT

3. Wheng=1, y‘l | f is bounded on &; for each y € I't

Example 2.1. (Eisenstein series of weight k > 3) For each k > 3 the series:

1
Ek(’f) = Z (CTTd)k

(cd)ez?
MCD(c,d)=1

converges absolutely. Moreover it uniformly converges on the compact sets of the
complex upper half-plane I; therefore, when k > 3 the series Ey defines a holomorphic
function, which is easily seen to be a modular form of weight k with respect to the Siegel
modular group (see, for instance, [[DS]). This modular form is called the Eisenstein
series of weight k.

Example 2.2. (Generalized Eisenstein series) The series

E®(1) = Z det (ct +d) ™

c,deSymg(Z)
¢,d coprime

is seen to be uniformly convergent on each compact and also a modular form with
respect to the Siegel modular group T'y of weight k whenever k > ¢ + 1 (see, for
instance, [An]); hence, it defines a modular form which is the generalization of that
introduced in Example 2.1.

Besides Eisenstein series other remarkable Siegel modular forms can be con-
structed by means of the so-called Theta constants, as shown in Chapter 3.

The additional condition in case ¢ = 1 is not redundant, as the following
counterexample shows:

Example 2.3. (The absolute modular invariant J). By setting:

e4 = 60E4 e = 140E,

2More in general, if M is a complex manifold on which a group G acts biholomorphically, a non
vanishing function R : G x M — C, which is holomorphic on M, is called a factor of automorphy if:

R(gg',p) = R(g, ¢'PIRE ,p) V8.8 €G, VpeM
Then, for each function f which is holomorphic on M, one can set:

& NP =R, p) " fg"p)

and an action of G turns out to be thus defined on the space of holomorphic functions on M.
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where E4 and Eg are the Eisenstein series respectively of weight 4 and 6, as described
in Example 2.1, one can define the modular invariant by:

G

where A(T) = (ei(’c) - 27e§(1)). The function | clearly verifies condition 1. and
condition 2. in Definition 2.1 for k = 0 and I = T'y. However, | is not bounded on the
Siegel fundamental domain &1 (cf. Example 1.1), since:

lim [J(it)| = co

Condition 3. does not hold therefore for |.

Henceforward, this work will refer to classical Siegel modular forms simply as
modular forms.

The set of modular forms of weight k with respect to a congruence subgroup
I is naturally provided with a complex vector space structure; throughout this
work this complex vector space will be denoted by Ai(I').

Definition 2.2. Let T be a congruence subgroup. The graded ring A(T) = @B, _, Ax(T)
is called the ring of the modular forms with respect to I'.

As it will be proved in the following Section, this ring is a positively graded
ring. Due to the definition, A(I"") € A(I') whenever I” c T

In Sections 3.5 and 3.7 some remarkable examples of rings of modular forms
will be reviewed.

This Section concludes by noting that for each weight k and for each char-
acter y of I”/T', where I' is a normal subgroup of I, a complex vector space is
defined:

AT, ) = {f € O(Sy) | f(y1) = x(y)det(cyt +dy)f(z) Yy €T)

the symbol O(S,) standing for the space of holomorphic functions on &, also
satisfying condition 3. in Definition 2.1. If T is a fixed subgroup of the Siegel
modular group I'y, and I C I’y is such that I' is a normal subgroup of I”, the
transformation properties of the Siegel modular forms under the action of I”
induce a decomposition of the homogeneous part Ai(I') of the ring A(I'):

AD) = P AT, %) (22)

xeG

where G is the group of characters of I /T.
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2.2 Fourier Series of a Modular Form

First and foremost, one needs to recall a Laurent series exapansion can be
obtained for holomorphic functions on Reinhardt’s domains as a consequence
of Cauchy’s formula in several complex variables %; in particular, one has:

Theorem 2.1. Let f be a holomorphic function on a Reinhardt domain R. Then, for
each z in the product of annuli A(r1,a1) X - -+ X A(ry,a,) C R, one has:

(o]

A=Y, @ —ak G-l

Kn,wkin=—c0

(LY. 1, En)
%““‘Qm)l;n ilj&—mW“~%&—%W”%l e

and the series converges absolutely and uniformely on the compact sets contained in
the cartesian product of annuli A(ry,a1) X -+ X A(ty, a,) *

with:

Definition 2.3. A matrix N € Symy(Q) is called a half-integer matrix whenever
2N € Symg(Z) and diag(2N) = 0 mod2.

Henceforth the symbol Sym(Q) € Symg(Q) will conventionally denote the set
of half-integer matrices.

Proposition 2.1. Let be n € N and let f : S, — C be a holomorphic function such
that f(t +nN) = f(7) for each N € Symq(Z) . Then, the function f admits a Fourier
expansion:

f= Y, a)eFTNo (2.3)
NeSymy(Q)

with coefficients:

a(N) = Flx+iy)e’s TINGHDIgy vy >0 (2.4)
[0,n]K

where K = @. In particular, the series (2.3) converges absolutely on S, and

uniformly on each compact in S,,.

Proof. One can consider the holomorphic map:

en: Sg— CN
2.5)

T {e T} g

3See, for instance, [Ra]
4More in general, the convergence domain of the Laurent series expansion is a logaritmically
convex and relatively complete Reinhardt’s domain. See, for instance, [GR], [O], or [Sh]
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Due to the definition of ¢,, the range A = Rane, is a Reinhardt’s domain.

Moreover, for a fixed g € A, 71,12 € e‘l(q) if and only if T(li'j) (2”) € 7 for each

(i, j); since the periodicity condition on f implies, in particular, that f is periodic
with period 7 in each variable 70), a function g : A — C is well defined by:
3@ = f@e'@)  VgeA
where f e &, are the functions respectively induced on the quotient by f and e,:
f:Gy/Syme(Z) » € &,: G/Symg(Z) — A

The function g satisfies g - e, = f and is, therefore, a holomorphic function. In
particular, ¢ admits a Laurent expansion on each product of annuli contained
in A (Theorem 2.1):

(e8]

s@= Y, Cundy 2.6)

ni..ng=—00

with:

. f f 8(&1, .- Ek) dE, - dE
ni,..ng = 1°°° K =
27-[1 &D, (9D,1 n1+1 . }’l](+1

K
2mi 2ni —1; 2miy 4.
= g(rle " tl,...,?’[(e " tK)[H rj e n/t’]dtl "'dt[(
j=1

[0n]K
Hence, by setting:
3 2
) n . :
ri=enY; xj=tj; N = 2 ;
n
2 nK
one has:
Co,omy = f g(e n (xl+zy1) (xK+zy;<))e 2m Z/ 1 ,(x,+zy,)dx1 dxg =
[0,n]¥
.\ omi
= Flx+iy)e "E0dxy - dy
[0n]K

Since g - e, = f, (2.6) implies (2.3) with a(N) = c;, ., and one is supplied with
the desired properties of convergence by Theorem 2.1. ]

Theorem 2.2. (Gétzky-Koecher Principle)® Let I' C T, be a congruence subgroup
and let n > 1 be such that T¢(n) C T. If f € Ax(T), then f admits the following Fourier
expansion:

f= Y, aN)eFTOn 2.7)

NeSym(Q)
N>0

with coefficients a(N) as in (2.4).

5The following basic property was discovered by Gotzky in 1928 for particular Hilbert modular
forms. In 1954 Koecher provided a general demonstration ([Ko]).
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Proof. Since:

o . (1 nS)eF € Symq(Z
Vs (Og 1, VS € Symg(Z)
in particular, one has f(t + nS) = f(y(S")T) = f(1) for each 7 € S; (namely f is
periodic with period 7 in each variable 7(")); therefore, the function f admits a
Fourier expansion as in (2.3), for it fulfills the hypothesis in Proposition 2.1.
Furthermore, the series in (2.3) absolutely converges for each 7 € S,; by evalu-
ating it on 7 = i1, the following convergent numerical series is gained:

la(N) | e~ 5T
NeSymg(Q)

Therefore, there exists a constant C > 0 such that:
la(N)| < Ce* ™) VN e Sym3(Q) (2.8)

A peculiar transformation formula also holds for the Fourier coefficients a(N);
thanks to the modularity condition stated on f, a matrix u € GI(g, Z) such that
u = 1gmod n is found to satisfy for each N € S ymz,(Q) the identity:

a(tuNu) = det(u)* a(N) (2.9)

In fact, by defining for such a matrix u the element:

w0
Yu = (0 u—l) € rg(n)

one has:

a(tuNu) - flx+ l-y)ez,—’;*‘Tr[fuNu(my)]dx _
[0n]¥

2mi

=mef1 FQrux + iy))e’s TNl gy =

[0,n]K

=ddaﬂlf Flu(x + iyyuye’s NG U gy = dot(u)* a(N)
[0n]¥

Now, the estimate (2.8) and the transformation law (2.9) can be used to show
that a(N) = 0 for each N € Sym(Q) which is not positive semi-definite. Let,
then, N € S ymfg(Q) be non positive semi-definite; then, there exists a primitive
vector v € 78 such that ‘oNv < 0. Thanks to Corollary A.1, the vector v can be
completed to a matrix u” € GL(g, Z); in particular, the (1, 1)-entry of the matrix
"W’ Nu’ is negative, due to the choice of the vector v. By elementary operations
on the columns of #/, one can obtain a new matrix u with detu’ = defu = 1, in
such a way that u = 1;mod # and the matrix N” := ‘uNu still satisfies N7, < 0.
Then, for each h € Z one can define the matrix:

1 nh 0 --- -+ 0
M, =]0 0 € GL(g, 7)
o -
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which also satisfies Mj, = 1;mod n for each h € Z. Then:
;}ijr:o Tr(MyN'My,) = hlg?o [Tr(Mp) + Nj n®h? + 2Nj,nh] = —co (2.10)
Therefore, by reiterating (2.9) and applying the estimate (2.8), one obtains:
la(N)| = a(N")| = | det (My)|™" |a(‘MuN"M;) | =
=a(MuN'My) | < Ces TMIN'M) -y e 7,

from which a(N) = 0 follows, because of (2.10).
O

The following Proposition is an immediate consequence of the Gotzky-Koecher
Principle:

Proposition 2.2. Let I be a congruence subgroup of the Siegel modular group Iy for
g > 1landlet f € A(T'). Then f is bounded on each set of the kind:

S} = {1 € S¢|Imt — Ay > 0}
with A > 0.

Proof. Let ng > 1 be such that I'y(ng) C I'; by applying the Gotzky-Koecher
Principle, one has:

fx) =) a0
N=0

Moreover, for each 7 € 6§ and for each N € Sym}(Q) such that N > 0, one has:

2mi o o
|a(N)e™ Tr(NT)| = |a(N)|e Im[Tr(N7)] <la(N)|e ™ Tr(NA)

Hence:

@l < Y el v "™y e @)
8
N=>0

and the numerical series on the right is convergent, for it is the absolute Fourier
expansion of f inilg € S ]

Corollary 2.1. Let I be a congruence subgroup of the Siegel modular group T'y for
g > landlet f € Ai(T). Then y~'|f is bounded on Siegel’s fundamental domain F,
for each y € Ts.

Proof. It follows from Proposition 2.2 and Lemma 1.7. o

Corollary 2.1 shows that condition 3. in Definition 2.1 is a consequence of both
conditions 1. and 2. when g > 1.

Another important consequence of Gotzky-Koecher Principle is the following:

Corollary 2.2. Modular forms of negative weight vanish.
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Proof. Let I be a congruence subgroup of the Siegel modular group I'; and let
no > 0 be such that I'(ny) C T

If f € Ax(I), the function f is bounded on Siegel’s fundamental domain &, (by
definition when g = 1 and by Corollary 2.1 when g > 1).

Moreover, if k < 0, the function 7 + |det ImT|§ is bounded on §; by Lemma
1.7. Therefore, a constant C > 0 exists, such that:

|detImr|* f(r) <C V1€,

The coefficients a(N) of the Fourier expansion of f satisfy thus for each y > 0:

la(N) | e~ ) < f [ (x + i)l e T dx <
]K

[0n

< sup f(x+iy) < C|detImt|™?

x€[0,n]K
Then, by letting y tend to zero, one obtains a(N) = 0 whenever N > 0. O

Corollary 2.3. The ring of modular forms with respect to a congruence subgroup I' is
a positive graded ring A(T') = €B,, Ax(D).

An important theorem states the algebraic dependence of suitably many mod-
ular forms of given weight (see [ ] for details):

Theorem 2.3. Let I' C I'y be a congruence subgroup. Then, for each k € Z* the
complex vector space Ax(T) is finite-dimensional.

The existence of non-vanishing modular forms, though, is not a trivial ques-
tion. Regarding the modularity with respect to the Siegel modular group I'g,
Eisenstein series are examples of non trivial modular forms of even weight.
Other outstanding examples of modular forms with respect to the remarkable
congruence subgroups introduced in the Section 1.2 will be studied in the fol-
lowing chapter.

The next section will be, instead, devoted to the introduction of a remarkable
kind of modular forms.

2.3 Cusp Forms

Proposition 2.3. Let be 1 < k < g and {1,}new C Sy a sequence such that:

T uy
Tp = (tu,, w”) YneN (2.11)

where T’ € Sy is a fixed point, {uylnew C Symy, ¢—k(C) is bounded, and {wy }new is such
that all the eigenvalues of Im(w,,) tend to infinity. Then, the limit:

lim f(z,)

exists and is finite for each f € A(Ts)
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Proof. Let f € A(I'y) and let:

f(ty) = Z a(N)e? iTr(Nw) VnelN

NESymg(Z)
N>0

be its Fourier expansion. By hypothesis, the sequence {7,},en is contained in a
set on which the Fourier series of f uniformly converges. Since:

8
Tr(Nt) = ZNiiTii +2 Z NijTij
i=1

1<i<j<g
one has:
. . 2 ‘T N N, 0 2 ‘T N/ ’
fm g = ), Hma)ETh= ), ally o)t @12)
NeSym:(Z) N’ eSym(Z)
N>0 N'>0

Then the thesis follows, since 7’ € &, implies the convergence of the series on
the right. O

One has to observe that for a given couple g,k with 1 < k < g, and 7 € & fixed,
there always exists a sequence {7,},ew C S, of the kind in (2.11) with 7" = 7.
Any sequence of points in S, satisfying such a property will be therefore de-
noted by {7} .

For each couple g,k with 1 < k < g, Proposition 2.3 allows to define an operator
acting on modular forms by setting:

(Qgf)(7) = lim f(z;)  Vf €Ay (2.13)

Proposition 2.4. The law (2.13) defines an operator @y : A(ly) — A(lx) which
preserves the weight.

Proof. Let f € Ay(Ty). For each 7 € &, (@4 xf)(7) does not depend on the choice
of the sequence {1} C S, , because of (2.12); moreover, as the series in (2.12) is
uniformly convergent on each compact, (2.13) defines a holomorphic function
on S, which in the ¢ = 1 case is also bounded on the Siegel fundamental
domain §;. By setting;:

a; 0 b, O
|0 1gx 0O O
V= c 0 d 0
0 0 0 144

€l Vn el

the following transformation law is gained for each nn € Iy, " € S and A > 0,
since f € Ay(T):

nt’ 0 \_ ) we T 0
f (o i)\lg_k)_det(c”T tdi) f (o i)\lg_k)
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Hence, when A — o0, one has:
Dy f(n7') = det (e, + dy)' D f(T) VneT,, V' e
and consequently @, f € Ay, (I';), which concludes the proof. O

Definition 2.4. The operator defined in (2.13) is called the Siegel operator.

The simplest way to describe the action of the Siegel operator is the following:

. T 0
D (f)(7) = Ah_rgof(o i)\) VfeAly), Vte & (2.14)
The Siegel operator can be used to define the so-called cusp forms:

Definition 2.5. The elements of the complex vector space:

SKT) = {f € AuT) [ Pggr(y Ief) =0 Vy €Ty)
are called cusp forms of weight k.

More generally, one can define the ideal of cusp forms with respect to a con-
gruence subgroup I' in A(T'):

Definition 2.6. Let be T a congruence subgroup. Theideal S(T) := €P 10 k(@) € A(T)
is called the ideal of the cusp forms with respect to . -

This definition characterizes in fact the cusp forms with respect to I' as the
modular forms that vanish on the boundary of the Satake’s compactification of
Ar®.

Aswell as for the rings of modular forms, one clearly has S(I"") ¢ S(I') whenever
I"cT.

Example 2.4. The function A introduced in Example 2.3 is a modular form of weight
12. It is easily checked that:

lim A(if) =0

t—>+o00

The modular form A is, therefore, a cusp form.

6See Appendix B, (B.10) for the case of full modularity.
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Theta Constants

3.1 Characteristics

This section is devoted to introduce the notion of characteristic, which is used
to parametrize the so-called Theta constants.

Definition 3.1. A g-characteristic (or simply a characteristic, when no misunder-

’
standing is allowed) is a vector column [Z,,] withm’,m"” € Z‘g.

’

Definition 3.2. Let m = [:nn,,] be a characteristic. The function:

[P

e(m) = (=1)™" CAY)

is called the parity of m. A characteristic m is called even if e(m) = 1 and odd if
e(m) = —1.

Henceforward, the symbol C&® will stand for the set of g-characteristics. Need-
less to say, C¥) is isomorphic to Z3 X Z3 as a ring, hence each g-characteristic

m satisfies, in particular, m + m = 0. The symbols ng) and ng) will stand
respectively for the subset of even g-characteristics and the subset of odd
g-characteristics. Their cardinalities are easily computed by introducing the
notation:

11y = [m 6,,] e C® Vm = [’”] eCtD, o= [5] ec®
m” 0 m 1

and by noting that, whenever m is even, i is even or odd, depending on
whether the 1-characteristic 6 is respectively even or odd; on the other hand,
whenever m is odd, 15 is even or odd, depending on whether 6 is respectively
odd or even. Since there are three even 1-characteristics

o bl

33
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and only an odd one

one has:
-1 -1
CE1=31cE P16
-1 -1
G = 1cE M1+ 31cE ™)
Hence, ICEg)I - Ing)I = 2(|C£g_1)| - Ing_l)l). Then, one gains by induction Ing)I -
IC®)} =22, as |CV] - |CP| = 2. Since |C¥| + |C%®)| = 222, one has, therefore:

IC9)| = 1(2%8 + 28) = 2571(28 + 1)

IC¥| = 1(2% - 28) = 2571(28 - 1)

Thus, to sum up, there are 2871(28 + 1) even g-characteristics and 2871(28 — 1)
odd g-characteristics.

An action of the modular group I’y on the set C& can be defined by setting:

m| _|(d, —c\[(m diag(c,'d,)
y [m”] - [(—b;, a, )(m”) * (diag(a},tb},) mod2 (3-2)
A straightforward computations yields:
y'm)=(y-y)m, lgm=m
Moreover e(ym) = e(m) for each y in I';. Hence, one can state:

Lemma 3.1. The law in (3.2) defines an action on C®), preserving the parity of the
characteristics; in particular, this action is not transitive.

More precisely, one has (cf.[13] or [16]):

Lemma 3.2. C® decomposes into two orbits by the action in (3.2). These two orbits
consist of the set of even characteristics and the set of odd characteristics.

The action defined in (3.2) is an affine transformation of C%¥; the congruence
subgroup T'¢(1,2), in particular, acts linearly on C® by definition. Moreover:

Lemma 3.3. The action of the principal congruence subgroup T¢(2) on C) is trivial.

Proof. Let y € I'¢(2). Then, with reference to the notation introduced in (1.3),
one has:

m' | _|(lag +2dm  —2cm m’ |
A a d



3.1. CHARACTERISTICS 35

Corollary 3.1. An action of Tg/T¢(2) = Sp(g, Z) is defined on C'9).

The parity function can be used to classify remarkable k-plets of characteristics
with respect to the action introduced in (3.2). To pursue this purpose, a parity
can be also introduced for triplets:

e(my, my, ms) := e(my)e(ma)e(ms)e(my + my + ms) (3.3)

Definition 3.3. A triplet (m1, my, m3) is called azygetic if e(m;, m;, my) = —1 and
syzygetic if e(m;, mj, my) = 1

Regarding the parity of the sum of an odd sequence of g-characteristics, the
following formula holds (cf. [18]):

2k+1 2k+1
e[Z} - [H e(m,-)] [T etm,m,m (3.4)
i=1 i=1 1<i<j<2k+1
The parity is involved in characterizing the orbits of K-plets of g-characteristics
under the action described in (3.2), as the following Proposition states (cf. [16]):
Proposition 3.1. Let (my,...mg)and (ny, ... ng) be two ordered K-plets of g-characteristics.
Then, there exists y € Ty such that ym; = n; for eachi =1,...n if and only if:

1. e(m;) =e(n;) foreachi=1,...,K;

2. e(mj,mj, my) = e(n;,nj,n) foreach1 <i<j<k<K;

3. Whenever {my,...,my} C {mq,..., mg} is such that my + ---mo # 0, then
ny+---ny #0;

Corollary 3.2. Let (my,...mg) and (n1,...ng) be two different orderings of the set
Cf?g) such that for each 1,1, s one has:

e(my, my, ms) = e(ny, 1y, ns)
Then, there exists an element [y] € I'y/T'¢(2) such that [ylm; = n; foreachi=1,...g.

Proof. Let(my,...mg)and (ny,...ng)beasinthehypothesis, andlet{m;, ..., my,} C
{m1,...,mg} be such that m; + - --my, = 0; then, by (3.4) one has:

2h-1
1= e(my,) = e[Z mi] =

i=1

= H e(my, mj, mj) = H e(nl,ni,nj):e[ZhZ_lni]

1<i<j<2h-1 1<i<j<2h-1 i=1
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hence, foreach1 </ <r< g

2h-1 2h-1
e|lm,ny, Z ni|=elm+n,+ Z n; | = e(ny, ny, ny) H e(ny, nj,n;) =

i=1 i=1 1<i<j<2h-1

2h-1
= e(mllmll m?’) H e(mllmi/ m]) =e [ml + nmy + Z mi] =
1<i<j<2h-1 i=1
2h—1
=e|my,my, Z mi | = e(im, my, may) = e(ty, 1y, )
i=1

Then Zi’{l n; = ny,. Hence, whenever {my, ..., my} C {my,...,mg} is such that
my + - omyy =0, {ny,...,nyt C {ny, ..., ngl also verifies ny + ---ny, = 0. Then,
the thesis follows from Proposition 3.1. m|

The notion of azygeticity can be also given for K-plets of characteristics:

Definition 3.4. Let be {my, ..., mg} a K-plet of characteristics. {m, ..., mx} is called
azygetic if each sub3-plet {m;, m;, my} is azygetic.

Since the g = 2 case will be chiefly dealt with, a focus on the main properties of
k-plets of even 2-characteristics under the action (3.2) will be needed. The next
section is thus centered around this technical feature.

3.2 K-plets of Even 2-Characteristics

A specific notation will be introduced here for subsets of even 2-characteristics
and henceforward referred to. The symbols C; := ng) and C; = C,(Jz) will denote
respectively the set of even 2-characteristics and the set of odd 2-characteristics,
so that C® = C; U C; with |Cy| = 10 and |C;] = 6. By the symbols C e C the parts
of C; and the parts of C; will be respectively meant. More in general, C; € C
will stand for the set of non ordered k-plets of even 2-characteristics and Cy € C
for the set of non ordered k-plets of odd 2-characteristics.

For each subset M C C; its complementary set C; — M in C; will be denoted
by the symbol M¢. The so-called symmetric difference will be represented by
the classic notation:

MjAM]' = (MiUM]')—(MiﬂM]‘)EC VMj,M]'EC

Therefore, for each couple M;, M; C Cy, the set C; can be written as a disjoint
union of sets:

C1 = (M N M) U (M; 0 Mj) 0 (M; a M;) (35)
This section is devised to point out some combinatorial features concerning

with remarkable subsets of Cy, arising as orbits under the agtion of I, /T»(2).
In fact, when g = 2, the group I';/I'2(2) both acts on C; and C; due to Corollary
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3.1 and Lemma 3.2. By focusing on the action on C,, one notes that the group
homomorphism naturally defined by:

Yp : T2/T2(2) = Se (3.6)

is injective, for the identity in I';/I'>(2) is the only element fixing all the six odd
2-characteristics. Moreover, I'2/T»(2) = Sp(2,7Z,) and S have the same order,
hence the homomorphism (3.6) is also surjective. Then:

I>/T2(2) = S¢ (3.7)

An action of this group is naturally defined on each Cx by means of the one
defined on C;. While the action on C, is transitive, each Cj for k > 2 turns out
to be decomposed into orbits, which can be described by using Corollary 3.2.
Importing from [ ] a useful notation, one can easily denote such orbits.The
set C3 decomposes into two orbits C; and C;, respectively consisting of azygetic
and syzygetic triplets:

C; = {{m1, mp, mz} € C5 | my + mp + m3z € Cy)
C3 = {{my,my, ms} € C3 | my + mp + ms € Cq}
with |C5] = |C]| = 60.
The set C4 decomposes into three orbits CJ, Cyand C;:
C, ={{m,...,ms} € Cy | {my, mj, mi} € C5 V{my,mj,my} C {mq, ..., my}}

Cy ={{m,...,ma} € Cy | {m;, mj, my} € C3

3 V{mi/ mj/ mk} - {mll .- '1m4} }
with C;| = |C] = 15,

The set Cs also decomposes into three orbits CI, C; and C;, where:

Cy ={{m1,...ms} € Cs | {my, ... ms} contains a unique element of C, }

C; ={{my,...ms} € Cs5 | {my,... ms} contains a unique element ofCI}}
with |C| = |CE] = 90.
The orbit decomposition for Cx when k > 5 can be described by taking the

complementary sets. In particular, the following orbits of Cs will be also focused
on henceforward:

Cy ={{m,...,mg} € Cs | {my,..., me}* € Cs"}

Cg =1{{my,...,mg} € Cs | {my,...,mg}" € Cs"}

The behaviour of this action is completely displayed in a diagram in [ I
Here, some specific properties will be briefly reviewed.
Pertaining to the orbits of C3, one has the following:

Lemma 3.4. Let my,my € Cq be distinct. If M = {my,mp}° C Cy, then M =
{n1,n2,n3,n4, 1, ha, h3, ha}, with {my, ma, n;} € C; and {mq, my, hi} € C for each i.
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Concerning with the orbits of C4, one has, in particular:

Lemma 3.5. Let {my,ma, m3} € C;. There is exactly one characteristic n € Cy such
that {my, ma, m3, n} € C;.

Lemma 3.6. Let {m1,my, ms} € C;. There exists exactly one characteristic n € C
such that {my, my, mz, n} € C;, namely n = my + my + ms.

As a straight consequence of Lemma 3.6 one has the following:

Corollary 3.3. C; C Cy is the set of the 4-plets {m1, my, m3, my} satisfying the condi-
tion my + mo + mz +my = 0.

Regarding the existence of common couples of characteristics for elements in
C,, Lemma 3.4 implies the following:

Corollary 3.4. Let hi,h, € Cy be distinct characteristics. There are exactly two
elements in C,, containing both them.

More precisely, one has:
Lemma 3.7. If {my,my, h, kY, {ms, my, h,k} € C, are distinct, {my, ma, m3, my} € C,.

Lemma 3.8. If {my,ma, m3,n},{ma, ms, me,n} € C, are such that m;, n are all distinct,
{mz,ms, mg,n} € C;, where {mz, mg, mo} = {my, ma, ms, ma, ms, me, n}*

The following property holds for C;:

Proposition 3.2. If M ¢ C;, M does not contain any element of C,.

For the orbits of Cg, one has:

Proposition 3.3. M € C; if and only if M contains exactly six elements of C.
Moreover, Corollary 3.3 implies the following:

Corollary 3.5. M € C; if and only if }',,cpym = 0.

Lemma 3.9. M € C; if and only if M does not contain any element of C}.

Proof. A 4-plets {my,mp, m3,ms} € C; can not belong to an element of C, for
Ly mi = 0. .

By taking the complementary sets, one obtains:

Lemma 3.10. M € C; if and only if M does not contain any element of C,.

For elements M;, M, belonging both to CZ or Cg Corollaries 3.3 and 3.5
immediately provide a peculiar property for their symmetric difference:

OZZm+Zm: Z m (3.8)

m€M1 mEMz m€M1 AMZ

The behaviour of the symmetric difference of elements of C; and C; can be
described more precisely by means of the results gathered as yet.
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Proposition 3.4. Let My, M, € C;. Then My N M, # () and:
1) Mi; A M, EC;r Zf |M1 ﬁMzI =1

2) MlAMze(:; lf M1 NM,| =2

3) M; =M, lf |M1 0M2|>2

Proof. Lemma 3.10 implies M, ¢ M¢, hence M; N M, # 0. The possible cases
are thus to be checked:

1) If My N M, = {n}, one can set M1 = {mq, my, m3, n} and M, = {my, ms, me, n}.
Then, by Lemma 3.8, My A My = {my, mp, m3, my, ms, me} = {mz, mg, mo,n} € C{.

2) If My N My = {h,k}, one can set M = {my,my, h, k} and My = {m3,my, h,k}.
Then, by Lemma 3.7, My A My = {my, mp, m3,ma} € C;.

3) It is a straight consequence of Lemma 3.5. ]
Proposition 3.5. Let M1, M, € Cg. Then, the only possible cases are:
1) MiaM,eCl if IMiNnMy=3

2) MlAMZECZ lf MiNM,| =4

3) My=M,; lf M1 N M| >4

Proof. Since |Cy| = 10, obviously [M; N M;| > 2. Moreover (3.5) and the relation
12 = |M1| + |M2| = |M1 UM2| + |M1 ﬂMQl 1mp1y

IM; N M| — [ME N M§| =2 3.9)

Therefore [M; N M| > 2, since M] N M§ # 0 by Proposition 3.4. The cases
described in the statement are thus the only ones to be checked.

1) If My N My = {h,k1}, one can set My = {my,my, m3,h,k,I} and M, =
{my, ms, me, h,k,1}. Then, M{ = {mg, ms, mg,n} € C; and M5 = {my,ma, m3,n} €
C,, where n # mj, h, k,I. Therefore, by Lemma 3.8, M; A M = {h,k,I,n} € C{.

2) If My N My = {n,h,k,I}, one can set My = {my,my,n,h,k,1} and M, =
{ms, mq,n,h,k,1}. Then, M] = {m3,my,i,j} € C; and Mj = {my,my,i,j} € C,
where i, j # m;,,n,h,k,1. Hence, by Lemma 3.7, M1 A M, = {my,mp, m3,my} €
G-

3) If [My N My| > 4, then (3.9) implies [M] N M5| > 2; therefore, M] = M by
Proposition 3.4, hence M; = M,. m]

Proposition 3.6. Let M € C/ and M, € C,. If M{ # M, the only possible cases are:
1) M A M EC; Zf M1 NM,| =3

2) ]VI]A]\/IzGC;r Zf |M10M2|=2
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Proof. Obviously [M; NM,| < 4; moreover, Lemma 3.10 implies M, ¢ M;, hence
IMy N M;| < 3. If M{ # My, Lemma 3.5 implies |[M{ N M;| < 3 and consequently
IMy N M| > 1. Therefore, the only cases to be checked, when M # M, are the
cases 1) and 2):

1) If My N M, = {h,k,I}, one can set My = {my,my, ms3,h,k,I} and M, =
{my,h,k,1}. Then Mj = {my,ma,m3,1,s,t} € C/ with r,s,t # m;, h,k,1, and by
Proposition 3.5 (case 1) one has:

M a My = {my,my, m3,ma} = {h,k,1,1,5,t}° = (M & M) € C,

2) If My N M, = {h,k}, one can set My = {mq,my, m3,my, bk} and M, =
{ms, me, h, k}. Then M{ = {ms, ms, i, j} € C; with i, j # m;, h,k, and by Proposition
3.4 (case 2) one has:

My A My = {my, my, m3, my, ms, me} = {i, j, 1, k}° = (M3 & Mp)° € C}

3.3 Theta Constants

Theta constants are strictly involved in the construction of several modular
forms. The aim of this section is to introduce these remarkable functions as
well as to outline their main basic properties. The prominent references for this
topic are Igusa’s classical works [13], [I4] and [16], Freitag’s book [I'], Farkas and
Kra’s book [FK] and Mumford’s lectures [Mf].

Definition 3.5. For each m = (m’,m") € 78 X Z3, the function 0,, : S X C¢ — C,
defined by:

On(t,2) = Z exp {t (n + m?/)’c(n + m?’) + 2! (n + m?/)(z + n;” )} (3.10)

nezs

is called Riemann Theta function with characteristic m = (m’, m”).

The series in (3.10) is easily seen to be absolutely convergent and uniformly
convergent on each compact of G X C$; therefore, for each m it defines a holo-
morphic function.

By setting:
T:=(t 1g) € Symg,zg(@) VYt e 6g (3.11)

foreach m = (m’,m"”), n = (n’,n”’") € 78 X 78 the Theta function with character-
istic m is plainly found to satisfy the equation '

On(T, 2 + Tn) = (1) """ """ exp {Zt (—tn’z - %tnm’)} Om(T, 2) (3.12)

1One proves that any other holomorphic function 6 : C"* — C which is solution of (3.12) differs
from the Theta function with characteristic by a multiplicative factor; for any fixed 7 € S, the
function z = 0,,(7, 2) is, therefore, characterized as an analytic function on C" by being solution of
the equation (3.12).
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As proved through term by term differentiation, the Theta function with char-
acteristic also satisfies the heat equation: 2.

8 8

Zo] Gijk ZmZo 3T]k (3.13)

jk=1 jk=1

With reference to the actions of I'y; described in (1.10) and (3.2) , if n = ym with
y € I'y, it easily turns out that:

On(yT, (¢, T +dy)'z) = K(m,y,7) exp {2 (—%tZ(CyT + dy)‘lcyz)} 0,,(1,2) (3.14)

where K : Z* x T, x @, — C is a non-vanishing function, which does not
depend on the variable z.

Theta functions can be parametrized by g-characteristics; the definition (3.10)
implies, indeed:

m+2n(T/ Z) - ( 1) ' 6m(T/ Z)

foreachm = (m’,m"”), n = (n’,n"") € Z8xZ3. Hence, in order to parametrize dis-
tinct Theta functions, one only needs to focus on those related to g-characteristics.

Definition 3.6. For each characteristic m the holomorphic function 0,, : S, — C,

defined by:
0(1) := (7, 0) (3.15)
is called Theta constant with characteristic m.

From (3.10) it follows that:
0, (T, —2) = e(m) 6,,(1, 2) (3.16)

where e(m) is the parity of the characteristic m introduced in (3.1) ® By (3.16)
Theta constants related to odd characteristics vanish. On the converse, one has
limj e O0(iAlg) = 1; hence, the Theta constant 0, related to the null charac-
teristic, does not vanish. Lemma 3.2 and the non-vanishing property of the
function K imply that each Theta constant 0,, associated to an even character-
istic m, does not vanish.

In order to determine an explicit expression for the function K, the following
differential equation, derived from (3.13) for even characteristics, can be used:

dlogK 1
Z 0O jk i _E Z OjkHjk

1<jk<g 1<jk<g

20ne also proves that as a holomorphic function 0,, : S¢ X C8 — C, the Theta function is
characterized by being solution of (3.12) and (3.13).
3The definition of this function as a parity is indeed due to (3.16).
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This is shown to imply:
K(m,y,t) = C(m,y)det(c,T + d),)%

where C is a function not depending on 7. In particular, one has to observe
that, albeit the root det (¢, 7 + dy)% is not unique, it is well defined as an analytic

function on S,. Now, for each n = (n’,n”) € C&® e T = (11,) as in (3.11), one
has:

1 1 7’ /7 1 ! 1 14 144
O, (T,Z + E’”m) = exp {2 [—gtn ™' — Et” (z + E(m +n ))]} Opin(T, 2)

Then, by selecting the branch of det (c, 7 + dy)% whose sign turns to be positive
when Ret = 0, and applying (3.14), one has for each y € Ty:
0y0(y7, (¢, T +dy)'2) = Cm, y) det (¢, +d,) exp {'z(c, T + dy) L)} 00(z, 2)

Operating for each even characteristic m the substitution z - z + 1%m, the
multiplicative factor of C, depending only on m, can be explicited; hence one is
supplied with the following transformation law for the Theta function:

O,m(yT, (e, T +d))12) = 1(y)emilE e+ 112600 det(c, T + )2 6,,(, 2)
VyeTl, VYmeC®, VreG, VzeCs
(3.17)

where:

Qbm()/) == 1(tmltbvdyml + tm"tllycym” - Ztm'tbycym”)+
) )

1 (3.18)

- Zfdiag(a},tb},)(dym’ —c,m”)

and det (c,7 + dy)% is the root chosen in the described way *.
As concerns the function:
1 _
D(m,y,1,z) = K(y) exp {Etz [(cyT+dy)leylz+ Zcpm(y)}
®|,=9 does not depend on 7; for this reason the functions 6,, defined in (3.15) are

called Theta constants. The transformation law (3.17) becomes then for Theta
constants:

Bym(y0) = K(Y)xm(p)det(cyT +d,)? 6,()
(3.19)

VyeTl, VmeC®, Vreg,

4The transformation law (3.17) is due to Jacobi and Hermite for the case ¢ = 1 and to Gordan,
Clebsch, Thomae and Weber for g > 1
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where:
Xm(y) = @(m,y,1,0) = 200 (3.20)

An important property needs to be stated in order to describe the behaviour of
the function «:

Proposition 3.7. «? is a character of Tg(1,2).

Proof. Since xp = 1 for the null characteristic m = 0 (by definition in (3.20) and
(3.18)), one obtains:

0%(y7) = K3(y)det(c,T + d)) 03 (1)

by applying (3.19) to the Theta constant 0y related to the null characteristic.
However, I'¢(1,2) acts linearly, hence y0 = 0 whenever y € T¢(1, 2); then:

det(cyt +d,) '3 (y1) = K2()03(1) Yy €T,4(1,2)
Therefore, with reference to the action introduced in (2.1), one has:
Y 'h65 =1*()63 Yy €Te(1,2)
and then:
Y1050 = OICONOD)  Vy.) €Te(1,2)

Therefore, ¥*(yy’) = x*(y)x*(y’) and x*(114) = 1, for Oy does not vanish; hence
the thesis follows. O

The following Lemma provides an explicit expression for the function x on
special elements of T',:

Lemma 3.11. Let:

_(% by
7/_(0 d},)erg

Then:
K*(y) = () = det(d,)

Proof. Since xo = 1, the transformation law (3.19) implies particularly:

62,(y1) = K2(y)det (d))03(1)

_(% by
VV‘(O d),)erg

As 9)2/0(7/1') = 05(1), one has 1*(y) = det (d,). Hence, the identity x*(y) = «*("y™")
only needs to be proved. A suitable decomposition for such an elementy will be
then useful. Since a,'d, = 1, one has detd, = +1 and a,, = fd;l ; moreover, the

identities b, = s'd) and b, = s,d,, where s, = 'd,!'b, € Symy(Z), imply s’ = s,,



44 CHAPTER 3. THETA CONSTANTS

because of the inveritibility of d,. Therefore, for elements y € I', satisfying the
property stated in the hypothesis, there exists a unique decomposition:

)= (td)j1 s},d),) _ (1g sy) (fd;l 0g)
0 d, 0 1)\ 0, d,
with s, € Symy(Z). Then, by operating with J, as in (2.1), one has:

Jsh6F = x*(Jg) 65

0

‘. diag(sy)] the solution of

since ¢o(J;) = 0. Moreover, by setting mg := —[
ymy = 0, one has ¢,,,(y) = 0, hence:

Y 'heg = ()6,

mo

ty
Finally, by setting ng = dy d(l)”g(sy)

] the solution of yny = my, one has then

¢ny(y) = 0 and consequently:

Js 165, = <*(J)65,

Since 'y = ]g‘ly‘l J¢, one gains, therefore:

Yh65 = 1)) )65,
However, KZ(]g)KZ(];) = 1 by Proposition 3.7, since [, € T¢(1,2); then, the
following identity holds:

(Y65 = (6,

Moreover, since 'y ~'1g = 0 and ¢, (*y~1) = 0, another identity rises:

(y™)'h6; = *(y oy,

and the remaining part of the thesis is thus proved by comparing the two
identities.
O

Thanks to this Lemma, a characterization for x is supplied:

Proposition 3.8. For eachy € I, x(y) is an eight root of the unity.
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Proof. By definition in (3.20) and (3.18), one clearly has x% = 1. Then (3.19)
implies:
det(c, T +dy) 65, (y1) = k5()65,(7)
Vyel,, VmeC®
Again with reference to the action introduced in (2.1), one has:
Y 65, = ()65, VyeTl,, VmeC®

Hence:

KS()/)/')Qf;(T) = KS(]/)KS(y/)@i,(T) Vy,y €Ty Vme c®

Then, 8 is a character of T ¢- Moreover, by Lemma 3.11, one has:

Ki(y) =1 Ky =1

whenever y € I'q is such that ¢, = 0; since I'y is generated by these elements
(Corollary 1.1), one has:

K*()=1 Vyel, (3.21)
O

An explicit expression for x*, which can be found in [I3], is recalled in the
following statement:

Proposition 3.9. For each y € Iy the following expression holds:
K()/)4 — enTr(fchy)i (322)

A simple expression for x? on suitable congruence subgroups is also obtained,
by using Proposition 3.7:

Proposition 3.10. For eachy € I'¢(2) the following expression holds:
K()/)2 — o3Tra,-1y)i (3.23)
Proof. Lety, )’ € I'y(2). With reference to the notation in (1.3) one has:

Ayyr = 1g + 2({1M + aM/) + dapapy + 4bMCM/

Therefore, by setting:
g()/) — e%Tr(a),—lg)i

one has:
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g(y,y/) — e%ZTr(aM+aM/)i — e%ZTmMie§2TmM/)i —
— e%Tr(aV—lg)iegTr(ay/—1g)i — g(y)g(,y/)

The function g is thus a character of I';(2). However, «? is also a character of
I'¢(2), by Proposition 3.7. Then, by using Lemma 3.11, it is plainly found that
g(y) = ¥*(y) and g("y™!) = «*(*y~!), whenever y is such that ¢, = 0; since by
Proposition 1.4 such elements generates I'x(2), the characters g and x? coincide
on I(2). O

Thanks to (3.23) one has, in particular:

KFy)=1 VyeTl4,3) (3.24)

and

1 if giseven
KZ(_12g) — (325)
-1 if gisodd

(3.25) means, in particular, that the function x? is well defined on the quotient
group I'¢(2)/{+12,} whenever ¢ is even. Then, Proposition 3.7 implies:

Corollary 3.6. When g is even, x* is a character of [e(2)/{£12}.
Moreover, one has:
Corollary 3.7. When g is even, x* is a character of the group T'¢(2,4)/{£L4(4, 8)}.

Proof. When g is even, Corollary 3.6 implies, in particular, that x? is a character
of I'¢(2,4)/{#12}; hence the thesis follows, since k2 is well defined on the
quotient I'¢(2,4)/{£I¢(4,8)} due to (3.24). o

As concerns the function x,, introduced in (3.20), a straightforward computation
yields:

Lemma 3.12.
1 if mis even
Xm(_12g) =
-1 ifmisodd

Moreover:
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i’ i’

Lemma 3.13. Let Aj(i,j # g), Bij, Cij (i < j), B3, C2, —154 € T'4(2,4) be as in Propo-

sition 1.4. Then, for each characteristic m = | one has:

Xm(Ap) = (=1)"™

Xm(Bij) = (1)

m
]

111t

Xm(Cif) = (=1)" ™
xm(B2) = (=1)"

72

xn(C2) = (<1
where m; and m; denote respectively the i-th coordinate of m" and the i-th coordinate
of m”.

Proof. By applying (3.18) to the generic element in I'¢(2, 4), one finds:

t ’ " " ’ ’ 7 "
Xm(V)ZeXP{% my(=bym’ +a,m” —m )}exp{—%(tm 'byd,m’ +'m"" a,c,m )}

Yy eT,(2,4)
(3.26)

thanks to which the values in the statement can be computed. ]

By means of Corollary 1.2, the following statements can be straightly proved
using Lemmas 3.12 and 3.13:

Lemma 3.14. x2,(y) = 1 for each y € T4(2,4)

Lemma 3.15. For each characetristic m € C®, x,, is a character of T4(2,4).
Lemma 3.16. x,(y) = 1 for each y € T¢(4,8).

By Lemmas 3.15 and 3.16 one has, in particular:

Corollary 3.8. For each characteristic m € C®, the function x, is well defined on the
quotient group:

Xm : rg(zr 4)/rg(4/ 8) B C*
Moreover x, is a character of Tg(2,4)/T4(4,8) °.

Corollary 3.8 and Lemma 3.12 imply, in particular:

SLikewise, one can observe that Lemma 3.14, allows to define x2, on the quotient group
T'¢(2)/T4(2,4), hence X2, is a character of this group. (cf. [ )
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Corollary 3.9. Let m,n € c's, If m and n are both even or odd, the function X, x, is
well defined on the quotient group:

Jonkn : To(2, )/ {£T (4, 8)) — €
and is a character of T¢(2,4)/{£T'¢(4,8)} °.
In general, one can prove the following:

Proposition 3.11. The set {x.,}, parametrized by even characteristics m, is a set of
generators for the group of characters of I'¢(2,4)/{£I' (4, 8)}.

Proof. A proof can be found in [SM2]. o

Due to (3.19), the action of the modular group I'y can be defined on couples of
characters x;,x,. In fact, if one defines for each y € Ty the function:

7 Xm(M) = XuOymy™) (3.27)
the following statement holds:

Proposition 3.12. The law (3.27) defines an action of the modular group 'y on the
products xmxn satisfying:

YXmXn) = (7 Xm)(Y * Xn) = XptmXytn (3.28)

Proof. With reference to the action introduced in (2.1), (3.18) and (3.19) imply
for eachy € I':

y—l N — ) PG m(y>+q‘>y4,,(7/))Qy_lmey_ln (3.29)
Now, let be m, nn both even. Then (3.29) yields:

1)y )00, O 2Ry 47 = (3.30)
Hence, for each y € Iy and 17 € T¢(2,4):

(™) 10O = 2y Y Xy xXa(ymy)0m(1)0n(r)  (3.31)

But since one also has:

Y 10000 = K2 ()X X0 0y 10Oyt Vy eT4(2,4) (3.32)
then (3.30) implies

(™) h0m0n)(@) = KM X1 (X121 O(T) 0 (7) (3.33)
Then the thesis follows from (3.31) and (3.33), as (3.23) implies:

my™) =) Vyely,  Vnely24)

Regarding the remaining cases, for each odd characteristic # the holomorphic
maps
d d

0y ._ _ 2 -z
grad 0, = grad 0,|,-) = = Only=0,-- -, oz, O1l=0

5More in general x,; X, is proved to be a character of T (2)/{£1g}.
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satisfy the following transformation law:

grad’0,,(y7) = det (¢, +dy)? (¢, 7 +d,) - grad’0,,(r)
(3.34)
Yy el,(4,8), VteC;

Hence, the same argument on 6,, gradg 6, and gradg O gradg 0, proves likewise
the statement respectively when m is even and # is odd and when both m and
n are odd. O

Thanks to Proposition 3.12 the group Iy acts on even sequences of characters x .

The transformation law in (3.34) means, in particular, that gradients of odd
Theta functions can be regarded as modular forms with respect to I'y(4,8)
under the representation ”:

To(A) = det (A)'/2A (3.35)

Such a behaviour allows to define the map, on which this work will focus in
the next chapter.

Thanks to the results gathered here, the modular property of the Theta
constants can be proved:

Proposition 3.13. The product of two Theta constants 6,0, is a modular form of
weight 1 with respect to T'¢(4, 8).

Proof. First of all, by Lemma 3.3 the law (3.19) turns out to be:

O.1(y7) = K()xm(y) det (¢, +d,)2 0,(7)
(3.36)

Vy eT,(2), VYmeC¥, VreG,

Then, by applying (3.24) and Lemma 3.16, the following transformation law
arises:

OmOu(y1) = det(c)T + d,)0,,0,(1)
(3.37)
Vy €Ty(4,8), VmeC, Vre S,

which concludes the proof. ]

A useful criterion of modularity with respect to I'¢(2,4) can be more gener-
ally stated for products of an even sequence of Theta constants:

Proposition 3.14. Let M = (m;, ..., myx) be a sequence of even characteristics. The
product 0y, - - - Oy, is a modular form with respect to I'¢(2, 4) if and only if the following
condition holds:

01

M'M =k (1 0) mod 2 (3.38)

"The classical modular forms of weight k, which are the only ones discussed in this work, are
indeed modular forms under the representation T(A) := det (A)k
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Proof. Let M = (my, ..., my) be a sequence of even characteristics; one can set:

[m;’l
my = ”
my,

for each characteristic 7, appearing in the sequence M, and m; , and my’,

h,(i
respectively for the i-th coordinate of m; and m). .
Now, by (3.36) and (3.23), if k is even, O, --- O, is a modular form with
respect to I'¢(2,4) if and only if the character xu = X, *** Xm, is trivial on
I'¢(2,4). Due to Corollary 1.2, this is true if and only if the elements A;; (for i, j #
), Bij, Cij (fori < j), B3, and CZ belong to the kernel Kerxy. Then, Lemma 3.13

allows to translate this criterion into conditions for the sequence M:

) 2Z=1<m,;,(1)>2 =0 Vi (xm(B)=1)
b) Lo (my ) = Vi (xm(CH=1)
o Yk, my My =0 Yi<j (xmBij)=1)
d Yy m! oMy =0 Yi<] (xm(Cy) =1)

e) Zh L\ (l)mh 0 =0 Vi j#g (xm(Ai) =1)
Therefore, for k even, one gains the criterion:

00

t =
MM_(O 0

) mod 2

Now, if k is odd, (3.36) and (3.23) imply that O, - - - O, is a modular form with
respect to I'¢(2,4) if and only if K2 XM is trivial on ['¢(2,4). Using the definition
of these elements (see Proposition 1.4), one can apply (3.23) and verify the A;
are the only elements on which the function x*> assumes the value —1. Then
conditions a) b) c) and d) keep unchanged, while condition e) is replaced by a
twofold condition:

e) Thamamip=0 Yizj (CxuAy=1)

eN) Zh 1 mh (i) h(l) =1 Vi ( KzXM(Aij) =1 )

Hence, for k odd, one obtains the criterion:

01
t =
MM = (1 0) mod 2
and the proof ends. ]

As concerns the product of all the non-vanishing Theta constants:

9 = H O, (3.39)

meven
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x'® is known to be a modular form of weight 2872(28 + 1) with respect to I'¢(4,8)
for ¢ < 2 by virtue of Proposition 3.13. However, for each y € I'y one has by
(3.17):

[T 0w =[] Omyn) =

meven meven

— (K231(28+1)(y) H Xm(y)] det(C};T'l'd)/)zgiz(zg-Fl) H O, (7)

meven meven
and the character appearing is found to be trivial whenever g > 3. Therefore:

Proposition 3.15. When g > 3, x'®) is a modular form of weight 2872(28 + 1) with
respect to the full modular group Tg.

The case g = 2 is a special one; in fact, the product

x5 = x® = H Om (3.40)

meCy

satisfying the transformation law:

x5(r7) = K20) Tnec, Xm(y) det (cyT +dy) x5(7)
(3.41)
Vy el

is not a modular form with respect to I';, since the character appearing in this
transformation is not trivial. However, the function:

2
Xio = 1 = [1"[ em] (3.42)

meCq

is a modular form of weight 10 with respect to I';.

Other remarkable modular forms with respect to suitable congruence sub-
groups can be built by the following notable functions:

Definition 3.7. For each m’ € Zg the holomorphic function ®,, : S, xC8 - C,
defined by:

O, (1,2) = Q[Mf](ZT, 27) (3.43)
0
is called a second order Theta function.

In particular, one has the following;:

Definition 3.8. For each m’ € Z5 the holomorphic function:

O (7) = Opr1(27,0) = Oppr(27) (3.44)
(%] (%]

is named second order Theta constant.
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A transformation law for second order Theta constants can be easily derived
by focusing on the congruence subgroup I'yo(2) introduced in (1.5). For each
y € I'y one can define:

r=(r ) esre@

1 ’
2¢ 4y
Then, 2yt = y27 for each 7 € S, because of the definition in (1.10). Since y € T'q
whenever y € Ty 0(2), one can apply (3.19) to obtain ®:

O (Y1) = 6[,8f](7727) = K()?))([,,ér](f) det(c,t + dy)%(am/ (1)
(3.45)
VyeTeo(2, Vm'eZi, V1eG

With reference to the notation introduced in (1.3) one has:

- _(1g+2a 4b
7= g M M

CM 1g + 2dp V)/ € l"g(2)

Then, by (3.18) and (3.20) one has:

X[m’]()j) — e—ni[‘m”bM(1+2dM)m'] — e—ni[tm”hMm’] VV c rg(z) (346)
0

Hence, xpn1(7) = 1 whenever v € T',(2,4); therefore, (3.45) implies °:
[ yels p
0

G)m’@n’(y’[) = Kz(f) det (CT + dy)G)m’@n’(T)
(347)
VyeT,(2,4), Vm' eZ§, VteG,

Proposition 3.16. Let be g > 2. Then, the product of all the second order Theta
constants:

F@ = H O (3.48)

m’'eZs
is a modular form of weight 28~ with respect to Ty(2).

Proof. With reference to the notation introduced in (1.3) one has:

. (1g+2aM 4by )

M 1g + ZdM V’)/ € rg(z)

Then, the thesis follows from (3.47) by applying (3.23), since there are 2% second
order Theta constants appearing in the product (3.48). m]

8 A transformation law for second order Theta constants under the action of the whole Siegel
modular group Ty can be also derived; however, such an action turns out not to be monomial,
since a single second order Theta constant turns into a linear combination of second order Theta
constants.

9The transformation law (3.47) means the product of two second order Theta constants is a
modular form with respect to I'¢(2,4) with a multiplier.
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The section ends recalling that second order Theta constants are related to
Theta constants by a relation, which can be derived from the so-called Rie-
mann’s addition formula (see, for instance, [FK] or [16]):

Proposition 3.17. Foreach m € C®) and 7 € Sg:

efm:,](f, 0) = Z (=1) (o +lim” O +11(27, 000141 (27,0) (3.49)

g
heZs;

3.4 Jacobian Determinants

By introducing half-integer weights in the graded ring A(I'y(4,8)) '°, the trans-
formation law (3.34) for gradients of odd Theta functions can be regarded in
terms of Jacobian determinants:

%Gm |z:0 (T) ce %Qm |Z=0 (T)
D(ny, ..., ng)(1) = pore ) ) :
Eenglz:O () ... genghzo (7)

Then, (3.34) implies that the functions D(n, . .., 1) are modular forms of weight
£ + 1 with respect to the congruence subgroup I,(4,8). More in general, (3.17)
implies the following:

Proposition 3.18. Let N = {ny,...ng} be a sequence of odd g-characteristics and
D(N) the correspondent Jacobian determinant; then, one has:

D(y - N)(y7) = k()22 Ll 060 det (¢, 7 + dy) ="' D(N)(r)
(3.50)
Yy el VTeGg,

where the functions ¢, are the ones defined in (3.18), corresponding to each character-
istic n;.

The transformation law (3.50) provides a criterion of modularity with respect to
the congruence subgroup I'y(2,4) for products of Jacobian determinants, which
is similar to the one proved in (3.38) for Theta constants:

Proposition 3.19. Let N = (Ny,...,N},) be a sequence of g-plets N; = {ng,...nfg}
of odd g-characteristics. The product D(N1)- -+ D(Ny,) is, then, a modular form with
respect to I'¢(2,4) if and only if the following condition holds:

01

NN = h(l 0) mod 2 (3.51)

19A ring can be generally graded by a monoid; for a detailed discussion on graded rings [F] can
be consulted.
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To point out more properties around the connection between the Theta con-
stants and the Jacobian determinants, it is useful to introduce a function, which
is defined on the parts P(ng)) of the set ng) of even g-characteristics by map-
ping sequences of characteristics to the monomial given by the product of the
correspondent Theta constants:

F: P(CS) —> C[6,]
(3.52)
{mlr my,..., mh} — 9m19m2 e emh

with F(0) = 1.

Then, the following important Theorem holds (cf. [F] or [18]):

Theorem 3.1. (Generalized Jacobi’s formula) For g < 5, one has:

D(m, ..., ng) = Z +F(M)
M

where the summation is extended to all the sequences M = {my,...mgy2} of even
characteristics such that {ny, ..., ng, my, ... mgyo} is azygetic.

Then, whenever g < 5, the Jacobian determinants are contained in the ring
C[6,1]. A similar statement has been conjectured for g > 5, but not proved yet.

Example 3.1. (Case g=1)
In this case, one obtains the classical Jacobi’s derivative formula:
0(1; = —0010110
1 ool h]

Example 3.2. (Case g=2)

The 6 odd characteristics yield 15 distinct Jacobian determinants; by Jacobi’s derivative
formula, these determinants are monomials of degree 4 in the Theta constants. More
precisely, for each M = (my,my, m3,my) € C, there exists a Jacobian determinant
D(n;, nj) such that D(ni,n;) = O, On, 01,0, and distinct Jacobian determinants
correspond to distinct element of C;. Therefore, the map:

D:C; — C[04]
(3.53)
M= (mll mp, ms, 1114) L D(M) = eml engma 9;114

is a bijection providing a parametrization for the Jacobian determinants. By suitably
enumerating the 6 odd characteristics:

01 10 01

a . @ . @) -
= lor| M T o) 11
0l 5. [11] e._|1

@ .
=11 01 10
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and the 10 even characteristics:

00 00 00 00 01
@ .= @ = G .= @ .= ©)
= oo| ™ T lon| ™ T o] M Tl ™ T oo
10 11 01 10 11
©) — @) — ®) .— ©) . 10) .—
m® =0l ™ =00l ™ =0l ™ = 0] ™ = 1
and by denoting the respective non-trivial Theta constants by 0; = 0,0 for each

i=1,...10, one has:

D(nW,n?) = 0,030505; DY, n®) = —040,000,9; DnY,n®) = 6,0,0509
DD, 1) = —050,05010; DV, n®) = 6,0,0,05; D@, n®) = —0,60,0465
D(n®,n®) = —050,65610; D(n®,n®) = -6,0:0,00; D(n,n®) = 6,0400610
D(n®,n®) = 0,050569;  D(n®,n®) = =0,0,05610; D(n®,n®) = 6;0,050;

DWW, n®)) = —=0,040667; DnW,n®) = 0,0306010; D(1n®,n®) = 650,050

3.5 Classical Structure Theorems

This section aims to outline some classical theorems, describing the structure
of the ring of modular forms with respect to the Siegel modular group.

A classical result of the elliptic theory states that the modular forms with
respect to I';, namely the modular functions, are generated by the Eisenstein
series E4 and E4 (see Example 2.1):

Theorem 3.2.
A1) = C[E4, E¢]
Proof. A proof can be found, for instance, in [FB] or [DS]. O

Pertaining to the ideal 5(I'1) of the cusp forms, one has, moreover:

Theorem 3.3. S(I'1) is generated by the cusp form A (cf. Example 2.3).

The structure of the ring A(I';) reveals itself to be more complicated. In fact,
the respective generalized Eisenstein series Ef) and E(62) (see Example 2.2) are
not enough to generate the modular form y1¢ introduced in (3.42); indeed, such
form is generated by E(Z), E(Gz) and E(lzo) (cf. [12] or [ D).

In [I1] Juni-ichi Igusa found the generators of the even part A(I'2) of the graded
ring A(I'»):

Theorem 3.4.

A(M2)© = CEP,EP, x10, x12]
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i(Qmi1 e em,-é )4

lm,'1 ,,,,, Mg }ECg

is a modular form of weight 12, produced by a suitable simmetrization gained by a
proper choice of the signs.

In [12], Igusa proved that only a modular form x3s5 of odd weight has to be
added, in order to generate the whole ring A(I';). With reference to the notation
introduced in Section 3.2, a description of such a modular form can be given,
as for xiz, in terms of a symmetrization of products of Theta constants (cf. [12]
and [17]):

i
X35 = _2T53 [H QmJ Z i(emiemjemk)zo (354)
{

meCy mi,mj,my}eC3
Then, Igusa’s structure theorem can be stated:

Theorem 3.5. (Igusa)

AT2) = CEY, EYY, X0, X12, X35
In [12] Igusa also proved a structure theorem for the ideal S(I';) of cusp forms:
Theorem 3.6. S(I';) is generated by x10, x12 and x3s.

The modular form x3s, in particular, admits a factor:

1
X3O = g Z i(97‘}1,‘ Qm/ ka)ZO (355)

{m,-,m/-,mk}EC;

which is is a modular form of weight 30 with a non trivial character (cf. [I2]).
This modular form is also involved as a generator in another structure theorem.
By (3.7), the group I';/T'»(2) has only a non trivial irreducible representation of
degree 1, corresponding to the sign of the permutation; then, one can denote
the respective character by xp, so that:

1 if ¢p([y]) isaneven permutation

xe([yl) = (3.56)
-1 if ¢p([y]) isan odd permutation

where 1p is the isomorphism described in (3.6). Then, by setting 1"; = Kerxp,
which is of index 2 in I'y, the following structure theorem, proved by Igusa in
[12], holds:

Theorem 3.7.

A(r;) = C[Ef)/ E(62)’ X5, X12, X30]
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3.6 A New Result: Another Description for 3

This section is devoted to the presentation of the first new result proposed
in this work. A new description will be provided for the modular form )3,
introduced in (3.55); due to this purpose, a focus on a particular construction,
described by Bert Van Geemen and Duco Van Straten in their paper [ ]
will be needed.

When g = 2 there are four second order Theta constants, which can be conven-
tionally enumerated for the sake of simplicity:
©1 =g ©2:=0Op1 O3:=0pg O4:=0py (3-57)

Then, (3.49) provides homogeneous relations between the ten first order Theta
constants and these four ones; more precisely, with reference to the notation
introduced in Example 3.2 for even Theta constants, one has:

03 =07 +0;+035+0%; 05 =02-0;+063;-0%;
02 =02 +0%-02-6?% 03 = @ - 0} - 03 + 0%
6% =20,0; + 2030 62 = 20,03 + 20,0
9; =20,0, + 20,03; 6§ =20,0,; - 20;0;
03 = 20,03 — 20,0,; 6%, = 20,0, — 20,0;;

A quadratic form Q,, in the variables X, X5, X3, Xy is, therefore, associated to
each even 2-characteristic m € Cy:

m= Qm 6%1 = Qm(®1/ 62/ 83/ ®4) (358)

Hence, a related quadric V,, in p3 corresponds to each m € Cy:
Vi = V(Qu) = ([X1, X2, X3, Xa] € P* | Qu(X1, X2, X3, X4) = 0} (3.59)

Proposition 3.20. With reference to the notation introduced in Section 3.2, for each
4-plet M € Cj, the set:

ﬂ V,, c P (3.60)
meMe
contains exactly of four points.

Proof. The statement needs solely to be proved for a specific element M € C;,C;
being an orbit under the action of I'y. By focusing, then, on the 4-plet:

My = (1, @ ® ) = {[88] , [8(1’] , [(1)8] , [(1"1)]} ect (3.61)
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one has:
() Vi =111,0,0,01,10,1,0,0,[0,0,1,01,0,0,0, 1]}
meMe©
which concludes the proof. O

By virtue of Proposition 3.20, the four points described in (3.60) uniquely deter-
mine for each M € C} a configuration of four hyperplanes in P, each of them
being characterized by passing through all except one of this points; hence, a
collection of four linear forms, describing these four hyperplanes, is determined

by each M € C}:

Y= PM(Xy, Xo, X3, Xy)

Py = P (Xy, Xa, X3, Xy)
(3.62)
P = PM(Xy, Xo, X3, Xy)

Y= PM(Xy, Xa, X3, Xy)

A tetrahedron T in the projective space IP? is thus uniquely associated to each
4—pletM = (mq1,my, m3, my) € CIZ

M = (my, mp, m3, my) — Ty (3.63)

in such a way the vertices are the four points in (,,cp Vi and all the points on
the tetrahedron Ty belong to the vanishing set:

{[X1, X2, X3, Xa] € PP | Fpi(Xq, X2, X3, X4) = 0}
(3.64)
where Fy = [T, yM

By a straightforward calculation for each M € C;, one is easily supplied with
the linear forms appearing in each configuration:

4’1

Tl : i%

?

=X AR AR

T, - lnb% Xl + X3 Ta: 11}% X1+X, T, : IPZ X1+ X4
2 s =Xo— Xy 5 =X3—-Xy 4 =X, — X3
1#411:X2+X4 11114 X3+X4 I]D4_X2+X3
é_X1+1X4 %_X1+ZX2 QD}_X1 ZX3
T - lzbg Xy T. - l,b% X1 —iXp T, - l,l); X1 +iX3
> ng X2+iX3 6 = X3 +iXy 7 q); X, +iXy
) = X2 —iX3 ¢Z:X3—ix4 =X, —iXy



3.6. A NEW RESULT: ANOTHER DESCRIPTION FOR yx3

59

lpé - X+ X3 - Xy 1705 X1—X2—X3—X4

Te - ll}% X1+X2—X3—X4 To - 170% X2+X3+X4
Bl =X - X - X+ Xy 1 X1+X2+X3—X4
g X1+X2—X3+X4 8 =X1+X - X3+ Xy
%0=X1+iX2—X3—iX4 ¢11=X1+iX2—X3+iX4

T ¢10=X1—iX2—X3+iX4 T ll/zl —iXy + X3+ 11Xy
10 IP:,)O =X +iXp + X3 +iXy - 11 = X1 +iX5 + X3 —iXy
=X; - 1X2 +X3 —iX4 11 =X; - ZX2 - X3 —ZX4

% X1+1X2+ZX3+X4 %3=X1+l’X2—l’X3+X4

T - %2 X1+1X2—1X3—X4 T 17013:X1+iX2+iX3—X4
2oy el =X - iXp +iX3 - Xy By 9B =X —iXo +iX3 + Xy
ll142 —iXo —iX3 + Xy 13_X1 in—iX3—X4
14_X1—X2+1X3+ZX4 ¢115_ —Xo +1X53—iXy

Tos: 14_X1—X2—1X3—1X4 T - QU%S_ X, —iX3 +iXy
14 l/}%4 X1+ Xo +iX5 — iXy 15 ¢%5—X1+X2—iX3—iX4
X1+X2—iX3+iX4 IP45=X1+X2+Z.X3+1.X4

These 15 configurations, describing the tetrahedrons Ty, can be used to build
a modular form with respect to the Siegel modular group I',. With reference to
the notation introduced in (3.57), a holomorphic function can be associated to
each Fy; (cf. (3.64)):

Fu(t) := Fam(©1(1), @2(1), @3(1), O4(T))

In particular:

Fi(7) = Fy, (1) = ©1(1)02(1)@®3(1)@4(7) = FO (1) (3.65)

since T is the tetrahedron associated to the 4-plet M; in (3.61). F; is, therefore,
the modular form of weight 2 with respect to I';(2) introduced in (3.48).

The product of all the 15 modular forms associated to the configurations is thus
a good candidate to be investigated.

One has to remark that I';((2), as defined in (1.5), is the stabilizer Sty;, of M;.
I'20(2) € Sty by (3.2), while, on the other hand, y € Sty;, implies:

diag(‘c,d,) — c,m” = 0mod 2 Vm” € 73
which yields ¢, = 0mod 2, hence y € I'29(2).
Since Cj is an orbit, then [I'; : T20(2)] = |C;| = 15; hence, a bijection exists

between I';/T';0(2) and the tetrahedrons, being indeed provided by the map:
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Now, for the element:

S o O

Y0 €In(2)

OO = O
O = O
_ O O O

one has, by (3.45), (3.20) and Lemma 3.11:

Fi(yot) = —F1(7)

Then F; admits a non trivial character under the action of I'; o(2); such a character
is of course trivial on its kernel Fz , and extends to the non trivial character xp
of I'; described in (3.56), whose kernel is I'J (cf. [Ib]); hence x extends to xp,
this one being the sole non-trivial character of I';/I'>(2), and:

Fi(t) = xp(n) det(cyT + dy)* Fi(7) vV nelp@)

A holomorphic function can be defined now for any fixed y € I';:

Py(7) = xp() " (R F1)(T)

In particular, for any hoice y1, - - - 15 of the representatives of the fifteen cosets
of I';0(2) in I'; a notable holomorphic function can be defined:

15
o =[] on®
i=1

which actually does not depend on the choice of the coset representatives;
in fact, if y1,...,715 and y],...,}5 are two different choices for the fifteen
representatives, then there exists a permutation j of the indices such that for
eachi=1,...,15 one has 7/;'(1') = n;y; with n; € I';9(2). Hence:

15 15 15 15
[Tev@=110r,® =[]ew® =] xe@)™ @) RE)@) =
j=1 i=1 i=1 i=1
15
= H xp(Miyi) ™" det(cyy,T + dyy,) 72 xp () det(cy, yit + dy,)* F1(yit) =

i=1

15 15
= [T ety dettcye + )2 Frrir) = [ [ (o)
i=1 i=1

Now the main theorem of the section can be stated:

Theorem 3.8. There exists A € C* such that ¢ = A x30.
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Proof. The transformation formula @(y7) = xp(y)det(c,t + d,,)* (1) has to be
proved first, whenever y € I';. Let thus ), ..., y15 be a fixed collection of coset
representatives of I';9(2) in I';; then, for each y € I'; one has:

15 15
o) = [ [ o0 = [ [ xp () det(ey,yt +dy) 2 Fa(yiyr) =
i=1 i=1
15
= [Tocrr ™ det(cyyz + dy ) 2 det(c,w + d, P Fr(yiyr) =
i=1

15
= det(c,T + ) [ [ ace ()™ det(cyy T + dyy) 2 Fa(yiyr) =

i=1

15
= det(c,T + d)))* H xe() ™ xp(yiy) @y (1) =
i=1
15
= xp(y)det(cyt + d,)* H Py (1) = xp(y)det(c, + dy) ()

i=1

where the last equality holds as ¢ does not depend on the choice of the fifteen
coset representetives. Hence ¢ is a modular form of weight 30 with respect
to F; with character yp under the action of I';; hence, the thesis follows by
Theorem 3.7, since x39 is the only modular form of weight 30 with respect to I’
with a non-trivial character under the action of the full modular group. O

Such an expression for x3p has been also found by Aloys Krieg and Dominic
Gehre in a completely different way, by means of quaternionic Theta constants

(cf. [KKr]).

3.7 Rings of Modular Forms with Levels

This section is devoted to recall important structure theorems for the rings of
modular forms with respect to some of the congruence subgroups described in
the Section 1.2.

As concerns modular forms with respect to the congruence subgroup I'¢(4,8),
Theta constants with characteristics have already been described as a chief
example; indeed their fundamental importance is soon revealed.

It is a remarkable fact that, for g = 1,2, the only independent relations among
the Theta constants 0,, are the so called Riemann’s relations, which can be
derived from (3.49) in a simple way.

For g =1, (3.49) implies for the three non trivial Theta constants:

62 ,0292 27,0 6?2 27,0
@0 = Ogtr 0+ Oy @n0)

62 (7,0) =

) (27,0) — 62..(27,0)
(3]

% il
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Therefore, one obtains the only non trivial Riemann’s relation for g = 1:

6y — O}

ol ol
Two kinds of Riemann’s relations arise when ¢ = 2, which can be likewise
derived from (3.49); with reference to the notation introduced in Example 3.2
for even characteristics, one has 15 biquadratic Riemann’s relations:

=0y =0

0303 = 0203 - G263, 0302 = 0303 + 0203 0302 = 6303, + 0303

0202 = 0202 + 0202, 0202 = 0202 + 020%;, 0202 = 0202 — 0202,

010} = 035~ Ghe%;  610%, = R0}~ o3 0365 = 620} ~ o307
0305 = 0305 ~030%; 030} = 030%, + 0305 030 = 6203~ 0305
0305 = 0305 —ojo%; 0% = 020}~ 3% 5} = 00}~ o1

and 15 quartic Riemann’s relations, amongst which there are only 5 indepen-
dent relations:

O -0 -0t -04=0; Oi-0i10i-6t=0; Oi-0ir0i-06i=0;
O - 0i-0t— 0% =0; - 0i—0i-0t=0;

The 15 biquadratic Riemann’s relations correspond to the elements of C; by the
bijective map:

M= (m,...mg) +> Ro(M) : 63 05 +035 02 +03 6% (3.66)

s

while the 15 quartic Riemann’s relations correspond to the elements of C; by
the bijective map:

M= (my,...my) +—> R4M) : 65 +0, =05 065, (3.67)

my
Let C[0,,] be the C-algebra generated by the even Theta constants. Denoting by
Ik the ideal generated by the Riemann’s Relations one has, as already stated:

C[X,]
Iz

C[B,] = (g=1,2) (3.68)
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For ¢ > 3 Riemann’s relations still provide independent relations between
the generators 0,,; it is still not known, however, whether they are the only
independent relations between generators for the ring C[6,,] or not. As for the
ring in (3.68), Riemann’s relations can be used to prove the following:

Theorem 3.9. The graded ring C[0,,] is normal when g =1, 2.

Proof. The proof can be found in [I3] for the case ¢ = 1 and in [I2] for the case
g=2 m|

Corollary 3.10. The graded ring C[0,,0,] = C[6,,]© is normal.

The ring C[0,,0,] reveals itself to be strictly connected with the modular forms
with respect to the congruence subgroup I'y(4, 8), as a classical result proved by
Igusa in [I3] states:

Theorem 3.10. (Igusa) A(I'y(4,8)) is the normalization of the ring C[0,,0,].

As a straight consequence of Corollary (3.10), the prominent role of Theta
constants as generators of modular forms is clear:

Corollary 3.11. A(T'4(4,8)) = C[0,,0,,] when g =1,2.

The section ends by recalling a structure theorem for cusp forms with respect
to the subgroup I'»(2,4,8) defined in (1.8), which will be used in the next
chapter to prove new results; this structure theorem was proved by Bert van

Geemen and Duco van Straten in [ ], also with reference to the geometrical
construction described in Section 3.6.

Theorem 3.11. (van Geemen, van Straten) A set of generators for the ideal
S(I'2(2,4,8)) of the cusp forms with respect to I',(2,4, 8) is given by:

1. DM) VYMeC;
2. OpyOpyOuy 0, Ons ¥ {my ..., ms) € Cy
3. emlemﬁmsw,w,lp,ﬁﬂ Y {my,my,ms} € C; Vi jk

where, for each {my, my, mz} € C;, M € C; is the only element such that {m;, m, ms} C
M and t,b;.”, Y are three of the four linear forms associated to Ty as in (3.62).
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Chapter 4

The Group I' and the structure
of A(T')

This chapter aims to present the new results found, concerning with a remark-
able map made by the gradients of odd Theta functions in genus 2. The first
section will be devoted to outline the general description of this map, thus
pointing out the exceptional features pertaining to the case ¢ = 2, on which the
other sections will be focused.

Since every statement will pertain to the case g = 2, the obvious indication of
the grade will be conventionally omitted throughout the chapter.

For the sake of simplicity, the group I'(2,4)/{+I'(4, 8)}, which will be involved in
the discussion, will be denoted by the symbol G, while the symbol G will stand
for the group of characters of G.

4.1 The Theta Gradients Map

By the transformation formula (3.34) one is allowed to define a map on the
quotient space Ay® = G, /T(4,8):

2871(28—1)times
e —
PgrTh : Ag'g — C8x--- x C8/Ty(GI(g, C))

T {gradz 9"|Z:0 }n odd

where Ty is the representation defined in (3.35).

Due to Lefschetz’s theorem (cf. [GH]) the range of this map lies in the Grass-
mannian Gre(g, 287128 — 1)), as proved by Riccardo Salvati Manni in [ 1;
thanks to (3.34) the Pliicker coordinates of this map are modular forms with
respect to I'y(4, 8).

65
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Studying the injectivity of such a map is strictly related to the problem of
recovering plane curves form their tangent hyperplanes. In fact, denoting by:

¢:C— P!

the canonical map of a smooth curve C of genus g, and by ¢ = [J(C)] € ], C A,
the correspondent point in the locus of Jacobians J,, a hyperplane H c P$7!,
tangent to the canonical curve ¢(C) in g — 1 points, is known to cut on ¢(C) a
divisor, which is the zero locus of one of the 2871(28 — 1) Riemann Theta func-
tions with odd characteristics 6,,(z) = 0,,(1¢, z); on the converse, each Riemann
Theta function with odd characteristic related to the curve C determines such
a hyperplane H c P¢7!, whose direction is given by the gradient of the corre-
spondent Riemann Theta function in zero (see [GH] and [ ] for details).
In particular, the map PgrTh sends an element 7 € ]2’8 C Aé’s to an ordered
set of all the hyperplanes tangent in ¢ — 1 points; it is, therefore, related to
the map which sends 7 € J, to the sets of all the hyperplanes tangent in ¢ — 1
points, whose injectivity has been already investigated by Lucia Caporaso and
Edoardo Sernesi in [CS1] and [CS2]. Indeed, such a map factors through PgrTh
where both are defined (see [ ] for details).

In their work [ ], Samuel Grushevsky and Riccardo Salvati Manni
proved that PgrTh is generically injective on z‘l‘lg’8 when g > 3 and injective
on the tangent spaces when g > 2.

The map was also conjectured to be injective whenever g > 3, albeit it has not
been proved yet.

The case g = 2 is a case of special interest. The six odd 2-characteristics
originate fifteen Pliicker coordinates, which are the Jacobian determinants enu-
merated in Example 3.2; such coordinates satisfy by (3.36) the transformation
law:

D(N)(y7) = k(y)*xn(y) det (c,T + dy)’D(N)(1) wn
4.

V1€ & Vy€F2(2,4) VN:{nl,nz}GCZ
where XN = X Xny-

In particular, by (1.7), there are 2!° distinct cosets in I'4(2,4)/T'¢(4,8); however,
since k(y)?xn(y) is a sign whenever y € I'¢(2,4), the 6 odd characteristics yield

Yoo (2) = 64 possible image points for each set {)To}[yjer,4)/r,4s) through the
map PgrThy:

PgrThy : A% — Pl

T —> [D(N1)(1), - -- D(N15)(7) ]

Therefore, PgrTh; can not be injective, although it is seen to be finite of degree
16 (cf. [ D.
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There exists, indeed, a suitable intermediate congruence subgroup I'(4,8) C
I' € I'(2,4) such that PgrTh, factors on the correspondent level moduli space
Ar = S, /T as:

PgrTh* : AY — P Al = &y/T
and the new map PgrTh* turns out to be injective.

In the following section such a remarkable group will be described.

4.2 The Congruence Subgroup I

As explained above, the chief interest of this section is to locate between I'(4, 8)
and I'(2, 4) the proper congruence subgroup I', whose correspondent level mod-
uli space Ar := S,/I is such that the Theta gradients map PgrTh; is still well
defined on it and injective. The following description is provided for such a

group:
Proposition 4.1.

15

T =("\Kerxn, = {y €T@4) | x(Pan() =1 Vi=1,...,15) (42)
i=1

where xy; are the fifteen characters involved in the transformation law (4.1)
pertaining to the fifteen Jacobian determinants.

Proof. As far as one knows by (4.1), an a priori description for the subgroup I
is:

[=TrOyry (4.3)
where:

ro {y eT2,4) |« xnGp) =1 Vi=1,...,15}

rey ly €eT(2,4) | x()xn,(y)=-1 Vi=1,...,15}
I', as defined in (4.3), is plainly checked to be a subgroup of the Siegel modular
group I', for Corollary 3.7 and Lemma 3.15 imply for eachi=1,...,15:

YN0y = O ()G ) =1
¥y,y' €T
O™ = [N T = 0w ()

Moreover, by (3.22) and Lemma 3.16, one has I'(4, 8) C I'; hence the subgroup I
in (4.3) is indeed a congruence subgroup such thatI'(4,8) c I' c I'(2, 4).

The next step is to refine the definition of I, by detecting which elements of
I'(2,4) belong to this subgroup.

Clearly ﬂ}fl Keryxy, C I'. Therefore, only the reverse inclusion has to be shown
to prove the first part of the statement.
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Let thus ¥ € I. Due to the definition in (4.3), either xn,(y) = 1 for each
i=1,...,150r xn(y) = -1 foreachi = 1,...,15. However, if xn,(y) = -1, for
each 7, an absurd statement turns up:

-1= X(n,n,')(y) X(n,nj)(y) X(n,nk)(y) = X(ni,nj)O/) X () (7/) =1

Hence, the only possible case is y € (2, Kery,. Consequently, one has:

15
I =(")Keryy, (4.4)
i=1

and this part of the statement is proved. In order to gain the second identity
in the statement, one needs to prove that k*(y) = 1 whenever y € . By the
criterion described in Proposition 3.19, the products:

D := D(ny, n2)D(n3, ns)D(ns, 116)

with 1y, ... 16 all distinct, are plainly checked to be modular forms with respect
to I'(2,4). Moreover, by (4.1) the following transformation law holds for each
y €T'(2,4):

D(yt) = kz()/))(,,1 “++ Xngdet(cyT + dy)eD(T)
Hence, by Lemma (3.14) one has for each y € I'(2, 4):

6
R0) = [ [ 1) = Xm0 Koasina ) Xeasna )

i=1

Therefore, whenever y € T, k*(y) = 1 by the characterization in (4.4). This
shows '™V in (4.3) is indeed an empty set, and T = TW. The proof is thus
concluded.

O

Thanks to Proposition 4.1, an important property can be immediately stated:

Proposition 4.2. T is normal in I'.

Proof. One has to prove that:
w7 imy)=1  Vyel, , Vnel , Vi=1,...,15
By setting N; = (114, 12;) foreachi=1,...,15, one has:

XN 7Y = X 7 )Xo T Y) = 77 O X)) = Xy, ()Xo, (1)

Since the action in (3.2) preserves the parity, for eachi = 1,...,15 there exists a
J, depending on i and y, such that (yn1;,yn2;) = N;. Therefore:

XN, (7)) = Xom (DX, () = xn, () = 1

where the last equality on the right holds since p € I". m]
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A concrete description for the congruence subgroup I' in terms of generators
can be also a useful tool to work with. Corollary 3.9 suggests how to find such
a description. Since the functions yxy, are characters of G = I'(2,4)/{+I'(4, 8)},
the elements in I'(2, 4) belonging to (2, Ker,xn, can be found, by checking the
representative elements for the cosets of I'(4, 8) in I'(2,4). For such a purpose,
Proposition 1.3 and Corollary 1.2 can be applied, to obtain:

Proposition 4.3. G is a 9-dimensional vector space on Z,. A basis is given by:

-1 0

0 1

An = 0 0
0 0

1 0

01

3%1 =10 0
0 0

1 0

01

C%l =14 0
0 0

O = O

[l e )

_ O O O

— O O O

_ O O O

2
BZZ_

2
CZZ_

OO O

SO O

(=N e N}

o= OO

— O = O

— O O O

By =

Cpp =

|
N

O, N O
— O ON

[l e Ne)
—_ o O O

Then, with reference to the notation introduced in Example 3.2, a table can be
written down by means of the values in Lemma 3.13.

Xij = Xaoa0 | Au A An B B3 Bi, Cn C4 C
X12 -1 1 1 1 -1 -1 1 -1 -1
X13 1 1 -1 1 1 1 -1 -1 1
X14 -1 -1 1 1 -1 -1 1 -1 1
X15 1 -1 1 -1 -1 1 1 1 1
X16 -1 1 -1 -1 -1 1 1 -1 -1
X23 -1 1 -1 1 -1 -1 -1 1 -1
X24 1 -1 1 1 1 1 -1 1 -1
X25 -1 -1 1 -1 1 -1 1 -1 -1
X26 1 1 -1 -1 1 -1 1 1 1
X34 -1 -1 -1 1 -1 1 1 1 1
X35 1 -1 -1 -1 -1 1 -1 -1 1
X36 -1 1 1 -1 -1 1 -1 1 -1
X45 -1 1 1 -1 1 -1 -1 -1 1
Xa6 1 -1 -1 -1 1 -1 -1 1 -1
X56 -1 -1 -1 1 1 1 1 -1 -1

Table 4.1: Values of xn, on a basis of G
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Proposition 4.4. The group I' is generated by I'(4, 8) and the elements:

1 2 4 0

A12B%1C§2 - 8 (1) (1) 8

0 4 -2 1

1 0 0 O

(A1nB},C,) = AnB3,C, = 421 (1) (1) —42
00 0 1

1 0 4 2

BlZB%lBéz = 8 (1) % g

0 0 01

1 0 0O

'(B12B},B3,) = C1nC}, G5, = 2 ; (1) 8
2 4 0 1

Proof. The independent elements satisfying the desired properties can be easily
detected by the table. O

Corollary 4.1. S; does not admit any fixed point for the action of I'. In particular, the
space S, /T is smooth.

Proof. Since I' C I'(2,4), the thesis follows from Corollary 1.5 and Proposition
44. O

4.3 Structure of A(I'): generators

Since the Pliicker coordinates D(NN) are known to be cusp forms, the Theta gra-
dients map does not extend to the boundary of the Satake’s compactification
! of the level moduli space A*8. The graded ring A(T') of modular forms with
respect to the congruence subgroup I', as well as the ideal S(I') C A(I') of the
cusp forms, are needed to describe Satake’s compactification ProjA(I') and the
desingularization ProjS(I'). Only the even parts A(I')° and S(I')° are, indeed,
relevant in describing respectively the Proj scheme 2. This work will focus,
therefore, on the structure of A(I')° and S(I')?, in order to decrease the number
of the generators involved; as a first step, this section will aim to find the gener-
ators of A(I')°. A structure theorem have to be proved first, in order to describe
AI)%:

1See Appendix B
2A detailed exposition of these topics can be found, for instance, in the classic book [It].
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Proposition 4.5. The following decomposition holds for I'(4, 8)

A(T4,8) = | € Cl1626210,, ~-6m2d]@[@ CLO%6410m, -+ Oy,

d=0,2,4 d=1,3,5

where:

A4, 8)f = P CIO%6210, -+ O,
d=0,2,4

is the even part of the graded ring, and

AT(@4,8) = P CI0%6210,, -+ O,
d=1,3,5

is the odd part.

Proof. By Igusa’s Theorem, A(I'(4,8) = C[6,,0,] (Corollary 3.11); the result of the
decomposition of the ring under the action of I'(2, 4), according to the general
procedure described in (2.2), is then:

A(T(4,8) = D C16,46,, 1]
xeG
Since monomials in Theta constants transforms into monomials under the ac-

tion of T'(2,4) (cf. (3.36)), one only needs to focus on monomials in 9,,0,, in
order to study the transformation law for elements of C[6,,0,].

In particular, if Py = Oy, - -+ O, € C[0,,0,]4 is @ monomial of degree d in the
variables 0,,0,, (3.36) implies the following transformation law:

Py(yt) = KZd(V)er 2 Xmyy det (CyT + dy)dpd(T) Yy eI(2,4)

Ifd = 21, Py € C[0160u, Xm, *** Xmy], because k*(y) = 1 for each y € T(2,4) by
(3.22). Moreover, Corollary 3.9 and Lemma 3.14 imply that for each couple of
characteristics m, n, the product x2 x? is a trivial character of G; the following
decomposition arises, therefore, for the even part A(I'(4, 8))° of the ring:

A(T(4,8)) = P CIO%6210,, -+ O, (4.5)

deven
On the other hand, if d = 21 + 1, Py € C[0,0,, KX, *** Xmy]- Since x2 is a
character of G, as stated in Corollary 3.7, it is indeed a product of the functions

Xm by Proposition 3.11; the following decomposition arises, therefore, for the
odd part A(I'(4, 8))° of the ring:

AT, 8)) = EP 1626210, -+ O, (4.6)
d=1,3,5
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This concludes the proof.

Thanks to Proposition 4.5 a structure theorem can be finally stated for A(I'):

Theorem 4.1. A(T)°* = C[0%, D(N)]®.

Proof. By Proposition 4.1, I'/{+I'(4,8)} C G is the dual subgroup corresponding
to the subgroup < xn, >C G generated by the fifteen characters yy, related to
the Jacobian determinants D(Nj;). One has, therefore:

AN = B ACG,8),0)

XE<XN;>

Hence, the thesis follows from (4.5). O

4.4 Structure of A(I'): Relations

The foregoing section has been devoted to the detection of the generators of
A(T')¢, as stated in Theorem 4.1. Some relations exist amongst these generators,
most of which are induced by Riemann’s relations. This section aims to provide
them through a combinatorial description; for this purpose a threefold investi-
gation will be needed, in order to describe the relations involving only the 62,
the relations involving only the D(N), and finally the ones between the 6% and
the D(N).

4.4.1 Relations among 62,

The relations among 62, are completely described by Riemann’s relations (see
Section 3.7). Therefore, with reference to the notation introduced in (3.66) and
(3.67), there are 15 independent biquadratic relations:

Ry(M)=0 YMeC} (4.7a)

and 5 independent quartic relations:
Ry(M;) =0 i=1,...5 (4.7b)

4.4.2 Relations among D(N)
The 15 relations of the kind:
DM)* = 63, 05,62,.05, ¥ M = {my,ma, m3,ms} € C;

induced by Jacobi’s formula and described in Example 3.2, have to be used
together with the ones in (4.7a) and (4.7b), to find all the desired relations
amongst the fifteen Jacobian determinants {D(M)}Meq. Here a combinatorial
explanation for all these relations follows.
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1. For each even characteristic 77, one can enumerate the six 4-plets {Ml’.” =16
in C; containing m, in such a way that:

MMM = {m) = M (0 M2 O M

Then, one has:

D(MIHYD(MIYD(ME') = x5602%, = D(M)D(MED(MZ) (4.8a)

which are obviously 10 relations, namely one for each choice of m.

2. For each M = {my,...m¢} € Cg there are eight 4-plets of C,, containing
exactly a triplet {m;, m js my} C M; these 4-plets can be enumerated in such
a way that:

D(M1)D(M)D(W3)D(My) = x5 T15. 03, =
(4.8b)
= D(Ms)D(Mg)D(M7)D(Ms)

These are 15 relations, namely one for each choice of M € C{.

3. Let M = {my,...mg} € C} and let

Ro(M) = 63,62 + 05 65 +62. 05 =0

my

be the associated biquadratic Riemann’s relation as in (3.66).
For each couple of even characteristics {m;, m;}, only two 4-plets Mll’] and
M;’ belonging to C; contain {m;, m;}; then, one has:

D(M;*)D(My?) + DIMP)D(My*) + D(M?*)D(M;®) = wse
.0C
= D(M')Ry(M) = 0

These are 15 relations, since they correspond to the elements of C;.

Otherwise, by choosing for each couple m;, m; only one of the two 4-plets
M7’ e M, one has the following general identity:

D*(My?) £ D*(My*") £ DX(M2°) =

— 2 02 02 02
= 02,02,02, 02, = 02 62 02, 62, + 02 62,02, 02,

where a1, az, f1, 2, €1, €2 are characteristics in M € C}.
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In particular, each triplet of determinants can be chosen in such a way
that only three of the four characteristics in M appear; for combina-
torial reasons, there is a unique way to build a relation among D(M)’s
by multiplying each determinant of such a triplet by two other distinct
determinants:

Dy, Dy D*(M**) + D, D, D2(M§'4) + Dy Dy D*(M>%) = 0 (4.8d)

One can observe that, for each choice of M € C/, there exist four distinct

triplets of determinants D(M%?), D (MZ %), D2(M2°) satisfying the desired
condition; more precisely, each triplet corresponds to a choice for the
characteristic in M° which does not appear in the identity, and obviously
there are four possible choices for such a characteristic. Therefore, the
relations (4.8d) are in number of 15 - 4 = 60.

. Let M = {my,...ms} € C; an let

Ry(M) =6, 6, +06, =0 =0

my

be the associated quartic Riemann’s relation as in (3.67). For each m; € M
there exist only 2 elements M}, M, € C; containing m; and such that:

]\/Il1 AMIZ =M= {m5,...m10}

One has, therefore:

M»

+D(M;)* D(M5)* = Oy -+~ Oy Ra(M) = 0 (4.8¢)
i=1

All the 15 quartic Riemann relations yield independent relations on the
D(M), even though they are not independent themselves; the relations in
(4.8e) are, therefore, in number of 15.

. Let M = {my, mp, ms3} € CJ be fixed.

There exist only two distinct 6-plets in C}, containing M. Then let M =
{m1, ma, ms, mj, m;, m;} be such a 6-plet; the corresponding biquadratic
Riemann’s relation is easily seen to be such that:

Ro(M) = 0;,0;, = 0;,6,, +6;,07, =0
with {m}, m}, m}} € CJ.
Moreover for each couple of characteristics {m;, m;} C M, there exists a
unique M; ; € C/, containing {m;, m;} and satisfying:
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Ry(M; ) = 6,05, + Pij =0

For combinatorial reasons, all the terms an{ij share the common addend

62,062,602, ; therefore, one has:
1 2 3

0= 63,62, 02 Ro(M) = £63, eﬁq Pys 931262%1%,3 + 02 ezépm =

mz=~m

02 02 92 o2 2 g2 g2 2 2 g2 g2 2 2 2 92 o2
= ig”“emi eméemg * 0y, Gmi O Oy + O, 0,0 O, O, £ G, QméGmﬁ i
where m, is the unique even characteristic which completes M = {1y, my, m3}
to a 4-pletin C; (to which a quartic Riemann’s relations correspond, as in
(3.67)), and {my, mg, me} = {my, ma, ms, ma, my, mj, m;}°.

Then it is easily checked that:

4
0= [ I emJ 62,03, 0% Ro(¥) = ¥ £D(M) DQVE)®  (4.86)
¢{ }

me{my my,mz,my i=1

where M and M, are the 4-plets in C; containing ; and such that M} A
]\/P2 = {ml, my, ms, Wl4}c, as in (486)

By choosing the other 6-plet M = {my, my, ms, m,, mg, me} containing M =
{m1,my, m3}, one obtains the same relations with interchanged exponents:

4
0= ) =D(M})’ D(M3) (4:8)
i=1

Triplets M = {m1,my, m3} contained in the same 4-plet in C; yield exactly
the same relation (essentially because the same related quartic Riemann
relation turns out to be replaced in the foregoing null expression). There-
fore, these relations are parameterized by the elements in Cy hence, there
are 15 relations of the type (4.8f) and 15 of the type (4.8g).

6. For each even characteristic m € Cj, there are exactly six determinants
{D!"}i=1,..6 such that:

D" = D(M) = +0,, 0,01, O, with m € M = {my, ma, m3, mg} € C;
Then, one has:
6
Y (D) = 04103 (03,08, = 64,0%)=
i=1

+ 0, (04,05 + 05 03) + 0, (05,04 +65 03)]

aq a = g
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where {a1, @z, a3, s}, {n, a2, a5, a6} € C}.
Then, for each 7, j,k = 1,...6 such that {a;, aj, a4} € C;, one can denote by
the symbol Mi‘] the only 4-plet in C, containing a;, @, and not ay, and by

the symbol P(Mi.‘].) the polynomial:
P(M})) = Ry(M})) - 63

where R4 (ij) is the quartic Riemann relation associated to Mf] asin (3.67).
Then, in particular:

6
Y £(D* = 04,(04, [0% P(M,) + 04, P(ME,)]+
i=1

+ 0, [04 P(M5) £ 63 P(M3,)] £ 6 [62 P(M3;) + 05, P(M3,)]}

[2%)

where:

M%g ﬁ]\/ﬁ4 = {ny, n3}
1 2

M25 mM16 = {nll n3}

MZS ﬂM§6 = {111, 112}

Therefore, for a suitable choice of the signs, one has:

6
Z + (D) = 04102 (04, + 0%)(20% + 6% )+

an
i=1

03,(04, + OL)(=0}, + 0L) + 01, (04, + OL)(=0}, + 0L)] =

= 05,(0% + 03[0, (£0,, £ 65) £ 0) (20, +06; )+ 0, (£65 +0;)]

ns

which is made null by properly selecting the remaining signs. To sum up,
therefore, for each m € C; one has the relation:

6
Z +(D")* =0 (4.8h)

i=1

where the choice of the signs is uniquely determined as explained. Only
6 of this ten relations are easily seen to be independent.

A final Proposition can thus be stated about the relations among the D(N):
Proposition 4.6. All the relations amongst the D(N) are generated by:

1. The 10 relations in (4.8a);

2. The 15 relations in (4.8b);
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The 15 relations in (4.8c¢);
The 60 relations in (4.8d);
The 15 relations in (4.8e);
The 15 relations in (4.8f);
The 15 relations in (4.8%);
8. The 6 relations in (4.8h);

NS kW

Proof. The statement has been proved by elimination, thanks to a Singular
program created by Professor Eberhard Freitag; working, in particular, with
the ideal generated by the one given by the Riemann relations between the 0,,
and the one given by the expressions of the D(N) as products of 8,, (see Example
3.2), the desired relations have been detected by eliminating the variables 0,,
by means of a Gréebner basis °. ]

4.4.3 Relations among D(N) and 62,

Since the generators D(N) are modular forms of even weight, the relations
among D(N) and 62, are indeed among D(N) and 62,62.

There are of course the 15 relations induced by Jacobi’s formula:

DM)* = 63, 03,62,.02, ¥ M = {my, ma, ms, ms} € Cy (4.9a)

ms

as described in Example 3.2. Any other relation is clearly generated by the ones
in (4.9a) and by all the relations of the kind:

h
[ [pav) = Pe262)

i=1

where P(62,62) is a polynomial in 62,62 and the determinants D(Nj) are all
distinct.

Since by (3.36) and (3.23) 62,0 is a modular form with respect to I'(2, 4) for each
couple of characteristics m, n, such a relation holds if and only if []; D(N;) itself
is a modular form with respect to I'(2,4).

By Proposition 3.8 such a condition is equivalent to M'M = 0mod?2 for the 4 x 4h
matrix M = (M ... M) of even characteristics, associated to [ [; D(M;), and also,
by Proposition 3.19, to N'N = 0mod2 for the 4 x 2h matrix N = (Nj...Ny) of
odd characteristics, associated to []; D(IN;). A necessary condition is therefore
given by:

diag(M'M) = 0mod 2
or, likewise, concerning with odd characteristics, by:
diag(N'N) = 0mod 2

The investigation will be therefore focused on products []; D(N;) of distinct Ja-
cobian determinants, fulfilling this condition. For such a purpose the following
technical definition will be needed throughout this section:

3For the definition of a Groebner basis see, for instance, [F].
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Definition 4.1. Let 1 < h < 15, and let D(Ny)--- D(Ny) = D(My)--- D(My,) be a
product of distinct Jacobian determinants. If the sum of all the even characteristics m
appearing in the 4plets M; € C; (or, equivalently, the sum of all the odd characteristics

n appearing in the couples N € Cy), each counted with its multiplicity, is congruent to
0 mod 2, such a product will be called a remarkable factor of degree h. A remarkable
factor which is product of remarkable factors will be named reducible, otherwise it
will be called non-reducible.

As already seen, if the product D(N;)--- D(N},) of distinct determinants is a
modular form with respect to I'(2,4), it is a remarkable factor, while the con-
verse statement is not necessarily true.

Remarkable factors can be easily characterized:

Proposition 4.7. P is a remarkable factor if and only if P is a monomial in the variables
02, and xs ( cf. (3.40)). More precisely:

P=)(5hH9m2 h=0,1
m

Proof. If P is a monomial in the variables an and ys, then P is clearly a remark-
able factor; therefore, only the converse statement has to be proved. To aim at
this, one can use the function, defined in (3.52):

F:C— C[04]
{mi,my,...,my} — emlemz tee emh

F@):=1
Then, in particular:
F({m}) = 0; F(Cy) = xs; FM) =DM) VYMeCy;
and moreover one has:
F(My) EM;) = FMy s M) [ 042
IﬂEM,‘ﬁM]'

If P = F(M;) - -- F(Mp,) is a remarkable factor, by this identity and Propositions
3.4, 3.5 and 3.6, it necessarily follows that:

P=xs"]] 0.
withh =0,1. O

In order to classify remarkable factors in terms of the Jacobian determinants ap-
pearing in the product, the law associating to each couple of odd characteristics
N € G, their sum S(N) € Z; will be used:

N = {ny,n} — S(N):=n1 +ny
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In fact, a product P = []; D(N;) of distinct Jacobian determinants is clearly a
remarkable factor if and only if ) ; S(N;) = 0.

Lemma 4.1. Remarkable factors of degree greater than 5 are reducible.

Proof. Let P = T, D(N;) be a remarkable factor with i > 5. Then, the set
{S(Ni)}i=1,.n C Z‘é necessarily contains at least two elements being linearly de-
pendent from the others. Since S(N) # 0 for each N € C,, the thesis follows. O

By Lemma 4.1, remarkable factors of degree at most 5 are the only ones to be
checked, in order to find the non-reducible remarkable factors.

Proposition 4.8. The non-reducible remarkable factors are:

~

- D(ni, nj)D(nj, m)D(ng, ni);
2. D(n;, nj)D(ng, n))D(ns, ny);
3. D(n;, nj)D(n;j, ) D(ng, n))D (g, n;);
4. D(n;, nj)D(n;, ng)D(ni, n))D(ns, ny);
5. D(n;, nj)D(nj, n)D(ng, n))D(ny, n,)D(n,, n;);
6. D(n,n;)D(n, ng)D(n, n))D(m, n,)D(m, ns);
Proof. They can be plainly detected by the following table, which is redacted

with reference to the notation introduced in the Example 3.2 for odd character-
istics:

D;; == D(n®,n™) | 'S(N)
Dn2 i)
Dis (0010)
Dys (1101)
Dy (1110)
Doy (0001)
Dis (1000)
Dys (0111)
Dis (1011)
D (0100)
Dy (1100)
Dys (1010)
Dy (1001)
Dys (0110)
Da (0101)
Dse (0011)

Table 4.2: Values of S(N)
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By (3.19) one notes only factors of the type 2., 3. and 6. are modular forms with
respect to I'(2,4). Due to Proposition 4.7, no Theta constant appears in such
factors with even multiplicity, while x5 appears in factors of type 1., 4. and 5.
X5 with odd multiplicity.

The products []; D(N;) of distinct determinants which are functions of 6262
are, therefore, products of the factors listed in Proposition 4.8.

Proposition 4.9. The relations involving products of 3 determinants are:

6
D(i, n)Dirte, m)D(ns, ne) = | | 0 (4.9b)
i=1

Proof. As already stated, factors of type 2. are the only ones involved.

In order to prove that the six Theta constants appearing in the expression
(4.9b) are all distinct, let P be a product of determinants as in (4.9b), and let
M1, Mz, M3 € C; be the 4-plets satisfying:

P = D(M;)D(M;)D(M3)

Since P is a remarkable factor, if M; A M; € C/ for any couple of this 4-plets, it
would follow that (M; A M,)° = Ms3; then one would have P = 0,,,%6,,,%0,.,% x5,
which is an absurd statement, because P is also a modular form with respect to
I'2(2,4). Then, by Proposition 3.4, M; A M; € C; for each distinct couple M;, M;,
and the only possibility is M; A M, = M3 € C,;, namely:

M = {my, my, m3, my} M, = {my, my, ms, me} M3 = {m3, my, ms, mg)
Therefore, the thesis follows. O

Proposition 4.10. The relations involving products of 4 determinants are:

8
D, n)D(nj, m)Dlong, m)D(ry, i) = | | 6 (4.9¢)
i=1

Proof. Remarkable factors of type 3. are the only ones involved.

To prove the eight Theta constants appearing in the expression (4.9¢c) are all
distinct, let P be a product of determinants of the type in (4.9c), and let
My, My, M3, My € C| the 4-plets satisfying:

P = D(M1)D(M3)D(M3)D(My,)

If My A My € C; , then M3 A My = My A M, € C, since P is a modular form
with respect to I(2,4). Due to [M; A M;| = 4, there are at least six distinct
characteristics among the ones associated to the Theta constants appearing in
the expression (each of them appearing with multiplicity 2); however, M3 A
My = My A M, and |M3 N My| = 2, hence the eight characteristics, appearing
with multiplicity 2, are all distinct, the determinants involved D(M;) being all
distinct.

If M A M, € Cg, then Mz A My = My A M, € Cg Since M1 N M| = 1, at
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least seven distinct characteristics appear, each with multiplicity 2. As before,
Mz A My = My A M, with [M3 N My| = 1 and the common characteristic in
M3 and M4 must be different from the other seven, since the D(M;) are all
distinct. O

Proposition 4.11. The relations involving products of 5 determinants are:

D(n,n;)D(n, n)D(n, n;)D(m, n,)D(m, ns) = H 6%, (4.9d)

Proof. As seen, factors of type 6 are the only ones involved. By Proposition
4.7 xs appears with even multiplicity. However, the ten Theta constants in
the expression (4.9d) are plainly seen to be not necessarily all distinct in this
case. o

As concerns the relations involving products of more than 5 determinants, one
has to note that the product of two non-reducible remarkable factors of type
2,4 and 5 is indeed a modular form with respect to I'(2, 4); therefore, if it does
not factorize into a product of the factors already discussed, it will yield new
independent relations. One has, in particular, the following:

Proposition 4.12. The relations involving products of 6 determinants are:

D(n;, n)D(nj, m) Dy, 1) D(my, 1) D (1, 15)D (s, 1) = x5° 0”0, (4.9¢)

Proof. The only possible case rises from the product P of two distinct factors of
type 1.:

Q1 = D(n;, n;)D(n;, me)D(ng,, ;) = x50,
Q, = D(n}, w)D(, w))D(}, ) = 562
Clearly Q1 - Q] does not factorize into products of determinants which are in

turn modular forms with respect to I'(2, 4); therefore, the relations in (4.9¢) are
not generated by the previous ones. ]

The following Proposition ends the investigation around these relations.

Proposition 4.13. Let P be a product of more than 6 distinct determinants, which is
a modular form with respect to I'(2,4). Then, each relation involving P is dependent
from the ones in (4.9a), (4.9b), (4.9c), (4.9d) and (4.9e).

Proof. The single cases have to be briefly discussed.

Let P be a product of 7 distinct determinants such that P € A(I'(2,4)). Then
P is necessarily the product of a factor P; of type 1. and a factor P, of type 4.
and the only possible cases are:

Py - Py = [D(n;, nj)D(n;j, ng) D(ng, ni)1[D(ny, ni) D(ny, nj) D(ny, ng) D, 15)]

Py - Py = [D(n;, n;)D(n;j, ng) D(ng, ni)1[D(ny, ni) D(ny, nj) D(ny, 1) D(1g, 15)]
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However, by using the relations (4.8a), one gains:
D(ni, nj)D(nj, nx)D(ng, n;) = D(ny, n,)D(ny, ns)D(ns, ny)

Therefore, at least a D(N)? appears in both cases, hence the relations involving
P are dependent from the ones which have been already found (the relations in
(4.9a) hold, in particular).

Regarding products of more than 7 determinants:

P:HD(N) CcC stl|C>7
NeC

the product of the determinants associated to the complementary couples N:

P = H D(N)

NgC

can be plainly investigated. In fact, if P € A(I'(2, 4)), then clearly P° € A(I'(2,4)),
hence the behaviour of P° pertains to the previous cases.

Let P be, therefore, a product of 8 distinct determinants such that P €
A(I'(2,4)). P° has thus degree 7; then, either P° = Q; - Q4 with Q; of type 1. and
Qs of type 4, or P° = Q> - Q3 with ; of type 2. and Q3 of type 3.

If P¢ = Q1 - Q4 the only two possible cases are the ones discussed above; then,
P is plainly verified to admit a factor of type (4.9d):

D(ni/ nk)D(ni/ nT)D(ni/ nS)D(nS/ nj)D(nS/ nl)

which does not appear in the product Q; - Q4. Then P factorizes into the product
of two factors, which are modular forms with respect to A(I'(2, 4)) and thus have
been already studied.

If P° = Q; - Qs, then:

PE = D11, 1)D(0ng, n)D(ny, n) Dot w)D(t, m)D (o, m)D Gy, 1)

Since four of the six odd characteristics appear with multiplicity 3 and the other
two with multiplicity 1, P always contains a factor of type (4.9¢c):

D(n,ny)D(ng, nﬁ)D(nﬁ/ n)/)D(nyr 1)

Therefore, P factorizes again into the product of two factors which are modular
forms with respect to A(I'(2, 4)).

Let P be the product of 9 distinct determinants such that P € A(I'(2,4)).
P € A(T'(2,4)) has, therefore, degree 6; hence, it is either the product Q> - Q) of
two factors of type 2, or the product Q; - Q] of two factors of type 1.
In the first case:

P¢ = Q, - Q) = D(ni, nj)D(ng, m)D(nr, ns)D(n;, n) Dy, ) D(my, 1)



4.5. THE IDEAL S(T) 83

all the characteristics appear with multiplicity 2; therefore, P always contains a
factor of type (4.9d).

In the second case P is of type (4.9e); then, at least five characteristics appear
in P with multiplicity 2. Hence, P always contains a factor of type (4.9d).

If P is a product of 10 distinct determinants such that P € A(I'(2,4)), by
Proposition 4.11 P¢ is of type (4.9d). Then, P is easily checked to necessarily
contain a factor P of type (4.9c) both when n # m and when n = m.

If P is a product of 11 distinct determinants such that P € A(I'(2,4)), by
Proposition 4.10 P¢ is of type (4.9c). Then, P = Ps - P where Ps is of type (4.9d)
and P’ = P; - Py is of type (4.9¢).

Finally, if P is a product of 12 distinct determinants such that P € A(I'(2,4)),
by Proposition 4.9 P¢ is of type (4.9b). Then, P = P¢ - P53 - P, where P is of type
(4.9d), P is of type (4.9¢c) and P; is of type (4.9b).

Products of 13 or 14 Jacobian determinants can not be modular forms with
respect to I'(2, 4), while the product of all the 15 determinants trivially factorizes
into factors already selected. The proof is thus concluded.

O

To sum up, one has:

Proposition 4.14. A system of independent relations between the D(M) and the 62,62
is given by (4.9a), (4.9b), (4.9¢), (4.94) and (4.9e).

The results about the description of A(I')© in terms of relations can be now
summarized as follows:

Theorem 4.2. The ideal of the relations amongst D(N) and 02, is generated by (4.7a),
(4.7b), (4.8a), (4.8b), (4.8c), (4.84d), (4.8e), (4.8f), (4.83), (4.8h), (4.9a), (4.9b), (4.9c),
(4.94) and (4.9).

4.5 The Ideal S(I')

The even part S(I')° of the ideal of cusp forms with respect to the subgroup I
can be described thanks to the results gained by Van Geemen and Van Straten
about the generators of the cusp forms with respect to I'(2, 4, 8):

Theorem 4.3. A system of generators for S(I')® is given by:
1. DM) YMeC;
2. Gﬁﬁ 6%1293,1362,%46%15 Y {my, my, ms, my, ms} ¢ C; U CS_

In particular, there are 15 + 5 - 72 = 375 generators for this ideal.
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Proof. Since I'(2,4,8) c I'(4,8) c T, the inclusion S(I') ¢ S(I'(2,4, 8) holds; the
generators of S(I')° can be therefore selected amongst the ones described in
Theorem 3.11. Since, by Theorem 4.1, S(T)* ¢ C[6%0%, D(M)], only the types 1.
and 2., enumerated in the statement of Theorem 3.11, generates S(I')*; in fact,
by using 6%, = Q,,(©,,), elements of type 3. are easily seen no to be in the ideal,
being expressed as P(62,62)0,, where ©,, is a second order Theta constant. O



Appendix A

Elementary Results of Matrix
Calculus

Proposition A.1. Letk = '(ky, . ..ky) € Z8 bea column vectorand D := MCD(k, ... k)
the greatest common divisor of k1, ...kq . There exists a matrix M € M(g, Z) swhose
first column is k and det M = D.

Proof. The statement can be proved by induction on g. It is trivial indeed for
¢ = 1. Then, one can suppose it holds for ¢ — 1; let, now, k = (ky,...k,) € Z8;
by the inductive hypothesis, a matrix M’ € M(g — 1, Z) exists such that its first
column is k" = !(ky,...kg1) € Z8™! and det(M’) = D’ = MCD(ky, ... kg—1). Now,
let p,q € Z verifying the Bezout identity pD’ — gk, = D . Then the matrix M
defined by:

fulfills the desired requirements '. o
The following is an immediate application of Proposition A.1:

Corollary A.1. Letk ="'(ky,... k) € 78 a primitive column vector. Then, a unimod-
ular matrix M € GL(g, Z) exists, such that k is its first column.

As concerns matrices with entries in a field, decompositions into triangular
factors are often useful to be considered.

Definition A.1. Let K be a field and M € GL(n, K). The matrix M is said to admit a
LU decomposition if M = LU, where L € GL(n, K) is a lower triangular matrix with
entries 1 on the diagonal and U € GL(n, K) is an upper triangular matrix.

1Since the main ingredient of the proof is the Bezout identity, the statement generally holds for
principal ideal domains with no crucial differences in the proof. The existence of such a matrix M
is likewise proved for each distinct greater common divisor D.

85
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Proposition A.2. The LU decomposition is unique.

Proof. Let M € GL(n, K) be such that LU = M = L’'U’, where L, L’ € GL(n, K) are
lower triangular matrices with entries 1 on the diagonal, and U, U’ € GL(n, K)
are upper triangular matrices. Then, (L')"'L = U'U"!. However, since (L’)"'L
is lower triangular and U’U! is upper triangular, both must be diagonal.
Moreover, the entries of (L’)"'L on the diagonal are all 1; hence, (L')"'L =
wu-' =1,. Therefore, L=L" and U = U'. O

Proposition A.3. Let be K a field, and M € GL(n, K). Then M admits a LU decom-
position if and only if all the leading principal minors are nonzero.

Proof. Let M € GL(n,K) be such that M = LU where L € GL(n,K) is a lower
triangular matrix with entries 1 on the diagonal, and U € GL(n, K) is an upper
triangular matrix. Then, for each 1 < h < n the h X h submatrix M® of M, corre-
sponding to the /1 x I leading principal minor, clearly admits the decomposition
M = LOUD, where L™ and UM correspond to the & X h leading principal
minor respectively of L and U; hence:

I
detM® = det L det u® = H U; #0
i=1

On the converse, let M € GL(n, K) be such that all the leading principal minors
are nonzero; one can prove the LU decomposition for M by induction on 7. For
n = 1 the statement is trivial. Then, one can suppose it holds for n — 1; such a
matrix M € GL(n, K) can be then described in a suitable block notation as:

_(Mp-y  a
M ‘( th M)

where M,_1y is a (n — 1) X (n — 1) matrix, whose leading principal minors are
nonzero. By the inductive hypothesis, M(,_1) = L—1yUu—-1), where Ly,_1) €
GL(n — 1,K) is a lower triangular matrix with entries 1 on the diagonal, and
U-1y € GL(n — 1, K) is an upper triangular matrix. Then, the matrices L and U
are:

_ (Lo O _ (Yo Y
L= ( o1 U={"0" u,
where x and y are the unique solutions of the systems:
Ly =a Up-nx =b

and Uy, = My, — 'xy.

As a corollary, one has the following:

Proposition A.4. (Jacobi decomposition) Let M € Sym,(R) be a definite positive
matrix. Then, a unique decomposition M = 'UDU exists, where U € GL(n, R) is an
upper triangular matrix with entries 1 on the diagonal and D is a diagonal matrix with
positive entries.
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Proof. Since M is a real symmetric definite positive matrix, all its leading prin-
cipal minors are nonzero. By Proposition A.3, M admits a LU decomposition.
Letbe M = LoUj such a unique decomposition. Since det Uy # 0, each diagonal
entry Uj; of the matrix Uy is nonzero; then, one has:

Upn 0 ... 0 (1 & ... g
Uy = 0 U | : 0 1 u: - DU
: ’ 0 : B uni;}:l

By transposing, one also obtains M = 'UD'Ly. Since the LU decomposition is
unique, 'Ly = U, and consequently M = ‘UDU. One also has D = ‘{U"'MU™}, as
U is invertible; hence, D is definite positive, which concludes the proof. |

A straightforward corollary is the following classical result:

Corollary A.2. (Cholesky Decomposition) Let be M € Sym,(R) a definite positive
matrix. Then, a unique decomposition M = L'L exists, where L € GL(n, R) is a lower
triangular matrix with positive entries on the diagonal.

Proof. Since the diagonal matrix D appearing in the Jacobi decomposition M =
fUDU is definite positive, D'/ exists. Then, the thesis follows by setting L =
‘up'2. m
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Appendix B

Satake’s Compactification

This appendix is designed to describe a singular compactification of the mod-
uli space Ag = S./T,, provided by Satake in [Sa], which is realized by adding
cusps, namely orbits under the action of suitable subgroups of I'y; in this con-
struction these cusps play indeed the role of different directions to infinity to
be added to the space in order to make it compact. This is done by means of
consequent steps.

B.1 Realization of Soasa Bounded Domain

To compactify S¢/I' in the way described above, one needs to find the right
cusps to add; the first step consists of realizing S, as a bounded domain in
Sym,(C). In the ¢ = 1 case by the Cayley transformation:

T—1 -
Cl(T) = m V1 e & (Bl)

one is provided with the Poincaré model, which realizes the complex upper
half-plane H as the open unit disk D; = {z € C | |z] < 1} . The Cayley
transformation admits a generalization to the upper half-space G,:

Ce: Sy — Dy
(B2)
T (T —ilg) - (T +ilg)™

where D, = {z € Sym,C | zz — 1 < 0} is the natural generalization of the open
unit disk D;.

Proposition B.1. The map C in (B.2) is an analytic isomorphism, whose inverse map
is:

C,l@) = i(lg+2)(1g —2)! (B.3)
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Proof. As proved in Proposition 1.5, ¢,7 + d, is invertible whenever 7 € &,
and y € Sp(g,R). Hence, in particular dett # 0 whenever 7 € S,; then,
dett +il, # 0 whenever 7 € S, and the map Cj is consequently a well defined
analytic map. Moreover, for each 7 € S, one has:

Co(1)Cq(T) = 1 = (T — ilg)(T + ilg) H(T + ilg)(T — ily) ™ =
= (T — i) [(T — i1g)(T + ilg) + (T + ilg)(T — i1)](T — ilg) ™" =
= —4'(T - ily) Umt(T —ily) ™ <0

Therefore, C; maps &g into Dy. Moreover, for each z € Dg, 1, — z is also
invertible; in fact, if w € €2 is such that (1, — z)w = 0, then:

"w(ly —zz)w = 0

hence, w = 0 whenever z € Dg; then, the map in (B.3) is also a well defined
analytic map. Moreover, for each z € Dy, one has:

ImC;'(z) = %[(1g —2) Mg +2)+ (1, +2)(1, -2 =

= =B M0 +2)(1g =2 + (1 - (1 + D1 - D) =

= t(lg -2 (1, — zz)(14 — 2)1>0
Then, Cgl maps D, into S, and, as easily checked, is inverse to C,. a

In general, an embedding theorem proved by Borel and Harish-Chandra (cf.
[ ]) states that every symmetric domain can be realized as a bounded
domain in a complex affine space of the same dimension if and only if it does
not admit a direct factor, which is isomorphic to C" modulus a discrete group
of translation. Since, Sp(g, R) is a simple Lie group, (1.14) implies S, does not
admit such a factor and consequently the Borel and Harish-Chandra theorem
applies. The Cayley transformation C, is indeed seen to be the Harish-Chandra
embedding.

Due to (1.10), an action of the symplectic group Sp(g, R) is induced on the
bounded domain D, by the Cayley transform:

Sp(g,R) X Dg — Dy
(B.4)
(y,2) > Cgy Cglz

As easily seen, one has:

vz = [ @y —ic,)(z+ 1) +i(b, —id))(z—1g) | [ (a, +ic,)(z+1g)+i(b, +id,)(z—1g) 1

By virtue of the bounded realization of the Siegel upper half-space S, one is
allowed to look for the cusps along the boundary. Indeed the symplectic group
acts on the boundary of D, as well, as the following Proposition states:

Proposition B.2. Let Eg = {z € Symy(Cllg — zz < 0)} be the closure of Dy in
Sym(g, C). The action of Sp(g, R) extends to Bg.
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Proof. One has only to prove that the matrix
M (z) = (ay +ic))(z + 1g) +i(by +idy)(z — 1)

is invertible whenever y € Sp(g,R) and z € Eg, namely M} (z) is of maximum
rank. By setting:

M;(2) = (ay — ic))(z + 1) + i(by — id,)(z — 1)

one has:

tMi(z)M+(z) @+ 1) (ayay +'cy0))(z + 1) + ( — 15)('by by, + 'dydy))(z — 1)+

—i(Z = 1)(byay, +'dyc) )z + 1) + iz + 1) (‘ay by + ey, )(z — 1)+

*2(1 — zz)
Hence:
tM+(z)M (z) = —(tM+(z)M+(z)+tM (@M, (2)) +2(1; — 22) (B.5)
Now, since:
i e [E [ B
M;C(z) 1, ilg J\e, d,)\ily —ilgJ\1,
one has:

rank (ﬁgﬁg;) = rank (11) =g

hence tM+(z)M+(z) +IM:(2). » (@M, (z) > 0. Therefore, for each z € Dg, (B.5) implies:

tM*(z) >(2)>0

and, therefore, rankM+ (z) = |

B.2 Boundary Components

The next step is to decompose Bg in such a way the decomposition is preserved
by the action of Sp(g, R); the group will thus operate on the components of 5g.

First of all, an equivalence relation can be introduced in Eg, two points of Eg
being declared equivalent if and only if they are connected by finitely many
holomorphic arcs:

Definition B.1. For z,w € Bg, one sets z p w, if and only if there exist finitely
many holomorphic maps fi,..., fx : D1 — Eg, such that f1(0) = z, fx(0) = w, and
filD1) N fisa(D1) #0 foreachi=1,... k.
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The relation p is thus easily checked to be an equivalence relation on Eg.

Definition B.2. The equivalence classes of p are known as the boundary compo-
nents of D.

In order to classify boundary components, a map ¢, : R* — C$ can be defined
for any fixed z € Bg:

V) = (Z“ ! ZZ)) (B:6)
lg
The importance of these maps is related to the subspaces Kery,, which are
invariants of the boundary components.
Proposition B.3. Let z € Eg and let 1, be the correspondent map as in (B.6). Then:
1. Kery. is an isotropic subspace of R*8, namely xJ,'y = 0 whenever x, y € Kery;
2. Ker, # {0} if and only if z ¢ Dy,
3. Keryy. = Kery.y™ for each y € Sp(g, R);
Proof. By identifying R with C$ by means of the map:

¢ . . )
(X1, -+ X2g) — (X1 +iXg41, X2 +Xge2, ... Xg + IX2g)

one has for each z € Eg:
-1 1 il il z
(w) = (w)( $ g)( )=
¥=0 ¢ -1y 1)\
) . z
= (ixX1 = Xg41, ... 1Xg — X2g, X1 + Xgi1, ... IXg + X2g) (1 ) =
g
= i(wz + w)

Hence, % = —i¢(x)z and ¢Ty) = —i¢(y)z hold whenever x, y € Keri,; then:

8 8
x]gfy Zinng ngﬂy, = Im qb(x ¢ ):

i=1 i=1
= @@ 6(w) - W B = 0

and thus 1. is proved.

To prove 2, one has to note there exists w € C$ such that 0 = wz + w whenever
Kery, # 0. Then, w(lg —zz) =w+wz = w — w = 0, hence 1, — zz is not positive
definite; therefore, z € Eg — Dyg. On the other hand, z ¢ Eg implies there exists
an eigenvector w € C* such that (z2)w = w. If w = —WwZz, then w is a non null
vector in Kery,; otherwise (iw+iwz)z = i(wz+w) = —(w+iwz)and iw +iwz
is thus a non null vector in Keri,.

Finally, 3. follows by a straightforward computation.
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Corollary B.1. Let zq,z; € Eg. If z1 p 2z, then Ker,, = Keri,.
Thanks to Corollary B.1, the following definition can be introduced:

Definition B.3. Let F be a boundary component of D,. The isotropic subspace
associated to F is:

U(F) := Kery). z€F (B.7)

By using the associated isotropic subspaces, the boundary components can be
classified.

Proposition B.4. The following subsets of Bg:

Fo = {1, (B.8a)
Fh::{(g 10})|TED;1}EDh V O<h<g (B.8b)
Fg =D, (B.8<)

are boundary components.

Proof. The following isotropic subspaces of R?:

h
u(h) = Z Regﬂ'
i=0

are easily checked to be such that u = U(Fy) for each h = 1,... g. Therefore,
each F; must be a union of boundary components; Fj itself is a boundary
component, being connected by holomorphic arcs. O

(B.7) defines a one-to-one correspondence between boundary components of

Bg and isotropic subspaces of R (cf. [ 1). Therefore, Bg admits a decom-
position into boundary components:

Bg = U y(Fr)
yESP(gR)
0<k<g

The boundary components, corresponding to isotropic spaces which are Q-
generated, are the only ones to be considered for adding the cusps:

Definition B.4. The following subset of 58:

D= [J »®)

y€ESP(8,Q)
0<k<g

is called the rational closure of D.
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B.3 The Cylindrical Topology on Dy

In this section, the so-called cylindrical topology on the rational closure Dy will
be briefly reviewed (details can be found in [Na], [ ] and [F]) '. For the
sake of simplicity, a suitable block notation can be introduced by means of the
following maps:

s G- G pji: Sj— Symi (R)
T tw T tw
=T | = Imt’ — Imw Imt =Y Imtw
w T w T

Then, for each open set U C S;and S;; € Sym;'_ (R) (j = i) a generalized open

i

cylindrical neighbourhood is defined by:
Nugs; = U Vus,.,
jzi
where:
Vus,, ={t € Gi|mj(t) e U, pji — §;-i > 0}
A basis for a topology is then provided by the sets:

Nys, = U YNug,

VESp(8/Z)
Y=r1y2ys

and by their translates under the action of Sp(g, Q), y1,)2,y3 being peculiar
elements belonging to the stabilizer P; of the rational boundary component F;:

e o [0 gJestm
Pi = P(Fl) = 0 d as € Sp(g, R) ’
0 0 0 fut ueGL(g-1iR)
More precisely:
1, 0 0 O
0O u 0 O .
n=lg 0 1, o0 ueGL(g—i,R)
0 0 0 't
L, 0 0 ‘n
m le.; n 0
2=\ % L —tm m'n € Symq_i(R)
0 0 0 14y

IThe cylindrical topology, which have been introduced by Pjatetkii-Sapiro [PS], does not co-
incide with the one defined by Satake on the rational closure D? ; however, they induce on the
quotient D¢"/T" the same topology.
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1, O 0 0
0 1., 0 S

73=1o % ! L 0 S € Symg_i(R)
0 0 0 1.

The topology generated by Ny s, and its translates under the action of Sp(g, Q)
is called the cylindrical topology.

The following statement holds:

Proposition B.5. The cylindrical topology turns Dy /T into a compact Hausdorff
space containing D /T as a dense open subset.

Proof. A proof can be found in [ 12 i

As concerns the full modular group Ty, one can observe (cf. [Na]) that a
sequence

(n) ()
T T =
{T(") = (T 1) T(zn))} Cc S,
2 3 /) new

. ~ . T T .
with {Tﬁ")} C &4, converges in Dgf to an element 7 = (’(1 72) € G = F; in the
2 T3

cylindrical topology if and only if

(1)
T

é T
n—oo 1 (T3 2

-1
" _ ™ (Imr(ln)) Imt'c(zn)) — (B.9)
n—oo

If the sequence {T(Z”)} C Cis bounded, the convergence is thus characterized by
the conditions:

200 )

n
—> 11 Imt
1 n—00 3

=3 (B.10)

2The first part of the statement was proved by Satake in [Sa], while the proof of the second
statement was provided by Baily in [Ba].
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