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Introduction

INTRODUCTION (1): ABOUT THIS WORK

Industrial outages have a non-negligible impact on the comprehensive economic efficiency
and safety of plants. One of the major aims that assimilates engineers and technicians of any
time and of every technical sector (perhaps, the major aim) is just making systems and
machines more and more affordable. Although the technical progress makes available always
better and more durable devices, faults and out of orders are however a common reality that
industrialists and manufacturers must necessarily face with. So, the reliability becomes a
challenge that must be fought on other fronts too, i.e., condition monitoring, maintenance and
fault management.

Condition monitoring of electrical machines and drive systems is a very important factor in
achieving efficient and profitable operation of a large variety of industrial processes. The
stringent requirements of modern electrical machines and drives also necessitate the application
of real-time condition monitoring systems, which enable the continuous monitoring of the
system under all the operating conditions, and with intelligent resources management and
economic time and money savings. Safety features are non-secondary issues, and often they are
the major issues. Every industrial sector (cement and paper mills, textile, chemical, iron and oil
extraction plants, load movement and railway traction, etc.) can benefit by application of
suitable and effective motor diagnostic techniques, since motor fault problems are often faced
in inadequate way, so suffering all the negative consequences of (almost avoidable) sudden
plant-stopping due to unforeseen breakdowns, [1]-[4].

Induction motor bar breakages have been increasingly studied in the last decades because of
economic interests in developing techniques that permit on-line, non-invasive, early detection
of motor faults in power plants (see Introduction (2)). This work is specifically focused on
broken bar detection and fault severity assessment in three phase power cage motors fed by
non-sinusoidal voltage sources.

Signature analysis of motor phase current (MCSA) has been usually attempted looking at (1-
2s)f and (1+2s)f frequencies sidebands (the so-called lower and upper sidebands, LSB and USB
respectively; s is the slip and fthe feeding frequency) in the line current spectrum for rotor fault
detection and fault gravity assessment, [3], [5], but the limitations of this technique have been
recognized as well, [6], [7]. Many examples are available in classic and recent scientific
literature about draw-backs of the existing techniques (dependence of fault indicators on causes
different from the fault itself, as load variations and load fluctuations, drive inertia variations,
feeding conditions and frequency changes, torque oscillations, motor parameter variations,
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Introduction

drive features, etc.). In particular, about MCSA technique, LSB and USB-based indicators
performances are too much affected by variations of load, of drive inertia, and of operating
frequency. These flaws are particularly obstructing for monitoring of drives with variable or
fluctuating loads (pumps, crunchers, [3]) and inertia (railway drives, [8]), or with variable
speed (fans, blowers, [9]).

Other fault indicators based on very different media (mechanical vibrations, noise,
temperature, magnetic fluxes, speed and/or torque oscillations, electric power signature),
generally suffer from the same drawbacks (see Introduction(2)).

So, the research is directed toward the study and application of more affordable indicators,
whose performance should be (ideally) independent from any causes other than the fault and its
gravity. Much effort is devoted to the development and application of new fault indicators (not
only for broken bars detection), that can possibly support the existing ones to increase the
potentialities of fault diagnostic techniques.

In this work some new fault indicators for rotor bar breakages detection in squirrel cage
induction motors have been proposed, that were mathematically developed first, and
experimentally proved afterwards, [10]-[12].

They are based on the sidebands of phase current upper harmonics, and they are well suited
especially for converter-fed induction motors. The ratios I7.e¢/Isf and Isioqi/ls, L13-29¢/111¢ and
L11+26)¢/113¢ are examples of such new indicators, [11], and they are not dependent on load torque
and drive inertia, as classical indicators do. Their frequency-dependence has been examined
too, both theoretically and experimentally, and it was found less remarkable with respect to
other indicators, [13]. Moreover, their values increase linearly with the quantity of consecutive
broken bars, almost for not too much advanced faults; on 4-poles motors, really, they were
found quietly like the per-unit number of broken bars (ratio on total bar number), [10].

So, the MCSA technique effectiveness is greatly improved, when applied on motors fed by
low commutation frequency GTO/thyristor converters (with natural harmonics), [8], or by high
commutation frequency converters (with controlled harmonic injection technique).
Applications with directly line-fed motors can be attempted, since voltage distortions are often
present on the plant electric grids (due to non-linearity of transformers and loads), but more
sensible and precise instrumentation could be needed. However, the large current harmonics in
the spectra measured in [14] (which deals with fault monitoring of induction generators in
micro-hidroeletric plants) suggests that in many cases a direct application is possible.

In this Ph.D. Thesis the author will introduce these indicators by explaining first their
mathematical genesis, and then by showing experimental results.

An original formulation is presented for motor mathematical modeling, based on the
Multiphase Symmetrical Components Theory (MPSCT), for sidebands amplitude computation,
[11], [15]. A complete motor model (involving all the elementary independent machine
electrical circuits, as stator belts and rotor mesh loops) has been used for computer simulations,
[8]; the same model was then transformed by using some complex Fortescue’s matrices to
obtain a steady-state linear solution, solvable for stator and rotor currents, in healthy and faulty
conditions, [11], [15]. By exploiting the model, the formal definition of a set of new broken bar
indicators was finally obtained, [10], [11]. Machine simulations carried out by running the
complete numerical model confirmed the accuracy of the model, and the theoretical previsions
[8].

Experimental work was performed by using a square-wave inverter-fed motor with an
appositely prepared (hand-made) cage, for easy and versatile testing with increasing number of
broken bars and without motor dismounting, [16], [17]. Moreover, extensive experimentation
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was carried out on three industrial motors with different power and poles number, with
increasing load, frequency and fault gravity for methodology validation, [10].

A 2-D and 3-D Finite Element Method — based procedure has been carried out for motor
model identification, [18]-[22]. The accuracy of parameter calculation has been verified by

direct motor performance and current measures, [23], [24], [13].

Finally, the ideas exposed in the work here reported flowed to a patent application, with the
legal aid of the University of Rome “Sapienza”, [25].
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Introduction

INTRODUCTION (2): STATE OF THE ART

Over the past few years, industrial practices have evolved from a strategy of routine
scheduled maintenance (RSM) of electric equipment to condition-based maintenance (CBM)
[26]. In the CBM approach, equipment maintenance based on a routine schedule can be
replaced with an approach based on system wellness diagnostics. This approach (also known as
‘predictive maintenance’) might rely on non-invasive on-line monitoring of three-phase
induction motors to report equipment condition and enable maintenance intervention before a
failure occurs. The CBM practices have been developed and applied in many different sectors,
such as mining industry [27], power generating plants [28], [1], [14], petrochemical industry
and gas terminals [2], paper mills [3], wind farms [29], to name a few. A similar systematic
evolution can be easily forecasted in railway public transportation, since more and more exigent
safety standards can benefit by a more precise and real-time knowledge of the rolling stock
wear status [8].

On the other hand, the CBM approach requires more effective motor diagnostic tools, and so
an increasing research effort has been consequently devoted to the development of affordable
fault indicators, [1]-[8], [26]-[32].

SOME HINTS ON THE STATE OF THE ART OF RESEARCH IN MOTOR DIAGNOSTICS

Researchers have nowadays reached an high degree of specialization in the field of electric
machine and drive diagnostics, and particularly about induction machines. This is a natural
consequence of the complexity of the electro-mechanical converter and of the variousness of its
operating conditions. After nearly three decades of studies, detailed investigations have been
carried out about faults occurring in the stator (turn-to-turn, phase-to-phase, phase-to-ground
winding shorts, core lamination hot spots, displacement of conductors, etc., [30], [4]), in the
main supply (unbalanced feeding, [31]), in the rotor (misalignments and air gap eccentricities,
[32], conductor breakages, [1], [4], [6]), in the bearings (weariness and mechanical damage, [1],
[33]) and in the load [34], and many detection techniques applicable in various particular
conditions have been proposed and experimented. References [1], [4], [6], [30], [42], provide
excellent surveys about motor faults and classical and recent monitoring techniques.

Few papers try to propose improbable “universal” approaches to motor diagnostics, whereas
many more focus on well defined fault eventualities or on particular aspects of the diagnostic
process. This is perfectly understandable, thinking to the complexity of the research field. The
considerations reported here below can help to clarify the actual asset of the field.

The process of motor fault detection can be ideally subdivided into four main steps [6]:
signal measurement (acquisition of currents, vibrations, etc.); signal conditioning (measured
quantities undergo a transformation such as FFT, [3], [5], wavelet analysis, [36], Wigner
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distribution, [37], [38], space vector [39], higher order spectra [40], or a combination of them
[41]); then an evaluation method is applied, implemented by using elaboration tools such as
expert systems [42], [35], neural networks [43], [34], Fuzzy Logic [42], or motor models [44],
to achieve the final goal of fault severity assessment, which furnishes actual information on the
motor health status and possibly an estimation of the remaining life-time or a risk index for
continued operation.

Any one of the four mentioned stages have been object of in-depth study, since they are
differently focused, and each one presents particular challenges for research. They are briefly
described in the following, for a better reasoned collocation of the contribution of this thesis.
The signal measurement requires the choice of the physical variables (one or more, e.g. current,
temperature, flux, etc.) whose value or time-evolution is expected to contain the information
(symptom, or signature) related to the fault (e.g. the well-known twice-slip frequency sidebands
around the fundamental component in the line current of a motor with broken bars). Sometimes,
the symptom itself produces a clear external phenomenological manifestation of the fault (e.g.
current amplitude modulation, or audible vibrations and noise), but not always, and neither is it
necessary. Obviously, the most showy symptoms have been studied and used in machine
monitoring for first in the time (as audible vibrations, [45]), but many other have been
successively discovered (generally by analysing mathematical fault models, [46]-[48], [11],
[5]). So, the second stage (signal conditioning) is directly functional to the choice of the
selected symptom(s), since it is devoted to make evident and to measure the symptom itself
(that is, until now, a physical quantity), or its time-evolution. This is called “signature
extraction”. At this stage, the research is mainly devoted to the development of effective tools
as far as regard speed of extraction (e.g. fast DFT for on-line algorithms, [49]), accuracy and
precision (e.g. high-resolution FFT, [3]), noise suppression [50], symptom separation
(sometimes different faults produce analogous or superimposed symptoms, as those produced
by broken bars, load torque oscillations, or rotor misalignment; for example, the Wigner
distribution has been successfully used to distinguish between symptoms due to rotor
eccentricity or to load torque oscillations, [37]), and ability to track symptoms in rapidly
variable transients (e.g. wavelet used to analyse motor start-ups, [36]). It is only remarked here
that the advanced elaboration tools such as those used in [41], [36], are often mainly aimed to
extend the use of known physical symptoms (classically performed under steady-state
conditions) to non-stationary conditions, where the classical FFT fails.

The successive steps, which involve an evaluation method directly finalized to the fault
severity assessment, are by scope and means, much more complex issues. At these stages, the
selected and measured symptoms must be used to decide about the machine status. So, the
relation existing between the symptom(s) value or trend and the eventual fault(s) must be
examined and clarified, as well as the influence of the operating conditions and of other
parameters or variables not directly linked to the fault (e.g., the drive inertia has been
recognized to heavily influence the sideband amplitudes in MCSA). This task is usually
attempted by derivation of proper indicators, obtained by processing the raw symptoms, with
the aim to obtain a quantification of the fault. The difficulty is that, in general, every symptom
can be regarded as an output of a complex non-linear dynamical system, which can “reflect”
more or less affordably the internal machine status, but which is fundamentally function of
many and often unknown parameters, and of the system inputs and external disturbs. The
problem has been addressed by model-based [44] and parameter estimation [51] approaches,
which exploit the system’s determinism. In alternative, Al-based tools such as neural networks
and expert systems endowed with knowledge bases (which combine both empirical and
theoretical knowledge) may help to condense the operator’s experience to realize the fault
diagnosis, so contributing to overcome the system complexity [35], [42], [43].

These considerations clarify the great importance of singling out fault symptoms with high
rejection to extraneous influences, to simplify the processing stages following the raw measure
in the monitoring process [6]. In the following section a short review of the currently most
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known broken bar symptoms is given, with particular attention to this aspect of their
performances.

BRIEF REVIEW OF BROKEN BAR SYMPTOMS MOST USED IN DIAGNOSTIC PRACTICES

Rotor fault of electrical origin, such as broken or cracked rotor bars and end rings give rise to
specific fault-related patterns in the electrical, electromagnetical, mechanical quantities and
acoustic emission, as reported here below.

A. Electromagnetic symptoms.

a) Current: MCSA, usually performed by FFT, is based on the evaluation of the typical
current sidebands located at +2ksf around the fundamental line (k is an integer), and in
particular of the previously described USB and LSB; the measure of only one current is needed,
but LSB and USB both must be measured and summed to obtain results quite independent from
drive inertia [5]. Anyway, sideband amplitude depends on load torque level, [6], [7], [3], [35],
on the particular motor parameters and power ratings [28], on manufacturing asymmetries [35],
on constructive details (as spidered rotors, [28]), and eventually on motor feeding frequency
[13]. Load dependency, for example, is a physical phenomenon evident enough. Once the load
of an induction machine is removed, rotor currents almost vanish. Therefore, the reaction of a
rotor fault on the air gap field and the signatures in the stator current almost disappear, too.
Theoretical and experimental evidences of some of these drawbacks have been also given in
this work. In addition, load torque fluctuations and speed oscillations produce sidebands similar
to LSB and USB, so a mismatch is a concrete possibility, especially in drives with mechanical
gear couplings. In certain drives, the low-frequency mechanical oscillations arising from a stage
of the gear coupling make the correspondent current sidebands to completely superimpose to
LSB and USB, [3]. So, an high-resolution spectral analysis is often required, together with
particular methods for removing the load torque oscillation effects from the current spectrum,
although additional information may be required through multiple acquisition channels (e.g.,
currents and voltages), [52]. Moreover, it must be remarked that the fault-related sidebands
arise in the current if the machine is supplied by a voltage source such as the mains or a Volt-
per-Hertz controlled inverter [6]. Current or torque controlled drives may behave as a current
fed induction machine [53], and the sidebands emerge in the phase voltage, instead. However,
the entity of this phenomenon strictly depends on the feed-back control loop speed, and the
research about this problem is very recent and still not consolidated.

Numerous Attempts aimed to extended the steady-state MCSA to transient conditions and
start-ups by using wavelet analysis or short-time FFT have been tried, due to the interest in
developing techniques applicable under no-load operation. Applications of wavelet analysis
with respect to electrical rotor faults can be found in [54] and [36]. Sideband tracking during
start-ups, [36], is eased by the larger current values, and broken bar detection has been
demonstrated to be possible; however, the fault severity assessment remains an open issue,
since, to the author’s knowledge, no affordable techniques have been developed until now [6].

The Park’s Vector (PV) has been used for signature extraction from the line currents. An
electrical asymmetry affects the shape of the PV trajectory on the complex plane, and the
resultant pattern can be evaluated to obtain a measure of the asymmetry and of the fault type
and severity, as proposed in [39]. However, the PV contains the same quantity of information
as a single phase current, [55], although it can be analysed with different techniques as in [56],
where neural networks have been used for shape recognition.

Broken bar symptoms can be also “induced” in the line current by proper signal injection in
adjustable-speed drives. Paper [9] uses high-frequency signals summed to the feeding voltages
to stimulate a fault-related response insensitive to the working conditions of the machine. The
symptom 1is identified in a double-slip frequency sideband of the carrier frequency. This
technique appear attractive when electronically fully controlled closed-loop drives have to be
monitored.
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b) Power: Motor Power Signature Analysis (MPSA) is focused on the detection of
double-slip frequencies present in the electric input power spectrum [47]. These harmonics are
evaluated with respect to the dc component (which is the average value of the instantaneous
power), so obtaining some fault severity factors. Apart of the greater measuring burden due to
the need to acquire many quantities (both currents and voltages), the dependence on the drive
inertia seems to be another limitation, as explained in [55]. Whereas in MCSA method the LSB
and USB (the latter being related to the torque/speed reaction) can be separately measured and
summed, diagnostic methods which use instantaneous electrical power, as well as instantaneous
torque or current space vector modulus, lose information since they cannot separate the effects
due to electrical asymmetry and speed reaction. The latter works by a subtractive influence, so
lowering both sensitivity and precision of these methods, [55].

c) Fluxes: Magnetic fluxes can be monitored inside the machine (search coils) or outside
(usually by using an axial coil). The e.m.f.s induced in the coils directly convey information
about the flux harmonic composition. Both the methods permit to analysis various kinds of
asymmetries, and they have been applied for cage breakage detection too, [57], [58], [1].
Search coils are distributed in the stator winding slots, and specific fault-related air gap field
components can be extracted by means of particular series-coil connections [57]. However, coil
installation inside the machine must be previewed at the machine planning stage, since a later
installation is very costly; insulation-related problems must be faced, too. The axial coil must
be sufficiently close to the machine front/end side, otherwise too much noise is perceived [58],
[1], and this is not always possible to obtain (the presence of shaft couplings or other obstacles
can impede the installation, [58]).

B. Mechanical symptoms:

a) Torque: Air gap torque monitoring has been used to detect electrical faults in the rotor,
since double slip frequencies arise in the electromagnetic torque spectrum [59]. The measure is
made on-line, by elaborating input currents and voltages. Periodic data storage and data
comparison permit to identify a fault trend, but the fault severity assessment is problematic.

b) Speed: The twice slip frequency torque component produces speed fluctuations, that
can be measured (a technique is described in [1]). However, the drive inertia heavily affects
these symptoms, as well as eventual load-induced oscillations.

c) Vibrations and acoustic emissions: Vibrations have been from long exploited for
electric machine monitoring [45], and they still represent a precious source of information to
survey bearings and other strictly mechanical failures [40]. Since the electromagnetically
excited field disturbance due to broken rotor bars gives rise to torque modulations and
vibrations of the housing, [60], attempts have been made to extend vibration monitoring
practices to cage electric failure detection. Aside from higher frequency harmonics above the
supply frequency, a rotor fault is also reflected through double slip frequency components.
Paper [61] quantifies the frequencies of the radial vibrations caused by increased inter-bar
currents which are due to rotor fault. Some of the most significant vibrations arise in the
vicinity of sixfold the supply frequency. All these harmonic are slip-dependent. However,
accurate fault assessment remains rather difficult using a vibration monitoring approach, [6].

Machine faults do also cause acoustic emissions due to the exciting vibrations [2]. However,
rotor fault and any other fault detection technique based on acoustic measurements are highly
influenced by environmental noises.

Conclusively, the considerations exposed until now suggest that the difficulties often met
with in practical applications of broken bar diagnosis heavily depend on the drawbacks inherent
in the symptoms used for cage monitoring, independently from the complexity of the
elaboration method adopted for symptom evaluation. At this regard, for non-sinusoidally
voltage-fed motors, the sidebands of the upper harmonics in the current spectra have shown
very good performances, as demonstrated in the next chapters.
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In the following, the focus is on the physical phenomena that arise in the electromechanical
converter in presence of broken bars, and on the external symptoms arising in the current
spectrum which can lead to a diagnosis (after proper elaboration), keeping in mind that the
more the selected fault-related symptom behaviour rejects extraneous disturbs and variable
variations, the more the subsequent elaboration and diagnosis work is simplified in the
successive processing stages.
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CHAPTER 1

THE SQUIRREL CAGE INDUCTION MOTOR PHASE MODEL
ACCORDING TO THE MUTUALLY-COUPLED LOOPS LINEAR
THEORY AND TRANSFORMATION BY SYMMETRICAL
COMPONENTS

1.1 — INTRODUCTION: THE SYMMETRICAL THREE-PHASE CAGE INDUCTION
MOTOR ELECTRICAL STRUCTURE

1.1.1 — HYPOTHESES UNDERLYING THE MODEL

The study and the simulation of the induction machine can be performed by using a complete
linear model of the electromagnetic system made up by the three stator phases and the rotor cage.
The latter constitutes, as known, from an operating point of view, a multi-phase current system of
order ‘Ny’, this being the number of rotor bars [1], [2]. Usually, this rotor multi-phase system is
modeled by an equivalent three-phase system that is externally seen as a structure constructively
similar to the three-phase stator winding system. This approach enormously simplifies the study,
since it reduces the number of state variables and of electromagnetic dynamic equations to only six
(with time-variable coefficients), and then to four (with constant coefficients) by using (d,q) axes
variables and the Clarke-Park transformations [3], so coming to an extremely synthetic single-
phase equivalent circuit for the steady-state. On the other hand this approach, in spite of a great
mathematical synthesis that allows to focus on the more important dynamic features and machine
parameters, prevents a detailed evaluation of some electromagnetic phenomena, normally
neglectable for healthy machines, but extremely important for diagnostic purposes (in case of
faulty machines). Faulted motors require more complete (and complex) math models for study and
simulations, since the models must “contain” the faults at least; so more refined formal methods are
needed.

This is truly the case of cage motors with faulted bars and/or end-rings, [4].

It is well known that rotor conductors tend to develop fractures due to continuous fatigue
solicitations (produced by repetitive mechanical and thermal stresses) that affect cage materials
(copper, aluminum), [5], [6]. A fractured bar/end ring segment constitutes a structural un-symmetry
that has repercussions on the model, and makes it un-symmetrical too, [7]. Therefore, simplified
machine models are no more suitable.

To study the motor electric behavior under broken bars conditions a sufficiently detailed model
is needed, which takes in account the true cage structure (“mesh” model). Each bar is considered
separately in the model, so allowing representation of the single fault by increasing the
correspondent bar resistance, [4]. In this thesis each stator polar belt has been considered separately
as well, since the effect of a broken bar on the gap field is almost localized, so producing a rotating
disturb that affect one polar belt for time, so producing different belt currents. However, such a
model requires a precise knowledge of numerous parameters, which are furthermore less accessible
for measuring (e.g. cage resistances and inductances). The problem of parameters determination is
neither easy by using analytic tools, stated the structural complexity of the motor. The Finite
Element Method (F.E.M.), widely exploited for machine field analyses, gives a valid alternative to
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the analytic parameter calculation. The accurate field distribution computation allows the
numerical determination of all the model inductances, [8].

The mathematical model developed in this work is linear: saturation of magnetic materials has
been neglected, so allowing inductance evaluation by analyzing the electric system circuit by
circuit. In other words, the superimposition principle has been largely exploited, with no relevant
sacrifice of accuracy for the aimed purposes.

Space harmonics [9] have been taken in account, but only those relevant to a practical analysis
of fault operating conditions. The space harmonics can be produced in a double-cylinder machine
by a number of causes, that are summarized here below:

non-sinusoidal winding distribution;
non-sinusoidal feeding,

magnetic saturation,

slots;

faults.

IR NS

In the following, the effects of slots and iron saturation on the gap field waveform have been
neglected; the harmonic composition of polar winding currents, of total line currents and of bar
currents were studied by using a machine model that includes the real (non sinusoidal) winding
distribution, a synchronous PWM modulated voltage feeding, and the rotor bar faults.

The double-cylinder (n,m)-winding model has been transformed by using the Multi-Phase
Symmetrical Component Theory (MPSCT), following the approach exposed in papers [10], [11].
In this way, substantial simplifications permit to obtain some closed-form formulas for sidebands
computation, as exposed in Chapters 2 and 4. Symmetrical components are a very classic subject,
[12]-[14], but for many years they were relegated to power transmission system study, as three-
phase symmetrical components. This thesis demonstrates that the MPSCT can be very successfully
applied for analysis of faulted machines, particularly in case of cage failures. Moreover, an original
extension of MPSCT (i.e., the Bi-Symmetrical Component Theory as briefly introduced in
Appendix 1.B) appears very interesting for generalized analysis of unsymmetrical machines, but
this subject is not deepened in this volume.

1.1.2 — STATOR WINDINGS

We shall consider symmetrical three-phase cage machines with smooth air-gap and double-
cylinder structure (isotropic machines).

Stated n as the number of stator polar windings, no matter about the pole constructive form
(concentric shape or chain shape), and P as the number of pole pairs, the more common stator
electric structures are shown in Fig.1.1 for P=1, 2, 3.

;awﬁ%\/«
YA ”ﬁfgf N

Fig.1.1. Two-poles, four-poles and six-poles stator winding configurations.
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In Fig.1.1 the polar windings have been shown unconnected, since a lot of combinations are
possible to connect polar windings belonging to the same phase, as all-series, series-parallel, all-
parallel, etc, Fig.1.4. Each polar winding can be made up by series-connecting more coils; the
number, the shape, and the distribution of these coils in the stator slots influence mainly the field
space-harmonics amplitudes, but don’t change the issue qualitatively.

We first define, for a sinusoidally time-varying symmetrical system of quantities (voltages,
currents or fluxes), the followings parameters (i.e. for stator quantities):

n = number of independent electrical circuits which
the electric quantities are related to;
g = number of polar pairs of the symmetrical system ;

n/q = number of electric phases of the system.

If we consider the winding with n=12 in Fig.1.1, the twelve stator polar windings can operate as an
elementary dodeca-phase, bipolar winding system, when a twelve-phase voltage system is applied,
Fig.1.2-a). Since ¢=1, then n/g=12 symmetric electric phases are needed. Another possible
operating mode is as hexa-phase quadrupolar system, where n=12, g=2, n/q=6, thus a hexa-phase
symmetrical voltage system is required, Fig.1.2-b).

Vss=Vs1=Vc Vs6=Vs12=-Vp

Vsi=Vs16=-Va Vsi=Vg7=Va

Vs3=V5o=V3 Vs:=Vss=-Vc
a) b)

Fig.1.2. a) Dodeca-phase voltage symmetrical system (n=12, g=1, n/qg=12).
b) Hexa-phase system (n=12, g=2, n/qg=6).

Fig. 1.2-b) shows that a three-phase voltage system 17/4,173,17C can operate as a hexa-phase system,

by only reversing half of the polar windings; three-phase supplies can therefore easily provide this
type of feeding, and so hexa-phase machine-operating mode is commonly preferred. This fact
explains configurations in Fig.1.1, with the correspondent operating polar pairs practically used.
Hexa-phase, 50Hz-fed systems can provide 3000rpm, 1500rpm, 1000rpm, 750rpm, etc. machine
speeds by means of six, twelve, eighteen, twenty-four, etc. polar windings structures. Fig.1.3 shows
an elementary machine with ¢ = P = 2, n = 12, whereas Fig.1.4 shows all the possible windings
arrangements.
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Fig.1.3. Elementary machine with P =2, n = 12. It has Ny = 12 slots, one slot per-pole and per-phase, and
windings with non-reduced step (step = 3). Magnetic axes have been reported, with the conventional current
orientation (cyclic-symmetric machine). The conventional current orientation for any polar belt is the same
as reported in Fig.1.4 a), b), c).

b1 4 47 10 43 6 9 12§45 8 11 2
N
a)
IA IB r
1 7 3 9 S 11
4 10 6 12 8 2

L

<)

Fig.1.4. a) All-parallel connection; b) series-parallel connection; c) all-series connection for a four-pole,
twelve polar belt, three phase winding.
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1.1.3 — ROTOR SQUIRREL CAGE
Fig.1.5 shows a squirrel-cage and the conventional loop currents, whereas Fig.1.6 shows a
topologically equivalent circuit of the rotor cage electric structure.

Fig.1.5. A squirrel-cage is shown with conventional loop currents.

The inner loop in Fig.1.6 represents the frontal end-ring, and the outer loop is the opposite (back)
ring; a rotor loop is determined by the area delimited by two contiguous bars and two opposite end-
ring segments. The arrows mean that bar currents are directed toward the frontal end-ring;
conventionally the orientation of all loop currents is counter-clockwise. The net end-ring current ig
is normally zero for a healthy motor, and it is zero even in case of bar breakages; only a ring
damage makes rise this current. As long as only broken bars will be considered, this current can be
discarded from the model. This is a notable simplification, since the end-ring inductances are very
hard to correctly evaluate.

Fig.1.6. Topological-circuital scheme for the squirrel cage. Frontal end-ring is included in the total loop
number, whereas back ring is redundant.

1.2 - ELECTRIC AND MAGNETIC EQUATIONS OF THE (n, m+1) MODEL
1.2.1 — INTRODUCTION

The equations needed for establishing the motor electric circuit balance have been written by
decomposing the electric system in a minimal-number of independent loops, and by associating to
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each loop a loop-current ‘7,” and a linked flux ‘¥’ (according to the “right-hand” rule) as state
variables (one intensive and the other extensive). Stated the followings definitions:

R, = mutual resistance between loops ‘u’ and ‘k’
L, = mutual inductance between loops ‘u’ and 'k’

X.,= total resistive voltage drop on loop ‘u’

di% = total inductive voltage drop on loop ‘u’
t

and named ‘v,” the impressed voltage to the loop terminals, the Ohm’s and Faraday’s laws
furnish, Vu:

V=g g (1.2.1.1)

or, by expanding the voltage drop terms:
. .d .
Vu :ZRuklk +_2Luklk : (1.2.1.2)
k dt k

Nel caso del motore oggetto di studio nella presente tesi, si hanno quattro matasse polari in
parallelo per fase statorica a ciascuna dei quali € associabile una maglia, piu le maglie in cui viene
decomposta la gabbia rotorica, in numero di N, + 1, essendo N, il numero delle barre che
compongono la gabbia, come illustrato d’appresso. Il modello della macchina viene cosi ad essere
caratterizzato da (12+N,+1) equazioni, le quali comprendono anche 1’equazione relativa ad uno dei
due anelli della gabbia.

1.2.2 — STATOR EQUATIONS

About the stator circuits, we can refer from now on (and without loss of generality about the
conclusions) to a parallel-connected phase structure as in Fig.1.4-a). This implies that all the n
polar windings are electrically independent (as they are seen from the voltage sources). For
simplicity, the neutral connection is maintained, too (but the simulations and the direct measures
that have been performed to validate the model presented insulated neutral). The n electric
equations for the stator can be posed in matrix form as in (1.2.2.1).

) d
s O = [Rs i O+ =y 0) (122.1)
where voltage, current, and linked flux column vectors are defined as follows:

vSl(t) is1(t) l//51(t)
Vsz(t) . isz(t) . l//sz(t) .

S O P T st R W) B 1| L
v () i () v )

and where the resistance matrix is a diagonal one:

[Rss ).n) = diag(Ry) (122.3)
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(Rs is the resistance of a single polar winding).
Stator-linked fluxes can be decomposed as stator- and rotor-produced by, as in (1.2.2.4),
(1.2.2.5).

s (] = [wss )]+ bysa O]+ s ()] = (L5 ] s O]+ (16 D)) 22 )]+ [L5 ) [ (O] (1.2.2.4)
Wi s(t) 70| 790

Ol 0 il - o e Ol = vl 1229
Vasl) Vansl0) Vs )

Inductance matrices can be expanded as in (1.2.2.6)-(1.2.2.8):

LSI,SI LS],SZ LSI,S3 LSI,Sn
LSZ,SI LSZ,SZ LS2,S3 LS2,Sn . (1226)
[LSS](nxn) = LSS,S] LS},SZ LS},S3 LS},Sn
LSn,S] LSn,SZ LSn,S} LSn,Sn
lSl,Rl(ﬂ) ZSI,RZ(ﬂ) lSl,R3(?9) lSl,Rm (19)
ISZ,R1(19) 1S2,R2(l9) lSZ,R}(l?) ISZ,Rm(ﬂ) . (1227)
[ISR(ﬂ)](,,xm): ZS3,R1(Z9) ISS,RZ(ﬁ) lSS,R3(Z9) lSS,Rm(ﬂ)
lSn,Rl (19) lSn,RZ (19) lSn,RB (19) o lSn,Rm (ﬂ)
LSI,E
Lsae | (12.2.8)
[LSE](,M) =|Lssp
LSn.E

Note that [Lgs] is a constant square matrix, with cyclic (or circulant) structure (that is, any row
is the same as the precedent, only being a one-position right-shift performed). Naturally, this
matrix is symmetric too, and therefore it can be defined “cyclic-symmetric” matrix (see Appendix
1.A). The matrix [lsz(2)] is not constant, not symmetric and neither circulant, it being usually a
rectangular matrix dependent on the rotor angular displacement. If n=m it is circulant, otherwise it
assumes a cyclical-like structure. [Lgsg] is a constant matrix, with identical elements.

1.2.3 — ROTOR EQUATIONS

The electric equation of the generic rotor loop must take in account the self-linked flux, and the
fluxes produced by the other rotor loops, by the n stator windings, and by one end-ring. Moreover,
the resistive voltage drops depend on the resultant bar currents, as shown in Fig.1.7-a), b).
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flux Wrk

ig

\,’RkA
‘N
a) b)

Fig.1.7. a) k% rotor loop and current components on single conductor segments are shown.
b) Resistive voltage drops.

The comprehensive resistive voltage drop (oppositely directed with respect to the loop current igy)
is made up by four terms associated to the four segments that compose the loop itself (Fig.1.7-b).

L R, (. . L R .
Ry (i =i )+N_E(1Rk —ig )+ Ry i, _lefl)"'N_Ele (1.2.3.1)
R R

In (1.2.3.1) Ry is the electric resistance of one bar, and Ry is the total resistance of one ring. By
reordering terms with the same currents, we get:

. R, . . R, .
_RBsz_1+2[RB+N—EJsz—RBszH—N—EzE (1.2.3.2)

R R

We observe that in (1.2.3.2) the resistive drop on a particular loop depends on the currents of
contiguous loops, too.
The k% bar current is furnished by (1.2.3.3).

Ipe = lpg ~ Igan - (1.2.3.3)
The electric equation of k2 rotor loop is written as in (1.2.3.4),
. Ry . : R, . dy
Ve = Ryl + 2{RB + N_ilek —Ryip _N_ilE + dtRk (1.2.3.4)

where the total loop voltage is obviously zero (short circuited loop), and the total linked flux wg, is
the sum of fluxes produced by all the n+m+1 currents.
The m electric equations for the rotor loops are posed in matrix form as in (1.2.3.5).

o] = [Reg -0+ (R - (014 0 (123.5)

where voltage, current, and linked flux column vectors are defined as follows:
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Vri (t ) In (t )

Vr2 (t) . Ips (t) .
[VR (t)](mﬂ) =\ Va3 (t) , [iR (t)](mxl) =1 Irs (t) ’

Vrm .(l ) U .(l )

[Rrr] matrix has a three-diagonal form, and it is symmetric and circulating, too:

{RB +]I\€]E] R, 0 0
R
R
-R R, +—E -R 0
B 2( B NR j B
0 -R, Z(RB +]1\2[EJ -R;
[RRR](W,@ = : R
0 0 -R, Z(RB +Ej
R
-R, 0 0 0

Wul)
0]

1.2.3.6
['//R (t)](mxl) =\ V¥ss (t ( )

Va0

_RB

0
(1.2.3.7)

Ny )|

The matrix [Rgg] is a column containing the resistance of distinct end ring segments:

[RRE ](mxl) =

(1.2.3.8)

Rotor-linked fluxes can be decomposed as stator and rotor produced by, as in (1.2.3.9).

[l//R (t)] = [ RS (t)]"' [l//RR (t)]+ [l//RE (t)] = [ZRS (79)] [is (t)]"' [LRR]' [iR (t)]"' [LRE]' [iE (t)] (1-2-3-9)

Wi t)
‘//RZ,R (t)

[l//RR (t)](,,m) =\ Vs (t)

Vi s(0)
70
[l//RS (t)](,,,xl) =| Vs (¢) ,

Wi s (¢) Win(t)

700
70
[‘//RE(I )](,,m) =| Vel

(1.2.3.10)

Wi (1)

The inductance matrices can be expanded as in (1.2.3.11)-(1.2.3.13):

79) ]RI,SZ(ﬂ) lRl,SS(ﬂ)
le,sz(ﬂ) le,s3 (19)
lm,sz (19) lzes,ss (19)

IRI,SI (
()
9)

ZRZ.SI

[]RS (ﬂ)](mm) = lR3,Sl(

lRm,Sl (0) lRm,SZ (0) lRm,S} (19)

lRl,Sn (?9)
lRZ,Sn (19)

(1.2.3.11)
lR3,Sn(l9)

lRm,Sn (0)
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LRI,RI LRI,RZ LRI,R3 LRI,Rm
LRZ,RI LR2,R2 LRZ,R3 LRZ,Rm ; (12312)
[LRR](mxm)z LR},RI LR},RZ LR},R3 LR3,Rm
LRm,Rl LRm,R2 LRm,R3 LRm,Rm
LRlb
L
Rk | (1.2.3.13)
[LRE ](mxl) =| Lgs
LRm,E

[Lrr] is a constant, circulant and symmetric square matrix, like [Lgs]. The matrix [lgs(})] is the
transposed of [Izs(H)]:

s () = e @) (12.3.14)

and therefore it is not constant, generally not symmetric and neither circulant. [Lgg] is a constant
matrix, with identical elements.

1.2.4 — END-RING EQUATION
As regard to end-ring, the total resistive voltage drop is given by the following summation
(extended to the Nzx= m rotor loops):

m m

< RE R, . R R
> iy —ig )= Np—Lip— > Ly = Ri E £y (1.2.4.1)
— NR w)=Np N, ' & NR EE N,

The electric equation for the end-ring is therefore:

. m R . dl//
v, =R, —ZN—Esz + th (12.4.2)
k=1 R

Formally, eq. (1.2.4.2) can be posed in matrix form:
. . d
[VE (t)] = [RER ] [’R (t)]"' [REE ] [ZE (t)]"' E [l//E (t)] (1.2.43)
where voltage, current, and linked flux column vectors are defined as follows:

[VE (t)](m) = VE<t); [ E(t)](m) =V (t); [lE( )] (1x1) ( ) (1.2.4.4)

[Rer] and [Rgg] matrices are defined as follows:

R R R. |-
[Rex) ) {_Ni _Nf _Nj’ (1.2.4.5)
[Rer ) = Re- (1.2.4.6)
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Note that:
[Ree) o) = [Ree Lo - (1.2.4.7)

The end ring-linked flux can be decomposed as stator- and rotor-produced by, as in (1.2.4.8).

e ()= wes O+ e O+ e (1= [Lgs | ls O+ [Lie )l O+ [Le ] ()] (1.24.8)
[l//ES (t)](lxl) =V (t) ’ [l//ER (t)](m) =V (t)’ [l//EE (t)](m) = l//EE(t)' (1.2.4.9)

The inductance matrices can be expanded as in (1.2.4.10), (1.2.4.12):

Lk =Less Lis Lis -« Legls (1.2.4.10)
Loadi =[Lens Line Lo o Ligs (12.4.11)

All these matrices are constant; furthermore, it results:

T

[LES ](lxn) = [LSE ](nxl) ? [LER ](lxm) = [LRE](WTUCI) : (1 2.4.1 3)

1.2.5 — COMPLETE MATRIX SYSTEM

Equations (1.2.2.1), (1.2.3.5), and (1.2.4.3), can be joined in a global matrix system, whose
dimensions are (n+m+1) by (n+m+1), and which is called “(n, m+1) Model” of the induction
machine:

[Vs (l )] [Rss ] [0] [0] [is (l )] [l//s (l )]
)| =) 0] [Ree] [Ree]|- ]|+ 0] (1231
[VE (t )] [0] [RER ] [REE ] [iE (t )] [ E (t )]

with flux linkages reassumed as follows:

s @I (s O [s@l] [l T lLs] Us@] [Lg] ] [l 254
[‘//R(t)] = [I/IRS(I)] + [WRR(Z)] + [‘//RE(Z)] = [IRS(l?)] [LRR] [LRE] ’ [iR(t)] ’ ( 2:3. )
)] [esO]] [wee]] [(e0]] | [Ls]  [Lel

Finally, (1.2.5.1) and (1.2.5.2) reach the synthetic form:

o)) = [R1-e)]+ < 0] (12.5.3)
[y ()l=ly. s O]+ lw. . O]+ . . ()= 1] [:0)]. (1.2.5.4)

The system (1.2.5.3) permits to easily include rotor fault phenomena in the complete phase
model. The case of one (or more) broken bars can be treated by increasing the correspondent bar
resistance Rp value by few magnitude orders. The case of end-ring fracture can be represented by
increasing the resistance Ry/Ny of the correspondent ring segment by few magnitude orders, too.

The parameters that make up matrix [/(z)] can be introduced as follows:
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a)

b)

d)

Ls.si» w = 1,...,n, are the auto-inductance of every single polar winding; stated the circular
symmetry of the machine, all these inductances are equal. Usually, these parameters are split in
the sum of two terms: L;s and L, s where the former is the leakage inductance (due to fluxes
lost in the slots and in the frontal connections), whereas L, s is the magnetizing inductance
(that characterize the magnetic link between stator and rotor). These parameters are assumed
constant in the present treaty, and this means that slot harmonics have been neglected. In fact,
stator and rotor slotting produce a periodic variation of reluctance of the primary magnetic path
(as seen from the stator windings), whose fundamental space component varies like cos(Ng?}).
A notable computational burden can be avoided, by neglecting this effect, without loss of
validity for attended results (as proven in the following).

Lsusi, u=1,..., n; k=1,..., n; u # k, are the mutual inductances between distinct stator polar
windings; they are constant since the stator circuits are fixed in space. The same reasoning
made for Lg, s, can be repeated as regard to slot harmonics, that can be neglected. In virtue of
the cyclic symmetry, of these n(n-1) parameters, only n/2 (n even) are distinct values; said wds
the angular displacement between two generic polar windings, where w is an integer and
0s=2mn/n, the correspondent mutual inductance is indicated as L,s. The first row of matrix
(1.2.2.6), [Lss], is then (1.2.5.5) (for n=12):

first row of [Lss)ixn) = [Losss Loss Lass> L3sss Lasss Lssss Leoss Lssss Lasss Lsss Losss Los].  (1.2.5.5)
The other rows can be obtained by successively right-circularly-shifting the first one.

Lpuri, u=1,..., m; k=1,..., m, represent the self and mutual inductances of rotor loops (each
loop being delimited by contiguous bars). They are assumed constant, although a periodic
variation (with fundamental oscillation as cos(Ns?})) due to slotting is present. As for Lg, s
elements, the circular symmetry permits to reduce the number of distinct values to m/2+1 (m
even), or to (m+1)/2 (m odd). The first row of matrix [Lzg] is enumerated as follows (m even):

Sirst row of [Lrr)xm) = [Losrs Lsrs Lasrs-- - Lon-1ysrs Lam2)ors Limz-1)rs - - L2srs Lor]- (1.2.5.6)

lsur(B) u=1,..., n; k=1,..., m, are the mutual inductances of couples of circuits located on
opposite sides of the air-gap. The non-sinusoidal distribution of the electric circuits and the
consequent gap-field’s space-harmonics are accounted for by expanding in Fourier series the
mutual stator-rotor inductances; the mutual inductance between a stator polar winding (S,) and
a generic rotor loop (Ry) is (1.2.5.7), that is the (u,k) element of matrix (1.2.2.7), Fig.1.8.

o (= DL, cos{h(— -1 + k=15, )}

h=1

(1.2.5.7)

where elementary angles have been used, defined as in (1.2.5.8).

0s=2m/n, Or =2n/m (1.2.5.8)
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Fig.1.8. Schematic drawing of stator and rotor electric circuit spatial disposition.

Fig.1.9 a) shows the amplitude of harmonic coefficients "L, carried out for inductance
Is1 z1(2) shown in Fig.1.9 b). The series (1.2.5.7) contains only cosines terms, with phase 0° or
180°: phases can be discarded, by reversing 'Lgz signs. As it clearly appears, "’Lg; coefficients
go to zero very rapidly with index / increasing: this is a very common property of cyclic-
symmetric cage induction machines.

mutual inductance me(thetas

=)

. 2 lambda_ coefficients
h

05 \\ pseudo-inductance G_  (theta) / \
4 R1A1
N 3
’ 0 P

AY; A4
2 /
1 4 \
c I l * L3 + * '0.5
9

A s Je L, 8 \/\J NORMALIZED VALUES

"o 5 10 1 2 2 0 50 100 150 200 250 300 350

harmonic order

a) b)
Fig.1.9. a): Inductance harmonic coefficients ’Lgz (10°H on vertical axis).
b): lSl,Rl(Zy) and gSl,Rl(ﬂ) = dls])m(ly)/dﬂ coefficients.

e) Ls,g u=1,..., n; are mutual inductances between a generic polar winding and one end-ring.
They have the same constant negative value, since magnetic axes are always discordant; it
results, obviously, Ls, z = Lgs,.

f) Lrig, k= 1,..., m; are mutual inductances between rotor loops and one end-ring. They have the
same constant (negative) value, with Lgg g = L g

g) Lgis the self-inductance of each cage end-ring.
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1.2.6 — PSEUDO-INDUCTANCE MATRIX AND ELECTRO-MAGNETIC TORQUE
By substituting the flux linkages expression (1.2.5.4) in (1.2.5.3), the “pseudo-inductance”
matrix [g(7})] compares:

(o) =R)- ()] + [ 0]+ (@) ) (126.1)

where we have, for definition:

_dli(»)]
[e@]=="2 (1.2.62)
and, by performing a matrix partitioning:
]  dix@law o] o] lex@] o]
l¢(@)=| dlio(@)as [0 o] |=llewl] o] P | 20
[o] [o] [o] ol [l o]

The sub-matrix [gsz( )] of (1.2.6.3) is structured as exposed in (1.2.6.4), (1.2.6.5).

g31,1e1(7-9) gsuez(?}) g31,1e3(19) g51,1em(l9)

gSZ,R](ﬁ) gSZ,RZ(ﬂ) gsz,m(ﬂ) gsz,Rm(ﬂ) 1.2.6.4

[gSR(Z?)](Mm): gs3,R1(?9) gs3,R2(79) gs3,R3(79) gS3,Rm(19) ’ ( o )
gSn,R1(Z9) Esn.r2 (19) gs»«,m(ﬂ) Esn.rm (19)

IMCE Cﬂs‘;;;w) =3 (W)L sinfh[I— (u — S, + (k~1)3, 1}- (1.2.6.5)

The “pseudo-inductance” matrix [g(#})] permits to synthetically write the electromagnetic torque
expression, as in (1.2.6.6).

7, (8.0)= <[] " - [ ) [i0)- (12.6.6)

2

In virtue of equation (1.2.6.3), we can reduce (1.2.6.6) to the following equivalent simplified
forms, T'sp and Trs:

T, (80)=Tg =[is(t)] " - [g5 (@] [i ()], (1.2.6.7)

T,(8,8)=Tos =[ig()] " -[gas (D] [i (¢)]. (1.2.6.8)

1.3 - THE (n,m+1) MODEL REDUCED FORM: THE (n,m) MODEL

The systems (1.2.5.1), (1.2.5.2) can be simplified if we assume that cage end-rings and stator
windings are always healthy. In this case, in fact, the end-ring current ix(f) can be discarded from
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the system, since it is constantly zero. This fact has a logical interpretation, bonded to the machine
geometric symmetry, Fig.1.10.

The end-ring loop current ix(f) virtually only flows in one end-ring: so, its presence denounces
an asymmetry of current distribution between the two rings. This fact is justified if a ring is
structurally altered with respect to the other (due to a damage or fracture); otherwise, an observer
must see the same current distribution on the right and on the left side of the cage depicted in
Fig.1.10, and ig(f) component must necessarily be zero in a healthy symmetrical machine. Another
possible cause that makes rise the end-ring loop current is a stator winding defect or asymmetry,
which produces a stator phase current homopolar component (current summation different from
zero), as it can be deduced from eq. (1.2.4.2). This homopolar component appears in case of loss of
ground insulation in three-wire connected three-phase windings, whereas in neutral-connected
motors must be added, as possible causes, turn-to-turn or phase-to-phase short-circuits, or any other
winding structural asymmetry. The relation between end-ring loop current, stator and rotor current
homopolar components, air-gap field homopolar component, axial flux, and machine health status
will be discussed and deepened in §2.3.5 of Chapter 2.

In any case, the end-ring loop current must remain zero when bar breakages occur. In fact, a
bar damage or interruption reduces (or annuls) a bar current, so the two contiguous loop currents
become equal, and the effect is bilaterally symmetric on the opposite ring segments (stated that
inter-bar currents are neglectable).

Since in the following only bar breakages in a otherwise healthy machine will be considered,
current ix(f) remains to zero, as its elimination from the model permits more simple transformations
and mathematical manipulations.

SYMMETRY AXIS

—) -

- - = -
- > > - -

Fig.1.10. Bilateral symmetry for the current distribution in a healthy cage.

With the assumption ig(#)=0 equations (1.2.5.1), (1.2.5.2) can be dimensionally reduced to (rn+m)
by (n+m) order, and we obtain the “(n,m) Model” of the induction machine:

R it I

with flux linkages reassumed as follows:

PAEAA e

The electro-magnetic torque maintains the expression seen in (1.2.6.7), (1.2.6.8):
T, (0.0)=[is@)]" (g5 @) li (t))- (1.3.3)
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1.4 - THE SYMMETRICAL COMPONENTS TRANSFORMATION

1.4.1 — INTRODUCTION

A useful transformation of the machine dynamic system (1.3.1)-(1.3.3) can be performed by
using the Fortescue’s symmetrical components theory.

The main advantage of machine equations transforming by using Fortescue’s matrices consists
in the resistance and inductance matrices diagonalization, so obtaining a substantial mathematical
simplification. The time-varying real variables (voltages, currents and flux linkages) of the original
model go transformed to time-varying complex space vectors, and the machine dynamics can be
decomposed in distinct but inter-dependent space sub-dynamics. If someone of these sub-dynamics
can be discarded (because negligible), ulterior simplification can be gained, as it will be seen.

1.4.2 — CURRENT TRANSFORMATIONS

Firstly, let consider a complex, reversible current transformation performed by using a
Fortescue’s matrix of order n (that is a particular Vandermonde matrix), as in (1.4.2.1), where the
real stator currents have been converted to complex space-vectors:

i, (¢) 11 1 1 1 i)
L L - R A A | EANO) (1.4.2.1)
i) =—=|1 @a, o o 2D g 2 | R
53. \/; S S “ee s s N
I-S" (t) _1 aS-(n-l) aS—Z(n—l) as—(n—Z)(n—l) aS—(n—l): | lTS(n—l)(t)
or, in a formally little different way, as in (1.4.2.2):
i (7) 11 1 1 [59%)
O T S N A0 (1.4.2.2)
is3(t) =ﬁ 1 0’572 0%74 0!54 asz ’ ZS(Z)(I)
i (t) i a —.(n—l) a —2‘(;1—1) a 2’(;1—1) o (.n—l) ;(—l)(t)
Sn S S b S S S
where:
o =e/% . (1.4.2.3)

Equation (1.4.2.1) is formally more correct with respect to (1.4.2.2), but this one is more
intuitive, since it points out the direct or reverse nature of the symmetrical systems that compose

each column. Definition (1.4.2.1) for space vectors i, S(")(t) is not exhaustive, since it does not take

in account index ¢ values outside the range [0, n-1]. The definition (1.4.2.1) must be completed by
introducing the following statement:

100)=1" (), V(g.k)e 2} (1.4.2.4)

where Z’ is the set that contains all the couple of relative integers. Equation (1.4.2.4) formally
justifies the system (1.4.2.2).

From now on, we not always will indicate explicitly the time-dependence (or angular-
dependence), accordingly to the convention of using lower-case letters for time-varying (or
angular-varying) quantities, and upper-case letters for constant quantities, unless otherwise stated.
Transformation (1.4.2.1) can be synthesized as follows:
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li]=[F,]-[iy'] (1.4.2.5)

The relation inverse of (1.4.2.1) is (1.4.2.6):

;S(o)(t) 1 1 1 1 1 is,(¢)
70() | 1« o ... o a” is, (1) (1.4.2.6)
Z—S(z)(t) _ ﬁ 0552 0554 0{5*4 0{5*2 | st
;s(_] (t) 1 s('”_l) 2'(,1_]) S_z.(n_]) s_'(n_” Lsn (t)
or:
~ *
1= li] (1427

in matrix form, where the asterisk denotes a complex-conjugate quantity.
Current space-vectors as defined in (1.4.2.6) are complex conjugate in pairs:

ZTS(q)

An analogous transformation can be performed on the rotor currents, by using a Fortescue’s
matrix of order m:

iRl(t) 1 1 1 1 1 lTR(O) t)
@ 1w wt e R0 (1.4.2.9)
im(t) :ﬁ 1 aRiz 0’;(4 aR4 aRz ’ ZR(z) t
i (t) 1 aR—(m—l) aR—Z(m—l) . aRz(m—n aR(nH) ;R(*l)(t)
where:
a, =e’’t. (1.4.2.10)

The matrix form for transformation (1.4.2.9) is:
[iR]z[Fm]'[lTRv]' (1.4.2.11)

The relation inverse of (1.4.2.11) is (1.4.2.12):

=71 ) (1.4.2.12)

1.4.3 — VOLTAGE AND FLUX TRANSFORMATIONS
By substituting equations (1.4.2.5), (1.4.2.11) into systems (1.3.1), (1.3.2), we obtain:

A W e

for the voltage expressions, and:
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et e i) 1

for the flux linkage expressions.
By multiplying the first equations of the systems (1.4.3.1) and (1.4.3.2) by [F,]* and the
second equations by [F,,]*, we easily obtain systems (1.4.3.3), (1.4.3.4):

[£] ]| [[E][r)F] o] 1| B g 4as)
[£,]" ] o] B RSB R | Y BT ]
| | B B B @ E) [T ] (143.4)

L )| ] @l E] (5] L] ||

Note that in (1.4.3.3) the time-invariance of matrices [Fn 1. [Fm], has been exploited. This is one of

the important reasons for using classical Fortescue’s matrices: infact, generally time-variable
transformations introduce ulterior terms when derived, which add more complexity to the model.

So, it clearly appears that by transforming voltages and flux linkages by exploiting the same
transformations used for the currents, i.e.:

b)=lE) ] and =[] B, (1.43.5)

bl=[E B and  [l=[E] ), (1.4.3.6)
for voltages, and

wl=lE ] y] and =51 Iy, (1437

w=[E) 7] and  [7=[F] ) (14.3.8)

for flux linkages, we gain the twofold vantage of obtaining two systems (1.4.3.9), (1.4.3.10)
formally identical to the original untransformed ones, but with diagonalized matrices:

U wal -l e
el S e

where voltage, current, and linked flux transformed column vectors are the followings:
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50() ) 7)

() | i) |. w0 |. 1.43.11
Ol = 0 ROl 0] el -leee O

50 70) 7o)

50() o 790)

50 W0 |, v (1) | (143.12)

[VR'(I)](W]): ‘7:(:2)(1) ; [;R'(f)](mn): i) [7R'(t)](mx1)= )

The followings identities hold true for transformed matrices:

k) 0| (5 rbE] 14313
0] [Ru] o] IR R )

IR R E) 1 e E] R @] (143.14)
@] (] | B @HE] (R (L E]

The transformed flux linkage column vectors [l/75 ' and [ X '] can be decomposed as done with the
original ones in (1.3.2):

[1/75'] [Ez]*'[l/fss(t)] [Fn]*'[‘/ISR(l)] [1/755'] [WSRVJ (14315)

= + = +
*

] | B @] [[E] )| | 7] | | 7]
and obviously we get:

ezl sl s

Reverse relations of (1.4.3.15) are written as:

{[y/s]}:{[Fnl[y/ss']}{[Fnl[%R']}:{[l//ss]}{[l//s ]] (1.4.3.17)

[‘//R ] [En ] : [‘/7Rs '] [En ] : [1/7 RR '] [‘//Rs ] [’;VRR ]

The transformed mutual stator-rotor inductance matrices as defined in (1.4.3.14), [I_ or '] and [l_ RS '],

are Hermitian transpose matrices each one for the other, that is:
— _ T * _ H
[ZRS '] = [ISR v] = [ISR '] (1.4.3.18)

since the same property is true for the un-transformed (real) matrices:
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Tk H

[ZRS]:[ZSR] =[ISR] (1.4.3.19)

1.4.4 — PSEUDO-INDUCTANCE MATRIX AND ELECTRO-MAGNETIC TORQUE TRANSFORMATIONS

The pseudo-inductance matrix (1.2.6.3) undergoes transformation too, thus allowing more
synthetic expressions. By substituting the transformed fluxes (1.4.3.10) into the transformed
electric balance (1.4.3.9), a new dynamical expression for transformed machines can be gained as
in formula (1.4.4.1).

T
I

_ dv |;

{[v ]} [Rss']+[Lss'Ip [Bo @)+ [’ (@)]p A{[is']] (1.4.4.1)
_ dv |;

[VR ] [gRS’(ﬁ) E + [ZRs'(ﬂ)lp [RRR']+ [LRR']p

In (1.4.4.1) the transformed mutual pseudo-inductance matrices have been introduced, defined as

angular derivative of the correspondent transformed inductance matrices, or equivalently as
transformations of the original pseudo-inductance matrices, (1.4.4.2).

o ol [ A Tk
R R N E R A PR A R

The pseudo-inductance matrices and their transformed are Hermitian transpose matrices each one
for the other:

T % H

lgrs]=lga] =lgul] (1.4.4.3)

El=lgs] =lz] - (144.4)

The transformed complex expressions for the electro-magnetic torque can be easily carried out by
starting from definition (1.4.4.5):

=3 e i 1449

that can be reduced to two different equivalent forms, Tsz and Txs:

[gs]-lig ], (1.4.4.6)
[gns]-lis]- (1.4.4.7)

T;m( ) SR = [’s

Tem( ) RS [lR

I
I

By using the definitions (1.4.2.5), (1.4.2.11), and (1.4.4.2), from (1.4.4.6) and (1.4.4.7) the
followings alternative expressions can be obtained:

T, 01)=Tg =i [gs] li']: (1.4.4.8)

T,.(8.)=To =[] -[es']-[is']. (1.4.4.9)
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1.5 - TRANSFORMATIONS FOR CIRCULATING MATRICES

1.5.1 — INTRODUCTION

As previously pointed out, the Fortescue’s transformations permit to put in diagonal form
resistance and inductance matrices, if they are “circulant” matrices (see Appendix 1.A). Moreover,
the matrices [Rss], [Rrr], [Lss], [Lrr] of model (1.3.1), (1.3.2) are circulant, real and symmetric (see
Def.3 of §1.A.1), so the transformation produces diagonal matrices with real elements matched

orderly in pairs (see §1.A.3.3).

By using formula (1.A.3.3.6), we can transform the aforementioned matrices.

1.5.2 — TRANSFORMATION OF [Rss]

Transformation (1.5.2.1) derives from (1.4.3.13) and it is immediate, since [Rss] is diagonal:

Ry 1=[F] " [Ry ] [F,]

and it produces a real diagonal transformed matrix:
[Rss '] = [RSS] .

By writing the expanded form of (1.5.2.2) we get:

RY 0 0 0 0
RV 0
0 R(Z)
[Rss '](mcn) = :
0 0 0 R0
| 0 0 RV
with
() — _
R =R, u=0,.,n-1

1.5.3 — TRANSFORMATION OF [Rgg]
Transformation (1.5.3.1) of matrix (1.2.3.7) is derived from (1.4.3.13):

RY 0 0
o RV 0 0
, 0 0 RY 0 0
[RRR (mam) = !
0 0 0 . R0
|0 0 0 0 Ry

with real elements:

(1.5.2.1)

(1.5.2.2)

(1.5.2.3)

(1.5.2.4)

(1.5.3.1)

(1.5.3.2)
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RY =2[R,(1-coskS,)+ R, /m},  k=0,.,m—1. (1.5.33)
Note that:
RO =R"M  k=1..,m-1. (1.5.3.4)

1.5.4 — TRANSFORMATION OF [Lss]
Transformation of matrix (1.2.2.6) derived from (1.4.3.14) is (1.5.4.1):

[LSS']:[E,]*'[LSS]‘[E,]' (1.5.4.1)

By applying definition (1.A.3.3.6) on the elements of (1.2.5.5), we obtain the matrix (1.5.4.2), with
real elements (1.5.4.3), which have the properties (1.5.4.4).

L o |
o LV o0 0 0
0 o O 0 RE (1.5.4.2)
[LSS '](nxn) = ’
0 0 LY
| 0 0 0 0 Ly
n—1
LY=L, -cos(wudy),  u=0,..n—1; (1.5.4.3)
w=0
=10 =1 n—l. (1.5.4.4)

1.5.5 — TRANSFORMATION OF [Lgg]
Transformation of matrix (1.2.3.12) derived from (1.4.3.14) is (1.5.5.1):

[Lel=1F, ] (Lo [F,] (15.5.1)

m

By applying definition (1.A.3.3.6) on the elements of (1.2.5.6), we obtain (1.5.5.2)-(1.5.5.4) (real
elements).

Y o 0 0 0
o 1V o0
0 0 [0 ; (1.5.5.2)
[LRR'](mxm) = i
0 0 0 20
0o o Ly
m—1
L(]:():ZLWJR -cos(wkﬁR), k=0,..m-1; (1.5.5.3)
w=0
L(Iéc) =L(1;n—k)’ k=1,...m—1 (1.5.5.4)
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1.6 — TRANSFORMATION OF GENERIC ASYMMETRICAL MUTUAL INDUCTANCE
RECTANGULAR MATRICES BY MEANS OF BI-SYMMETRICAL COMPONENTS

1.6.1 — INTRODUCTION

The Fortescue transformations applied to a generic (nxm) rectangular matrix whose elements
are time or space iso-frequency sinusoidal functions permit computation of the correspondent “bi-
symmetrical” component systems (see Appendix 1.B).

The mutual stator-rotor inductance matrices [/sz(7})] and [lzs(2)] with elements defined as in
(1.2.5.7) for a cyclic-symmetric machine gain a great formal simplification when transformations
like those reported in (1.4.3.14) have been performed.

In this paragraph a general presentation of bi-symmetrical components theory applied to any
asymmetric periodic mutual inductance matrix will be given, in order to introduce appropriate
symbolisms and to state the principal properties and virtues of such a technique. In the next
paragraph the actual transformation for a cyclic-symmetric machine will be introduced.

1.6.2 — MUTUAL INDUCTANCE MATRIX COMPLEX FORM

To perform transformation of [/sz(2)] in the easier way, it is suitable putting it in a more
general complex form. Let consider the following generic real unilateral Fourier harmonic
decomposition (see Appendix 1.C for details):

[ ]=3 [0, ] (1.6.2.1)

0

with 4 order harmonic component matrices (unilateral terms) defined as follows:

[(h)lSR ](nm) = {(h)ZSuRk }uk = {(h)LSuRk COS(h ﬂ_(h)nsuek )}’ he Ny (1.6.2.2)

(note Nj is the set containing all natural integer numbers, including zero).

The definitions (1.6.2.1), (1.6.2.2) are much more general than (1.2.5.7), since in (1.6.2.2) each
harmonic component of the mutual inductance coefficient related to « stator circuit and to A% rotor
circuit is a cosines function with arbitraries amplitude and phase. Positions (1.6.2.1), (1.6.2.2),
correspond to a rotating machine with a completely asymmetric circuit distribution, that is, matrix
(1.6.2.2) is a generic un-bisymmetric system. The complex variable-phasor representation of
matrix (1.6.2.2) is (1.6.2.3):

7 ars j(n-1)
[(h)lSR ](mm) = {(} )lSuRk }uk = {(h)LSuRkej(h T )}’ he NO (1.6.2.3)
whereas the complex constant-phasor representation is (1.6.2.4).
— — (N
(e} =1 Tyt b =17 L™}, e w,. (1.6.2.4)

It results:
[ ]=["L, ] e, hen,. (1.6.2.5)

The summation (1.6.2.1) can be extended to i€ Z, to obtain more compact formal results. A
real bilateral Fourier series (see §1.C.2) can be made up in matrix form by summing terms
(bilateral terms) like those reported in definition (1.6.2.6):

[(h)/?'SR ](nxm) = {(h)/lSuRk }uk = {(}I)ASuRk COS(h 0_(")5&41% )}’ he Z (1.6.2.6)
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where unknown amplitudes and phases must be related to those in (1.6.2.2) by means of the
following relations:

A gue =" Lo 12
he N: {(h) SuRk " sukk | < . (1.6.2.7)
Come=" Mour
h=0: EZ;AS"R" =L 005 ) (1.6.2.8)
éSuRk =0
DA e =" L /2
. SuRk SuRk .
he N: {(_h)f R W R ; (1.6.2.9)
surk = Msurk

for u=1..,n; k=1..m.

From (1.6.2.6)-(1.6.2.9) it can be easily proved that the properties (1.6.2.10)-(1.6.2.12) hold true.

(925, )= ["2g,], he Z; (1.6.2.10)
(h)A =(-h)A
he Z: SuRk Sulk (1.6.2.10%)
© {(h)fﬁle :_(7h)§SuRk
[(h)ﬂ’SR]—'— [(_h)/lSR]: [(h)ZSR]’ he N; (1.6.2.11)
[(O)/?’SR:I: [(O)ISR]’ h=0. (1.6.2.12)

From (1.6.2.11), (1.6.2.12), (1.6.2.1), the real bilateral Fourier series development of [Ils]
immediately descends:

[ZSR]: i[(h)/lye]' (1.6.2.13)

fr=—o0

By definition, (1.6.2.14) furnishes the elements of matrix [(h)ZSR], that is the complex variable-

phasor form associated to matrix (1.6.2.6).

[0 by = {0 b = 1A e 5], e 2. (1.6.2.14)
Obviously it results:
[, ]=Re( 7)), nez. (1.6.2.15)
Note that:
(7= 7], hez; (1.6.2.16)
("2 Je 7 )= [0 e v (1.62.17)
[ )= [0, . h=0. (1.6.2.18)
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From (1.6.2.17), (1.6.2.18) and (1.6.2.1) we obtain the complex bilateral Fourier series
development of [Isg]:

)= S [07, ). (1.6.2.19)

h=—oc0

By considering that (1.6.2.2) is the real part of (1.6.2.3), series (1.6.2.1) becomes:

[ZSR] — ; [(h)ZSR ]+2[(h)ZSR ]* =Z [(hZS‘R ] + [(O)Z?R ]—;[(O)ZS‘R ]* + h;il [(_hZ;’R ]* (1.6.2.20)

and, by identifying correspondent terms of (1.6.2.20) and (1.6.2.19), we get the following relations:

[(”)/TSR]%[(”INSR], he N; (1.6.2.21)
BUME %[(”ZNSR]*, he N; (1.6.2.22)
[(O)ZSR]= —[(O)TSR]+2[(O)7SR]* ,h=0. (1.6.2.23)

By separating constant and variable parts of (1.6.2.14), we gain:
(7 )=["R,, ] e, hez (1.6.2.24)
where the following complex constant-phasor representation was introduced:
(R gL = LR e b = 1A g0, he z (1.6.2.25)

with expanded form as follows:

(h)Kle (h)Ksuez (h)Ksms (h)KSlRm
(thzm (hﬁszm (h)Aszm (h)ASZRm he 7 (1 6.2 26)
: . . o 5 . .0.2.
[( )KSR:Lnxm) = )XS_”&RI . Ksst (h)Assks (hﬁsmm
(h )KS)IRI (h )KS)1R2 (h )KSnRS oo (h )KS)IRW[

By exploiting the relations (1.6.2.5) and (1.6.2.24), the relations (1.6.2.21), (1.6.2.22), (1.6.2.23)
assume the alternative form as follows:

[(")KSR]JW%_SR]: he N ; (1.6.2.27)
RWE [(h)ZSR]* , heN; (1.6.2.28)
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[(O)KSR ](nxm) - [(O)ZSR]—;[(O)ZSR]* - [(O)ZSR]’ h=0. (1.6.2.29)

From (1.6.2.27)-(1.6.2.29) the property (1.6.2.30) can be carried out:

(R =Ry, ez, (1.6.2.30)

The definition (1.6.2.24) can be substituted in (1.6.2.19), so producing a new equivalent
expression for [Is]:

)= S [WR,,] e (1.6.2.31)
h=—o0
or, by expanding terms:
[ZSR] =t [(_Z)KSR R [(_I)KSR 4 [(O)KSR]"' [(I)KSR ]ew + [(Z)KSR 2y (1.6.2.32)

Note that the complex matrices [(h)KSR] contain amplitudes and phases of the real asymmetrical

systems (1.6.2.6), thus preserving information.
The expressions (1.6.2.19), (1.6.2.24), and (1.6.2.31) will be useful to perform transformation
in the next paragraphs.

1.6.3 — MUTUAL INDUCTANCE MATRIX TRANSFORMATION

The transformation of the matrix [/sz(7})] introduced by equation (1.4.3.14) can be better
accomplished by exploiting the complex bilateral definition (1.6.2.19) together with relation
(1.6.2.24) (merged in (1.6.2.31)). In fact, in this way, the transformation of the real matrix [/sz] can
be performed by simply transforming some constant complex matrices, and the formula (1.B.4.10)
containing the correspondent bisymmetrical components can be directly employed to gain a
synthetic result. From (1.4.3.14) we have the following definition:

[ZSR']:[F;.]*'[ZSR]’[F,”] (1.6.3.1)

where the transformed complex matrix [Z_SR ’] has been introduced, with structure defined as
explicitly reported in (1.6.3.2).

N I

N L N )t (1.6.3.2)
Uiy =07}, = B0 TG0 G

i(nfh0) i(nfhl) ilnsz) = i(nfhmfn

SR SR SR SR

The computation of the elements of (1.6.3.2) is directly performed by exploiting relation (1.6.2.31),
that furnishes an expression for [/sz] usable in (1.6.3.1):

)= SR (R ) [F,] e (1.6.3.3)

hr=—oo
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The right-member in (1.6.3.3) contains terms of type (1.B.4.10), so a complex bi-symmetrical
component matrix can be introduced for each one of the complex asymmetrical matrix systems

[(h)KSR] as follows:
[(h)/_\SR ']Z [F:z]* ’ [(h)/_\SR]' [En]’ he Z (1.6.3.4)

thus obtaining the following synthetic transformed form for (1.6.3.1):

[l ]= Y[R e (16.3.5)
h=—oo

As stated in Appendix 1.B, the matrix [“’KSR '] contains all the bisymmetrical components of

the system [(”)KSR], and its explicit form is furnished in (1.6.3.6) similarly to that in equation

(1.B.4.11).

(A0 (RN (BR02) (R
- (RUO) GRUD AL (R hez (16.3.6)
[(h) Ay .](W) =| WARO  GRRD AR R
(h)K(;:R—I,O) (h)K(g;,l) (h)X(SI;Lz) (h)K(SnR—l,m-l)
or, more synthetically:
h h q) —J (k) £(p-a)
[(1 )KSR ’lnxm) = {(h)K(Sl;éq)}pq = {(1 )1\(§Rq)e j( ;SR )}pq 2 h € Z . (1 6'37)

Equation (1.6.3.5) can be expanded as follows:

i (h)Ngéo) 10 i (h)K(;)},el) o7 i (h)K(;]I}Z) o1 i (h)K(;)},em—l) 10
= — fr— fr—
i (h)K(;};))ejhﬁ Z (h)K(;kl)ejhﬂ i (h)K(;ﬁ)ejhﬁ i (h)K(;;z-l)e/w
Pl oo fm—eo fr— (1.6.3.8)
[I’Svanm) _ hz (h)stéo) o 10 ]Z (h)K(;}.el) o710 hz (h)K(széz) o 10 hz (/1)K(§1.em—l)ejhﬂ
Z (h)K(gR—l,O)ejhz? z (h)K(gI;I,I)ejth‘ Z (h)K(;I;I,Z)ejhz? Z (h)x(gR—l,m—l)ejhﬂ
= [ [ pr— ]

By comparing the matrix (1.6.3.2) with matrix (1.6.3.8), the matrix equation (1.6.3.5) can be
written for single elements:

I_S(If’q) = Z (h)K(SpR’q)ejw 5 p=0,.,n-1;g=0,..,m—-1. (1.6.3.9)

r=—oo

A more synthetic form can be obtained for (1.6.3.8) by directly substituting (1.6.2.19) into
(1.6.3.1):
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)= S IE] - [7,) 7] (1.6.3.10)

hr=—co

so the transformation of the variable-phasor inductance matrix [(” )ZSR] can be introduced:

[(h)ISR']Z [El]*'[(h)ZSR]' [F,]. he Z. (1.6.3.11)

m

In virtue of transformations (1.6.3.11) and (1.6.3.4), a relation like (1.6.2.24) is valid on
transformed matrices:

(7 =[] e, he z, (1.6.3.12)
which can be written by enumerating the single elements:

W) WA P a0 i3 g=0,.om—1; he Z . (1.6.3.13)

Thus, the transformed matrix [(”)}TSR ’] has elements as explicitly indicated in (1.6.3.14):

=, F(p. ) (), gﬁ-q)
[(h)/lﬂe Lxm) — {(h)igz q)} — {(h)A(é’Rq)e](’ 5 )}pq , he Z. (1.6.3.14)

pg

The definition (1.6.3.11) permits to simplify the formula (1.6.3.10) in (1.6.3.15):

i]= 307, (1.6.3.15)

h=—oo

which admits the following expanded form:

h=—c0 h=—c0 h=—c0 h=—co
(070.0) N ()70, LY O (R
hZ_W " hz > hz > hZ_W " (1.6.3.16)
oo SO SUE SR S
[— f— [ fimo

Z(h)’jg;l,o) Z(h)zgze—l,l) Z(h)zg;l’z) z(h)zgr;{l,m—l)

h=—co h=—co h=—co h=—co

or, more synthetically, writing for single elements:

10 => W20 p=0.n-15 g=0,m~1. (1.6.3.17)

h=—co

Each element of matrix (1.6.3.6), namely (h)K(S‘;q) , coincides by definition with the first element

of the bisymmetrical complex system [“Wféq)], namely A | as reflected in (1.6.3.18):

S1R1°

51



Chapter 1 — The Squirrel Cage Induction Motor Phase Model

WAL= =01, n=15 g =01, m—1; he Z. (1.6.3.18)
The generic bisymmetrical complex system of order (p,q) is pointed out in (1.6.3.19):

[(h)ASpIéq)](nxm) {( )ASI;IZ/‘)’ }uk ( )K(Sl;?q){(p,q)a&dek }uk > (1 63 1 9)
p=01..,n—-1; ¢g=0,l...m-1;, heZ

where the complex bisymmetrical base of order (p,q) (see definition (1.B.2.8)) has been
introduced; the explicit form of (1.6.3.19) is as follows:

URge VR VgL YA

VNG G R R, (1.6.3.20)
[(AD], = VALY WAL GRp L @Rz

WRpa) OIRza) CIRGa L WAR)

p=01.,n-1; ¢g=0]l...m-1; heZ.

The summation of the nxm bisymmetrical systems (1.6.3.20) (index /4 fixed) reproduces, with a
constant coefficient 1/\nm, the original system (1.6.2.26):

n—=1 m-1

e ZZ L [07Aeo)], hez. (1.63.21)
n

p=0 ¢=0

Equation (1.6.3.21) is the complex equivalent of (1.6.3.22):

n—=1 m-1

("2, ]= Zan_[ )|, hez (1.6.3.22)

p=0 ¢g=0

in which the generic asymmetric /# order real harmonic inductance matrix as defined in (1.6.2.6)
appears decomposed in the summation of nxm bisymmetrical real matrices, whose explicit
definition is shown in (1.6.3.23).

[(h)ﬂg?q)lnxm — { SuRk }uk { )COS(h?}— p(u - 1)55, + q(k — 1)5R _(n) S(Y};,‘I))}uk , (16323)
p=0L..,n-1; ¢g=0]l..,m-1; heZ.

In the latter equation it clearly appears that all the bisymmetrical systems belonging to the same
harmonic order / share same amplitude and same de-fault phase.

By substituting the double summation of (1.6.3.22) in expression (1.6.2.13), the generic
asymmetric inductance matrix [/sz] results finally decomposed in the summation of elementary bi-
symmetrical systems as follows:

)= Y (2] 3 lemi [ ra)]. (1.6.3.24)

h=—oco0 h=—c0 p=0g= 0

The latter expression can be rewritten by exploiting the complex definition (1.6.3.21) into
(1.6.2.31):

)] gt (1.6.3.25)

[ISR] Z[h SR] = ZZZ

h=—c0 h=—c0 p=0 g= 0
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Equations (1.6.3.24) and (1.6.3.25) state the possibility to perform analysis of any asymmetrical
machine by using the exposed bi-symmetrical components method.

1.6.4 — UNILATERAL SERIES-FORM FOR TRANSFORMED MATRICES
A notable property for transformation (1.6.3.5) can be demonstrated as follows. Firstly, note
that by substituting (1.6.2.1) into (1.6.3.1) we obtain:

[iSR']=i[ﬂ]*-[<">zSR]- AR (1.6.4.1)

h=0

where the transformed complex /4 order harmonic matrix [(")I_SR'] has been introduced, with
structure explicitly defined in (1.6.4.2).

(k)7 (0.0) (m)7(0.1) w7 02) (#)7 (0.m-1)
SR SR SR SR
()7 (.0) ()7 (L1) (#)70.2) (ntm-)
_ _ SR SR SR SR . (16.42)
h ] h , 7 B g S
[( s ](mm) = {( I Q)},,q = Wio Wiy Wi o W7Gm-)
(h)l’S(R?—l,o) (h)l’s(;-l,l) (h)i;;—lﬁ) (h)l;!]l;—l,m—l)

By comparing the last term in (1.6.4.1) with (1.6.3.5), and by equating iso-frequency terms, we
necessarily obtain (1.6.4.3).

(7 =["R ] e + Ay e, he N . (1.6.4.3)

The first term at second member of (1.6.4.3) is produced by equation (1.6.3.4); for the last term, we
observe that in virtue of (1.6.2.30) it becomes:

% % o %
(R =lR] (R )[R =[F] - ["Ry] -[£,]. he n. (1.644)
As exposed in Appendix 1.B, §1.B.5, (1.6.4.4) converts to (1.6.4.5):
T 2 * 2
[(_ )ASR']: [E«] ) [(hKSR'] [Fm] » heN (1.6.4.5)

and finally, by substituting (1.6.4.5) into (1.6.4.3) we gain the expression:

*

[ =Rl e + 17, ["Rg ] -[F,] e, he N (1.6.4.6)

n

The computation of last term in (1.6.4.6) produces the following explicit form:

(h)K(géO) * (h)x(gém—l) * "’)K(g,g"*z) * “W;;) *

B . (h)K(;;l,O) % (h)K(;I;l,m—l) * (h)K(;;l,m—Z) * (/1)K(§;1,1) * ’ he N (1 ‘6.4.7)
[ F (R GTF =] ORGE  ORg e WRge R
(h)ﬂé}?) % (h)K(;km—l) * (h)Xg};n—Z) *® (h)K(;};) *
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Finally, the expression (1.6.4.6) can be written as in (1.6.4.8).

(/:)N;)ko)e,/hﬂ_,’_(h)x(gko) *e-/m (h)Xg)él)ejlxd+(h)K(g];m—l) *e-ﬂm (h)N;);z-l)ejhzs_,’_(h)K(gk]) *e-/m
*
(h)K(;}eO)ejhﬁ_'_(h)K(gR—l.O) *e—jhzﬂ (h)N;R e/w+ h)K(n 1,m—1) ei/w (h)K(;}én—l)ejhﬁ (hK(San 1) *e—jhﬁ (1648)
[(h)lSR ']:
(h)K(;};l,O)e;/hz?_’_(h)X(ékO) e*/hl? (h)x(;[;l,l)e/hﬂ_i_(h)K(;‘;nfl) efjhﬂ (h)A(ngl,mfl)eth)_,’_(h)K(ékl) e*_[hl?
he N.

For 4=0, (1.6.4.9) completes the transformations. Note that this matrix is constant.

0RO (OpLD) R0 (AT

] - ORLO @AW @R AT ' (1.6.4.9)
[(O)ISR '] = [(O)ASR ' (nxm) = (O)K(SZIVQO) (O)K(;I'?]) (O)K(;Iéz) o (O)K(Szl'?m_l)
(O)K(;:,O) (O)K(;;l,l) (O)K(;R—I,Z) (O)K(;;l,m—l)

1.6.5 — MUTUAL PSEUDO-INDUCTANCE MATRIX TRANSFORMATION
All the results obtained in §1.6.3 about transformation of [ZSR] can be employed to get

transformation for the pseudo-inductance matrix [g . .
From definition (1.4.4.2) we have:

%

[g'1=1F,] -[gs][F,] (1.6.5.1)

where the transformed complex matrix [§SR '] has the explicit structure as in (1.6.5.2).

—(0,0) —(0,1) —(0,2) —(0,m-1)

8 sr SR SR SR

[ 2 L ) (1.6.5.2)
[Eorln =1 857} =| 220 g2 gl .. gl

gi gyt gt g

Directly from equations (1.4.4.2), (1.6.3.15), (1.6.3.12), the formula (1.6.5.3) descends:

N d[ISR] Zd[ ZSR] = S [z lin= 3 ["7,] (1.6.5.3)

h=—o0 h=—oc0 h=—c0

where the derivative matrices [(” )97SR '] have been introduced:
(h)~ [
i V] (1.6.5.4)
(77,14

The matrix [g,'| admits the following expanded form:
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I DY D P 2
=— h=—co h=—oco h=—c0
LI WD W I YL el
= e = = (1.6.5.5)
[§SR v](”xm) — hg (h)/lg,())Jh h:z (h))ﬁ(gi])Jh h:Z (h)léil)]h h; (h)/’i&,m—l)]‘h
z (h)ZL(vZ—I,O)jh z (h)):(g;—l,l)jh Z( ﬂ n-1,2) ]h Z (h)zg—l,m—l)jh
h=—oo h=—oo h=—co h=—co i

or, more synthetically, writing for single elements:

gl = 3 Wylra) = 5 007l iy N OIR) jy o0 (1.6.5.6)
h=—c0 h=—c0 h=—c0
p=0,..n-1; ¢g=0,..,m—1.

1.6.6 — ELECTRO-MAGNETIC TORQUE TRANSFORMATION
The expression (1.4.4.8), by using (1.6.5.3), can be posed as follows:

S (T (1.6.6.1)

T:zm(ﬁ’t): Ty = Z(h)TSR

h=—co

where the 4 harmonic order complex torque has been introduced

— — H ~ -
or =] "2 ) kez. (1.6.62)
By developing matrix products in (1.6.6.2), we gain:
=1 m-1
Zz ,he Z (1.6.6.3)
=0¢g=0
where the 2% harmonic (p,q) component complex torque is defined as
W) = jp. PV W 70a)  3l0) (1.6.6.4)
p=01.,n-1; ¢g=0l..m-1; heZ.
The relation (1.6.3.13) permits to put (1.6.6.4) in the form of (1.6.6.5)
* .
T e = jp0Rlra (;2) (fla)e?) (1.6.6.5)

p=0L..,n-1;, ¢g=0]l.,m-1; heZ

where the ¢ rotor current space vector reported to the stator frame appears
Finally, by using the component torques (1.6.6.5), the total electro-magnetic torque (1.6.6.1)

becomes (1.6.6.6).
oo n=1 m-1 _
P4 (1.6.6.6)

“T, = 35S 0

h=—c0op=0 g=0
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1.6.7 — REDUCED FORM FOR THE TRANSFORMED ELECTRO-MAGNETIC TORQUE
Thanks to (1.6.3.12), definition (1.6.6.2) converts to (1.6.7.1):

OF, = jnli] [ A, ) e he z. (1.6.7.1)

On the other hand, the formula (1.6.6.1) produces:

T,="T,, +Z((h)TSR +7) (1.6.7.2)

h=1

is complex conjugate of (h)Y_“S ; in fact, by using

where the zero-order term is null. The term "7 25

SR
(1.6.4.5), it can be written as follows:

2

3
Hl)TSR = _jh[zs ']H' [Eq] ’ [(h)KSR v] ’ [Fm]z' [ZR ’]' e > he N (1.6.7.3)

and then, by considering the properties (1.C.2.2.1) and (1.C.2.2.2), it comes as:

T %

_ _ _ ok _
07 ==l ] R ] e =T+, he N (1.6.7.4)
In virtue of (1.6.7.4), expression (1.6.6.6) can be reduced to (1.6.7.5):

T,(0.0)=Ty =YY Y 2Re("T{1"). (1.6.7.5)

1.7 - TRANSFORMATION OF BI-SYMMETRICAL MUTUAL INDUCTANCE MATRICES
(CYCLIC-SYMMETRIC MACHINES)

1.7.1 - INTRODUCTION

The general treatment and relations presented in §1.6 will be used here for the particular case
of a symmetrical induction machine.

As already observed, the mutual stator-rotor inductance matrix [/sz(z9)] with elements defined
as in (1.2.5.7) for a cyclic-symmetric machine gain an important formal simplification thanks to
transformations like (1.4.3.14).

In particular, the equation (1.2.5.7) (reported in (1.7.1.1) with minor changes) clearly shows
that the generic A% order space-harmonic terms constitute (on u, k indexes) a bi-symmetrical system
of order (p,q)=(h,h) (see definition (1.B.3.1)).

Loy (@)= Y VL cos(h—hu—1)3; +h(k=1)3, ) (17.1.1)
h=0

Therefore, the correspondent Fortescue 4% transformation (1.6.3.4) produces only one non-zero
bisymmetrical component (the component of order (4,/)), with great formal simplification, since
the A™ order bi-symmetrical component matrix is almost empty. The summation of transformed
matrices (by varying index /) assumes a band-diagonal form, since it is generally a rectangular
matrix; in case it is a squared matrix (n=m), it assumes a pure diagonal form.
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In the following, the transformation of the stator-rotor mutual inductance matrix [/sz(#}] for a
cyclic-symmetric machine will be presented in two lightly different ways, depending on the initial
form chosen (bilateral or unilateral Fourier series).

1.7.2 — BILATERAL TRANSFORMATION
Suppose to know the coefficients “Lgz of the unilateral series (1.7.1.1), we firstly must
determine terms of the bilateral series (1.6.2.6). From (1.7.1.1) we have:

Mg =" Ly cos(h9— h(u —1)3; + h(k 1)), (1.7.2.1)
u=l..,n; k=1..,m; he N,

and, by identification of (1.7.2.1) with the generic unilateral element of (1.6.2.2):

O =" Lo,s cos(r =", ), (1.7.2.2)
u=\L.,n; k=1.,m; he N,

we obtain:
u=1,.,n
(h)LSusz(h)LSR k=1,..m 1.7.2.3
" , yeees T (1.7.2.3)
nSuRk = h(u - 1)55 - h(k - 1)513 he ]\[0

By substituting (1.7.2.3) into definitions (1.6.2.7)-(1.6.2.9) we get amplitudes and phases of the
bilateral terms (1.6.2.6):

he N : Asuri= = LSR /2= ASR (1.7.2.4)

E o = h(u—1)05 — hik - 1)5

—(0)

= Asun= = A (1.7.2.5)

5 SuRk — 0 u-— 1)5 O(k 1)5

—h h

he v | Asn LSR 12="Ag, : (1.7.2.6)

Dy = hu =185 — h(k =1)5,

all for u=Ll...,n; k=1...m.

Note that:
WA G=""Ag, heZ. (1.7.2.7)

Thanks to (1.7.2.4)-(1.7.2.6), the bilateral terms (1.6.2.6) can be written as:

(g Lo = (gt b = {98 g cOS(h 3~ Rl = 1), +h(k~1)5, )}, . heZ  (1.7.2.8)

and therefore it clearly appears [(”)ASR] to be a bi-symmetrical system of order (p,q):

(p,q)=(hmodn,hmodm). (1.7.2.9)
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Thus transformation of the complex matrices (1.6.2.14): [(h)ZSR] (variable phasors), and (1.6.2.25):

[(”KSR] (constant phasors), associated to system (1.7.2.8) produce matrices with only one non-zero
element, that is the element of order (4 mod n, 2 mod m).
In fact from the definition (1.6.2.14) it descends, about [(")}TSR]:

[(h)ZSR ](nxm):(h)ASRejhzﬁ{as—h(u-l) ) aﬁ(k—l)}uk:(h)ASRejhz9[aéh)]. [a;—h)] r , heZzZ (1.7.2.10)
and, by considering definition (1.B.2.11), we obtain:

(7] 29A o[ Con) 7, e 2. (1.7.2.11)

Note that in (1.7.2.11) the complex (h,h) order bisymmetrical base [(h,h)am] compares, thus

confirming the aforementioned bisymmetry of system [(”)ZSR ]

So, from relation (1.6.2.24) and (1.7.2.11), we get the complex-constant phasor-representation of
system (1.7.2.8):

["Age] =PA [ Con)s he 2. (1.7.2.12)

Transformation of matrix (1.7.2.12) produces the matrix [(”)KSR'] containing all the first

bisymmetrical components of the (nxm) complex bisymmetrical systems associated to [(hKSR], and,
in virtue of formula (1.B.4.9), it is structured as in (1.7.2.13):

0
, hez. (172.13)

*

[(h)KSR’(ﬂxm):(h)ASR [F,] '[(h,h)és ][Fm]z (h)ASRM

In (1.7.2.13), only the element indexed with (p,q)=(hmodn, hmodm) is non-zero, and its value is

A s nm . From relation (1.6.3.12), and by posing by definition:

[(h,h)gsze']:[Ez]*'[(h,h)@R]'[F ]= he Z, (1.7.2.14)

m

transformation of [(h)ZSR] directly descends as in (1.7.2.15):

(T EA oo Coe')- €77, he 2, (1.7.2.15)

that is, by expanding the matrix:
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0
~ _ , heZ (1.7.2.16)
[(h)ﬂ'Svanxm) = (h)ASRM e
0
For the single elements of matrix (1.7.2.16), we write:

() 7 (hmodn,hmodm) __(h) .

sy = AgNnm-e™ (1.7.2.17)
(h)/l(p,q)#(hmodn,hmodm) — O
SR

Finally, the comprehensive sum of all matrices (1.7.2.16) for he Z furnishes, as stated in
(1.6.3.15), the transformed matrix [I_SR ']:

[I_SR ’] = i [(h)ZSR V]

h=—oo

(1.7.2.18)

About (1.7.2.18), we observe that generic term (h)ASR\/nmejh” compares in the summation

relative to element (p,g) only when the index % makes true the double condition:
(p.q)=(hmodn,hmodm). So, the element (p,q) can be written by using the following expression:

Z'S(I/;aq) - Z (h)zs(v];’q) (1.7.2.19)

h=—oco
hmodn=p
hmodm=q

where the summation must be extended only to the particular values he Z that satisfy the
aforementioned condition. By using (1.7.2.19), definition (1.7.2.18) is explicitly written as in
(1.7.2.20), which represent the final form of the bilateral transformation.

Z (/;)/Th(v%o) Z (h)Zég,l) Z “’)/Té%'z) Z (h)Zé%m—l)
h=—c0 h=—c0 h=—oo h=—c0

hmod n=0 hmodn=0 hmodn=0 hmodn=0
hmod m=0 hmodm=1 hmod m=2 hmodm=m-1

[ZSR '](,m,,) =

(

i (1)710)
(rm)

3 (720
(1meie3)

3 (7o)

Ji=—co
hmodn=n-1
hmod m=0

(

z (/1)1&1)

h=—co
hmodn=1
hmodm=1

xea
(hmear)

i (1) 701

h=—co
hmodn=n-1
hmodm=1

(

z (/1)1&2)

hi=—co
hmodn=1
hmodm=2

3 7

P

hmodn=2
hmodm=2

i (/1)1&71,2)

h=—oco
hmodn=n-1
hmodm=2

3 (70

h=—oco
hmodn=1
hmodm=m-1

i (h)Zéi,m—])

h=—co
hmodn=2
hmodm=m-1

Z (h)zgte—l.m—l)

h=—co

hmodn=n-1
hmodm=m-1

(1.7.2.20)
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1.7.3 — UNILATERAL TRANSFORMATION
In this section, transformation of matrix [/ SR] will be performed by starting from the unilateral

Fourier series development (1.6.2.1), and an alternative expression equivalent to (1.7.2.20) will be
obtained.

Firstly, note that 4 matrix (1.6.2.2) with elements furnished by (1.7.1.1) (symmetrical
machine) can be posed as in (1.7.3.1):

(150} =" Lsedcos(h 3= hlu =1)8, + Mk ~1)5, )}, . he N, (1.7.3.1)
and then, by remembering definition (1.B.2.1), as in (1.7.3.2):
(1] =L ge[srcn D). e N, (1.7.3.2)

where the (/,h) order bisymmetrical base has been introduced.
By substituting (1.6.2.1) into (1.6.3.1) the transformed matrix [Z_SR '] results from a unilateral

summation as in (1.7.3.3):

REER (173.3)

where, in virtue of (1.7.3.2), the 4™ term is as reported in (1.7.3.4):

- *
[(h)lSR’ (h)LSR[Fn] '[(h,11)CSR(h19)]'[Fm]’ he NO' (1.7.3.4)

Now, transformation of the bisymmetrical base can be easily obtained by applying to the
correspondent complex variable-phasor definition stated in (1.B.2.4) and rewritten in (1.7.3.5):

[(h,h)ESR ](,m,,) = {ej(w_h(u_l)ﬁs e )}uk = ejw[(h,h)as;e]’ he No (1.7.3.5)
and, then, by writing the real base in complex form as follows:

[(h,;,)(_st] e + [(h,h)GSR]*eiihﬂ
[(h,h)cSR]z > , heN, (1.7.3.6)

or, equivalently:

]: [(h,h)(_jSR] e+ [(_h,_h)C_TSR] e

: . he N,. (1.7.3.7)

[(h,h)cSR

Finally, by putting (1.7.3.7) in (1.7.3.4), and by exploiting definition (1.7.2.14), we obtain the
following synthetic expression:

[<h,h)5sze '] e+ [(-h,_h)ésx '] e

[(h)l_SR '] :(h)LSR )

. he N,. (1.7.3.8)
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The relation (1.B.4.9) of Appendix 1.B clarifies the structure of a generic transformed base; so, we
can state that matrix (1.7.3.8) generally has only two non-zero elements, the first one correspondent
to (p,q) = (h mod n, h mod m) and the second to (p,q) = ((-#) mod n, (-h) mod m) — see equation
(1.7.3.9); if it happens (4 mod n, # mod m) = ((-h) mod n, (-h) mod m), then the two terms must be
summed - see equation (1.7.3.10).

o :
[ 1] = vnm e’ , (1.7.3.9)
SR Nnxm) ™ SR T : e—jh19
L OJ
0 .
7 (1.7.3.10)
[(h)lsR ’](nxm)Z(h)LSRM . cos(h 19)
I 0]

The summation of terms (1.7.3.8) produces the final result as stated in (1.7.3.3); the generic

element of the transformed matrix [iSR ’] is (1.7.3.11):

T — i (y  NAM o i (g NAM o (1.7.3.11)

SR SR 2 + SR 2
h=0 h=0
hmodn=p (~h)modn=p
hmodm=q (~h)modm=q

where the summations must be extended only to the particular values he Z that satisfy the
indicated condition. By using (1.7.3.11), definition (1.7.3.3) has been explicitly written in
(1.7.3.12), which represent the final form of the unilateral transformation.

S h ihy S h —jh? S h ihe S h —jht
2( JLge™ + Z( ILge™ z( ILge™ + 2( Lge™™ | ...
h=0 h=0 h=0 h=0

hmodn=0 (~/#)mod n=0 hmodn=0 (~/)mod n=0

hmodm=0 ((*h)modm:O (hmodm:l (~h)mod m=1

(1.7.3.12)

[ZSR '](nxm) = M i (h)LSRejW + i (h)LSReijw i (h)LSRejw + i (h)LSReijw """

2 h=0 h=0 h=0

h=0
hmodn=1 (=)modn=1 hmodn=1 (=) mod n=1
hmodm=0 (=h)mod m=0 hmodm=1 (=h)mod m=1

1.7.4 — MUTUAL PSEUDO-INDUCTANCE MATRIX TRANSFORMATION
The transformed pseudo-inductance matrix [§SR '| defined by (1.6.5.3) can be simplified, in

case of symmetric machine; we always have:
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_ = T = a7 ]
[gSR']: Z[(h)%}e']: Z -dI;R )

h=—co h=—co

but the equation (1.7.2.15) permits the reduction of the derivative needed in (1.7.4.1):

a2
v

The matrix (1.7.4.2) is almost empty, as shown in (1.7.4.3):

0
. , heZ.
[ 7SR ]nxm = (h)ASRM'jh oM
0
For the single elements of matrix (1.7.4.3), we write:
l Jho
ASR m-jh-e ,he Z.

(hmodn,hmodm)
}/SR

(p.q)#(hmodn,hmodm) __ 0
7/SR -

Finally, (1.7.4.1) becomes explicitly (1.7.4.5):

oo

Suggn Sege Fepe

h=—co h=—co h=—co h=—oco
hmodn=0 hmodn=0 hmodn=0 hmodn=0
hmodm=0 hmodm=1 hmodm=2 hmodm=m-]
" (1)57(1.0) S (1)5(1.1) " (1)5501.2)
2" PIRZ PIRZ

h=—c0 h=—co h=—co h=—oco
hmodn=1 hmodn=1 hmodn=1 hmodn=1
hmodm=0 hmodm=1 hmodm=2

Swpgn Sepg Sep

[gSR ](n vm) - h=—co h=—co h=—co h=—o0
hmodn=2 hmodn=2 hmodn=2 hmodn=2
hmodm=0 hmodm=1 hmodm=2 hmodm=m-—

I 2 D SR 7 Z 7

h=—co h=—co h=—oo h=—oco
hmodn=n-1 hmodn=n-1 hmodn=n-1 hmodn=n-1
hmodm=0 hmodm=1 hmodm=2 hmodm=m-1

1.7.5 — ELECTRO-MAGNETIC TORQUE TRANSFORMATION

hmodm=m-

(2,m-1)
> "7

o= jh[(h)zsze ’:Iz(h)ASR [(h,h)(_jSR']. jh ’ ejw’ he Z.

—1

1

1

)

Oml
> "y

Z 7w

n—1,m-1)
> 7

(1.7.4.1)

(1.7.4.2)

(1.7.4.3)

(1.7.4.4)

(1.7.4.5)

The equations (1.6.6.1)-(1.6.6.6) can be adapted to the case of symmetric machine, with

important simplifications. The equation (1.6.6.2) can be rewritten as:

— — H ~ -
(h)TSR = [is'] '[(11)7&?']' [ZR']’ he Z

(1.7.5.1)

where the matrix [(h);7SR '], in virtue of (1.7.4.3), has only one non-zero element. So, the products

(1.6.6.4) are all zero, except the product of order (p, g) = (p’, q¢°), with:
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(p'.q")=(hmodn,hmodm).
The only non-zero complex torque component is (1.7.5.3):

() (pia’) — 7 () *,(h)%g'sq') . lf(q') he 7

se g R >

and therefore the 4% harmonic order complex torque (1.6.6.3) coincides with (1.7.5.3):

WF, T e 7.

Finally, (1.6.6.1) with (1.6.6.5) furnish:

T, (l?,t)z Ty = i (h)fsgep'vq') - i jh,(h)ﬂg};,q') ) (;S(p'))* ) (;ng')ejhz})'

h=—co h=—co

that is the simplified torque expression for symmetric machine.

(1.7.5.2)

(1.7.5.3)

(1.7.5.4)

(1.7.5.5)
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APPENDIX 1.A

FORTESCUE’S TRANSFORMATION
FOR CIRCULANT MATRICES

1.A.1 — BASIC DEFINITIONS

The complex Fortescue’s transformation can be performed on any generic rectangular (n x m)
complex matrix, but it produces noticeable results when applied to matrices with particular
properties. So, we will first introduce some basic definitions about some special forms of a squared
(n x n) matrix [4] with complex elements.

Definition 1). “Circulant matrix” (or “cyclic matrix”’): a matrix for which each row is obtained
from the precedent one by simply performing a one-position circulating right-shift of the elements
of the precedent row; obviously, such a circulant matrix is completely defined when the first row is
known, that is, this type of matrix has 2n degrees of freedom if complex, and #» if real. For
example, the matrix in (1.A.1.1) is a circulant one for n = 5:

_ 1.LA.1.1
[A](5x5) = ( )

ST I S I S W I N
o] ]| ® ] O
QU RV ] T O
R ] O O
QI S O X

Definition 2). “Symmetric-conjugate matrix” (or “Hermitian matrix”, or simply “symmetric
matrix” if real): a matrix for which the following identities (Hermit conditions) hold true:

auk = 67ku * (1A12)
or, in other words:

[7]=[2] " =[a] . (1.A.13)

The diagonal elements of such a matrix are necessarily real values. This type of matrix has n’
degrees of freedom if complex, and (n*+n)/2 if real. The matrix in (1.A.1.4) is symmetric-conjugate
(Hermitian) for n = 5:
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a b ¢ d e
b* f g h i
[Zl(sxs): c* g* k [ m
d* h* [* n o
e* [* m* o* p

(1.A.1.4)

Definition 3). “Circulant and symmetric-conjugate matrix” (or simply “cyclic-symmetric
matrix”, if real): a matrix with both properties 1) and 2). This type of matrix has n degrees of
freedom if complex, and (n+1)/2, n odd or n/2+1, n even, if real. The matrix in (1.A.1.5) is a

circulant and symmetric-conjugate one, for n = 5:

a b ¢ ¢* b*
b* a b T c*
[Zlm)= c* b* a b ¢
¢ ¢* b* a b
b ¢ ¢* b* a

(1.A.1.5)

1.A.2 — TRANSFORMATION OF A COMPLEX SQUARED (nxn) CIRCULANT MATRIX

BY USING FORTESCUE’S MATRICES

Let define a generic complex squared (n x n) circulant matrix as in (1.A.2.1).

ay a, a a,

a,, G a a,

[A ](nxn) = an—2 n-1 a() an—3
a a, a, ay

where:
att:au+jyuec5 MZO,...,n—l.

Let consider, moreover, a Vandermonde matrix defined as in (1.A.2.3):

1 1 1 1 1
1 o a? ... o o
[F] :L 1 ~2 ~4 -2(n-2) -2(n-1)
woen) =7 o o - a o
1 @b g2b a—(n—z)(n—l) 0[("71)2

where o is the n root of the unit:

2

a=e " .
The inverse of matrix (1.A.2.3) is the complex-conjugate:

51" =171

(1.A2.1)

(1.A.2.2)

(1.A.2.3)

(1.A.2.4)

(1.A.2.5)
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Stated the definitions (1.A.2.1) - (1.A.2.5), we define a “symmetrical-components complex
transformation” or “Fortesque’s transformation” as follows:

[4]=[F,]* 4] [F] (1.A.2.6)

It can be easily proved that the transformed matrix [Z '] is in diagonal form, as in (1.A.2.7).

a' 0 0 0
_ a0 .0 (1.A2.7)
[A'](nxn) = 0 0 @' .. 0
0 0 0 anfl'
a'=a'tjy'eC,  k=0,.,n-1. (1.A.2.8)

The elements of transformed matrix (1.A.2.7) can be computed by pre-multiplying equation

[£,]-[4]=[4] [F,] (1.A.2.9)

Terms (1.A.2.8) can be explicated by equating the first rows of left and right members in
(1.A.2.9), so obtaining definitions (1.A.2.10):

n—1
a'=Ya, o  k=0..,n-1. (1.A.2.10)
u=0

1.A.3 - PARTICULAR CASES OF FORTESCUE'S TRANSFORMATION FOR
COMPLEX SQUARED CIRCULANT MATRICES

In some cases Fortescue’s transformation (1.A.2.10) produces matrices [Z '] with particular

properties. This happens when matrix [Z] owns special properties, in addiction to a circulant
structure. We will consider the followings cases:

1. matrix [_] circulant and real;
2. matrix [Z ] circulant and symmetrical-conjugate;

3. matrix [_] circulant, real and symmetric (properties 1. and 2.).

1.A.3.1 - MATRIX [Z] CIRCULANT AND REAL

If matrix [4], besides a circulant structure, has real elements ([4]=Re([4])=[4]), then the
transformed matrix [Z '], besides a diagonal structure, has elements orderly complex-conjugate
(whereas the first element is real), that is:
a'=ay€ R (1.A3.1.1)

a,=a,€R, u=0,.,n-1 = < _ ”
a,/'=a, ", k=1..,n-1
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An example of such a transformed matrix is shown in (1.A.3.1.2), for n = 5.

a 0 0 0 O
0 b 0 00 (1.A3.1.2)
[A)ey=| 0 0 2 o o
0O 0 0 c¢* 0
0 0 0 0 b*
Dem.:
By using formulas (1.A.2.14) and (1.A.3.1.1) we easily obtain:
n—1 n—1
a): a,=Y a,a"=)a,=a'sR, (1.A.3.1.3)
u=0 u=0

as it had to be demonstrated.

b):  for 1<k < n-1 we have: 1< n-k < n-1, so we can write eq. (1.A.2.14) with (n-k) in place of k
index:

a,,'=>a,-o""", k=l.,n-1. (1.A.3.1.4)

u=0

Taking the complex-conjugate of (1.A.3.1.4), we obtain:

a,*=>a*a"""=>a a"=a' k=1..,n-1 (1.A.3.1.5)

u u

as it had to be demonstrated.
The following property has been exploited:

a"=e " =& =1, Y(nu)eZ. (1.A3.1.6)

1.A.3.2 - MATRIX [Z] CIRCULANT AND SYMMETRIC-CONJUGATE
If matrix [Z ] owns a circulant structure and is symmetric-conjugate too, then the transformed
matrix [Z '] is diagonal and real ([Z ']IRe( [Z '])= [Z ']), that is:

a,=a,€ R
o = a'=a/'eR, k=0,.,n—1 (1.A3.2.1)
a_* u=l..,n-1

u

An example of transformed matrix is shown in (1.A.3.2.2), for n = 5.

a 00 0 0
0 b 000 (1.A3.2.2)
[4)s55=|0 0 ¢ 0 0
00 04d 0
0000 e
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Dem.:
Definition (1.A.2.14) permits writing:

a,'= 1= + 40 (1.A.3.2.3)

—uk o)k — _ k
*’C( " Clo+ E a * o (=), Clo+ 2 aW*~0{W
u=0 u=1 w=n-1

2 2 2 B 2

So equation (1.A.3.2.3) becomes:

a0+2a o a0+§ﬁw*~aw

- ' u=l + w=l —

a,'= 5 > = (1.LA.3.2.4)

n— au .a—uk +au * . ylk '
=a,+ =a,'e R

u

I
\S]

as it had to be demonstrated.

1.A.3.3 - MATRIX [Z] CIRCULANT, REAL AND SYMMETRIC

If matrix [Z ] owns a circulant structure and is real ([A] =Re( [A]) A]) and symmetric, then
both properties 1. and 2. hold true, and the transformed matrix [A] is diagonal with real elements
matched orderly in pairs:

{au =a,€ R u=0.n=1 _ {ak =a'€R, k=0,.,n-1 (1.A3.3.1)
a

L ' j—
a'=a, ', k=1..,n-1

An example of transformed matrix is shown in (1.A.3.3.2), for n = 5.

1.A.3.3.2
[A'](st) = ( )

S O O O 9
S ©O O o o
S O o6 O O
S O O O O
SO O O O

Dem.:
See demonstrations for properties 1. and 2.

The case of matrix [A] circulant, real and symmetric is particularly important, since matrices
[Rss], [Rrr], [Lssl, [Lrz] of model (xA), (xB) are of this type. In this case formula (1.A.2.14) can be
simplified, as follows.

Stated that @, and a,' are real values, (1.A.2.14) becomes (1.A.3.3.3):
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Since a,' is real, we can write:

n—1 n—1
" —uk | __
ak—Re(Eauﬂt j—éauT,
u=0

u=0
Finally, by exploiting the following identity:
a’+a" =2coswo,
equation (1.A.3.3.6) can be carried out:
n—1
a,'= Zau -cosukd,

u=0

that is the simplified form of (1.A.2.10).

—uk

o +o

5=2%.

n

k

uk

b
Il

Ywe Z

0,....n—1.

0,...,.n—

(1.A3.3.3)

(1.A.3.3.4)

(1.A.3.3.5)

(1.A.3.3.6)

69



Chapter 1 — The Squirrel Cage Induction Motor Phase Model

APPENDIX 1.B

BI-SYMMETRICAL COMPONENTS
FOR RECTANGULAR (n x m) MATRICES

1.B.1 — GENERIC ASYMMETRICAL MATRIX SYSTEM

Let consider a generic (r x m) rectangular matrix [a] with real elements a,, defined as follows:
[a](nxm) = {auk }= {Auk 005(7 - ¢uk )} (1 -B.1. 1)

where the amplitudes 4, and the phases ¢, are arbitrary real constants, whereas y is a real variable.
We call (1.B.1.1) “matrix un-symmetrical system”, or “un-bi-symmetrical system”, equivalently.

We can associate to system (1.B.1.1) a complex representation [a], that completely keeps the
original information, as in (1.B.1.2).

(@) ) =1, }= 14,677}, (1.B.1.2)

The matrix in (1.B.1.2) is called a “variable-phasor representation” of matrix (1.B.1.1). Obviously,
matrix (1.B.1.1) is the real part of matrix (1.B.1.2):

[a]=Re((@]) (1.B.1.3)
| [a]=w- (1.B.1.4)

Every element of (1.B.1.2) can be decomposed in a constant and a variable part:

~

a,=4 e Pl = 4 o7 (1.B.1.5)

uk uk

The constant parts produce the “constant-phasor representation” of matrix (1.B.1.1), defined as in
(1.B.1.6)

(4 =14 J= 14077 . (1B.1.6)

It results:
[@]=[4] . (1.B.1.7)
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1.B.2 — BASIC MATRIX SYMMETRICAL SYSTEM OF ORDER (p, q)

We define “basic matrix symmetrical system” or “matrix symmetric base” or “bi-symmetric
base” or “symmetric cosines matrix” of order (p, ¢) a matrix as in (1.B.2.1).

L@,y =1ica P, =leosy— plu =18, +qk=1)3, )}, (1.B.2.1)

p=0,1,...,n1; q=0,1,...,m-1.

In (1.B.2.1) some elementary angles compare, defined as follows:
0,=—,; o =—. (1.B.2.2)

For sacks of clarity, the explicit form of (1.B.2.1) is furnished in (1.B.2.3).

cos() cos(y+¢d,) ... cos(y+q(m-1)5,)
COS(}/_ pgn) Cos(y_pgn +q5m) """ COS(}/_ p5n +q(m_1)5m) (I.B'2‘3)
€l =| cOSr=128,)  cosly-p26,+45,) .. cos(y—p26, +g(m-1)3,)

We associate to matrix (1.B.2.1) a complex variable-phasor representation [(M)E] as in
(1.B.2.4).

[(p,q)g](mm) = {(p,q)guk }uk = {e'/(y_P(u_l)anWUH)JM)}uk . (1.B.2.4)

Matrix (1.B.2.1) is the real part of matrix (1.B.2.4):

[(p,q)C]: Re([(p,q)g])- (1.B.2.5)

The elements of (1.B.2.4) can be decomposed in a constant and a variable part:

Ek _ a—p(u—l) . aw(k—l) el = C . el (1.B.2.6)

(p.q) m (p.q)

with
a, =e, a, =e. (1.B.2.7)

The constant-phasor representation of matrix (1.B.2.1) is defined as in (1.B.2.8):

[(P"I)é](nxm) - {(P»q)alk }uk = {a;P(“*I) ’ a’:q(kil)}uk ’ (1.B.2.8)

It results:
[(p,q)g]: [(p,q)é] e’ (1.B.2.9)
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The explicit form of matrix (1.B.2.8) is the following:

q 2q (m-1)g
1 ol o, a,
-p -p 4 -p 5,24 -p , (m=1)q
a, o, o, o, o, o, (1 B2 10)
C — -2p -2p 4 -2p 1,29 -2p  (m-1)g A
[(P>41)C](mm) - an an am an am a’n a’m

a—(n—l p a—(n—l )pagl a—(n—l)

n n n

pa’iq a—(n—l)par(nm—l)q

n

and it can be easily decomposed as a multiplication of a column and a row, (1.B.2.11).

1
a’
[.c]l =l a7 | I a a7 .. o] =[oW][a2]. (1.B.2.11)
(P-a)™ Yxm) n (12m)
a;(”*l)P (1)

1.B.3 - MATRIX SYMMETRICAL COMPONENT SYSTEM OF ORDER (p, q)

We define “matrix symmetrical component system” or “bi-symmetrical component system” of
order (p, ¢) a matrix of variable quantities as in (1.B.3.1).

(570 = s}, = {59 cos(y - plu-1)5, +q(k -1)5, - )}, (1B3.1)
p:()’ 19'“3”'1; q:O, 1,...,m—1.

We associate to matrix (1.B.3.1) a complex variable-phasor representation [E(”"’)] as in
(1.B.3.2).

[E(p,q)](mm) — {g'(p,q)}uk — {S(p,q)e‘/(}'—p(u—l)ﬁ,,+q(k—1)5,,,—é(”“’))}‘k ) (1B.3.2)

uk

Matrix (1.B.3.1) is the real part of matrix (1.B.3.2):
[s79]=Re([57))). (1.8.3.3)

The elements of (1.B.3.2) can be decomposed in a constant and a variable part:

Fu(kp,q) — S(P,q) . e—./'s”("'q) -0{;1’(”_1) . azl(k—l) Lol = §(P,q),

C, e =8ri. e (1.B.3.4)

(p.g) ~u
where the complex constant S (r4) i3 the (p, q) order “bi-symmetrical component”:

Sra) _ glra) yis (1.B.3.5)

The constant-phasor representation of matrix (1.B.3.1) is defined as in (1.B.3.6):

[E(P"I)Lum) = {Eu(/f)’q)}uk = §<pqq){(17»q)a‘k }uk (1B36)
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that is:

[so]=50a] . (1.B.3.7)

P-q)
It results:
[ra]=[swa] e (1.B.3.8)

Equation (1.B.3.7) introduces the concepts of bi-symmetrical system and bi-symmetrical
component; the bi-symmetrical component (1.B.3.5) coincides with the first element of the
correspondent bi-symmetrical system (1.B.3.10), that is:

Sra) — gl(f,q) (1.B.3.9)
%(};]w) %(}gna) %(}gw) *?1(,];{‘])

) R (1.B.3.10)
[S(”“’)lmﬁ S 5ho 5k o)
grf’;llq) grf’;;.q) §’fgq) gn(:t;q)

1.B.4 — BI-SYMMETRICAL COMPONENTS DECOMPOSITION

A generic (n x m) matrix system made up by un-symmetrical sinusoidal functions as (1.B.1.1)
can be decomposed univocally in a summation of n x m bi-symmetrical systems like (1.B.3.1), as
stated in equation (1.B.4.1).

n—=1m-1 1

lal=2>.

p=0g=0 N1 "M

[S(p,q)]. (1.B4.1)

Calculation of such bi-symmetrical systems consists in computing the amplitudes and phases of the
correspondent bi-symmetrical components (1.B.3.5), starting from knowledge of amplitudes and
phases in (1.B.1.6).

To do this, system (1.B.4.1) must be firstly posed in complex form:

=55 L[] (1.BA4.2)

By using relations (1.B.1.7), (1.B.3.8), we gain equation (1.B.4.3):

n—=1 m-1

[4]=Y" 1 [5t] (1.B.4.3)

p=0g=0 N1 M

in which a generic un-bisymmetrical complex system has been decomposed in the summation of n
x m bisymmetrical complex systems.
Then by using (1.B.3.7) we obtain:

n—1 m-1 1

=3

p=04¢=0

gm)[( )5], (1.B.4.4)

g‘
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By multiplying (1.B.4.4) on left by a complex conjugate n order Fortescue’s matrix and on right

by a m” order Fortescue’s matrix we obtain the following relation:

n—1m-1 1

F] 1) 5)=5% =

p=0g=0 N1 -M

&
$e9E] -[,.ClE,] (1.BA4.5)
so transformation of the generic (p, g) order bi-symmetrical base is needed. It results:

[,/ C]= 5] l,..C}E,]= [[F,,]* : [a,(,")]j : ([Fm]* : [a,ﬁ?]JT * (1.B.4.6)

where relation (1.B.2.11) has been exploited.
Note that matrix obtained by transforming [(M)f ] has been named [(M)f '], where the apex

denotes transformation. Formally, in a general way the following definition can be stated for
[ Cl:
(p.q)

(0,0) (0,1) (0,2) ~(0,m-1)
(p.q) o) (p.q) o) (p.q) ) = (pa) )
=(1,0 (11 =(1,2 = (1,m—1
o) (p,q)c( : (p,q)C( ) (p,q)c( : (p,q)c( - (1.B.4.6%)
= _ =ww)l _ =(2,0 (2.1 =(2,2 =(2,m-1
[(1',q)c ](}'Lxm) - {(Pﬂ)c }vw - (p,q)c (p,q)C (p,q)c (p,q)c
~(n-1,0) ~(n-1,1) ~(n-1,2) = (n-1,m-1)
(p,q)c (p,q)C (p,q)c (p,q)c

It can be easily proved that the first factor at second member of (1.B.4.6) is:

%o 0
* (1.B.4.7)
[0 el) =[x, =]
(nx1)
‘xn—l O
in fact the generic element x, of column (1.B.4.7) is:
X —Lga“k.a*kp _L§<a7(pfu)y (1 B48)
! \/; k=0 ! ! \/; k=0 !
with ~(n-1D)<(p-u)<(n-1)

so the summation in the ultimate member of (1.B.4.8) is the sum of n complex vectors belonging to
the same symmetrical system of order (p-u); this summation is not-zero only if the system is
homopolar, that is u = p.

By using (1.B.4.7), relation (1.B.4.6) becomes:

0 0

* : 1.B.4.9

[(Fq)i']_[}?n] '[(pq)5 [Fm]= \/; [O . \/; O]: m ( )
0 0
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where only the element (p+1, g+1) is not-zero, and it is \nm. By using definition (1.B.4.6’), in fact
we have:

Al
s}
"
S
3
=
E
1]
<
=

(p,q)_(v " (1.B.4.9’)
paCU =00 (mw)#(p.g) .

Conclusively, by substituting (1.B.4.9) in (1.B.4.5) we obtain the following expression for the
bi-symmetrical components calculation:

[ﬂ]*~[A7]~[Fm]=[§] (1.B.4.10)

where the (nxm) matrix [§ ] containing all the independent bi-symmetrical components has been
introduced, with (1.B.4.11).

5o gon g2 glom)
o (1,0) QL <(1.2) o (l,m=1)
0y izo) f(m 5(22) 5(2 N (1.B.4.11)
[Slnxm)= S ’ S ’ S ’ S o
§(n71.0) §(n71,1) §(n71,2) §(n71.m71)

Definitions (1.B.4.10), (1.B.4.11) are not exhaustive, since bi-symmetrical components can be
defined for every choice of indexes (p,g)eZ>. In fact, bi-symmetrical components admit the
following extension:

§pa) = gloshngedtn) (0 N.M e Z* (1.B.4.12)
that is, indexes pe Z and ge Z can be reduced to (»p modulo ) and to (¢ modulo m), respectively:
S = glrmeintamedm) y(p g)e Z7. (1.B.4.13)

The inverse of relation (1.B.4.10) is:

[Z]=[E1]-[§]-[Fm]* (1.B.4.14)

The explicit form of elements belonging to [Z ], i.e. 4,,is furnished by (1.B.4.4), that is re-written
in (1.B.4.15) for the single element by exploiting (1.B.2.8).

500 (Y (o ), (1.B.41S)

m

An alternative form for (1.B.4.15) is (1.B.4.16).
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5(0.0) 509(g, )("*1) E(O,m—l)(a;nn—l)(k’l)
L S s

n m

g(n-l,o)(a—(n—l))(u-l) ;S,:(n—l,l)(a-(n-l))(“-l)(am)(’f-l) g(n—l,m—l)(a—(n—l))(u-l)(am-l)(k-l)

n n m

u=1,2,...,n k=1,2,....m. (1.B.4.16)

1.B.5 — BI-SYMMETRICAL COMPONENTS-BASED TRANSFORMATION FOR A REAL
MATRIX

In the previous paragraph it was proved that a generic real (# x m) matrix system made up by
un-symmetrical sinusoidal functions as (1.B.1.1) can be decomposed univocally in the summation
of n x m real bi-symmetrical systems (1.B.3.1), as stated in equation (1.B.4.1). Relation (1.B.4.10)
computes amplitude and phase of each complex bi-symmetrical component.

Based on these results, a direct transformation for matrix [a] can be performed, as indicated in
(1.B.5.1).

*

lwl=[F] -lal-[F,]- (1.B.5.1)

In fact equation (1.B.1.4) with (1.B.1.7) and (1.B.4.10) permit to write as follows:

o i o o I LA W S TR ) A i
2 2 2 2

The last term in (1.B.5.2) must be evaluated by taking in account the structure of a squared
Fortescue’s matrix (1.B.5.3).

0 0 0 0
00 0 ..
, 00 .. 1 0] (1.B.5.3)
[F n ](m) =
00 1 0 0
- 1 0 -

Matrix (1.B.5.3) is a “shift operator” on rows if used as pre-multiplier and on columns if used as
post-multiplier. So the last term in (1.B.5.2) becomes:

§(0,0) % E(Osmfl) % §(0smf2) % E(O,l) %
§(n71.0) % g(n—l,m—l) * L§(;171,mfz) * g(n—l,l) *

[F,, ]2 [§]*[Fm]2 _ §(n72,0) * g(nfl.m—l) * §(n72,n172) * g(an.l) % (I'B'5'4)

§(l,()) % A§(],m—l) % g(l,m—z) % . A§(],]) %

that becomes (1.B.5.5), by using the elongated definitions (1.B.4.13).
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§(0,0) * §(0>—1) * E(O,—z) * 5(0,—("1—1)) *
T (-1.0) % T (-L-1) % T(-1-2) % Q(-L=(m=1))
S S 5 - S (1.B.5.5)
[Fn] . [S]* [Fm] =| §-2.0) % S22 % §22) % L g2

FEOD0 s FEODDx GO xSl

The final form (1.B.5.5) can be seen (apart the conjugation) as a 180 degrees rotation of (p,q)
plane around the central element S ©.0) (see formula (1.B.4.11)), since p and ¢ indexes signs go

71 of the un-symmetrical

reversed. This implies that, for example, the bi-reverse component S (
system [Z ]e” becomes, when conjugated, the bi-direct component §,§“> of the conjugate system
[Z]* e thatis S{) = §CH1 %,

Finally, transformation (1.B.5.1) takes the following form:

500,77 4 §(0.0) % 5=jr SOy 4 §O-1) s p=ir §Om1) iy GO1m)  pmi7 ]
S0 4 S0 g S ir 4 St g Stma) i1, SCtin) s o1
, J7 -LO0) % =7 > JY L= % =¥ M= JY “Ll=m) % ,—j7
S TelaSTre”  STelAS T re ™ ST eTHST e | (1B.5.6)
[a'](mm) = 2 2 2
10577 4 §U=n0) s =iy Gn-L) iy | Gl=n=l) 5 =¥ S-tm=) iy | Glomlom) s i
i 7 5 5 ]
or, in other words:
Slutk=1)g iy 4 Gl-wl=k) s =iy
[a'](nxm) = {a'uk}z { 2 (1B57)
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APPENDIX 1.C

MATH STATEMENTS
(miscellaneous)

1.C.1 — DEFINITIONS FOR FOURIER SERIES

1.C.1.1 — DEFINITION OF REAL UNILATERAL FOURIER SERIES
Let consider a generic real function f{#}) defined in [0,27); the correspondent real unilateral
Fourier series development in sine and cosines form is the following:

£(89)= 4, cos(089)+ 4, cos(s9)+ 4, cos(209) +

1.C.1.1.1
+ B, sin(02%)+ B, sin(e)+ B, sin(22%) + ( )
or:
)= (4, cos(h®)+ B, sin(h19)) (1.C.1.1.2)
h=0
where series coefficients are here carried out:
4y =" r(0)aw (1.C.1.1.3)
2r 0
4, = ljz” £(&)cos(h9)dw (1.C.1.1.4)
T Y0
B, = ljz” £(&)sin(h9)d v (1.C.1.1.5)
T Y0

Note the term containing B, can be discarded. The following change of parameter can be used:

Ay =Mycosg, N (1.C.1.1.6)
B, =M, sing,

so obtaining the synthetic form (1.C.1.1.7).

”)ZiMzicOS(hﬂ—(ﬂh):imh- (1.C.1.1.7)
h=0 h=0
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1.C.1.2 — DEFINITION OF REAL BILATERAL FOURIER SERIES
Expression (1.C.1.1.7) can be expanded as in (1.C.1.2.1):

—co

f(®)= i%cos(hﬂ—(ﬂhHMo cos @, cos(02—0)+ Z%cos(hz?—(— ¢,). (1.C12.1)

h=1 h=-1

The following definitions permit simplifying equation (1.C.1.2.1):

he N: {Ah:Mh/z; (1.C.12.2)
&=o,

h=0: {AO:M‘)COS%:A‘); (1.C.1.2.3)
5020

he N: {A-h:M”/z. (1.C.1.2.4)
&, =-0,

Equation (1.C.1.2.1) becomes (1.C.1.2.5):

£(9)= 3 A, coslho-&) =S4, (1.C.12.5)
f— it
Note that:
A=A, heZ. (1.C.1.2.6)

1.C.1.3 — DEFINITION OF COMPLEX BILATERAL FOURIER SERIES
A complex variable-phasor representation can be associated to the terms /A, of series
(1.C.1.2.5):

A,

=AM heZ. (1.C.1.3.1)
By partitioning variable and constant part in (1.C.1.3.1) we obtain:

A, =MNe 5 e =K, e, heZ. (1.C.13.2)
The constant part forms the complex constant-phasor representation in (1.C.1.3.3).
A, =N, heZ. (1.C.1.3.3)

From (1.C.1.2.5) and (1.C.1.3.1), we obtain:

f(z?):Re[ Z,Thj: Z’Th (1.C.1.3.4)
h=—c0 h=—co
In fact, we can prove that summation in (1.C.1.3.4) is real. Actually, we have:
Sh=24+> 1 +1,) (1.C.13.5)
h=—oco h=1
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where, in virtue of (1.C.1.3.1), (1.C.1.2.3), (1.C.1.2.5), (1.C.1.1.4), it results, for #=0:

A=A, =4 =M,cosp, =m,€ R,

whereas for (1.C.1.3.1), (1.C.1.2.2), (1.C.1.2.4), (1.C.1.2.5), (1.C.1.1.4) it results:

(Zh +I_h):(/Ll +A,)=M,cos(htd—¢,)=m,e R, he N .

Finally, note that:
A,=X,. heZ.

1.C.2 - SOME PROPERTIES OF FORTESCUE’S TRANSFORMATION

1.C.2.1 — BASIC PROPERTIES
Let consider the following complex Fortescue’s transformation:

x=F X

where:
= original (nx1) column vector;

X
F = TFortescue’s (nxn) transformation;
x = transformed (nx1) column vector.

with the properties listed as follows:

x=x* (xeR);

F=FT" (symmetric matrix);

F?= (F 2) " (hermitian matrix);
F’=F"'=F* (inverse matrix);

F'=U (4" root of the unity matrix).

Note that the Fortescue’s matrix behaves like the imaginary unity (7).

1.C.2.2 — DERIVED PROPERTIES

By exploiting the properties listed in §1.C.2.1, we can perform the passages as shown:

F’x=Fx=F"x*= (F *)H (xT)H = (xTF *)H = ((F‘)TF *)H = ()—CTFTF *)T

that is finally:
¥*=F’x

Moreover we can state:

or:

(1.C.1.3.6)

(1.C.1.3.7)

(1.C.1.3.8)

(1.C.2.1.1)

(1.C.2.1.2)
(1.C.2.1.3)

(1.C.2.1.4)

(1.C.2.1.5)
(1.C.2.1.6)

—x*

(1.C.2.2.1)

(1.C.2.2.2)
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CHAPTER 2

FAULT-RELATED FREQUENCIES CALCULATION FOR A
STEADY-STATE OPERATING MOTOR WITH BROKEN BARS

2.1 - PHASE CURRENT FREQUENCIES PRODUCED BY A FAULTY CAGE

2.1.1 — INTRODUCTION: PHYSICAL ASSESSMENT OF THE PHENOMENA

The principal aim of this chapter is the theoretical calculation of the main frequency
components that are expected to appear in the stator line current spectrum when one or more bars
are broken, and with constant speed. The knowledge of the fault-related frequency distribution
topology is of great concern and usefulness for practical monitoring and detection of rotor faults.

The Motor Current Signature Analysis (MCSA) is directed toward detection and measurement
of such frequencies for fault discovery and fault severity assessment, possibly by non invasive
continuous on-line monitoring of the machine status and health, [1].

A short description of the physical phenomena involved in fault-related current adjunctive
frequencies production in case of cage damage follows up.

Since in a healthy well-constructed symmetrical three-phase induction machine the air gap field
space harmonics are very small, they can be practically neglected in first approximation. The
successful wide use made of the single-phase equivalent circuit for many purposes is a clear proof
of this fact. This model has been used for diagnostic purposes, too, [2]. It is well known that a
mono-harmonic voltage symmetrical feeding applied to a healthy and symmetrical stator winding
will produce a sinusoidal rotating m.m.f. and field wave that will induce slip-frequency currents on
the rotor, with poor harmonic content. Rotor bar currents constitute a multiphase symmetrical
system with the same pole number as the stator field. Rotor currents produce a rotating field
synchronous with the stator one; field electrical angular speed is s with respect to the rotor, and @
with respect to the stator. When one or more bars are broken, or with end-rings damaged, the cage
electrical symmetry is lost and it appears to the stator field as an unbalanced load, [1].
Consequently, the rotor current multi-phase system loses its symmetry as well. By applying the
Multi-Phase Symmetrical Component Transformation (MPSCT, by using a Fortescue’s complex
matrix) to the current system, it is recognized that many symmetrical component systems rise up,
together with the 2P-pole direct system (P being the rated number of machine polar pairs) already
present in the healthy machine. In particular, the amplitude of the 2P-pole reversed system is never
neglectable, and usually greater than other systems’s amplitude. The 2P-pole reversed system
produces an inverse-rotating field in the air-gap, with angular electrical speed -sw with respect to
the rotor and (1-2s5)w with respect to the stator, superimposed to the direct one. The reverse field
links with the stationary windings, inducing (1-2s)f frequency currents. Such currents are limited
only by the stator impedances (resistances and leakage reactances, usually very low) and by the
feeding system impedances (line, transformer, etc., very low as well), [1], [3], [4]. Obviously, the
same reasoning holds true for Voltage-Source-Inverter feeding, but not for Current-Source feeding.
In the latter case, (1-2s)f frequency can be detected in the feeding voltages, instead.
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It must be kept in mind that the reverse field is “seen” from a stator-fixed reference frame as
rotating in the rotor verse at steady-state (low slip), whereas it rotates in the opposite direction at
starting, and furthermore at half-speed (slip s = 0.5 with respect to synchronism) it doesn’t induce
e.m.f.s into the stator circuits.

The superimposition of the “normal” fundamental-frequency line currents (without faults) with
the fault-related ones make rise a current amplitude modulation with double slip frequency 2sf. As
a consequence a pulsating torque appears with frequency 2sf, which produces some rotor
mechanical speed oscillations with the same frequency and with an amplitude limited by the global
drive mechanical momentum of inertia. These fluctuations reduce the (1-2s)f frequency current
sideband (Lower Side-Band, or LSB) amplitude but make rise a current harmonic with frequency
(1+2s)f (Upper Side-Band, or USB). Finally, two sidebands will appear in the phase current
spectrum, displaced of +2sf aside the fundamental line, [5].

Classical MCSA is mainly employed with attention to LSB and USB for fault detection and
monitoring, but many other frequencies can be exploited for the same purposes, and with better
performances. This will be demonstrated in the following of this book. In particular, harmonic
current-related sidebands (with non-sinusoidally fed motors) can be monitored by MCSA, and their
values used for fault severity assessment.

2.1.2 — FAULT-RELATED FREQUENCIES CALCULATION

As it will be mentioned in §(3.1.1), the exact determination of the phase current spectral content
requires a doubly-infinite dimensional harmonic balance, but the complications related to this
approach can be avoided by doing some simple and essential physical considerations about the
machine practical operating conditions.

The model developed in Chapter 1 will be exploited for stator-linked fluxes calculation when an
asymmetrical system of slip-frequency currents flows in the cage. The iso-frequency loop current
system is firstly decomposed into multiphase symmetrical component systems; then, stator-linked
fluxes are computed for every component systems. Flux frequencies are then directly related to
stator-induced e.m.f.s, and consequently to polar belt current frequencies. Due to circuit
arrangement in the windings, only someone of the infinite frequencies theoretically previewed
actually appears in the real line motor current. Useful frequencies will be computed and described
by using opportune graphical loci. The frequency calculation method applied in this Chapter is
alternative to the classic one, exposed in [5]. In paper [5], fault-related frequencies were carried out
by considering a different model, obtained by superimposition of the healthy machine currents with
currents of a short-circuited stator and of a rotor with an opposite current injected in the broken bar.
This method has become very popular in the scientific literature, and it remained the only
theoretical explanation for fault-related frequencies genesis until now. However, it is not
completely correct about fault harmonic amplitude calculation, since it is not based on a true
physical harmonic balance of the induced e.m.f.s. Differently, the method exposed in this Ph.D.
thesis and based on MPSCT, permits not only the frequency calculation, but also conducts to the
correct way of setting out the real harmonic balance, for current sideband amplitude calculation,

[6], [4].

2.2 - MULTI-PHASE SYMMETRICAL COMPONENTS FOR SINUSOIDAL TIME-
VARYING CURRENT SYSTEMS

2.2.1 — METHODOLOGY: FORTESCUE’S TRANSFORMATION

The symmetrical component method was introduced in 1918 by Charles L. Fortescue in a work
presented at the 34” AIEE Annual Convention [7], and it was primarily devoted to the analysis of
asymmetrical steady-state operation of rotating machines. The engineers involved in power plant
faults and protection immediately began to use this analytic tool and they applied it to three-phase
lines and power apparatus. The possibility of uniquely decomposing an asymmetrical system of n
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complex quantities which, according to C. P. Steinmetz, represent n iso-frequency sinusoidal time
varying quantities (e.g. currents), in the summation of #» symmetrical systems, each one made up by
n symmetrical components, together with the application of the superimposition principle,
furnished a powerful conceptual instrument for analyzing practical non-ideal or faulted electric
systems.

Nevertheless, the three-phase symmetrical component transformation is only a particular case of
the Fortescue’s transformation, which can be more generally referred to as the “Multi-Phase
Symmetrical Component Transformation” (MPSCT); furthermore, the recently renewed interest in
analyzing faulted and asymmetrical machine operating conditions has pushed again researcher’s
attention toward the application of MPSCT in their more general form, [8], [9], [10].

In this Ph.D. thesis, MPSCT has been applied to induction machines with unbalanced (faulted)
structure, where the machines are intended as generical (n,m) polyphase circuit systems, with no
limitation on the number of phases, [11], [12]. The basic machine structure here considered has
been introduced and described in Chapter 1, that is, a uniform air-gap machine (double cylinder)
with cage rotor and cyclic-symmetric stator windings, accordingly to the real structure of medium-
large size power induction motors widespread diffused in the industry.

2.2.2 — DECOMPOSITION OF A MULTI-PHASE ASYMMETRICAL SYSTEM OF CAGE CURRENTS

In this paragraph, some fundamentals will be exposed about the multi-phase symmetrical
components transformation, and proper notation will be introduced. The procedure will be referred
to the rotor circuits, but it can be naturally extended to stator circuits, with minor changes on the
formal notation. Let consider a squirrel cage with m bars, and m loop currents as depicted in
Fig.2.1.

\

Fig.2.1. The squirrel cage and the loop currents. End-ring current has been neglected (healthy rings).

The loop currents iz, , kK = 1,...,m, are sinusoidal time-varying waveforms with the same
frequency (slip frequency), but generally with different amplitudes and phases not regularly
distributed. They form therefore an “asymmetrical system” of currents, and they are formally
expressed as in (2.2.2.1).

iy()=1y coslswt—gy),  k=L..m. (2.2.2.1)

Symbols in (2.2.2.1) are defined as follows:
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I, = K"maximum current amplitude
O = k" waveform phase

s = slip

@ = angular frequency

t = time

A complex representation can be immediately associated to the asymmetrical current system
(2.2.2.1), as in (2.2.2.2), where the k2 “rotating phasor” has been introduced.

~ A

—f etren) o1 m. (2.2.2.2)

Rk

By separating in (2.2.2.2) the constant part from the variable part (the latter being independent
from loop index k), we obtain (2.2.2.3):

Ty =lge . =T, """ k=1l,...m (2.2.2.3)

where the k% “constant phasor” has been defined, as in (2.2.2.4).

Ty =Iye ™  k=1..m. (2.2.2.4)

The generic unbalanced system (2.2.2.4) has been illustrated in Fig.2.2.

Im
T ‘m
I

~i|

R8

~N

R3

Fig.2.2. An asymmetrical phasor system for m = 8.

Phasors in Fig.2.2 rotate synchronously with angular speed sw, and their real components
represent the set of real loop cage currents.

The unbalanced system (2.2.2.1) can be univocally decomposed in the summation of m
balanced systems, with the same frequency and with polar order (number of polar pairs) spanning
from 0 to m-1; this decomposition can be immediately written by using the constant phasor
representation (2.2.2.4), and the Fortescue’s matrix of order m, as in (2.2.2.5).
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iR] 1 1 1 1 1 ’R(O)
] B -2 ~(m-2) ~(m-1) 0]
Iy, | 1 o o, o, o, I, (2.2.2.5)
— =—1 o -2 o -4 o -2(m-2) a -2(m-1) j (2)
].(3 \/Z R R e R » R
iRm |1 O{R_(m_l) gR'z(’"‘” N OCR_(m_Z)('"_l) aR—(m—l)Z ] iR(m—l)
where:
)
o,=e'*,and O, =27/m. (2.2.2.6)

Definition (2.2.2.5) for symmetrical components | ,gﬂ is not complete, since it does not
consider values for index ¢ outside the integer set [0, m-1]. Equation (2.2.2.7) extend (2.2.2.5) to
any signed integer g:

10 = flmein) gae 7z (2.2.2.7)

R

The expression (¢ mod m) — i.e., ¢ modulus m — furnishes the “polar order” of the single system.
The definition (2.2.2.5) can be posed in synthetic form as in (2.2.2.8):

IAEARIA (2.2.2.8)

obtained by introducing the rotor loop current column vector (2.2.2.9):
7ol = T =1 T} (2.2.2.9)

and the rotor symmetrical component current column vector (2.2.2.10):

el = {70, =L R}, 22210

q

For obtaining an explicit formal expression for each symmetrical component system, equation
(2.2.2.5) can be expanded as follows:

T, 1 1 1 1
Iy ! a o o, " (2.2.2.11)
T |l= =110 +—| 7 L0+ a7 [P+ +—|g 200 ]I 777
ol T ot B ol ) L R
Iy, 1 o, " A o, ]
that is, more synthetically:
— r 0 ]
Ty (O’Rq) I
— 1 -
To| ., | (o) o g |18 (22.2.12)
Pl L ()" |1 = Lol -
1:3 q:()'\/Z R 8 q:O'\/; 3
Iy, _(Oqu )7('"71)_ Iy

In compact form (2.2.2.12) becomes (2.2.2.13):
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[7.]= Zl [ ] (2.2.2.13)

where the column vector of the phase components of the ¢ symmetrical system has been

introduced, as stated in (2.2.2.14).
- - A —jold) _ ~(k-1) =
o], ={ 1w} ={iwe} (e rw} . (22.2.14)

(Note that symbols [I_ I(f)] and | 1(;]) in (2.2.2.14) have different meanings. The square brackets refer

to all the elements of a mono-dimensional array, whose first element is embraced by the brackets
themselves).

From (2.2.2.14) and (2.2.2.10), amplitude and phase of the generic k% phase component of the
g% symmetrical system can be carried out as in (2.2.2.15).

7a) _ 7(q)
Rl s | 02215
o =g +(k-1)g8,  k=l...m

Equations in (2.2.2.15) clearly state that all the phase components belonging to the same
symmetrical system have the same amplitude and phases equally spaced by the incremental angular

7(q)

displacement gdg. Thus, the complex phasor /5’ corresponds to the following real time-function:
i) =19 cos(swt - —(k-1)g5,), q=0,.om=1, k=l.,m. (22.2.16)

From (2.2.2.12) the generic k% total phase current is carried out as the summation of the
correspondent k& components of all the m symmetrical systems, as reported in (2.2.2.17):

m—1
:Ziig), k=1,..m. (2.2.2.17)

q=0

By using the correspondent real sinusoidal time-functions (2.2.2.1) and (2.2.2.16), the general
complex expression (2.2.2.17) can be rewritten on real quantities:

m—1

le Z \/— le

k=1,.,m. (2.2.2.18)

2.2.3 — GRAPHICAL REPRESENTATION OF SYMMETRICAL SYSTEMS

In Figs. 2.3-2.11 some graphical representations of poliphase symmetrical systems are given,
carried out by considering a cage with m = 24 bars. This is the case of a practical machine
experimentally studied, as reported in chapter W. The complex phasors / 1(;,1) of systems (2.2.2.14)
have been drawn on the complex plane containing iso-frequency phasors (with slip frequency),
near to the correspondent instantaneous real currents (2.2.2.16) evaluated at time # = 0 versus the
loop index k. For simplicity all systems have the same amplitude and phase goi") = 0. Fig.2.3 shows
the homopolar system (polar order ¢ = 0) with m identical currents. Fig.2.4 shows the system with
q = 1, alias the first direct symmetrical system (bipolar direct system). Figs.2.5 — 2.9 show other
systems with increasing polar order, for ¢ = 2, 3, 4, 5, 6. Note that the number of distinct phasors
that make up every system does not remain the same, superimposition being possible between
phasors of different phases. The antipolar system depicted in Fig.2.10 only exists when m is even,
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Fig.2.3. 0% order symmetrical system, [I_ Igo)] (homopolar system). Angular speed = 0.
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Fig.2.5. Second direct symmetrical system, [I_ ](22)] (direct quadrupolar system). Angular speed = sw/2.
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Fig.2.10. Twelfth symmetrical system, [I_ 1(2'2)] (antipolar system). Angular speed = 0.

Fig.2.11. First reverse symmetrical system, [1_ 1({1)] (reverse bipolar system). Angular speed = -sw.
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and is made up of sinusoidal time functions with alternate signs, since consecutive currents are
always in phase-opposition. As it will be proved in the next paragraph, homopolar and antipolar
systems does not produce rotating field components in the machine air-gap, but only field
distributions with static magnetic axes and time-alternate amplitudes. Fig.2.11 shows the reverse
bipolar system (symmetrical system with ¢ = -1), whose basic structure (with ¢1({1)= 0) is the

complex-conjugate of the direct bipolar system of Fig.2.4. Reverse systems produce reverse-
rotating air-gap fields.

2.3 — SPACE HARMONICS OF AIR-GAP MAGNETIC FIELD PRODUCED BY
PRACTICAL MULTI-PHASE WINDINGS FED BY GENERIC ASYMMETRIC ISO-
FREQUENCY SINUSOIDAL TIME-VARYING CURRENT SYSTEMS

2.3.1 — INTRODUCTION

In this paragraph, we shall consider a double-cylinder machine with uniform air-gap and
cyclic-symmetric windings distribution (that is, any stator/rotor phase has the same geometrical
shape and it only is rotated of equal angular increments, Js for the stator and J; for the rotor,
Fig.2.12).

The slots will be neglected since their harmonic contribution is not of concern in this work. It
will be demonstrated (by simulation) that slots do not sensibly influence the field harmonic content
here considered relevant for broken bar diagnostics.

Fig.2.12. Cyclic-symmetric (n,m) windings structure.

The practical winding distribution will be taken in account by expanding in Fourier series the
harmonic field components produced by the single coil. Then a generic asymmetrical system of
iso-frequency sinusoidal currents will be considered flowing in the rotor circuits only (but the
formal treatment is valid for stator circuits too), and all the radial field components will be added
together by exploiting the superimposition principle (linear magnetic materials).

2.3.2 — HARMONIC DECOMPOSITION FOR AIR-GAP MAGNETIC FIELDS

Let consider, for example, a set of cyclic-symmetric rotor circuits as depicted in Fig.2.13-a),
where a cage has been decomposed in m elementary loops. The radial magnetic field Hg,
(A-turns/m) produced by the 12 loop current ix, is generally function of the angular position % and
it is proportional to the current itself, Fig.2.13-b). ¢k is the angular coordinate in a reference system
fixed to the rotor, with polar axis superimposed to the first rotor loop magnetic axis.
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Fig.2.13. a) Rotor cage de-assembly in single loops. b) Radial magnetic field of loop R;.

In the present treatment we will not limit the field shape to the waveform shown in Fig.2.13-b), that
is purely indicative. The field can present any arbitrary shape, but however symmetric with respect
to the vertical axis H (really, this constraint can be easily removed). So, Hg (%%, t) admits the
bilateral Fourier series development (2.3.2.1).

H yy (0.1) = i 1y cos(hty )iy, (1) (2.3.2.1)

h=—oc0

with:
D=1, heZ. (2.322)

Note that (”)nR represents the 4% harmonic field maximum amplitude for unity current. The other

rotor loops produce magnetic fields with the same shape, but with magnetic axis displaced by a
regular increment:

Hio(0ut)= 3 " coslh(, — 8, )i, 1) (2323)
H,,(8%.1)= i“’)ﬂk cos[A(, —28,)]-ip (t) (2.3.2.4)

The general expression for index & variable is (2.3.2.5):

Hp, (z}R,t)z i (h)ﬂR Cos[h(ﬁ (k 1 le Z g Hy > k=L..m (23.25)

h=—co0 h=—co
where the A field harmonic produced by the A% loop compares, as defined in (2.3.2.6):

WH =", cos|h(B, - (k=1)8,)]-ir,, k=1,...,m, heZ. (2.3.2.6)

Rk

By doing summation of all fields (2.3.2.5) we obtain the total air-gap rotor field (2.3.2.7):
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Ll m

TR NTAES 35 SRR 3 SLZMED S8 @327)

k=1 k=1 h=—o h=—o0 k=1 h=—c0

in which g » compares, that is the total h™ harmonic field, (2.3.2.8):
(”)HR = z (h)HRk , hel. (2.3.2.8)

Obviously, " H . 1s the summation of the h™ field harmonics produced by all the rotor currents.

2.3.3 — MAGNETIC FIELD PRODUCED BY AN ASYMMETRICAL CURRENT SYSTEM
Now let consider applied to the rotor cage a sinusoidal m-phase iso-frequency current system,
generally asymmetrical, as (2.2.2.1) (rewritten in (2.3.3.1)).

iy ()=14 coslswt—gy ), k=1,.,m. (2.3.3.1)

By substituting (2.3.3.1) into expressions (2.3.2.5) or (2.3.2.6) and then in (2.3.2.7) we can obtain
the total air-gap field. But a better way is accomplishing a symmetrical component decomposition
of system (2.3.3.1) before, as stated in (2.2.2.18) or (2.3.3.2) for every single phase:

i),  k=l..,m (2.3.32)

1
i)=Y —il
() 2 T

where (from (2.2.2.16)):
i) =19 cos(sw t - - (k=1)g8,), q=0..om=1, k=1,..,m. (2.3.3.3)

The asymmetrical system (2.3.3.1) can be therefore seen as the summation of m current
symmetrical systems, as in (2.3.3.4).

(q)

iRl iRl
o], w1 | (2.3.3.4)
{ Ipg }k =|ips Z { Ik }A 7m l'(qz)
: :0 =0 :
iRm lgn)

The generic ¢ symmetrical current system produces the correspondent magnetic field, and it can
be demonstrated that the latter possesses the same polar order of the former, if higher order
harmonic fields are neglectable.

By substituting (2.3.3.2) into (2.3.2.6) the A" harmonic field due to the k% loop current can be
decomposed in the summation of ¢ components, as stated in (2.3.3.5):

(n)

geeey

q=0 m "
, (2.3.3.5)
*) | & (hq) he Z
= m, cos[h(zﬁ‘R —(k—1)5R)]T1Rk (t)=z TH
m q=0

m-1
1
Hy, Z(h)ﬂk COS[h(Z?R ] Z \/— le k=

3

=
Il
(=]
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In (2.3.3.5) the term ha) py # Tepresents the h™ harmonic field due to the k% loop current belonging

to the ¢” symmetrical system, and it is reported in (2.3.3.6).

(’“"’)HRk=(h)77Rcos[h(19R—(k—l)é‘R)]ﬁigj{)(t), q=0,..m=1, k=1,..m, heZ. (23.3.6)

By using the elementary field component (2.3.3.6) alternative expressions for formulas
(2.3.2.7) and (2.3.2.8) can be gained. By substituting (2.3.3.5) into (2.3.2.8) the total 4% harmonic
field becomes (2.3.3.7):

m  m—

1
WH g, hel (2.3.3.7)

rR=
k=1 g=0

whereas by substituting the latter in (2.3.2.7) the total air gap field can be obtained as a triple
summation, as in (2.3.3.8).

o m m-l

He= Y3 g, . (2.3.3.8)
h=—cok=1 =0
Now, by moving outside the summation on index ¢ in (2.3.3.7), we obtain (2.3.3.9):
m=1 _m m=1
W, =3 >ty =Nty heZ (2.3.3.9)
q=0 k=1 q=0

in which the 2% harmonic field due to the entire g% symmetrical current system appears, defined as
in (2.3.3.10):

tipg, =N g, heZ, q=0,.,m—1 (2.3.3.10)

m
R
k=1

whereas by moving outside the summation on index ¢ in (2.3.3.8) we get (2.3.3.11):

1 m-1

Z (h,q)HR — z (',q)HR . (2.3.3.11)
J—

q=0

N3

H,=
q

Il
(=}

In (2.3.3.11) the total air-gap magnetic field is obtained as the summation of the fields produced by
all the single symmetrical current systems. The ¢” symmetrical current system produces the field
expressed in (2.3.3.12), where the summation of all the correspondent harmonics is performed.

Cog, =3 "H,, g=0,..m-1. (2.3.3.12)

h=—oo

2.3.4 — MAGNETIC FIELD PRODUCED BY A SINGLE SYMMETRICAL CURRENT SYSTEM
Let now proceed with the actual calculation of “9f < - By using definitions (2.3.3.12),
(2.3.3.10), and (2.3.3.6), the following formula (2.3.4.1) performs the task:

o, = 33 Uy cosln(s, — (k-1)5, )]%ijgj . g=0,m—1 2.3.4.1)
h=—c0 k=1 m
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in which the term (2.3.3.3) can be substituted as in (2.3.4.2).

“H, ii 1, cos[h(e3, — (k=1)8, )]— ! IARcos(sa)t—gogf)—(k—l)qéR) (2.3.4.2)
h=—co k=1 \/E

By exploiting the trigonometric identity coseacos /3 =(cos(a+ B)+cos(a— B))/2, the second
member in (2.3.4.2) splits in two parts:

("q)HR= Z( 2\/_ Zcos(+sa)t+hl9 ¢R (h+q)(k—1)5R)+

h__m

(2.3.4.3)
+Z’177Rﬁ1 Zcos( sot+ht,+ o —(h-q)k-1)5,)

h=—co k=1

Both the summations on index & in (2.3.4.3) represent the sum of terms belonging to symmetrical
systems with m phases and order (4+q) and (h-q). It is easy recognizing that such summations are
always nil, with exception for the homopolar systems, where the conditions (4 +¢)modm =0 for
the first summation and (h - q)modm =0 for the second hold true. So, expression (2.3.4.3) can be
simplified as in (2.3.4.4).

. c 1 7
(’Q)HR = Z (h)nR —2\/_ I§Q)mcos(+sa)t+hz9R —(pl(;’))+
=—oco m
(h+q}3modm 0 (2344)
+ Z 77R \/_ mcos( sa)t+h29R+(p1(;’))
r=—oo
(h—q)modm=0

The two summations at second member in (2.3.4.4) are equal: this can be proved by reversing
argument sign in the first cosines function, by reversing index % sign (note that summation is
bilateral), and finally by observing that (h)nRz(’h)nR, Vhe Z and that condition
(~h+g)modm=0 is equivalent to (h—g)modm=0. So, the expression (2.3.4.5) directly
descends from (2.3.4.4):

Cop, = Y U i9mcos(swt-hs, —pl)), q=0,..om—1. (2.3.4.5)
(h—q}ﬁ*l_(:; m=0

The generic 4% term of summation (2.3.4.5) must not be mismatched with the correspondent
h% term of summation (2.3.3.12), since one of the summations in (2.3.4.4) has been reversed. So, a
different notation will be used for indicating terms of (2.3.4.5), as stated in (2.3.4.6).

(ha) yas. _ (h)ﬂRIAI(?q)\/ECOS(Sa)t—hﬂR—(pf;”), if(h—q)modm:O; heZ (0346
Hy 0 . ( )

if otherwise; q=0,..,m—

)

The index “a.s.” in (2.3.4.6) stays for “anty-symmetric” summation term. Equation (2.3.3.12)
converts then to (2.3.4.7):

“OH, = "He g=0,.,m—1. (2.3.4.7)

h=—oco0
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The expression (2.3.4.5) (or, in alternative, (2.3.4.7)) furnishes the air-gap magnetic field produced
by the generic ¢ symmetrical rotor current system; the harmonic composition of such a field can
be better understood by representing loci (h—g)modm =0 on the (k) plane, as depicted in
Fig.2.14. The geometric loci (7—g)modm =0 correspond to straight lines of equations /-g = 0,

+m, £2m, £3m,..., where terms (2.3.4.6) exist; since index ¢ is defined modulus m, the range 0 < ¢
< m-1 (or equivalents) can be considered, so reducing the whole locus to a saw-tooth curve.

Fig.2.14. Graphical representation of loci (h-¢g)modm = 0 on (4,q) plane.

Therefore, the generic term "“/f < in (2.3.4.7) exists different from zero only in

correspondence to particular couples of integer values of indexes (%,q), located on the saw-tooth
curve of Fig.2.14; stated a particular value for index ¢, say ¢', the non-zero terms correspond to the
couples (), (h".q"), (h"q"), ("), (" g, etc..

Instead of defining the index ¢ range as 0 < g < m-1, a more intuitive way is the following:

qe[_%+1 , %}QZZM, m even; (2.3.4.8)
gel-mx L m 1l 7z M. modd; (2.3.4.9)
2727 2 2

so a positive value of index ¢ corresponds to a direct system, whereas a negative value corresponds
to a reverse system. Figs. y.15 a) and b) show the (%,g) loci for m even and odd, respectively.
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Fig.2.15. Graphical representation of loci (4,q) for m even and odd.

Generally, terms of (2.3.4.5) are magnetic sinusoidal waves with |24| poles, progressive for 4 >
0 and regressive for & < 0, which can be referred to as “polar wheels”, and whose angular speeds
can be obtained by differentiating the phase made constant, as in (2.3.4.10):

(swt-hs,—p¥)=cost. = swdi-hdd,=0 = %:%- (2.3.4.10)

dt

Being sw/h the relative speed with respect to the rotor, the generic wave is more and more slow
with increasing |4].

So, stated a value for index ge M, on condition that g # 0 and g # m/2 (m even) - that is, if the
applied symmetrical current system is not of homopolar or antipolar kind - the summation in
(2.3.4.5) furnishes an infinite series of harmonic fields, both progressive and regressive, with
different polar pairs and speeds. Being the sum of such discordant waves, the resultant air gap field
does not possess a constant shape.

Fig.2.16 shows the case for m = 56 and g = 2, which corresponds to the rotor cage of a
practical asynchronous motor studied more deeply in Chapter X.

1114

84/112 140
m=56,q4=2

Fig.2.16. (h-q) locus for m = 56 and g =2; ge[-27, 28]=M.

The progressive polar wheels obtained for (4,q) = (2,2), (58,2), (114,2),...are listed as follows:

97



Chapter 2 — Fault-Related Frequencies Calculation

CApres L 1056 cos(sw t - 28, — o), d = % (2.3.4.11)
(2 ppes =68 10)/56 cos(sw ¢ - 5883, — o), d = % (2.3.4.12)
(2 e 04y 7056 cos(swt — 1145, —9?), &, = % (23.4.13)

whereas the regressive polar wheels obtained for (4,q9) = (-54,2), (-110,2),...are the following:

(42 pas 0y 1056 cos(sw 1 +540, - ), = _g (23.4.14)
(102) pras. (10, ) [56 cos(sa) t+1108, — goﬁf)), &, = —% : (2.3.4.15)

Generally, the amplitude of coefficients (h)nR decreases very rapidly with index / increasing,
and the harmonic fields other than /# = g can be neglected.

2.3.5 — THE HOMOPOLAR FIELD

The case for g = 0 (homopolar current system) must be discussed apart, as well as the case for
q = m/2 (m even) (antipolar system).

Equation (2.3.5.1) shows the homopolar loop current system (from (2.2.2.16)), with m
identical currents:

i) =19 cos(swt-g"), k=1,..m. (2.3.5.1)

For ¢ = 0, the condition (h—q)rnodm =0 in (2.3.4.5) is verified for 7 = 0, £m, +2m,... The
term for (4,9) = (0,0) is (2.3.5.2):

0O pres =00 FOJm cos(sw t — ), (2.3.5.2)

and, admitted the existence of coefficient (O)nR different from zero (really, if the flux density is
considered to be a solenoidal field on the machine plane, this coefficient is zero; but otherwise,
since the flux density is only solenoidal in the space, it is generally non-zero), it is easily
recognized that the homopolar field (2.3.5.2) has a value constant with respect to the angular
coordinate 2%, but oscillating in the time.
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Fig.2.17. The homopolar field (%,q) = (0,0), with the axial components represented.

The homopolar field (2.3.5.2) is clearly a uniform radial field in the gap, Fig.2.17, not rotating but
only alternating. His presence must be accompanied by some amount of axial fluxes.
For g = +Km, KeN, in (2.3.4.5) the fields with the same number of poles must be summed in
pair, as in (2.3.5.3):
(.,O)H;J.:(O,O)Hg.& + ((7m,0)H;J.+(m,0)H;4s. )+ ((72}?1,0)[_1;.&.+(2m,0)H;J. )+ s (2353)
The generic K% couple of counter-rotating fields furnishes the following sum:

(Km0) e (Km0 as _6mp FO) 3 cos(sw t— V) cos(Kmd,), KeN. — (23.54)

Equation (2.3.5.4) states that superimposition of the two counter-rotating fields for # = +Km
produces a field with the same number of poles, 2Km, alternative but not rotating.

Fig.2.18. a) Homopolar field with m polar pairs. b) Homopolar field with 2m polar pairs.
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Fig.2.18 shows two examples of homopolar fields, for # ==+m and & = £2m.
Finally, by using the expressions (2.3.5.2) and (2.3.5.4), summation (2.3.5.3) yields the total
homopolar field as in (2.3.5.5):

(0 ppas-=0p [ \/_cos(sa)t—(pR )+Z K’"an,(eo)\/ZZcos(sa)t—¢7§°))~cos(sz9R) (2.3.5.5)
K=l
and then as in (2.3.5.6):

O pas = f,(eo)\/gcos(sa) t— (p,(f))' i "y cos(Km, ). (2.3.5.6)

K=—o0

The equation (2.3.5.6) is the special form assumed by (2.3.4.5) for g = 0. It clearly results that
the dependence of ("O)H,‘;"“ on space and on time is separated, and that the dependence on %% is

periodic with angular period equal to 2n/m, coincident with Jz (rotor loop angle). Therefore the
flux linked with every loop is the same, and time-pulsating. Obviously, the net flux must re-enter
axially from the front and the back of the rotor, Fig.y.17. This fact can be interpreted by
considering that, loop currents in (2.3.5.1) being equal, the bar currents are null whereas two
identical currents actually flow in both the rings, with opposite directions.

The axial flux can be exploited as a fault indicator, since its presence denounces that the end-
ring loop current exists different from zero, so an asymmetry must affect the stator windings or the
cage end-rings (ref. §1.3 in Chapter 1). In fact, the end-ring loop equation (1.2.4.2) can be rewritten
more explicitly as follows:

. dl d .
0=Ryi, - ZZRA +L,—5+ ESl ZlSu ERIEZle (2.3.5.7)
k=1

141

where only the stator and rotor current homopolar components appear (in form of loop current
summations), together with the derivative of the end-ring loop current. So, the dynamics of current
ip is directly linked to the stator and/or rotor current homopolar components. If one of this
components is non-zero, the end-ring loop current flows, so making unsymmetrical the branch
current distributions into the two rings, since i virtually flows only in one of them. This loss of
symmetry between physical currents in faced segments of the two opposite rings clearly indicates
an anomaly, since in a healthy machine the currents in the rings are specular. So, axial flux sensing
and monitoring can give information about existing homopolar components in stator/rotor currents,
and so about stator winding and end-rings health status. Anyway, theoretically broken bars do not
produce axial flux (ref. §1.3 in Chapter 1).

2.3.6 — THE ANTIPOLAR FIELD

The case for ¢ = m/2 (only possible if m is even) is another particular case that must be
considered apart. In fact, the antipolar symmetrical current system (2.3.6.1) produces air-gap field
waves of the same type, i.e. antipolar fields.

iI({,'Z/z)(t)—I('”mcos(sa)t Pl — (k—l)%@e), k=1,..m. (2.3.6.1)

Note that mdx/2 = w; so, consecutive loop currents are always in phase-opposition.
The condition (h—g)modm =0 of (2.3.4.5) yields:

(h—g)modm=0 = h=m/2, m2+m, m/2+2m, m/2+3m,... (2.3.6.2)

100



Chapter 2 — Fault-Related Frequencies Calculation

or, in other words:
h=+m/2,+3m/2, £5m/2,... (2.3.6.3)

and terms of (2.3.4.5) can be summed in pairs; for the generic couple 2 = +Km/2, K= 1, 3, 5,..., the
summation yields:

m m

[_K%’OJH;"'+[K?0)H;""=[ 2]77Ri£%)\/% 2 cos[sa) - (o,[:;)] - cos[K 2 ﬁRJ L K=135,.. (2.3.64)

and, from (2.3.4.5) and (2.3.6.4), the total antipolar field can be written as in (2.3.6.5):

['%]H;,s. — i [K%]nRjIE%)\/EZ COS[S(O ‘- ¢IEV;)J . COS(K%ﬁRJ (2365)

and then as in (2.3.6.6):

(.’E)H;‘S' = IAE%J\/Z2 co{sa} t— (pg;jj : i [K%JUR cos[K % ﬁRj . (2.3.6.6)

The total antipolar magnetic field (2.3.6.6) has characteristics similar to the homopolar field
(2.3.4.20), since time-dependence and space-dependence are completely separated. The generic
antipolar harmonic field (2.3.6.4) is a wave with Km magnetic poles, pulsating but nof rotating; the
fluxes linked with contiguous loops are always sign-reversed (whence the name “antipolar’), Fig
y.19. So, the superimposition of all antipolar harmonic fields in (2.3.6.6) produces a total field with
pulsating amplitude but not rotating. Since the net radial flux coming out the rotor is zero, no axial
flux is present. In fact in (2.3.5.7) stator and rotor current summations are null, and no end-ring
loop current flows, so making the antipolar field not useful for axial flux monitoring and
asymmetries detection. Theoretically, broken bars can produce antipolar fields (provided that m is
even), but generally the correspondent frequencies never appear in the line current, unless the rated
number of machine poles is equal to the number of cage bars, that is an unpractical case (ref.
§2.5.2).

Fig.2.19. a) Antipolar field with m/2 polar pairs. b) Antipolar field with 3m/2 polar pairs.
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2.3.7 — DIRECT AND REVERSE MULTIPOLAR FIELDS

Generally, any rotor current sinusoidal symmetrical system produces theoretically an infinity
of harmonic magnetic fields, as stated in paragraph 2.3.4. However, in practical symmetrical
machines like those considered in this work, the harmonic fields (2.3.4.6) for |h| > m/2 are quietly
neglectable for many purposes, since their amplitudes are very small. This fact is due to the high
number of bars that usually make up the cage, so m is large and the coefficients (”)UR definitively

become small for a field made up with components like that shown in Fig.2.13. The same fact
keeps true for a winding with a limited number of polar belts, e.g. six or twelve as in Fig.1.1, since
in this case the single polar belt is usually well-distributed in many stator slots in such a way that a
single motor phase (made up of various belts) produces a good approximation of a sinusoidal air-

gap field with a precise number of poles. In this case, (”)775 coefficients become small already for

small index / values.

So, in this paragraph we only will make some considerations about the most important
harmonic fields, i.e. for 4 = g being g € M.

The following table 2.1 lists all polar orders (index g), polar pairs (P), pole number, and the
type of sequence order for symmetrical systems with m = 12 phases. Table 2.1 is both valid for
current systems and for the correspondent polar wheels.

Table 2.1. Symmetrical Systems for a Winding with m = 12 Phases.

q -5 -4 -3 -2 -1 0 1 2 3 4 5 6
P 5 4 3 2 1 0 1 2 3 4 5 6
poles | 10 8 6 4 2 0 2 4 6 8 10 12
seq. | rev. | rev. | rev. | rev. | rev. | homo. | dir. dir. dir. dir. dir. | anti.

The first direct symmetrical loop current system is obtained from (2.2.2.16) for ¢ = 1, and it is
reported in (2.3.7.1), Fig.2.20 a):

i0()=1cos(sw -l —(k-1)5,),  k=lm. 23.7.1)
The corresponding bar current system can be carried out from equation (2.3.7.2):
W)= =i, k=l..,m. (2.3.7.2)

Fig.2.20 b) shows a schematic representation of instantaneous loop and bar current distribution in
the cage, as long as the correspondent magnetic fluxes. System (2.3.7.1) produces the first direct
polar wheel (2.3.7.3), as it descends from (2.3.4.6) for 4 = 1, Fig.2.20 c):

(I’I)H;'S':(‘)UR[AI(;)\/Ecos(sa) L=t — q)fel)). (2.3.7.3)
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c)

Fig.2.20. a) First (bipolar) direct loop current symmetrical system (star phasors), with bar currents
(concatenated phasors), at time ¢ = 0, and for m = 12 phases. b) Actual cage current instantaneous
distribution; black and white arrows represent North and South magnetic poles respectively. ¢) First direct
polar wheel; the bipolar wheel rotates with progressive (counterclockwise) angular speed equal to sw.

The second direct symmetrical current system for ¢ =2 is (2.3.7.4), with bar currents (2.3.7.5):

iD0)=19 cos(swt -l —(k-1)28,),  k=1,..,m (23.7.4)

These systems are represented by means of complex phasors in Fig.2.21 a), whereas the
instantaneous loop and bar current distribution in the cage is shown in Fig.2.21 b).
The second direct polar wheel (2.3.7.6) (for & = 2) is shown in Fig.2.21 ¢):

CApes=Cip 1O m cos(sw t - 209, - o). (2.3.7.6)
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c)

Fig.2.21. a) Second (quadrupolar) direct loop current symmetrical system (star phasors), with bar currents
(concatenated phasors), at time ¢ = 0, (m = 12). b) Cage current instantaneous distribution and magnetic
poles. ¢) Second direct polar wheel; the quadrupolar wheel rotates with progressive speed sw/2.

Multipolar fields (direct and reverse) with ¢ # 1, 2 can be carried out as done for ¢ = 1, 2. For
example, the decapolar direct wheel (¢ = 5) will be represented for showing the twelve-bar cage
capability of producing a ten-pole revolving field (as a case limit).

The fifth direct symmetrical loop current system rises from (2.2.2.16) for ¢ = 5, and it is
(2.3.7.7), whereas equation (2.3.7.8) furnishes the corresponding bar currents, Fig.2.22 a):

i80)=1% coslswt - —(k-1)-56,),  k=1,..,m 2.3.7.7)
ie)=ig) =i0),  k=l.,m. (2.3.7.8)

In Fig.2.22 b) the actual instantaneous loop and bar current distribution clarifies what happens in a
cage with a quantity of magnetic poles close to the bar number. The resulting multi-pole magnetic
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field keeps its ability to rotate (the speed is one fifth the slip frequency), but it is obviously far from
sinusoidality. Really, the successive sequence multi-pole field (for g = 6, the antipolar one) does
not rotate. The fifth direct polar wheel (2.3.7.9), produced by system (2.3.7.7), is schematically
represented in Fig.2.22 c).

69pes=Cp 19 m coslsw t - 58, — o). (2.3.7.9)

"SR] !
Nan g
5y I

c)

Fig.2.22. a) Fifth (decapolar) direct loop current symmetrical system (star phasors), with bar currents
(concatenated phasors), (=0, m = 12). b) Actual cage current instantaneous distribution. ¢) Fifth direct polar
wheel; the progressive speed is sw/5.

2.3.8 — SUMMATION OF HARMONIC MAGNETIC FIELDS FOR ASYMMETRICAL CURRENT SYSTEMS
By reassuming the results of the previous paragraphs §2.3.3-2.3.7, if the cage is driven by a

generic iso-frequency asymmetrical current systems with m phases (that can be decomposed in m

distinct symmetric sequence systems), then the resulting air-gap magnetic field wave is the
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superimposition of all the harmonic waves, and the combination of equations (2.3.3.11) and
(2.3.4.7) yields (2.3.8.1):

3
,‘_.

m—

H,= }:jihﬁﬁg&. (2.3.8.1)

q=0 h

B
Il
(=]

If the variation range for index ¢ is defined as in (2.3.8.2):
gelo , m-1nz (2.3.8.2)

then condition (h—q)modm =0 in (2.3.4.5) produce loci as shown in Fig.2.23, for m both even
and odd. Note that in the double summation (2.3.8.1) every index / value appears one time only.

Fig.2.23. (h,q) locus for harmonic fields (m even or odd).

From Fig.2.23 it can be easily recognized that ¢ = # mod m; so expression (2.3.8.1) for the total
field changes as in (2.3.8.3):

HR — Z (h,hmodm)Hz.s. . (2383)
f—
that is, explicitly:
Z 1(?hm0dm \/_COS(SCU ¢ _hﬂ ¢Rhmodm ) (2384)

24 — CALCULATION OF STATOR-LINKED FLUXES PRODUCED BY CAGE
CURRENTS

2.4.1 — INTRODUCTION: CALCULATION HYPOTHESES

In this paragraph, the fluxes linked with every single stator winding belt by all the rotor
currents will be theoretically calculated, in the hypothesis that a generic asymmetrical system of
iso-frequency sinusoidal currents has been applied on the cage conductors, as stated in the previous
paragraph §2.2 and in particular in section §2.2.2.

The stator circuit will be considered unloaded, so that only mutual fluxes appear in the
following expressions.
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2.4.2 — STATOR-LINKED FLUX SYSTEMS

The column vector containing the n components of stator-linked fluxes is [y, (¢)] as

(nx1) °
defined in (1.2.2.4) and (1.2.2.5); the linear expression linking stator fluxes and rotor currents
contains the mutual stator-rotor inductance matrix, as reported in (2.4.2.1):

[‘//513 ( )] nx1) [ISR (ﬁ)](mvm) ’ [iR (t)](nvcl) (2.4.2.1)

or, by expanding matrices, as in (2.4.2.2):

Vsir (t) lSl,Rl (19) lSl,RZ (19) lSl,R3(19) lSl,Rm (19) im(t)
Vsaor (t) lsz,m(ﬂ) lsz,Rz (7-9) lsz,m (19) ZSZ,Rm (19) Ips (t) 2422
1//s311e (t) = Zss,m(ﬂ) ZS},RZ (79) Zssi,Rs (79) ZSS,Rm (79) : im.(t) . ( T )
Vsur (t) lSn,Rl (7-9) lSn,RZ (19) lsn,Rs (19) lSn,Rm (7-9) l'Rm. (t)

Since the rotor current column vector can be decomposed in the summation of m symmetrical
systems, as stated in equation (2.2.2.18) (rewritten in (2.4.2.3) in matrix form):

[ )= mZ(;T[ 0] (2.4.2.3)

then the stator-linked fluxes column vector in (2.4.2.1) can be decomposed in turn in the
summation of m component vectors; in fact by substituting (2.4.2.3) into (2.4.2.1) we gain:

m=1 -1

W l= Z[ZSR [sz] Z [ ] (2.4.2.4)

0

th

which can be written on single elements as in (2.4.2.5), for the u~ stator belt:
mel Ll 1 (2.4.2.5)
=y —wyot, u=l,..,n.
l//SuR o (n l//SuR

In (2.4.2.4) the generic ¢” component flux system has been introduced as stated in (2.4.2.6):

0,...,m—1 (2.4.2.6)

Ll L o

which represents the column vector of fluxes linked with all the stator circuits by the single g%
rotor current symmetrical system. The apex point between square brackets in [ géq]] means a total

summation on the correspondent index (index /4, as it will be introduced later), whereas apex ¢ is
the polar order of the inducing current system. Note that apexes are located between square
brackets (and not between circle brackets), for distinguishing the actual notation from bi-

symmetrical component notation. Moreover, [y/SRQ]] represents a n-component symmetrical system

itself, so justifying the coefficient 1/Vn in (2.4.2.4) — (2.4.2.6).
The mutual inductance matrix that appears in (2.4.2.6) can be expressed in form of bilateral
Fourier series as in (1.6.2.13) (reported in (2.4.2.7)):

=S[00, 2.42.7)

h=—oo
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with the A% order harmonic inductance matrix defined as in (1.7.2.8) (reported in (2.4.2.8)):
[(h);tSR ](nxm { Z‘SuRk }uk { A e 08(h 9= h(u =1)J; + h(k 1), )}uk , heZ (2428)

where
WA ="y, he Z. (2.4.2.9)

By substituting (2.4.2.7) in (2.4.2.6) we gain (2.4.2.10):

ﬁ[y/ N=S["4 SR] [ = i\/_y/g;q], g=0,..m-1. (2.4.2.10)

h=—o0 h=—o0

In (2.4.2.10), the stator-linked fluxes column vector produced by the g% symmetrical rotor current
system has been decomposed in the summation of the correspondent harmonic components. For the
single u” phase we write:

1 .
ﬁwgug]:hszgﬁg ,u=1l..,n, ¢=0,..m—1. (2.4.2.11)
where —— /4] appears, which is the flux linked with the » stator circuit from the ¢” rotor current

\/_

system by means of the 4™ harmonic inductance coefficient.

ylhd,
\/_SR

For evaluating the single element the definition (2.4.2.12) can be carried out from

(2.4.2.10):

1.
[y/Squ] [0 SR] N i), hez, g¢=0,..m-1. (2.4.2.12)
The latter can be rewritten in matrix form with explicit indexes, as in (2.4.2.13):

: { V/L[?Z;e] }u = {(h)ﬂ’SuRk}uk Lm{ il(gc)}k ’ heZ ’ 9= 0"“’m -1 (2‘4'2'13)

"

then, the aimed result is obtained by performing the matrix product, as in (2.4.2.14):

m

S hq]
Wu 173 l U.
\/— SR Z SRk\/_ Rk Z V surk

k=1 k=1 n

(2.4.2.14)

u=\1..,n, heZ, ¢g=0,..m-

The flux linked with the »? stator circuit from the A% rotor loop current of the ¢ symmetrical
system by means of the 2% harmonic inductance coefficient can be explicited as in (2.4.2.15):

lhal 1 (2.4.2.15)

\/— Vo= Asurk \/E LRk

k=l...m, u=1...,n, heZ, ¢g=0,..m-1.

108



Chapter 2 — Fault-Related Frequencies Calculation

In the following, the elementary flux component (2.4.2.15) will be firstly evaluated by
remembering definitions (2.4.2.8) and (2.2.2.16), and by supposing a constant motor speed:

)= L}Z“”+ o (2.4.2.16)

Successively, expressions (2.4.2.14), (2.4.2.11), (2.4.2.5) will be calculated by a back-ward
substitution. The final result can be formalized as in equation (2.4.2.17).

m—1

WSuR _Z Z

q=0 —oo  fr=]

u=1l,..,n. (2.42.17)

SuRk ?

-

2.4.3 — FLUX CALCULATION FOR THE SINGLE STATOR BELT

The flux linked with every stator polar winding (or “stator belt”) can be calculated directly by
evaluating the expression (2.4.2.17).

Firstly, the elementary flux (2.4.2.15) computing furnishes:

VR < 1 coslh— =106+ 108, coslsor—gff ~ (k- 1)g8,) 243D

k=1..m; u=1..,n; heZ; ¢g=0,..m—1.

then, by using the trigonometric formula 2cos e cos B = cos(a + )+ cos(a — ), from (2.4.2.14) it
descends:

Lyt Dl S 1) |
— Yol =——=") cos| wt| =(l—s)+s |+hd, —hlu—-1)o k=1\h—-q)o, |+
\/;v/SuR 2\/% kZ::, P( ) ( ) ¢R ( )( CI)R

+Mico{w (ﬁ(l s)= j+hﬂo_h(”_l)5s+(p1(*q)+(k_l)(h+q)5RJ
PN P

(2.4.3.2)

u=\,.,n, heZ, ¢g=0,.m-1.

Both the summations on index k in (2.4.3.2) represent the sum of symmetrical systems with m
phases and order (4-q) and (h+q) respectively. These summations are always nil, with exception for
the homopolar systems, for which the conditions (4 —g)modm =0 (for the first summation) and

(h+q)modm =0 (for the second) are verified. Expression (2.4.3.2) changes in (2.4.3.3):

1 (A @) W (h
ﬁl/féﬁ}?]={ﬁmcos wt E_S(F_lj +ht —h(u 1), — ¢ (h +
—-q

om0 (2.4.33)
(WA Jla) h h
SRR ot ——s| —+1||+ht% —h(u—-1)5; + o
(zm mco{ (P {P D — hu—1)5, +

u=\..,n; heZ;, ¢g=0,.,m-

(h+q)modm=0

By substituting (2.4.3.3) into (2.4.2.11), we gain (2.4.3.4):
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1 [o.q] N (h)ASRIA;aq) h [h j
— o= —= 2 wt| — —=1|[+hd, h 1)d;
N Vsur Z > m cos P P (u—-1) ¢R

hi=—oo

(h—g)modm=0 (243 4)
o0 A7)
+ Z Mﬂcos 't ﬁ— £+1 h, —h(u—1)5, + @\
Pt 2 P P
(h+q)modm=0

u=1.,n; q=0,..,m-1.

The two summations at second member of (2.4.3.4) are equal: it can be demonstrated by 1) cosines
argument sign changing in the second summation, 2) index % sign changing, 3) taking in account
(2.4.2.9), and 4) observing that the condition (=% +¢)modm =0 is equivalent to (h—g)modm =0.

By summing the two equal terms of (2.4.3.4), we finally obtain (2.4.3.5):

%@gl: > (”)ASRIA,(f)\/Zcos(wt(ﬁ—s(ﬁ—lj}thﬂo—h(u—l)é‘s—(p,(f)J (24.3.5)
n P P

h=—co

(h—q)modm=0
u=1,.,n; q=0,..,m

that can be synthetically rewritten as (2.4.3.6):

1 hd S a.s. — —
Ey/gu’g]:(h h)z;; OJ_nggl u=1l..,n, q=0,..,m-1 (2.4.3.6)
—q Jmod m=

by introducing the notation as in (2.4.3.7):

\/—l//g',,‘{ h)ASR[A,(f)\/Zcos(a) t(%—s(%—lj}+hz}0 —h(u—1)8 —@@J (2.43.7)

u=\..,n; heZ;, g¢g=0,.m-1.

The fluxes (2.4.3.7) must not be confused with terms (2.4.2.14), since the former have been
obtained by reorganizing the summation on index /4 (that is, one summation in (2.4.3.4) has been
reversed, so obtaining an “anti-symmetric” summation, whence the apexes “a.s.”

On index u = 1,...,n, fluxes in (2.4.3.7) constitute a n-components symmetrical system of polar
order (2 mod n); its study will be better developed in a successive paragraph of this chapter.

The terms appearing in the summation (2.4.3.6) can be reordered on the parametric plane of
the integer couples (h, q) as explained in the following. The condition (i—g)modm =0

corresponds to a particular geometrical locus containing an infinite number of parallel straight lines
as listed in (2.4.3.8):
(h—g)modm=0 & h—q=0, tm, +2m, £3m,.. (2.4.3.8)

Since the index ¢ range is defined modulus m, two different alternative definitions can be
carried out for m even or odd:

qe[_%ﬂ , %}QZZM, m even; (2.4.3.9)
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qe[_ﬂrl, ﬂ_l}mz:M, m odd; (2.4.3.10)

so a positive value of index ¢ corresponds to a direct current system, whereas a negative value
corresponds to a reverse system. Fig.2.24 a) and b) shows the (%,q) loci for m even and odd,
respectively.

A A
q q
) A mi2_ A" ! : 2
. . ——— - 7: ....... . 7: ...........
1 1 1
| o'/ | o | o/
' /m t-m/2 'm/2 m Z
| | |
i : v J-mi2+12
) ——— . — [, S _:/ ______ . _:/ __________
1 | -m/2
INDEX ‘g’ RANGE INDEX ‘g’ RANGE
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Fig.2.24. Graphical representation of loci (4,q) for: a) m even, b) m odd.

The final expression for fluxes (2.4.2.5) (total fluxes linked with any single stator belt) can be
obtained by simply substituting (2.4.3.6) into (2.4.2.5), as done in (2.4.3.11), (2.4.3.12) for the two
different cases of m even or m odd:

m/2 oo 1

Ver= D, > ——ylhdles u=1.,n  (meven) (2.4.3.11)
g=—m/2+]  h=—o n
(h—q)modm=0
m/2-1/2 oo 1
Vr= D, > ——yldles u=1,.,n  (modd) (2.4.3.12)
g=—m/2+1/2 (h_q;sz;(:im:o \/;

The latter equations together with loci shown in Fig y.21 furnish practical expressions for the
stator-linked fluxes, but more compact results can be obtained by assuming the range of ¢ as in
(2.4.3.13):

qe[O , m—l}mZ:M, m even or odd (2.4.3.13)

so obtaining graphical loci as shown in Fig.2.25, for m both even or odd.
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Fig.2.25. (h,q) locus for harmonic fields (m even or odd).

With these assumptions, expressions (2.4.3.6) and (2.4.2.5) furnish (2.4.3.14):

'S N 1 h,qla.s —
l//SuR = Z Tl//gu}?] T, U= 1,...,1/1 . (24314)
q=0 h=—c0 n
(h—q)modsz

which is valid for index m values both even and odd. Fig.2.25 clearly shows that every value of the
harmonic index /4 incurs only one and one time in the double summation of (2.4.3.14), and that the
correspondent value of index ¢ is ¢ = (A mod m); therefore, the double summation of (2.4.3.14) can
be compacted as done in (2.4.3.15):

N 1 modm |a.s.
WSuR = Zﬁy/g;}? ¢ ] , U :17"-7’1 (24315)

h=—oo

that is, ultimately:

Vor= 2 DA G I8 Im cos(a) t(% - s(% - 1D +hd, —h(u—1)8, - };'m"“m)j (2.4.3.16)

h=—co0

u=1,.,n.

The expression (2.4.3.16) gives all the symmetrical systems of fluxes linked with the stator
windings by a generic asymmetrical system of sinusoidal rotor currents. It is evident from Fig.2.25

that every harmonic inductance coefficient A < permits to one only symmetrical rotor current

system (of order ¢ = (h mod m)) to produce stator-linked fluxes, and that anyone flux system is
characterized by a particular polar order (4 mod n) and by a particular fault frequency, namely
W asin(2.4.3.17).

fault 2

" 0y = @ [% —s(ﬁ _1D , heZ. (2.4.3.17)
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25 - INDUCED STATOR E.M.F.S CALCULATION AND FAULT-RELATED
FREQUENCIES

2.5.1 — STATOR E.M.F. SYMMETRICAL SYSTEMS AND TABLE OF FREQUENCIES FOR MONO-
HARMONIC FEEDING

1 [h,hmodm]a.s.

ﬁ l//SuR

a correspondent n-components symmetrical system of induced electro-motive forces, obtained by
time-derivation of (2.4.3.7), as in (2.5.1.1):

Every stator-linked symmetrical flux system appearing in (2.4.3.15) produces

Le[h’q]“' = Ld l//[h’q]“A :_(h)wfault (h)ASRiJ(eq)\/ESin((h)@fauh t+ht, - h(u - 1)53 - ¢§eq)) (2.5.1.0

\/; SuR _EE SuR

u=\..,n, heZ, ¢g=0,.m-1.

The e.m.f. symmetrical system (2.5.1.1) keeps the same number of components, polar order and
frequency of the flux system (2.4.3.7). Such e.m.f.s produce in turn the correspondent fault-related
stator currents, that can be directly detected by spectral analysis (usually performed by FFT - Fast
Fourier Transformation). Thus, the presence of frequencies (2.4.3.17) in the current spectrum
usually characterizes a mechanical cage asymmetry, normally produced (in a isotropic rotor) by
broken bars.

By assuming conventionally a small slip (i.e. |s| << 1) and ® > 0 in (2.4.3.17), then (h)wﬁmh is
positive for A positive (i.e., direct systems) and negative for /# negative (reverse systems), so
resulting in symmetrical system always conventionally direct. Note that fault frequencies (2.4.3.17)
are not dependent on index ¢, but only on index /4, and on the number of polar pairs P that appears
in equation (2.4.2.16) (which states the rotor angular speed, in correspondence of the number of
polar pairs characterizing the impressed feeding voltage system, which is the motor rated P).

Table 2.1I lists polar orders, numbers of poles, types of system sequence and frequencies for
flux and e.m.f. systems (2.4.3.7) and (2.5.1.1), for & € [-24, +24], for P = 2 (four poles motors),
and for n = 12 polar belts. Frequencies visible in the line current spectrum are underlined (see
§2.4).

Fig.2.26 shows the (/,q) locus for a cage with m = 56 bars, and some fault-related frequencies.
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Table 2.11. Belt Frequencies in Faulty Four-Pole Machines.

h (h)wﬁml, o) g:é:; #poles type h (h)wﬁml, o) Eﬁiz #poles type
homopolar | 0 0+1s 0 0 homopolar

-1 -0.5+1.5s -1 2 direct 1 0.5+0.5s 1 2 direct
2 | A4s 2 | 4 direct | 2 | 1t0s 2 4 direct
-3 -1.5+2.5s -3 6 direct 3 1.5-0.5s 3 6 direct

-4 -243s -4 8 direct 4 2-1s 4 8 direct

-5 -2.5+3.5s -5 10 direct 5 2.5-1.5s 5 10 direct
-6 -3+4s 6 12 antipolar 6 3-2s 6 12 antipolar
-7 -3.5+4.5s 5 10 reverse 7 3.5-2.5s -5 10 reverse
-8 -4+5s 4 8 reverse 8 4-3s -4 8 reverse
-9 -4.5+5.5s 3 6 reverse 9 4.5-3.5s -3 6 reverse
-10 -5+6s 2 4 reverse 10 5-4s -2 4 reverse
-11 -5.5+6.5s 1 2 reverse 11 5.5-4.5s -1 2 reverse
-12 -6+7s 0 0 homopolar | 12 6-5s 0 0 homopolar
-13 -6.5+7.5s -1 2 direct 13 6.5-5.5s 1 2 direct
-14 -7+8s 2 4 direct 14 1-6s 2 4 direct
-15 -7.5+8.5s -3 6 direct 15 7.5-6.5s 3 6 direct
-16 -8+9s -4 8 direct 16 8-7s 4 8 direct
-17 -8.5+9.5s -5 10 direct 17 8.5-7.5s 5 10 direct
-18 -9+10s 6 12 antipolar | 18 9-8s 6 12 antipolar
-19 | -9.5+10.5s 5 10 reverse 19 9.5-8.5s -5 10 reverse
-20 -10+11s 4 8 reverse 20 10-9s -4 8 reverse
-21 | -10.5+11.5s 3 6 reverse 21 10.5-9.5s -3 6 reverse
=22 -11+12s 2 4 reverse 22 11-10s -2 4 reverse
=23 | -11.5+12.5s 1 2 reverse 23 | 11.5-10.5s -1 2 reverse
-24 -12+13s 0 0 homopolar | 24 12-11s 0 0 homopolar

q
A 144155 m/2 =28 Al
A
Fo15.5+16.55 12.5-11.55
/265427 55 : i
F.-274+28s ¢ '
0] | | o
56 28 8 275265556 |
27-26s -
26.5-25.55--,
26-25s -

f.-12.5+13.5s
f-13+14s
13.5+14.5s

2
|
i
]
I
!
]
]
l

15.5-14.5s -,
15-14s...,

L -m/2+] = 27— 14.5-13.55
L m/2=-28 - — — — . — Z ................

Fig.2.26. Fault frequencies (4,q) locus (for a cage with m = 56).
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2.5.2 — WINDING INTERNAL CONNECTION AND HIDDEN AND EXTERNAL FAULT FREQUENCIES

Due to the particular connection of the field belt inside the stator, and being known the phase
relation between fault-related e.m.f.s (2.5.1.1) induced on the belts, it can be easily previewed that
many frequencies among those reported in (2.4.3.17) cannot be measured in the line current
spectrum. In fact often belts with induced e.m.f.s in phase opposition come series or parallel
connected, so producing zero total e.m.f. or current recirculation inside the phase, respectively.
Circulating current cannot be measured, unless invasive sensors are specifically located inside the
machine.

To clarify the speech, the practical example of a machine with four poles, twelve polar belts,
three-phase, insulated neutral winding shown in Fig.1.4 in Chapter 1 will be used without loss of
generality. By considering, for example, the all-parallel belt connection of Fig.2.27, the phase
relation of induced e.m.f.s can be investigated.

Fig.2.27. Parallel belt connection and induced e.m.f's..

The sequence of expected fault frequencies are the same as reported in Table 2.II. The
formula (2.5.1.1), used here for n = 12, states that induced e.m.f.s form twelve-component
symmetrical systems, that can be homopolar, antipolar, direct, or reversed. Let consider them in
order.

Homopolar Systems (polar order = 0): the e.m.f.s have all the same phase, so belts with
opposite e.m.f.s come parallel two by two into the same phase (e.g. 1 and 4, 7 and 10 in phase A).
The consequent circulating current flows in the two parallel branches, so producing voltage drops
on branch impedances and balancing each one branch e.m.f. with the correspondent branch voltage
drop. In this way, no voltage appears between terminals of each branch, and no other consequences
are expected outside the machine.

Antipolar Systems(polar order = n/2, n even): in this case the e.m.f.s are alternatively in phase
or in phase opposition, but since half of the belts are reversed (even belts), the branch e.m.f.s
constitute actually an homopolar system, that cannot produce current since the neutral is insulated.

First Direct Systems (polar order = 1): the typical phase distribution of bipolar direct e.m.f.
systems is depicted in Fig.2.28. So, in each phase there are two couples of parallel branches with
opposite voltages (e.g. 1 and 7, 4 and 10 in phase A), and therefore two circulating currents flows,
that are in quadrature, Fig.2.29. The voltage drops balance the e.m.f.s, and no voltages appear
across any branch. Finally, no current flows outside the winding.
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Fig.2.29. Re-circulation of harmonic currents and voltage drops in the stator. Example for ¢ = 1.

Second Direct Systems (polar order = P = 2): e.m.f. systems with polar order g = P (being P
the machine rated pole pair number) behave differently from the previously analyzed systems. The
angular phase distribution is such that branch voltages are all concordant into the same phase (A,
B, C), but with 120° of leg displacement from one to another. So, a three-phase system of balanced
currents can be sensed superimposed to the line currents. All the frequencies with polar order =2 in
Table 2.1 can be actually measured and used as fault indicators.

Second Reverse Systems (polar order = -P = -2): it is ¢ = -P, and a reasoning like for the
preceding case holds true, with the only difference that the angular displacement is now 120° in
advance from one phase to another. Again, frequencies with ¢ =-2 in Table 2.II can be measured in
the line current for broken bar detection.

All other Symmetrical Systems (polar order # 0, n/2, + P): for all the direct and reverse
systems with ¢ # £ P, a situation analogous to that of the first direct system (¢ = 1) previously
analyzed incurs. Circulating currents flow around in parallel branches into each phase, and no
fault-related frequency appears outside the machine.

The considerations until now exposed about parallel-connected belt windings can be extended
to mixed series-parallel or all-series connected windings. The only difference is that the previously
considered branches are no more parallel, but series-connected, so no circulating currents appear,
but merely opposed e.m.f.s sum together giving zero total voltage.

Finally, for a given machine characterized by » stator belts and P polar pairs, from equation
(2.4.3.17) only those frequencies correspondent to values of parameter / satisfying the following
condition (2.5.2.1):

(h+P)modn=0 (2.5.2.1)
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actually produce harmonics in the line current spectrum and can be therefore used as broken bar
indicators. A graphical representation of these “external” frequencies ((h)a)faul,,ext) topology on the
(h, g) plane is furnished in Fig.2.30.

2618 ] 13125 Do DIRECT
2| 11-10s } _______ 17185 LRCREVERSE

E 3 A 5 N19-20s

0 7-65; L P

0. sasil _______ LN L 23245
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Fig.2.30. The saw-tooth curve on (h,q) plane is the locum of all the polar orders of fluxes linked with stator
windings by rotor current symmetric systems of generic order ‘q’. External frequencies have been reported.

In Fig.2.30, the straight lines for ¢ =+ P = £ 2 intersect the saw-tooth curve for those values of |/ |
which actually give “external” frequencies, and the polar orders of the correspondent e.m.f.
symmetrical systems are obtained with vertical axes passing by points marked D and R and
intercepting the thomboidal locus.

An important remark must be done about eq. (2.5.2.1). As discussed in §1.1.2, in practical
industrial motors usually the number of stator belts » is made equal to the number of phases (= 3)
by the number of poles (= 2P). With this hypothesis, (2.5.2.1) simplifies in (2.5.2.2):

(%il)mod6 _0 (2.52.2)

so the ratio #/P in (2.4.3.17) can only assume the discrete values: 1, +5, +7, +11, +13,..., and
(2.4.3.17) turns in (2.5.2.3):

(ﬂ)wfault,ext,pract = (/l - S(/,l - 1)) i (2523)

u==x1,%5 27 +11,£13,...

which furnishes only the external broken bar-related sidebands for practical winding machine, and
independently from the machine polar pairs. So, the same fault signature can be expected in the
current spectrum when rotor bar breaks, in ordinary industrial power motors.
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2.5.3 — FAULT FREQUENCIES IN CASE OF NON-SINUSOIDAL FEEDING

An important extension of equation (2.4.3.17) concerns motors fed by non-sinusoidal feeding. If
the feeding voltages contains harmonics of not too much high orders (e.g. a square-wave or low
pulse-number PWM inverter feeding), then eq. (2.4.3.17) can be used by replacing the angular
frequency @ and the slip s respectively with the harmonic pulsation ©" = vo and with the
corresponding harmonic slip s = 1-(1-s)/v, so obtaining the more general formula (2.5.3.1):

ey, =va (ﬁ _(1 _(“_SD . (ﬁ _ 1}} (2.5.3.1)
P 14 P

he Z; v=1,-57,-11,13, ...

The spectral content furnished by (2.5.3.1) is much more rich of sidebands than that
correspondent to mono-harmonic feeding. Fault-related frequencies for non-sinusoidal feeding can
be readily obtained according to the same reasoning made in the previous §2.5.2, by simply
substituting harmonic frequencies and slips in Table 2.11.

In the following of the thesis, it will be demonstrated that many of the new spectral lines or
sidebands (harmonic current sidebands, HCSBs) can be successfully used as fault indicators, when
properly rationed each one to the corresponding mother-harmonic (ref. $xxx in Chapter w).

As already seen about fault frequencies theoretically previewed in (2.4.3.17) for mains-fed
motors, the practical electric belt connection in the winding annihilates many terms in (2.5.3.1) as
well. By taking also in account the constraint (2.5.2.2), the externally visible (measurable, and then
useful for diagnostic purposes) sidebands for practical winding machines can be obtained by
substituting »" and s into (2.5.2.3):

(#’V)wfau[t,ext,pr'act =vaw (ﬂ—(l—(l—s)/V) (ﬂ_l)) (2532)
u==x1,x5 7, +11,+13,...; v=1,-57,-11,13,...

Frequencies by (2.5.3.2) have been reported in Table 2.111, for v=1, -5, 7 and for g = +1 + £19.

Table 2.111. Fault-Related (Externally Visible) Frequencies for
Fundamental and Higher Feeding Harmonicas in Practical Machines

v 1 -5 7

Jad tu -H tu -4 tu -H

1 1 -1+2s -5 -7+2s 7 5+2s

5 5-4s -5+6s -1-4s -11+6s 11-4s 1+6s
7 7-6s -7+8s 1-6s -13+8s 13-6s -14+8s
11 | 11-10s | -11+12s 5-10s -17+12s 17-10s -5+12s
13 | 13-12s | -13+14s 7-12s -19+14s 19-12s -7+14s
17 | 17-16s | -17+18s 11-16s | -23+18s | 23-16s | -11+18s
19 | 19-18s | -19+20s | 13-18s | -25+20s | 25-18s | -13+20s
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CHAPTER 3

BAR BREAKAGE STUDY AND SI MULATI ONS
FOR A 1.13MW CAGE | NDUCTI ON MOTOR USED FOR
RAI LWAY TRACTI ON (ETR 500)

3.1 — | NTRODUCTI ON: | NVESTI GATION ABOUT MCSA APPLI CABILITY FOR | NVERTER-FED
FAULTED MOTORS

3.1.1 — ALMS AND METHODS OF THE WORK

In this chapter the rotor bar fault diagnostic problem for a particular three-phase induction
motor employed in railway traction is considered, by getting realistic simulations of the
electromechanical converter behaviour in specified working and feeding conditions. The use of the
complete phase motor model (comprehensive of all independent electrical circuits) already
introduced in Chapter 1 and the implementation of the actual GTO-based inverter waveforms
(three-pulses PWM modulation) allow accurate computation of the machine currents (both stator
and rotor currents, the latter being inaccessible to a direct measure), and of the real mechanical and
thermal internal stresses [1],[2]. The possibility to get complex systems simulations by using
modern powerful hardware and software computing tools are however often opposed by difficulties
in obtaining the numerous data needed for model settings. Thus, a FEM-based analysis procedure
is carried out, to identify the model inductive parameters starting from few measured values and
some information about the internal machine geometrical structure. Numerical issues and problems
have been addressed and discussed too, such as model stability and speed of convergence, in
relation to the selected integration algorithm. Some simulations are shown, and matched with
measured waveforms, for complete motor model identification. The simulated stator phase currents
are then analyzed in healthy and faulty rotor conditions, by fast Fourier transformation. Finally,
some useful fault-related harmonic current components (sidebands) are found, and a proposal for a
new diagnostic criteria is carried out and discussed. The work here described can be found in refs.

[91-[12].

3.1.2 — SURVEY OF ROTOR FAULTS I N RAI LWAYS TRACTI ON DRI VES

Induction motors are increasingly used in industrial plants and in traction drives. Cheapness,
robustness, and building simplicity are major strength points. On the other hand, reliability has
become an important aspect, since industrial outages have increasing costs [3]. Thus, monitoring
techniques capable of early and precise fault detection are desirable [4]. This is particularly true for
railway traction applications, especially for high speed trains (TAV) or high frequentation trains
(TAF). Rotor bars breakage is a classical and frequent kind of fault, which can lead, if not detected,
to even much heavier faults (bars can lift out of rotor slots, and strike the stator windings [5]). The
stator fault imposes the motor break-down, and consequently the vehicle stopping (the latter being
unforeseeable, can happen in critical condition, as in a gallery or tunnel).

Often, rotor bar breakages rise from constructive defects or project errors. Excessive fatigue
mechanical solicitations, not properly considered at an early stage of system planning, can rise due
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to harmonic torques produced by a non-sinusoidal motor feeding (low-frequency inverter feeding),
[6]. In Appendix 3.A a wider discussion is carried out about cage fault problems in railway drives.

Much research effort and numerous publications have been devoted to broken rotor bars
detection and to fault gravity assessment, and effective procedures have been proposed that are of
industrial interest [7]. Among them, MCSA (motor current signature analysis) appears as the most
developed and proved, due to non-invasive and continuous on-line monitoring capability [S]. This
technique is based on the registration and harmonic analysis of the motor phase current, with the
aim to evaluate some particular frequency components whose amplitudes are strictly related to a
given fault and his gravity. Ulterior aim of this chapter is to demonstrate, by complete simulations,
the diagnostic capabilities of such a technique for the particular problem considered, and some
improvement have been also suggested.

3.1.3 — MAIN STEPS OF THE | NVESTI GATI ON PERFORMED
The work performed was subdivided in three main steps:

a) Finite elements analysis of the motor, to carry out all needed stator and rotor
inductance parameters, [9].

b) Matlab simulator building by using a complete phase model of the squirrel-cage
induction motor, [10].

¢) Rotor fault (broken bars) simulation, and harmonic analysis of the electromagnetic
torque and stator currents, [11], [12].

3.2 — HARMONI C TORQUES AND CURRENT SI DEBANDS GENESI S

3.2.1 — Locomori VE E404 | NVERTER DRI VE AND PULSE W DTH MODULATI ON

Multi-voltage ETR500 electro-trains are modern-conception vehicles capable to operate both on
traditional 3kV/1.5kV DC lines and on high-speed 25kV-50Hz AC lines. The on-board electronic
converters provide the needed voltage conversion for motor feeding. Each of the two E404
locomotives at convoy extremities contains two independent traction modules, and each module
parallely feeds the two asynchronous motors of a bogie. Fig.3.1 schematically shows the drive.

Fig.3.1 — Locomotive E404 electric drive.

On the motor-side, the single drive module is made up of a Voltage-Source Inverter which is
fed by a stabilized voltage (the first drive stage provides the feeding stabilization). The full-bridge
inverter contains three identical phases driven with an angular lag of 120 degrees. The GTOs (Gate
Turn Off thyristors) ensure the switch-on and switch-off operation. Fig.3.2 shows the electrical
connections. Power regulation is carried out by frequency control and, in the constant-flux region,
by varying the voltage with a constant V/f regulation. Voltage control is achieved by PWM
technique. In Table 3.1 the inverter rated values are given.
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Fig.3.2. GTO traction inverter feeding two motors.

Table 3.1. Inverter Ratings.

DC voltage 2400V
line-line output voltage 1870 V
max output current 1200 A
three-phase power 2733 kVA
output frequency range 0-133 Hz
max switching frequency 300 Hz

GTO-based converters are usually characterized by a low switching frequency (hundreds of
hertz), thus forcing system designers to make use of a low-number pulses PWM modulation
(typically three-pulses or five-pulses, for the higher output frequencies). Inverter modulation
ranges over the whole output motor feeding fundamental frequency are shown in Fig.3.3, where
GTO switching frequency is always kept between 100Hz and 300Hz (maximum commutation

frequency).

fswitch t
(Hz)
300
250
0-20 Hz: ASYNCHRONOUS
20-50 Hz:  SYNCH. FIVE-PULSES
150 o 50-100 Hz: SYNCH. THREE-PULSES
// - 100-133 Hz: SQUARE-WAVE
100 [~ —
VA Y -
/// T
/,:,”’,/
0 20 50 100 133 freeding(HZ)

Fig.3.3. Switching frequency versus motor feeding frequency. The inverter modulation ranges are shown.

In this chapter we focus on the synchronous three-pulses modulation. The typical voltage
waveform produced by inverter is shown in Fig.3.4. By varying the "notch" length x the
fundamental harmonic amplitude can be modulated.
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Fig.3.4. Three-pulses inverter voltage waveform. vao is the voltage of motor phase A with respect to inverter
DC-link middle-potential point O. The fundamental harmonic is shown.

Unfortunately, this waveform contains large low-frequency harmonics such us third, fifth, seventh
(odd frequencies), that produce correspondent large harmonic currents, with exception of third and
her multiples (since the motor is three-wire connected). Fifth and seventh current harmonicas are
particularly harmful, since they generate heavy sixth harmonic torques. These torque harmonicas
produce strong adjunctive solicitations on the rotor, and they can eventually excite some cage
resonant vibration modes, when forcing frequency matches a resonance frequency.

3.2.2 — SIXTH HARMONI C TORQUES

Sixth harmonic torques rise from the interaction between stator and rotor time-harmonic polar
wheels (Fig.3.5). Fifth-harmonic stator polar wheel (50 angular speed backward rotating) excites
an analogous rotor reaction polar wheel (with angular speed (6w-s®) regressive with respect to the
rotor), whose interaction with first harmonic stator polar wheel (o angular speed forward rotating)
generates a 6f frequency pulsating torque. Seventh harmonic stator polar wheel produces a similar
effect, and another sixth harmonic torque rises. These two pulsating torques add together by
constructive interference.

STATOR

. T
) SOF -~ _
-~ = >
(0-250)* *—01__
Sm —_
*,,——(603-50))* (60-s®)==~_
— (To-2sw)*
7o
A_,,——(6w+sm) (6m+sm):—-_*
(50+2sw) —_—
/T’\\
ROTOR W-s®

Fig.3.5. Harmonic torques and current sidebands basic generation mechanisms. A machine with two poles is
considered for simplicity. Continuous and sketched arrows are referred to stator and rotor field waves,
respectively. Asterisks outlines component waves produced by a rotor asymmetry.

Fig.3.5 also shows the fault-related current sidebands generation mechanism: when one or more
bars are broken, or with end-ring damaged, the cage symmetry is lost and the rotor currents multi-
phase system loses his symmetry as well. So, some reverse rotating fields rises in the air-gap
(whose angular speeds in Fig.3.5 are so*, (6m-s0)*, (6o+sw)*, with respect to the rotor), that are
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superimposed to direct ones (s®, (6w-s®), (6w+sw)). The reverse fields link with stator windings
inducing currents with frequency (1-2s)f, (7-2s)f, (5+2s)f. Such currents are limited by stator
impedance (resistance and leakage reactance) and by feeding system impedance (line, converter,
transformer, etc.) generally very low. Superimposition of the "normal" stator current components
(without fault) with the fault related ones make raise a current modulation with frequency 2sf
(double slip frequency, Fig.3.46). As a consequence a pulsating torque appears with frequency 2sf,
that produces some rotor mechanical speed oscillations with the same frequency and with
amplitude limited by global drive inertia. These fluctuations reduce the (1-2s)f, (7-2s)f, (5+2s)f
frequency currents amplitude but make raise current sidebands with frequency (1+2s)f, (7+2s)f, (5-
2s)f. Moreover, these last sidebands interact with the rotor loops, producing other sidebands [8]. In
the case of a massive vehicle such as a train, the large inertia should suppress the sidebands
produced by speed fluctuations.

3.3 — MACHI NE DESCRI PTI ON AND CI RCUI TAL MODEL

3.3.1 — STRUCTURE AND GEOMETRY OF THE 1.13MW MOTOR UNDER CONSI DERATI ON

A schematic section of the 1130 kW (100Hz rated) motor is shown in Fig.3.6. Every straight
segment in Fig.3.6 is a preformed coil, made up by eight turn-wound copper strands (Fig.3.8). The
single coil has eight active sides in an upper half-slot, and other eight in a lower half-slot, whose
angular displacement is 78° (double-layer reduced-step lap winding). Five series-connected
consecutive coils form a single "polar winding", or “belt”. Four polar windings complete a stator
phase. The stator has 60 wedged slots; the rotor cage is a copper-fabricated type, with 56 bars; end-
rings are directly brazed to the bars.

Fig.3.6. Transverse section of the three-phase cage motor. The four polar windings of one phase are
schematically shown.
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20.4

SEZ. A-A

Fig.3.8. A preformed eight-turn stator coil, with a section (right).

Machine geometry was carried out from technical drawings (Fig.3.7). The main dimensions are:

- Stator external diameter= 693mm;
- Stator internal diameter = 438mm,;
- Rotor shaft diameter = 165mm;
- Rotor lenght = 410mm.

Resistance and inductance parameters of the single-phase steady-state motor equivalent circuit
appear in Table 3.II. Rated motor quantities have been reported in Table 3.111.

Table 3.I1. Motor Equivalent Circuit Parameters.

stator phase resistance 0.02530hm

rotor phase resistance 0.0380hm
stator leakage inductance 0.805mH
rotor leakage inductance 0.805mH
magnetizing inductance 25mH
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Table 3.111. Motor Ratings.

motor type 4FHA6057
power 1130kW
max frequency (const.V/f range) 100Hz
pole number 4
synchronous speed @ 100Hz 3000rpm
slip @ 100Hz 2%
line-line rms voltage @ 100Hz 1870V
phase rms voltage @ 100Hz 1080V
phase rms current @ 100Hz 427A
rated power factor @ 100Hz 0.9
efficiency @ 100Hz 0.91
torque 5126Nm
max torque 10kNm
max speed @ 133Hz 4000rpm

Stator and rotor slot geometry and dimensions were accurately modeled as shown in Fig.3.9, for
a faithful representation in field FEM analyses. Rotor slots are semi-closed, and cage bars are not
deep, as usually happens for inverter-fed motors. In fact, in this case the skin effect must be
minimized anyhow, since no direct on-line starting capabilities are required, and a constant rotor
resistance is desirable for motor control stability. Stator slots are of open-type, but with semi-
permeable wedges for winding tightening and containment and slot harmonic reduction in the air-
gap field. It must be remarked here that the precise air-gap length was not a known data, and
neither the iron and wedges magnetic permeabilities. Air-gap length and permeability effective
values adapt for FEM analysis have been carried out during the machine identification work
described in §3.4.

[

Fig.3.9. Stator and rotor slot geometry (values in mm).
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3.3.2 — COMPLETE MOTOR PHASE MODEL FOR BAR BREAKAGE SI MULATI ON

The asynchronous machine complete phase model extensively described in Chapter 1 will be
here specialized and adapted to the particular motor considered. Since any stator phase is made up
by four parallel-connected polar windings, the stator independent electrical equations are twelve:

Vai = Rywlai + pWai (3.3.2.1)
vei = Rpwigi + P (3.3.2.2)
vei = Rpwici + pWei (3.3.2.3)
withi=1,2,3,4, and where:
R,w = single polar winding resistance = Rppase*4; (3.3.24)
P = derivative operator = d/dt.

Rotor topological circuital scheme is shown in Fig.3.10.

Fig.3.10. Simplified topological circuital scheme for the rotor fifty six-bars squirrel cage (N, = 56).

The electrical balance of k™ rotor loop is:

0 = -Rpix.1+2(RptRe/N,)ig-Rypis1-Re/NiieHp i (3.3.2.5)
Rotor bars currents are obtained by the equations:
(i) = ik — Tt (3.3.2.6)
End-ring electrical equation is:
0=Re¢ i - 2 R/N; ix + pye (3.3.2.7)

The previous equations are reassumed by the matrix system (3.3.2.8) (matrix dimensions are
69x69):

V=RI+p¥ (3.3.2.8)
where voltage, current, and flux-linkage column vectors are:

V= [VAl...VA4 VB1...VB4 V(C1...V4 0 O..... 0 0 ]t (3329)
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| :[iAl...iA4 iBl---iB4

W= [Yar..Was

ic1...ic4

V1. UBaVWci--Wea Y1 Yo.....YUnr \Ife]t

(3.3.2.10)

. . . . t
17 Ipe..... ine Ie |

(3.3.2.11)

The flux linkages are expressed in matrix form by eq. (3.3.2.12) (11):

¥=L(0)]

(3.3.2.12)

where the comprehensive machine inductance matrix is partitioned among stator-, rotor-, and end-

ring-related submatrices as in (3.3.2.13) (12):

L =
L es L er
Finally, matrix R is structured as follows:

Rss
R = 0 R
0 R

Ls L«(0)
I—rs(e) LI’I’

(3.3.2.13)

Le

Lre

Lee
0

Rre (3.3.2.14)
R

ee

The scalar parameters in R are three: the stator phase resistance, and the bar and end-ring
resistances. The first parameter was directly measured with volt-amperometric method, so
calculations were not necessary; cage resistances were calculated by exploiting information on
cage geometry.

Parameters in matrix L are constant, except the stator-rotor mutual terms. Every single
inductance coefficient was evaluated by exploiting a FEM-analysis based procedure better
explained in §3.4.

3.3.3 — STATOR | NDUCTANCES

Since stator inductances have a particular importance in the machine identification procedure
exposed in §3.4, the stator submatrix inside L has been analyzed and expanded as follows. The L
matrix structure can be achieved by exploiting its circular symmetries:

Laa Las Lac |-AAt Lag Lac
I—ss = LBA I—BB I—BC = I—AB L/_\/_\ LAB (3331)
Lea Les Lec |-A<:t |-ABt L aa
/LAlAl LaiazLaias LA1A4\ /Lo Loo Ligo L9o\
L aa= Lasai LazazLazaz Lazas = Loo Lo Loo Ligo (3-3-3-2)
Lasar LasazLazas Lasas Liso Loo Lo Lo
&A4A1 Lasaz Lasas LA4A4/ \Loo Liso Lo Lo _J
(Laisr Laisa Latss Laisa ) (Me Lisy Ling Ls
Lag= Lassi Laos2 Lazes Lazgs = Lo Leo Liso Lizo (3-3-3-3)
Lassi Lass2Lases Lasss Lo L3 Le Liso
L L L L L L L L
O A4B1  Laap2 Lia4B3 A4B4J W 150 120 30 60/
/LAICI Laic2 Laics Laics /leo Liso Lo L30\
Lac= Lasci Lazca Lazes Laocs = Lso Lio Liso Leo (3-3-3-4)
Lasci Lasc2 Lases Lascs Leo Lz Lo Liso
&A4C1 Lasco Lascs LA4C4J KLISO Leo Laso ley
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where parameters Lo, Lso, Leo, Loo, Li2o, Liso, Ligo are the auto and mutual inductances between
stator polar windings (see §3.4.2), and so there are only seven independent parameters in L
submatrix. The equivalent inductance of four parallel-connected belts is the auto-inductance of a
single phase (3.3.3.5):

(Lphasea)@p) = (Lo + 2Loo + Ligo)/4 (3.3.3.5)

whose value can be reconstructed by measuring the no-load single-phase equivalent inductance
(that is, the summation of the stator leakage inductance L and of the magnetizing inductance L,, in
the motor single-phase equivalent circuit, L;; + L;,). Since the phase belt connection was initially
not known, the use of (3.3.3.5) is bonded to the reasoning in §3.4.2.

3.3.4 — ELI M NATI ON OF W NDI NG NEUTRAL CONNECTI ON
Since the studied motor is three-wire connected, the model needs to be re-arranged to simulate
the star-connection with insulated neutral (Fig.3.11), [10].

Fig.3.11. Stator electrical connections.

A constraint appears on stator currents:
TigtXigtZig=0 (3.3.4.1)
that is resolved with respect the last current icq:
ica = -(iar+... FipgtipT... Hpgtic HeaHes) (3.3.4.2)
Thus, only eleven stator currents are independent state variables, and only two concatenated
voltages are independent input variables (vac and vgc in Fig.3.11).

By substituting eq. (3.3.4.2) into system (3.3.2.8), and subtracting the 12" eq. from the first eleven,
we obtain a reduced system containing independent currents and concatenated voltages
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(V*reduced=[Vac Vac Vac Vac VBe Ve Vec Vee 0 0 0] (3.3.4.3)
Eq. (3.3.2.8) can be written as:
V=(R+Gpo+Lp)l (3.3.44)
and finally:
V=DlI (3.3.4.5)
where D (69x69) is the global dynamic matrix:
Dss D«(0) D
D = Dx(®) Dy Dre (3.3.4.6)
Des Der D

Sub-matrices D, Dy, Des can be written in column-form:

Dss = {dijss} = (CAlSS CAZSS ceees Cc4ss)
D= {di"} = (Cai"Ca)” ..... Cq") (3.3.4.7)
Des = {dijes} = (CAles CAzeS e Cc4es)

By substituting eq. (3.3.4.2) into system (3.3.4.5), we get (3.3.4.8):
V= [(Ca1™-Ccs™iart...+ (Cc3™-Crs™)ics + Oics] + Dyl + Dl
V.= [(Cai"-Ccs®)iar t...+ (Cc3™-Ccs")ics + Oica] + Dyl + Drel e (3.3.4.8)
V.= [(Cai"-Ccs®)iart+...+ (Cc3™-Crs™)ics + Oics] + Derl + Deel ¢
The global dynamic matrix (3.3.4.6) can be reduced to (3.3.4.9):
D,SS DST DSC
D= D’ D, D, (3.3.4.9)
D ’ es Der Dee (69x69)

where apical (’) denotes matrices obtained from homonymous ones by subtracting the last column
from all twelve columns (obviously, the last column is always zero). System (3.3.4.5) becomes:

V=DI (3.3.4.10)

To obtain only concatenated voltages in the input vector V, we must subtract the twelfth equation
of system (3.3.4.10) from the first twelve. Sub-matrices D’g, Dy, Dy, can be written in row-form:

R,Alss RAlSr RAlse
D’ =1{di™"} =|R’A2"[; Du={di"} = |Ra" [} Dwe=1{dj*} = |Ra™|.
(3.3.4.11)

SS ST se
R’y Ry R

The sub-system:
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V=Dl + Dgl, + Dgl. (3.3.4.12)
becomes:
Vai-ves = (RA17-R°c™)ls+ (Rai™Res)l e+ (Rar™-Res™)le

Var-ves = (R7A0™-R°c™)ls+ (Rax™Rea )l + (Ra™ -Rea™)l e

(3.3.4.13)
VeaVes = (R7es™ R+ (Res™Res™)l + (Res™-Res™)l e
and can be synthetically rewritten as:
V* = D%+ D*l, + D*l, (3.3.4.14)

where asterisks (*) denote matrices obtained from homonymous ones by subtracting the last row
from all the twelve rows (the last row is always filled with zeroes). V*; is defined as:

V*s: [VACVACVACVACVBCVBCVBCVBC 000 0]t (33415)
System (3.3.4.10) becomes:
V*S D,*SS D*Sr D*SC IS
V. | =|Ds Dy D ||l; (3.3.4.16)
Ve D,es Der Dee Ie

The row and the column filled with zeroes can be eliminated from (3.3.4.16), thus obtaining a
system containing reduced (“red’’) matrices (total dimension is 68x68):

(V *s)red (D ’ *ss)red (D*sr)red (D*se)red (I s)red
Vr = (D’rs)red Drr Dre Ir (33417)
Ve (D’es)red Der Dee I e
where (V*,)..q is defined as in (3.3.4.3), and (I ).eq is defined as:
( s)red = [ia1 1a2 1a3 1a4 1p1 1g2 183 184 lc1 1c2 Ic3). (3-3-4-18)
Synthetically, reduced form of system (3.3.4.16) is:
(Mred = (D’*)red (req (3.3.4.19)

The reduced global dynamic matrix (D’*),.q of system (3.3.4.19) can be immediately linearly
decomposed as:

(D**)red =(R**)red + (G**)reapO + (L *)reap (3.3.4.20)
thus the resistance matrix R, the pseudo-inductance matrix G and the inductance matrix L can be

posed in reduced form in the same way as done with D.
In particular, matrix R has the structure as follows:

R, 0 O
R= |0 R; R (3.3.4.21)
0 RCI’ RCC
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so only sub-matrix Ry must be reduced, starting from:

R = diag {R} (12x12). (3.3.4.22)
The reduction furnishes:
2R, R, R,
(R™*)red = Ry 2R Ry (3.3.4.23)
RS RS cee ZRS (llxll)
and finally:
(R’*ss)red 0 O
(R,*)red = O Rrr Rre (33424)
O Rer RCC
Matrices (G’*),eq and (L ’*),q have the following form:
(0 G*Jea 0 )
(G’*)red = (G’rs)red 0 0 (33425)
\O 0 0 ) (68x68)

(s N
(I— *ss)red (I— *sr)red (L*se)red
(L ,*)red = (L ,rs)red er Lre (33426)
\(L ,es)red L er L ee _J (68x68)

The reduced dynamic system (that accounts for star-connection of the stator windings with
insulated neutral) is finally written as follows:

(Vrea = [(R7*)reaH(G™*)reaPOH(L " )reaP] (Drea- (3.3.4.27)

The electromagnetic torque has a reduced form, too:

Tem = 1/2(| )redtd_(—)rl— o ﬁl(l )red = 1/2(| )redt(G ’ *)red(l )red : (33428)
do

3.4 — FINITE ELEMENTS ANALYSES AND MOTOR PARAMETER | DENTI FI CATI ON

3.4.1 — | NTRODUCTI ON: HYPOTHESES AND REMARKS

A FEM-based analysis procedure is carried out, to identify all model inductance parameters
starting from the measured equivalent phase inductance and from some information about internal
machine geometrical structure [9]. All motor auto and mutual elementary phase inductances (not
achievable by direct measures) are obtained by planar magnetostatic finite elements analysis. The
FEM identification procedure is developed in four steps:

1) Machine structure parameterization;
2) Stator parameters identification;

3) Rotor parameters identification;

4) Rotor-stator parameters identification.

Step 1) was needed to identify some parameters not available, that were: a) air gap length
(inductance values depend heavily on it); b) wedges magnetic permeability (that influences the
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equivalent air-gap); c¢) iron magnetic permeability (with minor influence on inductances); d) kind
of connection of the windings that make a phase.

3.4.2 — STRUCTURE PARAMETERI ZATI ON

To identify the unknown parameters, the measure of the stator equivalent phase inductance (L)
was needed. This quantity was assumed as functionally dependent on the unknown parameters, and
matched with the simulated one by planar FEM. The belt connection was initially unknown, so the
parameterization started by considering all the possible electrical connections between polar
windings inside the same phase. The four belts can be connected in three different ways (Fig.3.12).

Al
4/ N
A, Loo
A; Ligo (
Loo
Aq
a) ® C) A3 A4 d)

Fig.3.12. Stator phase made up by four polar windings. a) series; b) series-parallel; ¢) parallel; d) mutual
inductances.

The four polar windings A;, A,, As;, A4 are magnetically coupled by the constant inductance
matrix (4x4) in (3.3.3.2). Thanks to the winding circular symmetry (Fig.3.12-d), only three
parameters are independent: L, belt auto-inductance, Loy in-quadrature belts mutual inductance,
Liso opposite belts mutual inductance. By exploiting eq.(3.3.3.2) the phase auto-inductances
corresponding to configurations in Fig.3.12 a), b), c¢) have been obtained:

Lphase(4s) = 4(LO + 2L90 + ngo) (342 1)
Lpnase@s2py = (Lo +2Loo + Ligo) (3.42.2)
Lphase(4p) = (L() + 2L90 + L]go)/4 (3423)

Measure of stator equivalent phase inductance furnished:

L,

25mH (3.4.2.4)
But we have:
Ly= Li-M; (3.4.2.5)

(L, and M are auto and mutual phase inductances).
Ideally, a perfect magnetic coupling gives M, = -L,/2. As first approximation it was posed:

M, = -40%L, (3.4.2.6)

obtaining consequently from eq.(3.4.2.5):
L, = Ly1.4= 18mH (3.4.2.7)
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Now, the value obtained from (3.4.2.7) has to be matched with one phase auto-inductance
among (3.4.2.1)- (3.4.2.3). A first FEM analysis was performed, setting the unknown parameters to
the following limit values:

air-gap length = Imm (very low value)
(Mwedge)rel = 20 (medium value) (3.4.2.8)
(Miron)rel = 10000 (very high value)

and feeding every half-slot of one stator phase by a 8A current (series-connected windings,
Fig.3.12-a, fed by a 1A input current). Fig.3.13 shows a field solution, for the case of parallel belts.
The FEM-computed magnetic field energy was compared with the reference value, eq.(3.4.2.9):

Em'=lLIIZ/lmm= 0.0219512 J/m (3.4.2.9)
2
where:
14 = 18mH
I = feeding current = 1A (3.4.2.10)
litor = rotor length = 041lm

that are the reference (measured) values. The FEM-computed value was tens times bigger than
(3.4.2.9).

Then, in the second test was tried the parallel connection (3.4.2.3), since Lphase(apy=Lphase(s/16.
Any half-slot was fed by 2 ampere, obtaining an energy about double of (3.4.2.9). This was
imputable to the excessively low value of the gap length, in consideration of the machine size
(1.13MW). Since magnetic energy is roughly inversely proportional to air-gap length, the third
FEM analysis was done by doubling the air-gap length (2mm), with the same feeding condition.
The energy obtained at this step was lightly bigger than (3.4.2.9). This proved that the phase
electric structure and the air-gap length were identified.

[-7]- sl Al Ll el [l
[xtr R RIx R IEN St x xnd

o SERo® 1l
- e e P P P

Fig.3.13. Field analysis by FEM performed to match the measured stator phase inductance with the model
one. Case of parallel belt connection.
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For a closer approximation of (3.4.2.9), in the successive analyses the equivalent air-gap length
was augmented by gradual lowering of wedges permeability. A "fine tuning" was done and finally
it was obtained (Uyeqee=1.9, Fig.3.14):

En= 0.0219316 J/m (3.4.2.11)

that is a good approximation of (3.4.2.9). Table 3.IV shows results.

Table 3.1V. L, Stator Inductance Tuning

air-gap length large tuning 2mm
(”wedge)relaﬁve medium tuning 1.9
(uiron)relalive ﬁne tuning 10000

Although these values are not the real ones, they actually define a dynamical model equivalent to
the real machine, as simulations performed in the following prove.

Fig.3.14. Mesh and field detail focused on air-gap region.
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Fig.3.15. Mesh detail (16401 nodes).
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Fig.3.16. Field detail. One stator phase fed. The magnetic vector potential is clearly constant in current-free
slots, whereas in current-carrying slots there are potential variations and slot flux leakages.

3.4.3 — STATOR I NDUCTANCES | DENTI FI CATI ON

Normally, in a symmetrically-fed healthy machine the four polar windings currents are equal,
even in case of parallel belt connection. Thus, a synthetic model can include these four windings in
a unique phase, by a (3x3) stator inductance matrix L. However, such a model does not allow the
correct rotor fault simulation, since a rotor asymmetry implies a field asymmetry, and consequently
an asymmetry of the polar winding currents. So, the complete stator model is needed, and L is
(12x12). Because of circuital rotational symmetry, Ly matrix has only seven independent
parameters: Lo, Log, L1s0, L30, Lo, L120, L1s0, €9s.(3.3.3.1)-(3.3.3.4).

The mutual inductance between stator phases can be expressed as follows:

M; = (Lso+LeotLizgtLiso)/4. (3.4.3.1)

To evaluate these seven parameters, only one FEM field solution was required, by feeding a single
polar winding (i.e. A,) with unitary current, Fig.3.17. The vector magnetic potential A,(x,y) value
distribution in the 60 stator slots (Fig.3.18) allowed computation of flux linked with whatever
circuital loop, by evaluating the difference of the correspondent slot potentials. The flux linked
with the k™ coil (whose active sides are placed in slots i, j), is:

Wi = 8*[Az(1)-Az()] (3.4.3.2)

Adding the flux linkages of the five coils that make up a polar winding (i.e. B;), we obtain the
whole mutual flux:

W'pia1 = Z(k=1,....5) y (3.4.3.3)
and consequently the mutual inductance Lg;a1 (= Leo):
Leiai = (P'Biar/ian) *leot (3.43.4)

where ia; = 1A. A Matlab routine was used to automatically compute Lg, Lso, Lo, Loo, Li20, Liso,
Lgo elements, by starting from potential distribution.

Some important remark must be done about L, parameter calculation and about “tooth”
harmonics.

Parameter L, evaluated by differences of magnetic potential is not correct and underestimated.
In fact, the use of (3.4.3.2) implies that potential is constant in every single slot (absence of flux
inside the slot), and this condition is well suited only for "induced" slot — not for fed slot, Fig.3.16.
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So, (3.4.3.2) is valid only for mutual flux linkages computation, and not for flux auto-linkages. The
potential variations inside fed slots cannot be neglected, since they account for flux leakages and
consequently for model transient and steady-state dynamics. Ly computed by using potential values
as in (3.4.3.5):

(LO)potential = (lP'Al Al/iAl )*lrot (3 43 5)

was lightly smaller than that evaluated by total magnetic field energy computation - the right one,
eq.(3.4.3.6):

(LO)energy =2*E"* i (3 4.3 6)

Dynamic simulations initially performed using (3.4.3.5) were unstable. Stability was gained by
(3.4.3.6), and by reducing by 10% the non-diagonal elements of L, to account for head-leakages
(neglected in 2D analysis).

As regards to air-gap field "tooth" harmonics due to rotor slots, the stator circuits “feel” a
periodic variation of the magnetic circuit geometry, with angular period of 360%56. So, L
elements are function of 0, and new elements appear in Gg(0) matrix by derivation ("tooth"
harmonic torques). Since "tooth harmonics" are very small (rotor slots are semi-closed), they were
neglected to not increase the model complexity, and L was computed (Fig.3.20) for a single rotor
position. Analysis was performed by feeding one polar winding by 1A (8A in a half-slot), Fig.3.17.
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Fig.3.17. Field solution (16203 nodes).One polar winding fed.
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Fig.3.18. Vector magnetic potential stator-slot distribution (10 Weber/m), used to evaluate elements of L .
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Fig.3.19. Vector magnetic potential rotor-slots distribution (10~ Weber/m), used to evaluate elements of L ;.
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Fig.3.20. Computed stator sub-matrix L ¢ (henries).
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The procedure followed to identify the equivalent motor structure is here reassumed as an iterative
loop algorithm:

1) Direct measure was done of stator equivalent single-phase inductance L (Ls = L-M;).
2) A first approximation was done by posing:
M, =-40%L,. (3.4.3.7)
3) From L= 140%L, we got the reference value:
L,=LJ/1.4. (3.4.3.8)
4) Per-meter reference energy was computed by (3.4.2.9).

5) Equivalent motor structure (air-gap length and permeabilities) was identified by
matching FEM-evaluated energy with the real one.

6) L submatrix was computed.
7) It was verified that eq.(3.4.3.9) is satisfied:
Ll = (L0+2L90+L180)/4. (3439)
8) Hypothesis done in 2) was controlled by eq. (3.4.3.10):
M1: (L30+L60+L120+L150)/4. (34310)
by which a better estimation was obtained in eq.(34):
r=|My/Ly|. (3.4.3.11)
9) The correct value for L; was estimated by (3.4.3.12):
L, = Ly/(1+r) (3.4.3.12)
with the possibility of repeating the whole procedure.
3.4.4 — ROTOR | NDUCTANCES | DENTI FI CATI ON
Rotor current simulation requires the complete rotor circuital model and the L. (56x56)
submatrix evaluation (L, elements cannot be measured). Feeding by +1A two adjacent bars, the
field solution in Fig.3.21 was obtained (with 15791 nodes). As regard to "tooth" harmonics due to
stator slots, they cannot be neglected as much easily as in the previous case. All rotor auto and
mutual inductances are functions of 0, with angular period equal to 6°. Magnetic field
investigations were performed in two limit cases: a) rotor loop magnetic axis superimposed to a
stator slot axis-Fig.3.21, and b) superimposed to a stator tooth axis-Fig.3.22. In Fig.3.21, the flux
produced by a rotor loop must split itself into two facing stator teeth. In Fig.3.22, the exact tooth-
tooth alignment allows the flux to proceed straightly. The magnetic energy of case a)
(0.814055*10°J/m) was found be lightly smaller than in case b) (0.831979*107 J/m), that implies

different values for loop auto-inductance. Mutual inductances between different loops were
evaluated by vector magnetic potential A, distributions in the rotor slots (Fig.3.23), collected in
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both cases a) and b). The light differences between energies and potentials in case a) and b) were
found not sufficient to justify the heavy complexity increase that should rise from modeling an L,
matrix function of 0. Thus, L., elements was set to constant values, obtained as mean values of case
a) and b). Figs.3.24, 3.25 show the computed L, matrix.
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Fig.3.21. Field solution, one rotor loop fed (case a).
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Fig.3.22. Field solution, one rotor loop fed (case b).
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Fig.3.25. Profile of L, (vertical axis unit 10" henry).
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3.4.5 — ROTOR—STATOR MUTUAL | NDUCTANCES I DENTI FI CATI ON

Rotor-stator mutual sub-matrix L can be computed by using rotor slots A, distribution when a
stator polar winding is fed, or indifferently by using stator slots A, distribution when a rotor loop is
fed. Calculations must be repeated moving the induced loop a slot for time, since mutual
inductance is function of the rotor position 6 (angular resolution is 360%/56 and 360°/60 in the two
methods, respectively). The first procedure was preferred, since the air-gap field distribution
produced by a stator polar winding is not much sensible to rotor slotting (semi-closed slots), and so
rotor position does not matter for interpolation in Fig.3.19. Thus, only one field analysis is
required. On the contrary, the potential values in the stator slots faced to a fed rotor loop heavily
depend on the relative position, Figs.3.21, 3.24, and require various field analysis; moreover,
subsequent computation of fluxes linked with stator windings (made up of several active sides) is
more laborious than computation of flux linked with a single rotor loop. L, submatrix can be
expanded as follows:

Lriat ---Lrias Lripi -.-Lrips Lrici -.-Lrics
L(0) = Lroat ---Lroag Lropi -.-Lrops Lroci -..Lroca
..................................................................................... (3.4.5.1)
Lrseai-.-Lrssasa  Lrsspi-.-Lrsea  Lrseci..-Lrseca
The element Lg; 41(0) was evaluated for 6 = 6;:
L1 a1(0) = Wi a1(0:)/ia1 = [AA1)-A,(-1)]*Liot (3.4.5.2)
0, = (i—l)*360°/56 i=1,...,56 (3.4.5.3)

Then a cubic interpolation was utilized (Fig.3.26) for function reconstruction on 360°. The pseudo-
inductance Gg; 41(0) function was then easily derived with the formal definition (3.4.5.4):

Gri,a1(0) = dLg;A1(0)/d6 (3.4.5.4)

lfnu/tual inductapce Lmh(theta;)

./'

Iy

0.5 pseudo-mductanceGnm{fhefa}

7 N N N S S N S

NORMALIZED:VALUES :

Fig.3.26. Cubic-spline interpolation of computed inductance values.

By exploiting the circular symmetries of matrix (3.4.5.1), all the elements of L, and G, can be
derived from Lg;1(0) and Ggrjai(0) respectively, in a similar manner. Elements of L, are
evaluated as follows:
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(Lriai= Lriai(®) L = Lriai(®-120%  Lricr = Lriai(8 -240°)

Lgia2 = -Lgia1(0 - 90°) Lrig2 = -Lripi(® - 90%) Lrica = -Lrici(0-90% (3.4.5.5)
Lrias= Lriai(®-180%)  Lpips= Lrisi(®-180°)  Lpics = Lrici(0-180°

\LRI,A4 = 'LR1,A1(9 - 2700) LRl,B4 = 'LRl,Bl(e - 2700) LRl,C4 = 'LRI,Cl(e - 2700)
(Len(®) = Luia@+(i-oo)

Lrigi(0) = Lrig(0+(G-Dow) 1=2,3,...,56; j=1,2,3.4 (3.4.5.6)

A

\LRi,Cj(e) = Lri,c(6+(-1)0r)

Fig.3.27-3.29 show some graphical 3-dimensional representations of matrices L, and Gy
obtained by using the exposed methodology. These matrix were actually implemented in a MatLab
script for machine dynamical simulation.
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,

Fig.3.28. Sub-matrix L for © = 0°. (Vertical axes: henry10™).
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Fig.3.29. First column of G as a function of 6e [00,1800].

3.5 — MODEL REFI NEMENTS AND NUMERI CAL | MPLEMENTATI ON

3.5.1 — | NTRODUCTI ON

As previously exposed, the complete motor model needs numerous data for settings, whose
calculation requires the knowledge of machine geometry, in addition to externally measurable
parameters such as stator phase resistance and equivalent auto-inductance; furthermore, a reliable
identification greatly benefits from actually measured steady-state current waveforms.

Besides these aspects, from a numerical point of view other problems can arise. More attention
is needed to the mathematical formulation of the computing form to obtain good and time-effective
simulations. This paragraph focuses on the mathematical procedure followed to arrive to the final
simulations, with particular attention to analytical aspects of problems such as model instability,
inaccuracy, simulation time minimization, and choice of minimal-order integration formulas.

3.5.2 — MATRI X PARTI TI ON AND | NTEGRATI NG FORM

Matrix equations (3.3.4.27) and (3.3.4.28) were partitioned to achieve efficient computing
algorithms. By eliminating the end-ring current (healthy rings), and by assuming already done the
reduction of the matrices as exposed in §3.3.4, we got a partitioned (67x67) system:

V. = Ryly + Gu@pdl, + Lypl, + Lu(O)pl, (3.5.2.1)
0 = Rul, + Gu@pdl, + LO@pl, +  Lupl, (3.5.2.2)
Ten = L'Gu(0)l, (3.5.2.3)

For electro-magnetic torque calculation and dynamic simulation it is convenient to carry out
from (3.5.2.1)-(3.5.2.3) the current time-derivatives. System (3.5.2.1)-(3.5.2.3) was arranged in the
following form for computing:

ple = (Le— LAY (LL'C-Ryl,-Gylpd+Vy) (3.5.2.4)
pl. = —C—Apl, (3.5.2.5)
Tem = I'B (3.5.2.6)
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where the synthetic matrices (3.5.2.7) were introduced, to avoid repetitions and to speed-up
calculations:

A=L,'Ls; B=G4l,; C=L,'(Bpo+Ryl,). (3.5.2.7)
Note that sub-matrix L, is constant: his inversion is needed only once, by pre-calculation.

Therefore, only a (11x11) matrix inversion is needed for every integration step.
An alternative set of formulas is reported here below for completeness:

ply = (Ls—ALy)(AC-Ryl;-B',pd + Vy) (3.5.2.8)
pl, = -L.NC+Lyply (3.5.2.9)
Tem = I'BI, (3.5.2.10)

that were obtained by using different synthetic matrices:
A=LL,"; B=G,; C=BIpo+R,l,. (3.5.2.11)

For a complete study of machine dynamics the following mechanical torque balance must be
included:

POt = (Tem - Tioaa)/J (3.5.2.12)
P = O (3.5.2.13)

where T)..q 1s the antagonist torque.

Equations (3.5.2.4), (3.5.2.5) and (3.5.2.12), (3.5.2.13) can be joined in a single system giving
the comprehensive dynamic model of the electromechanical converter under the generic load
operating conditions. They have a non-linear state-equation form, by assuming as state variables
the currents for the electromagnetic part and the speed w,, and the angle 0 for the mechanical part.
The total dynamic equation system can be represented in the classical, non-linear form (3.5.2.14):

plxl= f(x][u]) (3.5.2.14)

with the following state [x] and input [¢] column vectors:

K=" ' o, of (3.5.2.15)

rot

W=l 1.1 (3.5.2.16)

Model (3.5.2.14) permits to study every kind of machine transient operation, and thanks to the
complete representation of cage bar resistances, every distribution of faulted bars can be simulated.
The numerical integration can be obtained by various methods, as discussed in the following
paragraph.

3.5.3 — | MPROVI NG THE MODEL DI FFERENTI AL CLASS

Difficulties rose when a low-class model was used to simulate the motor. Employing step
functions to represent the 3-pulses PWM voltages, and linear interpolation for rotor-stator mutual
inductances Lgiaj(0), the model class is only generally C° (that is, the "f" function of the differential
system dy/dt = f(y,t) - see egs.(3.5.2.4), (3.5.2.5) - is generally continuous, and y(t) is a generally
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C! class function). With this model, the 1% order Euler formula was successfully used to perform
numerical time-integration:

Vi = Ve + [ (o1,)- At (3.5.3.1)

However, the number of integration steps for time unit needed to obtain simulation convergence
was excessive. Obtained convergence is shown in Fig.3.30, where some particular reference-
quantities (indicated in Fig.3.31) have been drawn versus ‘isn’ parameter, that is the number of
integration-steps performed for every time-unit (time-unit chosen is the period of the motor-feeding
frequency, Tr= 20ms at 50Hz).

N ——————— : ,
1 S SR
e
120 240; 480D} 960 1920 384077680 15360 30720 61446
0 T e
10 S
..... oot
10° 10° 10" 10°

isn = integration steps number / Tf

10 10 10 10°
ish = integration steps number / Tf

Fig.3.30. Simulation convergence obtained by increasing ‘isn’ (=_integration steps number for every period
Ty). First order quadrature formulas are used. Some quantities (Fig.8) are shown, as the slip steady-state mean
value, or the electromagnetic torque steady-state peak value, to appreciate the convergence.
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Fig.3.31. Electromagnetic torque simulated for the motor starting from stand-still and with a load torque that
increases with the sixth power of rotor speed, from ONm to 2000Nm.

Furthermore, voltage step functions produced anomalous transients (due to interaction with
discrete-time integration mechanism) extraneous to the machine dynamics. So, an higher-class
model employing cubic-splines was made up to implement PWM waveforms and inductances
Lriaj(0). If the elements of sub-matrix L, are C? class functions, then sub-matrix G, has elements
of class C'. Voltages waveforms modelled by cubic-splines reach C' class. Then eqs.(3.5.2.4),
(3.5.2.5) become C' class functions, and y(t) is C? (that is, the currents are C? class time-functions).
This allows using of second-order quadrature formulas to perform integration. The Adams-
Bashforth formulas were chosen:

Ve =V + A B fi (3.5.3.2)
=0
With n=1 we have Bio = 3/2 and By; = -1/2. The formula actually implemented in the program
integration engine finally is:
o— +|:3f(yk’tk)_2f(ykl’tkl )]At (3.5.3.3)

Note that in (3.5.3.3) calculation of f(yy, tx) only is needed at k™ step, since f(yi.1, t.1) is known
from precedent step. This implies a great time-saving, that is the main reason for using quadrature-
formulas (which perform a backward integration). A drawback of quadrature formulas is that they
strictly require an integration function f(y,t) of adequate differential class (n-1 class for n-order
formulas).

Other techniques are obviously available for time-integration. For example, the most used are
commonly the Runge-Kutta formulas. However, the latter formulas perform a forward-integration
that requires computing of f(y, t) in correspondence of points successive to Py = (yx, tx). More
stability is gained, as a consequence of the forward-integration, but more computing-time is needed
(since f(y,t) function must be re-calculated more times for every integration step). For a large
matrix-system-based model such as that used in this work, time-saving is of vital importance for
practical performing of simulations by a common desktop-PC. The new faster convergence
obtained with (3.5.3.3) is shown in Fig.3.32. The number of steps required for any period T is
reduced to about 10%.
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Fig.3.32. Simulation convergence obtained increasing ‘isn’ parameter (=integration steps number for every
period Ty). Second-order quadrature formulas are used.

3.5.4 — MoDEL STABILITY

Initially, the inductance matrix (3.3.2.12) was made up as explained in §3.4. Non-diagonal
elements of L (mutual inductances) were computed by using A, vector magnetic potential slots
values distributions, while diagonal elements (auto-inductances) were calculated by energy
estimation obtained by FEM. Since planar finite elements analysis doesn’t account for frontal
leakage effects, matrix L resulted bad-conditioned. Fig.3.33 shows the current of one rotor loop:
instability and divergence occurred at time ~6.5s, after a correct starting transient.
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tirme (seconds)

Fig.3.33. Up: first rotor loop current. It is evident the current divergence due to model instability. Down: the
current axis has been magnified about 1000 times. The starting transient is shown.

To evaluate the nature of the instability, multi-polar rotor current space vectors were computed by
the formulas:

Zlk( 2 (p=e 5") (3.5.4.1)

where 3 is a complex unit vector, i is the current of k-th rotor loop, and p is the number of poles.
Fig.3.34 shows bipolar (p = 2) and quadripolar (p = 4) vectors. Vectors (3.5.4.1) are referred to a
rotor-fixed reference, whose main magnetic axis (first loop axis) is ‘x’ in Fig.3.34. Using (3.5.4.1)
is equivalent to performing a multi-phase component Fortescue’s transformation, and a cage with
56 bars actually produces 56 current complex space vectors, with vectors 29-55 complex conjugate
of vectors 27-1, in orderly sequence. Vector zero and vector 28 are the homopolar and antipolar
components, respectively. The generic ¢” vector among 1-27 represents the composition of the
direct and reverse 2¢g-pole symmetrical slip-frequency current components, when a steady-state
sinusoidal operation is established in the motor. In this way, space-vector transformation on time
varying quantities can be conceptually linked to time-vector (or phasor) transformation on space-
distributed quantities, since both are performed by a complex Fortescue’s matrix. This issue will be
treated more deeply in the next Chapter 4. Every 2g-pole space vector is linked to a different
eigenvalue in the inductance matrix, so the single dynamics can be separated and analyzed. This
fact explains the different behaviors of bipolar and quadripolar vectors in Fig.3.34.
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Fig.3.34. Left: the bipolar rotor current space vector shows an evident instability of exponential type.
Right: the quadripolar rotor current space vector is stable.

By comparing Figs.3.33 and 3.34, it was evident that bipolar vector had an exponentially-divergent
behavior, while quadripolar vector was perfectly stable. Stabilization of the bipolar vector
(Fig.3.35), and a better matching of the measured phase current with the simulated one (Figs.3.38,
3.39), were obtained by a reduction of about 10% of non-diagonal elements of the stator inductance
sub-matrix L.

BIPOLAR
ROTOR CURRENT SPACE YECTOR

1"

Ax g™

Fig.3.35. Bipolar rotor current space vector after stabilization.

3.5.5 — REMARKS ON NUMERI CAL | SSUES CONCERNI NG MACHI NE SI MULATI ON

Some adjunctive considerations can be furnished about numerical simulations of machine
matrix model. Starting from the knowledge of voltage feeding waveforms, the current derivative
calculation passes through inversion of inductance matrix L. This matrix is quasi-singular, with a
very small determinant and bad conditioning, so inversion is a difficult task, since results can be

150



Chapter 3 — Bar Breakage Study and Simulations for The ETR 500 Motor

inaccurate. From a physical point of view, this fact implies low magnetic flux dispersions between
stator and rotor circuits, typical of induction motors with very small air-gap length. The stator-rotor
magnetic coupling resemble a perfect one, with leakage factor o= (LyL, —M*)/L;L, usually very

small. Nevertheless, magnetic leakages fundamentally characterize machine dynamics. In the limit-
case of perfect coupling, a multi-circuit magnetic system present a singular inductance matrix, and
consequently the electromagnetic dynamics must be discarded (let consider, for example, an ideal
transformer with direct input-output voltage and current transformations).

The matrix L bad-conditioning makes mandatory an accurate evaluation of magnetic field
distribution and of leakage fluxes. 2-D FEM analysis can be used as a valuable instrument, but
corrections due to front- and back-flux leakages are always needed. This is the reason for which, in
the followings chapters, a 3-D FEM analysis will be preferred, and anyway exploited to support
results of the less difficult and less time-expensive 2-D FEM analyses.

The programming environment chosen for simulations was MatLab, since it permits easy large
matrix manipulation and adequate numerical precision, besides straightforward graphical
visualization tools. In particular, the great efficiency in linear system solving (by using multiple
methods, and obviously never passing through matrix inversion) has revealed decisive to obtain
quick and affordable simulations.

3.6 — SI MULATI ONS FOR MOTOR | DENTI FI CATI ON

3.6.1 — | NTRODUCTI ON

A first series of simulations were performed to complete the healthy motor identification, by
using the model reassumed in (3.5.2.14), [11], [12]. Motor feeding fundamental frequency was
fixed to 50Hz, and a three-pulse modulation was used to match the simulated current waveforms
with the measured ones. Fig.3.36 (a) and (b) shows the typical MatLab program graphic output,
representing the line current space vector trajectories at starting, no-load, and full rated load
operating conditions. The quadripolar space vector is reported.

STATOR CURRENT SPACE VECTOR A

A e =] 1000

2000 -
0; 05

22000k b 2 o -900

| | 1000

I I i
-2000 0 2000 4000
(a) (b)

Fig.3.36. Stator current space vector trajectories with three-pulse modulation: (a): starting transient,
(b) detail for no-load and rated (full load) operating.

At this stage, motor identification was mainly based on comparison with experimentally
registered current waveforms, in correspondence with various load levels and kinds of modulation
(number of pulses per period), although three-pulse modulation was preferred (major solicitations
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actually rise with this type of feeding). Minor corrections were introduced in the inductance matrix,
for matching improvement.

For waveform identification, a load torque ramp with constant slope (500Nm/s) was applied, to
reproduce quasi-steady-state operating conditions over the wall load range (Fig.3.37, up). Fig.3.37
(down) shows motor electromagnetic torque for rated load. A large sixth-harmonic ripple (6000Nm
peak-peak) superimposed to the mean torque (5126Nm, rated torque) is evident, which is the
principal responsible of frequent bars breakages.

4
2)( 10 NEGATIVE (LOAD) TORQUE

ELECTROMAGNETIC TORQUE  CONSTANT SLOPE R’ﬂf

Nm

10000
N 8000 : : : : :

20 A AL A A A A 0 A 20 :

I | I I I
184 18 1% M 188 1199 g 12

Fig.3.37. Simulation of a constant slope ramp (SO0Nm/s) negative torque applied to motor shaft starting from
time = 2 seconds.

3.6.2 — LINE CURRENT SPECTRUM COMPARI SON AND MATCHI NG

Current matching must be performed mainly by looking at the waveform harmonic content. The
identification work results are here illustrated by showing the comparison of on-field measured
harmonic content with simulations, in case of rated load and large drive inertia. The simulated

current waveform (Fig.3.38-b) for rated load is quite similar to the current recorded in the same
operating conditions (Fig.3.39).
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Fig.3.38. (a) Motor phase current during progressive load increase. (b) Detail for T oap = Tratep = 5126Nm.
(c) Detail for T pap = Tmax = 10500Nm (about 200%TratED)-
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Fig.3.39. Real motor phase current (measured waveform). Rated load.
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The harmonic analysis better clarifies the quality of the simulation. In Fig.3.40 and in Table 3.V
a quantitative comparison between simulated and measured current spectra is reported, for
waveforms of Fig.3.38-b and Fig.3.39.

A iy PHASE CURRENT SPECTRUM
, HEALTHY ROTOR
10 100% RATED TORQUE

INERTIAL LOAD APPLIED

- : 1iHz
0 100 200 300 400 500 600 700 800 900 1000 1100 1200 1300

Fig.3.40. Simulated phase current spectra. Measured values are marked by “X’.

The gap between measured and simulated harmonics as reported in Table I can be explained as
an effect of iron saturation. The linear model does not account for the saturation that certainly
incurs for large current peaks with full load (see waveform in Fig.3.39). Since current harmonics
are responsible of these waveform peaks, in the real (saturated) machine harmonics are less
damped than in the linear model. A trade-off was observed during the inductance parameter
adjustment stage about identification fidelity, between fundamental component and harmonics. A
better fundamental identification led to a worse mismatch between measured and simulated
harmonics, and vice versa. The optimum was choused when RMS values matched.

Table 3.V. Measured and Simulated Harmonic Current Amplitudes (A)

order 1 5 7 11 | 13 | 17 | 19 | 23 | 25
measured | 556 | 71 | 233| 96 |245| 45| 20 | 45| 16
simulated | 583 | 55 [194 | &5 | 17 |02 | 14 | 2 13

Finally, Fig.3.41 shows the slip time-evolution; since the load torque rate of change is constant,
the shown curve approximates the motor torque-slip mechanical characteristic curve. Fig.3.41
shows a good agreement with motor rated and maximum slip and torque data.

" Tmak=105kN
STmax 01
B.5%
0.05-
SoATED
2%

-0.09

Fig.3.41. Motor slip versus time.
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3.6.3 — BAR CURRENT SPECTRUM

Fig.3.42 shows a rotor bar current, whose frequency (slip frequency) varies with load increase.
Two main sixth-order harmonic components are superimposed to the slip-frequency fundamental
component; their frequencies are (6-s)f and (6+s)f (Fig.3.43), thus generating beats with frequency
2sf. Sixth-harmonic rotor currents notably increase thermal power generation, and thermal bar
stresses.

11 12 13 14 tme ()

Fig.3.42. Rotor bar current (up). A detail is shown, where sixth harmonic beats (at double-slip frequency 2sf)
are evident (down).
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Fig.3.43. Rotor bar current spectrum (healthy motor).
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3.7 — SPECTRAL ANALYSES FOR A HEALTHY MOTOR

Fig.3.44 shows spectral analysis of simulated phase motor current (no-fault condition). Inverter
feeding is 50Hz, three-pulses modulated. Load is increased between 0% and more than 200% of
rated load. The current waveform was windowed during the quasi-state state load increase, and the
FFT computed by using an automatic procedure. As expected, first harmonic amplitude is
essentially load-dependent; fifth and seventh harmonics, which produce sixth-harmonic torques,
are indifferent to load variations. Eleventh harmonica interacting with first produces twelfth
harmonic torques.

- first (50Hz) -
A : ' fifth (250Hz) -
2000 - “seventh (350Hz)
eleventh (550Hz)
1500+ 13-th (650Hz).
-/ 17-th (850Hz)
1000~ R
5001
10000
0

T (Nm)

800

Hz 1000

Fig.3.44. Phase current spectral composition, versus load torque. Inverter voltage harmonic components
cause relevant current harmonic content. Note the seventh harmonic large amplitude.

Ty (Nm) 77 'mean value - ¢

12000~ e \\\ :

10000

Ty oap (Nm)

frequency (Hz) 1000

Fig.3.45. Electromagnetic torque spectral composition, versus load torque. The mean value balances the load
torque; a relevant sixth harmonic component content is also present, that is the primary responsible of rotor
bar faults.
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Fig.3.45 shows spectral analysis of the electromagnetic torque, with load between 0 Nm and
twice of rated torque. Mean motor torque value balances the load torque (steady-state, no inertial
torque). Alarming levels of twelfth and especially of sixth harmonic are clearly present, that are not
dependent on load condition.

3.8 — SPECTRAL ANALYSES FOR A FAULTY MOTOR

Some spectral analysis were carried out starting from simulated waveforms, with the aim to
investigate about spectral content and fault-related frequency components. In particular, the
sidebands due to harmonic currents reveal as very interesting fault-indicators. In the next chapters,
it will be demonstrated that such sidebands can be used as diagnostic tools suitable for broken bars
detection and monitoring. In this way, we can observe that, the same physical phenomenology that
produces bars breakages (harmonic currents that excite harmonic torques), is than useful to detect
rotor faults as well (by using the sidebands of harmonic currents produced by broken bars), as
shown in the following spectral diagrams.

Dynamic motor simulations were performed to obtain steady-state waveforms in various
operating conditions (half or full load, with or without drive inertia, healthy rotor as well as one or
more broken bars), with the aim to test the harmonic current sidebands behaviour.

Fig.3.46 shows motor current (red) and electro-magnetic torque (black) obtained during one of
these simulated tests.

3000

BEATS

2000|“‘

1000
| i

h‘
-1000, | |‘|

3000. . _ : : _time (s), time (s)
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Fig.3.46. Left: Stator phase current, three consecutive broken bars. Starting transient was simulated at no-
load, and without inertial load (momentum of inertia J = J,,,;). At t = 1s, a rated load torque step is applied,
and J is increased by 10° to simulate the train mass. Right: electromagnetic torque. Amplitude modulation
and beats with twice slip frequency are clearly present on both waveforms.

MCSA technique is normally used to discover and measure the (1-2s)f frequency lower
sideband (I sg) of phase current fundamental component (Iy) (Fig.3.47-a), since this sideband is
directly produced by rotor asymmetry correspondent to broken bars. Number (n) of broken bars is
approximately estimated by relation (3.8.1):

—ON —lwm (3.8.1)
I, +2P-1

S
|

LSB

where P = pole pairs = 2.

Peculiar drawbacks of this method are a) dependence of sideband amplitude from actual load, b)
dependence of sideband position (frequency) from slip (and therefore from load) and c) incidence
of global drive inertia on slip fluctuation and, than, on (1+2s)f frequency sideband amplitude
(which reduces the lower sideband amplitude by a feedback reaction). In fact, eq.(3.8.1) is better
satisfied with drive having large momentum of inertia. Figs.3.47 a), b),and c) show the first, fifth
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and seventh harmonic spectra analyses, when no inertial load is added to motor shaft (only the
rotor momentum of inertia is considered), and with rated torque. Motor feeding is 50Hz, three-
pulses modulated. One rotor bar is broken by increasing the resistance 200 times. Generally,
sidebands are present whose frequencies are furnished by eq.(3.8.2):

fop = hf £hsf (3.8.2)

h=15711,..; k=24.0,..

All sidebands are observable in Fig.3.47, thanks to a low inertia. Naturally, this is not the case of
the real drive.

When a large inertial load was considered (railway traction drive), Figs.3.48 a), b), and c) were
obtained (momentum of inertia is increased by 1000 times, that approximates infinite inertia and
constant speed). Sidebands disappear with frequencies:

hf —sf(lxk), h=1713,19..; k=3,9,1521,.. (3.8.3)

hf +sf(lxk), h=511,1723..; k=39,1521,.. (3.8.4)
and sidebands remain with frequencies:

hf —sf(lxk), h=1713,19..; k=1,5,7,11,13,.. (3.8.5)

hf +sf(1xk), h=511,1723..; k=1,5,7,11,13... (3.8.6)

Eq.(3.8.1) is now more reliable; Table 3.VI was carried out from simulations, with broken bars
number estimated by (3.8.1).

Table 3.VI. Estimated Number of Broken Bars by Eq. (3.8.1).

broken If I(l_zs)f n If I(l_zs)f n
bars | (50%) | (50%) | (50%) | (100%) | (100%) | (100%)
1 300A 4A 142 583A 8.5A 15
2 300A | 8.5A | 2.85 583A 19A 3.2
3 300A | 13A 4.14 593A 30A 4.7

Table 3.VI shows a modest agreement with realty. Finally, we can state that eq.(3.8.1) produces
results variable with load torque and drive inertia.

By inspecting Figs.3.47 — 3.50, it appears enough evident that a lot of sidebands arise, other
than (1£2s)f, suitable for fault diagnosis. For example, the (5+2s)f frequency upper sideband near
to fifth harmonica is a good fault indicator. In particular, amplitude of this sideband is insensible to
drive inertia variations, as it results comparing Figs.3.47-b and 3.48-b. Moreover, it is insensible to
load torque variations, as shown in Figs.3.48-b and 3.49-b. The fifth harmonic upper sideband is
only variable with broken bars number, Table 3.VII. The dependence relationship seems to be quite
linear. The absolute magnitude of this sideband is large enough to be easily detected. It stay only
one decade under fifth harmonic amplitude.

Table 3.VII. Fifth Harmonic Upper Sideband Amplitude, Versus Fault Gravity.

I 5+2s)f I 5+2s)f
broken bars (SOE%lo)ad) (106%1<)>ad)
1 2A 2A
2 5A S5A
3 75A 75A
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Fig.3.47. Phase current first a), fifth b) and seventh c¢) harmonic spectra. Sampling frequency 24kHz. One
broken bar; 100% rated torque applied; no inertial load.
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Fig.3.48. One broken bar; 100% rated torque applied; inertial load applied.
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Fig.3.49. One broken bar; 50% rated torque applied; inertial load applied.
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Fig.3.50. Two broken bars; 100% rated torque applied; inertial load applied.
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3.9 — CONCLUSI ONS: AN | NNOVATI VE APPROACH TO MCSA

The complete phase model described in Chapter 1 has been used to simulate an induction motor
employed in a railway traction GTO-based inverter-fed drive. The main purpose was motor current
spectrum examination and study under broken bar conditions, to evaluate the actual existence of
fault-related sidebands previewed in Chapter 2, and including a non-sinusoidal feeding. The
particular case investigated (the induction motor set in E404 locomotives of high-speed ETR500
trains) is not casual: many bar breakage occurrences with drive failure were documented, and with
interruption of transportation service. Since many other industrial drives include cage induction
motors fed by low-switching frequency inverters, with potential bar failure problems, the research
was directed toward exploration of fault-related harmonic sidebands, as innovative diagnostic
tools. After a motor parameter identification has been completed by finite elements method,
simulations of healthy and faulty machine under realistic feeding and loading conditions were
performed; simulations show that harmonic sidebands are largely load- and drive inertia-
independent, especially with respect to first harmonic lower and upper sidebands, usually used for
MCSA. Moreover, harmonic-produced sidebands actually increase with fault gravity (number of
broken bars). These facts all suggest that harmonic sidebands can be proposed as novel fault
indicators, and in the following chapter more analytical and experimental investigation will be
presented and discussed about them.
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APPENDIX_3.A

CAGE TORSI ONAL RESONANCES | N TRACTI ON MOTORS

3.A.1 — I NTRODUCTI ON

Planning of transportation systems requires the maximum care in studying and defining
technical specifications and respect of project and public safety standards [13], [14]. The huge
responsibilities often deriving from malfunctioning and traffic failures push the manufacturers to
establish large industrial consortia and economical partnerships. Technical innovation brought
forward from signal/power semiconductor and microelectronics research teams produces a
continuous alteration of course, and necessity of service improvement and standard redefinition.
Railway signaling and traction power units are examples of technical areas invested by the
emerging trends, and problems must be faced with about their potential interaction and
incompatibility. Interconnection between subsystems inside the same traction unit must be
evaluated, too (e.g. between inverter and motor).

Although power GTO thyristors have been available since early ‘80s, their technical maturity
must be measured in relation with the degree of integration with other components in complex
power systems. Interaction of speed-controlled PWM-modulated variable-frequency GTO inverter
drives with traction induction motors (a very commonly used combination), with line-side-
connected transformers and with signaling systems has produced a number of technical challenges,
because of harmful voltage and current harmonic pollution produced by high power switching
units.

Signaling disturbs can be reduced by carefully separating working frequencies of different
sources and filtering, and it is not the subject of this section.

In this appendix, problems related to motor-inverter interconnection for the Italian TAV-Treno
Alta Frequentazione (high frequentation train, EB760/EA761, ALe426/506) project are examined,
with special attention to sixth-harmonic-torque-induced bar breakage and its technical solution.
Drive simulations for torque amplitudes and frequencies computation together with measures of
cage modal frequencies indicate how to modify both PWM ranges and cage structure to overcome
the problem.

3.A2 — BAR BREAKAGE | N RAI LWAY DRI VES

On the ground of metallurgic analysis of fractured cages carried out by specialized laboratories,
bar breakage (typically located near the brazing point between bar and ring) can be attributed to
excessive mechanical solicitations and consequent fatigue weakening produced by torsional
oscillations with rings and iron stack in counter-phase. Torsional movements are primed and
sustained by harmonic components (multiple of six) of the electromagnetic torque, caused by odd-
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order harmonic currents which in turn directly depend on the inverter voltage harmonic content
(and therefore on voltage waveform, i.e. number and distribution of pulses per period) through the
motor harmonic short-circuit reactance (the load level is not influent).

Harmonic torques are practically always present in GTO inverter-fed induction motor drives, and
they depend (both in amplitude and frequency) on the control system modality, in particular on
electronic device maximum switching frequency (MSF) and on the actual modulation ranges.

Sixths harmonic torques (SHTs) appear on the entire modulation range (unless an asynchronous
modulation has been implemented for the lower motor feeding frequencies, MFFs), only varying in
amplitude (continuously, inside the same PWM range, or discontinuously, from range to
range).The absolute amplitude of torsional oscillations, and so the structural stresses and fatigue,
essentially depend on the typical mechanical answer of the system ring-stack-ring to external
torque solicitations, and in particular on the resonance frequencies related to various resonant
modes. SHTs must be intended applied to the rotor magnetic stack (this one is an elastic but
sufficiently rigid structure), which rotates at an average speed with superimposed sixths harmonic
speed components. Bars and short-rings appear as suspended masses trailed to rotate and oscillate.
The bar section between ring and stack is solicited and it bends elastically, Fig.3.A.1;
metallographic analyses of cracked bars (by using penetrating liquids) show that usually the more
stressed point is not the soldering point (since the crystalline structure does not present significant
alteration and the soldering itself has not defect), but immediately below the ring-bar soldering site,
where the flexion is more accentuate. The soldering (or brazing) process in fact makes the molded
material in correspondence of ring-bar copper junction mechanically stronger, due to high process
temperatures and to added soldering material; the latter produces a copper-alloy with more harder
mechanical properties so causing larger local warp of the contiguous pure-copper region.

‘g\ END-RING

-BAR

SOLDERING

/-

CRACK SITE
CHAMFER

IRON STACK

Fig.3.A.1. SHT-induced bar flexion.

Repetitive oscillations produce material fatigue accumulation and progressive work-hardening,
so locally altering the material properties. The elastic limit of the most solicited point decreases
until non-linear deformation field has been entered, and micro-fractures initiate to propagate. The
speed of the process directly depends on the maximum oscillation amplitude and on the repetition
rate (frequency), since it is physically determined by the deformation work. If a SHT with proper
frequency excites a cage resonant mode, the oscillation amplitudes increase very much so greatly
accelerating the weariness. Cage life can be reduced to even 10% of the planned one. Thus, care
must be paid to mechanical resonances.
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3.A.3 —MEASURE OF CAGE RESONANT FREQUENCI ES

Determination of cage resonant frequencies can be attempted by several instruments, such as 1)
cage simulation by using dedicated structural software for modal calculation, 2) direct measure by
Hammer test, 3) direct measure by accelerometers (e.g. piezo-ceramic sensors) placed on the rotor
(Fig.3.A.2). Method 1) appears the less affordable, since many factors and constructive details can
heavily influence the modal frequencies (e.g., bar-fastening chamfers in slots are mechanical
constraints whose effects on cage binding are very hard to account for), whereas experimental
methods 2) and especially 3) furnish more sure results. Method 3), in particular, allows measures
on working motors: vibrations are acquired in various points of the rotating part and signals are
collected by a radio-receiver outside the motor [15]. So, the relative movement between any ring
and the stack can be measured. Tangential alternate displacements of few wm-per-mm can reveal a
resonance. The more important result from a wide measuring campaign made on TAVs was that
identical but distinct motors presented different resonance frequencies. The direct measure only
furnishes a statistical range of values (in this case 500-900Hz), and the motor mechanical
optimization must take in account this range.

Fig.3.A.2. Sensor installation on end-ring and stack. (Source: Muller-BBM).

3.A4 —OPTI M ZATI ON OF MODULATI ON RANGES

The main technical specifications of TAV’s electric drive are as follows. The train is constituted
by two tractor units and two trailers; every locomotive is moved by two single-star cage-rotor
induction motors, fed by a two-level GTO inverter. The DC-link 2400V-voltage is furnished by a
step-down chopper, directly linked to the 3000V-DC-line catenary. The “traction curve” provides a
constant torque region from zero speed to 76.5Hz (constant motor flux region, by a constant V/f
regulation), and then a constant voltage region (square wave feeding), with constant power and
decreasing flux until 175Hz (maximum speed).

Constant V/f regulation is usually adopted in railway applications. Every PWM modulation
frequency range must withstand, at the same time, multiple constraints as: 1) waveform
fundamental amplitude must be proportional to the instantaneous MFF, below the field-wakening
range (for field wakening usually a square wave is used), 2) the product of pulse number and MFF
must keep as closer as possible to MSF, 3) single pulse duration must not reduce too much below
half of 1/MSF (commutation failure risk), 4) adjunctive programmed harmonic elimination
constraints on current or torque can be added by exploiting the remaining degrees of freedom, 5)
other eventual constraints due to drive features. Moreover, other important constraints derive from
the interactions inverter-motor and inverter-supply line: 1) harmonic torques must not excessively
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stress the motor (specific normative dispositions such as CEI EN 60349-2 exist about the proper
interconnection), and 2) switching frequencies must not disturb signaling systems. To obtain a
correct interconnection inverter-motor, computer simulations of the whole drive are nowadays
mandatory. Powerful software (as MatLab) permit to easily implement the motor dynamic
equations, and the desired voltage waveforms [12]. Table 3.A.I reports rated data for the motor
TAF 6FBAS5257, whereas Tables 3.A.Il and 3.A.III show the actual PWM ranges for two different
MSFs, 400Hz and 260Hz respectively. A 5%-order Clarke-Park model is fully sufficient to estimate
SHTs, and their amplitude can be evaluated for every MFF (§3.A.5). If SHTs exceed warning
limits, a new modulation range pattern can be defined and tested. Transition frequencies can be
moved to obtain SHT reduction, or a new PWM waveform can be decided for any range (different
pulse number/position, or central notch division).

Table 3.A.I. Rated Motor Data.

640kW

1587V

275A

76.5Hz

1510rpm

4046Nm

1.4%(slip)

6 poles

Table 3.A.II. PWM Modulation Ranges (GTO Max Switching Frequency = 400hz).
(S. = Sinusoidal Pulse Duration; P. = Programmed Pulse Duration;
C.N. = Central Notch; L.N. = Lateral Notches; S.W. = Square Wave).

Pulse #

18(s.)

15(s.)

12(s.)

9(s.)

7(p.)

5(p.) | 3CN.

3L.N.

S.W.

Range (Hz)

19-22

22-26

26-33

33-44

44-57

57-69 | 69-78

78-88

88-153

Table 3.A.IIl. PWM Modulation Ranges (GTO Max Switching Frequency = 260Hz).

Pulse #

18(s.)

15(s.)

12(s.)

9(s.)

7(p.)

5(p.) | 3CN.

3L.N.

S.W.

Range (Hz)

13-15

15-18

18-22

22-29

29-37

37-52 | 52-78

78-88

88-153

3.A5 — DRIVE SI MULATI ONS AND SW TCHI NG PATTERN COMPARI SON

SHTSs computation was performed by using a 5%-order Clarke-Park complex model containing
the first harmonic of air-gap field. The asynchronous machine dynamic vector model in stator
(a,B)-coordinate is (3.A.5.1)-(3.A.5.4), where “primed” quantities are stator-related (cage motor).

Eq. (3.A.5.5) is the electro-magnetic torque:

‘75aﬁ = RSiSaﬁ + V7Saﬁ
SR i g
Ve = Lplrap TWrap = J OrW rop
— _r T 171
Vsap = LSlSa/} +M LRop
—]  _ arI7] 131
Wiap =M igpp + Lilpgp -

7—;171 = Im(

1

R

M, -
T V/thﬂ : lSaﬂ

(3.A.5.1)
(3.A.5.2)
(3.A.5.3)
(3.A.5.4)

(3.A.5.5)

The stator-related vector dynamic parameters were evaluated by accurate identification of the
equivalent-circuit parameters (performed by statistical fitting of experimental data). The reduced
model used for integration is (3.A.5.6)-(3.A.5.8):
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1/7150!,5 = _(1/TR — J Wy )1/715aﬁ + (M[/TR ){Saﬁ (3.A.5.6)
s = Psup = Refsap = (M | Ly Wity ) 0L (3.A.5.7)
@D,ee = <_ Im((PMI/L; )'715;@ : lTSaﬁ)‘F Aw,,. +T,.. )/J . (3.A.5.8)

Extensive computer simulations were carried out by using a MATLAB program. Fig.3.A.3
shows typical program outputs, such as motor electromagnetic torque, slip, and current. Fig.3.A.4
shows a torque spectrum. Figs.3.A.5 - 3.A.13 show some waveforms correspondent to various
PWM ranges, for MSF=400Hz.

Figs.3.A.14, 3.A.15 show that large SHTs incur in the cage resonance region when the original
switching pattern is used (MSF = 400Hz), so causing rotor damage. Fig.3.A.16 shows that, by
lowering MSF to 260Hz (for signaling safety), SHTs increase noticeably, and Fig.3.A.17 confirms
this trend. However, Fig.3.A.18 clearly shows that increment rises mainly below the resonance
region (500-900Hz), so it is not so dangerous. But rotor damage risk still is not avoided. Finally, as
exposed in §3.A.6, the motor project was modified with a bar shorting of 20% so producing a
resonance frequency elevation around 40% (740-1260Hz).

ELECTROMAGNETIC TORCUE (8 PULSES)

02 0.4 06 0.8 1 s 1.2

SLIP (9 PULSES)

Fig.3.A.3. Electro-magnetic torque, slip and phase current (MATLAB dynamic simulation of a starting
transient). Feeding: 33Hz, 685V line-line (fundamental), 9 pulses, 50% of rated load (T oap=2000Nm).

ELECTRO-MAGHNETIC TORQUE SPECTRUM (9 PULSES)
- - < STk T o

10
a 00 Hz 4000

Fig.3.A.4. Motor torque spectrum. SHTSs are shown. (Load torque: 2000Nm.)
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3.A.6 — BAR SHORTENI NG AND RESONANCE FREQUENCY OPTI M ZATI ON

Cage resonance frequencies can be moved up by simply shortening the cage length. In fact, the
mechanical system ring—bars-stack can be qualitatively described by a second-order structural
model, Fig.3.A.19, [16]. The mass m is due essentially to the end-ring, and the geometric
constraints impose a bar flexion between stack and ring like that in Fig.3.A.19. The distributed
mass can be easily thought as concentrated in the middle point B, and the torsion strength M has a
linear variation. The maximum momentum is applied to the bar segment extremities, near the bar-
ring and bar-stack connections. A dynamic balance accounting for damping, inertial, and elastic
strengths can be written, by imposing an externally applied displacement in point A.
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Fig.3.A.19. Elastic model of the end ring-bar-stack system.

The solution of the dynamic force balance for a mass virtually concentrated in B furnishes the
complex expression (3.A.6.1) for the maximum momentum M, applied in A:

i =k

0

= Aka(wm — ja)
AX = 3.A.6.1
L (k/L - @*mL?)- jacl? ( :

where A4 is the maximum amplitude of a sinusoidal displacement of point A, a is a damping factor,
m is the concentrated mass, & is an elastic constant, @ the vibration pulsation, and L is half of the
bar section length exceeding the iron stack. For little damping, the resonance frequency is
(3.A.6.2):

k

- (3.A.6.2)
m

=

which shows that a reduction of bar jutting section by 20% produces a frequency increase about
40%. In fact, the minimum frequency was really moved up to about 740Hz, so eliminating the
frequent bar breakage phenomenon on TAVs.
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CHAPTER 4

THE STEADY-STATE SOLUTION OF THE LINEAR MODEL
FOR A CAGE MOTOR WITH FAULTED BAR
AND FORMULATION OF HCSB INDICATORS

4.1 - INTRODUCTION: THE STEADY-STATE SOLUTION OF THE LINEAR MODEL

4.1.1 — THE STEADY-STATE SOLUTION OF THE COMPLETE MODEL

The steady-state solution of the complete model introduced in Chapter 1 is not easy to obtain,
neither if important restrictive assumptions are imposed, as a strictly constant rotor speed or mono-
harmonic voltage feeding. In the more general case in which multi-harmonic feeding has to be
considered, and stated the multi-harmonic nature of the stator-rotor mutual inductance coefficients
that make up matrices [lsz(¢)] and [lzs(2)], equation (1.3.1) constitutes a system of ordinary
differential equations with periodically time-varying coefficients, and the steady-state solution (i.e.
current steady-state waveforms) is generally constituted by elements made up of double infinite
summations of bi-periodical terms with frequencies furnished by the linear combination (4.1.1.1):

ke, + ko, . (4.1.1.1)

with parameters k;, k; € Z.

The exact computation of the double infinity of current bi-harmonic components requires a
complete harmonic balance, which theoretically can be carried out by using an algebra involving
infinite-dimensional matrices (Sobczyk, [21], [22], [23]).

The problem becomes even more difficult for an asymmetrical machine (as in case of presence
of broken bars), and much more if speed oscillations must be taken in account too (speed
oscillations are responsible for the rising of some important fault-related spectral sidebands).

On the other hand, the exact solution of the model (1.3.1) can be avoided for many practical
purposes. As it will be seen in the following, useful results can be obtained by introducing drastic
simplification on the complete model. The conclusions carried out from reduced-order models
must be always validated by comparison with computer simulations performed by numerical
integration of the complete model (1.3.1), and finally by comparison with experimental results. To
obtain this goal, the correct parameter identification of practical machines is a very important step
(as shown in Chapter 3).

So, the results presented in this Ph.D. thesis are, as long as possible, always presented in three
ways: theoretically (by reduced models), by simulation (by using the complete model), and
experimentally.
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4.1.2 — A NEW FAMILY OF BROKEN BAR INDICATORS BASED ON SPECTRAL SIDEBANDS OF
SUPPLY CURRENT HARMONICS

The steady-state solution of the faulty motor model with broken bars is directed toward the
identification of novel diagnostic criteria. In fact, some new fault indicators for rotor bar breakages
detection in squirrel cage induction motors have been theoretically previewed and experimentally
proved. They are based on the sidebands of phase current upper harmonics (harmonic current side-
bands, HCSBs), and they are well suited for converter-fed induction motors. The ratios I7.og/Is
and I(s+24¢/I7¢ are examples of such new indicators, and they are not dependent on load torque and
drive inertia, as classical indicators (based on lower and upper sideband of first harmonic) do. So,
the MCSA technique effectiveness is greatly improved, when applied on motors fed by low
switching frequency converters (with natural harmonics) or by high switching frequency converters
(with harmonic injection). Applications with grid-connected motors can be studied, too. Motor
mathematical modeling was based on the MPSCT already developed in Chapter 1, [25], [27];
experimental work was performed by using a prototype machine with an appositely prepared cage
described in Chapter 5, [25], [27], and successively method validation was achieved on other three
industrial motors as shown in Chapter 6, [24], [28].

4.2 - MCSA AND NOVEL INDICATORS

4.2.1 — INTRODUCTION

Induction motor bar breakages have been increasingly studied in the last decades because of
economic interests in developing techniques that permit on-line, non invasive, early detection of
motor faults in power plants [1], [2], [20]. Every industrial sector (cement and paper mills, textile,
chemical and iron plants, load movement and railway traction) can benefit by application of
suitable and effective motor diagnostic techniques, since motor fault problems are often faced in
inadequate way, so suffering all the negative consequences of (almost avoidable) sudden plant-
stopping due to unforeseen breakdowns.

Signature analysis of motor phase current (MCSA) has been usually attempted looking at (1-2s)f
and (1+2s)f frequencies sidebands (LSB and USB respectively) for rotor fault detection and fault
gravity assessment [3], [4], [5], but more than one researcher has opined about the goodness of
such sidebands as fault-indicators [6], [7], [8], [9], [10].

In particular, LSB and USB-based indicators performances are too much affected by variations
of load, of drive inertia, and of operating frequency. Theoretical and experimental evidences of
these drawbacks are given in this work, too.

Much research effort is consequently devoted to the development and application of new fault
indicators (not only for broken bars detection), which can possibly support the existing ones to
increase the potentialities of fault diagnostic techniques [11], [12], [13].

In this work some new fault indicators for rotor bar breakages detection in squirrel cage
induction motors have been proposed, that were mathematically developed first, and
experimentally proved afterwards.

They are based on the sidebands of phase current upper harmonics, and they are well suited
especially for converter-fed induction motors. The ratios I.ag¢/lss and Iisiage/lse , Lsage/liie and
I1142¢¢/113¢ are examples of such new indicators, and they are not dependent on load torque and
drive inertia, as classical indicators do. Their dependence on frequency has been examined too,
both theoretically and experimentally, and it was found less remarkable with respect to other
indicators. Moreover, their values increase linearly with the quantity of consecutive broken bars,
almost for not too much advanced faults; on 4-poles motors, really, they were found quietly like the
per-unit number of broken bars (ratio on total bar number).

So, the MCSA technique effectiveness is greatly improved, when applied on motors fed by low
commutation frequency GTO/thyristor converters (with natural harmonics) or by high
commutation frequency converters (with controlled harmonic injection technique). Applications
with directly line-fed motors can be attempted, since voltage distortions are often present on the

175



Chapter 4 —The Steady-State Solution of The Linear Model

plant electric grids (due to non-linear loads), but more sensible and precise instrumentation could
be needed.

These indicators will be introduced by explaining first their mathematical genesis (in this
chapter), and then by showing experimental results in the following Chapters 5 and 6.

An original formulation is presented for motor mathematical modeling, based on the multiphase
symmetrical components theory, for sidebands amplitude computation; experimental work was
performed by using a square-wave inverter-fed motor with an appositely prepared (hand-made)
cage, for easy and versatile testing with increasing number of broken bars and without motor
dismounting. Moreover, extensive experimentation was carried out on three industrial motors with
different power and pole number, with increasing load, frequency and fault gravity for
methodology validation.

4.2.2 — HIGHER-ORDER SIDEBANDS

The theoretical work started from some observations about fault-related sidebands produced by
low-order harmonic phase currents (that rise with a non-sinusoidal motor feeding). We reassume
here the main concepts, already introduced in §3.2.2, for reader’s commodity.

The effect of 1st, 5Sth and 7th order harmonic currents on the air-gap fields is discussed. The 5th-
harmonic stator polar wheel (backward rotating with electrical speed 5m) excites an analogous
rotor reaction polar wheel (with speed (6w-sw) regressive with respect to the rotor). The 7th
harmonic polar wheel produces a correspondent rotor reaction, too. When one or more bars are
broken, or with end-ring damaged, the cage symmetry is lost and the multi-phase rotor current
system loses his symmetry as well. So, some reverse rotating fields rise in the air-gap (with speeds
so*, (6m-s0)*, (bo+sm)*, with respect to the rotor), that are superimposed to the direct ones (s,
(6w-sw), (6bwtsw)). The reverse fields link with the stator windings inducing currents with
frequencies (1-2s)f, (7-2s)f, (5+2s)f. Such currents are limited by the stator impedances (resistances
and leakage reactances) and by the feeding system impedances, generally very low (voltage-source
feeders). Super-imposition of the "normal" current components (without fault) with the fault-
related ones makes raise a current modulation with frequency 2sf. As a consequence a pulsating
torque appears, that produces some rotor mechanical speed oscillations with the same frequency
(2sf) and with amplitude limited by the global drive inertia. These fluctuations reduce the
amplitude of the (1-2s)f, (7-2s)f, (5+2s)f sidebands but make raise current sidebands with
frequency (1+2s)f, (17-2s)f, (19+2s)f. The latter two are high enough to be almost completely
damped by the system impedances; so they do not sensibly affect (7-2s)f, (5+2s)f sidebands.

Simulations about higher-order sidebands performed in Chapter 3 [14], [15] confirm their
insensibility to inertia, moreover showing load insensibility and linear-like variation with fault
gravity (number of broken bars). So, a deeper investigation on these sidebands was engaged in, as
exposed in the following paragraph.

4.3 - THEORETICAL FORMULATION

4.3.1 — INTRODUCTION: FORTESCUE’S TRANSFORMATION

Transformations based on decomposition by multiphase symmetrical components are well
known (Fortescue, 1918), and refinements of this technique applied to symmetrical induction
machines have been reported in literature in the past decades ([16], [17], [18]). Nevertheless,
deeper theoretical investigations on unsymmetrical faulted machines by using the multiphase
symmetrical components theory have not been fully carried out and exploited yet.

The authors applied a complex Fortescue’s transformation in [15] to the rotor quantities of a
faulted machine to obtain: a) precise and complete characterization of the principal fault-related
sideband frequencies, by using opportune graphical loci; b) systematic description of all “hidden”
(externally not visible) frequencies; and c¢) formulas for (1-2s)f current sideband amplitude
computation (extendable to many other sidebands) by transforming a fault-related incremental
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resistive matrix. In this work, the same authors will extend the mathematical results of [15] to
define some formal functions utilizable as broken bar indicators.

4.3.2 — CYCLIC-SYMMETRIC MACHINE MODEL

The principal equations of the model presented in Chapter 1 will be here briefly reassumed for
reasoning concision.

The three-phase cage machine can be represented by a generalized (n,m) cyclic-symmetric
model as depicted in Fig.4.1, with ‘n’ stator circuits, ‘m’ rotor loops, and smooth air-gap (double-
cylinder structure, [16]).

L
T

Fig.4.1. Cyclic-symmetric (n,m) winding structure.

Historically, the use of motor models that embed all the elementary electric loops was mainly
due to space harmonic modelling purposes for healthy machines [17]. In this work, a complete
circuital model has been used for a better description of the rotor asymmetry in case of broken bars.
Therefore, the reduction to an equivalent two-pole machine has not been attempted, and all the
electric quantities (voltages, currents, flux linkages) have been referred to the actual multi-pole
electric structure of the machine. In particular, all the stator polar belts and all the rotor electric
loops (each one made up by two consecutive bars) have been individually considered.

Stator and rotor electric balances in the time domain are written in (4.3.2.1), (4.3.2.2), in matrix
form:

o)1= (R o))+ < o 0) (432.1)
o)) = (R O+ S 0) 322)
The flux column vectors can be decomposed as follows:
s ()= lwss ()] + Iy se ()] = [Ls ] lig (O] + 15 ()] [ 0)] (4.3.2.3)
[ (1= [ s O]+ W ()= (g (O] i ()] [ L ] [ ) (43.2.4)

The matrices [Rss], [Rzr], [Lss], [Lrr], are symmetric and circulant — that is, any row is obtained
from the precedent by a circular right-shift. Therefore, it is necessary to report only the first rows:

first row of[Rss] =[Rs O ... 0] (4.3.2.5)
first row Of[RRR] = [2(RB+RE/W!) -RB 0 ... 0 -RB] (4326)
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ﬁrSt row Of[LSS] = [LO(5S Lds LZ&S .. -L(n -1)ds Ln 08 L(n “1)0s + - LZ&S Lds] (4327)
first row of[Lgg] = [Losr Lor Lasr- - -Lon-1or Lmsr Lon-nor--- Loor Lsr] (4.3.2.8)

where n’ is n/2, for n even; for n odd, n’ is (n+1)/2, and the element L, disappears. The same
definition is valid for m .

The cage topological circuital scheme (mesh-model) here considered is reported in Fig.1.6. The
end-ring current has been removed from the model (healthy rings). A bar fault can be represented
by an increase of the correspondent electric resistance, that is introduced in the model by adding to
[Rgr] in (4.3.2.2) an incremental resistance matrix defined as in (4.3.2.9).

Ay Ay ka1 (4.3.2.9)

Qe Asrpst

[ARRR,k] =

In (4.3.2.9), the breakage of the k2 bar is accounted for by posing ayx = a+1.5+1 = ARpy, and ay j+1
= ai+1.x = -ARp, and leaving to zero all the other elements. ARp, = o defines a bar completely
interrupted (neglecting inter-bar currents).

The actual distribution of the electrical circuits and the consequent space-harmonics are
accounted for by expanding in symmetrical bilateral Fourier series the mutual stator-rotor
inductances; the mutual inductance between the u? stator polar winding (S,) and the A% generic
rotor loop (Ry) is (4.3.2.10), that is the (u,k) element of the matrix [/sz()].

lgy ra (D) = iA(” cos(h(d—(u—-1)3; + (k—1)6,)) (4.3.2.10)

h=—c

Eq. (4.3.2.10) can be rewritten in compact form as follows:

(@)= S [ w)] 432.11)

h=—co

Generally, matrices [lsg(D)]omm) = [ZRS(ﬂ)]t(mxn) are not cyclic, because they are not square
matrices. If n=m, they are cyclical, otherwise they assume a cyclical-like structure.

Fig.1.9 shows the amplitude of harmonic coefficients A" carried out for the inductance Is1 r1(D
(computed for the 1130kW 4-pole traction motor in Chapter 3).

A detailed step-by-step description follows about the mathematical procedure used to obtain
fault indicators starting from the cyclic-symmetric model. Physical interpretations have been
furnished to clarify the most important issues.

4.3.3 — SYMMETRICAL COMPONENTS FOR ROTOR LOOP CURRENTS

In the healthy machine with symmetrical sinusoidal feeding, at steady state the stator and rotor
internal currents form sinusoidal symmetrical systems with » and m components and frequency
‘w27’ and ‘sw/27’ respectively, and with spatial distribution characterized by 2P poles, while
supposing neglectable other eventual harmonic current components due to space harmonic fields or
to machine constructive non-idealities.

If any bar breaks, the rotor cage appears to the stator rotating field wave as an unbalanced load,
and the set of rotor loop currents becomes an asymmetrical system, (4.3.3.1).

ig()=1ycos(sax—g@y) < T, =1, (4.3.3.1)
k=1,...,m.
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System (4.3.3.1) can be decomposed in the summation of m symmetrical systems, each one made
up of m components, by using a Fortescue’s transformation [F,,] of m™ order:

7.]=1F,1[1.)- (4.33.2)

The transformation (4.3.3.2) can be rewritten in a more significant way both on time-varying and
complex quantities as follows:

i, ] :mz [ 1 o [1]= mz [1 ] (4.3.3.3)

where [i,(;’ )] and [i ( )] represent the time-varying and complex form of the ¢” symmetrical system.
The k% elements of these column vectors are reported in (4.3.3.4).

i9(6)=19 cos(sax — g —qlk-1)5,) — IW=TWe, ">, (433.4)
k=1,...,m, q=0,...,m-1.

The system for g = P, [i (7 )], is the only present for healthy cage, and it is responsible of the main
electromechanical energy conversion. The presence of the other systems, and in particular of
[76-7], denounces a fault condition.

4.3.4 — STATOR-LINKED FLUXES

To derive the steady state solution presented in the next points, an expression for the fluxes
linked with the stator circuits by the rotor current symmetrical systems is needed.

Eq. (4.3.2.3) defines the column vector [y, | as the product of the inductance matrix [/, | by the

rotor current vector [, |. By using the expressions (4.3.2.11) and (4.3.3.3), we can decompose [, |

SR]

in a double summation of elementary vectors as in (4.3.4.1):

m—1 oo

[l//SR] ZZ [V/SR ] (43.4.1)

q=0 h=—cc

where the generic (4, g) term is explicated in (4.3.4.2):
U ealz[im] L[«
— |y | = [j\) | |\ (4.3.4.2)
\/; I:WSR ] [SR ]\/E [R ]
he Z, q=0,...,m-1.

The column vector on the left side of (4.3.4.2) represents the system of fluxes linked with all the n
stator circuits by the ¢” symmetrical system of rotor currents, by means of the A% harmonic
inductance terms. Calculation of (4.3.4.2) shows that such flux system does exist different from
zero only for ¢ = (h mod m), and that, in this case, it constitutes a symmetrical system of order (|#|
mod #n). Therefore, (4.3.4.1) is simplified in (4.3.4.3):

oo

W= Z 1 [s’;hm"d’"]- (4.3.4.3)

h_Hx,

The u* component of [1// ha ] is shown below:
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w4 = - APTY cos(w, + hs, — hu=1)5; - o)), (43.4.5)

where the fault-related stator frequency wyis (4.3.4.6), [19].

= ﬁ—s(ﬁ—lJ he Z 43.4.6
r = P P 5 e L. ()

For h =+P, from (4.3.4.5) the two flux systems (4.3.4.7), (4.3.4.8) can be obtained:

w0 = nm - AP cos(ew 1+ P, — Plu—1)8, -9 (4.3.4.7)
wiho " = nm - AP cos((1-25)x + P8, — Pu—1)8, + ")) (4.3.4.8)

These fluxes are linked with the stator windings by the current systems [[(”]and [7-7]

respectively, by means of the same inductance coefficient A = A®”. They represent the principal
effects of the rotor reaction, since the coefficient A" rapidly decreases while |4| increases. Whereas
the e.m.f.s induced by (4.3.4.7) balance the impressed stator voltages (neglecting the resistive and
inductive stator drops), the derivatives of (4.3.4.8) stimulate current production with frequency (1-
2s)f- An approximate but sufficiently simple and accurate calculation will be carried out in the
following points by taking in account only the effect of the stator e.m.f.s induced by the main flux
systems (4.3.4.7), (4.3.4.8).

Finally, since (4.3.4.7), (4.3.4.8) are symmetrical systems, they can be posed in complex form
as in (4.3.4.9), (4.3.4.10), (with frequencies explicated in the subscripts):

[?éﬁf,,’i?]ﬁéﬁgii[l o ot . o] (4.3.4.9)
R Rt N A (4.3.4.10)
where:
Wil =nm - A" L) (43.4.11)
SR a)—2sa) Jnm - A /MOI Px, (4.3.4.12)

4.3.5 — SYMMETRICAL COMPONENTS FOR STATOR VOLTAGES AND CURRENTS

Although in the following the conditions of symmetrical feeding and healthy and symmetrical
stator windings is retained, it is useful to employ the symmetrical component notation for stator
voltages and currents too. In fact, in this way, machines with different rated numbers of polar pairs
P can be accounted for, indifferently from the number » of stator circuits.
The column vector of sinusoidal stator voltages with frequency w/2m, [Vs(w)L can be decomposed in

the complex domain as follows:
— -1
Vwl=£] s l= ZOT W] (43.5.1)

So, a 2P-pole symmetrical feeding can be written as in (4.3.5.2):
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Fol=7ol o et et r] (4.35.2)

The stator current system is given by the superimposition of two systems of sinusoidal time-
varying quantities with frequencies w/2n and (1-2s)w/2m:

R T S (4.3.5.3)

which must be separately transformed in the complex domain, since they have different
frequencies, (4.3.5.4), (4.3.5.5).

Ly l=1F,] [T ]= Z ln[ o) (4.3.5.4)
[ E N I ﬁ[ ) (43.5.5)

4.3.6 — ROTOR-LINKED FLUXES
The general formulas for rotor-linked fluxes by the stator current systems [ls ] [;S w_m)] are

respectively (4.3.6.1), (4.3.6.2):

Waston = lhes s = i J—wR’;‘“‘“"] (43.6.1)

[l//RS (@) ] [ w—23w] i [ Rhsha[,j‘)d" ] (4.3.6.2)

where the k% components of ['//Rs ] and [ (i " ] are:

Wit = Nnm - AT cos(ay t—hdy —h(k —1)5, — 9l (4.3.6.3)
Wit o =nm - A7 cos(@,t—hd —h(k=1)8, —pl) .,)  (4.3.6.4)

with:

o = a{(l—%)+s%} he Z (4.3.6.5)
W, = n{(l —ﬁJ +S(£_2D , he L. (4.3.6.6)
p) P

For 4 = P, from (4.3.6.3) and (4.3.6.4) descend, respectively, (4.3.6.7) and (4.3.6.8):
wEn) = nm AT cos(s ot - PO, - Pk —1)8, - 9lf)) (4.3.6.7)

wih) o =AnmAPIE | cos(—saxt— P —P(k-1)5, gl ,.)  (4.3.6.8)

S(w-2sw)
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which represent the two main rotor-linked flux systems produced by the 2P-pole stator current

systems [igfz))], [ig’(“a))_m)]. Note that both these flux systems are 2P-pole, slip-frequency, symmetric

systems, but one is direct and the other reverse. Their complex form is as follows:

oo l=wen 1 o o . et r]” (4.3.6.9)
Fen, l=en 1 af et o] (4.3.6.10)
where:
Wieity =~nm - AP ) (4.3.6.11)
=nm - NP ), * (4.3.6.12)

4.3.7 — STEADY-STATE COMPLEX FORM OF THE UNBALANCED MODEL
The analyses carried out in the preceding points permit to write a closed-form harmonic balance
for the motor model (4.3.2.1), (4.3.2.2), as in (4.3.7.1)- (4.3.7.3).

)= (Rys 1+ jolLg )- 1740 1+ ol ¥i)] 43.7.1)
[0] ([RSS]+J(1 25) LSS] [I (0-25) ]+J1 23 w[lPSRw 2?11)] (4.3.7.2)
= (AR, 1+ [Ry + sl L INmlT I+ jsoFE0) [+ [0, ) 43.73)

The system (4.3.7.1)- (4.3.7.3) is generally valid for a 2P-pole machine. It has been obtained by
posing (4.3.2.1), (4.3.2.2) in complex form, and simulating the fault by increasing the rotor
resistance matrix.

System (4.3.7.1)- (4.3.7.3) can be briefly commented as follows: a sinusoidal symmetrical direct
2P-pole voltage forcing excite an analogous 2P-pole current response by acting on the cyclic-
symmetric and constant stator impedances. This response links with the cage a slip-frequency
direct 2P-pole flux system, whose e.m.f.s act on an asymmetrical load. As a consequence, the rotor

currents form a slip-frequency asymmetrical system. The component systems [f ( )] and [f &P )] form
2P-pole m.m.f. waves whose angular speeds sw/P and -sw/P respectively sum to and subtract from

the rotor speed (1-s)w/P, giving stator-linked fluxes and e.m.f.s with frequencies f'and (1-2s)f. The
first set completes the voltage balance in (4.3.7.1), whereas the second constitutes the voltage

forcing of (4.3.7.2). Finally, the currents in [fs(f;_z_m)] link with the cage a slip-frequency reverse 2P-
pole flux system, whose e.m.f.s complete the rotor equation (4.3.7.3).
Note that, in the rotor equation (4.3.7.3), the current vector [i R] contains all the symmetrical

components (see definition (4.3.3.3)), but only the £P order components are taken in account for
stator-linked fluxes in (4.3.7.1) and (4.3.7.2). This assumption makes system (4.3.7.1)- (4.3.7.3)
formally more simple than a complete harmonic balance, and without excessive loss of accuracy

about calculation of [f;f” )] and [iéj(?u M)]. Obviously, calculation of the other unbalanced

components |/ [ ] (g # £P) is less accurate, but this is not of concern in this work.
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4.3.8 — TRANSFORMATION AND SOLUTION OF THE UNBALANCED MODEL

Eq. (4.3.7.1), (4.3.7.2) can be written by using only the first components of symmetrical
systems, and discarding the other (redundant) components (see Appendix 4.A for sequence
parameter definition):

70 =R+ jol) 1) + jP ) (4.3.8.1)
0=(R") + j1-25)a ) I) , .+ j(1-25)¥ L) (4.3.82)

The rotor system (4.3.7.3) must be transformed by pre-multiplication by [F,]" and using
(4.3.3.2), so obtaining (4.3.8.3):

[0]=[AR |- [T 1+ (Reg 1+ sl Ly D) [T ]+ s Py '] (43.8.3)

where the transformed matrices are listed below:

[Ree'l = [E,]"[Re]-[F, ] = diaglr,"} (4.3.8.4)
L] = [ L) [F,] = diaglL "} (43.8.5)
[AR,,] = [Fm]‘“[ARRR,l]-[Fm] = AZBI [c]-[c] " (4.3.8.6)
¥l = 5" ([ e [ EEn, ) =l o w0 0w, o] 4387)

It also results:

[ARRR ']' [I_R ']: _[E] ARy, I_Bl = _[E & (4.3.8.8)
m m
where an auxiliary column vector has been used (4.3.8.9):
[5]: [(aRO _1) (Olk1 _1) (OKR2 _1) (Olkm_1 _1)] T' (4.3.8.9)

In (4.3.8.8) E,, is (for ARz >>R;) the resistive voltage drop on the faulted bar. By substituting

(4.3.8.8) in (4.3.8.3) and solving the latter, the rotor current symmetrical components can be
carried out, as in (4.3.8.10)-(4.3.8.12):

7 (P) 1 P E (P.P) _

1, =——"|la, -1)—-=%= sa)‘P (sa) q=P (4.3.8.10)

R R(P) |:( R ) /—m RS( :|

7 (q) 1 EB] . _

1" =—= \al -1)—4*%, qg#xP; ¢=0,..,m-1 (43.8.11)

R R(q) ( R )\/%

ZR(‘P):%~ (" - ) B s P q=-P (43.8.12)
ZR

= MZ-ARBI ((ZIEP—I)— (Otp—l)_
= ] (P.P) R (P,P)
En = mZ+ARB1 JS Z;gp) \PRS(M)) + Z}(;P) TRS(,M) (4.3.8.13)
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where the synthetic impedance Z is defined by (4.3.8.14):

§32(1- 005‘15 2(1=cosqd,). (4.3.8.14)

1_
Z

q=0

Relations (4.3.8.1), (4.3.8.2), together with (4.3.8.10)- (4.3.8.13), permit to calculate all the current
components. In particular, they lead to the following system (4.3.8.15)- (4.3.8.18), where (4.3.8.10)
and (4.3.8.12) have been rewritten as in (4.3.8.17) and (4.3.8.18), respectively.

i) = 20T + i) 43815
0=Z; (HWI(ZHW +j(1-25) Pl 0) (4.3.8.16)
0=ZL10 + jsall+ £ LD + jseol- o D) (4.3.8.17)
0=ZITE" + jsali+ FIRLD) + sl FIRLD), . (4.3.8.18)

Here a “fault function” compares, defined as in (4.3.8.19):

f(s,0)= 2(COS’_P(5)R ~1)_Z-ARy (4.3.8.19)
Z, mZ + AR,

whose value is zero only when no-fault occurs.
Note that system (4.3.8.15)-(4.3.8.18) “contains” the fault by means of the presence of the

function £ : in absence of faults, f = 0 and (4.3.8.16) and (4.3.8.18) can be discarded, since they

are no longer coupled to (4.3.8.15) and (4.3.8.17); these latter correspond then to the classic
equations of the induction motor equivalent single-phase circuit (symmetrical).

The system (4.3.8.15)-(4.3.8.18) is linear, and easily solvable for stator and rotor currents; so,
the influence of ‘ARg,” on the motor currents can be evaluated. But the most interesting result is the
one exposed in the next point.

4.3.9 — FORMAL DEFINITION OF BROKEN BAR INDICATORS
By manipulating the system (4.3.8.15)-(4.3.8.18) the ratio between LSB and the fundamental
current can be carried out as in (4.3.9.1):

Lo _ M T(s.0) 43.9.1)
1(0)) B Z(P)Z(P)i
f +1— R “S(w-2s0)
s(1- 2s)a)2nmA(P ¥

By substituting in I'(s,®) o”’=vew and s"’=1%(1-s)/v (non sinusoidal feeding) we obtain many
other sideband-to-main harmonic ratios (4.3.9.2).

I oo
T2 (), o)) = (s, ) (4.3.9.2)
v=1,5,7,11,13,17,19,...

Equations (4.3.9.1), (4.3.9.2) clearly state that each one ratio does not depend on the applied
voltages (while currents do), and it depends only on slip (and load), on frequency, and on electric
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parameters of the particular machine, among which the incremental resistance of the faulted bar.
The first ratio (v = 1) is the ‘classical’ indicator, (4.3.9.3):

0 _ fo2ge (4.3.9.3)

1o = fozge  poy _ s (43.9.4)
15(0 ]70)
I
ron = wage oy Z Juae (4.39.5)
Illco 11360
ron _t (119—2s>w R 1<'17_2>w (4.3.9.6)

Theoretical trends of I'(1), I'(5) and I'(7) functions obtained by using (4.3.9.1), (4.3.9.2) were
plotted in Figs.4.2, 4.3 on a wide slip variation range, for a 1130kW 4-pole traction motor with one
broken bar on a total of 56 bars [15]. Same simulation results (carried out by using the complete
phase model (4.3.2.1), (4.3.2.2), in correspondence of 50% and 100% of rated load) are shown, too.

2%

L
18% A
1.6% — T
X
1.4% /x
1.2%
: AN
1% / 5 .5 773 70
/ v Py |
0.8%
0.6% /
/ X = GAMMA(1) SIMULATED
0.4% + = GAMMA(S) SIMULATED |
I O =GAMMA(7) SIMULATED
0.2%

0%

0 1% 2% 3% 4% 5% 6% 7% 8% 9% 10%
SLIP

Fig.4.2. Functions T'")(s, ») plotted on slip, with v=1, 5, 7.

Figs.4.2, 4.3 show that T® and I'” are not sensibly dependent on slip and frequency. The
experiments (Chapters 5 — 6) reveal that I functions (for v>1) can be successfully used as
indicators of broken bars.

4.4 — CONCLUSIONS

A new class of fault indicators for bar breakages detection and fault gravity assessment has been
presented, that are well-suited for converter-fed motors. The theory exposed and the experimental
evidences furnished in Chapter 5 and 6 prove the superiority of the proposed indicators with
respect to the classical ones, as far as regards fault-sensitivity and insensibility to motor operating
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conditions and drive features. The proposed methodology can be extended to the computation of
sidebands related to harmonic air-gap field waves different from the fundamental. Field space-
harmonic can be accounted for by including inductance harmonics with polar orders g # P. More
involved expressions can be expected as calculation results, other than simple sideband-to-main
harmonic ratios. The research on this subject is in progress, and it prospects as an interesting field

of study.

. 1
SLIP

Fig.4.3. Functions I'")(s, @) with v=1, 5, 7, plotted on slip and frequency.
I'® and T'” are theoretically invariant on both the variables.
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APPENDIX 4.A

NOMENCLATURE
4.A.1 — VECTORS AND MATRICES
sy O] Stator and rotor current vectors, (A).
[v, (t)](’le> s [ve (t)](mm Impressed voltage vectors, (V).

s () > 7 ()] Magnetic linked flux vectors, (Wb).
Lo [Landom Auto-inductance matrices, (H).

[150 (@) 25 @)],,,, Mutual-inductance matrices, (H).

(R ](m), (R ](m) Resistance matrices, (€2).

(AR, ](mm) Fault incremental resistive matrix, (€2).
7], 7], [¥] Complex column vectors.

[1@], [7@)], [@] Symmetric components vectors.

£ ] [F]' Fortescue transformation matrices.

4.A.2 — SCALARS

Ep Resistive voltage drop on the k2 faulted bar, (V).

f Feeding fundamental frequency, (Hz).

2 “Fault” function (adimensional).

I Maximum current amplitude, (A).

Ly Mutual inductance between stator polar belts with angular distance equal to uds, (H).
Lisr Mutual inductance between rotor loops with angular distance equal to kdg, (H).

n,m Number of stator and rotor circuits.

n’,m Rounded heminumber of stator and rotor circuits.
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P Rated number of machine polar pairs.

Ry Resistance of a single stator polar belt, (€2).

Rp Resistance of a single bar, ().

Rg Resistance of the rotor end-ring, (£2).

s Slip.

sV Slip relative to the harmonic frequency /2.

og, 0  Complex versors: exp( jd), exp( jor).

I'"(s,w) Faultindicators (adimensional).

ARpgy Incremental resistance of the £ faulted bar, (Q).

ds, or  Elementary angular circuit displacements, (rad).

A? h™ harmonic stator-rotor mutual inductance, (H).

v Mechanical rotor displacement, (rad).

) Mechanical rotor displacement at ¢ = 0, (rad).

0 Phase angle of sinusoidal functions, (rad).

w Feeding fundamental angular frequency, (rad™).

o Feeding v harmonic angular frequency, (rad™).

oy Stator-side fault angular frequency, (rad™).

w1, Rotor-side fault angular frequencies, (rad™).
4.A.3 — SETS

N set of natural integers.

Z set of signed integers, including zero.

4.A.4 — SUBSCRIPTS

S, R
E B
u, k

Stator and rotor-related quantities.
End-ring and bar-related quantities.

Indexes for stator and rotor circuits.

4.A.5 — SUPERSCRIPTS

q
h, v

*

Polar order index for symmetric systems.
Harmonic indexes.

Complex conjugate operator.

Matrix transposition operator.

Matrix hermitian operator.

Transformed quantity.
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4.A.6 — DEFINITION OF SEQUENCE PARAMETERS

Stator-related:

)(‘1) — RS(q) +j(()LS(q), q=0,...,n-1.

Rotor-related:

RY =2(R,(1-cosq8,)+R, /m)

m=1
LY = D L cosgkd,
k=0

ZY =R+ jsal,”, q=0,. m1
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CHAPTER S

EXPERI MENTAL VALI DATI ON OF CLASSI C AND
HARMONI C CURRENT SI DE-BAND (HCSB) | NDI CATORS

5.1 — I NDUCTION MOTOR BAR BREAKAGE EXPERI MENTATI ON AND CURRENT MEASURI NG FOR
MCSA APPLI CATI ON BY NOVEL FAULT | NDI CATORS

5.1.1 — I NTRODUCTI ON

Induction motor bar breakages have been increasingly studied in the last decades because of
economic interests in devel oping techniques [1] that permit on-line, not invasive, early detection of
motor faultsin power plants.

Every industrial sector (cement and paper mills, textile, chemica and iron plants, load
movement and railway traction) can benefit from introduction and application of suitable and
effective techniques for motor diagnostics since motor fault problems are often faced in inadequate
way, so suffering the negative consequences of (amost avoidable) plant-stopping due to
unforeseen breakdowns.

Unlike stator faults (insulation failure, generally sudden and manifest) and bearing wear (that is
a systematic process and is usually faced by periodical verification and substitution), bar breakages
are underhand and sly (unforeseeable about causes and occurring probabilities, and not particularly
evident outside the motor) [2]. In fact, it is not a rare case (particularly in railway traction
applications) that a motor continues to operate for a long time with more and more faulted bars,
without any alarming external signal of severe internal damage, until a complete cage breakdown
or other type of failure (produced by excessive overheating or vibrations) occurs.

On the other hand, broken bars are a kind of fault that produces adjunctive (fault-related)
sidebands in the phase current spectrum, in area deterministic way [3].

Signature analysis of phase current (MCSA) has been usually attempted looking to (1-2s)f and
(1+29)f frequencies sidebands (LSB and USB respectively) for fault detection and fault gravity
assessment, but more than one researcher has opined about the goodness of such sidebands as fault-
indicators [4].

In this chapter, exhaustive experimentation (with increasing number of broken bars and with
increasing load) was performed on an appositely prepared cage motor [5], for investigation of
motor behavior under heavy fault conditions, and for testing and evaluation of some common
sideband-based indicators. The experimental results have been interpreted by an origina
mathematical formulation based on application of the symmetrical components theory, as shown in
Chapter 4. Both theory and experiments throw light on some important aspects of the behavior of
classic sideband-based fault indicators. Moreover, HCSB indicators have been studied and
measured, to test their usefulness for fault discovery and evaluation. Experimental results obtained
on four different machines are very encouraging.
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5.1.2 — THE EXPERI MENTAL APPROACH

Destructive tests are usualy performed on induction motors for rotor bar breakage |aboratory
experimentation by using common die-cast aluminum squirrel-cage rotors, and by producing
artificial faults by drilling one or more holes for bar cutting. Thisis a very simple procedure, and
sacrifice of the rotor is justified by the cheapness of the same. Nevertheless, this solution is not so
much practical for experimentation of non-trivial fault geometries (not always broken bars are
consecutive), unless a very large number of samples have been prepared for substitution; and in
this case too, the repetitive procedure of motor disassembly and reassembly can result very
laborious, fatiguing and time-consuming. Rotor cannot be repaired, and neither the bar current can
be measured, usualy. In this chapter a different test-bed philosophy have been introduced, by using
a three-phase wound-rotor induction machine that has been converted in a squirrel-cage machine
with current measuring capability on two bars. Two different techniques have been proposed and
tested for cage fabrication, with tin-brazed bars or with end-wound bars. Common insulated multi-
core cables have been effectively used, for simple cage construction; faults were easily produced
and repaired by cutting and re-soldering the cables, without disassembling the machine. Different
cage types can be easily made, such as single-cage, double-cage, or deep bars cage. The three dip-
rings were used to feed one of two Hall-effect current transducers (LEM) for time, the latter being
appositely assembled on the rotor, for bar current measuring. As application of the proposed test-
bed, some tests were performed by applying the FFT-based MCSA technique for rotor fault-
severity assessment. Conclusively, the time employed for experimental rotor cage construction has
been largely paid-back by the rapidity and variety of experimental work that can be performed [1].
In particular, the prototypes here presented have been used for researches about the new bar fault
indicators (HCSB indicators) utilizable for converter-fed induction motors [2].

5.2 — CAGE MOTOR PROTOTYPES FOR LABORATORY TEST

5.2.1 — SQUIRREL CAGE CONSTRUCTI ON

A 3kW (Siemens-Schuckert) three-phase wound-rotor induction motor (Fig.5.1) was chosen for
transformation, which has adequate structure and space available for hand-made cage and Hall
sensors allocation. Two large lateral windows permit easy access to slip-rings and brushes.

Table 5.1 showsthe original plate values.

Fig.5.1. Wound-rotor motor used for experimentation (dismantled).
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Table5.1. Motor Original Rated Parameters

220V / 380V —-AlY
STATORPART 127/ 74A-A1Y
9V -Y
ROTOR PART 20.5A Y
power 3000W dip 6.7%
frequency 50Hz efficiency 80%
speed 1400rpm torque 20.5Nm
power factor 0.77

The motor was disassembled and the rotor winding (Fig.5.2) was cut away to obtain the
uncovered rotor (Fig.5.3). The cage was thought for easy fabrication and experimentation; so, the
following ideas were kept in mind during construction:

a) Welding by tin-brazing was preferred, with respect to other methods; copper arc-welding, for
example, produces a more stronger cage, but this method is not of so practical application, since
the arc-soldering generates much more heat and sparks, that can be destructive for insulation and
sensors; moreover, welding electrodes are cumbersome and must be handled with precaution, and
it is not practical for repetitive work in a very limited space. Moreover, arc-welding produces an
hard junction that cannot be easily re-molded. On the other hand, tin-brazing can be made with
little electric welders, that are more manageable, precise and controllable. Junctions can be molded
and welded more and more times.

b) Bars must be easily cut, and eventually repaired, possibly without motor dismounting; so
multi-cored copper cables were chosen, with respect to solid-copper (or aluminum) bars (that
require hand-sawing for cutting, and a more hard welding).

¢) Multi-cored copper cables can be easily hand-worked and interwoven for cage manufacturing
(Fig.5.4); tin-brazing is particularly well suited with cables, since tin penetrates the cable for
capillarity and produces a whole-solid body with the copper when it solidifies; moreover, flexible
cables permit better sensor allocation.

d) Insulated cables can be used, or nude ones; the former eliminate inter-bar currents, and their
influence on experimental results.

Fig.5.2. The three-phase rotor winding (with wood wedges).
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Fig.5.3. Nude rotor, 24 deep-dots, with possibility for single (thin or deep bars) or double cage alocation.

(@ (b) ©
(d) C ®
(9) (h) 0]

Fig.5.4. Successive construction phases (a)-(i). Cables were denudated at the extremities (a), then each cable was
divided in two parts (b), (c) to form the upper and lower cage rings. Each half cable was wound with the precedent
and successive correspondent ones (d), (e), (f) to produce aring with a mean section equal to the bar copper one
(9)- In thisway two rings (h), (i) support about as much current density as bars do.
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Fig.5.5. Direct-welded cage (prototype).

By considering points a)-d), two different methods were carried out for cage fabrication:

1) cage with interwoven cable ends, Fig.5.4; in this way, there is no need of separate ring
fabrication, since rings are made with the same copper of the bars; ring section of any wanted
measure can be easily realized, since it depends by the cable terminal segment length;

2) direct ring-bar welding, Fig.5.5; rings must be prepared separately, by vice-pressing and tin-
bathing; then bars and rings must be located on the rotor, and welded together. This procedure is
less practical of 1), since more accuracy is needed to produce a precise geometry.

Figs.5.4 (a)-(i) well explain the successive steps performed for practical cage-assembling. For
ring copper section dimensioning, bar copper section must be considered; a good criterion can be a
ring current density not greater than bar current density, for an homogeneous distribution of
resistive thermal power generation. In Fig.5.6 (left), concatenated vectors are bar currents, and star
vectors are ring section currents (N.B. the considered machine has 24 slots and four poles). So, ring
rms current is greater than bar rms current. It results: Iz = Ig/2sin15° =~ 1.93 Iz. A ring section
double of bar copper section was then properly chosen and realized. Fig.5.7 shows a tin-brazed ring
(a 200W €eectric hammer-welder was sufficient for doing work). Fig.5.8 shows Hall sensor
alocation, with two feeding capacitors; Fig.5.9 shows the rotor ready for mounting. In Fig.5.10 six
insulated metal spokes were added for front-ring mechanical clamping and dynamic robustness
increasing. Fig.5.11 shows the test-bed with instrumentation used for bar breakages
experimentation.

BAR CURRENT (1) RING CURRENT (Ig)

\ /’74 lrkr  lrk IRkt
\ s >

0
30\ “lB,k-llle,k “lB,k+1“

/

|~ lrk1+ Isk = IRk

Fig.5.6. Bar and ring currents.
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Fig.5.7. Tin-brazed ring.

Fig.5.8. Two bars were folded and passed trough the sensors. Two capacitors were fastened to the shaft, as
feeding filters.

BAR CUTTING SITE

Fig.5.9. Rotor ready for mounting. The terminal part was taped with thermosetting tape for better
containment of flexible cables.
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Fig.5.10. Rotor reassembled.

Fig.5.11. Test-bed includes a dynamometric unit (DC unit), a power-meter, a three-phase variable voltage
source and an oscilloscope.

Fig.5.12 shows Hall sensor feeding circuit; the three slip-rings are well-suited for sensor feeding
and signal output. Two LEMs can be fed together, but signals can be registered one for time.

HALL SENSOR
OSCILLOSCOPE /

]

\_u/\]
Y
-

T

=
I L

Fig.5.12. Bar current measuring circuit.
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5.2.2 — PROTOTYPE PERFORMANCES

Performances of the particular prototyped cage motor are limited mainly by the combination of
two causes: 1) thin cage (high rotor resistances, that cause a mechanical torque-speed characteristic
curve lowering, Fig.5.13); and 2) bar insulation thermal limit (speed cannot go too much down,
otherwise the rotor efficiency (1-s) becomes very low, then rotor losses increase, Fig.5.14, and
cage temperature goes up, Fig.5.15, with possible insulation cage failure).

0.7
n
0.6;_\\—::\ phase current
05 mechanical (useful) torcm\*\/
’ e
Ye— \ >
0.4 \*—dﬁ;\ cosfi \m
N e
0.2 /
mechanical (useful) power \Sk
0.1 \EII
0 NORMALIZED VALUES \
(with respect to the original machine) x

N i i i f
0‘500 1000 1100 1200 1300 1400 pppy 1500

Fig.5.13. Characteristic curves for the cage-machine. Base values are the rated quantities of the original
machine: 7.4A; 20.5Nm; 3000W. The available torque is about 40% of the original one.
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Fig.5.14. Prototype powers and efficiency into admissible speed range. Cage machine was first loaded and
then pushed to synchronism by an external dynamo. New rated point for 1150rpm, 23% slip, 1000W, 58%
efficiency (machine power rating is 33% of the original one).
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Fig.5.15. Ring temperature (opposite-fan side). Measures were performed by thermo-couple, on the motor
stopped after thermal steady-state running. Bar failure occurred for 132°C ring temperature, 900rpm, 800W
rotor loss power. Practical rated point is 1200rpm, 20% slip, 880W (29% of original power), 59% efficiency.

By using common PV C-insulated cables for cage manufacturing, thermal limit must be well-
kept in mind for an adequate machine down-rating, Fig.5.15. A cage temperature below 70 °C is
recommended, otherwise insulation can melt and copper wires can penetrate in the gap, so
producing an unwanted “bar breakage” (this one not useful for research purposes). A cage failure
was effectively (accidentally) experienced during tests execution: one bar was damaged by
overheating, PV C protection melting was due to overload. Temperature was 132 °C. Copper wires
lifted out from dot, they were sheared in the gap and got immediate machine braking.

Remedies can consist in alarger bar cable (that better fit the slot), in providing slot closure by
refractory wedges (glass fiber or mica), and limiting the number and time of occurrence of heavy
current transients (in particular starting transients), and the speed range. The presented prototype
power rating was lowered to about 29% of the original power.

5.2.3 — | MPROVED CAGE

After some preliminary tests, the cage was replaced by a new one with improved
features.(Figs.5.16 - 5.20). A wood disk fastened to the shaft sustains the bars, thus avoiding bar
movement after cutting. Cables without insulating sheath were used to overcome thermal problems
and extend the machine speed range (the new cage can tolerate a slip around 40% for short time).
Rotor dlot closing was provided by fiber glass wedges. Slot insulation was provided by fiber glass
tape. A longer cage facilitates both bar cutting and re-soldering through the latera windows
(Fig.5.21). Both bar length and bar section were increased proportionally to maintain the same
rotor resistance and similar mechanical characteristics and performances of the first cage prototype.
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Fig.5.16. Construction of the improved cage.

WOUND ROTOR CONVERTED
TO CAGE ROTOR

HALL SENSOR
CAPACITOR

COPPER WIRES USED FOR CAGE
CONSTRUCTION

Fig.5.17. Detail of cage construction.

ROTOR WINDINGS
REMOVED

HALL SENSOR FASTENED
TO THE SHAFT
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Fig.5.19. End-ring construction. Flexible multi-core cables were used, since they can be easily hand-worked
and interwoven for end-ring manufacturing and permit better sensor allocation; tin-brazing was used for
structure enforcing.

Fig.5.20. Detail of the improved cage. Only half bar was passed through the sensor, so smaller current
transducer can be used.

Fig.5.21. Left: the extremity of the cageis visible and easily accessible.
Right: bar cutting. The bar can be completely repaired and interrupted again more and more times.
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5.2.4 — BAR CURRENT MEASURI NG

The main purpose of doing bar current measures (Fig.s 5.22, 5.23, 5.24) is the analysis of
current harmonic content [1], since the more sophisticate mathematical models [2] (which take in
account the space harmonics produced by a real windings distribution) can accurately preview
current spectra and harmonics; so, experimental verification of true waveforms can greatly help to
obtain a better machine identification. Motor inductance parameter calculation can be done by
well-proved FEM analyses [3], [4], for complete phase model settings, however, generally the
results of such analyses are not sufficiently precise and correct, so experimental waveforms are
needed for parameters adjustment. The knowledge of inductance parameters is fundamental for the
theoretical evaluation of fault-related sidebands [2].

For extensive experimentation about rotor faults and sidebands measure, as well as for the
mathematical model of fault-related sidebands and F.E.M. identification, see paper [1].
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Fig.5.22. Bar current transients (from no-load to full load), 25A/div. Bar current amplitude and frequency
increase with load, as expected.
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Fig.5.24. Bar current (25A/div) and spectrum (10dB/div, 0dB = 25A), with different resolutions. 70% of rated
load (700W) applied.

5.3 — STATOR AND BAR CURRENT MEASURES IN BROKEN BAR TESTS W TH SI NUSOI DAL
FEEDI NG

5.3.1 — MEASURI NG CAMPAI GN AND CURRENT SPECTRA

Destructive tests were conducted by successively cutting bars n. 2, 3, ..., 10 (Fig.5.25), and
measuring the stator phase current and currents of two opposite bars (n.12 and n.24), with
increasing load (0%, 33%, 66%, 100% of rated useful mechanical power, that is 1000W for the
cage motor). Motor feeding conditions are the rated ones, main’'s fed symmetrical sinusoidal 50Hz
- 220V voltages.

Figs.5.26 — 5.29 show abtained waveforms and spectra. In these figures the phase current first
harmonic amplitude is moderately dependent on load, and machine power increasing is due to
power factor increasing, mainly. First harmonic (fault-related) sidebands (upper-USB and lower-
L SB) depend strongly from load. So, it is evident that these sidebands are not so much affordable
for fault severity assessment. Bar current measures for 100% of rated power are not available,
because of rotating sensor failure (overheating, over 85 °C).

ROTATION

PROGRESSIVE 1
CUTTING

Fig.5.25. Rotor section with progressive bar fault.
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Fig.5.27. Three broken bars, low inertial load. Phase current and currents of bars n.12 and 24. Column a), b), ¢), d)

report registration for 0%, 33%, 66%, 100% of rated useful mechanical power.
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Fig.5.27-bis. Three broken bars, inertial load applied. Phase current spectra. Column a), b), c), d) report registration for
0%, 33%, 66%, 100% of rated useful mechanical power. A moderate inertial load was added. Note that summation of
LSB and USB amplitudes remains quietly constant with respect to inertia variations, providing that load remains
constant (compare with the first row in Fig.5.27) [6].
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Fig.5.28. Four broken bars. First column shows (from top) phase current, bar n.12 and n.24 currents, with 0% load
power. The successive columns show waveforms for, respectively, 33%, 66%, and 100% of rated load (with motor
electrical feeding power of 660W, 1100W, 1700W, respectively).
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Fig.5.29. Phase current spectrafor increasing fault gravity and load. Spectra on first row (from top) have been
measured for four broken bars, and for 0%, 33%, 66%, 100% of rated load. On 2%, 39, 4™ and 5" rows spectra for
six, seven, eight, nein broken bars have been reported. Asit clearly appears, sidebands decrease although fault
increases, when faulted bars extend over one polar step (24s ots/4poles = 6dotsg/pole).

5.3.2 — MOTOR PERFORMANCE DEGRADATI ON UNDER FAULT

Figs.5.30 and 5.31 show motor performances degradation, by comparing mechanical (useful)
power, mechanical (useful) torque, power factor and efficiency of motor in healthy conditions and
when seriously damaged (six broken bars). Note that the torque curve lowering produces a dlip
increase for the same load torque applied: this effect is particular evident in the last column of
Fig.5.29.
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Fig.5.30. Characteristic curves for cage-machine, both healthy (solid lines) and faulted (six broken bars,
dotted lines). Base values are the rated quantities of original (wound rotor) machine: 7.4A (current); 20.5Nm
(torque); 3000W (power). Available torque of seriously damaged motor is (on the average) about 66% with

respect to the healthy motor.
20003 - . = "
WATT electric feeding power meotor efficiency; (%)
1800 o e —————- 60%
Q. ><é\ _________ —— & ————————— 56%
1600 / R .
* Q \G\ e

1400 N R
+ oW \ B \
1200 mechanical (useful) power e \ \
1000 3

80 "
.
T A
400 e N 1)
rator losses y\,)\ \\’l\ \\\5)\
200 P Oy
0%

800 1000 1100 1200 1300 1400 RPM 1500

D

Fig.5.31. Hedlthy (solid lines) and faulty (six broken bars, dotted lines) powers and efficiency into
admissible speed range. In despite of a smaller electric power absorbed by the motor, rotor losses remain
roughly the same, so lowering mechanical useful power and efficiency.

5.3.3 — EVALUATION OF CURRENT SPECTRA W TH RESPECT TO FAULT GRAVI TY AND SLI P

Fig.5.32 shows the phase current fundamental component as function of broken bars number
and dip. It is evident that broken bars produce a notable phase current increasing (for the same
load, that is indicate as percentage of rated load), that is consequence of machine torque capacity
loss. On (X-Y) plane, curves with constant power rise to higher slips (and higher currents) when
faulted bars number increases. On (Z-Y) plane, the phase current riseis more evident.

Fig.5.33 shows currents of bars n.12 and 24: the latter being the current in the bar closer to
damaged ones, is aways bigger than current of bar n.12, that is located on the opposite side. In
fact, the current that can no longer flow through the interrupted bar tries to reclose through
contiguous bars. Current unbalance between bars n. 12 and 24 is a direct proof of the fact that the
multi-phase rotor bar current system is not symmetrical so far.
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Fig.5.32. Phase current fundamental component (50Hz frequency).
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Fig.5.33. Colored surface represents bar n.12 current, as function of broken bars number and slip; transparent

surface is bar n.24 current.

Surfaces in Fig.5.34 10 show that LSB and USB peak in correspondence to a particular number
of broken bars, when the latter extend on a whole polar step (six bars). This is a noticeable effect,

that certainly affects every fault indicator based on those sidebands (see the next Paragraph).
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Fig.5.34. First harmonic lower sideband (L SB) and upper sideband (USB), as function of broken bar
number and slip. LSB and USB pesk in correspondence of six broken bars (one polar step).

5.3.4 — CLAsSI CAL FAULT | NDI CATORS EVALUATI ON

The ratio between lower sideband and fundamental current amplitudes (measured) as function
of broken bars number and dip is shown in Fig.5.35 12. The dependence of this fault indicator on
dip (and therefore on load) is not less heavy than dependence on broken bars number. Thisis an
evident flaw of this classical indicator.

Furthermore, dependence on faulted bars quantity is not monotonic. The maximum value has
been reached when the consecutive broken bars extend over a whole polar step
(24l ot/4poles=6dlots), and then it decreases again. This fact can produce difficulties when MCSA
is applied to motors with large faults (a very severe fault can eventually be mistaken for a much
more lighter one).

Fig.5.36 13 reports another fault indicator, defined as the ratio of LSB and USB sum on
fundamental current, as proposed in [6]. While LSB and USB are dependent on drive inertia and
speed fluctuations, their sum keeps quietly independent; this fact improves the stability of every
single measure, too. So, the surface shown in Fig.13 is more symmetric of that in Fig.5.35 12; that
means this indicator is more affordable.
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Fig.5.35. Ratio between lower sideband and fundamental current.
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Fig.5.36. Ratio between lower and upper sidebands summation and fundamental current amplitude as fault
indicator [6].

54 — STATOR AND BAR CURRENT MEASURES | N BROKEN BAR TESTS W TH NON—SI NUSOI DAL
FEEDI NG

5.4.1 — | NTRODUCTI ON

Diagnostic techniques for motors and generators condition monitoring have received more and
more attention in the last years from academic and industrial worlds. The research work carried out
worldwide by many groups has produced a lot of interesting material, suitable of practica
applications with relation to particular needs of various on-field issues [1]-[8].

The research of fault indicators with general validity has often catalyzed many resources, and
good results have been obtained; nevertheless the authors believe that practical solutions must be
“tailored” on every peculiar case, to achieve effective results. Many publications report, as a
statistical fact, that about 40% of all fault instances regarding induction motors are stator-related,
10% are rotor-related, about 40% are bearing-related, with a remaining 10% related to other causes
[1]; however, it is easy to understand that a particular motor used for a certain task will be more
subjected to a particular kind of fault than to another: for example, for a railway traction motor
rated IMW and fed by a variable-frequency GTO inverter broken bars can represent a frequent
problem (since sixth harmonic torques produced by non-sinusoidal feeding can excite some cage
mechanical resonance frequencies), whereas for a little main’s fed die-cast aluminum cage motor
used for a volumetric compressor the stator overheating and consequent short circuit will be a
much more probable fault. Not only the kind of fault is very variable, but the relative importance
too: afaulted train is a somewhat larger trouble than a little faulted compressor. So, it can happen
that it is not economically convenient to develop a sophisticate diagnostic technique for a given
class of fault in a particular industrial application (although statistically more frequent), whereas it
is important and convenient to provide monitoring actions for another kind of fault (even rare, but
more grave).

In many cases customized solutions are needed, for plants and drives protection; reliability-
based maintenance (RBM) and condition-based maintenance (CBM) strategies are now widely
used by industry, and health monitoring of electrical drives is a major feature in such programs,
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neverthel ess, often monitoring effectivenessiis strictly bound to a precise knowledge of the specific
problem.

A particular (but relevant for railway traction and many other industrial sectors) kind of task is
detection of broken bars for inverter-fed induction motors. for example, high-frequentation and
high-speed trains usually employ inverter drives, and many of them are driven by induction motors
fed by GTO-thyristor converters. In previous publications the authors have analyzed the motor
current waveforms for a 1130kW motor used aboard on locomotive E404 of ETR500 high-speed
trains, carrying out interesting aspects useful for bar breakages detection [3]. In particular, fault-
related sidebands other than classical (1-2s)f (lower sideband, LSB) and (1+2s)f (upper sideband,
USB) can be used, that compare near the harmonics fifth, seventh, eleventh, thirteenth, etc.; these
(higher order) sidebands are less sensitive to drive inertia, load and frequency variations. Signature
analysis for motor phase current (MCSA) has been usually attempted looking at LSB and USB for
bar fault detection and fault gravity assessment, but drawbacks and limitations of these sidebands
arewell known [5], [6], [7].

In this chapter a square-wave fed motor with broken bars was analyzed and simulated for fault
indicators evaluation by applying MCSA technique; as it will be shown, this task can be
accomplished by exploiting non-conventional indicators (HCSB indicators, Chapter 4, [8]).

Extensive measurements of phase and bar currents were done with increasing number of broken
bars and load, for a complete characterization of motor current spectra, by exploiting an appositely-
made cage induction motor. Experimental results were then matched with simulations and theory;
classical and higher-order sidebands were tested and discussed.

In this chapter three other industrial-grade motors have been used with various ratings and polar
pairs, for experimentation about higher order sidebands; different feeding frequencies were tested,
and good results were obtained.

5.4.2 — HCSB FAULT | NDI CATORS EVALUATI ON ON THE EXPERI MENTAL CAGE MOTOR

By exploiting the prototype induction maotor with appositely-made cage, same measurements of
phase and bar currents were done with progressive rotor damage (increasing number of broken
bars), for a complete characterization of motor current spectra under fault conditions. We used the
same 3kW three-phase wound-rotor machine converted in a squirrel-cage machine with bar
current-measuring capability, that was used in paragraph 85.3 with sinusoidal feeding, [8].

The motor was fed by a square-wave inverter, to abtain the relevant harmonics and sidebands,
Figs.5.37 —5.39. Then an increasing number of consecutive bars were cut, and the harmonics were
registered on a large load range. Fig.5.40 10 shows a functional diagram of the test-bed used for
experimentation. Acquired data (a sampling frequency of 20kHz was sufficient, since the motor
current Shannon frequency was found around 10kHz when the square-wave frequency is 50Hz)
were automatically processed off-line by using a ‘script’ MatLab computer algorithm, that
produced Fourier transformation and harmonic discrimination on the basis of the measured motor
speed, Fig.5.41.
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Fig.5.37. Oscilloscope record. From top: motor phase voltage, square wave feeding, RMS value 220V,
100V/div; phase current, 5A/div; bar current, 50A/div. Motor unloaded, three broken bars.

20060112 23:48:4221

|

1

Normal
M58

50ns/iv

Mot

£ 500k k-

CHZ 1:1
160.0nV div
DC  Full

50, Di0us

CH3 10:1
2.00 Vrdiv
DC  Full

§ [T

-102. 500ms —40. Ol

Edge CH1 £
Hormal
10.0 U

=2.500ms
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Fig.5.41. Phase current spectrum (motor ‘C’, 25Hz feeding frequency, six broken bars).

Finaly, the indicators (4.3.9.3) - (4.3.9.5) were computed and plotted in Figs.5.42, 5.43.
Fig.5.41 (obtained from motor ‘C’ in 85.4.3) shows that fault-related sidebands can be revealed
around very high harmonic order frequencies too, thanks to the square-wave feeding; however,
every low-switching frequency commutation technique can produce a typical spectral pattern
useful for fault detection.

'™ functions (v>1) are generally less load-dependent than T®, as clearly shown in Figs.5.42,
5.43; moreover, I'™ (v>1) are more fault-sensitive. All the indicators peak on one polar step (six
bars on 24), but the superiority of I (v>1) isindubitable.
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z ’
’
X ’

a) T'® indicator.

b) T indicator.

c) '™ indicator.

d) T indicator.

Fig.5.43 a), b), c), d). Experimental trends of indicators T®®, I'”, I'™Y, ™ as functions of the normalized number of
broken bars and of dlip. The profiles projected on (Y-Z) plane clearly indicate the remarkable insensibility of such
indicators with respect to load conditions, and the good dependence (linear-like, with rate of change next to the
unity) on the broken bars quantity (expressed in per-unit on the total cage bar number)
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5.4.3 — HCSB FAULT | NDI CATORS EVALUATI ON ON | NDUSTRI AL MOTORS

Three motors (‘A’, ‘B’ and ‘C’ in Figs.5.44 — 5.46, with rated data reported in Tables 5.11 —
5.1V) with different powers (1.5+3kW) and pole numbers (2+4) were subjected to destructive tests
for validation of the proposed methodology, [12]. The frequency-dependence of the new indicators
was of concern, Figs.5.47, 5.48. Fig.5.49 (obtained from motor ‘B’) well explains the better
performances of the higher-order indicators, as far as concern the rejection to frequency and load
variations.

Measures done on motor ‘B’ (2 poles) were affected by inter-bar currents, that produced
sidebands weakening (with the lighter fault degree) so producing a curvature. For motor ‘A’ (4
poles) this problem was less remarkable. Motor ‘C’ initially behaved like ‘B’; to overcome the
influence of inter-bar currents, for motor ‘C’ bilateral bar interruptions were practiced, so obtaining
more linear results.

The most remarkable result that rises from Fig.5.47 is that the two four-poles motors (motor ‘A’
and the prototype previously seen) presented indicators with analogous amplitude, and the same is
true for the two two-poles motors (‘B’ and ‘C’), with amplitudes roughly halved. This leads to the
definition of a criterion for fault severity assessment, as stated in (5.4.3.1):

Nbroken.bars — 1’*(") .

(5.4.3.1)

ol

Ntotal .bars

(where P is the polar pairs number) that can be at least used for v = 5, 7, in the range of the
industrial frequencies and for two/four-poles motors. Equation (5.4.3.1) leads in turn to define an
“ dectrical number of broken bars (per unit)”, ‘ng’, asin (5.4.3.2):

n, = Nbroken.bars =2. 1‘*(") (5432)

N

bars. per. polar. pair

that furnishes a measure of the degree of asymmetry caused by broken bars on the electromagnetic
structure along the extension of one polar pair. This number can be retained as a ‘pure’ fault-
gravity indicator itsdlf; in fact, this can be easily understood thinking to the higher values of
sidebands in the four poles motors with respect to two-poles motors.
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Table5.11. Motor ‘A’ Data (MEZ-MOHELNICE).

1.5kwW 50Hz 1410rpm 4 poles
380/220V 3.5/6A cosp=0.82 28 bars
Fig.5.44. Motor ‘A’.
Table5.111. Motor ‘B’ Data (CAPRARI).
3kw 50Hz 2800rpm 2 poles
380/220V 6.5/11A cosp=0.84 23 bars
Fig.5.45. Motor ‘B’.
TABLES.IV. Motor ‘C' Data (ELPROM).
1.5kW 50Hz 2860rpm 2 poles
380/220V 3.3/5.7A cosp=0.88 19 bars

Fig.5.46. Mator ‘' C'.
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Fig.5.47. Experimental results for motor ‘A’ (first column), motor ‘B’ (second column),
motor ‘C’ (last column).
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Fig.5.48. Experimental results for motor ‘A’ (first column), motor ‘B’ (second column) and ‘C’ (last
column).

Fig.5.49. T®, 1'® trends for motor ‘B’, three broken bars.
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55 — PROTOTYPE MOTOR MODEL |DENTIFICATION BY 2D-3D FEA AND COMPARI SON OF
EXPERI MENTAL, SI MULATED, AND THEORETI CAL RESULTS

5.5.1 — THEORETI CAL WORK

As exposed in Chapter 4, the research work was mainly directed toward exploration of phase
current spectrum under non-sinusoidal feeding, with the aim to investigate on eventual fault
signatures not exploited yet in technical applications. This investigation was first undertaken in
mathematical form, by using symmetrical components-based models suitable for theoretical work
and simulations; equation (5.5.1.1) was deduced [4] for steady-state sinusoidal feeding and it was
also applied to the case of square-wave feeding, for harmonic characterization of the current under
fault condition. Eq. (5.5.1.1) furnish the ratio of lower side-band (LSB) to fundamental current,
carried out by considering only the 2P — pole space field wave, for a machine with P polar pairs,
when one bar is broken, with incremental resistance ARg;.

lo2900 _ ~T(s o) (55.1.1)

Here the “fault” function f is defined asin (5.5.1.2).

(5.5.1.2)

- 2(cosPS,—1) Z-AR,

f(sw)= =

Zy mMZ + ARy,
By substituting in I'(s,0) »“=vw and s"'=1+(1-s)/v, we obtain many other sideband-to-main

harmonic ratios, asin (5.5.1.3):

I o) o
(28 )0t _ F(S(V), w(V)): F(V)(S, a)) . (5.5.1.3)

v=1,57,11, 13,17, 19,...

So, attention was paid to twice-dip frequency sidebands of higher current harmonics, and their
dependence on broken bars.

To prove the validity of theoretical results obtained from formulas (5.5.1.1)- (5.5.1.3), they were
compared with simulations carried out by using the complete model (with all space harmonics),
and with experimental results shown in the previous paragraph 85.4, as exposed in the following
sections. The experimental cage motor (Siemens 1kW) was used as test-case; it was first
parametrically identified, and then numerically simulated. Quantitative comparisons of measured,
simulated, and theoretical spectrawere finally obtained.

5.5.2 — MATHEMATI CAL MODEL FOR SI MULATI ON

The model used for simulations is a compl ete phase-model, that embeds n equations for stator
windings (a three-phase four-pole symmetrical machine usualy has n = 12) and m equations for
rotor loops (end-ring equation was discarded, healthy ring). Space harmonics due to non-sinusoidal
windings were taken in account; no saturation neither slot harmonics were considered. Cyclic-
symmetric (n,m) model admits a diagonalized complex transformed expression, as described in
Chapter 1, which isreported in (5.5.2.1), (5.5.2.2), [13].
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R =Ry, k=01.,n-1

(5.5.2.3)
) _ B _ ~
R, =2[R (1-coskd,)+R./m| , k=01,..,m-1 (5:52.4)
n-1
LM =YL, cosukds, k=01..,n-1
u=0 (5.5.2.5)
m-1
L. =Y L, cosukd,, k=01..,m-1
u=0 (5.5.2.6)
Lo (@) = A" cosf{ - (u-1)85 + (k-D3]} o )
e u=OLn-l k=0l.m-1 oo
|, =Y M ameihs - h=04,2,...
2 (5.5.2.8)

where some bhasic quantities and variables appear, defined as follows:

Rs : polar winding resistance;

R, : bar resistance;

R : end-ring resistance;

ds = 2n/n, 0g = 2n/m : elementary angles,

Luss : mutual inductance of polar windings with angle uds;
Lysr - mutual inductance of rotor loops with angle udg;

6 : rotor angular displacement;

Lsure(0) : stator-rotor mutual inductances.

5.5.3 — TEST CAGE MOTOR (SIEMENS 1KW FEM | DENTI FI CATI ON

The procedure used for motor identification (test motor rated data are reported in Table 5.V) is
the same as that described in Chapter 3 for a practical 1.13MW traction motor. A finite element
model was exploited to obtain the relevant inductance coefficients, Figs.5.50 — 5.55. Accurate
measures for motor geometry were performed, Fig.5.50. Air-gap length and iron permeability were
identified by matching simulated magnetic energy of one phase with the measured one; energy
measure was reduced to a phase inductance measure, performed with a no-load test (machine
pushed to synchronism). This method permits accurate estimations (in this case, air-gap length was
found equal to 0.57mm, Fig.5.50). A comparative calculation by using 2-D (Figs.5.51 — 5.52) and
3-D (Figs.5.53 — 5.55) models was performed to obtain inductance parameters needed in (5.5.2.3)-
(5.5.2.8). 2D and 3D models were enough in good agreement about stator parameters and mutual
stator-rotor parameters, but not so much about rotor parameters. In fact, 2D analysis neglected the
long portion in air of the experimental cage, so under-estimating rotor inductances. A correction of
+8% was needed on rotor coefficients to obtain a good identification, and 3D model confirmed the
correction.
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Table5.V. Experimental Motor Rated Data.

1kw 50Hz 1148rpm 4 poles
380/220V | 4.17.1A | cosp=0.65 24 bars
8Nm lgar=122A| dip=23.5% | 7%=60%
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Fig.5.50. Left: Stator and rotor dimensions. Stack length is 94mm.

Right: Slot and air-gap dimensions.
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Fig.5.51. Machine cross-section. The stator winding is a double-layer, reduced-step, cyclic-symmetric one,
with 3 coils per-phase and per-pole; each coil contains 19 turns. Every polar belt is made up by three coils.
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Fig.5.52. Magnetic vector potential map, one polar belt fed.

Fig.5.53. Rotor and stator 3D solid model.
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Fig.5.54. 3D model completed with cage and stator windings (one phase).

Fig.5.55. Field solution for mutual elementary stator-rotor circuit inductance computation.
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5.5.4 — TESTS FOR ACCURATE MODEL SETTI NG: EXPERI MENTS MATCHED W TH SI MULATI ONS

The outputs of the identified model were compared with the real motor waveforms, for eventual
minor corrections. Working conditions for model verification were: healthy motor, square-wave
50Hz feeding, parallel-fed polar belts, feeding RMS voltage 220V/4=55V (rated RMS current
4.1A*4=16.4A), increasing load with the following steps: 250W, 500W, 750W,..., 2250W (three-
phase input power). Motor identification was targeted to match the total RM S values of measured
non-sinusoidal phase and bar currents and the average value of measured mechanica torque with
the simulated ones. Fig.5.56 shows a good agreement between measures and simulations, although
an increasing mismatch raised in correspondence of larger loads due to bar resistances growing
(overheating). In fact cage overheating reduces both rotor current and motor torque.

However, parameter estimation was considered sufficient in the normal operating range (above
the rated speed, that is 1150rpm). Figs.5.57 — 5.58 compare waveforms measured and simulated.
As shown, RM S value identification produces a good waveform and harmonic identification, too.

1.6

1.4

1.2

-

CURRENTS P.U.
o o
o )

Md INDYOL

<
~

o
&)

PP AP SN AP SO AR S
0900 1000 1100 1200 1300 1400 1500
SPEED (RPM)

Fig.5.56. Phase and bar currents (total RMS values) and motor torque (average value), measured and
simulated over the whole operating range.
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Fig.5.57. Phase current (measured, 10A/div) and bar current (measured 40A/div).
L oad power = 750W (75%), speed =1407rpm.

Fig.5.58. Phase and bar current (simulated). Same conditions of Fig.5.57.

5.5.5 — EXPERI MENTS AND SI MULATI ONS W TH BROKEN BARS: COMPARI SON BETWEEN LUSBI s AND HCSBI s

The accurate motor parameter identification carried out in the previous paragraphs permit to
directly compare the previewed values for HCSB indicators (Gamma functions as theoretically
obtained in Chapter 4) with values obtained by complete-model simulations. This comparison is
very important for theoretical model validation, since the latter has been carried out by introducing
simplifying assumptions in the complete model. In particular, the simplified model actually
neglects all air-gap field space harmonics but the first (i.e., it includes only the 2P-pole field wave
for amotor with P polar pairs). The hypothesis of neglecting space harmonics must be verified and
acknowledged as acceptable, by checking the effect on the accuracy of harmonic sideband
computation.

At the same time, results obtained by complete-model simulations need to be checked by direct
measures. The experimental results already shown in §85.4.2 about the test-cage motor will be used
here for model validation. So, the operating motor conditions are the same: square-wave 50Hz
(unless otherwise specified) feeding, and variable load and broken bar number. Figs.5.59 and 5.60
show same oscilloscope records of measured current waveforms, that can be considered together
with the figures in 85.4.2. A remark must be pointed out: practica measures were obtained by
using the motor with series-connected polar belts into every phase, whereas simulations were
carried out by a parallel-connected belt model. This fact has no other consequence besides to model
currents are four times the measured ones.
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Fig.5.59. Oscilloscope record. Bar and phase current with faulted rotor. Square wave feeding, RM S value
220V, 50Hz; phase current, 5A/div; bar current, 50A/div (same scales of Fig.3). Motor load 75% rated, three
broken bars. Phase current modulation with twice of dlip frequency is clearly evident. Amplitude pul sations
are also produced on bar current by beats of frequencies (6hxsk)f, h=1,2,3,..., k=1,35,....
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Fig.5.60. Modulated phase current for the experimental motor with three broken bars, square-wave feeding
(220Vrms, 50Hz). Oscilloscope vertical scaleis 1A/10mV. Modulation frequency is load-dependent, in this
case 2sf = 4.5Hz (speed = 1433rpm) for P oap =300W (30% rated).

Motor simulation was performed with same modalities exposed in Chapter 3 for the 1.13MW
traction motor. A ‘script’ MatLab program permitted computation of voltages, currents, fluxes,
powers, speed, slip, RMS and mean values, space vectors, and any type of humerical and graphical
output needed, by considering also any desired sinusoidal or PWM feeding voltage waveform. A
copy of the program is enclosed in the Appendix 5.A. Fig.5.61 shows atypical graphical output, in
this case the current space vector trgjectory for three-pulse PWM feeding, with broken bars. The
program permits computation of FFT and spectra as well.
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Fig.5.61. Stator line current space vector trajectory with three broken bars. Vector amplitude pulsations are
clearly visible. The simulator can produce various voltage PWM patterns, as square wave, three pulses, etc.

RMS values identification produced a good harmonic identification. This can be seen in
Figs.5.62 and 5.63, where measured and simulated waveform spectra are compared. HCSBs are
clearly evident in both measure and simulation. Table 5.V confirms the identification results.
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Fig.5.62. Phase current spectrum (oscilloscope record). Relevant sidebands have been evidenced. Operating
conditions; square wave feeding (220Vrms, 50Hz), series-connected stator belts, three broken bars,
PLoap = 650W, 2sf = 17Hz.
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Fig.5.63. Simulated phase current spectrum, same conditions of Fig.5.62, excepted that stator polar belts
were ssimulated with parallel connection. All spectral components are four times larger than in Fig.5.62.

Finally, theoretical, numerical, and experimental results evaluation is oriented toward HCSBI
performance study. Fig.5.64 reports theoretical trends of the classic L SB-based indicator (I'Y(s,w)
function) and of two HCSBIs (I'® and T™), from definition (4.3.9.4). The heavy dependence of
'™ on dlip and frequency (already verified experimentally) is fully evidenced. Note that, at 50Hz,
'™ reaches 4.2% near the maximum at slip s = 0.45, well beyond the practical operating limit. So,
this indicator do not produce an affordable fault severity assessment for lower dlip values.
Moreover, this indicator is too much dependent on the actual operating point of the motor, and on
the motor feeding frequency, too. On the contrary, HCSBI s are amost insensitive to dlip variations,
and frequency rejection is very good. Very important is that their amplitude is around the per-unit
number of broken bars, 1/24 = 4.2% in this case.

| ONE BROKEN BAR ON 24 TOTAL
11124 = 4.2%

X = GAMMA(1) MEASURED, 50Hz
O = GAMMA(5) MEASURED, 50Hz
+ = GAMMA(7) MEASURED, 50Hz

i i i I i i i
0 0.1 0z 03 04 05 06 o7 ns ng

stip

Fig.5.64. Function T)(s,@) plotted versus slip and frequency, with v=1, 5, 7. Theoretical trends obtained
from (5.5.1.3). Some actual measures (with f = 50Hz) match sufficiently the theoretical curves. Note that this
motor (with prototyped cage) has avery high rated slip (23.5%).
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Table 5.VI reports I'Y and various HCSBIs, obtained from measures and from numerical
simulations, for a generic motor operating point ( f = 50Hz, s = 16%), but from one to four broken
bars. As shown in Table 5.VI, RMS values identification produced a good harmonic identification.
Simulated and measured values are in good accordance, taking in account that the model is linear
and magnetic saturation is neglected. The straightforward behaviour of HCSBIs do not require too
much comments. Gamma function values resemble the per-unit number of broken bars, whereas
the classical indicator is affected by arelevant error.

Table 5.V1.Comparison Between LSB Indicator and HCSBIs Simulated and Measured (50Hz , 16%slip).

bggg” GAMMA(1)% | GAMMA(5)% | GAMMA(7)% | GAMMA (11)% [ GAMMA (13)%

% | sm. | meas. | sm. | meas. | sSm. | meas. | sim. | meas. | sm. | meas.
42| 15 16 41 4.3 4 4.6 36 3.7 34 31
83| 28 2.7 7.8 109 7.8 10.1 7.8 7 7.9 8
125 4.7 4 121 | 16.8 12 147 | 118 | 103 | 117 | 111
16.7| 5.6 4.8 135 | 212 | 133 | 169 | 136 | 141 | 134 | 125

rlw|nv|k ]2

5.6 — CONCLUSI ONS

A new class of fault indicators for bar breakages detection and fault gravity assessment was
presented, that are well-suited for converter-fed motor. Both theory and experience prove the
superiority of the proposed indicators with respect to the classical ones, as far as regards fault-
sensitivity and insensibility to motor operating conditions and drive features.

It was shown that harmonic current sideband-based indicators are very effective for fault
detection and fault severity assessment, by showing experimental results about many actua
industrial cage motors. This new broken bars indicators are well suited for converter-fed induction
motors, and especialy for railway traction drives (a patent is pending). Natural harmonics or
injected harmonics can be used for sideband stimulation

An easy procedure for cage construction of induction motors used for experimental work is
given in this chapter. Usualy, laboratory measurements about broken bars for diagnostic
investigations need destructive tests that can be very laborious and time expensive. The test-bed
proposed consists in a three-phase wound-rotor induction machine that has been converted in a
squirrel-cage machine with current-measuring capability on two bars

By exploiting the appositely-made cage induction motor, same measurements of stator and bar
currents were done with progressive rotor damage (increasing number of broken bars), for a
complete characterization of motor current spectra under fault conditions.

The measures were matched with simulations carried out by using a topologically complete
mathematical complex model. Machine parameters were obtained by 2D and 3D FEA. A
comparison between LSB/USB-based indicators (LUSBISs) and HCSB-based indicators (HCSBIS)
suggests to use the latter whenever a broken bar diagnosis must be attempted for inverter-fed
motors.
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CONCLUSIONS

Some new fault indicators for rotor bar breakages detection in squirrel cage induction motors
have been theoretically previewed and experimentally proved. They are based on the sidebands of
phase current upper harmonics, and they are well suited for converter-fed induction motors. The
ratios I7.o¢¢/Ise and Isioq9/17¢ are examples of such new indicators, and they are not dependent on
load torque and drive inertia, as classical indicators (based on lower and upper sideband of first
harmonic) do. So, the MCSA technique effectiveness is greatly improved, when applied on motors
fed by low switching frequency converters (with natural harmonics) or by high switching
frequency converters (with harmonic injection). Applications with grid-connected motors can be
studied, too. Motor mathematical modeling was based on the multiphase symmetrical components
theory; experimental work was performed by using a prototype with an appositely prepared cage,
and successively method validation was achieved on other three industrial motors.

An easy procedure for cage construction of induction motors used for experimental work has
been given. Usually, laboratory measurements about broken bars for diagnostic investigations need
destructive tests that can be very laborious and time expensive. The test-bed proposed consists in a
three-phase wound-rotor induction machine that has been converted in a squirrel-cage machine
with current-measuring capability on two bars. Common multi-core copper cables have been used
for cage fabrication; faults can be quickly produced and repaired without machine dismantling. The
cage prototype was used to perform extensive tests about motor currents spectral characterization
under severe rotor fault conditions (large number of broken bars). Full dependence of (1-2s)f (LSB)
and (1-2s)f (USB) sidebands from load and fault gravity has been verified. By exploiting the
appositely-made cage induction motor, same measurements of stator and bar currents were done
with progressive rotor damage (increasing number of broken bars), for a complete characterization
of motor current spectra under fault conditions. Lower (LSB) and upper (USB) sidebands of
fundamental current were detected, that characterize bar breakages; moreover, bar current spectra
confirm the presence of direct and reverse slip-frequency multiphase symmetrical components
(which produce rotor current unbalance), that are forecasted by the mathematical theory. Some
tests were performed by applying the MCSA technique for fault-severity assessment; LSB and
USB-based indicators have been tested and discussed.

A multiphase symmetrical components-based model was carried out, for a better theoretical
understanding of sidebands genesis, and for experimental results matching. The complete motor
model includes all the electrically independent machine circuits, i.e., all the stator polar belts (a
three-phase four-pole motor has twelve stator circuits) and all the elementary cage loops (a mesh
model of the cage was used). The model permits easy simulation of every kind of stator and rotor
fault, by simply setting the fault resistances. The model was transformed by using some complex
Fortescue’s matrices, and consequently diagonalized. Time-dependent space vector complex
equations permit then both accurate simulation and theoretical work. In fact, the model was
reduced to the fundamental air-gap field wave, and then solved in steady-state conditions to obtain
simple linear equations describing motor operation with a faulted bar, of arbitrary resistance. By
manipulating the equation system, some novel expressions were carried out describing the formal
manifestation of new fault indicators. Any sideband appears in a different ratio, with the
correspondent main harmonic. By taking in account more space-harmonics, it is probably possible

234



Conclusions

to carry out many other expressions, with non-trivial form, representing in turn new fault
indicators. So, the potentiality of the Multi-Phase Symmetrical Component Theory can be fully
exploited to perform useful research for motor diagnostics.

A straightforward motor identification procedure has been exposed, that can be effectively used
for motor inductance parameter calculation in practical cases. The complete model can be
completely set by using this procedure. 2D or 3D Finite Element Analysis is exploited for accurate
motor modeling and magnetic field and energy calculation. Model iron and wedges magnetic
permeabilities and equivalent air-gap length are evaluated by matching the model magnetic energy
with the measured one, by simply performing a no-load test on the machine. The measured phase
equivalent inductance furnishes the needed energy. Then, slot magnetic potential values can be
collected, for stator and rotor auto and mutual inductance calculation. An automatic numerical
program has been implemented in MatLab for this task, and the motor inductance matrix is made
available for implementation in the model.

A numerical simulator was build-up in MatLab by a ‘script’” program, which permits
computation of motor voltages, currents, fluxes, powers, speed, slip, RMS and mean values, space
vectors, and any type of numerical and graphical output needed, by considering also any desired
sinusoidal or PWM feeding voltage waveform. Integration algorithms were optimized by using
Adams-Bashford second order quadrature formulas, which perform a back-word integration. More
speed of convergence is obtained with respect to Runge-Kutta forward-integration formulas, by
only assuring that the differential class of the model is adequate (class C° for second-order
formulas). Fast simulations permitted the verification of many motor operating conditions and fault
cases. FFT algorithms were used to obtain current waveform spectra, and measured and theoretical
results have been matched and verified.

Experimental work has been carried out on three industrial-grade motors too, with different
powers, pole number and speeds, for HCSBIs validation. Destructive tests with broken bars have
been conducted, by drilling holes in the core cage. Load conditions, number of broken bars, and
frequency were the main variables with full variation range. So, the proposed indicators were
measured and tested in very different conditions, and their insensitivity to load level, to drive
inertia, and to frequency variations, was fully verified. Conversely, classical indicators, based on
the twice-slip frequency upper and lower fundamental sidebands confirmed as much less affordable
as far as regard the fault severity assessment with broken bars. The comparative experimentation
with four motors (the prototype and the industrial motors) permitted to obtain a general diagnostic
criterion, valid for two-four pole motors, in the range of industrial feeding frequencies, and for not
much advanced faults.

The new class of fault indicators are specially well-suited for non-sinusoidally voltage-fed
motors. Both theory and experience prove the superiority of the proposed indicators with respect to
the classical ones as far as regards insensibility to motor operating conditions and drive features.
Compared with LSB and USB used for MCSA, it must be remarked that in both the cases the fault-
related sidebands arise in the current if the machine is supplied by a voltage source such as the
mains or a Volt-per-Hertz controlled inverter. Current or torque controlled drives may behave as a
current fed induction machine, and the sidebands emerge in the phase voltage, instead. However,
many power drives are open-loop controlled, and the proposed technique can be applied.

Finally, the proposed diagnostic methodology for broken bar detection and fault severity
assessment in cage induction motors by using the harmonic current sidebands (HCSBs) as
indicators in inverter fed drives, has been submitted for patenting at the Italian Chamber of
Commerce with the legal aid of the University of Rome “Sapienza”, inventors Claudio Bruzzese,
Onorato Honorati, and Ezio Santini, with the title "Method and equipment for rotor bar breakage
diagnostics in electric motors”, Italian Patent Application n. RM2006A 000534, October 6, 2006.
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