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Abstract— A new efficient design of second-order spectral-
null (2-OSN) codes is presented. The new codes are obtained by
applying the technique used to design parallel decoding balanced
(i.e., 1-OSN) codes to the random walk method introduced by
some of the authors for designing 2-OSN codes. This gives new
non-recursive efficient code designs, which are less redundant
than the code designs found in the literature. In particular,
if k € IN is the length of a 1-OSN code then the new 2-OSN coding
scheme has length n = k + r € IN with an extra redundancy of
r >~ 2logy k + (1/2) log, logy k — 0.174 check bits, with k and r
even and n» multiple of 4. The whole coding process requires
O (klog k) bit operations and O (k) bit memory elements.

Index Terms— High order spectral null codes, balanced codes,
Knuth’s complementation method, parallel decoding scheme,
optical and magnetic recording.

I. INTRODUCTION

ET ® = {—1,+1} be the bipolar alphabet. The set of
gth-order spectral-null words SN/ (n, g) € ®" is defined
as [5], [6], [14],

m;(X) =0,

/ def n .
SN'(n.q) = [X € P for all integer i € [0,g — 117 P

where m;(X) def x4+ x2 + 4 xnt = Z?zlxjji is
the ith moment (or, the m;-weight) of the word X = xjx;3...
X, € ®", and sums and products are over the real numbers.
Any word in SN/ (n, q) is called gth-order spectral-null word
(briefly, a g-OSN word). In the following, if m;(X) = 0 then
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we will say that the word X is m;-balanced. A binary code C
is a gth-order spectral-null code with k information bits and
length n (briefly, a g-OSN(n, k) code) if, and only if

1) C is a subset of SN (n, q), and

2) C has 2¥ codewords.

When g = 1, these codes coincide with the so-called bal-
anced or DC-free block codes [1]-[3], [5], [7], [10]-[14],
[17]-[19], [21], [23]-[25], [28]. For values of g greater than 1,
the g-OSN(n, l;) codes are considered in digital recording to
achieve a better rejection of the low frequency components
of the transmitted signal and enhancing the error correction
capability of codes used in partial-response channels [6], [14].
The g-OSN codes can be also considered over the binary
alphabet Z, = {0, 1} [20]. In fact, by replacing the symbol —1
with 0 and +1 with 1, the set SNV (n, g) becomes equivalent
to the set SN (n, q) C Z,

n n
| .
m;(X) = E xijl=~= E i’
SN'(n, )™ X e %! i(X) P 7 2,:1]

for all integer i € [0,g — 1]

)

where the sums and products are done in the real field IR.
Since SN(n, q) and SN'(n, q) are equivalent, in the rest of
the paper SN (n, q) is used for SN’ (n, q). For example,

n
mo(X) = ij = % and
j=1

SNn,2)=1X e}

mx) =3 xj = "D
=1

and SN (n,2) # @ if, and only if, n is multiple of 4 [20].

The code design problem is to convert the information
words into gth-order spectral-null words using the minimum
possible redundancy. For ¢ = 2, this minimum redundancy
is [20]

Tmin (k) = 21logyn — 1.141.

Also, the conversion should be done so that the encoding and
decoding processes are as computationally simple as possible.
Efficient design of gth-order spectral-null codes for ¢ = 2,
has been considered in [8], [9], [14], [20], [22], [26], [27] and,
for g = 3, in [15].

In this paper we are concerned with designing 2-OSN
codes whose encoding and decoding functions can be com-
puted combining the Knuth’s optimal refined parallel decoding
scheme for balanced codes given in [1], [11], [12], and [19]
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with the random walk method for 2-OSN codes given in [9],
[20], and [26]. Here we assume that the information words
are already mg-balanced words of even length k (i.e., the
information words belongs to SN (k,1) # #) by using a
1-OSN(k, k) code design. Given k, o, 11 € IN, let

def
Sk, 10) E (X € Z& : mo(X) = po) < #X
and

def
Sk, o, 1) = (X € #5: mo(X) = uo and my(X) = u1}
C S(k, uo).

Now, given an mg-balanced word X = x1x3...x¢ € S(k, k/2)
(i.e., such that mo(X) = k/2 € IN), the idea is to “walk
randomly” towards the reverse, X R def XkXk—1 ...Xx1, of X, by
exchanging adjacent bits, until a word X (hpar) s reached, with
dp, h, hpg € IN, where this word satisfies a specific property
for its second moment. Note that permutations of adjacent bits
in the word X do not alter the value of its first moment, while
its second moment may change with a variation of +1, —1,
or 0.

Moreover, a family of sets of check words, CS, is built so
that each set of check words, I', € CS, identifies a specific
step dp of the random walk, where h = 0,1,...,|CS| — 1.
As such, each set I'y of the family of check words defines
an encoding function (I';). And, as the main theorem states
(Theorem 2), there always exists at least one step dj,,, such
that X @a) = (T}, )(X) concatenated with one of the check
words identifying (I';), becomes a 2-OSN word. As in [19]
for 1-OSN codes, such possibly many indices /p,;, for a given
code design, are referred to as the 2-OSN balancing indices
of X. Here we let h154;(X) C IN indicate the set of all possible
balancing indices of X. Now, a check word C = C(X) € Z/,,
r € IN, is appended to obtain a n = k + r bit codeword

E(X) = Xna) C(X) € A2

as encoding of X. In order to implement this strategy, such
check C must be chosen so that the properties 1), 2) and 3)
below hold.

1) The codeword & (X) is mo-balanced; that is,
my(&2(X)) = mo (X(dhha/)) + mo(C) = % cIN.

Note that, since n is a multiple of 4 (otherwise, we have
SN (n,2) = @), if k is even and X € S(k, k/2) then r is
even and C € S(r,r/2).

2) The codeword &£ (X) is m -balanced; that is,

1
my (&£2(X)) = m (X(d’lbal)C) = @ e IN.
Thus, 1) and 2) make &(X) a 2nd-order spectral-null

word.
3) The original information word X can be recovered from
X(dhbal) and C.

In Section II, to fulfill the above properties, we start with the
1-OSN words of even length, k € 2IN and then we encode
these words into 2-OSN words whose length is n € 4IN.
This last step is obtained by adapting the coding scheme

3085

given in [1] and [19] for balanced codes to fit the random
walk coding scheme given in [20] for 2-OSN codes. The
combination of the two methods gives efficient non-recursive
code designs for any value of the parameters k € 2IN,
r =n —k € 2IN and n € 4IN, provided that

Kk=1) _(r k<1+ 1+8(,7,) o
2 =\n2 > K= 2 '
Note that, if
i~ 14 1es( "
) r/2
then
r ~ 2log, k + (1/2) log, log, k — 0.174 3)

because of Stirling’s approximation. As shown in Table II,
we get 2-OSN codes which are considerably less redundant
than the codes found in the literature. To our knowledge, all
code designs found in the literature are recursive and use only
2-OSN words as check words. Here, on the other hand, the
code designs are non-recursive and make a potential good
use of all possible 1-OSN words as check words. Hence, the
information rate improvement has two reasons. First, the non-
recursiveness of the code designs makes sure that any unuseful
redundancy does not add up at every encoding recursion step.
Second, the presented code designs make available many more
check words to use in the design. In any case, the code rate
improvement is of the order of 21log, log, k + O (logloglog k)
if k is choosen to be the length of an optimal 1-OSN/balanced
code. This can be seen by comparing (3) with the formula
for the code length (6) in [20]. In Section III, we show that
the whole coding process can be implemented with O (k log k)
bits operations and using O (k) memory bits. In Section IV,
some concluding remarks are given.

II. THE PROPOSED REFINED CODING SCHEME

The main idea of the code design is to convert a balanced
data word into an “almost 2-OSN” word, using an appropriate
function from a set of “m1-balancing functions”, and append
a check word. This check word 1) “encodes” which encoding
function is used in the encoding process &, and 2) corrects any
further m-imbalance of the almost 2-OSN word. To decode
a codeword, the receiver simply applies, to the mq-balanced
information part, the inverse of the function encoded by the
check part.

The coding scheme is captured by the following concept of
the set of m1-balancing functions.

Definition 1 (Set of mj-Balancing Functions):
r € 2IN be given so that n def k + r € 4IN. Also, let

Let k,

def

CS =({Tlo,T,....,Tp-1},

be a family of p € IN non-empty subsets of the set of all the
r-bit mgy-balanced check words S(r,r/2). Also, for all indices
hel0,p—1] let

(Th): Stk,k/2) — S(k,k/2)
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indicate a function from the set of all k-bit my-balanced data
words, S(k, k/2), into itself. We say that the set of functions

def

B={{I'n): hel0,p—1]}

is a set of my-balancing functions if, and only if, the following
conditions hold.

1) The sets T, are pair-wise disjoint; i.e.,
FiﬂFjZQ = i #j.

Thus, from C € Ty, it is possible to unambiguously
recover h € [0, p — 1].

2) For every mo-balanced information word X € S(k, k/2)
there exists one hpq € [0, p — 1] and Cy,,, € T'y,,, such
that

mi (( thal>(X) Chbal) = @

In the sequel, we vrefer to an index hpq as an
“my-balancing index” of X and we let hpg(X) C

[0, p—1] indicate the set of all possible balancing indices
of X. Note that, for all X € S(k,k/2),

mo (< rhbgl)(X) Chbg]) =my (< rhbgl)(X)) + mo (Chb(,])
k r n

22Ty
3) For all indices h € [0, p — 1], the function (T'y) is
one-to-one so that, from h and Y = (T'y)(X) it is possible
to unambiguously recover X.
Given a set of m-balancing functions, every mo-balanced data
word X € S(k, k/2) is encoded as

E(X) = (thal>(X) Chyur

where hpy; € hpqi(X) is an “mj-balancing index” of X; for
example, the smallest index in the set /5,7 (X). We readily note
that, to give a well defined set of m-balancing functions B,
it is required to define
a) the partition CS, and
b) each injective function (') : S(k,k/2) — S(k,k/2)
in B;
and these two requirements are dependent on one another by
the condition 2) of Definition 1. Now, a possible construction
for such balancing functions (I') € B, with ' € CS, is
explained below.
First, given
X = X1X2X3 ... X ... Xj .. Xf—1Xk
let
x @) = X1X2X3 .+ Xj . X o Xf—1 Xk

be the word obtained form X by exchanging the ith bit with
the jth bit, and

xR = XfXk—1 - Xj ... X} ... X3X2X]

be the reverse of X. The code design is based on the following
observations [20].

Observation 1: The mo-weight, mo(X), does not change if
the bits of X are permuted.
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Observation 2: The relation
mi(X) +mi(X®) = (k + DHmo(X)

holds. So, if mo(X) = k/2 € IN then

m1(X) <

@ = m(xX®* >

k(k+1)
PR
Observation 3: The following relation holds
mi (X(i’i+1)) =m1(X) + (xi — xiy1).

This implies that by exchanging two consecutive bits of X,
the value of m either decreases by 1 or remains the same or
increases by 1.

So, as in [20], let us consider the sequence of k(k—1)/2+1
words,

(=N
=

e

&

x0 = =X,

¥ & (y©0)"?

—

>

def yﬁ@?

x®@

—

g k1) def (X(k—z))(’“l’k)

(=N

>

x® def (X(k_l)) (k—2,k—1)

x (k+1) def (X(k))(k’3°k’2)

y(@k=3) def (X(2k74))(1’2) — x(h,

x (2k—2) def ( X(zkd)) 2.3)

x (2k—1) def (X(2k72)> 3.4

X(3k—6) déf X(3k_7) (k—2,k—1)

>

x (3k=5) def x (3k—6) (k=3,k=2)

>

X (3k—4) def (X(3k_5)) (k—4,k—3)

>

5 (@k—10) def (X(4k—9))(2’3) _ (X(1,k))(2”‘—1)

¥ k(k=1)/2) def (X(k(kfl)/Z)fl)(k/2>k/2+1) _ xR

Example 1 (Word Sequence for k = 4): For example, if
k = 4 and X = x1x2x3x4 then the sequnece has cardinality
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k(k —1)/2+1=7 and
xO — X1x2x3x4 =X,
xM = X2X1X3X4,
x@ = X2X3X1X4,
xO® = X2X3X4X1,

x® = X2X4X3X1,
— X(1’4),

- (x09) ™" _ x.

The above sequence {X(i)}i:() k=12 is defined by a
particular sequence of exchanging of consecutive bits of X,
with X© = X and X*k*=D/2) = xR _Since

m (X(i“)) —m (X(i)) €{-1,0,+1)

for all integer i € [0, k(k — 1)/2], it follows that the sequence

{(oms (x)) i =01, 22

represents a “random walk” from the point (0, m (X)) to the
point (k(k —1)/2,m (X R)) and satisfies the following key
properties.

For all X € S(k, k/2),

there exists an integer

isp € [0, k(k — 1)/2 + [(k/2) mod 2])

x©® = X4X2X3X1

x© — X4X3X2X1

such that

mi (X(isb)) _ Lk(k: DJ
(orm1 (x) = [@D )

In the following, we may refer to such an integer
isp as a “simple mg-balancing index” for the given
mo-balanced word X
and
For all X € S(k, k/2) and
for all integers iy, i» € [0, k(k — 1)/2],

mi (X<"2)) c [m1 (X“'l)) —lir—i1l,
mi (X)) +1iz - m}. )

In [20], a simple coding scheme for 2-OSN codes is given
by defining the balancing functions as X — X®, where
i €[0,k(k—1)/2). In particular, given an mg-balanced data
word X € S(k, k/2), with k € 4IN, the codeword associated
with X is recursively defined as

E(X)=xU») g (binary representation of ig;, given in (4)).

Now we come to the definition of the set CS satisfying 1)
of Definition 1. Let p € IN and consider the partition
{Th}n=0,1,..,p—1 of a subset of S(r,r/2) into non-empty sets
defined as follows. The set I'g contains exactly one word of the
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set S(r,r/2, 1) for each possible value g1 in the “m-image"
of S(r,r/2) defined to be

mi (S, 7/2)) L (m1(C): C € S(r,r/2)}.

Then let I’y contain exactly one word of the set
S(r,r/2,u1) — I'g for each possible value u; € my
(S(r,r/2) — T'p). In general, the check word partition CS is
defined by the following simple constructive rule

Forh=0,1,2,...,p—1,
for all integer
h—1

premy [ Ser/2)=JT; |
j=0

(6)

the set I'j cont%ins exactly one check word in
-1
S(I’, r/2, ,ul) — Uj=0 Fj.
Note that such definition is well defined and implies

p <max |S(r,r/2, p)|.
i

Example 2 (Case k =6, r = 6 and p = 3): For example,
ifr =6 and p = max, |S(6,3, )| =3 then

S(r=6,r/2 =3, 41 = 6) = {111000},
S(r=6,r/2=3,u =7) = {110100},
S(r=6,r/2=23, 4 =8) = {101100, 110010},
S(r=6,r/2=3, 41 =9) = {011100, 101010, 110001},
S(r=6,r/2 =23, u1 = 10) = {011010, 100110, 101001},
S(r=6,r/2=3, 41 = 11) = {010110,011001, 100101},
S(r=6,r/2 =3, 11 = 12) = {001110, 010101, 100011},
S(r=6,r/2 =3, 41 = 13) = {001101,010011},
S(r=6,r/2 =3, 41 = 14) = {001011},
S(r=6,r/2 =23, u; = 15) = {000111};

so that, for example, CS = {I'g, I'1, I'2} where

[ 111000, )
110100,
101100,
011100,
011010,
010110,
001110,
001101,
001011,
000111

110001,
101001,
100101,
100011
Here, the combinatorial problem is very similar to the coding
problem for balanced codes solved with the parallel decoding
techniques given in [1] and [19]. In fact, the cardinalities of
the constant mj-weight codes contained in S(r, xo) show a
“bell shape behaviour” similar to the binomial distribution
as stated in Theorem 3 in the Appendix. In our case, if
CS = {Th}peo,p—17 is defined by (6) then Theorem 3 for
to = r/2 implies that for all integer h € [0, p — 1], the
statements in the following observations hold.

110010,
101010,
100110,
011001,
010101,
010011

I = (N



3088

Observation 4: The mi-image of the words in T'y, m(T'y),
is an integer interval, say

m1(I'p) o lan, Bnl.
Observation 5: If h > 0 then
m1(Tp) = [an, Pul € [an—1, fr—1]1 = m1(Th-1).

Observation 6: If « def minces(r,r2)m1(C) and p
maxces(,r2)m1(C) then the interval m(I'y) = [an, Brl is
symmetric with respect to

Ca+f antpu rG+1)
Hmean = ) = ) = 4

def

e IR,

has a width of (S, — ap) = |T'n| — 1 where

IThl =1 = —ap=|Tol -1 =f — a 5(5)25 (%)modl

2
Hence,
mi(Tn) = [an, Bn]
_[on+Bn  Bn—an ah+ﬁh+ﬁh_ah:|
T2 2 2 2
_ _r(r+1)_|Fh|—1 r(r+1)+|l“h|—li|
T4 2 7 4 2
]+ [Tnl =1
-

r(r+1) Th| — 1
[ . ]{ , ﬂ ®)

Observation 7: Let r € IN and, for all integer 1o, 11 € N,

def
s(r, po, 11) = 1S, po, 1)l )

The number of m1-balancing functions is,

p< n%ax |S(r,r/2, u)] = s (r r/2, {r(r:— DJ)
HE[a

=5 (r r/2 ’7’”(’” + l)—‘)
= , , 2 .

Finally, given the above partition

={lh: hel0,p—1]},

we come to the definition of each function (I',) € B. This is
done as in [1], [12], and [19]. Namely, define the following p
natural numbers,

dof 0 if h =0,
= [Th—1] [Tl | .
dy 1+{ 21J [TW ifhell,p—1],
0 ifh=0,
=1 Imol | & ITh|
{7J+Zl|r,-|+[71 if hell,p—1];
j:

(10)

their associated integer intervals,

o[ 2]
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for all integer i € [0, p — 1]; and, also let,

def ITp-1l
I, < dp_1+{ L J“Z'W

[l

Z|rh|+1 Z|rh|

h=1

(1)

Note that, from the construction (10),
1) each interval is centered in d, + [(J['z] — 1) mod 2]/
2 eIR, for all h € [0, p — 1]; and
2) the family {I; : h € [0, p]} partitions the necessary range
of the random walk index i, which, from (4), is given by
the integer interval [0, k(k —1)/2 4+ [(k/2) mod 2]). This,
if k(k — 1)/2 + [(k/2) mod 2] < 32—, T l.
Now, given the dj, define the associated balancing functions

: S(k k/2) — S(k,k/2) as
m(X) L X@) | vheo, p— 1.
Example 3 [Case k =6, r =6 and p =3 (Continued)]:

In (7), where r = 6 and p = 3, from (7), (10) and (12), we
have

(12)

dyo =0,

dy =do+1To|/2+T1]/2=04+5+3 =8 and

d =di+1T1]/2+|T2]/2=8+3+2=13.
So, if k = 6 then

Odif[ 45]_{ 4 2»_1905192’394’5}’

n e, 11 {6789 10, 11},
L % 12,151 = (12,13, 14, 15),
1 % [16,20) = {16, 17, 18, 19},
the random walk index

i €[0,15]=1[0,5]Ul6,11]U[12,15] € IyU 1 UL U3,

and

To)(X) & xixax3xsxsxg = X©,
X(s),
(13

def

(T1)(X) = xoxex3xsxsx) =
def

(T)(X) = X6X3X5X4X2X] =

We need to show that the set B just defined is indeed a
well defined set of m-balancing functions. This is done in
Theorem 2 below. First, note that to obtain the codewords a
check word must be concatenated to some ¥ = (I, )(X).
So, the following theorem concerning the moments of the
concatenation of words holds.

Theorem 1: For all Y € Eé and C € W, the following
relations hold.

mo(Y C) = mo(Y) + mo(C) (13)
and

mi(YC) =m(Y)+ m(C) + kmo(C). (14)
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Proof: With regard to (14), if ¥ = y1y>...yx € Z5 and
C=cic2...c, € I, then

k+r

Z Cj—kJ

k
mi(YC) = Zyjj +
j=I j=k+1

= m1(Y)+ch(k+j)
j=1

r r
=mi(Y)+k > cj+ > ¢jj
=1

j=1
= m(Y) + kmo(C) + m (C).

| |
Also, we need the following definition.
Definition 2 (m;-Crossing Index): Let k,r
n défk—i—r € 4IN. An index

[y k=D K\, s
Iex € [ s ) + [(5) mo i|)

is an “mi-crossing index” for X € S(k,k/2) if, and only if,
“Icx defines a point where the random walk

RW(x) & [(i,ml (X‘f))) i=0,1,..., @

[med ) o

crosses the m| middle value of k(k + 1)/4 € IR” — more
precisely, if, and only if, one of the following two conditions
hold.

1) k,r € 4IN and i is a simple m-balancing index for X
according to (4); that is,

mi (X(i‘f'*)) = Lk: D € IN;

2) k,r € 4IN + 2 and i, is a simple decreasing
m1-balancing index for X, that is,

m (X(iexfl)) _ [k(k: 1)—‘

N V(k:l)J —m (x“'cx)). (16)

€ 2IN and

3) k,r € 4IN+2 and iy is a simple increasing m1-balancing
index for X; that is,

mi (x6D) = V(": UJ
- "k(k-i-l)—‘ —m (X(,-”))_ a7

4

We note that, for all X € S(k, k/2) there always exists at least
one mi-crossing index, iy, of X because of Observation 2
and Observation 3. If k, r € 4IN then i., coincides with the
index igp in (4). If k,r € 4IN+ 2 and m(X) < k(k+1)/4
then there exist at least an index i., such that (17) holds.
If instead, k,r € 4IN + 2 and m(X) > k(k + 1)/4 then
there exist an index i., such that (16) holds. Also, note that
if k,r € 4IN + 2 then the definition of m-crossing index is
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stronger than the definition of simple mi-balancing index as
the following example shows.

Example 4 [Case k =6, r =6 and p =3 (Continued)]:
If Kk = 6 € 4IN + 2 then 10 = |k(k+1)/4] <
lk(k +1)/4] = 11. The random walk sequence of the
word X = 010011 € §(6, 3) is

>
<
&

x@) — x©® — 010011,

3
=
Il
—_
w

—
—
—

XM = 100011,

3
Il
—_

IS

>
~
B

N N N N S N S N’
I
—_
—_

Xx® = 100011,

3

|

—_

IS

3
A/‘\/‘\/‘\/;/‘\/‘\/‘\A/\
2

>
<
=

X® =100011,

3
Il
—_

IS

>
~
&

x® = 100101,

3

x® =100110, =10, «—
X© =100110, m; (X©) =10,
xD =101010, my (xP) =09,

X@ = x® = 110010, m; X(15>) 8
X© = 110010, m; X<9)) 8
x19 = 101010, m, (X(“))) =9,
XD = 100110, m; (X“U) — 10,
x12 = 100110, m; (X(12>) =10

X@ — x1) — 101010, m; (X<1s>) —9,
x4 = 110010, m; (X““)) =3,

Hence, X has only one m1-crossing index i,y = 5 (indicated
by the arrow to the right) because (16) holds. In particular,
icx = 5 is a decreasing m1-crossing index for the random walk
RW(X).

Now we come to the main general theorem.

Theorem 2: Let k,r € 2IN be given so that n e +re
4IN. Let p € IN,

CS = {FO9 Fl; "'9Fp—1}

be a partition of a subset of S(r,r/2) such that (8) holds for
all h € [0, p — 1] and let

B={(I'n): hel0,p—11}
be the set of functions defined by (10) and (12). If

k(k — 1)

p—1
> shz_())w—e(k,r), with

j 4
e(k,r)déf 0 ifk,r € 41N, (18)

1 otherwise,
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then B is a set of mi-balancing functions according to
Definition 1. In particular, if we let

s 2]
p—1

U Ital = S, 7/2)

h=0
k(k—1) (T
()

then B is a set of mi-balancing functions. Note that the
inequality in (19) is the leftmost relation in (2).
Proof: First note that

k(k + 1) rr+1) | kr
el i el

| k41 r(r+1) kr
{TH 2 1*7

nn+1)
4

because k,r € 2IN and n € 4IN.

Property 1) of Definition 1 follows because the family CS
is a partition. With regard to the first moment relation in
property 2) of Definition 1, given any X € S(k, k/2), we need
to find/define an mi-balancing index, h e hpai(X), for the
proposed refined coding scheme in each of the cases which
follow.

Case k,r € 4IN. Let i,y be an mj-crossing index of X.
For such index,

Kk — 1 . Kk + 1
wehiji)mmm@wﬁz(:)em

and

19)

(20)

21
hold because of Definition 2. In this case, the integer intervals
in (11) are given by

def | Tl —1 Thl =1
I = d - ,d )
h h ) h+ )

for all integer i € [0, p — 1]; and,
ITol |, % =
def 0
I, < _TJ +§|rh|+1,§|rh|

From (18), the family {I, : h € [0, p]} partitions the index
range interval [0, k(k — 1)/2). So, there exists an integer
h € [0, p] such that i,y € I. Exactly one of the following
subcases must hold.

Al: h € [0, p — 1]. Here, from (22),

(22)

. def | [Thl —1 |Tpl—1
ol = —d — , .
i Lex h € |: ) )
So, from (5),
mi (X(dh)) c _ml (X(icx)) —16il, m (X(icx)) + |5i|]
[k(k+1 k(k+1
= ( )—|5i|,¥+|5i|
. 4 4
c _k(k+1)_|1“h|—l k(k+1) |Tal =17
- L 4 2 7 4 2 ’
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and so, there always exists a “small m1-imbalance”

CITal =1 |Tal -1
2 ’ 2

w € [—loil, [0i[]NIN [

such that,
k(k+1) k(k+1) |Tpl—1
dn)) — _ _
M4X )_ 1 ”e[ 4 2
ktk+1) [Tyl —1
4 + 2 '

Hence, from (8), there exists C € I', with

r(r +1
micy = "D
r(r+1) Thl—1 r(r+1) [Tp] —1
+“€[ 4 > 4 2
= m ()
such that

mi ((T4)(X) €) = my (X)) + m(C) + kmo(C)

k(k + 1) r(r + 1) kr
(5o (55200

nn+1)
1
because of (14) in Theorem 1 with
mi(Y) = mi (XD = k(k + 1)/4 - u,
mi(C)y=r(r+1)/44+u and
kmo(C) = kr/2;

and also because of (20). This means that h def h € hpg(X)
is a balancing index for this refined coding scheme.
A2: h = p. In this case, from (22) and Definition 2,

-1
. ITol | % k(k — 1)
Iex € \\—2 J‘f‘hz_;lrhl_’_la )

So, from (18),

—1
k(k—1) k(k—1) | ITol | X
RGN R e _gyU|

L[]

Hence, from (5), (21) and the above relation,

mi (XR) = m, (X(k(k—l)/Z))

[m1 (X(il'x)) _ (k(kz_ H icx) ,
mi (X(i"")) + (Lk; D - icx):|

[k(k+ 1) B ([@“ B 1)

| 4 2 ’
o (]

[k(k+1)  [Tol =1 Mk+1)+|nﬂ—1
o 4 2 7 4 2 ’

m

N
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This, from Observation 2, implies,
k(k+1 k(k+1 Ip| —1
(+)—m1(XR)e (k+1) [Tol ’
2 4 2
k(k+1) |To|—1 )
4 + 2 ’

my (X) =

and so, there exists a “small m-imbalance" u € IN such that,

k(k+1) ktk+1) |I'gl—1
X = —_ —
m1 (X) 2 u € |: 2 T
ktk+1) [I'gl—1
4 + 2 '
Again, from (8), there exists C € I’y with
r(r +1
m(C) = ( ) )
r(r+1) [Tol =1 r(r+1) [To| — 1
+,u€|: 2 5 n + >
= m(Tg)

such that m| ((I'o)(X) C) = n(n+1)/4 because of Theorem 1
and (20). So, if icx € I}, then h def 0 € hpq(X) is a balancing
index for the refined coding scheme.

Case k,r € 4IN + 2. Let

' kk—1)7] [ k(k—1)
lex € |:0, T:| = |:O, 5 + 1)

be an mj-crossing index of X defined in Definition 2. Here,
the integer intervals in (11) are given by

T r
Ihd§f|:dh—ﬂ+1,dh+l—h|i|,

2 2
for all integer h € [0, p — 1]; and,

def | 1Tol ! -
I, = 7+}§|rh|+1,h§|rh|

From (18) and e(k,r) = 1, the family {I, : h € [0, p]}
partitions the index range interval [0, k(k — 1)/2]. So, there
exists an integer i € [0, p] such that i, € I;. Based on (23),
exactly one of the following subcases must hold.

B1: h € [0, p — 1], (16) holds and

(23)

r
icxzdh—i-% = i Y (-1 —ay
IThl | _ ITul =2
2 2

In this case, from (5) and (16), there always exists a “small
m1-imbalance” x4 € IN such that,

mi (X(dh)) — _k(k:_ 1)—‘

—ue [ml (X(i“’”) — 6i, my (X(i"X’l)) +5i]
_ '[k(k—i— 1)“ Tl -2

4 2
k(k+1)7 |Thl =2
e
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Hence, from (8), there exists C € I'j, with

mi(C) = {r(r:— 1)J
tue H\r(r:— I)J B lrhlz_ 2,
V(’j ”J + 'rh'z_z}g i (Tn)
such that

my ((T1)(X) C)
=m (x<dh>) +mi(C) + kmo(C)

[k +D) r(r+1) kr
(55 ) ()
nn+1)
a1

because of Theorem 1 and (20). This means that h def h €
hpa1(X) is a balancing index for the refined coding scheme.
B2: h € [0, p — 1], (16) holds and

. [Tl |l
e ldi— (= —1),dy+ (=2 -1
el (Gi1) s (51)

Ipl =2 [Tp| =2
5id§ficx—dh€[—| | || }

2 2
In this case, from (5) and (16), there always exists a “small
m1-imbalance” u € IN such that,

mi (X(dh)) — k(k: I)J
e [m1 (chx)) — 10, my (X(i”X)) + |(5i|]
_ _V(": I)J — Jsil, V(k: I)J + |5i|i|

'Lk(k—l—l)J Twl =2
| 4 2

k(k+1) | |Thl—2
et iaa|

Hence, from (8), there exists C € I', with

i (C) = ’Vr(r:— 1)—‘ tue I:"r(r:— 1)—‘ 3 |Fh|2— 2’

[r(rj ”] + 'Fh';z}g i (Th)

IN

such that

my ((Th)(X) C)
=m (th)) + my(C) + kmo(C)

() ()

nn+1)

4 b
because of Theorem 1
~ def

h = h € hpy(X).

and (20). This means that
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B3: 4 = p, (16) holds and
iy € |°|+Z|r|+1 1)
So, from (18) and €(k,r) =1,

—1
. k(k—1) |Tol &
— ey € O,T)—T—ZWM

cfor-)

Hence, from (5), (16) and the above relation,
mi (XR) = my (X(k<k—1)/2))

e |m (X(icn) _ (@ -

i)
(X6 ¢ ()]
2

'Lk(k+ DJ [Tl
i 4 2 ’

k(k+1)| |Tol—2
el

This, from Observation 2, implies,
[Tol —2

() — k(k;— D_,. (XR) . Hk(k:—l)"‘ RS

k(k+1)7  ITol—27
e |

and so, there exists a “small m-imbalance” u € IN such that,

k(k+1 k(k+1 Tol =2
ml(X):[¥1_MEU(4+)1_|o|2 ,
k(k+1)7  |Tol—2

|

Hence, from (8), there exists C € 'y with

mi(C) = {r(r:— 1)J tue Hf”(ri— l)J B

k(k — 1)
2

N

|Tol —2

7
V(’"I ”J s 2}g 1 (To)
such that m1 ((T'9)(X) C) = n(n+1)/4 because of Theorem 1
and (20). So, if iy € I, then h & 0 € hpa(X).
C1: h € [0, p — 1], (17) holds and

def
1cx=dh+% = 0i = (iex — 1) — dy]
ITnl o Thl =2
2 2
This case follows exactly as the case Bl where the

floor function is exchanged with the ceiling function. Here

A e hpa (X).

C2: h €0, p—1], (17) holds and

r r
o (5 ) s (12 1)]

ITn| =2 |T% —2}

. def .
<:>5l§lcx_dh€|:_ ) P )
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This case follows exactly as the case B2 where the
floor function is exchanged with the ceiling function. Here
A e hpa (X).

C3: h = p, (17) holds and

-1
iy € |°|+Z|r|+1 kk— 1)

This case follows exactly as the case B3 where the
floor function is exchanged with the ceiling function. Here
h %0 € hpa (X).

Since no other cases are left, property 2) holds. As we can
see, property 2) follows similarly to the proof of [19, Th. 4].
In fact, here we have even proven a slightly stronger
result; namely, we have shown that if an m-crossing index
icx € [0,k(k — 1)/2 4+ [(k/2) mod 2]) of the random walk
RW(X) in (15) lies in I then h € hpy(X) € [0, p — 1] is
a balancing index for the refined scheme. This, modulus the
necessary length of the random walk given by k(k — 1)/2 +
[(k/2) mod 2] (see case A2, B3 and C3 above). In Section III,
we will make a good use of this improved result.

Property 3) of Definition 1 holds because the functions ( I'y)
in (12) are permutations of the components of X. So, B is
a set of mj-balancing functions according to Definition 1.
In particular, this statement holds true if we let Uf;é |Th| =
S(r,r/2). In this case, k must satisfy

k(k—1)

2
which is equivalent to k(k — 1)/2 < (r;z) because k, r € 2IN,
n € 4IN and because whenever k,r € 4IN + 2 it follows
k(k —1)/2 € 2IN+ 1 and (r;z) € 2IN. [ |

At this point, the encoding of an information word is done
as follows.

= |S(r,r/2)| _E(k’r);

Algorithm 1 General Encoding Algorithm

Input: the information word Z € Zé.
Qutput: the codeword

YC=&(&(Z2)=(&10&E)(Z) e SN, 2)

wheren =k +r, Y eZ’é and C € Z,.
Perform steps SO, S1 and S2.

S0: mp-balance the information word Z. For example, any
mo-balancing method given in [1], [2], [4], [7], [12], [18], [19]
or [21] can be used. Let X be the mg-balanced information
word of length k associated with Z; i. e., X = £1(Z). In this
way, mo(X) = k/2.

S1: find a balancing index of X and then compute the relative
information and check part of the codeword. For the time
being, assume this is done exhaustively by computing the set,
hpa1(X), of all possible balancing indices associated with X
as follows. For all & € [0, p — 1] do steps S1.1, S1.2, S1.3
and S1.4.

S1.1: compute (['1)(X) =
S1.2: compute m({ I'p)(X)).

X )
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S1.3: compute the m-unbalance

=MD (o) -

S1.4: if there exists C € I'j, such that m(C) = u then a bal-
ancing index hpq; def h is found and the relative m1-balancing

(24)

check is Cy,, e I'p,- Note that such mi-balancing
check exists in I’y if, and only if, u; € m(I'y) = [an, br]
(because of Observation 4 above).

S2: for the mg-balanced information word X, select the m -
balanced codeword as

H(X)=YC = (thal>(X) Chpy = X(dhb"’) Chypar’

where hpg € hpqi(X) C [0, p — 1] is one among all possible
balancing indices found in step S1. In this way, the information
word Z is encoded into the 2-OSN word Y C = &(X) =
&(&1(2)).

S3: Output £(X) and exit.

On the other hand,
follows.

the decoding is performed as

Algorithm 2 General Decoding Algorithm

Input: the codeword associated with some Z € E’z s
Y C =&(E1(2) = (E10E)(Z) e SN (n, 2).

with n =k +r, Y € Z5 and C € 7.

Output: the information word Z = (] 0 &)~ (Y C).
Perform steps SO, S1 and S2.

S0: compute the index hpq € [0, p — 1] such that C € T'y,,.
S1: compute the word X = & (Y C) = (T, )~ (Y).

S2: undo the mop-balancing of the word X using the method
chosen in step SO of Algorithm 1. Let Z = Sfl(X) € Eé
be the information word whose mg-balanced encoding is X.
In this way, the word Y C is decoded into the word

Z='X) =71 Y O) = (E1 0 &)Y 0).
S3: Output Z and exit.

The following example shows the mi-balancing part of
Algorithm 1 and the m-unbalancing part of Algorithm 2.

Example 5 (Code Design for k=12, r =8 and p = 8):

Let the number of mo-balanced information bits be
k = 12 € 2IN. So, if r = 8 € 2IN then relation (19)
holds because

k(k—1 8

KEZD e <70= ()= (")
2 4 r/2
This means that with r = 8, by letting

p—1
U ITal = 58, 4),

h=0
a code design of length n = k +r = 20 with

:s(8,4,8-2:18):8
4
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m1-balancing functions can be given to m1-balance the k = 12
mo-balanced bits. Columns 2 through 8 of Table I define a
particular partition CS = {I'o,I'1,...,T'7}. We readily note
that T'7 is redundant and a code design can be given with
p = 7 my-balancing functions by using the first 7 T'y,. This is
because

k(k—1)

6
5 =66<69=70—7| = > |T}|

h=0

and so (18) is satisfied. However, note that by using p = 8§,
instead of 7, mi-balancing functions we increase the average
number of possible encodings of a given information word.
Thus, by applying the same method given in [12], [16],
and [29] for balanced codes to the 2-OSN codes given
here, a little more extra information can be conveyed by
the code. Now, the mo-weight of every codeword must be
equal to n/2 =10 and the mi-weight must be equal to
n(n + 1)/4 = 105. Suppose

= 100000101111

is the given mo-balanced word which needs to be encoded into
a word of SN(20, 2). The entire random walk sequence for X
is given below (where the left arrows to the right indicate a
word in SN (12, 2)).

X@ — x® — 100000101111, m; (X(O)

XM = 010000101111, M

e

x® = 001000101111, @

D

X3 = 000100101111, @

D

/‘\/\/‘\A/;A/\/\/‘\

>

“

) -
) -
) -
) -
) -
(5))
) -
) -
) -
) -

X® = 000010101111,

D

X® = 000001101111,

X© = 000001101111, ©

e

x™ = 000001011111, @

e

X® = 000001011111, ®

D

X© = 000001011111, ©

x19 — 000001011111, x10

§
I
\_O‘\

—
—
—

—

x1D = 000001011111,

3
I
7y
&

e
-
S

x12) = 000001011111,

&
I
[
o

e
_
@

x13 = 000001011111,

3
I
W
&

XU = 000001011111,

>
2
=
2

X@ = x5 = 000001101111,

3
=
Il
W
On

>
PN
-
2

x 16 = 000001101111,

3
=
Il
W
On

3
—_
AN TIN TN TN TN TN TN TN TN
>S:
~
=

e
=
3

x17 = 000010101111,

S
I
9]
>

x18 = 000100101111, m; (x1®

Il
W
>

N N N N N N N N
|
W
S
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x19 = 001000101111, m; (x19) = 52, X@) = xG53 = 111000101001, m; (X<53>)=34,
X0 = 010000101111, m; (XY = 51, XG4 = 111001001001, m; (x<54>)=33,
X@D = 100000101111, m; (X@V) = 50, X655 = 111001001001, m; (x<55>):33,
X@? =100000101111, m; (X@?) = 50, X656 = 111001010001, (X<56>):32,
X@¥ = 100000101111, m; (X@) = 50, X657 = 111001100001, m; <X<57)):31,
X3 = 100000101111, my (X®V) = 50, X0 = X = 111001100001, my (X&) =31,
X2 = 100000101111, m; (X@) = 50, X6 = 111010100001, m; (X<59))=30,
X9 = 100001001111, my (X©@®) = 49, x©) — 111100100001, (x<6°>):29,
X@ = x®) = 100001001111, m; (X@7) =49, X@) = X6 — 111100100001, (X(61))229’
X@8 = 100001010111, m; (X©@¥)) =48, X = 111101000001, (sz))zz&
X2 = 100001011011, m; (X@V) =47, X Z 111101000001, 1, (X«)s)):z&
XC0 = 100001011101, my (X©0) =46, X9 = 111100100001, m (X©9) =29,
XD = 100001011101, - m; (X°V) = 46, X9 = 111100100001, my (X)) =2,

X2 — 100001011101
1 11101, my x©0) — 111101000001, m; (X<66>) = 28.

(33) _
X777 = 100001101101, m, Note that, unlike the simple encoding scheme in [20] where

XG = 100001101101, m; (XGP) = 45, all the k(k — 1)/2 = 66 possible functions X — X,
- - i €[0,k(k —1)/2), are used as the mi-balancing functions,

X0 = 100010101101, my X09) =44, here only p = 8 of them are used. In fact, the family of the
m1-balancing functions B = {(T'y): h € [0, 7]} is defined as

3, follows. From the definition of T', in Table I, along with (10)

and (12), we have (Tp)(X) = X9, h € [0, 7], with dy = 0,
di =15, d» = 27, d3 = 37, dy = 46, ds = 53, dg = 58 and
2, d7 = 61. That is,

xG% = 110000101101, m
X = xB7 = 101000101101, m;

def
x09 = 110000101101, m, 0)(X) = X = xixaxsxaxsxexrasroxioni v = X,

15
(X)) = XM = xpxaxaxsxex7xioxgxox10X11X1,

X0 = 110000101101, m; -
) 2)(X) = X7 = X12X3X4X5X6X7X8X2X9X10X11X1,
X+ = 110000101101, - my 3)(X) = X7 = x19x321104X5X6X7X8X0X 10X2X1,
X*2 = 110001001101,

53
sHX) = X = xppx1x10x5x6XaX7X8 X0 X3 X021,

X = 110001001101, m,
6)(X) = X8 = x1px11x10X5X6X0x7X8X4X3X2X ] ,

(To)
(1)
(I2)
(I3)
0, (T4)(X) = X140 = X12X11X4X5X6X7X8X10X9X3X2X1,
(Ts)
X4 = 110001010101, m g i

61
7)(X) = XD = x1px11x1000X6X5X7X8X4 032X

(45) _ 45)) —

X' =110001011001, m; (X = 38, In this way, letting
X = x@6 — 110001011001 x“6)) — 38 1) k
11001, m; ; Mldéfi”(”: )—%:105—48:57,

“47 _ “@ny —
X7 = 110001101001, - my (X =37, the encoding Algorithm 1 executes steps SI and S2 as follows.
x48) 110001101001, m; xX“48) = 37, S1 (for h =0 and dy = 0): compute
x40 — 110010101001, m; X#9) = 36, (To)(X) = X = 100000101111 (= X),

50 50 i (X(O)) =9,
X09 = 110100101001, m; (XOV) = 35,

w1 = My —my (X(O)) —57-50="1.
XOD = 111000101001, m
We have uy =7 ¢ m(I'g) = [10,26] <= there is no check
= 34, word C € Tg such that m{(C) =

(x*)
(x)
(x)
(x)
(x)
(x)
()
(x)
(x)
(x)
(x)
(x)
(xon) =4
(x02) =+
(x0v) =+
(x00) =+
(x00) =4
X9 =100100101101, m; (X(36)) =4
(xov) =
(o) =
(xe) =4
() =4
(xe0) =+
(x)
(x)
(x)
(x)
(x)
(x)
(x)
(x)
(x)
(xe)
(x)

X2 = 111000101001, m,
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TABLE |
EXAMPLE WITHn =20,k =12, r =8 AND p =8
| s@4.m\Iu] o I, T, Ts T, s T rr [[s(8,4,m)
5(8,4, a = 10) =|[11110000 1
5(8,4,11) =||11101000 1
S(8,4,12) =[[11011000 _]11100100 _ 2
S(8,4,13) =|[10111000 11010100 111100010 _ 3
5(8,4,14) =|[01111000 __|10110100 _]11001100 __|11010010 _]11100001 5
62| 11] 2 3] 3 3] 42|
5(8,4,15) =||01110100 __|10101100 _]10110010 __|11001010 _]11010001 5
6 3| 12| 24 34 14 3
$(8,4,16) =[[01101100 110011100 01110010 _10101010 _{11000110 __]10110001 _{11001001 __ 7
5(8,4,17) =||01011100 __|01101010 _]10011010 __|10100110 _]01110001 __|10101001 _]11000101 7
6 5) 14 26) 36 14 5 52| 157

5(8, 4, 18) :Hoounoo 01011010 01100110 10010110 01101001 10011001 10100101 11000011 ‘ 8 ‘
5(8,4,19) =[|00111010 _]01010110 _]10001110 01011001 _]01100101 _]10010101 _|10100011 7
1 16 28 38| 147] 54 59
S(8,4,20) =||00110110 _]01001110 _|00111001 01010101 _]10001101 _]01100011 __|10010011 7
2 17] 29 39 48| 5 5) 6 0]
S(8,4,21) =||00101110 _]00110101 _]01001101 __|01010011 10001011 5
3 18] 130 140 49
S(8,4,22) =||00011110 _]00101101 __]00110011 _|01001011 _]10000111 5
4 19| 31! 41] 50)
S(8,4,23) =||00011101 _]00101011 01000111 3
5 20 132]
5(8,4,24) =||ooot1011 _Joot00111 2
5(8,4,25) =||ooo10111 _ 1
S(8,4, 5 = 26) =|[00001111 _ 1
| o= v [ s ] un ] e ] o ] 5 | 5 ] 1 [ o |
| = o | 15 | 2r [ 3 | a6 | s | s | e | p=s|

For any integer p € [10,26], the (1 — 8)th row gives the vectors C = cica...cg € S(8,4, ) in ascending lexicographic order where ¢ is the least
significant symbol, cg is the most significant symbol and 0 < 1. The last column give s(8,4, 1) = |S(8,4, )| in (9), for all integers p € [10, 26]. For any
integer h € [0, 7], the (h + 2)th column gives I',. The 19th and 20th rows give |T';| and dp,. for all h € [0, 7], respectively. For all integers u € [10, 26]
and h € [0, 7], if the entry in the lower right corner of the cell in the (& — 8)th row and (h + 2)th column is the integer ¢ € [0, 65] then h(i) = h, where

h :[0,65] NIN — [0,7] is the function in (25).

S1 (for h =1 and di = 15): compute

(M) (X) = x15 = 000001101111,
m (X“S)) — 55,

w1 = My —my (X<15>) —57-55=2.

We have uy =2 ¢ m(I'y) = [12,24] <= there is no check
word C € T'y such that m(C) = u;.
S1 (for h =2 and d» = 27): compute

(T2)(X) = X@D = 100001001111,
mi (X@7) = 49,

w1 = My —my (X(27>) —57-49=38.

We have uy =8 ¢ m(I'z) = [13, 23] < there is no check
word C € I'y such that m(C) = ui.
S1 (for h =3 and d3 = 37): compute

(T3)(X) = X7 = 101000101101,
m (x<37>) — 42,

(= M —m (x(37>) —57—42=15.

The check word C = 11001010 € T’z is such that m{(C) =
a1 = 15 € mi(T3) = [14,22]. So, hpat = 3 is an
m1-balancing index and the relative m1-balancing check is

C; 11001010 € T

S1 (for h = 4 and dy = 46): compute
(T4)(X) = x“9 = 110001011001,
mi (X49) =38,
w1 = My —my (X(46)) — 5738 =19.
The check word C = 01100101 € T4 is such that
mi(C) = uy = 19 € m1(Ta) = [14,22]. So, hpa = 4 is

an mi-balancing index and the relative mi-balancing check

is C4 © 01100101 € Ty
S1 (for h =5 and ds = 53): compute

funT's(X) = X3 = 111000101001,
m (X(53>) = 34,

w1 = My —my (X(53)) — 57 —34=23.

We have u; = 23 ¢ m(I's) = [16,20] <= there is no
check word C € T's such that m(C) = ui.
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TABLE II

COMPARISONS WITH THE OPTIMAL CODES AND THE CODES IN [20]
FOR SOME CODE LENGTH VALUES n € 4IN

n optimal new scheme scheme in [20]
Eop k E | Akop || koo | Koo | Akpo
4 1 2 1 0 — 1 0
3 4 2 1 — 3 -1
12 5 6 4 1 - 5 —1
16 9 8 6 3 — 9 -3
20 12 12 9 3 - 12 -3
24 15 14 11 4 — 15 —4
28 19 18 15 4 12 9 6
32 23 22 19 4 16 13 6
36 26 24 21 5 20 17 4
40 30 28 25 5 24 21 4
44 34 32 29 5 28 25 4
48 37 36 33 4 32 29 4
52 41 40 37 4 32 29 8
56 45 42 38 7 36 33 5
60 49 46 42 7 40 37 5
64 53 50 46 7 44 40 6
128 115 112 108 7 104 100 8
256 241 238 233 8 232 227 6
512 495 492 487 8 476 471 16
1024 1005 1002 | 996 9 988 982 14
2048 2027 2024 | 2018 9 2008 | 2002 16
4096 4073 4070 | 4063 10 4056 | 4049 14
8192 8167 8164 | 8157 10 8148 | 8141 16
16384 || 16357 || 16354 | 16346 | 11 16340 | 16332 | 14
32768 || 32739 || 32736 | 32728 | 11 32720 | 32712 | 16
65536 || 65505 (| 65502 | 65493 | 12 65488 | 656479 | 14

The first column is the overall length, n € 4IIN, of 2-OSN codes. The second
column gives the information bits for the optimal 2-OSN code of length
n. The third, fourth and fifth refer to the new coding scheme given in this
paper. The sixth, seventh and eight refer to the coding scheme given in [20].
In particular, for each coding scheme, k is the maximum number of my-
balanced bits that can be mq-balanced into n bits and k£ is the maximum
number of information bits that can be mg-balanced into k bits. In_the
fifth column, Akop = kop — k. In the eigth column, Akpy = k — kpg).
For n > 128, the values of the second column are obtained with the
approximation |[SN (n, 2)| = {(4\/§/w)2n/n2J given in [20], [22].

S1 (for h = 6 and ds = 58): compute
(Te)(X) = XxB¥ = 111001100001,
m (X<58>) =31,
=M —mi (X)) =57 31 =26,

We have u; = 26 ¢ m(I'g) = [16,20] <—
check word C € T such that m(C) = ui.
S1 (for h =7 and ds = 61): compute

(T7)(X) = X©D = 111100100001,
m (X(ﬁl)) =29,

w1 = My — my (x(58>) — 5729 =128

there is no
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We have u; = 28 ¢ mi(I'7) = [18,18] <—
check word C € T'7 such that m(C) = u1.

At this point, execute step S2.

S2: For example, select as encoding of the mo-balanced
word X the mi-balanced word

there is no

& (X) = x®7 ¢35 = 101000101101 11001010.

However, note from the above, that £,(X) = X (46) C4 can also
be chosen because

hpa(X) = {3,4} € [0, 7].
With regard to decoding, on receiving the 2-OSN word
YC =10100010110111001010,

the sequence of the last r = 8 bits (i.e., C = 11001010)
is the check word that allows to identify the mi-balancing
Sfunction (') used in the encoding process. Since C € T'3, the
remaining word Y is decoded into the mo-balanced word

&1y ©) = (T3)~'(¥) = 100000101111.

III. EFFICIENT IMPLEMENTATIONS OF THE REFINED
CODING SCHEME AND THE COMPLEXITY ANALYSIS

There may be many ways to implement the coding scheme
defined in Section II. However, before going into the details,
note that given any integer d € [0, k(k — 1)/2] and word
X =x1x2...x5 € l’ﬁ the word X@) ¢ l’ﬁ can be computed
in O(klogk) bit operations with O (k) bit memory elements
with a sequence of at most k/2 “giant steps” followed by a
sequence of at most 2k — 3 “baby steps”; as done in [20].
In the sequence of “giant steps”, for j = 1,2, ..., the bit x;
is exchanged with the bit x;— ;41 to compute X @) until
ijy1 > d, where

ijp1=ij+2k—4j-3

and ip = 0. As soon as ij41 > d, the sequence of “baby steps”
follows to compute Xt x@G+2) = x@ from x5,
Analogously, given X € ZX and d € [0, k(k — 1)/2] the
word X € E’; can be recovered in O (klogk) bit operations
with O (k) bit memory elements. In this section, we rely on
these giant-baby step based algorithms.

Now, a simple way to implement the coding scheme
in Section II, relies on computing the entire random walk
sequence

RWS(X) % {(i,x(i>,m1 (X(">)) Li=0, 1@
during the encoding. In this process, whenever i = dj,, for
h =0,1,...,p — 1, step S1 of Algorithm 1 is executed
to check whether uy € m(I'y) = [ap, Bi]; that is, if there
exists an mi-balancing check C € I'y. If u; € [an, fn]
then hpy = h, dp,, = i and the information part ¥ =
(Thyy )(X) = X is readily available to form a codeword.
With regard to the check word, Cy,,, € I'y,,,, to be appended
to Y, it can be computed with a table look-up, like the example
Table I, indexed by the readily available index # and the
readily available mi-unbalance w1 in (24). It is readily seen
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that such strategy essentially takes time 7 = O(k*logk)
bit operations to compute the entire random walk sequence
RWS(X). With regard to the space complexity, if we assume
that the partition CS in Definition 1 is chosen so that (18)
holds with equality then

p—1
s=ol|JTul-r]=0&nr
h=0

memory bits are essentially needed to store the check word
table. With regard to the decoding, for simplicity, assume that
the function (i, X)) — X is computed sequentially with 7 =
O (klogk) bit operations and S = O (k) memory bits as the
giant-baby step based decoding algorithm in [20]. In this case,
on receiving a codeword Y C = X @ia) C, a table look-up
indexed by C can be maintained to compute i = dp,,,, from C.
Once d,,, is known, X can be computed from (dj,,,, ¥') with
the giant-baby step based algorithm explained above. In this
way, T = O(klogk) bit operations are essentially needed
to compute X from (dy,,,Y) and S = O(k*logk) memory
bits are essentially needed to compute dj,,, € [0, k(k — 1)/2]
from C € Uf;(l) I', with the table look-up. Note that, if the
codes are close to optimal then r = O(logk) because of (3).
In this case, this implementation requires 7 = O (k? log k) bit
operations with S = O (k% logk) memory bits for encoding
and T = O(klogk) bit operations with § = O(k*logk)
memory bits for decoding. Also, note that with the above
complexities all possible encodings of a given mg-balanced
data word can be computed and, as mentioned earlier, this
may be useful to convey some more extra information as done
in [12], [16], and [29] for balanced codes.

When k is relatively very big, the above implementation
may result prohibitively very complex in terms of time and
space. In the remaing part of this section, we show another
implementation of the coding scheme presented in Section II
which computes one codeword for any given mg-balanced
data word and requires O (klogk) bit operations with O (k)
bit memory elements, as claimed in the abstract. Two major
coding problems need to be addressed and efficiently solved
in the General Encoding Algorithm 1 for a given mg-balanced
data word X:

1) find one balancing index hpg € hpgi(X) and compute the

relative information part ¥ = (I, )J(X) = X @hpar); and
2) compute the relative check word Cp,, € Iy, to be
appended to Y.
Here, instead of going into details in designing efficient algo-
rithms directly solving the first problem, we efficiently reduce
this problem to the coding problem of finding an m-crossing
index i,y of X defined in Definition 2. In this reduction, from
a given i.y, the balancing index hp,; is computed easily with
Algorithm 3 below as the balancing index, h € 0, p— 1],
defined in the proof of Theorem 2. Algorithm 3 also efficiently
computes d = dy,,,. The information part Y is then computed
from d and X with the above giant-baby step method. With
regard to the second problem, by using the enumerative coding
technique in [4], the check word Cp,, of the codeword is
computed as the (hpq; + 1)th element in S(r,r/2, u1), with
i1 being the mj-unbalance in (24). All this can be done by
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maintaining a table look-up of size O((logk)>) bit memory
elements. In Sub-section III-A we give the encoding algorithm
with the complexity analysis and in Sub-section III-B we
analyze the associated decoding algorithm. In the following,
for simplicity, assume S(r, r/2) = Ufl:é IVAR

A. Encoding

Refer to Table I for an example. Let

ﬁ:[O,@—i—e(k,r))ﬂlN—) [0,p—11 (25

be the integer value function defined as
I;(i)déf hlfl €lpand he[l,p—1]
0ifielgUlp;
where €(k, r) is defined in (18) and the integer intervals I,

I, ..., I, are defined in (11). Note that, if (18) holds then
h(i) is a well defined integer function such that

1) there exists an mj-crossing index,
icx €[0,k(k—1)/2+ €(k,r)) according to
Definition 2;

and

2) if icx € [0, k(k —1)/2 + €(k, 7)) is an
m1-crossing index then ﬁ(icx) e[0,p—1]
is a balancing index with respect to the
refined scheme. In fact, ﬁ(icx) is exactly
equal to the integer, fz, defined in the proof

of Theorem 2. (26)

For example, in Table I, fz(O—S) =0, fz(9—21) =1, ...,
h(61) = 7 and h(62-65) = 0. Also, for the mo-balanced
information word X in Example 5, i,y = 44 is an m;-
crossing index and so h(44) = 4 is a refined scheme
balancing index. Now, given any i € [0, k(k—1)/2+¢€(k, 1)),
the indices fz(i) and dﬁ(i) can be computed efficiently with
Algorithm 3 below, whose idea is to compute partial areas
of the “bell-shaped histogram” in Table I. In the algorithm,
refer to Theorem 3 in the Appendix, Table I and note that

2
o= min m(C)= r+2) €IN,
CeS(r,r/2) 8
2
= C) = — ¢ IN. 27
CETS[I(?-’);/Z)ml( )=oa+ ) (27)

Also, for simplicity, assume to have a table look-up of size
O(r3) bits which stores the integer sequence

[s(ﬂ) O st r/2, 1) e [a _1, V;/ﬁﬂ mN] (28)

of the O(r?) integer numbers defined in (9), each of which
of size r bits. Furthermore, let

iola — 1) = — [@1

5 (29)
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and, for all integer u € [a, [ (a + B)/2]], let

aet * 8! ITo
= > |Fh|—’77—‘

h=0
[Tol
- | =2

[Thl [2—‘ +

io(u)

s(u—1)—1

('

s(u)—1

> Tl

h=0 h=s(u—1)
s(u)—1
=iou=1+ D Tl (30)
h=s(u—1)
Note that, 1) the quantity “io(x) + [1Tol/2] = 339" Ty

is equal to the area of the bell-shaped histogram in Table I
until the (# — a + 1)th lower corner (in the order from left
to right)”’; 2) the integer interval

ITs )l ITs )l
Iy(uy = [dS(ﬂ) - ’7% + Lds) + %

= lio(u) + 1, io(u) + ITsull (31)
because of (10) and (11); and, 3) if & € [s(u — 1), s(u)) then
the quantity |I'| is constant and

IThl =1Tol =2(u —a) = (B —a+1) =2(u —a). (32)
So, (29), (30) and (32) give,

—[1Tol/21 ifu=a—1,

U= i — 145G —s(u = DINTol 201 — @)
if p € la, [(a + B)/2]1.
(33)

Algorithm 3 to compute ﬁ(i ) and relative d; from i

Input: the integer i € [0, k(k — 1)/2 + €(k, r)).

Output: the integer ﬁ(i) € [0, p — 1] defined in (25) and
dy €{dy: h=0,1,..., p— 1}, where the integers dj, are
defined in (10).

Perform steps SO, S1, S2 and S3.

S0: if

<o [5]]

-1
ITol | & k(k — 1)
U L—z J+h2_1|rh|+l’72 + ek, r)

then let 4 = 0 and d; = 0 according to the definition (25) of
h. Hence, go to step S3.

S1: compute the largest integer i € [a, L(a + f)/2]] such
that io(s) < i, where the function ig(u) is given in (33).
Also, compute ig(x). Note that for such g we have ig(i) <
i <ig(it +1).

S2: according to (31) and (32), execute the steps S2.1, S2.2,
S2.3 and S2.4.

S2.1: compute y = |I';| as follows.

y =I1Tol = 2[(t + 1) —al.
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S2.2: compute the quotient

B i—io(ﬁ)—lJ
¢_{ y '

S2.3: compute
h=s@ +¢.
S2.4: compute

dy=io@+¢-y +| %]

S3: output l;, d; and exit.

Example 6 [For k=12, r =8 and p =8 (Continued)]:
In the example given in Table I, if i = 44 € [0, 65] is given
as input to Algorithm 3 then it executes as follows.

S0: since i = 44 ¢ [0, 8] U [62, 65] continue to step S1.

S1: compute the largest integer i € [a, [(a + B)/2]] =
[10, 18] such that ig(f1) < i. From (33), the encoder computes

iola) = =94 (1 —0)(17) = 8 < 44,
iola + 1) = 84 (1 — 1)(15) = 8 < 44,
iola +2) = 8+ (2 — 1)(13) =21 < 44,
il +3) =214+ (3 —2)(11) = 32 < 44,
io(o +4) =324 (5—3)(9) = 50 > 44.

So, i =a+3=13.
S2: execute the steps S2.1, §2.2, §2.3 and S2.4.
S2.1: compute y =17 —2(14 — 10) = 9.
S2.2: compute

A2

$2.3: compute h = s(13) + 1 = 4.

S2.4: compute dj =32+ 1-9 + [9/2] = 46.

S3: output h =4, d; = 46 and exit.

With regard to the space complexity of Algorithm 3, the
predominant term is the size of the table look-up storing
the integer sequence (28). Hence, Algorithm 3 requires a
size of O(r3) bits. With regard to the time complexity,
note that step SO can be accomplished in time O(r) bit
operations because the size of i = O(k?) is O(logi) =
O(logk) = O(r); S1 can be accomplished in time O (r> logr)
bit operations because, with (33), S1 can be computed with
O(f — a) = O(r?) substeps (see (27)), each of which
performing O (log |T'g|) = O(log(f—a)) = O(logr) additions
(see (32)) of numbers of size O(logi) = O(r) bits; S2 can
be accomplished in time O(r?) because step S2.1 takes time
O(logr) bit operations, S2.2 takes time O(log?k) = O(r?)
bit operations, S2.3 takes time O(r) bit operations, S2.4 takes
time O(log?k) = O(r?) bit operations; and, finally, step S3
takes time O(1) bit operations. Hence, Algorithm 3 requires
a time complexity of O(r3logr) bit operations.

At this point, using Algorithm 3 and the enumerative coding
technique in [4] the efficient encoding Algorithm 4 can be
given below. So, as in Table I, let us assume that the check
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words in each S(r, r/2, 1) are arranged in some lexicographic
order. In Algorithm 4, once a balancing index hp,; is chosen,
say, by using property (26), as hpy = h(icx), the check
word is computed in step S1.5 as the (hpq + 1)th element
in S(r,r/2, u1), with u; being the quantity which makes the
overall codeword mi-balanced. To this aim, for simplicity,
assume to have a table look-up of size O (r°) bits which stores
the set

{s(a,b,c): a,be[0,r]and c € [0,r(r + 1)/2]} (34)

of 0(r") integer numbers in (9) each of which has size r bits.

Algorithm 4 Efficient Encoding Algorithm

Input: the information word Z € Z’é.
Qutput: the codeword

YC =&(61(2) = (E106)(Z) e SN(n,2)

wheren =k+r, Y EZ’E and C € 7.

Perform steps SO, S1, S2 and S3.

SO apply any mgp-balancing method to Z and let X be
the mo-balanced word of length k associated with Z,
ie. X = &£1(Z). In this way, mo(X) = k/2.

S1 (find the balancing index of X and compute the check
word): execute the steps S1.1-S1.5.

S1.1: find an mj-crossing index of X according to
Definition 2.

S1.2: compute hp, = ﬁ(icx) and the relative dj,, with
Algorithm 3.

S1.3: compute (T, )(X) = X @) and M1 ({ Ty (X))
S1.4: compute

nn+1) kr

4 —mi (( tha/>(X)) - 7

S1.5: With the enumerative coding technique, compute the
(hpar + 1)th element in S(r, r/2, u1). Let it be Cpy,,p; -

S2: Since hpy is a balancing index of X, select the m-
balanced encoding word of X as

1y =

52 (X) = YC = ( rhbal )(X)Chbaluul = X(dhba/)chbalaﬂl

In this way the data word Z is encoded as &(X) = YC =
&(&1(2)).
S3: output £,(X) = X(d"bal)Ch,m/,m and exit.

Example 7 [For k=12, r =8 and p =8 (Continued)]:
As in Example 5, suppose X = 100000101111 is the given
mo-balanced word which needs to be encoded into a word of
SN (20, 2). In this case, Algorithm 4 executes as follows.

S0 by applying the choosen mo-balancing method to Z, the
output is X = 100000101111.

S1 (find the balancing index of X and compute the check
word): execute the steps S1.1-S1.5.

S1.1: find an m1-crossing index of X. From the random walk
in Example 5, i,y = 44 € [0, 65] is such that ml(X(i"X)) =
k(k 4+ 1)/4 = 39. Note that, for the chosen example word X
there is only one m1-crossing index. But, in general, there may
be many such indices.
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S1.2: compute hpq = fl(icx) and the relative dy,, with
Algorithm 3. From Example 6,

hpar = h(44) = 4
and
dpy, = ds = 46.
S1.3: compute
(Ty)(X) = X“0 = 110001011001
and
m1({T4)(X)) = 38.

S1.4: compute
_n(n+1)
T4

S1.5: With the enumerative coding technique, compute the
(hpar+1)th = 5th element in S(8,4,19). It is (see Table 1)

k
a1 —ml((F4)(X))—7r=105—38—48:19.

C4,19 = 01100101.
S2: Compute

SHX)=YC = X%y
= 110001011001 01100101 € SN(20, 2).

S3: Output £,(X) = 110001011001 01100101 and exit.

With regard to the complexity of Algorithm 4, note that
step SO can be accomplished in space O (k) memory bits and
time O (klogk) bit operations by using any of the methods
givenin [1], [2], [71, [111, [12], [16], [18], [19], [21], and [29].
S1 can be accomplished in space O(r> + k) memory bits
and time O(r3) bit operations because step S1.1 takes O (k)
memory bits and O (k logk) bit operations if done with the
giant-baby step method explained at the beginning of this
section, S1.2 takes O(r>) memory bits and O(r>logr) bit
operations, S1.3 takes O(k) memory bits and O (klogk) bit
operations if done with the giant-baby step method, S1.4 takes
O (log k) memory bits and O (log k) bit operations, S1.5 takes
O(r) additions of r-bit numbers so, with the table look-up (34)
of size O (r>) memory bits, it takes time O (r?) bit operations;
and, finally, step S2 takes time O(1) bit operations. Hence,
Algorithm 4 has a space complexity of O(> + k) = O(k)
memory bits and a time complexity of O(r3logr +klogk) =
O (klogk) bit operations because of (3).

B. Decoding

In Algorithm 4 the check word C encodes the
balancing index hp, through the index of C in the
lexicographically ordered set S(r, /2, m1(C)). Hence, during
the decoding process, once this lexicogrphic index hp,; i
computed, an efficient algorithm is needed which computes
dp,, from hpe. Once dp,, is known, X can be recovered
easily from dy,, and Y with the giant-baby step method
of [20]. The algorithm which computes d; from any h s
given below. As in Algorithm 3, it is assumed to have a table
look-up storing the integer sequence in (28).
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Algorithm 5 to compute d;; from h

Input: the integer h €0, p—1].

Output: the integer dj € {dp : h =0, 1, ...
the dj, are defined in (10).

Perform steps S1, S2 and S3.

S1: compute the unique integer i € [a, (o + f)/2]] such
that s(z — 1) < h < s(&). Also, compute io(2z — 1), where
the function ig(u) is given in (33).

S2: execute the steps S2.1 and S2.2.

S2.1: compute y = |I';| = |To| — 2(it — a).

S2.2: compute

dj = io(ii = D) +lh=s(@ =Dy +[ 5]

, p — 1}, where

S3: output d;;, and exit.

Example 8 [For k =12, r =8 and p =8 (Continued)]:
In the example given in Table I, lfﬁ =4 € [0,7] is given as
input to Algorithm 5 then it executes as follows.

S1: compute the unique integer i € [a, [(a + B)/2]] =
[10, 18] such that s(i — 1) < h o< s(@). Also, compute
io(i — 1). From Table I and (33), the decoder computes

h=4¢/[s09),s10) =[0,1) and

iola — 1) = -9,
h=4¢[s(10),s(11)) =[1,1) and

io(a) = =9+ (1 —0)(17) =8,

h=4¢[s(11),s(12)) =[1,2) and
iola+1)=8+ (1 —1)(15) =8,
h=4¢[s(12),s(13)) = [2,3) and

io(a +2) =8+ (2—1)(13) =21,
h=4c¢l[s(13),s(14) =[3,5) and
io(a +3) =214+ 3 -2)(11) = 32.
So, t =a+4=14.

S2: execute the steps S2.1 and S2.2.
S2.1: compute

y =IT;1 =ITol —2(2 —a) = 17— 2(14 - 10) = 9.

S2.2: compute

dj = ot = )+ lh =5 = DIy + [ 2]
— 324 (4—3)-9+5=46.

S3: output d; = 46 and exit.

As the above complexity analysis of Algorithm 3, we
conclude that Algorithm 5 can execute with O(r®) memory
bits and O(r3logr) bit operations.

At this point, the decoding algorithm can be given below.
As Algorithm 4, assume to have a table look-up of size O (1)
bits storing the set (34) of integers.

Algorithm 6 Efficient Decoding Algorithm

Input: the codeword associated with some data word Z € Z’z,
YC = &(61(2) = (&1 0 E)(Z) € SN (n, 2).

withn=k+r, Y eZé and C € Z,.

Output: the information word Z = (&1 0 &)~ (Y C).
Perform steps SO, S1, S2 and S3.

S0: compute the index hpq € [0, p — 1] such that C € I'y,,,.
Perform steps S0.1, S0.2 and S0.3.

S0.1: compute u; = m1(C).

S0.2: compute the lexicographic index, say

illl(c) € [(),s(r,r/2, lul))a

of Cin S(r,r/2, uy1).
S0.3: set

hpat = $uy (C) €10, 5(r, 7/2, u1)) € [0, p —11.
S1: compute the word
X=&"'YC) =(Tn,) ().

Perform steps S1.1, S1.2.
S1.1:set h = hpy € [0, p—1] and run Algorithm 5 to compute

k(k — 1)
2

dhA =dp,, € [O, + e(k, r))

from /.

S1.2: from dy,,,, compute the word X = (T, )~ (¥) with
the giant-baby step method in [20].

S2: undo the mg-balancing encoding chosen in step SO of
Algorithm 4 on the word X. Let Z = &' (X) € ZX be the
information word whose mg-balanced encoding is X.

S3: output the word

Z="'X) =61 YO) = (E10&)TI(XO)

and exit.

Example 9 [For k =12, r =8 and p =8 (Continued)]:
Suppose
HX)=YC=Xx% ¢y
= 11000101100101100101 € SN (20, 2)

is given as input to decoding Algorithm 6. It executes as
follows.
S0: compute the index hpq € [0, p — 1] such that
C = 01100101 € I'y,,,.

Perform steps S0.1, S0.2 and SO.3.
S0.1: compute u1 = m1(01100101) = 19.
S0.2: compute the lexicographic index (see Table I)

¢19(01100101) = 4 € [0, s(8, 4, 19)).

S0.3: set hpq = E19(C) =4 € [0, 7].

S1: compute the word X = 52_1(YC) = (Thy )1 (Y). Per-
form steps S1.1, S1.2.

S1.1: compute

d; = dp,, = 46 € [0, 66)

from h = hpy = 4 € [0, 7] with Algorithm 5.
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S1.2: from dy,, = 46, compute the word
X =&1(YC) = (Ta)~'(x“9) = 100000101111

as in [20].

S2: undo the mg-balancing encoding chosen in step SO of
Algorithm 4 on the word X.

S3: output the word Z = Efl(X) and exit.
Again, this can be done with a size of O(> + k) = 0(k)
memory bits and O(r3logr + klogk) = O(klogk) bit
operations because of (3).

IV. CONCLUDING REMARKS

A new efficient method to design second-order spectral-null
codes is given. These new codes are obtained by applying
the refined parallel decoding scheme method for the balanced
code designs in [1], [12], and [19] to the random walk method
for second-order spectral-null code design in [20]. This gives
new non-recursive efficient code designs which make a good
use of non-second-order spectral-null check words. For this
reason the proposed codes are considerably less redundant
than the code designs found in the literature (which are
all recursive). In particular, if k¥ € 2IN is the length of a
1-OSN code then the new 2-OSN coding scheme has length
n =k +r € 4IN with an extra redundancy, » € 2IN such that
r >~ 2log, k + (1/2)log, logy k — 0.174 check bits. Table 11
compares the proposed non-recursive codes with the optimal
codes and also with the recursive codes given in [20]. It is also
shown how these codes can be implemented with O (k log k)
bit operations and O (k) bit memory elements. If £ ¢ 2IN
or r ¢ 2IN then essentially the same design can be given
to encode information into the set of words S(n, ug, 1) for
some fixed uo, 1 € IN. In particular, if k,r € 2IN 4 1 and
n € 4IN then efficient designs can be obtained to convert the
information words to words in the set S(n,n/2,n?/2) (or,
S(n,n/2,n(n 4+ 2)/2)). Note that this non-recursive coding
scheme is very general and it can be implemented in many
different ways. These may depend on k, r, p, the choice of
the particular “m-balancing random walk” and the choice of
the partition CS. Also, note that the decoding can be done
in parallel because the check word directly identifies the
m1-balancing function used to encode and each balancing
function with its inverse is very simple to compute because
they are the composition of a partial reversion of a k-bit
word and a cyclic shift. In general, parallel algorithms can
be applied for both encoding and decoding as done in [19].

APPENDIX

Theorem 3: Given r € IN, let

def .
s(r, po, 11) = |S(r, po, u1)l, for all integer o, iy € IN.

The following statements hold.

1) Given uog € [0,r], if C € S(r, uo) then the minimum
possible value for m{(C) is

1
adéf min ml(C)zi'uO('uO—i_ )e

CceS(r, 1o) 2

IN.

3101

2) Given ug € [0,r], if C € S(r, o) then the maximum
possible value for m((C) is

def

B = max mi(C)=a+ po(r — uo) € IN.

CeSr,uo)
3) The integer sequence
{s(r, o, ) = 7, o, 1 € IN}
satisfies the following recurrence relation.
S(r9 HO, /ul) = s(r - 19 HO, ,ul)
+str—1,ug—1,u1—r),
with initial conditions

0 if ur <aoruy > p,

VBRI S

4) Given ug € [0, r], the integer sequence
{srypo, ) : p=o,a+1,..., 5}

is unimodal and symmetric with respect to

def &« +f  por+1) c

Hmean = ) = ) IR;
namely,
s(r, no, o)
1
<s(r,pp,a+1)<...... fs(r, Ho, {%J)

= max |S(, o,
ﬂe[a’ml (r, no, )l

_ ( [ﬂo(ﬁLl)—D
=S\r Ko, f > ..

Es(raﬂOaﬁ_ 1) ES(",,UO,.B)

and
s(r, po, o+ p) = s(r, po, f — u1),

for all integers p € [0, uo(r — o)l
Proof: ~ Property 1), 2) and 3) follow from [20].
Property 4) follows from [22, Th. 2]. [ ]
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