HENON TYPE EQUATIONS AND CONCENTRATION ON SPHERES

EDERSON MOREIRA DOS SANTOS AND FILOMENA PACELLA

ABSTRACT. In this paper we study the concentration profile of various kind of symmetric solutions of some
semilinear elliptic problems arising in astrophysics and in diffusion phenomena. Using a reduction method
we prove that doubly symmetric positive solutions in a 2m-dimensional ball must concentrate and blow up
on (m — 1)-spheres as the concentration parameter tends to infinity. We also consider axially symmetric
positive solutions in a ball in RN, N > 3, and show that concentration and blow up occur on two antipodal

points, as the concentration parameter tends to infinity.

1. INTRODUCTION
We consider semilinear elliptic problems of the type

—Au = h(z)[uP~2u in By(0,1),

(1.1)
u=0 on O0By(0,1),

where By (0,1) is the unit open ball centered at the origin in RV, N > 3, and p > 2.
If N=2m,m>1and z = (y1,92), ¥: € R™, i = 1,2, we take

h(z) = |2|* = [(y1,92)|*, a>0 (1.2)

or
h(z) = |y2]*, a>0. (1.3)

If N>3and = (21,...,2y5) € RY we take
h(z) = |zn|*¥, a>0. (1.4)

The first choice corresponds to the case of the well-known Hénon equation [11], while the other two are
variants which have interest in applications as we will explain later.

From the mathematical point of view problem (1.1) has an interesting and rich structure and various
results have been proved so far, some of which will be described in the sequel. Let us recall that, in the
case of (1.2), it was first observed in [16] that the presence of the weight |2|* modifies the consequences of
the Pohozahev identity and produces a new critical exponent, namely 2(N + a)/(N — 2), for the existence
of classical solutions. In [7, 8, 23], symmetry breaking, asymptotics and single point concentration profile

at the boundary of the least energy solutions, as a — oo, are described. Moreover, in [17, 24], it is proved
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that any least energy solution is foliated Schwarz symmetric. More recently, the existence of infinitely many
positive solutions have been proved in [20], in the case p = 2N/(N — 2).

The main purpose of this paper is to present a new feature of the Hénon equation and of its variant with
h(zx) given by (1.3), namely the existence of positive solutions concentrating on spheres, as o — 0.

In the study of semilinear elliptic equations with power-like nonlinearities there are few results of this
type, unlike the case the concentration at a single point about which a large literature is available. For the
case of (1.4) we will show instead concentration at antipodal points for some axially symmetric solutions, as
o — 0.

Before stating precisely our results let us outline the connections between our problems and some
mathematical models arising in astrophysics and diffusion processes.

It was during the golden age of general relativity, from 1960 to 1975, that astrophysicists started to
devote intensive attention to understand and to detect the existence of black holes in globular clusters. In
1972, Peebles [20, 21] published seminal works describing a stationary distribution of stars near a massive
collapsed object, such as a black hole, located at the center of a globular cluster. In recent years, as in [15],
the existence of single black holes in globular clusters have been perceived. More recently, it was reported
in [25] the presence of two flat-spectrum radio sources in the Milky Way globular cluster M22.

It can be derived that the existence of stationary stellar dynamics models, cf. [3, 4, 13, 14, 5], is equivalent

to the solvability of the equation
~AU(x) = f(j2],U(z)) in R?

which, in the case f(|z|,U) = |z|*|U[P72U, a > 0, p > 2, becomes the Hénon equation:
—AU(z) = |z|*|U|P72U in R3,

where the weight |z|* represents a black hole located at the center of the cluster, whose absorption strength
increases as « increases. This corresponds to the case of problem (1.1) with h(z) given by (1.2), while when
we take h(x) as in (1.3) or (1.4) it corresponds to a supermassive absorbing object represented by a higher
dimensional body.

Besides its application to astrophysics, problem (1.1) also models steady-state distributions in other
diffusion processes. For example, suppose u(x) represents the density of some chemical solute, as a function
of the position z, confined in a ball B. In this case |u[P~2u corresponds to the reaction term and the weight
h(zx) is an intrinsic property of the medium B, which inhibits diffusion at the region A where h = 0 and
hampers diffusion close to A. So, in case h is one of (1.2), (1.3) or (1.4), stronger obstructions correspond
to larger values of «. This line of reasoning leads that, as o — oo, concentration on parts of the domain far
away from A should occurs; cf. [7, 8] in the case of (1.2).

Our results show that models having objects which inhibit diffusion, represented by a point as in (1.2) or
by objects of higher dimension as in (1.3), can produce concentration on spheres, located as far as possible
from the absorbing object as the parameter « tends to infinity.

We point out that our results, in the cases of (1.2) and (1.3) holds in balls contained in R?>™, m > 1 and
hence not in R® which is the relevant case for the astrophysics models. We believe that the concentration
phenomenon we describe should give insights also for the 3-dimensional case. However, for other diffusion

processes it is meaningful to pose the problem in higher dimensional spaces.
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The result we get regarding problem (1.1) with h(z) given by (1.4) instead applies to any dimension
N > 3, so, in particular, covers the case of the astrophysical model.
To state precisely our results we need to introduce some notations that we will keep throughout the paper.

For each r > 0, we set
Br(0,7) :={y e R¥; |yl <r}, SF1:={yecR¥|y=r} and S*':.={yecRF |y =1} (1.5)

In addition, for sake of clarity, since we will perform changes of variables that will affect the space dimension,

for any function v : Q@ C R¥ — R we denote the usual Laplacian of v in R¥ by
k
Agu(z) = Zu””” (x), Vze.
i=1

We will say that w: Ba,, (0,1) = R, m > 1, is doubly symmetric if

w(yr,y2) = u(lyil; lv2l), ¥ (y1,92) € Bam (0, 1).

Our first result concerns the case (1.2) and describes the concentration profile of doubly symmetric

solutions of the Hénon equation, that is:

_AQWLU = ‘(y17y2)|a|u|p72u7 (ylva) S BZm(O7 1)7 (1 6)
u=0 on 0B2y,(0,1). .
Theorem 1.1. Assumem > 1,2 < p < 2(72”7:1) Then there exists ag = ag(p,m) > 4 such that for each

a > aq the following holds. Let u, be any least energy solution among the doubly symmetric solutions of
(1.6). Then, up to replacing u, by —u, and up to commuting y1 and ya, one has uy > 0 in By, (0,1), u,
is not radially symmetric and there exists 0 < ro, < 1 such that

= max u s = U ’O , v c S’ITL*I'
R oY1, y2) a(y1,0) y1 € S

Moreover, u, concentrates and blows up on S™ 1 x{0} C R?>™ i.e., 14 — 1, My~ a?®=2) and a(1—ry,) —

£ for some positive number 1, as o — 0.

Next we consider the case (1.3) and describe the concentration profile of doubly symmetric solutions of

the equation

_AQmu = |y2|a|u|p_2u7 (ylayQ) € BQm(O7 1)7 (1 7)
u=0 on 0Byy,(0,1). '
Theorem 1.2. Assumem > 1,2 <p < % Then there exists ag = ag(p,m) > 4 such that for each

a > aq the following holds. Let u, be any least energy solution among the doubly symmetric solutions of
(1.7). Then, up to replacing us by —us, one has uq > 0 in Bapy(0,1), ua is not radially symmetric and
there exists 0 < ro, < 1 such that

= max Uu s = U 0’ , c Sm_l.
“ (y1,y2)€Bam (0,1) a(yl Y2) (0, y2) Y2 s

Moreover, uq concentrates and blows up on {0} x S™~1 C R?*™ i.e., rq — 1, My ~ P2 and a(1-r,) —

£ for some positive number [, as o — 00.
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Let us stress that from the physical point of view, the concentration phenomenon described in Theorem

1.2 is indeed expected. Since the set
Om ={(y1,0) € R™ x R™; g1 < 1}

inhibits diffusion and its hindrance to diffusion increases with «, the maximum point of the density v is
expected to be as far apart from ®,, as possible when « tends to infinity. However, the concentration profile
described in Theorem 1.1 is a bit less evident. Indeed in this case, the set ®, which inhibits diffusion is
reduced to the origin (0,0). Then there are three possible doubly symmetric sets, as far away as possible
from D,, where in principle, concentration could occurs, namely S™~1 x {0} € R*™ (which up to rotation
is the same as {0} x S™~1 c R?™), §m~1 x §m=1 C R?™ or §2m~1 C R?™. Nevertheless, thinking about
reducing the energy, the second and third possible concentration profiles can be excluded since solutions
concentrating on ™! x {0} C R?™ have lower energy than those that concentrate on S™~! x §m~1 c R?™
or on $?m~1 C R?™. This is in fact the meaning of Theorem 1.1.

Note that in Theorem 1.1 and Theorem 1.2 the exponent 2 < p < 2(m+1)/(m —1) can be larger than the
critical Sobolev exponent in dimension 2N, namely 4N/(2N — 2), and that 2(m + 1)/(m — 1) is the critical
Sobolev exponent in dimension m + 1.

Finally we turn to the case (1.4) where we are able to get results in any dimension N > 3. Let us point out
that in the 3-dimensional case with x = (x1,z2,x3) € B3(0, 1), the weight |z3]|® represents a two dimensional

absorbing object described by
Dy = {(3?1,5(12,0) S R? x R; |(.%'1,.’L‘2>| < 1},

whose absorption strength increases as a increases. In this case, reasoning as above, a concentration phe-
nomenon on the antipodal points (0,0, 1) and (0,0, —1) is expected as o« — co. Indeed, we prove this result

in any dimension.

Theorem 1.3. Let N > 3 and 2 < p < 2N/(N —2). Consider the problem

{ —Anu=|zy|® P2,  x=(21,...,2x5) € By(0,1), 1)

u=0 on 0Bn(0,1).

Let uy be any least energy solution of (1.8) among the solutions that are axially symmetric with respect to
Ren C RN and symmetric with respect to xn. Then, up to replacing uq by —uq, one has uqg > 0 in By (0,1)
and there exists 0 < r, < 1 such that
M, = max Ua(T1, ., TN) = Ua(0,...,0,74) = un(0,...,0,—74).
@ (z1,...,xn)EBN(0,1) a( ! N) a( a) a( a)
Moreover, u, concentrates and blows up, simultaneously, on the antipodal points (0,...,0,1) and (0,...,0,—1),

Qe., Tq — 1, My, ~ a2/ ®=2) and a(l —ry) = £ for some positive number [, as o — 0.

Let us explain shortly the strategies of the proofs of the above theorems.

To prove Theorem 1.1 and Theorem 1.2 we perform a change of variables which allows us to reduce
problems (1.6) and (1.7) to other semilinear problems in R™*!. The main feature of this transformation is
that it sends in a bijective way doubly symmetric solutions of (1.6) or (1.7) to axially symmetric solutions

of the reduced problems. This explain why the exponent p can be larger than the critical exponent in
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dimension 2N. We mention that this approach was introduced in [18] to study concentration on spheres of
some singularly perturbed problems in R?>™ and relied on an idea of [22].

So, in the case of (1.6) and (1.7), we are led to study the (m + 1)-dimensional problems (3.4) and (4.4)
respectively, for which analyzing the behavior, as @ — oo, of the solutions we get point concentration results,
which, going back to the 2m-dimensional problems, imply concentration on (m — 1)-spheres.

We stress that while the reduced problem (3.4) corresponding to (1.6) is still a Hénon problem for whose
analysis we can use existing results, the reduced problem (4.4) corresponding to (1.7) needs a complete new
analysis, in particular for what concerns the study of a limit problem in RT‘H.

A similar analysis is also used in the proof of Theorem 1.3 to study problem (1.8) directly, without using
any reduction argument.

The outline of this paper is the following. In Section 2 we explain the reduction method. In Section 3
we prove Theorem 1.1 while in Section 4, after several preliminary crucial estimates, we prove Theorem 1.2.

Finally in Section 5 we prove Theorem 1.3.

2. A PRELIMINARY REDUCTION LEMMA

Given an integer m > 1 we set G,,, :== O(m) x O(m) C O(2m). Then g € G,, if, and only if, there exist
g1,92 € O(m) such that

91, y2) = (9191, 92y2), Vy1,y2 € R™.

Definition 2.1. We say that a set Q C R?™ is invariant by the action of G, if gQ = Q for all g € G,,.

Given a function u : Q — R defined on an invariant set ), we say that u is doubly symmetric if
u(g(y1,y2)) = u(g1y1, goy2) = u(y1,v2), YV (y1,92) €Q, Yg=(91,92) € G-
As above, a function u: Q — R, defined on a invariant set Q C R®™, is said to be doubly symmetric if
u(yr,y2) = u(lyils [y2), ¥V (y1,92) € Q.

Now we perform a suitable change of variables as in [18]. Given any point (y1,y2) € Bam(0,1) we write:

ly1| :=rcos; |yz| :=rsind; 7= /|y1]? +|y2|?; r€]0,1), 0 € [0, g] ;

o) 1 (2.1)
r=+2p; 0= 5 pE 0,5 and o € [0, 7.
Given any doubly symmetric C2-function u : Ba,,(0,1) — R, we write
u(y1,y2) = u(y1l, ly2|) = u(rcos@,rsinb) = u(r,0) (2.2)

and we get

B 2m —1 m—1 [cosf sinf ugg(r,0)
Aomu(yr,y2) = trr(r,0) + r ur(r, 0) + r2 (Sin9 B c089> uo(r,6) + o2
g
2

Then we write v(p, o) :=u (\/2,0, %), with r = /2p and § = — and we get

m—1coso Voo (P a))

m
B, 12) =20 (05,) + n(p,0) 4 " D 0) 4 20
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Now we recall that, if v : B,,11(0,1/2) — R is an axially symmetric C2-function with respect to the axis

Reé,np1 € R™T1 and if we set

1
2= (21, 2m, 2m+1); P=|z]; Zm+1=pcosoc pE€ {0, 2) and o € [0, 7], (2.3)
then
(21, Zmsy Zma1) = V(p,0) (2.4)
and
m m —1coso Voo (p, 0)
A 1v(21, - Zms Zmt1) = Vpp(p0) + ;’Up(PaU) + ez E’Ua(p, )+ ——5—
At this point we have proved the following lemma; see also [18, Section 3].

Lemma 2.2. There exists a one to one correspondence between doubly symmetric C%-function u : Ba,,(0,1)\{0} —
R and the azially symmetric, with respect to the azxis Re,, 11 C R™L C2-functions, v : By,11(0,1/2)\{0} —

R. This correspondence is given by
u(y1,y2) = u(Jy1l, |y2|) = u(rcosf,rsin @) = u(r,0) = u <\/2>, %) =0v(p,0) =v(z1,. -, Zm, Zm+1),  (2.5)
with the change of variables (2.1) and (2.3). Moreover,
Aopu(y1,y2) = 2|12|Ame10(21, - - - Zm), Zms1)- (2.6)

We also stress that the changes of variables (2.1) and (2.3) lead to

1+cosa

\y1|:rcosﬂzs/2pc0s< ) V2|7 = /|z| + |z coso = \/|z] + 2mt1,

. 1—coso 2.7
|Z/2|:7"Sln9:\/7)bln< ) V2 =/|z| = |z|coso = \/|z] — 241, (2.7)
(1 w2)l = VIn? + |yl = /2|2].

Remark 2.3. Due to the singularity of |z| at z = 0, Lemma 2.2 does not hold between doubly symmetric C?-

function u : B, (0,1) — R and the azially symmetric with respect to the axis Re,, 11 C R™TL C?-functions,
v: Bpnt1(0,1/2) — R. Indeed, for each m > 2 consider

U(ylva) = |(y15y2)|2a (y17y2) € BQm(Oa 1)

Then u € C*°(B2,(0,1)) and Agpu(yr,y2) = 4m. The function v : Bpy1(0,1/2) — R associated to u is
given by
(21, Zms Zma1) = 2|2], z € Bpy41(0,1/2),

which is singular at z = 0.

3. RADIALLY INVARIANT PROBLEMS AND PROOF OF THEOREM 1.1

In the search of doubly symmetric solutions of

—Agmu = f([(y1,y2),u),  (y1,92) € Bam(0,1),
u=0 on 0By,(0,1),
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we perform the change of variables from Section 2 and we are led to investigate the existence of axially

symmetric, with respect to Re,, 1 C R™*!, solutions of

f(V2z],v)
2|Z| i zZ e Bm+1(03 1/2)7

v=0 on 0B;4+1(0,1/2).

~Ami1v = (3.2)

\/2
f(2||zz,v) at z = 0, the
claim about the equivalence between problems (3.1) and (3.2) must be careful checked; see Remark 2.3 and

Due to the singularity of |z| at z = 0 as well as the possible singularity of

also [9, Theorem 2.3] for a related regularity problem. Note that in [18] the domains considered are annuli,
so the singularity at the origin does not appear. Nevertheless, for the Hénon equation, that is in the case
FUy1, y2)]sw) = |(y1, y2)|¥|ulP~2u, we get it. Our arguments are based on some regularity results, namely
equivalence between weak and classical solutions. In this direction we mention that the classical regularity
results as in [1, 6] does not apply to our problems posed in R?™ since we are working with problems that
may be supercritical in the sense that 2 < p < 2(m+1)/(m — 1) allows p > 4m/(2m — 2).

In order to proceed with (3.1) and (3.2) with f(|(y1,v2)],u) = |(y1, y2)|*|u[P~2u, that is,

—Dopmu = |(y1, y2)|*[uP"u,  (y1,92) € Bam(0,1), (3.3)
u=0 on 0By,(0,1),
and
—Apv = |22\QT_2 [v[P~2v, 2z € Byu41(0,1/2), (3.4)
v=0 on 8By,1(0,1/2). '

we need to introduce some notation. Also observe that if we write

w(z) = (i)l/(ﬂ)v (2). (3.5)

then v is a solution of (3.4) if, and only if, w is a solution of

_Am+1w = ‘Z|QT_2|w|p_2w, PSS Bm+1(0, 1), (3 6)
w=0 on 0B,,41(0,1). '
Definition 3.1. Assumem >2,2<p < % and set

Hom = {u € Hj(Bam(0,1)); u(griy1,92y2) = u(y1,92), ¥V (¥1,¥2) € Ban(0,1), Vg = (91,92) € G}

with G, as defined in Section 2. Then, cf. [2, Theorem 2.1 and Corollary 2.3], there exists g = ap(p, m) > 4
such that H, is compactly imbedded in LP (B2 (0,1), |(y1,y2)|Y) for every a > ag. Assume o > ay.

1. We say that U is a weak doubly symmetric solutions of (3.3) if U is a critical point of the C*(H, R)-

functional

1 1

=3 [ uPd) <5 [ )P, 0 € o,
2 Bam (0,1) P JB,,.(0,1)

2. We say that uy € My, is a least energy solution among the doubly symmetric solutions of (3.3) if uy is

a nontrivial doubly symmetric solution of (3.3) and

I (ug) = min{7,, (u); u is a nontrivial doubly symmetric solution of (3.3)}.
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3. We say that W is a weak solution of (3.6) if W is a critical point of the C*(HE(Bm11(0,1), R)-functional
1

1 o —
J(w) = 7/ |Vw|?dz — f/ |z|T2|u}\pdz, w € HY(Byni1(0,1)).
2 JByi1(0,1) P JBui1(0,1)

4. We say that w, € Hg(Bm41(0,1)) is a least energy solution of (3.6) if w, is a nontrivial solution of
(3.6) and
J(wy) = min{J(w); w is nontrivial solution of (3.6)}.

Lemma 3.2 ([9, Propositions 5.4 and 5.5]). Assume m > 2 and 2 < p < % There exists apg =

ag(p,m) > 4 such that for every o > ap, u is a weak doubly symmetric solution of (3.3) if, and only if, u
is a classical doubly symmetric solutions of (3.3). In this case, u € C*7(Ba,,(0,1)) for all 0 <y < 1.

2(m+1)
m—1

a > ap, (2.5) provides a bijective correspondence between

Proposition 3.3. Assumem > 2,2 <p< . Then there exists ag = ap(p,m) > 4 such that for every

X = {u € C*(Bam(0,1)); u is a doubly symmetric classical solution of (3.3)}
and
Y = {v € C*(B,n11(0,1/2)); v is an azially symmetric, w.r.t. Re,,.1 C R™ classical solution of (3.4)}.

In addition, any u € X and any v € Y are such that u € C?7 (B2, (0,1)), v € C*Y (B, 11(0,1/2)) for all
0<y<1.

Proof. Let u € X. Then u is a weak doubly symmetric solution of (3.3). So, after changing variables, we get
that the function v, associated to u by (2.5), is a weak solution of (3.4) in the sense of H}(B,,+1(0,1/2));
we have also used the classical result of Palais [19]. Hence, since we have subcritical growth for the problem
posed in B,,11(0,1/2) C R™*1 we apply [1] to get that v is a classical solution of (3.4).

On the other hand, let v € Y. Then, after changing variables, we get that the function u, associated to v

by (2.5), is a weak doubly symmetric solution of (3.3), hence classical by Lemma 3.2. O

We mention that is proved in [2] that the Hénon equation has doubly symmetric solutions, that are non

radially symmetric, in case 2 < p < 2(m+1)/(m — 1) and « is sufficiently large.

Now, from [17, 23, 24, 7, 8], we collect some results about the least energy solutions of (3.6).
Proposition 3.4. Assumem >2,2<p< % Then there exists cg = ag(p, m) > 4 such that for each

a > a, any least energy solution w,, of (3.6) (up to rotation and up to replacing w, by —wy ) is such that:
(i) wo > 0 in Byy1(0,1); wy is not radially symmetric; wy, is Schwarz foliated w.r.t. the vector e,11 €
R™*Lin particular w, is avially symmetric w.r.t. Rey, 1 C R™TL
(ii) we concentrates at the point (0,...,0,1) as o — oo. In addition, let 0 < 7o < 1 be such that
M, = max we(z) = wa((0,...,0,7,)).
o= e a(2) = wa(( o))

Then a1 — 7,) — £ for some positive number | and M', ~ o> =2 a5 a — .

Proposition 3.5. Assume m > 2,2 <p< 2(m7+11) Then there exists ag = ap(p,m) > 4 such that for each

m—

a >, Ug 18 a least energy solution among the doubly symmetric solutions of (3.3) if, and only if, w, is a

least energy solution of (3.6) and us and we are related by (2.5) and (3.5).
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Proof. It follows from the change of variables involving u, and w, by means of (2.5) and (3.5). O
Corollary 3.6. Assumem > 2,2 <p< % Then there exists cg = ap(p,m) > 4 such that for each

a > aq the following holds. Let u, be a least energy solution among the doubly symmetric solutions of (3.3).
Then, up to replacing uy by —us, one has uq > 0 in Boy,(0,1), u, is not radially symmetric, there exists
0<r,<1andb, e {O, g} such that

max u R = u~(r ’9* )
(y1,y2) € B2m (0,1) O‘(yl y2) a( o )

We stress that the above corollary guarantees that, up to replacing uq (y1, y2) by Ta (Y1, y2) := ua(y2,y1),

we have

ma. u = 70 —
(y1,yz)EB)2(m(0,1) a(yl,yQ) a(yl )7 ‘y1| «

Proof of Theorem 1.1. 1t is a straightforward consequence of Propositions 3.4, 3.5 and Corollary 3.6. O

4. PARTIALLY SYMMETRIC PROBLEMS AND PROOF OF THEOREM 1.2

In the search of doubly symmetric solutions of

{ —Agpu = f(|y1|7 |y2|7u)7 (ylayQ) € BQm(O> 1)7 (41)

u=0 on 0B,(0,1),

we perform the change of variables from Section 2, see (2.1), (2.3), (2.7), and we are led to investigate the

existence of axially symmetric, with respect to Re,,+1 C R™*!, solutions of

BN Y/ rerel e

, 2 € Bint1(0,1/2),

2|7
(4.2)
v=0 on 0B;+1(0,1/2).
In this part we consider the particular problem
_A2mu = |y2|a|u|p—2u’ (y1,y2) € BQm(Ov 1)’ (4 3)
u=0 on 0B2y,(0,1). '
Applying the moving planes technique [10] we know that any positive classical solution of (4.3) is such

that u(y1,y2) = u(|y1|, y2) and, for each ya, u(y1,y2) is decreasing with respect to |y1|. Therefore, if we look
for positive doubly symmetric solutions of (4.3) we obtain that for any such solution, there exists 0 < r < 1
such that

= u(0, \v €Sm71
(yl,yz)nel%fm(o,nu(yl’y?) u(0,y2), Y2 M

with S™~! as defined in (1.5).
From now on in this section we will proceed to prove Theorem 1.2.

First, by arguing similarly to the proof of Proposition 3.3, we can prove following equivalence.
Proposition 4.1. Assumem > 2,2 <p < % Consider (4.3) and

=3
2

(I2] = 2mer)
22|
v=0 on 90Bn+1(0,1/2).

—App1v = [v|P~2v, 2 € Bpt1(0,1/2),
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Then there exists ag = ag(p,m) > 4 such that for every a > ag (2.5) provides a bijective correspondence

between

X = {u € C*(Ban(0,1)); u is a doubly symmetric classical solution of (4.3)}

and
Y = {v € C*(B,n11(0,1/2)); v is an azially symmetric, w.r.t. Re,,1 C R™ classical solution of (4.4)}.

In addition, any v € X and any v € Y are such that u € C*7 (B2, (0,1)), v € C*Y(Bp11(0,1/2)) for all
0<y <L

We recall that in the proof of Proposition 3.3 we used [9, Propositions 5.4 and 5.5], which assert about
classical regularity of weak doubly symmetric solutions of the Hénon equation. The proof of Proposition 4.1
follows as the proof of Proposition 3.3, if we replace Lemma 3.2 by [12, Theorem 2.5], which in particular
guarantees classical regularity of weak doubly symmetric solutions of (4.3).

We mention that, as in Proposition 3.5, we can show the correspondence between least energy solutions
among the doubly symmetric solutions of (4.3) and least energy solutions among the axially symmetric, with
respect to Re,, 11 C R™F! solutions of (4.4). We then turn our attention to (4.4). Observe that for every

a>2

(I = 2mt1)*"?

22|

(12 = Zmen)'2 _

< (2] = 2ms1)@P/2 <1 Vze Bpni(0,1/2)\{0} and lim
z—0 2|Z‘

Let v be a positive and axially symmetric, with respect to Re,,1 C R™*1, solution of (4.4). By Propo-
sition 4.1, if w is associated to v by means of (2.5), then u is a positive doubly symmetric solution of (4.3).
Then as observed before, by the moving planes technique, there exists 0 < r < 1 such that

max u(yy, =u(0,y3), Vys ST L
R L (y1,92) = w(0,y2), Vy2 €5

2
Then, with p = %, we have that

max v(z) =v(0,...,0,—p).
ZEB'm+1(071/2) ( ) ( p)

Now let v, be a least energy solution among the axially symmetric ones with respect to Re,, 1 C R™TL,
solutions of (4.4). Then, up to a multiplicative constant, by the principle of symmetric criticality [19], we
characterize such solution as a minimizer of a Rellich quotient among the functions in H}(B,+1(0,1/2))

invariant by the action of the group
G ={ce€O0m+1);3ge€O(m)st.c(z1,...2m,2m+1) = (9(z1,-- -, 2m), Zm+1) }-

We can assume that v, > 0in B,,41(0,1/2). So arguing as in the previous paragraph, there exists 0 < p, < 3
such that

My = a(2) = 0a(0,...,0,=pa). (4.5)

max v,
2€Bm41(0,1/2)

wal(z) = (Dwg) Ve (%) . (4.6)

Let
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Then wy, > 0 in By, +1(0,1) and w, is a least energy solution among the axially symmetric, with respect to
Re,,41 C R™*L solutions of

_Am-‘rlw = ha(z)|w|p_2w, KAS Bm+1(07 1)’ (4 7)
w=0 on 0Bn+1(0,1), '

ha(z) := W

2]

with

, 2 € Bm+1(0, 1)
Also observe that for every o > 2

<z|—zm+1)g
2 a=2
Pa(2) = At < I ¥z € B (0.\()

Now we compare (4.7) and

{ Aty = ST W, 2 € Buia(0,1), (19
=0 on 0B;41(0,1).
We set
Hpy, = {w € Hy(Bpni1(0,1));9u=uV g € G,,},
the space of functions in H}(B,,+1(0,1)) that are axially symmetric with respect to Re,, 41 C R™HL. We
also set
Sap: inf J IVl and I inf JIVw]dz

Y B 0D (f|z|a22|¢|pdz> WEHmMOY ([ ha(2)|wlPdz)
Then, from [

, 17], we have that any minimizer ¢ of S, p, up to rotation, is such that ¢ € H,,. Then,
from (4.8) we conclude that

St p > Sap forevery a>2.

(4.10)
We recall that s
SR DD = 2[2<m+17>n—1;<7m—1n/p +o(l) as a— oo (4.11)
where
My p = inf {/ |Vw|?dz; w € D3’2(RT+1), /R’"“ e~ w|Pdz = 1} ,
¥

. . . 2(m+1)
which is attained for every v > 0 and 2 < p < =

=17 see [8, Theorem 2.1 and Remark 4.8]. In particular,
from (4.11), there exist C1,Cy > 0 such that
Cha2m+)—p(m=1l/p < g » < Col2mtD)=pm=D1/p 49 5 0.

(4.12)
Moreover, the equation

—Aw = e #H |w[P 2w in RPT (4.13)
is called the limit problem associated to (4.9), since after suitable rescaling, as showed in [3], least energy

solutions of (4.9) converge to least energy solutions of (4.13) as o — oo.

Next we prove that S;, , may also be controlled as in (4.12). Indeed we show that the limit problem
associated to (4.7) is a slight variation of (4.13).
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Proposition 4.2. There holds
Sap
al2(m+1)—p(m—1)]/p

=myj2p+o(l) as a— oo. (4.14)
We prove some preliminary lemmas in order to go through the proof of Proposition 4.2.
Lemma 4.3. There exist Cy, Co positive constants such that
Oy a2m+D)—p(m=1)/p < S(/Lp < Cpa2mAD)=pm=Dl/p 4o o 5 0. (4.15)

Proof. Given € > 0, choose w, € CSO(RTH) such that, w. # 0, w, is axially symmetric with respect to

Re,np1 € R™T1 and
fRTH |Vw,(s)|?ds

2/
e*(5m+ /2) . pd )
(fR s ! |w (3)| S

» <Mmyj2p+e

Set
We(z) = we(?,al(1 = 212 + zm1a)), 2= (2, 2m11) € Bmya1(0,1).

Then, it is easy to see that w,. € H,, for any large a.

We will perform the change of variables for = (2/, z,41),8 = (8, Sm11) € R™ X R:
r=aemi1+az and ' =, sy = Tpy1 + a(—1+ (1 — a7 2[2')?)/?). (4.16)
Then, since w, has compact support in RTH we get:

\Vw,|2dz = ag/ [
/BnL+1(O!1) Bm+1(0,1) Z

i=1

iwe(az', (1= [2'*)2 + zpta])

2

Zi 2
NOSPERRE Omsrwe(az of(1— |/ + zp])| | + ]amﬂwe(az', al(1— |22 + zm+1])’ } dz
- alfm/ > Hf’iwe(ff’, (a® = |22 + 2njr — a)
an+1(ae7n+17a) i=1
a”lx; 1/2 ’

am+1wé<x/7 (a2 - |:E/|2) + Tmy1 — a)

o (1-— a—2|a:’|2)1/2

S

2
+ ‘&n“we(m', (0 — |2 |HY? + 2y — a)’ }dac

_ 2
« 18i

O;iwe(s) — (1= a5 )12 Om41we(s)

+ |8m+1w6(5)|2} ds

=l m we(s)|?ds a M.
. [/M+1IV (s)[2ds + O >]

On the other hand, by the change of variables (4.16), we have

& — aepit| = (@1 — )\ *? /)2
ha(2) = 2 ‘E_em“‘

_ (V'S’IQ T Gurs — (@2 — [SP)2) — sy — (a2 = |s'[2)Y/ ”)aﬂ/
2¢
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Now, if s € suppw,, then

and

VISR + (sma1 = (@2 = [s2)1/2)2 = (sm41 — (0 — |s'*)'/?)

2c
Sm+1 VIS + (smi1 — (@2 = ['P)1/2)2 + (smp1 — (@2 — [s'2)/2) | (@ —|s'))/2 -«
=— +1+ +
« 2c «

5m+1/2 —2
=1- 0] .

apy T Ch

Then, if s € suppw,. we have,
ha(z) = e~ 5 +00@™) 4 O(a 1) (4.17)

and so

/ ho(2)WP (2)dz = a~(MFD / e +O(°‘71)wf(s)ds +0(a™h)
Bimy1(0,1) R

— o (mtD)

/ e~ wP(s)ds +O(a™)| .
Rzz+1

Hence, by the definition of S/, |, we have

a,p)

me-H |Vwe|2ds + O(Otil)
T

Sty < ol2m+1)—p(m-1)]/p

s

g 2/
(me+1 e~ wP(s)ds + O(a‘1)>
T

m vwﬁ 2ds
— 2+ 1) =p(m=1)]/p fR++1 | |

_— 57p <myj,+e+ O(a™).
(me+1 ez wf(s)ds) +O0(a™1)
T

From (4.10), (4.12) and the last inequality we have that there exist C; > 0 such that

S/
C, < a[?(’m-i—l)f,pzzm—l)]/p <myjpp+o(l) as a— oo. (4.18)
g

Let w, > 0 be a least energy solution among the axially symmetric, with respect to Re,, ; C R™HL,
solutions of (4.7). Then

/ |Vwe|?dz = / ho(2)whdz = (Sfx,p)p/p_2
Bomi1(0,1) Bn41(0,1)

and from (4.15), there exist C, Cs positive constants such that

Oy al2m+D)=p(m=1)]/(-2) < /

Ve 2dz = / ha(2)wP dz < Cyal2m+)=p(m=1)/(r=2)
Bm41(0,1) Bi41(0,1)

(4.19)

as a — 00.
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Set
_ 2/ (p— z
Wy (2) = =Y P Dy, (a) , 2 € Bpnt1(0,a).

Then we have

—AWy = hy (2) (Wa)P™, 2€ Bpni1(0,a) with We =0 on 0B;,41(0,0)

and
/ Vo |2dz = o~ [20m+1)=p(m=1)/(=2) / Ve |2d>
Bm+1(0,a) B-,,L+1(O,1)
and hence
C < / \V@a|2dz <(Cy as «— oo. (4.20)
B,,L+1(0,Oé)

On the other hand, as proved in [3, pp. 473 and 474], there exists C5 > 0 such that
Vul|?d
inf M > (0302 as a — .
weH (Brmi1(0,1)), uz0 [ |z](@=2)/2u2dz

As a consequence

[ IVwa|?dz J IVwa|?dz 5
[haCwzds ~ Tlle-a/mugds = 0 = a7

Then we combine (4.19) and the last inequality to get
/ he (i) w2 (2)dz = ™t / ho(2)w? (2)dz
Bint1(0,0) o Bi41(0,1)

< CalPm=1)=2(m+1)l/(p=2) / |Vwa|?dz <C as a—oo. (4.21)
Bomy1(0,1)

Lemma 4.4. There exist Cy, Cy positive constants such that

C1 < max We(2)<Cy as «a— oo, (4.22)
2€Bpm11(0,a)
that is,
C10?P=2 < max  wa(z) < Ca¥P7?  as a — oco. (4.23)
2€Bm;m41(0,1)

Proof. From (4.20) and (4.21), it follows that

0<Cy < / V@, |2de = / ha (3) (W )Pdz
Bin41(0,0) Bint1(0,0) a

z
< max (@a)p”/ ha (—) (Wa)?dz < C  max (W)’ 2 as a— oc.
2€EBm41(0,a) Bnt1(0,0) « 2€Bpy4+1(0,a)

Now we prove the reverse inequality. By contradiction, suppose that (||@Wa||~0) is not bounded from above
as a — oo. Then there exists a sequence («,) such that |[Wy, || — o0 and o, — 00 as n — oo. Let

Za,, € Bm+1(0, o) such that ||Wa, [lco = Wa,, (2a,,) and set

1 (e _ _ _ _
P (2) = [T (e 07722 20, ) 2 € Bonga (=2, [, | 87272, e 0, | €7272)
Then
@ go(;l’*2)/22
—ATy, = ha, | ——— + 2a, (Ean)p_l in Brt1(—2a, [Wa, g_2)/27an||man g;_z)/g)

On
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2(m+1)

with homogenous Dirichlet boundary condition. Observe that, from (4.20) and 2 < p < =-=5*, it follows
that

/|wan|2dz = |mn||gg<m*1>*2(m+1ﬂ/2/|vmn|2dz —0 as «a— oo.

(p—2)/2 (p—2)/2

Then B i1(—2a, |[Wa, | , O || Wy, | — Q as a, — oo, where Q = R™*! or 0 is a (possibly

affine) half-space in R™*! and we get the existence of v a solution of
—Av=0 in Q with [v]e=1, veD*Q),
which contradicts the classical Liouville’s theorem. O
Let 0 < 74 < 1, see (4.5) and (4.6), such that

ma. We(2) = wo(—Te .
zEBm+f((O,1) a( ) a( T m+1)

Lemma 4.5. The product

a(l —1,) remains bounded as « — o0.
Proof. By contradiction assume that there exists a sequence () such that
ap =00, ap(l—17,,) 200 as n— oo.

Set
Wy, (2) = « /(p )wan (a — Tan6m+1> , 2 € Q= Bnt1(anTa, Cmi1, ).
n

Then
—AW,, = ha, (i - a,"emH) (Wa, )P7Y, 2€Q, with w,, =0 on 99Q,,

Qnp
0 < Cp € Wy, (0) =maxq, W, <Cs as n— oo by (4.22),

(Wa,,) is bounded in DY2(R™+1) by (4.20),

Q, > R™! as n— oo,

ha, (ﬁ - Taneerl) =0 L (R™) as n— oo

As a consequence, we obtain w € D?(R™*1) a bounded positive solution of
—Aw=0 in R™

which contradicts the classical Liouville’s theorem. O

Proposition 4.6. We have the convergence

/ |V, — Vwl?’dz =0 as o — oo, (4.24)
Ry

where

Wo(z) = a2/ P=2)y, (i - em+1) , 2 € Q4 :=Bpyi(aeni1,a)
o

and, up to normalizing, w minimizes my o .
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Proof. Tt follows from (4.20) that (w,) remains bounded in Dé’2(RT+1) as a — o0o. Then there exist
wE Dé’Q(RTH) such that @, — w in Dy*(RTF) as o — co. Observe that
—AWy(2) = hgy (E - em+1) (W)P"'(2) in Qn and We=0 on 09Q,.
a
Also observe that

0§ha(§—em+1>§1 VzeQ,

and from (4.23), there exist C1,C2 > 0 such that
1 < ﬁ}\a(z) <Oy VzeQ,.

Then, from classical regularity results for second order elliptic equations as in [I] and classical Sobolev
imbeddings, we obtain that

W —w in CL(RTT), (4.25)
Now observe that

z

ha (2 ) - |2 — aemia| = (zma1 — @)\
“Na Omt1) = 2 o

— —em+1‘ VzeQ,.

Then, as we did at (4.17), we conclude that w solves

—Aw = e Fmt1/2yP=1 in R
) B . (4.26)
w>0 in RPN and w e Dy*(RTH).
Then, from (4.26) and from the definition of m 5, we conclude that
—zZm -2
/RWH Vw|?dz = /RMH eI 2Pz > mb) ), (4.27)
+ +

With R > 0 large with R < « we define
z
Bra = {2 = — i1 € Bui(—ems1, R/0) 0 B (0, n}.

From (4.18) and with the change of variables = £ — e,,, ;1 we have

(2222 + 0(1)) U D-ron-DI/-2) 5 (51, /r-2) / Ve [2da
Bm+1(0,1)

|Vwg |2dz + / |Vwe|?dz
Bmt+1(0,)\Brt1(—em+1,R/a)

_ o 20mA D) —p(m=1))/(p-2) / |v@a|2dz+/ VB [2d2
BR,a Bimyi(aemy1,0)\BR,o

za[2(m+1)—p<m—1)1/<p—2)/ IV |2dz.
BR,a

/Bm,+1(0,1)ﬁBm+1(—€m+17R/0¢)

Then from (4.25) and (4.27) it follows that

(b2 +o) = [ Vanpds= | [Vaa[2dz +o(1)
’ BR,a Ry NB,, 1 1(0,R)

_/ Vul?ds + o(1) > m/T7 4 op(1) + o(1).
R NB,,11(0,R) ’



HENON TYPE EQUATIONS AND CONCENTRATION ON SPHERES 17

Hence we obtain

/ |V, |?dz = 0o(1) + og(1) when R < a, R — oo,
Bmti1(aem+1,0)\BR, o

V@, |?dz = Vwl|?dz + o(1 :mp/(pd)—i—oR 1) +0(1) when R<a, R— oco.
1/2
Br.o R ABn11(0,R) P

Then, from (4.25) and since (@, ) is bounded in Dé’2(RT+1), it follows that

/ |Viy — Vw|?dz = / |V, — Vw|?dz +/ |V, — Vw|?dz
RYH R7 0B 11(0,R) Ry N\ B (0.7)

< o(1) +/ |V, — Vw|?dz + / |Vw|?dz
Bmti(aemt1,0)\BR,a R4\ B 11(0,R)

— o(1) + op(1) - 2/

Bimyi(aemy1,0)\BR,a

1/2
\Vw\de
m+1(@em+1,0)\BR,a

=o(1) + or(1).

Vi, Vwdz < o(1) + or(1) + 2C (/
B

Hence we conclude that
/ Vg — Vwl’dz — 0 as a — oo,
Ry

and that [pmi1 [Vw|?dz = mf?épp_z) and so w minimizes m; /o . O
T ,

Proposition 4.7. There exists | > 0 such that

a(l—74) =1 as a— oo (4.28)

Proof. We have proved that @, — w in C} (RTH) as a — oo and from Lemma 4.5 we know that a(1 —7,)

loc
remains bounded as o — oo.
Let z, be the maximum point of @w,. Then
z
— Ta€mi1 = — — €ymy1  which implies 2, = a1 — 74)e€mt1- (4.29)

@
and we obtain that the maximum point of @, converges to the maximum point of w, which is precisely le,, 1
for some ! > 0, which follows from (4.26) and the moving planes technique as in [10]. Indeed w is axially
symmetric with respect to Re,, 11 C R™T! and decreasing with respect to |2/|. Therefore, from (4.29) we
conclude that

a(l—74) =1 as a— oo

Proof of Proposition 4.2. From (4.24) we obtain that

mzleép—z) = / |Vw|?dz = / |Via|?dz + o(1)
P m+1
R Biti(aemyr,a)

= glP(m=1)=2(m+1)]/(p—2) / |Vwe|?da + o(1) = aP(m=D=20n+Dl/(r=2) g/ p)p/(p—2) +o(1).
Bim41(0,1) ’
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Therefore o
a,p B

B —pmDp — /2 to(l) as a oo -

Proof of Theorem 1.2. 1t follows from Lemma 4.4, Propositions 4.6 and 4.7. O

5. HYPERPLANES PREVENTING DIFFUSION AND PROOF OF THEOREM 1.3

In this section we consider the problem

_ANu: |ZN|a|u‘p72u’ Z = (Zla"'va) EBN(Ovl)a (5 1)
u=0 on O0Bn(0,1). .

where p and N satisfy the conditions from Theorem 1.3. The procedure to study (5.1) is quite similar to

that from Section 4, but due to its technicality we also include some details here.

By the moving planes technique [10] we know that any classical positive solution of (5.1) is such that
w(z1, .-y 2n-1,2n5) = u(|(z1,.-.,2n-1)|, 2nv) and that u(-, z) decreases with respect to |(z1,...,2n-1)|.
Therefore, if we look for positive solutions of (5.1) such that u(z1,...,2y-1,2n5) = u(|(21,...,28v-1)|, |2Nn])

we obtain that for any such solution, there exists 0 < r < 1 such that

max =u(ren) = u(—rey).
(z1,---,28)€BN(0,1)

Now let u, be a least energy solution among the solutions of (5.1) that depend only on |(z1,...,2n-1)]
and |zy|. Then, by the principle of symmetric criticality [19], we characterize such solution as a minimizer

of a Rellich quotient among the functions in H}(Bx(0,1)) invariant by the action of the group
Gy =0O(N —1) X Zs.

We can assume that u, > 0 in By(0,1). So arguing as in the previous paragraph, there exists 0 < r, <1
such that

M, = a. = = — X
o <zl,...,£1>e%N<o,1>“a(z“  ZN) = Ua(Taen) = Ua(—Ta€n)

We set
Hp.n ={u€ Hj(Bn(0,1));gu=uV g € Gx},
the space of functions in HE(By(0,1)) that are axially symmetric with respect to Rey C RY and symmetric

with respect to xy. We also set

V|2d Vwl|?d
Koy = in f| 0 22 and K(/lp:: f| vl 22 .
YeH}(Bn(0,1))\{0} (f |Z|a|¢|pdz) /p ) weHp,n\{0} (f ‘ZN|a|w‘pdz) /p
Then, from [24, 17], we have that any minimizer ¢ of K, ,, up to rotation, is such that ¢ is axially

symmetric with respect to Rey. Then, since |zny|* < |z]|%, we conclude that
K, ,> Kap forevery o> 0. (5.2)

We recall that

K,
~E vy — e Tol) as a— oo, (5.3)

where

M.y,p = inf {/ |Vw|?dz;w € D(IJ’2(Rf), /
RN

+

e VN \wlPdz = 1} ,



HENON TYPE EQUATIONS AND CONCENTRATION ON SPHERES 19

which is attained for every v > 0 and 2 < p < %; see [8, Remark 4.8 and Theorem 2.1]. In particular,
from (5.3), there exist Cy,Cs > 0 such that
CralPN=PN=2N/p < || < CpaPNPIN=2/P a5 o — o0, (5.4)
Moreover, the equation
—Aw=¢NwP 2w in RY (5.5)
is called the limit problem associated to
— Au=|z|*ulP"?u in By(0,1), u=0 on 0Bx(0,1), (5.6)

since after suitable rescaling, we can show that least energy solutions of (5.6) converges to least energy
solutions of (5.5) as o — o0.

Next we prove that Kj , may also be controlled as in (5.4). Indeed we show that the limit problem
associated to (5.1), for solutions that are axially symmetric with respect to Rey C RY and symmetric with

respect to v, is also (5.5).

Proposition 5.1. There holds

/
KOévp

vy =2 Pmapto(l) s o oo (5.7)

We prove some preliminary lemmas in order to go through the proof of Proposition 5.1.
Lemma 5.2. There exist Cy,Cs positive constants such that
CralPN=PWN=2l/p < ! < CoaPN=PIN=2/P g5 o — o0, (5.8)

Proof. Given € > 0, choose u. € Cfo(Rf) such that, u. # 0, u. is axially symmetric with respect to
Rey € RN and

Juy IVuc(s)Pds

(fy e luct)pds)”

P <miyptE

Set

Te(2) = uc(az’, a1 — |2'HY2 = |2n]]), z= (2, 2n) € Bn(0,1).

Then, it is easy to see that u. € Hp, n for any a > 0.

We will perform the change of variables

r=aey+az and § =2, sy =y +al-1+ (1 —a2|2'|?)/?). (5.9)
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Then, since u. has compact support in Ri\_’ , for any « large we get:

N-1
/ |V, |*dz = 2a2/ Z [ diue(az’, af(1 =2 $)Y2 + 2n])
BN(O,l) BN(O,l), ZN<O

i=1

2
2

oo uez ol = )2 4 2x])

2
+ |onuc(az,al(1 = [2/[2)1/2 4 2n])| } dz

e (', (02 — |2 ))YV2 + zx — @)

N-1
1

2N / >
By (aen,a), an<a | =1
[ 7]

— Onue(z', (0 —|z'|H)V? + 2y — a)

(1_a72|x/|2)1/2
N-1
x|

2

2
+ ’3Nu6(33', (® —|2'|H)YV2 + 2y — O‘)’ }dgc

_ 2
« 181'

diuc(s) — 1— o252

_ 2a2—N
RN

BE One(s)

+ 3Nu€(s)|2} ds

=227

/ |Vu5<s>|2ds+0<a1>] |
RN

N
On the other hand, by the change of variables (5.9), we have that for z € Bx(0,1) with zy < 0 that
0<zy <aand

[e3
ol = 1= 20 = |2 — a7 )

. i

Now, if s € suppu, then
2 - —a )2 = 1= 2 1 0(a7?)

«
and
lan|® = e~ HOT) 4 O(a ). (5.10)
Hence
/ |zn|9TE (2)dz = 2/ |zn TP (2)dz = 20~ / e*S’V*O(O‘_l)uf(s)ds +0(a™)
Bn(0,1) Bn(0,1), 2x <0 RY

=2a N / e *NuP(s)ds +O(a™ )| .
RY
By the definition of K/,  , we have

a,p?

fRf |Vuel|?ds + O(a™t)

(fRf e~svul(s)ds + O(a—1)>
f]Rf |Vu|?ds

K, < 91-2/p, [2N=p(N-2)]/p

2/p

— 91-2/p, [2N-p(N-2)]/p < 21*2/17&[2N*p(1\7*2)]/p(m1 b€+ O(ofl).

(fRﬁ e_SNug(s)ds) o +O(a™1)

From (5.2), (5.4) and the last inequality we have that there exist C; > 0 such that

4

Kap 1-2/
C: < m <27Pmy ,+0(l) as a — oo. (5.11)
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Let u, > 0 be a least energy solution among those which are axially symmetric with respect to Rey € RY

and symmetric with respect to z solutions of (5.1). Then

[ uaPdi= [ el = (1)
By (0,1) By (0,1) ’

and from (5.8), there exist Cy, Co positive constants such that

O1a2N-P(N=2))/(-2) < /

|Vug|?dz = / |zn|®uPdz < CoalN—PIN=2)1/(r=2) (5.12)
Bn(0,1) By (0,1)

as o — 0o.
Set

T (2) = a= 2/ P72y, (2) , 2z € Bn(0,a).

Then we have

ATy = |22 (@a)PY, 2€ By(0,a) with W.=0 on 9By(0,q)
and
/ Via|2dz = a—RN—P(N-2)/(—2) / Vg |2dz
By (0,a) Bn(0,1)
and hence
C < / |Via|?dz < Cy as a — oo. (5.13)
BN(O,DL)

Then we can proceed as in Section 4 to prove the estimate below.

Lemma 5.3. There exist C'y, Cy positive constants such that

C1 < max Ta(z) <Cy as a— oo, (5.14)
z€BnN(0,a)
that is,
C1a? =2 < max U (2) < Cra® =2 45 o — oco. (5.15)
z€BnN(0,1)
Proof. 1t follows exactly as in the proof of Lemma 4.4. O

Let 0 < r, < 1 such that

zeglj\?()((m)ua(z) = Un(—Taen) = Ua(raen).

We can follow the proof of Lemma 4.5 to get the estimate below.

Lemma 5.4. The product

a(l —r,) remains bounded as « — 0o.

Proposition 5.5. We have the convergence

/ |V, — Vul?dz -0 as o — oo, (5.16)
=y
where

Ua(z) = a2/ (P=2)y, (i - eN> , 2€8Q4:={z€ Bn(aen,q);zny < a}
o

and, up to normalization, u minimizes my p.
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Proof. 1t follows from (5.13) that (Vi,) remains bounded in L*(R"™") as o — co. Observe that

—Alg(2) = |2 —en|" (@a)P7L(2) in Qa,
We(z)=0 on z€dQ, st. 0<zy<aq,
‘g—f(z) =0 on z€0Q, st zy=a.
Also observe that
og‘%f@v‘agl VzeQ,
and from (5.15), there exist Cy,C2 > 0 such that
Cy <a(z) <Cy VzeQ,.

Then, from classical regularity results for second order elliptic equations as in [1] and classical Sobolev

imbeddings, we obtain that there exists w € D(l)’2(Rf )
Uo —u in CL(RY). (5.17)

Then we conclude that w solves

—Ay=e NP1 in Rﬁ (5.18)
>0 in RY and we Dé’z(Rf). .
Then, from (5.18) and from the definition of m; , we conclude that
\Vul?dz = e N uPdz > mP/ PP, (5.19)
RY RY b

With R > 0 large with R < o we define
z
Bro = {Z; o eN € BN<—6N,R/Oé) ﬂBN(O, 1)} .

From (5.11) and with the change of variables z = £ — en we have
(2 mb/P2 4 0(1)) QM) =p(m=1)/(=2) > (! P/ (r=2) = 2/ Vg |2dz
Bn(0,1), zx <0

|V |*de + 2/ | Vg |2dz

Bn(0,1)NBN(—en,R/a) (Bn(0,1), 2n<0)\Bm+t1(—em+1,R/a)

— 942N-p(N-2)]/(p-2) / Vi, |*dz + / Vi |*dz
BR.a Qo \BR,a

> 202N -P(N=2)]/(p-2) / (Vi 2d=.

BR,a
Then from (5.17) and (5.19) it follows that

(2 my/P 0(1)) > 2/

Vi, 2dz = 2/ Vit 2dz + o(1)
BR‘a

Rf NBn (O,R)

- 2/ IVul?dz + o(1) > 2my/ "™ 4 op(1) + o(1).
RNNBy(0,R)
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Hence we obtain

/ |V |?dz = o(1) + or(1) when R < a, R— oo,
Q(x\BR,a

/ Vit 2z = / Vuldz + o(1) = m?’ P 4 o(1) + o(1) when R<a, R oo,
BR,a R¥NBx(0,R) ’

Then, from (5.17) and since (Vi) is bounded in L*(RY), it follows that

/ |V, — Vul?dz = / |V, — Vul?dz +/ |V, — Vul?dz
RY RYNBN(0,R) RY\Bn(0,R)

< o(1) +/ Vi, — Vul?dz —|—/ |Vu|*dz
Qa\BR,a RQI\BN((LR)

1/2

=o0(1) + or(1) — 2/ Vo Vudz < o(1) + or(1) +2C / |Vu|?dz =o(1) + or(1).
QQ\BR“X QQ\BR,a
Hence we conclude that
/ |Vig — Vul?dz = 0 as a — oo,
RY
and that fRf |Vul?dz = m’f{p(pﬁ) and so w minimizes mq . O
Proposition 5.6. There exists | > 0 such that
a(l—74) =1 as a— oo
Proof. Exactly as the proof of Proposition 4.7. O
Proof of Proposition 5.1. From (5.16) we obtain that
mf)/p(pd) :/ |Vu|*dz :/ |Viig|?dz 4 o(1)
RY Qa
_ o[p(N=2)-2N]/(p-2) / Vo [2dz + o(1) = al?N=2-2N/-2) (K1 _yo/0-2) 4 o(1),
2 )
Bn(0,1), 2n<0
Therefore
Kfll p 1-2/p

m =2 ml’p + 0(1) as o — OQ. D

Proof of Theorem 1.3. It follows from Lemma 5.3, Propositions 5.5 and 5.6. g
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