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Abstract— In this paper some potential system and processing
advantages of conformal cone shaped digital array radar have
been investigated, in particular in relation to potential alternative
approaches for angle estimation with respect to the traditional
monopulse. First of all potential benefit in terms of reduction of
the number of radiating elements is shown when a conical array
is considered with respect to a traditional system formed by four
planar arrays, if a coverage of 360° must be assured. Secondly,
having in mind an innovative digital array system where the
received signals are analog to digital converted at element level
and the corresponding data are possibly transferred to a central
elaboration unit, an alternative approach is investigated for
angular estimation. In this paper we derive the theoretical
expression of the Cramer Rao Lower Bound for elevation angle
estimation using a cluster of beams; we compare the limit
performance of the traditional approach for angle estimation
based on Sum and Difference beams with the approach based on
a crowded cluster of RX beams properly spaced. The approaches
show approximately equivalent performance, making the second
particularly interesting for those situations where monopulse is
known to experience performance degradation, as low elevation
angle estimation; in this particular case an example of cluster
design is shown, where the direct signal from a low altitude target
must compete with a specular multipath.
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L INTRODUCTION

It is well known that the basic characteristic on an array of
radiating elements that makes it different with respect to
traditional systems based on reflectors is the ability to form
multiple beams with different characteristics and functionalities
properly adjusting the phase or the delay of the signals received
by each element in the array, [1].

In Phased Array Radars (PARs) this operation known as
analog beamforming (ABF) is wusually accomplished
analogically through beamforming networks: in this case it is
necessary to fix at design stage the number of the beams to be
formed and their characteristics (beam steering direction, shape
in terms of angular resolution and Peak to SideLobe Ratio -
PSLR, etc...). As an example, when a typical searching mode is
considered, the use of a PAR must allow the simultaneous
detection and accurate Direction of Arrival (DoA) estimation
of a target in all the search space; the system must be designed
to contemporarily form the appropriate sum and difference
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beams in each direction of interest for both applications, thus
avoiding the necessity to re-irradiate to accurately estimate the
targets’ angle of arrival if detections occurred. As a
consequence the beamforming network complexity increases
with the number of directions to be monitored and the
operative modes to be considered.

In Digital Array Radars (DARs) the analog to digital
conversion at element or small sub-array level and the
recording of all the amount of data for successive centralized
processing allows completely changing the perspective with
respect to operative modes based on analog beamforming, [1]-
[8]. As an example the coverage required in the searching
mode is accomplished by foreseeing a wide transmitting beam
(up to nearly omnidirectional in the “Ubiquitous Radar”
theory) covered in reception by clusters of simultaneous beams
at least in one angular direction. This is a first evident
difference with respect to PARs using ABF, that search in all
the desired directions using pencil beams both in transmission
and reception allowing the execution of multiple functionalities
using a limited number of complex beamforming network.
Moreover the early digitization of the received signals allows
reducing the required dynamic range and the requirements of
isolation with respect to near clutter returns. It is apparent how
all these advantages can be achieved at the expense of the
increased computational load and data transfer rate to a central
elaboration unit where beamforming, DoA estimation, adaptive
nulling for interference cancellation, etc. take place. An
ultimate analysis highlights that DAR provide an increased
flexibility with respect to PAR allowing to develop multiple
functions simultaneously and to implement alternative
processing schemes increasing the efficiency of the
exploitation of the acquired radar signals. For example, it could
be possible to form only the Sum beams for detection in all the
search space and then synthesize Difference beam for accurate
DoA estimation only for the resolution cells when detection
occurred. Moreover an alternative approach to angle of arrival
estimation could be achieved using a crowded cluster of beams
properly steered according to the direction where detection
occurred.

In the present paper the considered and simulated digital
array is cone-shaped. This particular shape factor is very
interesting since, while in the elevation dimension the coverage
is achieved with beam scanning operations, a 360° azimuth
coverage can be achieved using DBF without scanning but
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only circularly shifting the weight matrix around the beam
steering direction; this provides potential benefits with respect
to a more traditional architecture, where four planar arrays are
used each one to cover an horizontal sector of 90° with
analogical or digital beam scanning. It has to be underlined that
DBF not only allows a smart implementation of horizontal
beamforming, but also provide an increased degree of
technological feasibility to this conformal array, shifting the
inherent criticalities from the analogic to the digital design, [8].

Having in mind an innovative array system like the one
described, the aim of this paper is to investigate one of its
numerous potentialities, comparing the performance of the
traditional monopulse approach for DoA estimation, [9],
possible both in a PAR and in a DAR architecture, and the
approach feasible in a DAR based on a crowded cluster of RX
beams properly spaced in an angular sector comprising the
angular direction of the sum beam and for the resolution cell
where a detection occurred. It is interesting to investigate this
approach due to the fact that, as it is well known, [9],
monopulse can suffer in particular situations where the
investigated elevation angles are small and Sum and Difference
beams can collect a great amount of land/sea clutter and
multipath returns.

The paper is organized as follows. In section II the conical
DAR system is described along with the reference operative
scenario. In section III Cramer-Rao lower bound is derived for
DoA estimation based on a cluster of beams and compared
with the performance of the estimation based on Sum and
Difference beams. An example of design for a cluster of beams
to be employed for low altitude target DoA estimation is shown
in I'V. Finally we draw some conclusions in section V.

II.  SYSTEM DESCRIPTION AND POTENTIALITIES

In the present paper the considered receiving (RX) array is
modelled as the “d.Radar”, [10], which is being studied and
demonstrated by Fincantieri S.p.A. and Seastema S.p.A. It is
formed by a set of columns of radiating elements placed over
the surface of a truncated cone as shown in Fig. 1 in a xyz
reference system. Each element is connected to a receiver so
that received signals are analog to digital converted at element
level and it is supposed that the corresponding data are sent to a
central elaboration unit. The array is designed in such a way
that each horizontal section is represented by a circular array
with the same number of elements with different inter-element
distance as the height of the considered section decreases,
while the vertical inter-element distance is constant and equal
in each column. The overall structure has approximately a
height of 0.8 m and a major diameter of 1.42 meters.

As hinted in the introduction a cone-shaped structure
supplied with DBF to provide 360° coverage can present
advantages due to this conformal shape factor with respect to a
traditional four-planar faces array, Fig. 2. Indeed in this case
beamforming in every horizontal direction can be achieved by
circularly shifting the weight matrix according to the beam
steering direction that is by elaborating in the same way the
signals digitized at element level received from a properly
selected active sector of the array; in that way a beam with the
same desired characteristics of width ¢ is achieved in every

direction without beam scanning (Fig. 2a). On the other hand
when four planar arrays are used each one to cover an
horizontal sector of 90° with analogical or digital beam
scanning, degraded patterns are achieved off-boresight with
maximum width equal to d¢,. (Fig. 2b). Matching the
approximate expressions of the beamwidth, in the hypothesis
of equal element spacing, the ratio of the perimeters of both
horizontal sections can be evaluated as a quality parameter
showing the ratio between the number of elements required in
the circular array with respect to the square array

AN, =7sin(¢, )/ 4cos(ety/2) (1)

For sectors of active elements wider than 120°, the
proposed coarse dimensioning suggests that using a conical
array allows sparing radiating elements, mainly when the
performance of the different configurations of the arrays are
compared in the worst case, that is when the maximum
beamwidth 06, is taken into account.

One of the typical operative conditions of a radar is
represented by the “searching mode”. In the considered system
it is supposed that a transmitting (TX) antenna radiates with a
beam which is narrow in the azimuth dimension and wide in
elevation; therefore, using the conceived RX array with a
properly dimensioned active sector and tapering functions
specifically tailored to cope with a 3D displacement of the
elements of the array, multiple Sum beams displaced in the
vertical dimension must be formed to cover the nominal
illuminated angular aperture along with the corresponding
Difference beams; Fig. 4 shows the case of a TX aperture in
elevation nearly equal to 8° covered by 3 RX beams for
different steering directions of the central beam, in particular
15° in elevation and 0° in azimuth in Fig. 4a and 5° in
elevation and 0° in azimuth in Fig. 4b. From this second case it
is apparent how lower Sum and expecially Difference beams in
the cluster may suffer from clutter and multipath arising from
low-height target. This may suggest the use of a different
approach for DoA estimation, in particular for the elevation
angle, which is not based on Difference beams as the
monopulse. Indeed when detection occurs in a certain beam
and at a certain resolution cell, if data acquired by all elements
are available at a central elaboration unit before beamforming,
accurate elevation angle estimation can be be based on the
exploitation of a crowded clusters of sum beams properly
displaced in the angular area of interest. In the following
section the feasibility of this approach is investigated.

Fig. 1. Active sector (120°) of the considered cone-shaped array radar
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Fig. 2. Horizontal sections of (a) the cone and (b) the 4-planar faces arrays.
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Fig. 3. Ratio between the number of elements required in circular DAR with
respect to a square array as a function of the steering direction 6, for different
widths of the active section 0.

Elevation [deg]
Elevation [deg]

Azimuth [deg] Azimuth [deg]

Fig. 4. Sum and Difference beam apertures for a central steering of (a) 15° in
elevation ad 0° in azimuth and (b) 5° in elevation and 0° in azimuth.

III. CRAMER-RAO LOWER BOUND DERIVATION FOR DOA
ESTIMATION BASED ON A CLUSTER OF BEAMS

In this paragraph the expression of the Cramer Rao Lower
Bound (CRLB) is derived for the elevation DoA estimation
using a cluster of beams. For this reason in the following the
azimuth direction of the signal will be considered known and
fixed to ¢=0.

The received signal x is modelled as

X(0)=4,Gyy (6,0,)G1(0)Ts(6)+Tn )

Ay is an amplitude factor depending on the signal path and
on the radar equation, Gr7x(6,6)) is the gain at the direction & of
the transmitting pattern steered towards 6, Gg(6) represents the
gain provided by each antenna element to a signal s(€) coming
from the direction 6, T is the transformation matrix that allows
the switch from an element-wise to a cluster based
representation and n is the vector accounting for noise samples

with null expected value and variance equal to o,. s(6)is
defined as

exp(—27r/ A(py u(6)))
s(0)= 5 A3)
exp(— 27t/ A(px.u(6)))

where A is the wavelength, p; is the vector containing the
xyz coordinates of the ith element in the array for i=1,...,N,

u(@) is the direction cosine vector and the symbol (-,)
accounts for the inner product.

The transformation matrix T can be written as

Wis*(6,)
T= 4)

Wis*(0k )

where K is the number of beams in the cluster, symbol *
refers to the complex conjugate operation and Wy is the
diagonal matrix accounting for amplitude tapering.

The probability density function of x(6) can be modelled as
Gaussian and equal to

/1x] oAy M x-4pv] )

-1 &
27-det(M)

where v and M are the expected value of x and the
covariance matrix of the disturbance

V(0)=Gry (6,6))G(6)Ts(6) (6)
M=c.TT" )

In the previous expression symbol H has been used to
indicate complex conjugate and transpose operation, while
det(M) referred to the determinant of matrix M.

The unknowns in (5) are the real and imaginary part of 4,
and the elevation direction 8. Therefore the Fisher information
matrix can be written as

= [%ln(f(x/n))T[%m(f(x/n))} @



where N=[ Ayz 4p; €] and apex T accounts for the transpose
operation. The third element on the diagonal of the inverse of
the matrix J is the searched accuracy, equal to

> E
Oy =J- (3,3)22?V M

] M lwiM™ |, 9
- viM vy Y )

where |AO|2 / 0'3 is the signal to noise ratio at element level

(SNR,)) and v is the first derivative of the vector v with
respect to the direction 6.

Fig. 5 shows the standard deviation of the estimation of
@normalized with respect to the nominal beamwidth of a RX
pattern in the elevation dimension as a function of the
difference of the DoA @ and the steering direction of the central
beam in the cluster, &;=5° in this case. All the sum beams have
been formed considering properly modified Taylor windows
both in azimuth and elevation with a PSLR of 42 dB and 36 dB
respectively. The Difference beams in elevation are built using
a Bayliss tapering with the same parameters. The signal to
noise ratio at element level SNR, has been set equal to -20 dB,
therefore a peak SNR on the central beam of nearly 13 dB is
achieved: the gain of nearly 33 dB is provided by the coherent
summation of the amplitude weighted signals received by
nearly 3500 elements in the considered active sector.

Two different cases are considered: in the first case (Fig.
5a) we supposed an omnidirectional TX pattern, while in the
second case (Fig. 5b) a directive transmission pattern has been
considered with a -3dB aperture in elevation Bry.=8° nearly
equal to three times the beamwidth of the generic RX pattern
Brx.e. In both cases omnidirectional elements have been
considered and an active sector of 120° has been used for
beamforming. Four curves are shown. The green one is related
to the CRLB achieved considering a cluster formed by 3 Sum
beams (3X) and 3 Difference beams (3A) thus representing the
lower bound for the monopulse accuracy in the covered area.
The other curves refer to the cases of cluster of K uniformly
spaced beams (K=5, 7, 13) covering the same elevation extent
as the 3X case, that is [01-Brx.o/2, O1tBrx./2]. This means that
as the number of beams in the cluster increases, the angular
separation between beam steering directions decreases.

From Fig. 5 it is apparent how the limit performance of the
33+3A configuration is equivalent to the limit performance of
the DoA estimation based on cluster of crowded Sum beams,
especially in the interval [-4°, 4°]; as the number of beams
increases, ripple’s amplitude decreases since the coverage
becomes uniform in the area of interest and the performance is
less affected by pattern peaks with null derivative. In Fig. 5a it
is apparent how a slight slope appears evidently as the number
of beams increases; this effect arise from the asymmetry of the
distribution of elements over the considered conical array
surface, where higher elements are closer to each other than
lower elements. In Fig. 5b the presence of a directive pattern in
transmission is evident and shows itself as a tapering of the
accuracy mainly due to the gain provided by the TX beam in
each considered direction.
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Fig. 5. Normalized Cramer Rao Lower Bound for the accuracy of the
estimation od the DoA 6 (a) with omnidiractional pattern in TX and (b) for a
directive pattern in TX.

Ultimately the derivation of the CRLB for the accuracy of
elevation DoA estimation using a cluster of beams allowed us
to compare the limit performance of an estimation approach
which uses only Sum beams and the traditional approach using
Sum and Difference beams and to assess an actual equivalence
on the approaches. The main difference lies in the fact that
although in both approaches all the Sum beams have positive
tilts with respect to the horizon, Difference beams at very low
elevation can heavily affect the estimation performance when
significant land or sea clutter and multipath signals occur.
Nevertheless also in the case of DoA estimation performed
using a crowded cluster of Sum beams the design of the cluster
needs to be accurate and to take into account the operative
scenario, especially when target detection occurs at very low
altitudes.

IV. EXAMPLE OF CLUSTER DESIGN

In this section an example of design of the cluster of Sum
beams to be employed in DoA estimation is provided. It is
based on an operative scenario where signals from a low
altitude target are received through a direct and a specular
reflected path in the flat earth model, Fig. 6.



The steering direction of the lower beam in the cluster is
selected to provide a gain of at least 3 dB to the direct signal
from direction € with respect to the multipath signal received
from the direction 6, in the worst condition of operation
foreseen for the radar that is the minimum target height to take
into account, experiencing the corresponding gain loss at the
target direction €. The steering direction of the remaining
beams in the cluster can be selected to uniformly cover the
desired angular aperture. Assuming a specular reflection of the
multipath signal, a distance D=20 km and an antenna height of
15 m, as expected Fig. 7 shows how the design becomes more
demanding as the target height decreases with a loss of -17 dB
in the target direction for H,,~=30 m (Fig. 7a) and -7 dB for
Hie=60 m (Fig. 7b). In the previous example an

omnidirectional TX pattern is taken into account; a further
slight loss is expected when a directive pattern in employed in
transmission.
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Fig. 7. Gain loss in the target direction (blue curve) and gain difference in the
target and multipath directions (green curve) for a target height (a) of 30 m
and (b) of 60 m.

V. CONCLUSIONS

Some potential system and processing advantages of
conformal conical DAR have been investigated, particularly in
defining alternative approaches for DoA estimation.

A coarse dimensioning based on the matching of the pattern
beamwidth in the azimuth dimension showed that the conical
shape factor allows to guarantee without horizontal beam
scanning 360° coverage using less elements with respect to the
case of four planar arrays, each assuring a coverage of 90° with
beam scanning. This result appeared to be valid as the sector of
active elements used for beamfoming in the conical array case
increases for all the possible steering directions.

Having in mind an innovative digital array system like the
one described, we derived the theoretical expression of the
CRLB for elevation angle estimation using a cluster of beams
and we compared the limit performance of the traditional
approach based on sum and difference beams, possible both in
a PAR and in a DAR architecture, and the approach feasible in
a DAR based on a cluster of RX beams properly spaced
according to the direction and for the resolution cell where a
detection occurred. The approaches proved to be approximately
equivalent, making the second particularly interesting for those
situations where monopulse is known to experience
performance degradation, as low elevation angle estimation. In
this case an example of the design of the cluster of beams in
presence of specular multipath has been provided
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