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FINITE SPEED OF PROPAGATION AND WAITING TIME
PHENOMENA FOR DEGENERATE PARABOLIC EQUATIONS
WITH LINEAR GROWTH LAGRANGIAN*
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Abstract. We consider a class of degenerate parabolic equations with linear growth Lagrangian.
Two prototypes within this class, sharing common features with nonlinear transport equations, are
the relativistic porous medium equation and the speed-limited (or flux-limited) porous medium
equation. In arbitrary space dimension, we prove that entropy solutions to the Cauchy problem
satisfy the finite speed of propagation property. For the two aforementioned prototypes, we provide
a condition on the growth of the initial datum which guarantees the occurrence of a waiting time
phenomenon; we also present a heuristic argument in favor of the optimality of such condition.
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1. Introduction. Generally speaking, degenerate parabolic equations with
linear growth Lagrangian are a class of second-order diffusion equations of the
form

(1.1) uy = diva(u, Vu)

(plus lower-order terms) which display both a degeneracy with respect to u, in the
sense that

lim a(z,v) =0 forall veRY,
z—0t

and a linear growth of the associated Lagrangian, in the sense that

1
(1.2) ~ tl}lll a(z,tv)-v=:p(z) forall z>0.

While referring to [4, 9, 11, 12] for thorough referenced discussions on the models and
the theory for this class, here we just point out two prototypes: the relativistic porous
medium equation,

u"Vu
Vu? + v2e 2| Vul? ’

which generalizes the so-called relativistic heat equation (m = 1), and the speed-
limited porous medium equation,

(1.3) uy = vdiv m € (1,400),

uVuM—1
1.4 uy = vdiv , M e (1,+00),
t ' V14 12¢ 2| VuM-1]2 ( )
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which has been recently proposed in [12] (under the name of “flux-limited porous
medium equation”). As ¢ — +o00, both (1.3) and (1.4) (with m = M and up to a
factor M — 1) converge to the porous medium equation,

uy = vdiv (um_1Vu)

. . ~ 2 A
(see [13] for rigorous convergence results). Up to the scaling t = t, & = £z, we

v
assume without losing generality that
(1.5) v=c=1.

A mathematical theory for suitable classes of equations of the form (1.1)—(1.2) has
been recently developed, based on the concept of entropy solutions (we refer to section
2 for a brief introduction to this concept and its precise definition). This note is
concerned with two qualitative properties of entropy solutions to the Cauchy problem
for (1.1) and (1.3)—(1.4), respectively: the finite speed of propagation property, which
means that the solutions’ support remains bounded for positive times provided it
is initially so, and the waiting time phenomenon, which means that, under suitable
growth conditions on the initial data, a positive time exists during which the solutions’
support locally does not expand.

The finite speed of propagation property was proved in [5] for entropy solutions
to (1.3) with m = 1, the speed being bounded above by 1 (recall (1.5)). For (1.3) and
(1.4), conjectures have been recently formulated in [8]. Here, by a generalization of
the arguments in [5], we confirm these conjectures: If ug € L>(RY) is nonnegative
with compact support, and u is the entropy solution to the Cauchy problem for (1.3)
or (1.4) with initial datum wug (see Remark 2.3), then

(1.6) supp(u(t)) C supp(ug) + B(0, m|juo||%~t) if u solves (1.3) or
(1.7) supp(u(t)) C supp(uo) + B(0,t) if u solves (1.4)

for all t > 0, where + denotes the Minkowski addition of two sets. Formally, writing
(1.3) and (1.4) in the form u;, = div(uv) and bounding |v| from above, one finds
|v| < um1 for (1.3) and |v| < 1 for (1.4). Hence we expect that (1.7) is optimal,
whereas (1.6) may overestimate the speed by a factor m.

As discussed in Remark 1.3, both (1.6) and (1.7) are immediate consequences of
a more general result, which extends [5, Theorem 4] and which we now introduce (a
related extension has been independently obtained in [7]). We assume the following.

AsSSUMPTION 1.1. Let @ = (0,00) x RY. The function a : Q — R" is such that

(i) (Lagrangian) there exists f € C(Q) such that Vi f = a € C(Q), f(z,-) is
convex, f(z,0) =0 for all z € [0,00), and

Co(2)|v] = Do(z) < f(z,v) < Mo(2)(1+ |v]) forall (z,v) € Q

for nonnegative continuous functions My, Cy € C([0,00)) and Dy € C((0,0)), with
Co(z) > 0 for z > 0;

(ii) (fluz) Dya € C(Q); a(z,0) = a(0,v) = 0 and h(z,v) := a(z,v) - v = h(z, —v)
for all (z,v) € Q; for any R > 0 there exists Mp > 0 such that

la(z,v) —a(2,v)| < Mg|z — 2| forall z,2 € [0, R] and all v € RY;

(iii) (recession functions) the recession functions f° and h°, defined by

%z, v) = lim 1f(z,tv), RY(z,v) = lim 1h(z,tv),

t—+oo t t—+oo t
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exist in Q and f° = hY; furthermore, a function ¢ € Lip,,.([0,0)), with ©(0) = 0
and ¢ > 0 in (0, 00), exists such that

(1.8) 2z,v) = h%(z,v) = p(2)|v| forall (z,v) € Q

(cf. (1.2)), and a(z,w) - v < p(2)|v| for all (z,v) € Q, w € RV,

We prove the following.

THEOREM 1.2. Let a be such that Assumption 1.1 holds. Let ug € L®(RY)
be nonnegative with compact support and let u be an entropy solution to the Cauchy
problem for (1.1) with initial datum ug in the sense of Definition 2.1. Then

(1.9) supp(u(t)) C supp(ug) + B(0,Vt), V := esssup ¢'(2)
2€(0,[luolloo)

for all t > 0, where p is defined in Assumption 1.1(iii).
Remark 1.3. It is not difficult to check that, in the particular cases of (1.3) and
(1.4), the corresponding fluxes,

(1.10) ai(z,v) =4 VNP if (z,v) # (0,0),
0 if (z,v) — (070)7
and
(Af—l)zkfflv if 0
(1.11) as(z,v) = { VItQI-Lzmiape - > U
0 it =0,

satisfy Assumption 1.1 with

(1.12) filz,v) =2z" (\/m - z) ,

respectively,

3—M .
(1.13) falz,v) = { T (\/1 + (M —1)222M= 4|2 — 1) if 2 >0,
7 if z=0.

o

Therefore, (1.6) and (1.7) follow immediately from

(14 o0 = o i atean) v = { 7

- |v| t——+oo

The waiting time phenomenon for (1.3) has been recently discussed in [6, section
5] and [9, section 4.2.1] via numerical and formal arguments. In the present note we
give sufficient conditions for the occurrence of a waiting time phenomenon.

THEOREM 1.4. Letug € L>=(RY) be nonnegative with compact support, xo € RV,
and let u be the entropy solution to the Cauchy problem for (1.3) or (1.4) with initial
datum ug in the sense of Definition 2.1. Positive constants Ay, (resp., Anr), depending
only on N and m (resp., M), exists such that if

(1.15) esssup |z — xdfﬁuo(x) =C < +oo if u solves (1.3) or
z€RN
(1.16) esssup |z — x0|7ﬁu0(x) =C <+oo ifu solves (1.4),

zeRN
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then
(1.17)

1

1 w — b T m-1
esssup | — zo| " mTu(t,x) < C <T ) forallt < 7, := (C/A)™™

zERN T«

if u solves (1.3) or
(1.18)

A T
esssup |z — xd‘ﬁu(t,x) <C (T ) for allt < 1. := (C/Ap)t™M
z€ERN T

if u solves (1.4).

Generally speaking, Theorem 1.4 says that if ug decays sufficiently fast to zero
at o, then u(t,z9) = 0 for all ¢ < 7. A slightly different formulation of the waiting
time phenomenon, involving an exterior cone property of supp(ug) at o, has been
adopted in [15, 20, 21] for a rather general class of degenerate parabolic equations
(see [19] for a recent referenced discussion on this subject). The next result shows
that such formulation is implied by Theorem 1.4.

COROLLARY 1.5. Under the assumptions of Theorem 1.4, assume in addition
that supp(ug) has the exterior cone property at xo € dsupp(ug), i.e., Bo > 0 and
w € RY, |w| =1, exist such that supp(ug) N Cp, = ), where

Cp, == {= eRN: (zg — ) -w > Bo|(xg — z) — ((xg — ) cw)wl} .

Then positive constants Apm.1 (resp., Ann), depending on N, Bg, and m (resp.,
M), exist such that zo € RN \ supp(u(t,-)) for all t < (C/Apm1)'™™ (resp., t <
(C/Ar1) M),

The exponents 1/(m — 1) and 2/(M —1) in (1.15)—(1.16) are critical in our argu-
ment. A natural question is whether this is a technical or a substantial constraint. In
one space dimension we present a heuristic argument, based on the hyperbolic char-
acter of the equation near xg, which in fact suggests that the critical exponents are
optimal, in the sense that no waiting time phenomenon occurs if supp(ug) C [zg, 0)
and

(1.19) lim+(x - xo)fﬁuo(x) = +oo if u solves (1.3) or
14)10

(1.20) 1im+(x - xo)_ﬁuo(x) = 400 if u solves (1.4).
I—>I0

For (1.3), our heuristic argument also suggests that, when (1.19) is violated, a jump
instantaneously starts developing at the left boundary of the support, s_(t) (s—(0) =
Zo), causing its expansion. Scaling laws for both s_(¢) and the height of the jump at
that point may then be obtained using the method of characteristics and the Rankine—
Hugoniot condition: if ug(x) ~ (x —x0)$ as © — xo, then (see (5.9) and (5.10) below)

s_(t) — g ~ —tT=0 T and  up(t, s_(t)) ~tTAD  for t< 1.

Our heuristic seems to lead to different conclusions with respect to the numerical
and formal arguments in [9, section 4.2.1], where another critical exponent, 1/m, is
predicted for (1.3) (see Remark 5.1). Such discrepancy points toward the necessity of
sharp results on the nonoccurrence of a waiting time phenomenon, possibly through
the construction of suitable classes of subsolutions whose support instantaneously
expands.



2430 LORENZO GIACOMELLI

The argument for Theorem 1.4 is based on comparison. Therefore, another nat-
ural question is whether known energy methods, developed in recent years to study
the waiting time phenomenon for degenerate parabolic equations and systems (also
of higher order; see [15, 19, 20, 21]), may be adapted to cover the present class. This
would lead to general results for (1.1) rather than for specific models such as (1.3)
and (1.4), as well as to weaker, integral-type conditions on the initial datum, in the
spirit of those obtained in [1] for the porous medium equation: e.g., we expect that
(1.15) may be replaced by sup,. pome N fBT(zo) uo(z) do < +oo.

The note is organized as follows. In section 2 we review the concept of entropy
(super)solution and (slight generalizations of) basic known results; in section 3 we
prove Theorem 1.2; in section 4 we prove Theorem 1.4 and Corollary 1.5; finally, in

section 5 we present the heuristic argument in favor of the optimality of the exponents
in (1.15) and (1.16).

2. Entropy (super)solutions. The concept of entropy solutions to the Cauchy
problem for (1.1) was introduced in [3] and later extended in [10, 12]. At the core of
this concept is an entropy inequality (cf. (2.8) below) that we now introduce.

For a,b,/ € R we let

Tf}b(r) = max{min{b, r},a} — /.
We define the sets
TH={T!,: 0<a<b, t<a}, T ={TL,: 0<a<b, {>Db}.
We also use the following notation:

given T=T:, eTHUT ", welet TO:=T+(=T_,.

For f € L}, .(R) we let

(2.1) Ji(r) == /OT f(s)ds.

Let S,T € THUT . Formally testing (1.1) by T'(u)S(u)¢, with ¢ € C2°((0, 00) x RY),
after integration by parts we see that

/;Oo | Jrsendodt = /O+OO /RN T(u)S(w)a(u, Vu) - Vo da dt
22)  + /O - . ¢ (S(w)a(u, Vu) - VT (u) + T(uw)a(u, Vu) - VS(u)) dzdt.
Since VS(u) = V.S°(u) and u = S°(u) on supp(VS°(u)), we have
T(w)a(u, Vu) - VS(u) = T(u) a(u, Vu) - VS (u)

T
(2.3) =T(S°
where h is defined in Assumption 1.1(ii). Analogously,

(2.4) S(u)a(u, Vu) - VT (u) = S(T°(u))W(T°(u), VT°(u)).
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In view of (2.3)—(2.4), (2.2) may be rewritten as
+oo
/O /]R 6 (ST (), VTO(w) + T(S () h(S°(w), VS°(w))) dud

+oo
(2.5) = /0 /]RN (Jrs(u)dr — T'(u)S(u)a(u, Vu) - Vo) dz dt.

On passing from formal to rigorous arguments, e.g., when constructing a solution
to (1.1) as the limit of solutions to suitable approximating problems, one needs to
argue by lower semicontinuity on the left-hand side of (2.5). It turns out ([16] ; see
also the discussion in [3, sections 2.2 and 3.2]) that, for any nonnegative ¢ € C.(RY),
any T € Tt UT ", and any S €Lip(R;[0,00)) with S’ compactly supported (in
particular, any S € 77F),

R(¢Sh, T)(u) := o ¢S (T°(w))A(T° (u), VI (u)) dz + - ¢d|D* s, (T°(w))]

(2.6) < liminf [ @S(T°(un))h(T° (uy), VT (uy,)) da

n—oo RN

for any v € BV(RY) and any {u,} ¢ WHY(RY) such that u, — u in L'(R"), where
¢ is given by (1.8). (We use standard notation and concepts for BV functions [2].
In particular, for u € BV (RY), VulL¥ resp., D*u, denote the absolutely continuous,
resp., singular, parts of Du with respect to the Lebesgue measure £V.) Note that
under standard continuity and coercivity assumptions, when © c R¥ is a bounded
open set R(xaSh, T)(u) coincides with the relazation of the right-hand side of (2.6),
ie.,

R(xaSh,T)(u) = inf {lim inf [ S(T°(un))MT°(u), VT (uy)) dx}
n—oo Q
for any u € BV (Q), where the infimum is taken among all {u,,} € W(Q) such that
Up — u in L1() (see, e.g., [14]).
We denote by hg(u, DT (u)) the Radon measure defined by

(2.7) (hs(u, DT (u)), ¢) := R(pSh,T)(u) for all ¢ € C.(RN).

Combining (2.5)—(2.7) yields the following entropy inequality:
+oo
| thstw DT@) + e, DS(w). ) e
0

+oo
(2.8) < /0 /RN (Jrs(u)dr — T(uw)S(u)a(u, Vu) - Vo) dz dt.

This motivates the crucial part, (iv), of the definition of entropy solutions.
DEFINITION 2.1. Let ug € L¥(RY) N LY (RYN) nonnegative. A nonnegative func-
tion u € C ([0, +00); LY(RN))NL>®((0,00) x RY) is an entropy solution to the Cauchy
problem for (1.1) with initial datum wuo if u(0) = uo and
(i) Ty (u) € L}, ((0,400); BV(RN)) for all 0 < a < b;
(ii) a(u, Vu) € L2 ([0,00) x RY);
(iii) uwe = div(a(u, Vu)) in the sense of distributions;
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(iv) inequality (2.8) holds for any S, T € T+ and any nonnegative smooth function

¢ with compact support in (0,+00) x RV,

The following holds.

THEOREM 2.2. Let a be such that Assumption 1.1 holds. For any nonnegative
ug € L®RY) N LYRY) there exists at most one entropy solution to the Cauchy
problem for (1.1) with initial datum ug. In addition, if either

(H1) Do € C([0,00)) and A,B >0, o, B > 1 ewist such that Do(z) < Az® + B2"
for all z >0,
or
(H2) for any R > 0 there exists cr > 0 such that Co(z) > crz and p(z) > crz for
all z € [0, R],
then the entropy solution exists.

Remark 2.3. Theorem 2.2 is contained in, or follows from, earlier results in [3, 12]:
we refer to the appendix for details. We note that the flux a; in (1.10) satisfies (H1)
with Dg(z) = z™*! (cf. (1.12)) and that the flux ap in (1.11) satisfies (H2) with
Co(z) = z (cf. (1.13)—(1.14)). Hence Theorem 2.2 applies in particular to (1.3) and
(1.4).

The formal arguments behind the concept of supersolutions [5, Definition 5] are
analogous to the ones above, except that S € T : on defining hg(u, DT (u)) =
—h(—gy(u, DT (u)) for S € T~ and T' € T+ U T, they lead to the same inequality,
(2.8). In fact, in dealing with the waiting time phenomenon we need a slight extension
of [5, Definition 5], which does not require uniform boundedness in R¥.

DEFINITION 2.4. Let 7 > 0. A nonnegative function u € C([0,7); L}, . (RV))N
([0, 7] x RN) is an entropy supersolution to (1.1) in (0,7) x RN 4f
(i) T7y(u) € L}, ((0,7); BVioe(RYN)) for all 0 < a < b;
(ii) a(u(t), Vu(t)) € LS (RYN) for a.e. t € (0,7);
(iii) (2.8) holds for any S € T—, T € T", and any nonnegative smooth function
& with compact support in (0,7) x RV,

The following result generalizes [5, Theorem 2].

THEOREM 2.5. Let a be such that Assumption 1.1 holds. Let u be an entropy
solution to the Cauchy problem for (1.1) with initial datum ug € L=(RN) N LY(RY)
and W be an entropy supersolution to (1.1) in (0,7) withw(0) € LS (RN). Ifu(0) > ug
and either

(a) u(t) € BV(RY) for a.e. t € (0,7), uw € C([0,7); L*(RY)), T3,(m) € LY((0,7);

BV (RN)) for all 0 < a < b, and a(u(t), Vu(t)) € L>=(RN) for a.e. t € (0,7)

LOO

loc

or

(b) u(t) € BVipe(RY) for a.e. t € (0,7) and suppu N ([0, 7] x RY) is compact,
then u(t) > u(t) for all t € (0,7).

Proof. Case (a) is proved in [5]. Indeed, it is easy to check that, up to re-
defining a(z,v) = a(—z,v) for z < 0, Assumption 1.1 implies all the assumptions
of [5, Theorem 2| except for (H1) (cf. Theorem 2.2 above) and for two regular-
ity properties of u (namely, diva(u(t), Vu(t)) € (BV(RY))* for ae. t and u; €
(L},.([0,+00); BV5(RM)))*). However, following the proof one sees that the prop-
erties of Dy are only used for |z| € [a,b] with 0 < a < b < oo, hence (H1) is not used,
and that the two additional regularity properties of u are not used at all. Hence the
same proof applies under Assumption 1.1.

For case (b), we note that the proof of [5, Theorem 2] applies Kruzkhov’s doubling
argument, using (2.8) for both @ (in (s, y)-variables) and u (in (¢, z)-variables), with
testing functions

nm,n(t7x7 S, y) = pm(ff - y)ﬁn(t - 8)¢ <t —;— S> )
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where p,,, pn, are standard mollifiers and ¢ is a nonnegative smooth function with
compact support in (0, 7). The proof of (b) follows this argument very closely, hence
we only highlight the main changes. We add a cutoff in space, i.e., we use testing
functions

where v is a nonnegative smooth function with compact support in RY. In this
way, the arguments in [5, proof of Theorem 2] may be redone assuming only local
integrability of w. Passing to the limit as m,n — +o0, one finds that

- /T/ (u =)y dedt < — /T/ dX uswy(@(u, Vu) — a(u, Va)) - Vip dz dt.
0 RN 0 RN

Since supp(u) N ([0, 7] x RY) is compact, (u—u)4 = 0 and x{y>7} = 0in [0, 7] x {|z| >
R} for R sufficiently large. Hence, for any 1 such that ¢ =1 for |z| < R, we obtain

_/OT /RN(u—u)erqStdxdt <0,

and the conclusion follows from the arbitrariness of ¢ and . O

3. The finite speed of propagation property. In this section we prove The-
orem 1.2 by a generalization of techniques from [5].

Proof of Theorem 1.2. Let C' = supp(up) and let C(s) := C + B(0,s). We will
argue below that

(31) ﬂ(tvx) = ﬁXC(vt)a U 1= esssup (p/(Z)
z€(0,8)
is a supersolution to (1.1) in (0,7) x RY for all 7 > 0 and all 3 > 0. Choosing
B = |luollo we also have w(0) > ug: hence Theorem 1.2 follows from part (a) of
Theorem 2.5.
We note that
(3.2) a(u, Vu) = 0.

We also note that the function dc(z) := dist(z, C) is Lipschitz continuous in RY with
|Vdc(z)| = 1for a.e. v € RV\C (see, e.g., [18, proof of Lemma 3.2.34]). Furthermore,
one easily checks that {z € RY : do(x) = s} = dC(s) for all s > 0. Therefore dC(s)
is HV ~1-measurable for a.e. s > 0 (see [17, Lemma 2 in section 3.4.1]). We claim that

O X (vt) = vHNT1LOC (vt)

in the sense that

+0o0 +oo
(3.3) / / XC(vt) Pt drdt = —v / / dpdHN L de
0 RN 0 aC (vt)

for any smooth function ¢ with compact support in (0,00) x RY. We fix one of such
¢ and, for h > 0 so small that ¢ = 0 on (0,2h) x RY we compute

Foo t+h,z) — o(t,
1, :z/O /]RN Xc ) () il x})L o(t,7) dx dt

+oo _
_ _/ (b(t’x)XC(vt)(x) Xc-m)(@) o
h RN h
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Applying a corollary of the coarea formula, namely, [17, Theorem 2 in section 3.4.3],
we obtain

1 “+oo vt N1
I, =—- o(t, ) dH dsdt.
h Jh v(t—h) Joc(s)

Exchanging the order of integration (recall that supp ¢ is compact and ¢ = 0 in
(0,2h) x RY) and letting 5 = s/v, we find

“+o0 1 Ss+h
I, = —v/ / —/ o(t,x)dt dHN 1 ds,
h ac(vs) N Js

hence (3.3) follows passing to the limit as h — 0.

To complete the proof, take any 7 > 0, S € T, T € T, and any nonnegative
smooth function ¢ with compact support in (0,7) x RY. Arguing exactly as in the
proof of [5, Proposition 1, section 5.1], we obtain for the measure on the left-hand
side of (2.8) that

(3.4) hs(@(t), DT (@(t))) + hr(@(t), DS(@(t))) = Jirsyo(B)HY ' aC(vt)
for a.e. t > 0. Now,

B
Tarsyo(8) 2 (TSp) (8) — (TSe) (0) — / T(r)S(r)¢' (r) dr.

Since p(0) =0, 9 >0,S €T ,and T € T+, we have (T'S¢p)(8) <0, (T'S¢)(0) =0,
and, recalling (3.1), =T'(r)S(r)¢'(r) < =T'(r)S(r)v for any r € (0, 3). Therefore

p 2.1
(35) Trsyo() < —v [ T0)S()ar B —ors(s),
0
Combining (3.4) and (3.5), we obtain for the left-hand side of (2.8)
—+o0
| ths@ DT@) + bl DS @), 0)
0
+oo
(3.6) < —virs(B) / / 6dHN 1 dt,
0 oC (vt)
On the other hand, the right-hand side of (2.8) is given by
+oo
[ [ Grs@o - T@s@alm. va) - V) et
0 RN
+0o0 +oo
-l / / Jrs(@)¢py dadt D JTs(ﬁ)/ / XC(vt) Pt dz dt
0 RN 0 RN
(3.3)

+oo
(3.7) = —vJTS(B)/O /80( t)quHN_ldt.

Combining (3.6) and (3.7), we see that (2.8) holds. Hence % is a supersolution. O
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4. The waiting time phenomenon. In this section we prove Theorem 1.4 and
Corollary 1.5. We split the proof of Theorem 1.4 for the two equations.
Proof of Theorem 1.4, (1.3). We recall (1.3) and (1.10):

T

Up to a translation in space, we may assume without losing generality that xy = 0.
For A, «, 8 € (0,00), let

U(t,x) == At — ) Pre, o= a.
We will choose A, «, and 8 such that
(4.1) Fla):=u; —divay(u,Va) >0 forallt € (0,7), r > 0.
We note that
Fla) = AB(t —t) P~ — A™ (7 — t)"™F div a, (r®, Vr®).

Hence, choosing = 1/(m — 1),

A m
(4.2) Fla) = — (r—t) 71 (r* — (m— 1)A™ "divay (r*, Vr®)) .
Using
(4.3) Vr® =ar® 2z, |Vr*2 =a*?% Vr.z=r, dive=N,
we compute
am (e} am—1
M Vi) = e = Tt
/2 + [ Vre| \/1 z
d am—1 am—1
divay (r*, Vr®) = I ;2 Vr-z+ rizdivx
"A\WV1+ 5 Vit L
Tamfl 7ﬁ2
a2

Inserting (4.4) into (4.2) and choosing oo = 1/(m — 1), we see that

./—"[E] = mjil('r_t)_m"l1rml_1 (I—Am_lf ((m—l)QrQ)),
fls) = mE (N—-1)(m—1)+ (m+ (N —2)(m —1))|s|
' (1+s])3/? '

Note that ||f|lcc = f(0) = m + (N — 1)(m — 1). Hence, choosing A = A,, =
(m 4 (N —1)(m — 1))~ =1 we conclude that

1

(4.5) Ut, 1) 1= A (1 — £) " 71 g1

is such that (4.1) holds.
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We now show that the function % in (4.5) is a supersolution to (1.3) in (0, 7) x RY
for all 7 > 0 in the sense of Definition 2.4. Since @ € C((0,7); Wb (RN)), @ satisfies
(1) in Definition 2.4. Since

oy (4 1 o] "1 N
4.6 ai(u,Vu) = A, (1t —1t) m-1 e Ly .(]0,7) x R™Y),
46 an(mm) e )T € 1 (0.7) < BY)

u satisfies (i) in Definition 2.4. Hence, it remains to show that @ fulfills inequality
(2.8) forany T € T+, S € T, and ¢ € C°((0,7) x RY). Since u(t) € WHH(RY) for
all t € (0,7), (2.4)—(2.7) imply that

(hs(u, DT (w)) + hr(uw, DS (@), ¢) = o oay(u, Vu) - V(S([@)T (u)) dz,

hence inequality (2.8) reduces to
/00 ¢ay (u, Vau) - V(T (w)S(u)) dz dt
o JrN
(4.7) < / / (Jrs (@) by — T(@)S (@) (@, V) - Vo) da dt.
0o JrN

In order to prove (4.7), we start from (4.1): since T >0, ¢ >0, and S <0,
(4.8) 0> / / 6T (@)S(T) (T — divar (@, Va)) dz dt
0 JRN\B.(0)

for all € > 0, where B.(0) = {z € RY : |z| < ¢}. Integrating by parts in (4.8), we
obtain

/ h / bau (T, V) - V(T(W)S(@)) dz dt
0 RN\ B (0)
DS (@as (7. V) - ndyN -1
g/o ~/8(]RN\B€(O)) ¢T(w)S(w)ay (u, Va) -ndH" " dt
(4.9) + /0 /R o @0~ TS (7, V) - V) do.

The passage to the limit as e — 0 in (4.9) is straightforward: in view of (4.6) and
dominated convergence, the bulk integrals converge to their counterpart in RV and
the boundary integral vanishes. Therefore (2.8) holds and @ is a supersolution.

The statement now follows immediately from part (b) of Theorem 2.5. Indeed, in
view of (1.15), C' > 0 exists such that ug(x) < Clz|'/(™~V for a.e. + € RY. Choosing
T =T := (C/A») "™ in (4.5), we see that

up(z) < C|x|ﬁ = Am77ﬁ|x|ﬁ =u(0,z) for a.e. x € RV,

hence u <% in (0,7) x RY: since 4,, = Cr/ MY e obtain (1.17). a
Proof of Theorem 1.4, (1.4). We recall (1.4) and (1.11):

(M-1)=M"y if 2>0
up —divag(u, Vu) =0, as(z,v) =< 1+(M-1)2z2M-4|v|? ’
0 if z=0.
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Up to a translation in space, we may assume without losing generality that xy = 0.
For A, «, 8 € (0,00), let

U(t,x) == At — ) Pre, 1= a.
As above, choosing 5 = 1/(M — 1), for r > 0 we obtain
Flu) := 1w — divas(u, Vu)

A M Ta(Mfl)VT‘a
410) = — ) [ = (M= 1)2AM iy [ ) )
(410) = =5 -9 (T (M =1) w( T+ K2(t.r)

K(t,r) = APMDM = 1) (7 — ) 2202 g2
49 2000 (0p — 12?7 — 1) 2201,

Using (4.3) and arguing as in (4.4), we compute

T.a(Mfl)V,r,a areM-2,
v —] = le y—
1+ K2(t,r) 1+ K2(t,r)

am—20M + N =2+ (a+ N —1)K?(t,r)
ar
(1+ K2(t,r))3/2

(4.11) =
Inserting (4.11) into (4.10) and choosing o = 2/(M — 1), we obtain

Flu] = T —t) " wreweT (1 24AM T 1g(K2(t, 7))

ar -1
NM—-1)+2+((N-1)(M—-1)+2)|s]
(1+ [s)3/2 '

Note that [|g|lcc = ¢(0) = N(M — 1) + 2. Hence, choosing A = Ay := (2N(M —1) +
4)~YM=1) e conclude that F[a@] > 0 for all t € (0,7) and all 7 > 0. From here on,
the proof is completely analogous to the one for (1.3) and therefore we omit it. 0

We conclude with the proof of Corollary 1.5.

Proof of Corollary 1.5. We look only at (1.3), the proof for (1.4) being completely
analogous. We denote by {ey,...,en} the canonical basis of RY and we let z; = z-e;.
Up to a translation and a rotation in space, we may assume without losing generality
that 0 = xg € supp(up) and that w = ey, so that the exterior cone property becomes

g9(s) ==

(4.12)  supp(ug)NCp, =0, Cp,:= {x eRV: 2 < —BO|§|}7 T =T —x1€7.
If N =1 the proof is straightforward: we have Cp, = (—00,0) (for any By) and

(1.15),(4.12)  _1_ .
uo(x < Cx ' <Clr—z|m1 forall z<0anda.e. z €R.

Hence Theorem 1.4 may be applied with xy = z for all z < 0, leading to supp(u(t,-)) C
[0,00) for all t < (C/Am)t ™.
If N > 1, an elementary constrained minimization shows, for any B > 0, that

|| if @1 > |z|/B

: _ N
(4.13) dist(x,Cp) = { wlirfj‘glzl if 2 < |2|/B for all z € RY \ Cp.
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On the other hand, a simple computation shows that
(4.14) |z| <1 + Blz| for allz € RV \ Cp,

for all B such that B — 2ByB — 1 > 0, in particular, for B = By := By + /1 + BZ.
Therefore, for all x € RV \ Cp, we have

2] 92 dist(e,Cp) if z; > |z|/ B,
(4.14)

| < a1+ Bzl "2 I¥ Bldist(z,Cp,)  if 71 < |z]/Bu,
ie.,
(4.15) lz| < \/1+ B?|lz — 2| forallz € RN\ Cg,, 2z € Cp,.
Taking into account (4.12), (1.15) and (4.15) imply that
up(x) < C\/1+ B2z — 2|77 forall z € Cp, and a.e. z € RV,
Applying Theorem 1.4 with x¢ = z for all z € Cp,, we conclude that
supp(u(t,-)) N Cp, =0 forall t < 7. = (C\/1+ B} /A,,)' "™,
hence 0 € RN \ supp(u(t,-)) for all t < (Cy/1+ B?/A,)' ™. 0O

5. Heuristics. We present a heuristic argument, based on the hyperbolic char-
acter of the equations, in favor of the optimality of the exponents obtained in Theorem
1.4. Throughout the section we assume that

(5.1) uo(x) ~ Az in a neighborhood of = =0
and that the waiting time, denoted by 7, is positive:
(5.2) T :=sup {7 > 0: supp(u) N ([0, 7] X (—0,0)) = 0} > 0.

As proved in [11, 12], as soon as a jump discontinuity forms at x = 0, the front s_(¢)
(i.e., the left endpoint of supp(u(t,-))) will start moving with a velocity given by a
Rankine—Hugoniot relation:
(5.3)
ds_(t)
dt

ds_(t)
dt
Therefore u(t,-) must be continuous at = 0 for ¢ € [0,7,). We also assume that

u(t, ) is monotone and continuously differentiable in an open right-neighborhood of
rz=0.

= —(uy(t,s_ ()™ if u solves (1.3),

= —1 if u solves (1.4).

5.1. Equation (1.3). We argue for ¢ € [0,7). Since u(t,-) is monotone and
continuously differentiable in an open right-neighborhood of = 0, we have u(t, ) <
ug(t,-) in a right-neighborhood of & = 0. Therefore \/u? + u2 ~ uy, and we have

(5.4) up ~ (U™ = mu™ Ty,

in a right-neighborhood of z = 0. Let us now use the method of characteristics. For
n >0, let X,,(t) be such that U(t) := u(t, X, (t)) =n. We have

dX,,) . dXx,

dU .
= 1.e.
dt ’ dt

(5:5) 0=—

dX
=u + uthn ~ Uy <mum1 +
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The initial condition (5.1) yields

(5.6) AX,(0)% ~u(0,X,(0)) =7, ie, X,(0)=(n/A).

It follows from (5.5)—(5.6) that the characteristics are (at leading order) given by
Xy (t) ~ (/A —my 1,

Now, two characteristics with values n and & intersect if and only if

1/a _ ¢1/a
1/a m—1y, 1/a m—1 : 1oy N §
(5.7) (n/ A =™ M= (/AT —mem M, e, mAY Ot = g g1
and we have
0 if o<1,
) nl/oz _ é-l/oz B ) - ml_l
(5.8) lm —— = 1 if a=-——,

(€m)—(0,0) L — gm—1

For o > 1/(m —1), (5.7)—(5.8) show that, for short times, the characteristics emanat-
ing from a right-neighborhood of # = 0 do not intersect; in particular, no discontinuity
forms and no information travels through the characteristic Xo(¢) = 0, which is con-
sistent with a positive waiting time. Vice versa, for o < 1/(m — 1) the characteristics
emanating from a right-neighborhood of x = 0 instantaneously intersect, in contra-
diction with the continuity of u (hence, with a positive waiting time).

In the case @ < 1/(m—1), the instantaneous intersection of characteristics implies
that a shock instantaneously forms at @ = s_(0) = 0. As proved in [11, section 8], the
graph of u has a vertical contact angle at the shock: u,(t,z) — +oo as x — s_(t)7.
Hence (5.4) remains valid in a right-neighborhood of x = s_(t), and we may compute
the short-time evolution of the front, z = s_(t), by solving the caustic system

0 = F(tx,n) =x— ((n/A)l/o‘ —mn™ 1),
oF 1/a—1 )
= _— = — @ —1 m .
an oaa" +m(m— 1) <t

Letting a := 1 — a(m — 1) > 0, the solution is given by

& 1
a

n= (m(m - 1)ozA1/°‘t) R , z=—a(mA™ " (1—a)' 7).
Hence we recover the shock’s position at leading order for ¢ <« 1:
(5.9) s_(t) ~ —a(mA™ (1 - a)l_at)%
The height of the shock, uy(t,s_(t)), can be recovered through (5.3):

for t < 1.

ds_(t)
St

1
m—1 —a

(5.10) ug(t,s—(t)) = ( ) = (mA™ 1) 7m0 ((1-— a)t)m .

Remark 5.1. Rather than using the method of characteristics, the heuristic in
[9] fixes the domain, passing to Lagrangian coordinates. It is argued that the waiting
time 7, is characterized by w4 (7, s— (7)) = 0 and u4(¢,s_(¢)) > 0 for ¢ > 7. This
characterization, which is fully consistent with our argument above, is then translated
into the condition -Lu(t,s_(t))|t=r. > 0, leading to a < 1/m: such translation
does not seem to be optimal, since u, (¢, s_(t)) may become positive after 7, even
if Lu(t,5_(t))|=-. = 0. Note that the two arguments are consistent, in the sense
that (5.10) also yields Luy (¢, s_(t))|t=r. > 0 if and only if a < 1/m.
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5.2. Equation (1.4). We argue for t € [0,7.) (see (5.2)). We distinguish two
cases:

(1) If (uM=1(t,2)),)?> > 1 in a right-neighborhood of z = 0, at leading order
(1.4) reads as

Ut ~ —Ug,

whose characteristics have slope —1, thus violating the assumption of a positive wait-
ing time.

(2) If (uM~1(t,2)),)*> < 1 in a right-neighborhood of z = 0, at leading order
(1.4) reads as

ug ~ (M —1) (qulux)w;

hence the solutions to (1.4) locally behave as those of the porous medium equation,

for which a waiting time phenomenon is known to occur if and only if o > 2/(M —1).
Therefore a waiting time phenomenon can occur only if o« > 2/(M — 1) (and

((u™~1),)? < 1 as z — 0T, which in this case is automatically satisfied).

Appendix. In this section we give details concerning the existence and unique-
ness statements in Theorem 2.2.

The uniqueness part of Theorem 2.2 is proved in [3]. The argument is identical
to that given in the proof of Theorem 2.5(a).

When (H1) holds, the existence part of Theorem 2.2 is proved in [3]. Indeed,
it is easy to check that, up to redefining a(z,v) = a(—z,v) for z < 0, Assumption
1.1 and (H1) imply all the assumptions in [3, Theorem 4.5]. Note that the bounds
u € L>®((0,00) x RY) and a(u, Vu) € L2 ([0,00) x RY) are not explicitly stated in

loc

[3, Theorem 4.5]; however, they are proved (see formulas (4.6), (4.10), and (4.22) in
[31)-

When (H2) holds, the existence part of Theorem 2.2 follows from [12, Theorem
5.3], applied with M = 1 and ®(u) = u. Indeed, given ug € L>=(RY) N LY (RY) and
a =V, f satisfying Assumption 1.1, let Ry > |luo||co and define

1 | flzwv) if 0 < z < Ry,
1z v) '_{ f(Ro,v) if 2 > Ry. ’

One readily sees that a(z,v) := Vy f(z,v) satisfies Assumption 1.1 and (H2) with
constants independent of R. This implies that the assumptions of [12, Theorem 5.3]
are satisfied: hence there exists an entropy solution @ of

(1.1) up = diva(u, Vu), u(0,z) = uo(z)

in the sense of [12, Definition 5.1]. Now, in [12, Theorem 5.3] the bound ||| <
[luolleo < Ro is proved, though not explicitly stated (see formulas (3.24) and (4.5)
in [12]); in addition, the class of truncatures in [12, Definition 5.1] contains 7.
Therefore 4 is also an entropy solution of (1.1) in the sense of Definition 2.1. Since
a(z,v) = a(z,v) for z € [0, Ryl this yields the result.
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