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Abstract— We introduce a new notion of generalized homoge-
neous approximation at the origin and at infinity which extends
the classical notions. Homogeneous systems in the generalized
sense are a very large class of nonlinear systems, including
(lower and upper) triangular systems. Exploiting this extension
we give basic results concerning stabilization and robustness
of nonlinear systems which have a generalized homogeneous
approximation at zero and at the origin.

I. INTRODUCTION

The problem of designing stabilizing feedback control
laws for nonlinear systems has been addressed by many
authors with different approaches. Many of these use dom-
ination tools and robustness. In a domination approach the
stability of a system 9x “ fpxq`gpxqu`φpxq is ensured by
designing a stabilizing feedback controller for 9x “ fpxq `
gpxqu provided that the stability property of the closed-loop
system is robust with respect to the perturbation φpxq. This
domination idea has been largely exploited by employing
homogeneous feedback controllers with homogeneous sys-
tems 9x “ fpxq ` gpxqu ([4], [11], [5], [8], [9], [10]). The
idea of extending this approach to system which are not
homogeneous but admit a homogeneous approximation at the
origin, i.e. when the state tends to the origin, is pursued in
[3], [11] and [5]. Recently, in [2] this domination technique
has been extended to systems which are not homogenous but
become homogeneous as the state tends to the origin or to
infinity but with different weights and degrees (homogeneous
approximation in the bi-limit). However, maps like fpxq “
px2, c0x

q
2 ` c8x

p
2q

T , 0 ă q ă p, admits a homogeneous
approximation at the origin and at infinity only when p ă 2.
Homogeneity (in the bi-limit) in the classical sense of a
given map fpxq is characterized by some degree d and
weights r. In this paper, following some preliminary papers
([1]), we introduce a generalized notion of homogeneity
(in the bi-limit), which significantly enlarges the class of
homogeneous maps (in the classical sense). The difference is
that a generalized homogeneous map fpxq is characterized
by some vector degree d and weights r. The degree di of
fpxq is the homogeneity degree of the component fipxq.
For example, fpxq “ px2, c0x

q
2 ` c8x

p
2q

T , 0 ă q ă p,
is homogeneous (in the bi-limit) in the generalized sense
whatever p ą q is. The homogeneity in a generalized sense
(unlike the notion of generalized homogeneity introduced in
[1]) shares all its properties with the homogeneity in the
classical sense ([4], [11], [5], [8], [2]). We will use this new
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notion to design a homogeneous (in the bi-limit) stabilizing
state-feedback together with a Lyapunov function with a
homogeneous (in the bi-limit) derivative for a chain of power
integrators and then consider this dynamics as the dominant
dynamics near the origin and infinity of a chain of power
integrators with nonlinear perturbations. By the domination
approach we establish the global asymptotic stability of
chain of power integrators with nonlinear perturbations. For
reasons of space, we focus our analysis on state feedback
stabilization, leaving output feedback stabilization for a more
complete study.

II. NOTATION

‚ Rn (resp. Rnˆn) is the set of n-dimensional real column
vectors (resp. n ˆ n matrices). Rě (resp. Rn

ě) denotes
the set of real non-negative numbers (resp. vectors in
Rn with real non-negative entries) and Rą (resp. Rn

ą)
denotes the set of real positive numbers (resp. vectors
in Rn with real positive entries).

‚ For any G P Rpˆn we denote by Gij the pi, jq–th entry
of G and for any G P Rp by Gi the i–th element of G.
We retain a similar notation for functions.

‚ For any real r ą 0 we define w ÞÑ wr as wr “

sgntwu|w|r. Notice that

w1 ą w2 ñ wr
1 ą wr

2,
dpwrq

dw
“ r|w|r´1.

‚ The dilation of a vector x P Rn with weights r P Rn

and parameter ε ą 0 is defined as

εr ˛ x– pεr1x1, ¨ ¨ ¨ , ε
rnxnq

T

We also use the notation xp – pxp1

1 , ¨ ¨ ¨ , x
pn
n q

T for
x, p P Rn.

III. GENERALIZED HOMOGENEITY

In this section we introduce the notion of generalized
homogeneity (in the bi-limit).

Definition 3.1: (Generalized homogeneity). A function
φ P C0

pRn,Rlq is said to be homogeneous (in the gener-
alized sense) with triple pr, e,Φq (weights r and degrees e) if
there exist e P Rl

ězt0u, r P Rn
ą and Φ P C0pRn,Rlq such

that for all w P Rnzt0u and ε ą 0

φpεr ˛ wq “ εe ˛Φpwq (1)
Remark 3.1: Definition 3.1 generalizes the definition of

homogeneity (in the classical sense: [4], [11], [5]) as follows:
φ P C0pRn,Rnq is homogeneous (in the classical sense)
with weights r and degree e0 if and only if φ is homogeneous



(in the generalized sense) with weights r and degrees e such
that ej ´ rj “ e0 for all j “ 1, . . . , n.

Remark 3.2: Weigths and degrees are not uniquely de-
fined. Any homogeneous (in the generalized sense) φ with
triple pr, e,Φq is also homogeneous (in the generalized sense)
with triple pkr, ke,Φq for any k ą 0.

The function

φpxq–

ˆ

x2
x21 ` x

3
2

˙

(2)

is homogeneous (in the generalized sense) with triple

pr, e,Φq “
´

ˆ

1
2
3

˙

,

ˆ

2
3
2

˙

,

ˆ

x2
x21 ` x

3
2

˙

¯

Note that φ is not homogeneous (in the classical sense).
If a function φpxq is not homogeneous (in the generalized

sense), it might become homogeneous (in the generalized
sense) when x is close to the origin or to infinity. The
following definitions generalize the notion of homogeneous
approximation of a function at infinity and around zero.

Definition 3.2: (Generalized homogeneity in the 8-
limit). A function φ P C0pRn,Rlq is said to be (in the
generalized sense) homogeneous in the 8-limit with triple
pr8, e8,Φ8q (weights r8, degrees e8 and approximating
functions Φ8) if there exist e8 P Rl

ězt0u, r
8 P Rn

ą and
Φ8 P C0pRn,Rlq such that for each λ8 ą 0 and compact
set C Ă Rnzt0u there exists ε8 ą 0 for which

max
wPC

›

›

›
ε´e8 ˛ φpεr

8

˛ wq ´Φ8pwq
›

›

›
ď λ8 (3)

for all ε ě ε8.
The function

φpxq–

ˆ

x2
x21 ` x

3
2 ` x

1
2
2

˙

(4)

is homogeneous in the 8-limit with triple

pr8, e8,Φ8q “
´

ˆ

1
2
3

˙

,

ˆ

2
3
2

˙

,

ˆ

x2
x21 ` x

3
2

˙

¯

Note that φ is not homogeneous in the 8-limit (in the
classical sense).

Remark 3.3: The approximating function Φ8 is homo-
geneous (in the generalized sense) with triple pr8, e8,Φ8q.
Indeed, for each µ ą 0 and w P Rn

Φ8i pµ
r8 ˛ wq

µe
8
i

“ lim
εÑ`8

φ8i ppεµq
r8 ˛ wq

pεµqe
8
i

“ Φ8i pwq(5)

Definition 3.3: (Generalized homogeneity in the 0-limit).
A function φ P C0pRn,Rlq is said to be homogeneous (in
the generalized sense) in the 0-limit with triple pr0, e0,Φ8q
(weights r0, degrees e0 and approximating functions Φ0) if
there exist e0 P Rl

ězt0u, r
0 P Rn

ą and Φ0 P C0pRn,Rlq such
that for each λ0 ą 0 and compact set C Ă Rnzt0u there exists
ε0 ą 0 for which

max
wPC

›

›

›
ε´e0 ˛ φpεr

0

˛ wq ´Φ0pwq
›

›

›
ď λ0 (6)

for all ε ď ε0.

The function

φpxq–

ˆ

x2
x21 ` x

3
2 ` x

1
2
2

˙

(7)

is homogeneous (in the generalized sense) in the 0-limit with
triple

pr0, e0,Φ0q “

´

ˆ

1
4

˙

,

ˆ

4
2

˙

,

ˆ

x2
x21 ` x

1
2
2

˙

¯

Note that φ is not homogeneous in the 0-limit (in the
classical sense).

Definition 3.4: (Generalized homogeneity in the bi-limit).
A function φ P C0pRn,Rlq is said to be homogeneous (in the
generalized sense) in the bi-limit with triple pr8, e8,Φ8q and
pr0, e0,Φ0q if it is homogeneous (in the generalized sense) in
the 8-limit with triple pr8, e8,Φ8q and homogeneous (in
the generalized sense) in the 0-limit with triple pr0, e0,Φ0q.

Remark 3.4: Definitions 3.2, 3.3 and 3.4 generalize the
definition of homogeneity in the 8-limit, 0-limit and bi-
limit (in the classical sense: [2]). Weigths, degrees and
approximating functions are not uniquely defined.

Consider the vector field φpxq – pxp2, c
0xq

0

2 ` c8xq
8

2 q

with p ą 0, 0 ă q0 ă q8 and c8, c0 ě 0. It can be
seen that φ is homogeneous (in the generalized sense) in the
bi-limit with triple pp1, 2p q, p1,maxt1, 2pq

p
´1q
p q, pxp2, c

pxq
p

2 q,
p “ 0,8. In comparison with the notion of homogeneity in
the bi-limit of [2] it is not required that q0, q8 ă 2.

Remark 3.5: (Triangular maps are homogeneous in the
bi-limit). Homogeneity (in the generalized sense) in the bi-
limit significantly enlarges the class of homogeneous maps
(in the classical sense) in the bi-limit. In particular, triangular
maps φ are always homogeneous (in the generalized sense)
in the bi-limit with some triple prp, ep,Φpq, p “ 0,8.
Similar facts hold for φ norm-bounded by triangular maps.

From now on we will omit the term “in the generalized
sense”.

IV. HOMOGENEOUS STATE FEEDBACKS FOR A
CHAIN OF POWER INTEGRATORS

The notion of homogeneity (in the generalized sense) in
the bi-limit is instrumental to introduce new stabilization
methods. Throughout this section we consider a chain of
n power integrators, i.e.

9x “ Axp `Bu (8)

where A P Rnˆn, B P Rnˆ1, p P Rn
ą such that pj ,

j “ 1, . . . , n, is the ratio of odd numbers and pA,Bq is
in Brunowskii form. For any non-decreasing sequence of
reals td8j uj“1,...,n (resp. non-increasing sequence of reals
td0juj“1,...,n) we see that to obtain homogeneity (in the
generalized sense) of the vector field associated to (8) with
degrees pr8 ` d8q (resp. pr0 ` d0q) and weights r8 (resp.
r0) we must choose r8 (resp. r0) as follows

rpj “
rpj´1 ` dpj´1

pj
, j “ 2, . . . , n, p “ 0,8. (9)



Also, in this context it is natural to require that

rpi ` dpi ě 0, @i “ 1, . . . , n, p “ 0,8. (10)

(rpi ` dpi is the degree of the i-th component of the vector
field associated to (8)).

It is known that (8) can be rendered homogeneous (in
the classical sense) in the bi-limit by using a stabilizing
homogeneous in the bi-limit state feedback which can be
designed by backstepping ([2]) and a converse Lyapunov
result for homogeneous systems ([11]). In this section we
show that this property can be extended to the case of
homogeneity (in the generalized sense) in the bi-limit. More
precisely, we show that there exists a homogeneous (in the
generalized sense) in the bi-limit function αpxq such that
the vector field f :“ Ax ` Bα (associated to the closed-
loop system (8) with u “ α) is homogeneous (in the
generalized sense) in the bi-limit with triple prp, rp`dp,Fpq,
p “ 0,8. We will do this by first defining a homogeneous
in the bi-limit control law for (8) and then a homogeneous
in the bi-limit Lyapunov function V for the closed-loop
system. We do not follow the step-by-step approach of [2],
which requires at each step a converse Lyapunov result for
homogeneous systems ([11]), and give the controller in one
step. This provides new types of controllers even in the case
of homogeneity in the bi-limit in the classical sense.

A. Definition of the state feedback law

Let Xj :“ px1, . . . , xjq and p1 :“ 1. Define recursively
the following function

αpxq :“ αnpXnq

αjpXjq :“ re´pζ
j,0
q
apr0j`d0

j`pir
0
j qpζj,8qmj

pαj,0pXjqqa

`p1´ e´pζ
j,0
q
apr0j`d0

j`pjr
0
j qpζj,8qmj

qpαj,8pXjqqas
1
a

j “ 1, . . . , n´ 1, α0 :“ 0, (11)

with

αj,ppXjq :“ ´γjpζ
j,ppXjqq

rpj`dp
j´pjr

p
j ¨

¨

´

x
apj

j ´ pαj´1qapXj´1q

¯
1
a

,

ζj,ppXjq “:
´

j
ÿ

i“1

ˇ

ˇ

ˇ
xapi

i ´ pαi´1qapXi´1q

ˇ

ˇ

ˇ

b

apir
p
i

¯
1
b

(12)

for p “ 0,8 and a, b,mi ě 1, i “ 1, . . . , n, such that

a ą max
k“1,...,j
j“1,...,n

r0k
pjr0j

(13)

b ą max
l“1,...,n

aplr
p
l (14)

mi ą a max
l“1,...,i

plr
8
l (15)

mi ą apr8i ` d8i q, i “ 1, . . . , n, (16)

and γ1, . . . ,γn ě 1 are positive reals to be specified later.
Proposition 4.1: Let td8j uj“1,...,n (resp. td0juj“1,...,n) be

non-decreasing (resp. non-increasing) sequence of reals and
rp, p “ 0,8, be as in (9) and satisfy (10). The vector field
fn :“ Axp`Bαn is continuous over Rn and homogeneous

(in the generalized sense) in the bi-limit with triple prp, rp`
dp,Fn,pq, p “ 0,8, where

Fn,p
i :“ x

pi`1

i`1 , i “ 1, . . . , n´ 1,

Fj,p
n :“ ´γjpZ

j,pq
aprpj`dp

j´pjr
p
j q ¨

¨

´

x
apj

j ´ pFj´1,p
n qapXj´1q

¯
1
a

, j “ 1, . . . , n, F0,p
n :“ 0,

with

Zj,p “:
´

j
ÿ

i“1

ˇ

ˇ

ˇ
xapi

i ´ pFi´1,p
n qa

ˇ

ˇ

ˇ

b

apir
p
i

¯
1
b

, (17)

Proof: We claim that fn is continuous over Rn. It is
sufficient to prove continuity of αn. Let do this by induction.
Assume that αj´1 for some j “ 2, . . . , n is continuous
over Rj´1. By the induction hypothesis, on account of
(10) and continuity of ζj,p, p “ 0,8, over Rj , since
|pαj,pqa| ď γjpζ

j,pq
aprpj`dp

j q for p “ 0,8 and for all
Xj P Rjzt0u, αj is continuous over Rj with αjp0q “ 0.
With similar arguments we prove continuity of α1 over R.
This concludes by induction the proof that αn (and therefore
fn) is continuous over Rn.

Let Rp :“ prp1, . . . , r
p
j q. To prove the second part of

the proposition, first we show by induction that αn is
homogeneous in the bi-limit with triple prp, rpn ` dpn,F

n,p
n q,

p “ 0,8.
Induction Step pj ´ 1q. αj´1 for some j ă n is

homogeneous in the bi-limit with triple pRj´1,p, rpj´1 `

dpj´1,F
j´1,p
n q, p “ 0,8.

We show that the induction step holds for j. This follows
from the induction step, (10), propositions 1.1, 1.5, 1.6 (if
rpj`dpj´pjr

p
j ě 0), 1.7 (if rpj`dpj´pjr

p
j ă 0) and 1.8 and the

fact that ζj,p is positive definite and radially unbounded over
Rj . In a similar way, we prove that α1 is homogeneous in the
bi-limit with triple prp1, r

p
1 ` dp1,F

1,p
n q, p “ 0,8. Therefore,

by induction we conclude that αn is homogeneous in the
bi-limit with triple prp, rpn ` dpn,F

n,p
n q, p “ 0,8. Using the

definition (9) finally we establish that fn is homogeneous in
the bi-limit with triple prp, rp ` dp,Fn,pq, p “ 0,8.

Remark 4.1: Notice that if r0k ă r0jpj for all j “ 1, . . . , n
and k “ 1 . . . , j and p “ 0,8 then a simple choice of a is
a “ 1. Also notice that when d8j ą d0j for all j “ 1, . . . , n
on account of proposition 1.2 , the definition of αj can be
remarkably simplified as αj :“ rpαj,0qa ` pαj,8qas

1
a .

B. Construction of the Lyapunov function

Let

pd, hq P R2 ÞÑ δd,h “

"

1 if d “ h
0 otherwise

(18)

Define the following numbers

cpj :“ wp ´ dpj ´ rpj ´ apjr
p
j , (19)

j “ 1, . . . , n, for some w0,w8 ą 0 such that c0, c8 ą 0
and

c8j ` r8j ´ apjr
8
j ´ r8k ą c0j ` r0j ´ apjr

0
j ´ r0k ą 0,



1 ď k ď j, and recursively the following function

V pxq :“ V npXnq, V jpXjq :“ V j´1pXj´1q ` V j,0pxq

`V j,8pxq, j “ 1, . . . , n´ 1, V 0px1q :“ 0, (20)

where

V j,ppXjq :“ pζj,pqc
p
j pXjq ¨

¨

ż xj

pαj´1pXj´1qq

1
pj

rsapj ´ pαj´1pXj´1qqasds, p “ 0,8.

We have the following result.
Proposition 4.2: Let td8j uj“1,...,n (resp. td0juj“1,...,n) be

non-decreasing (resp. non-increasing) sequence of reals and
rp, p “ 0,8, be as in (9) and satisfy (10). Moreover, let m,
a and b satisfy (14), (13) and (15) and cp, p “ 0,8, be as in
(19) and satisfy (20). The function V n is positive definite and
radially unbounded over Rn and p BV

n

Bx q
T is continuous over

Rn and homogeneous (in the generalized sense) in the bi-
limit with triple prp, pwp´dp1´rp1, . . . ,w

p´dpn´rpnq,V
n,pq,

p “ 0,8.
Proof:

We proceed by induction. As usual let Rp :“
prp1, . . . , r

p
j q

T , p “ 0,8.
Induction Step pj ´ 1q. For some integer j P r2, ns

the function V j´1 is positive definite and radially un-
bounded over Rj´1, p BV

j´1

BXj´1 q
T is continuous over Rj´1,

with p BV
j´1

BXj´1 q
T p0q “ 0, and homogeneous (in the gen-

eralized sense) in the bi-limit with triple pRj´1,p, pwp ´

dp1 ´ rp1, . . . ,w
p ´ dpj´1 ´ rpj´1q, pV

n,p
1 , . . . ,Vn,p

j´1q
T q, p “

0,8, and p
Bpαi

q
a

BXi q
T , i “ 1, . . . , j ´ 1, is continuous

over Ri, with p Bpα
i
q
a

BXi q
T p0q “ 0, and homogeneous in the

bi-limit with triple pRi,p, api`1r
p
i`1 ´ rp1, . . . , api`1r

p
i`1 ´

rpi , pD
i,p
1 , . . . ,Di,p

i q
T q, p “ 0,8.

We show that the induction step holds for j.
(V j is proper and radially unbounded over Rj). Since ζj,p,

p “ 0,8, is positive definite and radially unbounded over
Rj and by the induction hypothesis (V j´1 is positive definite
and radially unbounded over Rj´1), V j is positive definite
and radially unbounded over Rj .

(p BV
j

BXj q
T is continuous over Rj). Use the induction hypoth-

esis, (9), (10), (13), (14), (15), (20) and the fact that ζi,p,
1 ď i ď j and p “ 0,8, is positive and continuous over
Rizt0u and ζl,p ď ζj,p, p “ 0,8, for all l ď i ď j ´ 1 and
Xj P Rj .

( Homogeneity of p BV
j

BXj q
T ). Use the induction hypothesis,

(16), (20) and propositions 1.1, 1.2, 1.4, 1.5 and 1.8.
This proves the induction step for j. It is easy to see that

V 1 is positive definite and radially unbounded over R, BV
1

Bx1

is continuous over R and homogeneous (in the generalized
sense) in the bi-limit with triple prp1,w

p ´ dp1 ´ rp1,V
n,p
1 q,

p “ 0,8. This concludes the proof by induction.
As a second step, we prove that the derivative of V along

the trajectories of the closed-loop system (8) with u “ αn

is negative definite.
Proposition 4.3: Let td8j uj“1,...,n (resp. td0juj“1,...,n) be

non-decreasing (resp. non-increasing) sequence of reals and

rp, p “ 0,8, be as in (9) and satisfy (10). Moreover, let
m, a and b satisfy (14), (13) and (15) and cp, p “ 0,8,
be as in (19) and satisfy (20). The function p BV

n

BXn qf
n is

homogeneous (in the generalized sense) in the bi-limit with
triple prp,wp, p BV

n

Bx fnqpq, p “ 0,8, where p BV
n

Bx fnqp :“
řn

i“1 V
n,p
i Fn,p

i . Moreover, there exist γ˚1 , . . . ,γ
˚
n ą 0 such

that

p
BV n

Bx
fnqpxq ă 0, p

BV n

Bx
fnqppxq ă 0, p “ 0,8, (21)

for all x ‰ 0 and for all γj ě γ˚j , j “ 1, . . . , n.
Proof: We proceed by induction. Let f jpXjq :“

pxp2

2 , ¨ ¨ ¨ , x
pj

j ,α
jpXjqqT with f1px1q :“ α1px1q. Moreover,

Rj,p :“ prp1, . . . , r
p
j q

T , p “ 0,8.

Induction Hypothesis. p BV
j

BXj qf
j is for some j P r1, n´ 1s

homogeneous in the bi-limit with triple pRp
k,w

p, p BV
j

Bx f
jqpq,

p “ 0,8, where p BV
j

Bx f
jqp :“

řj
i“1 V

n,p
i Fn,p

i . Moreover,
there exist γ˚1 , . . . ,γ

˚
j ą 0 such that

p
BV j

BXj
f jqpXjq ă 0, p

BV j

BXj
f jqppXjq ă 0, p “ 0,8 (22)

for all Xj P Rjzt0u and for all γi ě γ˚i , i “ 1, . . . , j.
We will prove the induction step for j ` 1. Notice that

BV j`1

BXj`1
f j`1 “

BV j`1

BXj

¨

˝

xp2

2
...

x
pj`1

j`1

˛

‚`
BV j`1

Bxj`1
αj`1

:“ ξj`1 ´ γj`1σ
j`1 (23)

From proposition 4.2 and since xj`1´pα
jq

1
pj`1 and xapj`1

j`1 ´

pαjqa as well as xj`1 ´ pFjq
1

pj`1 and xapj`1

j`1 ´ pFjq
a have

the same sign, it follows that σj`1 is nonnegative and it is
zero only at points Xj P Rjzt0u : xj`1 ´ α

j “ 0, as well
as wj`1,p, p “ 0,8, is nonnegative and zero only at points
Xj P Rjzt0u : xj`1 ´ Fk,p

j`1 “ 0. This together with the
induction hypothesis implies that

tXj`1 P Rj`1zt0u : σj`1 “ 0u

Ă tXj`1 P Rj`1zt0u : ξj`1 ă 0u

tXj`1 P Rj`1zt0u : wj`1,p “ 0u

Ă tXj`1 P Rj`1zt0u : Ξj`1,p ă 0u, p “ 0,8,

for all γi ě γ˚i , i “ 1, . . . , j. By application of proposition
1.9 to ξj`1 and σj`1 it is concluded that there exist
γ˚1 , . . . ,γ

˚
j`1 ą 0 such that

p
BV j`1

BXj`1
f j`1q ă 0

p
BV j`1

BXj`1
f j`1q

p
j ă 0, j “ 1, . . . , j ` 1, p “ 0,8

for all Xj`1 P Rj`1zt0u and for all γi ě γ˚i , i “ 1, . . . , j`
1, i.e. the induction hypothesis for j ` 1.

We conclude the proof of the proposition by induction. It is
easy to see that BV

1

Bx1
f1 is homogeneous (in the generalized



sense) in the bi-limit with triple prp,wp, p BV
1

Bx1
f1qpq, p “

0,8, where p BV
1

Bx1 f
1qp :“ V1,p

1 F1,p
1 . Moreover,

p
BV 1

Bx1
f1q ă 0, p

BV 1

Bx1
f1qp ă 0, p “ 0,8,

for all x1 ‰ 0 and for any γ1 ą 0. This completes the proof
of the proposition by induction.

V. RESULTS ON STATE FEEDBACK
STABILIZATION AND ROBUSTNESS

The following result is the key result for establishing the
global asymptotic stability of a given system from the global
asymptotic stability of its approximations at zero and at
infinity.

Proposition 5.1: Assume
(i) the existence of positive definite and radially
unbounded V : Rn Ñ R such that p BV

Bx q
T is contin-

uous over Rn and homogeneous (in the generalized
sense) in the bi-limit with triple prp, pwp ´ dp1 ´
rp1, . . . ,w

p ´ dpn ´ rpnq,V
pq, p “ 0,8,

(ii) f : Rn Ñ R and g : Rn Ñ R are continuous
and homogeneous (in the generalized sense) in the
bi-limit with triple prp, df,p ` rp,Fpq, p “ 0,8,
and, respectively, prp, dg,p`rp,Gpq, p “ 0,8, with
df,8j ě dg,8j , df,0j ď dg,0j , j “ 1, . . . , n,
(iii) for all nonzero x

p
BV

Bx
fqpxq ă 0, p

BV

Bx
fqppxq ă 0, p “ 0,8 (24)

where p BV
Bx fq

0 and p BV
Bx fq

8 are the approximating
functions associated with BV

Bx f at zero and, respec-
tively, at infinity.

There exists c˚ ą 0 such that the origin of 9x “ fpxq`cgpxq
is globally asymptotically stable for all c P r0, c˚s.

From this proposition, together with proposition 4.2 and
1.2, it readily follows a stabilization result on a chain of
power integrators with a nonlinear additive perturbation.

Theorem 5.1: Let td8j uj“1,...,n (resp. td0juj“1,...,n) be
non-decreasing (resp. non-increasing) sequence of reals and
rp, p “ 0,8, be as in (9) and satisfy (10) and consider the
system 9x “ Axp ` Bu, where A P Rnˆn, B P Rnˆ1 and
pA,Bq is in Brunowskii form. Assume

(i) g : Rn Ñ R is continuous and homogeneous
(in the generalized sense) in the bi-limit with triple
prp, vp ` rp,Gpq, p “ 0,8, with d8j ě v8j , d0j ď
v0j , j “ 1, . . . , n.

There exist c˚,γ˚1 , . . . ,γ
˚
n ą 0 such that the origin of 9x “

Axp ` Bu ` cgpxq with u “ αpxq and α defined in (11),
is globally asymptotically stable for all c P r0, c˚s and γj ě
γ˚j , j “ 1, . . . , n.

VI. CONCLUSIONS

In this paper we have introduced a generalized notion of
homogeneity and homogeneous approximations. Generalized
homogeneity has most of the properties of classical homo-
geneity but captures a much larger class of nonlinear maps.
Generalized homogeneity allows to design homogeneous

state feedback stabilizers for vector fields such as chain
of integrators and then stabilization is retained despite of
nonlinearities with a homogeneity degree greater at the
origin and smaller at infinity of the one of the chain of
integrators. Further study will be devoted to output feedback
stabilization.
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APPENDIX

Throughout we will omit the term “in the generalized
sense”.

1) Linear combinations of homogeneous functions: The
following results can be proved as a direct consequence of
our definitions.

Proposition 1.1: (Sum of functions). Assume that φ,ψ :
Rn Ñ Rl are homogeneous in the bi-limit with
triple prφ,p, vφ,p,Φpq, p “ 0,8, and, respectively,
prψ,p, vψ,p,Ψpq, p “ 0,8 such that for all i “ 1, . . . , l and
j “ 1, . . . , n

vφ,p
i

rφ,p
j

“
vψ,p
i

rψ,p
j

(25)

The function φ`ψ is homogeneous in the bi-limit with triple
prφ,p, vφ,p,Φp ` Ψpq, p “ 0,8.

Proposition 1.2: (Domination). Assume that φ,ψ :
Rn Ñ Rl are homogeneous in the bi-limit with
triple prφ,p, vφ,p,Φpq, p “ 0,8, and, respectively,
prψ,p, vψ,p,Ψpq, p “ 0,8 such that for all i “ 1, . . . , l and
j “ 1, . . . , n

rψ,p
1

rφ,p
1

“ . . . “
rψ,p
n

rφ,p
n

,

vφ,8
i ą vψ,8

i presp.vφ,0
i ă vψ,0

i q (26)



The function φ ` ψ is homogeneous in the 8-(resp. 0-)limit
with triple pr8, vφ,8,Φ8q (resp. pr0, vφ,0,Φ0q).

2) Absolute value: This proposition follows directly from
the fact that ||a| ´ |b|| ď |a´ b| for all a, b P R.

Proposition 1.3: (Absolute value of functions). Assume
that φ : Rn Ñ Rl is homogeneous in the bi-limit
with triple prφ,p, vφ,p,Φpq, p “ 0,8. The function
p|φ1|, . . . , |φn|q

T is homogeneous in the bi-limit with triple
prφ,p, vφ,p, p|Φp

1|, . . . , |Φ
p
l |q

T q, p “ 0,8.

3) Derivative and integral of homogeneous functions:
It is not possible to say anything on Bφ

Bxi
when dealing

with homogeneity in the bi-limit. On the other hand, for
the integral of a homogeneous φ : Rn Ñ R we have
the following result, which is a direct consequence of the
definition of homogeneity in the bi-limit.

Proposition 1.4: (Integral). Assume that φ :
Rn Ñ R is homogeneous in the bi-limit with triple
prp, vp,Φpq, p “ 0,8. The function x ÞÑ ψpxq :“
şxl

0
φpx1, . . . , xl´1, s, xl`1, . . . , xnqds, l “ 1, . . . , n, is

homogeneous in the bi-limit with triple prp, vp ` rpl ,Ψ
pq

with Ψp
i :“

şxl

0
Φp

i px1, . . . , xl´1, s, xl`1, . . . , xnqds.
The following results can be proved as the analogue results

in [2].

4) Composition of homogeneous functions:
Proposition 1.5: Assume that φ : Rn Ñ R is homoge-

neous in the bi-limit with triple prφ,p, vφ,p,Φpq, p “ 0,8,
with vφ,p ą 0 for all j “ 1, . . . , n, and Z : R Ñ R
is homogeneous in the bi-limit with triple prζ,p, vζ,p,Zpq,
p “ 0,8. The function x ÞÑ pZ ˝ φqpxq :“ Zpφpxqq is
homogeneous in the bi-limit with triple prφ,p, v

Z,p

rZ,p v
φ,p,Ψpq

with Ψp
i :“ Zp ˝Φp

i .

5) Product and ratio of homogeneous functions:
Proposition 1.6: (Product). Assume that φ : Rn Ñ

Rl is homogeneous in the bi-limit with triple prp, pvp ´
zp1, . . . , v

p ´ zpnq,Φ
pq, p “ 0,8, and ψ : Rn Ñ Rl is

homogeneous in the bi-limit with triple prp, zp,Ψpq, p “
0,8. The product φTψ is homogeneous in the bi-limit
with triple prp, vp, pφTψqpq, p “ 0,8, where pφTψqp :“
řn

h“1pΦ
p
hΨ

p
hq.

The following result follows from the fact that continuous
functions are also uniformly continuous on compact subsets.

Proposition 1.7: (Ratio). Assume that

(I) β : Rn Ñ Rn is homogeneous in the bi-limit
with triple prp, vp,Bpq, p “ 0,8,
(II) α : Rn Ñ Rn, φ : Rn Ñ R, x ÞÑ φpxq :“
Φpαpxq ` βpxqq, and ψ : Rn Ñ R, x ÞÑ ψpxq :“
Ψpαpxq ` βpxqq are such that

ε´eφ,p

φpεr
p

˛ xq “ ΦppAppxq ` ε´vp

˛ βpεr
p

˛ xqq,

ε´eψ,p

ψpεr
p

˛ xq “ ΨppAppxq ` ε´vp

˛ βp, εr
p

˛ xqq

for some eφ,p ą eψ,p and for all ε ą 0 and x P
Rnzt0u,
(III) φ

ψ
and Φp

Ψp :“ ΦpAp
pxq`Bp

pxqq
ΨpAppxq`Bppxqq , p “ 0,8, are

continuous over Rn.
The ratio φ

ψ
is homogeneous in the bi-limit with triple

prp, eφ,p ´ eψ,p, Φ
p

Ψp q, p “ 0,8.

A. Designing homogeneous in the bi-limit functions from
homogeneous functions

In our paper we extensively use the following procedure
for obtaining a homogeneous in the bi-limit function from
the combination of two functions, the first one homogeneous
in the 8-limit and the other one homogeneous in the 0-limit.

Proposition 1.8: Assume that
(I) φp : Rn Ñ R, p “ 0,8, is homogeneous in the
p-limit with triple prp, vp,Φpq and v8 ą 0 for all
k “ 1, . . . , n,
(II) φ8ψ8 is homogeneous in the 0-limit with
triple pr0, v0, 0q ,
(III) φ0ψ0 is bounded for all x
(IV) lim}x}Ñ0ψ

0pxq “ Ψ0, lim}x}Ñ`8ψ8pxq “
Ψ8.

The function x ÞÑ φ8pxqψ8pxq `φ0pxqψ0pxq is homoge-
neous in the bi-limit with triple prp, vp,ΨpΦpq, p “ 0,8.

B. Achieving sign definite homogeneous in the bi-limit func-
tions

The following result shows how to render negative the
difference ξ ´ γσ, for some homogeneous functions ξ,σ
with the same degrees and with nonnegative σ, by a suitable
choice of γ ą 0 and can be proved as the analogue result in
[2].

Proposition 1.9: Assume that
(I) ξ,σ : Rn Ñ R are homogeneous in the bi-limit
with triple prp, v,Ξpq, p “ 0,8, and, respectively,
prp, v,Σpq, p “ 0,8, with nonnegative σ,Σ8,Σ0,
(II) tx P Rnzt0u : σpxq “ 0u Ă tx P Rnzt0u :
ξpxq ă 0u,
(III) tx P Rnzt0u : Σppxq “ 0u Ă tx P Rnzt0u :
Ξppxq ă 0u.

There exists γ˚ ą 0 such that

pξ´ γσqpxq ă 0, @x ‰ 0, @γ ě γ˚ (27)

and

pΞp ´ γΣpqpxq ă 0, @x ‰ 0, @γ ě γ˚. (28)


