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Consider the nonlinear heat equation v¢ — Av = |[v|P~1 v in a bounded smooth domain
Q C R"™ with n > 2 and Dirichlet boundary condition. Given u, a sign-changing sta-
tionary classical solution fulfilling suitable assumptions, we prove that the solution with
initial value Yu, blows up in finite time if [¥ — 1| > 0 is sufficiently small and if p is

sufficiently close to the critical exponent "—fg Since for 1 = 1 the solution is global, this

shows that, in general, the set of the initial data for which the solution is global is not
star-shaped with respect to the origin. This phenomenon had been previously observed
in the case when the domain is a ball and the stationary solution is radially symmetric.

Keywords: Semilinear heat equation; finite-time blow-up; sign-changing stationary
solutions; linearized operator; asymptotic behavior.
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1. Introduction

We consider a nonlinear heat equation of the type
vy — Av =[P~y in Qx (0,7),
v=0 on 09 x (0,7T), (1.1)
v(0) = vo(x) in Q,
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where Q@ C R™, n € N, is a bounded smooth domain, p > 1, T" € (0, +o0] and
v € Cp(2) where

Co(Q) = {v € C(Q),v(x) = 0 for = € IN}. (1.2)

It is well known that the initial value problem (1.1) is locally well posed in Cy(£2).
Denoting with 7T, the maximal existence time of the solution of (1.1) with initial
datum v, we consider the set of the initial data for which the corresponding solution
is global, namely:

G ={vo € Co(Q), Ty, = 0}.

It is interesting to understand the geometrical properties of the set G. If we consider
vo = Yw, with w € Cp(Q) and ¥ € R, it is well known that, if || is small enough, the
solution of (1.1) with initial datum Yw exists globally. Moreover, if || is sufficiently
large and w € Cy(Q) N Hg(£2), it is easy to see that the solution blows up in finite
time as a consequence of the fact that it has negative energy (see [12, 1]). It is
interesting to understand what happens for intermediate values of ¥. The case when
w is positive is completely clear, as a matter of fact from the maximum principle
for the heat equation it follows that there exists U > 0 such that if 0 < ¥ < 9 then
the solution with initial value 9 w is globally defined, while if ¥ > ¥ it blows up in
finite time. In the borderline case both global existence or blow-up in finite time
can occur.

Thus, if we define G+ = {vg € G, vy > 0}, we can assert that GT is star-shaped
with respect to 0 (indeed it is a convex set). When the initial value changes sign
the situation is different and, in general, the set G may be not star-shaped. In fact,
if we define by u,, a radial sign changing solution of the stationary problem

—Auy, = |uy[P7tu, in Q,
(1.3)

up, =0 on 02,

where € is the unit ball in R™, with n > 2 and p > 1, it has been shown in [6] that
there exists p* < pg, with pg = Z—J_rg and there exists € > 0 such that if p* < p < pg
and 0 < |1 — 9| < € then Yu, ¢ G, i.e. the solution of (1.1), with initial datum
Yu,, blows up in finite time both for 1 slightly greater and slightly smaller than 1.
Hence G is not star-shaped with respect to the origin since u, € §. Recently a
similar result has been proved in [7] in the case when the dimension is two and the
exponent p is sufficiently large.

Such a result does not hold in the case n = 1 (always considering p > 1). As
a matter of fact in the one-dimensional case we have that for |J] < 1, vy, (the
solution with initial value ¥ u,) is global and converges uniformly to zero, while it
blows up in finite time if |¢] > 1.

The proofs of the results of [6, 7] exploit strongly the radial symmetry of the
stationary solutions. Hence it is natural to ask whether a similar result holds also in
general domains and what kind of sign changing stationary solutions give rise to this
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Blow Up in General Domains

phenomenon. Note that this cannot be true for any sign changing stationary solution
as it is easy to see considering, for example, a nodal solution in the ball which is odd
with respect to a symmetry hyperplane and has only two nodal domains. Here we
show that, in the case when n > 2 and for exponents close to the critical one, the
same blow-up phenomenon occurs in any bounded domain where a suitable class
of sign changing solutions u, of (1.3) exists. More precisely we deal with solutions
uy of (1.3) with the following properties:

(a) [q |Vuy|?de — 2S8% as p — ps,

(b) Tl — —00 as p — ps,
where S is the best Sobolev constant for the embedding of H{} () into L*" (Q2). Note
that in what stated before and in the sequel we consider classical solutions of (1.3).
However we observe that all weak (i.e. H}(2)) solutions of (1.3) are indeed classical
by standard elliptic regularity theory. As explained in Sec. 2 (see Proposition 2.2)
there are domains 2 which are not a ball for which nodal solutions satisfying (a)
and (b) exist. We show this in Proposition 2.2. Note also that in [3] it has been
proved that condition (a) implies that Q\{z € Q|u,(xz) = 0} has exactly two
connected components while, when n > 4, (b) implies that the nodal surface of w,
does not intersect the boundary 992 and the positive part u; and the negative part

u,, concentrate at the same point. One could easily verify that (a) is equivalent to

1 1 2
By(up) = 5 /Q |V |*dz — 11 /Q |up P dar — ~5% asp—ps.

We refer to [3] for further properties of such solutions.
Our goal is to prove the following theorem.

Theorem 1.1. Let {u,} be a family of sign changing solutions of problem (1.3)
with n > 2 satisfying (a) and (b). Then there exists 1 < p* < pg with the following
property: if p* < p < pg then there exists 0 < 9 < 1 < O such that for ¢ < ¥ <9
and ¥ # 1 the solution vy p of (1.1), with initial value Yu,, blows up in finite time.

To prove Theorem 1.1 we use the following result which has been proved in [6]
for general domains.

Proposition 1.1. Let u, be a sign changing solution of (1.3) and let ¢1, be a
first eigenfunction of the linearized operator L, at u,. Assume that

/ up p1,p # 0.
Q

Then there exists € > 0 such that if 0 < |1 — 9| < ¢, then the solution vy ,, of (1.1),
with initial value Yu,, blows up in finite time.

Thus Theorem 1.1 will be a consequence of the following.
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Theorem 1.2. Letn > 2,1 < p < ps, & C R"™ be a bounded smooth domain
and consider {u,} a family of sign changing solutions of (1.3) satisfying conditions
(a) and (b). Then there exists p* < pg such that for p* < p < pg

/ Upp1,p dr > 0, (1.4)
Q

where @1,y 1s the first positive eigenfunction of the linearized operator L, at .

Let us point out that for the proof of Theorem 1.2 the property (b) of our
stationary solutions is crucial. Note that both properties (a) and (b) are actually
satisfied in the special case of radial sign changing solutions of (1.3) (in the ball)
with two nodal regions. So this clarifies that it is neither the symmetry nor the one-
dimensional character of the solution which leads to the blow-up result obtained
in [6] but rather these properties of the stationary solution that can hold in other
bounded domains. Therefore we believe that also for other semilinear problems
where such solutions exist, the same blow-up result should be true.

The proof of Theorem 1.2 is based on a rescaling argument about the maximum
point of u,. Indeed, analyzing the asymptotic behavior of the rescaled solutions
and of the rescaled first eigenfunctions, we are able to prove (1.4) by using the
properties of the solutions of the limit problem.

The same result of Theorem 1.2 can be easily extended to the case when the
initial datum is a nodal solution wu, x of (1.3) with a fixed number K > 2 of nodal
regions satisfying:

() Jo [Vupx|?de < C,
(b)x there exists a nodal region Q) such that, setting

1 . 7 —
Up i 7= Upk - Xy and Uy k1= Up k- Xo\ab

then
/ |Vu11,7,c|2dx — 8% asp— ps
&%
and
||u;1),ICH<>o
ST — 00 asp— ps.
[l xcll oo

Solutions of this type have been found in [16, 15] for some domains (see Sec. 2) but
other kind of solutions with the same properties could be considered.

The outline of the proof is as follows. In Sec. 2 we prove some preliminary
results, while in Sec. 3 we study the asymptotic behavior of the first eigenvalue and
of the first eigenfunction of the linearized operator at u,. Finally in Sec. 4 we prove
Theorem 1.2.
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2. Preliminaries

Let us consider the limit problem in R™, that is

—Au = |uPs~ly = |u|ﬁu in R™,

(2.1)
/ |Vu|? dr < +oo.

It is well known that classical positive solutions to (2.1) are radial and radially
decreasing. This was first proved in [9] via the moving plane method (see [17])
under suitable decay assumption on the solution and later, in [4], via the Kelvin
transformation without any a-priori assumption. Consequently the solutions to
(2.1) can be classified (see [18]) up to translations and scale invariance and they
are given by

n—2
Sa,u () = Anft * — forxz e R" (2.2)

(1+p?lz —al?)™="

n—2

with a, := (n(n —2)) 2, a € R® and pu > 0. Then if we assume U(0) =
|U|| o (mny = 1, it follows that the unique solution to (2.1) is given by:

Moreover
/ IVU|?dz = S*%.
R’n
We also observe that any sign changing solution of (2.1) has energy larger than
259%.
Now, for z,y € , let H(z,y) be the regular part of the Green function of a
bounded smooth domain 2. Namely

1
Let us define the so-called Robin function 7 by
T(z) = H(xz,x), x€Q. (2.3)

Definition 2.1. We say that a bounded smooth domain €2 satisfies the condition
C, if the function 7 admits at least a strict local minimum in €.

Example of domains of class C; are domains convex and symmetric with respect
to the hyperplanes {z; = 0}, i« = 1,...,n as proved in [11]. Moreover, in strictly
convex domains, there is only one minimum point of 7 which is strict since the
function 7 is strictly convex as shown in [5].

1350042-5
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Now we show that in domains of class C, there are nodal solutions of (1.3)
satisfying the properties (a) and (b).

Proposition 2.2. If Q is of class C;, there exists at least a family of nodal solutions
{up} to (1.3) satisfying the properties (a) and (b).

Proof. In [15] it is proved (see the beginning of the proof of Theorem 1.2 at p. 7)

that in such domains, setting p. = Z—fg —g,0<e< %, there exists a solution u.
satisfying
l|lue — Pd(%l,%l) + P(S(as,2a/—L€,2)||Hé(Q) — 0 ase—0, (2.4)

where 0q, ;4. ), J = 1,2, are defined in (2.2), Pd(a, , u. ), J = 1,2, are the pro-

jections on HJ () and ac 1, ac 2 tend to a fixed strict local minimum point & of the
function 7(x). Note that any local minimum point of 7 is in the interior of Q since
7(x) — +o0 as x — xo € JQ. Moreover, as shown in [15, Theorem 1.2],

C
Bej = —z=T
gn—2
hence
|pe,jI°—1 ase—0 for j=1,2.
By (2.4)

/ |Vu|>dr — 25% ase — 0,
Q

thus condition (a) holds. To prove that wu. satisfy (b) let us argue by contradiction

sssuming that AQ: Please check
1 . .
371 > 0 such that n < _me.xxus < =, /the eo_llt of this
mm e 1 equation

Then, since the family {u.} satisfies the conclusions in [3, Theorem 1.1] we can
apply Theorem 1.2 of [3] (see (1.7) there) and get that

|a571 — a572| >y > 0.

This is a contradiction since a. 1 and a.» tend to a same point. O

Remark 2.3. Note that the statement of Theorem 1.1 and the statement of The-
orem 1.2 (Theorem 1.2 derives from Theorem 1.1) in [15] are not precise since the
concentration point £ cannot be just a minimum but it must be a strict local min-
imum which in particular holds if ¢ is a nondegenerate local minimum. This can
be seen from the proof of [15, Theorem 1.1] (see Sec. 7). Therefore the result of
[11] leads to the existence of domains for which Proposition 2.2 holds. Moreover
we point out that the result of [15] holds also for nondegenerate critical points of
7(x) other than strict local minima by the result of [8] which extends easily to the
sub-critical case. Note also that in [14] it is proved that generically (with respect

1350042-6
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to smooth perturbations of domains) the function 7 has only nondegenerate crit-
ical points. This implies that, up to smooth perturbations of the domain, nodal
solutions of (1.3) satisfying the properties (a) and (b) exist in all bounded smooth
domains.

Let us now recall some properties of our solutions.

Lemma 2.1. Let  C R” be a bounded smooth domain and let (u,) be a family of
sign-changing solutions of (1.3) satisfying (a). Then

(i) fQ|Vu+|2dx PP, 8%, fQ|Vu’|2dx PP, 8%,
(11) fQ n— 2dxw>52 fQ(U_ n— 2dxﬂ>52
(i) up — O in HY(Q) as p — ps,
(iv) My, 4 = maxqul “—5 +00, M, _ = maxq u, ~—— +00,

with wt = maxq(up,0) and u,, = maxq(—uy,0).

Proof. The assertion is exactly the same as in [3, Lemma 2.1] whose proof is
similar to that of [2, Lemma 2.1] for the Brezis—Nirenberg problem. We provide
some details for the reader’s convenience.

Let us consider Q a connected component of Q\{u, = 0}. Note that, considering
Up - X as test function in the weak formulation of (1.3) we get:

/@ V|2 = / fupP (2.5)

Exploiting the fact that p — pg, Holder’s inequality and the Sobolev embedding,
it is easy to deduce from (2.5) that

[ 1Vl = 5% @+ o), (2.
Q

for each connected component Q. From (2.6) and property (a) we deduce that
O\ {u, = 0} has exactly two connected components, at least for p close to ps. Let
therefore QT = {u > 0} and Q= = {u < 0}. As p — ps (i) follows now by (2.6)
and property (a). By (2.5) with Q = QF we deduce that

/(u;)pﬂd PPS, 8% and /(u;)pﬂd PPs, 8%,
Q Q

2n
(/ (u:t)p+1>(n_2)(p+l) .|Q|—7(712,’23&(if>2)
Q

Since

from (i) it follows (ii).
Moreover (iii) follows from (i) and (ii) since the best Sobolev constant is never
achieved in bounded domains.

1350042-7
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To prove (iv) we observe that if it did not hold then, up to a subsequence,
Frins s
Q
by dominated convergence theorem. This would contradict (ii). O

We now describe the rescaled problem. Let us define

1 ~ p=1
Up(z) = T (ap + %), for v € Q, = M,? (Q—ay). (2.7)
P

Mpy*
where a, and M, are such that |uy(a,)| = |up|lL~) =: M,. Without loss of

generality, we can assume that u,(a,) > 0.
We have the following lemma.

Lemma 2.2. For p — pg
u, — U in Cf.(R™).
Proof. It is contained in the proof of [3, Theorem 1.1, pp. 353-354]. O
Now we study the linearization of the limit problem (2.1), so we define the
operator
L*(U) = —AU—p5|U|pS_1U, v e H2(Rn)a
where U is the solution of (2.1). The Rayleigh functional associated to L* is

R(v):/ Vo2 = p|U P v2dz
RTL

and we define

Al = inf  R(v). (2.8)
veH (R™),
HU”L2(Rn):1

We observe that A7 > —oo, since U is bounded.
Remark 2.4. It can be shown, with standard arguments, that there exists a unique
positive minimizer ¢} to (2.8) which is radial and radially nonincreasing; moreover

A7 is an eigenvalue of L* and ¢} is an eigenvector associated to Aj. For further
details see [13].

Proposition 2.5. We have the following:

(i) \i <0,
(ii) every minimizing sequence of (2.8) has a subsequence which strongly converges
in L?(R™).

Proof. This is a known result so we refer the reader to [6, Proposition 3.4] for a
detailed proof. O

1350042-8
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1 3. Asymptotic Spectral Analysis
We consider the linearized operator at w,, that is,
Ly = —A—plu, [T,

We denote by A, the first eigenvalue of L, in 2 and by ¢, the corresponding
positive eigenfunction such that @1, > 0 and [[¢1,,]|2(q) = 1. We have

—Ap1p — p|“p‘p71§01,p = Mpp1p n Q. (3.1)

Let us define ¢y, by

- 1 H T L~
P1p(x) = ( p—l) $1,p (ap + T) in 2,
M, 2 M, 2

and @1, = 0 outside Q,. It is easy to see that |@1,pllL2(rny = 1 and @y, satisfies

—Ap1p = VpP1p = X1,1)‘751,;) in ﬁp,

where
p—1
T - p—1
Vp(x) = P——=1 |% (ap + T) = pluy(z)]
Mp Mp 2

and

Y /\1717

)‘1,10 Mg—l

This means that ¢, is a first eigenfunction of the operator

Ly=—A—pli,[P~'T inQ,

2 with zero Dirichlet boundary condition and Xl,p is the corresponding first eigen-
3 value.
4 Lemma 3.1. The set {$1,,1 < p < ps} is bounded in H'(R™).

Proof. As we have already remarked @1/ z2rn) = 1. Moreover, since A, < 0

T
Voip (ap + = )
M, 2

1 2
W/lesol,p(w)l dx

and p < pg, we get

1 1\
Vo1 p(x) P da - / —
/Rn g Myt Ja, \ e

I4

2
dx

1 1 2 Al P / )
—_— plup|P™ 7 dr + - w1 dr
M},” ! /Q sl L M,f b g L

1350042-9




Page Proof

September 7, 2013 19:29 WSPC/S0219-1997 152-CCM 1350042

V. Marino, F. Pacella € B. Sciunzi

[
— I Mp 5P

< p/ ¢1 dx < ps,
Q
1 i.e. the assertion. O
Theorem 3.2. We have
Mp = A asp— ps. (3.2)
2 Proof. We divide the proof in two steps.

Step 1. We show that for € > 0 we have

AT < Xl,p + ¢ for p sufficiently close to pg. (3.3)
By (2.8), we have A} < R($1,). Thus

N < [ VB - palU PR o
R’V’L

- /Q V1|2 — pl, P13 e — /Q (pslUIPS ™ — pli, P~ )3, d

P P

- / (ps|UPs ™ — pli, PG d

QP
N AQ: Please check
=Aip— /Q . KR(psIUIpS*l — pltp|")P o the edit of this
B equation

- /Q sl pim g e
pNz|>

where R > 0. Let us first consider the last integral. We want to show that it can
be made arbitrarily small. We have

—1~=2
/~ ps|UPS™ g7 pdx
QpN|z|>R

—1~=2
< ps / U1 da
QpN|z|>R

- Cy
2
< = /Rn o1 pdr < =5 (3.4)

for some constant C; > 0. Therefore we can choose R so large that

/~ ps|UIPS @7 da| < e.
QpN|z|>R

To estimate the term

~ p—1-2
/~ Pl 32 e
QpNlz|>R

1350042-10
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note that we can split the integral on 3, in the integral on

QF ={x e Q:uy(x) >0} (3.5)
and the one on

Q, ={z € Q:upy(r) <0} (3.6)

Therefore we get

[ sl
QpN|z|>R

s[, mmw%@m+[, PR dr. (37)
Qfnjz|>R Qy N|z|>R

As for the first term of (3.7) we have

/ pliyP1 e pdr
Qfnjz|>R
2 n—2
n(p 1) " - 2n "
<p / || dz / Py da
Qfnlz|>R Qfnz|>r
2
nip_1)
<ol [l ) 1B,
(ﬁ;m|m|>R : Pl )

-1 "
<a [ |25 de | (3.8)
Qfnjz|>R

where we have used Hélder’s inequality (with exponents % and —25) for the first

estimate and the fact that, as a consequence of Lemma 3.1, <p1,p is bounded in
L%(R") to obtain the last inequality.
In order to estimate the last term in (3.8), we use (ii) of Lemma 2.1 to get

n(p 1) ~ —
~ ‘uP| d + . ‘up| 2 dl‘
QFn|z|<R QFn|z|>R

~ (p—1) 2n_
:/ i, 25 4y 205, g3 —/ =
§+ n

P

:/ \U|3+‘2dx+/ U722 da.
|z|<R lz|>R

As u, 275 U in O2 (R™), we have

( ) n
/ i, 7 =y 228, / U|722 da
Qfnlz|<R lz|[<R

1350042-11
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and so

~ n-1) n
/ @l 2 [ U (3.9)
QFn|z|>R |z|>R

but, as U € L%(R"), the term on the right-hand side of (3.9) can be made as
small as we like, choosing R sufficiently large. Thus we have that, chosen R large
enough, we can take p sufficiently close to pg so that

n(p—1)

/ i, "5 da < e. (3.10)
Qfnjz|>R

Let us now estimate the second term of (3.7)

p—1
~ ~ luy | Lo (o) -
_ plu ‘p71§0%, de <p| ——— /~ #1, dx
/Q;ﬁw>R g ! llugf || Loe (02) Gy nlzl>r "

_ p—1
<p <||Up ||L°°(Q)> P—Ds 0,

”U;HLW(Q)

1 where we used the fact that [|¢1 | z2@n) = 1 and condition (b) satisfied by our
2 solutions.
Recalling that @, 2—2% U in C2_(R™), for R fixed as above and p sufficiently
close to pg, we have

L slulet = pl )@ e < (311)
QpNlz|<R '
3 Thus (3.3) follows from (3.4)—(3.11).
Step 2. Now we show that for € > 0 we have
Xl,p < A\l + ¢ for p sufficiently close to pgs. (3.12)
4 Let us consider a regular cut-off function ¢¥g(z) = ¢¥r(r), for R > 0, such that
5 e 0 <9Ypr<landvr(r)=1forr <R, ¢¥r(r)=0forr>2R,
6 o [Vygr|< 2
and let us set
, YRrROT
WR :

~ vreillzeny
Thus

Xl,p < / \VwR\z —p|ﬂp\p71w%da:
Rn
= /R \Vwr|? — ps|U[Ps L whda

—|—/ (ps|UPs~1 —p|ﬂp\p71)w§{dx. (3.13)

1350042-12
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It is easy to see that wr — ¢} in H1(R") as R — oco. Therefore, by (2.8), we have
that given € > 0 we can fix R > 0 such that

/ |Vwr|* — ps|UPS ™ wkdr < A} + .

For such a fixed value of R, arguing as in Step 1, we obtain that

/ (ps|U|Ps ™ — pla, [P~ Hwhdr < e (3.14)
Rn

1 for p close enough to pg. Then (3.12) follows from (3.13) and (3.14). By (3.3) and
2 (3.12) we deduce (3.2). m|
3 Corollary 3.1. @1, strongly converges to @} in L*(R™).

Proof. By the definition of Xlﬁp, and what is stated in Theorem 3.2, we have

/~ ‘V@Lp
Q

P

2 p|U\p*1§5%pdx = Xl,p — A} asp—ps.

4 This implies that ¢; , is a minimizing sequence for (2.8), and so the assertion follows
5 by Proposition 2.5 (see also Remark 2.4). m|
6 4. Proof of Theorem 1.2

7 We now proceed proving Theorem 1.2.

Proof of Theorem 1.2. Using ¢1, € Hj () as a test function in (1.3) we have
/Vup-Vgal,pdx :/ |up [P~ uppr pde, (4.1)
Q Q
while using u,, as a test function in (3.1) we obtain
/ Vuy - Vi pde = / plup [P uppr pda + Al,p/ Up1 pdi. (4.2)
Q Q Q
Subtracting (4.1) from (4.2) we get

1 B
P /|up‘p 1“p‘a01,pdx:/up§01,pdx'
/\1717 Q Q

Taking into account that A;, is negative, we have that, to determine the sign of
Jo upe1,pd, we can study the sign of

/Q |up|P ™ uppr pde. (4.3)
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For convenience we consider
(251 %-p 1
M, * 72 |up P~ uppr pde,
Q
which has the same sign of (4.3). Now we prove that

“iyn .
M}EPT) 2 p/ ‘up|P—1up<prdx Lt N |U|ps—1U@Id1‘ = / Upsgz)’{da: (44)
Q R™

n

Since the term on the right-hand side of (4.4) is positive, this will lead to the
assertion of Theorem 1.2. By a simple change of variables it follows that

(B35 —»p -1 —177, %
M,z 2 /|up\p upgol,pdx—/ |U|Ps = Upidx
Q R’Z

. (4.5)

= ‘/~ Wp|p_1ap‘:51,pdx _/ ‘U|ps_1U‘Py{dx
Qp R™
We take € > 0 and choose R > 0 such that

/ R|U|pslng’{dx:/ Urpida <
x|> x|>

this is possible arguing as we did in the proof of (3.4). We rewrite (4.5) in the
following way:

/ﬁ " R‘ap|p71ﬁp§51,pdx+/~ ‘ap|p71ap§51,pdx
pNz|>

QpN[z|<R

[ wrveide- [Pt
|z|<R [z|>R

< +

/~ i, P2, 1 da / U =10t da
QpNlz|>R |z|>R

+

[ ey S
pNjz|<R

|z|<R

Now we analyze each term in the previous inequality. Splitting the integral on (2;
and on (NZ; (see (3.5) and (3.6) for the definitions of such sets) we have

< [ 3L + /~ 5L da.
Qfnjz|>R Q, N|z|>R

(4.6)

/~ |t [P~ Uy 1, pd
QpN|z|>R

1350042-14
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As for the first term of (4.6) we have

n—2
— ~  2np 2 o
~ [tp P &1, pdx < _ |Up| ™2 d - Prp da
Qi n|z|>R QFn|z|>R QFN|z|>R

2n
2np
a n+2 dx O
</ﬁmx|>R 7 ) P10l 222

n+2
2n
- 2np
Cy / |ty "2 dx ,
Qin|z|>R

where we have used Holder’s inequality (with exponents nQ—fQ and %) for the first
estimate and the fact that, as a consequence of Lemma 3.1, ¢1, is bounded in
L (R™). Thus, with the same argument used to obtain (3.10), we can state that,
for every € > 0, having chosen R large enough and taking p close enough to pg,
we have

IN

IN

n+2
2n

~ | 2np
Cy /~ |tp| "2 dx < e.
QFn|z|>R

Next we estimate the second term of (4.6). We have

[ wrmes(f men) ([ e
Qp Nlz|>R Q, N|z|>R Q, N|z|>R
%
= </~ |ﬁp2pn2”2&'p|n2”2dx> (/~ @ipdx>
Q, Nz|>R Q, Njz|>R
_ Pt 3
< ”uPHﬂ / I ‘f,"zdx
= \Uug o) G nlel>R

_ P—ats
u || oo .
o, (Wlmo) ™ pne,
[up [ Lo ()
where we have used Holder’s inequality (with exponent 2) for the first estimate,
the fact that [[¢1,p]|z2rn) = 1 for the second and condition (b) satisfied by our
solution. Note in particular that, for p close to pg, we may and do assume that

p > -"5. Moreover, recalling once again that i, ~— U in C2 _(R"), we deduce
that

[N

1
2

[N

<€, (4.7)

J A B e
Q,N|z|<R |[z|<R
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for R fixed as above and p sufficiently close to pg. Finally, for R sufficiently large,
the term

[ o vsids
x>

can be made arbitrary small since U € L= (R™) and ¢7 is bounded.
Thus (4.5)—(4.7) and the arbitrary choice of € imply (4.4) concluding the proof.
O
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